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THERMODYNAMICS OF NONEQUILIBRIUM DRIVEN
DIFFUSIVE SYSTEMS IN MILD CONTACT WITH BOUNDARY
RESERVOIRS.

ANGELE BOULEY AND CLAUDIO LANDIM

ABSTRACT. We consider macroscopic systems in mild contact with boundary
reservoirs and under the action of external fields. We present an explicit for-
mula for the Hamiltonian of such systems, from which we deduce the equation
of motions, the action functional, the hydrodynamic equation for the adjoint
dynamics, and a formula for the quasi-potential.

We examine the case in which the external forcing depends on time and
drives the system from one nonequilibrium state to another. We extend the re-
sults presented in [8] on thermodynamic transformations for systems in strong
contact with boundary reservoirs to the present situation.

In particular, we propose a natural definition of renormalized work, and
show that it satisfies a Clausius inequality, and that quasi-static transforma-
tions minimize the renormalized work. In addition, we connect the renormal-
ized work to the quasi-potential describing the fluctuations in the stationary
nonequilibrium ensemble.

1. INTRODUCTION

After the recent articles [16, 12], where a formula for the quasi-potential has been
derived for one-dimensional exclusion processes in mild contact with reservoirs, the
purpose of this article is to extend to driven diffusive systems in mild contact
with boundary reservoirs the nonequilibrium thermodynamical theory developed
in [8, 9, 7] for systems in strong interaction with reservoirs.

The macroscopic evolution of systems in mild contact with reservoirs differs
substantially from the one observed when the system strongly interacts with the
reservoirs. With strong interactions, at the level of large deviations, a density
fluctuation at the boundary is too costly and not observed. In contrast, for mild
boundary interactions, any smooth trajectory has a finite cost. In consequence,
the associated Hamiltonian carries a term which takes into account the boundary
fluctuations. We investigate in this article the consequences to the thermodynamical
theory of the additional boundary Hamiltonian term.

In Section 2, we introduce a class of stochastic lattice gases, which includes
exclusion, zero-range and KMP models. We define in this framework a boundary
Hamiltonian, derived rigorously in [20, 12] for one-dimensional, symmetric exclusion
processes in mild contact with reservoirs, and record some of its properties. For
the readers convenience, these dynamics are reviewed in the appendices, where
explicit formulas for the Hamiltonians and the quasi-potentials are presented. We

Key words and phrases. Nonequilibrium stationary states, Robin boundary conditions, Quasi-
potential, Thermodynamic transformations, Clausius inequality, Large deviations.
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2 A. BOULEY AND C. LANDIM

also provide a microscopic dynamics not covered by this theory, as the stationary
states of the boundary dynamics are different from the bulk ones.

In Section 3, supported by the models presented in the previous section, we
introduce the main object of this article, a Hamiltonian composed of a bulk part
and the boundary part already put forward. The bulk part coincides with the
Hamiltonian of systems in strong interaction with the reservoirs, and is expressed
in terms of two thermodynamics quantities, the diffusivity and the mobility. The
boundary Hamiltonian, instead, the main novelty of this article, is expressed in
terms of a measure which depends on the chemical potential of the reservoirs and
on the density profile at the boundary. We present in Section 3 several proper-
ties of this Hamiltonian and deduce from its form the equation of motions, the
action functional, the quasi-potential, the adjoint thermodynamical quantities and
formulas for the currents.

In Section 4, we derive a differential equation for the quasi-potential. This equa-
tion has been obtained by Derrida, Hirschberg and Sadhu [16] for one-dimensional
symmetric exclusion processes, expressing the stationary state of the system as a
product of matrices. For zero-range processes it can be obtained by direct com-
putations because the stationary state is a product measure. For KMP models,
the equation is new and has not yet been derived rigorously. In this model, the
boundary conditions, displayed in equations (C.4) and (C.5), do not coincide with
the boundary conditions for stationary density profile (see equation (3.11)), in con-
trast to the case of strong boundary interactions and of exclusion and zero-range
dynamics in mild interaction. See Remarks 4.1 and 4.2.

Section 5 provides a dynamic derivation of the second law of thermodynamics
as expressed by a Clausius inequality for the energy exchanged between the system
and the external reservoirs and fields. The results and the reasoning presented in
this section and the next one follow closely [8, 9].

In Section 6, we examine transformations along equilibrium states. According
to the standard thermodynamic theory, a transformation is reversible if the energy
exchanged between the system and the environment is minimal. A thermodynamic
principle asserts that reversible transformations are accomplished by a sequence
of equilibrium states and are well approximated by quasi-static transformations in
which the variations of the environment are very slow. By an explicit construction
of quasi-static transformations, we show that this principle can be derived for driven
diffusive systems in mild interaction with boundary reservoirs.

Fix two equilibrium states and a transformation which drives the system from
the first to the second one. The excess work of this transformation is defined as the
total work minus the minimal work needed to bring the system from the first to the
second equilibrium state. We show in Section 6 that the quasi-potential coincides
with the excess work of the relaxation path from the first equilibrium state to the
second.

In Section 7, these results are extended to transformations along nonequilibrium
states. However, nonequilibrium states are characterized by the presence of a non
vanishing current in the stationary density profile. Therefore, to maintain such
states one needs to dissipate a positive amount of energy per unit of time. If we
consider a transformation between nonequilibrium stationary states, the energy dis-
sipated along such transformation will necessarily include the contribution needed
to maintain such states.
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To take into account this amount of energy, following [25], we introduce the
renormalized work, and extend the results of the two previous sections to transfor-
mations along nonequilibrium states. In contrast with systems in strong interaction
with the reservoirs, the symmetric and the anti-symmetric currents are not orthog-
onal (cf. the discussion at the end of Section 3). In consequence, the definition
of the renormalized work proposed here is new and involves a boundary functional
which takes into account the interaction of the system with the reservoirs.

The Hamiltonian appearing in this article is the action functional of the dynam-
ical large deviations principle (DLDP) for the empirical measure. A dynamical
large deviations principle for systems in mild contact with reservoirs has only been
derived rigorously for one-dimensional symmetric exclusion processes [20, 12]. We
believe that a DLDP for systems in mild contact with reservoirs can also be de-
rived for gradient exclusion processes in any dimension. For zero-range and KMP
processes, however, a rigorous proof is still out of reach due to a lack of exponential
moments [10].

A formula for the Hamiltonian, as explained in Section 2 (cf. equation (2.4) and
(3.2)), can be easily obtained from the generator of the boundary dynamics and
the stationary state of the bulk dynamics.

A large deviations principle for the empirical measure under nonequilibrium
states for systems in mild contact with reservoirs is more demanding and has not
yet been proved. A formula for the rate functional (the quasi-potential) for one-
dimensional symmetric exclusion processes is presented in [16, 12]. For zero-range
processes, as the nonequilibrium states are product measures, it is easy to derive
it. For all other models, it is still an open problem.

In conclusion, in this article we extend the thermodynamic theory resulting from
the Macroscopic Fluctuation Theory (MFT) to systems in mild contact with reser-
voirs. We introduce a Hamiltonian with an additional term coming from the mild
interactions of the system with reservoirs and propose a definition of renormalized
work. We prove the validity of a Clausius inequality for transformations along equi-
librium and nonequilibrium states in this framework and we show that the excess
of work along the relaxation path is given by the quasi-potential, for equilibrium
and nonequilibrium states.

2. MICROSCOPIC DYNAMICS

In this section, we introduce the boundary Hamiltonian from an underlying
microscopic dynamics. The evolution induced by this Hamiltonian together with
the bulk Hamiltonian arising from locally conservative dynamics will be examined
in the next sections.

The general framework presented in this section includes the main microscopic
stochastic dynamics, such as the exclusion, zero-range and KMP processes, on
which the Macroscopic Fluctuation Theory (MFT) has been build. For the reader’s
convenience, we reviewed in the appendices the properties of these systems used
below.

Let © be the bounded domain of R? occupied by the system. Fix N > 1, and
denote by Qx = QN (Z/N)? its discretization. Here, Z/N = {k/N : k € Z}.
Elements of  are represented by x, y. The boundary of Qu, denoted by 0Qy,
consists of points in Q2 which have a neighbor not in Qy:

My = {zeQn:3ye(Z/N)\Q,ly—2|=1/N},
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where | - | stands for the Euclidian distance.

Let € be a subspace of R which represents the possible values of the spins or
occupation variables. In the case of exclusion processes, & = {0, 1}. For zero-range
processes, & = N U {0}, and for KMP models, &€ = R;. The elements of & are
denoted by the symbols g, 1.

The state space of the microscopic dynamics is represented by Ly: Sy = 2V
and its elements by the Greek letters n = (9, : € Qn), £ Hence, 1, stands for
the value of the occupation variable at « € Qp for the configuration 7.

The microscopic dynamics is composed of two pieces. The first one describes the
evolution in the bulk, while the second one the interaction of the system with the
boundary reservoirs.

We do not discuss here the bulk dynamics nor the derivation of the diffusivity
and mobility. This has already been done in numerous places. We refer to [5], for
example. We concentrate on the boundary dynamics.

The boundary dynamics. The system is in a mild contact with boundary reser-
voirs, characterized by their chemical potentials A € A. The boundary dynamics
corresponds to a continuous-time Markov chain taking values in €. Its generator,
denoted by L, takes the form

(Lxf)®) = /e ) = F@©] maedy) (2.1)

where 7 (x, - ) are finite positive measures which represent the jump rates.

For exclusion processes, & = {0,1}, A = R, 7,\(0,dy) = [e*/(1 + €*)] 61 (dy),
ra(1,dy) = [1/(1 + €*)] So(dy), where J,(-) stands for the Dirac measure concen-
trated at a. For zero-range processes, &€ = {0} UN, A = R, the jump rates are
given by rx(r,dy) = g(r) 6y_1(dy) + e*der1(dy), r € €. Finally, for KMP models,
E=Ry, A= (-00,0) and 7)(z,dy) = — X’ dy.

Of course, as boundary dynamics one could consider a Markov chain taking
values on larger spaces. For example, €2 for some finite set A. The theory can
easily be extended to this case and this is not an important hypothesis. In Appendix
D we present such a model.

Assume that for all A € A, the E-valued Markov chain induced by the gener-
ator Ly is ergodic and has a unique stationary state denoted by my. Assume,
furthermore, that the measures my form an exponential family:

ma(dr) = et~ 1 n(dy) (2:2)

Z(N)
for some energy H : &€ — R. In this formula, Z()) is the normalization constant
which turns m) into a probability measure, and n the counting measure (n(z) = 1
for all r € € if € is discrete or n is the Lebesgue measure if € is continuous). The
function Z(-) is called the partition function.

Denote by ¢(&) the convex envelope of €. Let R : A — ¢(&) be the mean of the
measure my:

RO\ = /g £ ma(dr) (2.3)

Clearly, by definition of the partition function, R(A) = (d/dX)log Z(X). Taking a
second derivative yields that R’(A) is the variance of ¢ under my. In particular,
R'(X) is strictly positive and R invertible. Let =: ¢(€) — A be the inverse of R:
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Z = R™'. We present in the appendix explicit formulas for Z, R and = in each
model.

The boundary Hamiltonian. Denote by M?fp (&) xR =R, A€, pec(é),
the function given by

1
Ml))\fip(p) = /SUpEAUp dmz(,) , (2.4)

where U), is the function Up(x) = eP¥. The function M?jﬂp may take the value +oo
for certain values of p.
In view of formula (2.1) for the generator,

MY (p) = / maz(p) (dr) ra(r, dy) [?O7) — 1] (2.5)
EXE
A change of variables y’ =y — ¢ yields that

M) = /ng(p)(dI) /8_ ra(r,r+dy) [ —1],

provided €~ ={p —r: 9, r € €}. Hence, changing the order of integrations,

MLm) = = [ [ = 1] ma(d). (2.6
where

map(dy) = /8 Mz (dE) 7 (6,5 + db)

Example 2.1. If the generator Ly induces a Markov chain on Ny := NU{0} or on
{0,...,M}, M > 1, with nearest-neighbor jumps, (it only jumps from k to k +£1),
as in the case of zero-range or exclusion processes,
ML) = Calp) [ = 1] + Ax(p)[e™” = 1], (2.7)
where Cx(p), Ax(p) stand for the creation and annihilation rates, respectively:
O)\(,D) = EmE(p) [T)\(k7 k+ 1)] ’ A)\(p) = EmE(p) [TA(ka k — 1)} .
In this formula, ry(k, k=£1) represents for the rate at which the Markov chain jumps
Jrom k to k +£1. The variable k is integrated with respected to the measure mz).
For the simple exclusion process, mz(,) is the Bernoulli measure of parameter p,
and ry(0,1) = R(A), ra(1,0) =1 — R(A). Thus,
M) = [L=p RN [ = 1] + p[1—RMN)][e? —1].
For the zero-range dynamics, r(k,k + 1) = e*, r\(k,k — 1) = g(k). Thus,
My (p) = eMe? —1] + E(p)[e™? — 1]
because En._, [g(k)] = Z(p).
The KMP model does not fall in the class described above. Here, mz(,) is the

exponential measure in R} with density p, and an elementary computation yields
that

1 p 1 _
M (p) = T ( —1)+ ( —1),0<< L
Xp(P) p+7\1—7p p+7\1+pp b=
where 7 = R()), and Mlj\fip(p) = ooif p& (0,771).
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Remark 2.2. The zero-range process is usually parameterized by ¢ = e*. In the
KMP model, keep in mind that the chemical potential X\, used to parametrize the
exponential distributions, is negative.

Remark 2.3. The reader may have recognized in (2.4) the building block of the
Donsker-Varadhan large deviations rate function:

M3 (p /U LU, dmz(,) > 1nf/ Loudmzy =1 —I\(mz(,)) ,

where the infimum is carried over all positive functions u which belong to the domain
of the generator L. Here, In stands for the Donsker-Varadhan rate functional
of the large deviations principle for the empirical measure of the continuous-time
Markov chain whose generator is L [28].

Remark 2.4. Let (X; : t > 0) be the continuous-time, E-valued Markov chain
induced by the generator Ly introduced in (2.1). Assume thatl the process is re-
versible. As we learned from Donsker and Varadhan [28], to prove a large devia-
tions principle for the empirical measure t~1 fot 0x_ds, the jump rates ry needed
to be tilted by a function F : & — R, as ry p(r,dy) = rx(x,dn)e FO=FOI - The
purpose of the tilting is to change the stationary state. In fact, the equilibrium
state of the Markov chain with jump rates ry p, denoted by my p, is given by
mxr(dr) = (1/ZxF) e2F(¥) m(dr), where Zx  is a normalizing constant.

The cost for the empirical measure t " fot 0x, ds to be close to the measure my r,
denoted by Ix(mx r) in Remark 2.3, is given by the relative entropy of the perturbed
dynamics with respect to the original one [28]:

dm>\ F dm>\ F
/\/ \/ > dm,\ .
]:1, dm dmy
(2.8)
In this formula, P, Pr represent the distribution of the Markov chain with jump
rates ry, x,r, respectively, Ep the expectation with respect to Pr, and (dPp/dP) | £,
the Radon-Nikodym derivative of Pr with respect to P restricted to the o-algebra
Fr=0(X(s):0<s<t).

In the present context, only perturbations F' expressed as F(r) = pr appear. This
means that only measures of the form e1¥ my(dr) are accessible. In other words,
only perturbations that change the chemical potential are considered in the definition
of the functional M??p. Moreover, and most importantly, in contrast with (2.8),
log(dPp/dP) | £, is not integrated with respect to the stationary measure induced
by the perturbed dynamics associated the jump rated rx p, that is my r, but with
respect to the stationary state induced by the bulks dynamics. This is a consequence
of the fact that the interaction with the boundaries is mild and dominated by the
bulk dynamics.

Hence, the functional Mbdp has to be understood as follows. There is a family
of boundary dynamics indexed by a chemical potential \. The stationary state is
represented by my. The system is perturbed to change its chemical potential from X
to A+ q. The cost of this perturbation is not computed with respect to the new state
but the one induced by the prevalent bulk dynamics (The bulk dynamics prevails
over the boundary one because the interaction of the system with the reservoirs is
mild). We shall refer to this cost as the bulk-cost.

oy OPE
8P

1
B = i o



SYSTEMS IN MILD CONTACT WITH BOUNDARY RESERVOIRS 7

Equilibrium free energy and pressure. In the present context, the equilibrium
free energy takes a simple form. According to the postulates of statistical mechanics
[21], since the equilibrium states are product measure, the pressure, denoted by
p(+), and the free energy per unit of volume, denoted by f(-) and obtained as the
Legendre transform of the pressure, are given by

p(A) = logZ(\), f(p) = ZIEJIA){W -p0)}.

Clearly,
flp) = Ep)p — pEWK), fp) = Ep). (2.9)

Fix a reference chemical potential A, and let
Inp) = sup {0p — log B, [e"F] }.
By definition of f(-),
falp) = flp) = {Xp —p(\)} and f(p) = f"(p)- (2.10)

It is well known that f)(-) is the large deviations rate functional of the sequence
N1 ZlgjgN t;, where (r; : j > 1) are i.i.d. random variables distributed according
to my. The functional fy is called the equilibrium free energy. By (2.9) and (2.10),
Z(2(p))

Z(N)

Mlp) = [E(p) — A]p — log and fy(p) = E(p) — A.

An identity. We turn to some properties of the functional M'f\‘fp needed in the
next sections. We first claim that for all A and p,

MRL(f'(p)=A) = 0. (2.11)
By (2.9), 2(p) = f'(p). Hence, by (2.4) and (2.2),
]. !’
M (p) = /efpxef (Pl e=HE (£, U,)(x) n(dx
)\,p( ) Z(f’(p)) c ( A p)() ( )
for all p. Replacing the first p by f’(p) — A, the right-hand side becomes
1 / Ar— H(r) Z()‘)
—— | e LUy () n(dr) = ——— L U,)(x) mx(dy) .
20 Je (ENRIE M) = 7y [, AU Al
The last term vanishes because m ) is the stationary state for the dynamics induced
by the generator £y. This proves (2.11).

The functional 2. Let 2y, A € A, be the functional given by
W) = w{ ML) - MELO) -~ p(MGL) O . (212)

By (2.5), the second term on the right-hand side, M'/{’dp(O), vanishes. It has been
included to underline that 2, (p, p) is a first order Taylor expansion. By (2.5),

A (p,p) = ff/ mz(p)(dr) ra(r,dy) [#O7 — 1 —p(n—1)] > 0.
EXE

In particular, in the second variable, the functional %A, behaves quadratically close
to zero:

Ar(p,p) ~ p*, p—0,
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for all p small. On the other hand, under the hypotheses of the Example 2.1, the
functional 2y takes the form

2x(p,p) = Ca(p)[e? —1—p] + Ax(p)[e™ —1+1],
Boundary condition. By (2.5),
(Ml)g\tip )/ (0) = <1a ‘C)\F>7ng(p) ) (213)
where (-, -), represents the scalar product in L?(v).

The reversible case. Up to the end of this section, assume that the operator Ly is
symmetric in L?(my). In other words that, for all A € A, the dynamics induced by
the generator £ at the boundary is reversible for the measure my. This condition
is fulfilled by the simple exclusion, zero-range and KMP dynamics reviewed in the
Appendices A—C, but not by the exclusion process with non-reversible boundary
conditions presented in Section D.

We derive below three properties of the functional Mlj\?p under this assumption.
Recall the definition of R(A) given in (2.3) and that, by (2.9), f'(p) = E(p) =
R~Y(p). By (2.13) and the reversibility of the measure m, with respect to Ly,

(MR?R(/\) )l (0) = <‘C>\1’ x>mx =0. (2.14)
We turn to the reciprocal. We claim that
(MR5)(0) # 0 if f'(p) # . (2.15)
Indeed, by (2.13) and (2.2), and since Z(p) = f'(p),
Z(N) 1oy
bd y/ _ (f"(P)=N)x
(M)\,p) (O) Z(E(p)) <6 ’ ‘C)\F>m>\ .
Since the measure m) is reversible,
1 Z(\) ) "(p)—
bd y/ - _ - (f')=Nn _ (F(p)=Nr _
(ML) 0) = =5 gy [ m@ndy {e ‘ o - 1)
1

2
Therefore, as z[e* — 1] > 0 for z # 0,
[f(p) = AT (MBS,) (0) < O (2.16)
if f'(p) # A. This proves (2.15).
We conclude this section proving a last relation for My ,. We claim that

Ma,(f'(p) = f'(p) = Ma,(f'(p) =) (2.17)

= - / mz(,) (dr) m(zc,dn){e(f'(”)’”("") - 1}(0 —1).
EXE

for all A\, p and p.

Identity (2.17) asserts that the bulk-cost (in the sense of Remark 2.4) of changing
the boundary chemical potential from X to A+ 2[f'(p) — f'(p)] is equal to the one
of changing it from A to 2 f/(p) — \.

We turn to the proof of (2.17). By the definition (2.4) of M , and since Z(p) =
f'(p), the left-hand side of (2.17) is equal to

! "(pr—H(x _
7700 /Sef() O (LU (x) n(dy) = —ros /SUq,(;) (LAU,)(x) ma(dr) |
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where ¢ = f'(p) — f'(p), ¢ = f'(p) — A\. As the measure m,) is reversible for the
dynamics induced by Ly, the previous expression is equal to
Z(\)

ﬂmmlwmawmmmnlwmwmmwwwm,

where ¢” = X — f/(p) = —¢’. This completes the proof of (2.17), as ¢’ = f'(p) — \.
Note that (2.11) follows from (2.17), but we used here the reversibility of my,
while this assumption is not needed in the derivation of (2.11) presented above.

3. THE HAMILTONIAN FORMALISM

In this section, we present the thermodynamic description of non-equilibrium
driven diffusive systems in mild contact with reservoirs. The definitions below are
motivated and supported by the microscopic dynamics reviewed in Section 2 and
in the appendices.

Recall that € stands for the bounded domain of R? occupied by the system.
The macroscopic state of the system is described by the local density p(z), = € Q.
At each point z, the density p(x) takes value in a subset R of R (the set ¢(€)
introduced in the previous section). The system is in a mild contact with boundary
reservoirs, characterized by their chemical potentials A € A, and under the action
of an external field E € R%. The evolution is characterized by an Hamiltonian.

The boundary Hamiltonian. The boundary Hamiltonian i]-(l;\d is expressed in
terms of a family m, , of finite, non-negative measures on R, indexed by the chem-
ical potential A € A and the density p € R. Let M} : R — R be the functional
given by '

M (p) = /R(em‘ — 1) ma(dr) - (3.1)

The boundary Hamiltonian reads

bd o bd
g'(:)\ (p,F) = / M}\7P(F):‘€ds, (32)
o0

where x : R? — R, is a continuous, strictly positive function wich represents the
system interaction strength with the boundary, and dS the surface measure. By
(3.2),

53cd

oF

Remark 3.1. As k is fized we omit from the notation the dependence of the bound-
ary Hamiltonian de on K.

(0, F)(x) = k(ML) (F(x)), x € 09. (3.3)

The Hamiltonian. The evolution of the density is described by the Hamiltonian
HEg,» which takes the form
:H:E,A(pa F) = :H%ulk(p’ F) + :H:Rd(pv F) >
bulk (3.4)
Hy™(p, F) = —/D(p)Vp - VFdx + /a(p){E + VF} . VFdz.
Q Q

The diffusion coefficient D(p) and the mobility o(p) are d x d positive, symmetric
matrices. The transport coefficients D and o satisfy the local Einstein relation

D(p) = a(p) I (p) (3.5)
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where f is the equilibrium free energy of the homogeneous system. The pair p, F
plays the role of position and momenta, respectively, in the Hamiltonian formalism
of classical mechanics.

Remark 3.2. While the bulk Hamiltonian is expressed in terms of two thermody-
namical features, the diffusivity D and the mobility o, the boundary Hamiltonian is
written by means of a family of measures. In all examples presented at the end of
the article, D and o are scalars.

Denote by Jg(p) the current of the density profile p, given by
Je(p) = =D(p)Vp + o(p) £, (3.6)
Remark 3.3. In [7], the bulk Hamiltonian is defined by

j_(%ulk(p7F) _ /Q{VF -o(p)VF — FV - JE(p)}dSC, (3.7)

Of course, one could adopt this formulation, and modify accordingly the boundary
Hamiltonian to take into account the new term resulting from the integration by
parts.

However, if one adopts the definition (3.7), the boundary Hamiltonian will con-
tain terms with the derivative of p. This is not the case with the definition adopted
here. The boundary Hamiltonian, given in equation (3.2), only contains terms with
p, and not its derivative.

From a microscopic point of view, the definition (3.2) is more natural [20, 12].
Moreover, in the proof of the large deviations, it is possible to show that density
profiles with infinite energy can be discarded, and one can restrict the analysis to
density profiles with generalized derivatives in L?. As these profiles are Lipschitz
continuous in dimension 1, the value of the profile at the boundary is well defined.
In contrast, it is not clear how to define the value of the derivative of a profile at
the boundary.

Properties of the boundary Hamiltonian. We assume that for all A and p,

MRS (f'(p) =) = 0. (3.8)
This is property (2.11) of the previous section. We assume, furthermore, that
SR SR
0) = 0 for all "(p) — A\] —=2-(p,0) < 0
5 (p,0) orallp, [f(p) = Al =55=(p,0) <0,

. (3.9)

and that 5?};‘ (p,0) = 0 if and only if f'(p) = X.

The second and third conditions correspond to (2.14), (2.15) and (2.16) since, by
(3.3), (§HR/6F)(p,0) = K (ME%)’(O). Note that the inequality is strict if f/(p) # A
in view of the last property.

We turn to the assertion in (3.9) concerning the derivative §H%4/6p. By the
definition (3.2) of the boundary Hamiltonian, by equation (2.1) for the generator
and (2.2) for the measure,

SR

5; (o, F) = HE’(p){Qe*”, Lye’) = Alp) (xe™*, Lye™), }

where A(p) = Z'(E(p))/Z(E(p)) and p has to be replaced by F at the end of the

computation. Hence, at p = F = 0, since £,1 = 0, this expression vanishes, as
claimed in (3.9).

M= (p)
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Hamilton’s equation of motion. The evolution of the pair (p, F') is described
by the Hamilton’s equation:

SHp 0H g A
= : OrF = — A
st 5p
The explicit formula for the Hamiltonian (3.4), the divergence theorem and the
symmetry of the matrix D yield the pair of equations

{@u = -V -Jgu) — 2V-{o(w) VF},

HF = —Tr[D(u)HessF| — o'(u) [E + VF| - VF.

Here, Jg is the current, introduced in (3.6), Hess F' stands for the Hessian matrix
of F' and TrA for the trace of a matrix A. These equations are complemented with
the boundary conditions

&}{bd
{Je(u) + 20(u)VF} - n = — 5F)\ (u, F),
bd
Du)VF -n = 63;”\ (u, F),
p

where n stands for the outer normal vector to 0SQ.

These equations are derived by taking the time derivative of the equation Hg » (us, Fi) =
Cy and integrating by parts. By (3.9), the pair (u(t),0) is a solution for Hamilton’s
equation of motion provided u solves the hydrodynamic equation

bd
Jp(u)-n = — 5?}; (u,0) ( = fn(MRfiu)’(O)) :

The last identity follows from (3.3).

(3.10)

Remark 3.4. Letting k — 0, +o0o yield to Neumann boundary conditions, Jg(u) -
n = 0, and Dirichlet boundary conditions, (ME%)’(O) = 0, respectively.

Remark 3.5. Equation (2.13) provides an alternative formula for the current at
the boundary for the solutions of the hydrodynamic equation (3.10). By (3.3) and
(2.13),

bd
By (3.10), the left-hand side of this equation (with a minus sign) is equal to the
value of the current at the boundary. Therefore, the current at the boundary of the
solutions of the hydrodynamic equation can also be written as — Kk (1, LAY )m=

(p) "
Assume that equation (3.10) admits a unique stationary solution, denoted by
pE - It solves the elliptic equation
V- Jg(p) =0,
o (3.11)
6F p, *
Assume, furthermore, that pg » is an attractor for the dynamical system induced

by (3.10). Therefore, if u(#) (t) represents the solution of the hydrodynamic equation
(3.10) with initial condition p, u(”)(0,-) = p(-), for every density profile ,

; () - 5
tlgrolou (t) = pEx - (3.12)

Je(p) n = —
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The action functional. Denote by L g  the Lagrangian associated to the Hamil-
tonian Hp »: For a density profile p and a function G,

Lerp,G) = sup{ / GFdx — G{E,,\(p,F)} . (3.13)
F Q
The action functional on an interval [T7, Ts], denoted by I [%’\TQ], is given by
T>
A
I[]%’Tz](u) = /T L a(u(t),Owu(t)) dt, (3.14)

for a trajectory u(t) (for each ¢ > 0, u(t) is a density profile). The action functional
indicates the cost of a path u(t) in a time interval.

The quasi-potential. The quasi-potential associated to the Hamiltonian Hg y,
represented by Vg y, is given by

Vea(y) = inf 15X () (3.15)

00,0

where the infimum is carried over all paths u(t) starting from the attractor pg » and
ending at y: lim;_,_ o u(t) = pg,x, u(0) = 7. The quasi-potential Vi () measures
the minimal cost to produce a density profile y starting from the stationary profile
PE -

Hamilton-Jacobi equation. Classical arguments in mechanics [1] imply that the
quasi-potential Vg  solves the Hamilton-Jacobi equation

Ve A
5. (0))

The equilibrium quasi-potential. A state (E,\) is said to be an equilibrium
state if

U{E,A(p, = 0. (3.16)

Je(pEx) = 0. (3.17)
In this case, by (3.6) and the Einstein relation (3.5), and by (3.11) and (3.9),
E = Vf'(pgx) on Q and f'(pgr) = X on 9. (3.18)

Note that the equilibrium states in the case of strong and mild interactions with
the reservoirs are the same.

Remark 3.6. By (3.11) and (3.9), in non-equilibrium, f'(pg x) # A at the bound-
ary. This is in sharp contrast with diffusive systems in strong interaction with
reservoirs, where f'(pr.a) = A at the boundary [6, 8].

We claim that in equilibrium,

D22 ) = £ ~ f(pea). (319)
so that
Vea(p) = /Q {Fp) = f(pEN) — ' (PEAN) (P—PEN) } do . (3.20)

We turn to the derivation of (3.19). Since Jg(pgx) = 0, by (3.18), we may
replace on the right-hand side of (3.4) E by Vf'(pg,x) to get that

I F (o)~ ' (Ppa)) = — /Qp(p)vp.wD dx + /Qa(p)Vf’(p) -VFdz,
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where F' = f'(p) — f'(pe,»). By Einstein relation (3.5), we conclude that the
right-hand side vanishes.
On the other hand, by (3.18) and (3.8),

3o, f'(p) = F(pEN)) = T3 (p, f'(P) =) = 0.

It follows from the two previous displayed equation that f'(p) — f'(pg,x) solves
the Hamilton-Jacobi equation, proving claim (3.19).

The adjoint Hamiltonian. The Hamiltonian introduced at the beginning of this
section derives from an underlying microscopic dynamics. Denote by PZ the prob-
ability measure describing the stationary evolution of the time-reversed process,
which is still a Markovian dynamics. We refer to Py, as the adjoint dynamics. The
reader finds in section 1 of [4] a detailed description of the adjoint dynamics of a
Markov process.

Assume that the empirical density of the adjoint dynamics satisfies a large de-
viations principle described by a Hamiltonian 9{2‘ y of the same nature as Hpg .
Denote by LE; , the Lagrangian corresponding to the Hamiltonian J-CTE’ A

Fix T' > 0 and a trajectory u(t), 0 <t < T. Let v(t) = u(—t). By equation (2.2)
in [4],

T 0
Ve (u(0)) + /0 LE)/\(u(t), Owu(t)) dt = Vg a(u(T)) + / Lea(v(t), ow(t)) dt .

-T
Dividing this identity by T and letting 7" — 0 yields that
%

L5 (u(0), du(0)) = Lpa(v(0), dw(0)) + fpﬂ* (u(0)) dyu(0) .

Since v(0) = u(0) and d,v(0) = — dyu(0), for all p, ~,

oVEe A

—= . 21

o (P)y (3.21)

As the Hamiltonian is the convex conjugate of the Lagrangian, an elementary
computation yields that

LEa(py) = Lealp—7) +

0VE x

3n(p F) = 3sa(p, 5 (0) - F). (3.22)

This formula coincides with equation (4.15) presented in [7] for the adjoint Hamil-
tonian in the case of strong boundary interactions.

The adjoint Hamiltonian 17-(}[3’ » Plays a central role in the macroscopic fluctuation
theory. It is shown in [12] that the solution of the variational problem (3.15),
which defines the quasi-potential, is the time-reversed trajectory of the Hamilton’s
equation of motion induced by the adjoint Hamiltonian.

Set HEN"(p, F) = HEW(p, V(p) — F), where V(p) = (6Vi,/p)(p) and
define J{Eb/\d in a similar way. Note that ﬂ-fg’f’;\ﬂk depends on the chemical potential
A because so does the quasi-potential Vg ».

The adjoint current. In view of the definition (3.6) of the current, the bulk
Hamiltonian J2M* can be expressed as

Ik (p, F) = /Q Ji(p) - VF dx + /Q VE - o(p) VF dz (3.23)
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By (3.22), with the bulk Hamiltonian instead of the full one,

FHEN K (p, F) = /QJJTE’)\(/)) - VFdz + /QVF - o(p) VF dx

Ve, Ve,
[ {600 + o) VIR ()} 9 TE () d

provided we set

TEae) = = Jle) ~ 20(0) T “E2 (p)- (3.24)

Hence, as a function of the second variable, up to an additive constant, the adjoint
bulk Hamiltonian has the same structure as the original one, provided we replace
the current Jg(p) by J]E’)\(p). As observed before, JL,/\ depends on A because so
does the quasi-potential Vg .

The adjoint hydrodynamic equation. Computing the derivatives of the adjoint
Hamiltonian yields that (u(t),0) is a solution of the adjoint Hamilton’s equations
provided wu(t) solves the equation

O + V-J;J\(u) =0,

(0 2 )

called, hereafter, the adjoint hydrodynamic equation.

(3.25)

JJTE,A(U) n =

Currents. Inview of (3.24), it is natural to define the symmetric and anti-symmetric
currents, denoted by Jg 5 (p), J%7A(p), respectively, as

Tialp) = w(pwé‘gf;“ (). Tl = (1/2){Tp(p) = Tha() } - (3.26)

The Hamilton-Jacobi equation provides an orthogonality relation between the
symmetric and anti-symmetric currents. In equation (3.23), replace F by 6Vg x/dp

and recall the definition of the symmetric current to express the second term on the
right-hand side of (3.23) as a function of J ,(p). As Jr(p) = Jg \(p) + JE A (p),

T2 0) = = [ TEalr) 5 Tea(o) do

In particular, the Hamilton-Jacobi equation (3.16) becomes an orthogonality rela-
tion between the anti-symmetric and the symmetric currents:

" o,  arbd 0VE A _/ bd
| T8a0) 5 Tt de = 36590, SE2 ) = [ i

Hp"™ (p,

(SVE,)\
op

(p)) K dS .
(3.27)

Remark 3.7. In the case of strong boundary interactions, it has been shown that
the symmetric and the asymmetric currents satisfy an orthogonality relation (see
equation (4.5) in [8] and equation (2.22) in [7]). This orthogonality relation is
fundamental in the proof of the Clausius inequality for the remormalized work in
[7].

It would be interesting to obtain a similar relation in the present context. In
order to achieve this, one would need to write the right-hand side of (3.27) as
the scalar product of the symmetric boundary current with the anti-symmetric one.
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This would permit to interpret equation (3.27) as an orthogonality relation between
the symmetric and the anti-symmetric current. We were not able to.

4. A FORMULA FOR THE QUASI-POTENTIAL

In few cases, it is possible to derive an explicit formula for the quasi-potential.
Assume that d = 1 and that there is no external field, ¥ = 0. Then, for each

density p,
oVE

o2 = flo) - £F) (11)
is a solution of the Hamilton-Jacobi equation provided F' solves the equation
—o(F)
Ap(F) + 2O =oE) Gy _ g
(F) d(p)—d(F)‘ )] (4.2)

[d(p) = d(F)]Vf'(F)-n = 6 M3, (f'(p) — f(F)) .

In this formula, d is the primitive of D: d'(p) = D(p).

The proof of this claim is similar to the one presented in [4]. Let T = f/(p) —
f'(F), recall the definition of the bulk Hamiltonian and the Einstein relation (3.5)
to get that

O (p, T) = /o(p)Vr-vr do — /o—(p)Vf’(p) + VI dz
Q Q

. / () VI () - VI'(F) di + / o(p) |V (F)[? d .
Q

Q
By Einstein relation (3.5), and since d is a primitive of D, o(p) Vf'(p) = D(p) Vp =
Vd(p). Therefore, the first term on the right-hand side can be written as

—/ [Vd(p) — Vd(F)] -V (F)dz — /Vd(F)~Vf’(F) da .
Q Q

By the divergence theorem and since VdA(F) = o(F) Vf'(F), this expression is
equal to

[ Lo =a)] arr) i - [

» [d(p)—d(F)] Vf'(F)ndS — /QU(F)|Vf’(F) | dx .

By (3.2) and (4.2), the expression appearing in second integral is equal to HY4(p, f/(p) —

f'(F))
Up to this point, we proved that

Hea(p.T) = [ [dlp) = dE)] AP da + [ [alo) = alP)] [9F(F) P do

Q
On the left-hand side, the bulk Hamiltonian appearing at the beginning of the
computation has been replaced by the full one in view of the last observation of the
previous paragraph. The right-hand side vanishes in view of the first equation in
(4.2). This completes the proof of the claim.

It has been proved in [12] that for symmetric exclusion processes in mild contact
with reservoirs the quasi-potential is given by (4.1). For zero-range models, this is
also easy to check since in this case even in nonequilibrium the stationary states
are product measures. Actually, when ¢ is constant (as in Ginzburg-Landau dy-
namics) or ¢ = d (as in zero-range dynamics), the first equation in (4.2) becomes
autonomous in F'.
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Remark 4.1. For the one-dimensional exclusion process and the zero-range dynam-
ics, the boundary conditions of equation (4.2) coincide with the ones of equation
(3.11). That is, the boundary conditions for the stationary density profile in equa-
tion (3.11) and the ones for the auziliary function F in equation (4.2) coincide.
This is the also case for interacting particle systems in strong interaction with the
boundary reservoirs, where the boundary conditions are of Dirichlet type [17, 4].

To derive the identity of the boundary conditions, observe that by the Einstein
relation and since Jg(F) = — D(F)VF, the boundary condition in (4.2) can be
restated as

o(F) bd [ pr /
For zero-range and exclusion dynamics, a computation, presented at the appendix,
yields that for all u, 0 and p
o
T ()~ £0) = (M) 0. (43)

This proves that the boundary condition in (4.2) and (3.11) coincide in view of
(3.3). Therefore, in these examples equation (4.2) becomes

/

srin B0
J(F)-n = —r (M%) (0).

Note that the left-hand side of (4.3) depends on o, while the right-hand side does
not.

Remark 4.2. Contrarily, for the KMP model, the boundary conditions of equation
(4.2) are different from the ones of equation (3.11). The equation for the auziliary
function is presented in (C.4). This is in sharp contrast with the case of strong
interaction with the boundary, where the boundary conditions coincide.

Remark 4.3. Fquation (2.17) provides an identity for the term szlg(f’(g) —
f'(p)) which holds under the general hypotheses of Section 2.

Remark 4.4 (Boundary conditions for the quasi-potential). When the system in-
teracts strongly with the boundary reservoirs, the boundary equations for the hydro-
dynamic equation and for the adjoint hydrodynamic equation are of Dirichlet type.
For this reason, one may restrict the investigation of the quasi-potential to density
profiles which satisfy Dirichlet boundary conditions. Since the boundary conditions
for the auziliary function F, introduced in (4.1), are also of Dirichlet type, in view
of (4.1), one concludes that the functional derivative of the quasi-potential vanishes
at the boundary when computed at a density profile.

For systems in mild interaction with the boundary, the situation is completely
different. The boundary conditions for the hydrodynamic and the adjoint hydrody-
namic equations, equations (3.10) and (3.25), respectively, are different. There are
no reasons to restrict the attention to particular density profiles. But even consid-
ering profiles which satisfy the Robin boundary conditions appearing in (3.10) and
(3.11), we were not able to derive boundary conditions for the functional derivative
of the quasi-potential computed at fized density profiles. We did not push this in-
vestigation too much as we did not need an equation for the boundary condition of
the functional derivative of the quasi-potential in our analysis.
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In terms of the auxiliary function F, the currents take the form
Joalp) = J(p) + a(p) VI(F), Jiilp) = —olp) VF(F),
Toalp) = (o) + 20(p) VI'(F).

Orthogonal relation for the currents. Assume that the matrix D(p) is a scalar
and that the external field F vanishes. We keep E in the notation though it
vanishes. Recall the representation (4.1) for the quasi-potential. By the Einstein
relation (3.5),

Juxlp) = =D(p)Vp + a(p) VI(F) = Jelp) + a(p) VI (F) .

Therefore, Jg ,(p) = —o(p) Vf'(F). Keep in mind that E = 0 although it remains
in the notation. By this formula for the anti-symmetric current and the second
equation in (4.2) the orthogonality relation (3.27) can be written as

AJ&“p)-%JE’A(/}) de + LQWJ;A@)-MS 0. (45)

5. A CLAUSIUS INEQUALITY

Fix a time-dependent chemical potential A(¢,z) and external field E(t,z). For a
density profile p, let u(t, z) be the solution of
8tu + V- JE(t)(U) =0 y

5g{bd
Toay () -n = — =29 (4,0), (5.1)

oF
w(0,-) = p()

where Jg(u) is given by (3.6) with u(t), E(t) replacing p, I, respectively.
The energy exchanged between the system and the external reservoirs and fields
in the time interval [0, 7] is given by

Wio,rj(AG), E (), p)

= /OT{/m At 2) j(t,z) - n(x) dS() +/Qj(t,as)-E(t,z) dz} dt

where j(t,z) = Jgu)(u(t)) (z) is the current of profile u(t,-). The first term on
the right-hand side is the energy provided by the reservoirs while the second is the
energy provided by the external field. We claim that

Wiorj(A(), E(), p) = F(u(T)) — F(p), (5.2)
where F' is the equilibrium free energy functional defined by
F(p) = | f(o(w)) da (5.3)

Indeed, dropping from the notation the dependence on x, adding and subtracting
f'(u(t)) in the boundary term, rewrite the energy exchanged as

T
Wioa)(AC). E().p) = — / dt /8 MO~ (0] (1) as
+/0 at{ - ) g0 mds + /Qj(t)-E(t) dr } .
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By the divergence theorem, the right-hand side is equal to

T
- / dt / NE) — F(u(®)] §(t) - n dS
o0

/dt/{ V- [f () §(0)] + 5(t) - B(t))} da |

Recall from (2.12) the definition of the functional 2y (p, - ), copied here for the
reader’s convenience:

Wlp.p) = w{MLE) = MLO) — (MBS0 ] - (5.5)

It has been shown in Section 2 that 2l is positive and that close to zero it behaves
quadratically in the second variable:

An(p,p) = 0, An(p,p) = p°, p = 0, (5.6)

(5.4)

for all p.
By the boundary conditions in (5.1) and (3.3),

=[O = f@®)] i) -n = kA = F @) (M3),ue ) (0) -
Since MR%(O) =0 and, by (3.8), Mlj\dp( f'(p) — X) =0 this expression is equal to
K’{M?\’(it),u(t) (p) — Ml;\((it),u(t) 0) — p(MI))\?t),u(t) )/(0)} = Q(A(t)(“(t)vp) )
for p = f'(u(t)) — A(t). Therefore, the first term in (5.4) can be written as

T
[t [ ootu). £ ) - x) ds.
0 o

By (5.6), this expression is positive. On the other hand, the second term of (5.4)
is equal to

/dt/ V() — f(u() Vult) - () + () B()] da
T
/ dt— u(t)) da + /O dt/ﬂj(t)-a(u(t))‘lj(t) dz |

where we used the Elnsteln relation (3.5), and the definition (3.6) of the current
J(t) = Jg@ (u(t)). In conclusion, we proved that

T
Wioa)(AC) E(),p) = F(u(T)) — F(p) + / dt /Q J(t) - o(u(t) "4 () de
T
+ /O dt /8991,\(t)(u(t),f’(u(t))—)\(t))ds.

Since the last two term are positive, inequality (5.2) follows.

This argument provides a dynamic derivation of the second law of thermodynam-
ics as expressed by the Clausius inequality (5.2). The key ingredients have been the
assumption of local equilibrium together with the local Einstein relationship (3.5).

6. TRANSFORMATION ALONG EQUILIBRIUM STATES

In this section, we examine transformations along equilibrium states. Recall
from (3.17) that equilibrium states are characterized by the absence of current at
stationarity: J(pg ) = 0.
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Reversible and quasi static transformations. Fix T > 0, and two equilibrium
states (Eg, Ag), (E1, A1) so that

J(ﬁEoJ\o) = J(ﬁElJ\l) =0. (61)

Consider a system initially in the state py = pg,,», which is driven to a new
state p1 = pg,,n, by changing the chemical potential and the external field in
time in a way that (E(t),A(t)) = (Eo, Ao) for t < 0 and (E(t), A(t)) = (E1, A1)
for ¢ > T. This transformation from pg to py is called reversible if the energy
exchanged with the reservoirs is minimal. A basic thermodynamic principle asserts
that reversible transformation are accomplished by a sequence of equilibrium states
and are well approximated by quasistatic transformations, transformations in which
the variation of the thermodynamical variables is very slow so that the density
profile at time u(t) is very close to the stationary profile pg ) act)-

Let u(t,z), t > 0, z € Q, be the solution of (5.1) with initial condition p = py.
Recall that we denote by j(t) the current at time ¢ of the density profile u(t): j(t) =
Je@)(u(t)). Since the thermodynamical variables are equal to (E1, A1) for t > T,
as t — oo, u(t) and the current j(¢) relax exponentially fast to p; and Jg, (p1),
respectively. By (6.1), Jg,(p1) = 0, and, by (3.18) and (5.5), 2, (p1, f/(p1) —
A1) =2, (p1, 0) = 0. Therefore, the integrals in (5.7) are finite as T'— oo and

W), E(),50) = F(p) — F(po) /dt / \L(t) da

4 / dt /8 Qmw)(u(t),f’(u(t»—A(t))ds

> F(p

(6.2)

Last inequality follows from (5.6). Note that we did not assume any regularity of
the thermodynamical variables in time so that they can also be discontinuous.

It remains to show that in the quasistatic limit equality is achieved in (6.2).
That is the thermodynamic relation

W = AF (6.3)

holds, where AF = F(p1) — F(po) is the variation of the free energy. If this is
the case, by running the transformation backward in time, we can return to the
original state exchanging the energy — AF'. For this reason the transformations for
which (6.2) becomes an equality are called reversible.

However, for any fixed transformation the inequality in (6.2) is strict because the
last two terms on the right-hand side of the identity in (6.2) are strictly positive.
The second one is strictly positive in view of the last assertion of (3.9). Hence,
reversible transformations cannot be achieved exactly. We can however exhibit a
sequence of transformations for which these strictly positive terms can be made
arbitrarily small. This sequence of transformations is what is called quasistatic
transformations.

Fix smooth functions A(t), E(t) such that (A(0), £(0)) = (Ao, Eo), (A(t), E(t)) =
(A1, Eq) for t > T. Assume that (A\(t), E(t)) are equilibrium states for all ¢ > 0.
This means that J(pru),pr)) = 0 for all t > 0. Given § > 0, set As(t) = A(dt)
Es(t) = E(0t). The sum of the last two terms on the right-hand side of (6.2) is
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given by
/ at / (VF (us(t)) — Es(t)} - o(us(t) { V' (us(t)) — Es(t) } du
0 Q

+ / dt | An,y(ust), f(us(t)) — As(t)) dS,
0 o

where us is the solution to (5.1) with initial condition pp and parameters As(t),
Es(t).

Recall that py;(s), s (¢) is the equilibrium state associated to the thermodynamical
variables As(t), Es(t). Since J(pa),ew)) = 0, Es(t) = V f'(pas¢),m5(t))- Therefore,
the previous expression is equal to

/O Cai /Q (VS (us(t)) = VI (Basior.ms0) } - o (us®) { V£ (s(t)) — Y (rscey.ms(ey) } de
+ Cai [t ustt). £ us(t) = 25(0)) a5

The difference between the solution of the hydrodynamic equation us(t) and the
stationary profile py; ), g, (¢) is of order § uniformly in time, and so is the differences
f'(us(t)) — f'(Past),E5(t))- As the integration over time essentially extends over an
interval of length 6!, the first term of the previous expression vanishes for § — 0.
Similarly, by (5.6), 2z, (us(t), f'(us(t)) — As(t)) is bounded by Co[ f'(us(t)) —
As(t)]? = Col f'(us(t)) — f'(Pas(t),Es (1)) |2~ Hence, the second term of the previous
expression also vanishes as § — 0.

This implies that equality in (6.2) is achieved in the limit § — 0. Note that in the
previous argument we did not use any special property of the path A(t) besides its
smoothness in time. Otherwise, the trajectory (E(t), A(t)) from (Eg, Ao) to (E1, A1)
can be arbitrary along equilibrium states.

Excess work. Consider a transformation (E(t), A(t)), t > 0, and an initial density
profile p. Assume that (E(t),A(t)) — (E1,\1), as t — +oo fast enough, where
(E1, A1) defines an equilibrium state (that is J(pg, n,) = 0). The excess work
Wex = Wex(A(*), E(+), p) is defined as the difference between the energy exchanged
between the system and the external driving and the work involved in a reversible
transformation from p to p;, namely

We = W — min W = /0 dt/ﬂj(t)ﬁ(u(t))* i(t) do o

+ / dt /8 A (ult). £/ (u(t)) = A1) dS

where we used (6.2) as well as the fact that the minimum of W is given by the right-
hand side of (6.3). Observe that Wey is a positive functional of the transformation
(E(t), A(t)) and the initial condition p. Of course, by taking a sequence of quasi-
static transformations Wey can be made arbitrarily small.

Relaxation path and availability. Consider an equilibrium system in the state
po, characterized by a chemical potential Ay and an external field Ey. This system is
put in contact with reservoirs at constant chemical potential A\; and an external field
F4, different from the chemical potential Ay and the external field Fy associated to
Po- Assume that (E7, A1) is an equilibrium state. For ¢ > 0 the system thus evolves
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according to the hydrodynamic equation (5.1) with initial condition pg, external
field F1, and boundary condition A;.

When ¢t — +oo the system relaxes to the equilibrium state p;. As the path
(E(-), A(+)) is constant in time, the excess work is a function of (E1, A1) and py and
we denote Wex (E(+), A(+), po) simply by Wex(E1, A1, po)-

In view of (6.4), the constitutive equation (3.6) and (6.2), the excess work along
such a path is given by

Wee(Ers M. o) — / Cat 195 o) - £ 50) do
n /Ooodt /QQQ[AI(u(t),f’(u(t))—)\l)dS.

Since (E1, A1) is an equilibrium state, J(p1) = 0, so that Vf'(p1) = E;. We may
thus replace E7 by V f/(p1) in the previous equation. After an integration by parts,
since f'(p1) = A1, in view of the boundary conditions of (5.1) and the definition
(5.5) of Ay, the right-hand side becomes

| e [ 1) - £0) Vi) d.

By (5.1) this expression is equal to

= [ e [ 1) - £o0) duatt) ds
0 Q
‘We have therefore shown that

Wex(E1, M1, po) = /Q [f(po) = f(p1) = f'(p1)(Po — p1)] dz = Vi, a, (o) . (6.5)
where the last identity follows from (3.20).

Note that the excess work Wy is not the difference of a thermodynamic potential
between the states py and p;. We refer to [8] and [26, Ch. 7] for a connection of this
result with availability and the maximal useful work that can be extracted from
the system.

7. TRANSFORMATION ALONG NONEQUILIBRIUM STATES

Nonequilibrium states are characterized by the presence of a non vanishing cur-
rent in the stationary density profile. Therefore, to maintain such states one needs
to dissipate a positive amount of energy per unit of time. If we consider a trans-
formation between nonequilibrium stationary states, the energy dissipated along
such transformation will necessarily include the contribution needed to maintain
such states. The arguments of the previous section have therefore to be modified
in order to take into account this amount of energy. This issue, first raised in [25],
has been more recently considered e.g. in [2, 11, 23, 24, 8, 9].

The appropriate definition of thermodynamic functionals for nonequilibrium sys-
tems is a central but difficult topic. Our starting point is the formula (5.7) for the
energy exchanged in the time interval [0, 7] between the system and the external
reservoirs and fields.
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Towards a definition. Fix 7' > 0 and a nonequilibrium state (E,\) so that
Ji(Ppa) # 0 and f/(ppa) # A Let (E(H), A1) = (E,\), 0 < t < T. By (5.7),

Wio,r1(AC), E(), pEA) = T/QJE(ﬁE,,\)'U(ﬁE,A)_lJE(ﬁE,A) dz

+—Tt/ An(PEns [ (PEn) — A) dS.
o0

Note that both terms on the right-hand side are strictly positive. The second one
is strictly positive in view of the last assertion of (3.9) and because f'(pg.r) # A
at the boundary in nonequilibrium states.

To justify the definition of renormalized work proposed below, we turn back to
formula (5.7) for the work. Assume that the transformation is performed along
equilibrium states: Jg) (Pp@) @) =0 forall 0 <t < T.

Since, in equilibrium, the current is equal to its symmetric part, in (5.7), j(t) =
Ir @) (u(t)) = Jpe @ (u(t)). On the other hand, in equilibrium, by equation (3.19),
(6Ve/0p)(p) = f'(p) — A. Therefore, for transformations along equilibrium states,
we may rewrite the work as

T
wafﬂm+éﬁé@wwwmﬂwmﬂ@mmw»m

g E(t),A(t)

Fix an equilibrium state (F, A) and consider a constant transformation (E(t), A(t)) =
(E,N), 0 <t <T,starting from the density profile pg ». Since pg, » minimizes the
quasi-potential Vg x, (Ve x/0p)(pEe,x) = 0. Hence, by the definition (5.5) of Uy,
Ar(pEN, (6VEA/Op) (PEN)) = 53&3)(,513,)\ , 0) = 0. On the other hand, by (3.26),
Ju A(PE,x) = 0. This shows that both integrals in the previous displayed equation
vanish.

This property extends to non-equilibrium states (E, A). Indeed, since the quasi-
potential Vg » is minimal at the stationary profile, (Vg /dp) (pE,x) = 0. Hence,
by (3.26), J5 (PE,x) = 0, and by the reasons presented in the previous paragraph,
QflA(ﬁE)” 0) = 0.

(7.1)

Renormalized work. The previous arguments support the following definition
or renormalized work. Fix T > 0, a density profile p, and space-time dependent
chemical potentials A\(t) = A(¢,z) and external field E(t) = E(t,x), 0 <t < T,
v € Q. Let u(t) = u(t,z), j(t) = Jpe (u(t,x)), t > 0, € 2, be the solution of the
hydrodynamic equation (5.1) with initial condition p. Define the renormalized work
Wit = Wi (E(),A(), p) performed by the reservoirs and the external field in

the time interval [0,7] as

Wish = F(T) — F(p)
[t [ g s @) - ou®) g a @) de gy

r OVE@®) @)
+ dt/ A u(t), ——>(u(t ds .
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Remark 7.1. In [8], the renormalized work is defined by subtracting some quanti-
ties from the work. Then, taking advantage of the orthogonality between the sym-
metric and the anti-symmetric currents, a formula for the renormalized work sim-
ilar to (7.2) is derived.

Here, instead of subtracting a quantity we rather replaced in the formula of the
work the equilibrium quasi-potential by the nonequilibrium one and the current by
the symmetric current.

As observed in the previous subsection, the above definition of renormalized work
coincides with the one of work when the states (E(t),A(t)), 0 < t < T, are all
equilibrium states.

Assume that A\(t), E(t) converge to A1, Eq as t — 4oo fast enough. Let p; =
PE, A, be the stationary profile associated to the pair (Eq,A;). Since u(T) con-
verges to pi, the symmetric part of the current, Jp 7 () (u(T)), relaxes as T —
oo to Ji y,(p1) = 0 fast enough. Similarly, [6Ve(r)ar)/dp] (u(T)) converges
to [6VE, A, /0p] (p1) = 0. Hence, since, by (5.6),