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A CONVERSE TO PITMAN’S THEOREM FOR A SPACE-TIME
BROWNIAN MOTION IN A TYPE A} WEYL CHAMBER

MANON DEFOSSEUX AND CHARLIE HERENT

ABSTRACT. We prove an inverse Pitman’s theorem for a space-time Brownian
motion conditioned in Doob’s sense to remain in an affine Weyl chamber. Our
theorem provides a way to recover an unconditioned space-time Brownian
motion from a conditioned one applying a sequence of path transformations.
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1. INTRODUCTION

Let {b(t), t > 0} be a real brownian motion then Pitman’s theorem [22] asserts
that

Pb(t) = b, — 2 inf by, t >0,
0<s<t

is a Bessel process of dimension 3, which has the same distribution as a brownian
motion conditioned, in Doob’s sense, to remain in the positive half-line.

This seminal result has given rise to many generalizations or variations, see
for instance [1, 2, 7, 8, 19, 21, 24].

Let us briefly describe one of the most accomplished one, due to Ph. Biane,
Ph. Bougerol and N. O’Connell [4, 5]. In Pitman’s theorem, the unconditioned
Brownian motion lives on R and the conditioned one lives on R;. Actually
R, can be seen as the fundamental chamber of the group generated by the
reflection through 0 acting on R. This group is the simplest one among the class
of Coxeter groups. In [4] the authors have shown how to obtain a brownian
motion conditioned to remain in the fundamental chamber of a finite Coxeter
group by applying a sequence of Pitman type transformations associated to a set
of generators of the Coxeter group, according to the order of appearance of the
generators in a reduced decomposition of the longest element in the group. This
paper has brought to light deep connections between the Pitman transform and
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the Littelmann path model [18] which is a combinatorial model that describes
the representations of a Kac—-Moody Lie algebra.

The affine Coxeter group of type A} is the Weyl group of a rank one affine
Kac-Moody algebra. In [6] another Pitman type theorem has been established
for a conditioned random process living in the fundamental chamber of the latter
group. Pitman’s theorem in that case involves two Pitman type transformations
corresponding to the generators of the group and is only asymptotic. Since
there is no longest element in that case one has to apply an infinite number
of transformations. Moreover, quite surprisingly, the conditioned process is not
obtained by applying successively and infinitely the two Pitman transforms to an
unconditioned process : a correction has to be applied, which involves two Lévy
type transformations.

One can formulate a converse to Pitman’s theorem, indeed given for 7" > 0 a
nonnegative continuous real trajectory {m(t),t € [0, 7]} starting at 0, and a real
number z € [0, 7(7T)], there is a unique real trajectory 7 starting at 0 such that

Pn=m and = = _ogusliTn(S)'

It satisfies 7)(t) = m(t) —2min(z, inf;< <7 7(s)), t € [0, 7). In other words, a path
defined on [0, T'] is entirely determined by its image by the Pitman transform and
a real number that we will call a string coordinate, according to the terminology
of Littelmann. It follows that one can construct a standard real Brownian mo-
tion starting from a Bessel 3 process and a suitable real random variable. This
construction generalizes to the case of finite Coxeter groups [4].

We propose to give an analog of this recontruction for the case of the condi-
tioned Brownian motion of [6]. Let us nevertheless notice that our reconstruction
is of a very different nature from the one previously described in the context of
a finite Coxeter group. In the latter case actually the reconstruction is a direct
consequence of a deterministic result, whereas our result is a purely probabilistic
one. This is a reconstruction in law.

We use results obtained in [6] but our approach is quite different from the one
adopted in this last paper. Indeed the proof of Pitman’s theorem in [6] relies on an
approximation Brownian motion in the fundamental chamber of the of the affine
Coxeter group A} by Brownian motions in fundamental chambers of dihedral
groups and the version of Pitman’s theorem for these groups established in [5].
Instead we use approximations by random walks defined using the Littelmann
path model for the affine Kac-Moody algebra A}. Such random walks have been
originally introduced by C. Lecouvey, E. Lesigne and M. Peigné in [16].

It has been proved in [9] (see also [11]) that these last processes can also be
approximated by random walks defined using the Littelmann path model for the
affine Kac-Moody algebra Al. Such random walks have been originally intro-
duced by C. Lecouvey, E. Lesigne and M. Peigné in [16]. These are the approx-
imations we use here. Their laws offer the advantage of being given by explicit
formulas coming from representation theory, which allows to make computations.
This is a huge advantage and makes our paper fall in the large category of the
so-called integrable probability.

Demagzure crystals play a crucial role in our paper. These crystals have beauti-
ful combinatorial properties. Nevertheless, as far as we know, they haven’t been
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used before in the framework of integrable probability, which maybe can be ex-
plained by the fact that they do not form a tensor category, so that they do not
define an hypergroup structure which could naturally relate them to a Markov
process in a usual way (see for instance [25] and references therein). Since the
Littelmann model and Demazure character formulas that we use are available
for any affine Kac-Moody algebra, they might be useful for obtaining an inverse
Pitman’s theorem in a more general context.

Let us make a last remark about our result. Actually, in the context of a finite
Coxeter group, one can state another reconstuction theorem. In the simplest case,
it states that if {r;,¢ > 0} is a Doob-conditioned positive standard Brownian
motion then

{r: —2infrs,t > 0}
s>t

is a real standard Brownian motion. More generally, for any finite Coxeter group,
there exists such a functional transformation, which sends a conditioned Brown-
ian motion to an unconditioned one. Such a result seems to be unattainable for
Al Actually, in the finite case, the string coordinates of a Brownian motion are
infinite and a Brownian motion stands morally for the lowest weight path in the
Littelmann module of a Verma module. There is no such a lowest weight path
in the case of Af.

The paper is organized as follows. In section 2 we give a statement of an inverse
Pitman’s theorem for Al. In section 3 we briefly recall the necessary background
on representation theory of the affine Lie algebra A}. The Littelmann path
model for a Kac-Moody algebra Al and its connection with Pitman transforms
is explained in section 4. We define in section 5 random walks with increments
in a Littelmann module and the associated random processes in the affine Weyl
chamber. These processes can be seen as approximations of the unconditioned
and conditioned Brownian motions introduced in section 6. Finally we prove an
inverse Pitman’s theorem for A} in section 7.

Acknowledgments: This project is supported by the Agence Nationale de la
Recherche funding CORTTPOM ANR-21-CE40-0019.

2. STATEMENT OF THE THEOREM

For a real x > 0, we define two functional transformations I§ and I{ acting
on the set of continuous maps n : Ry — R? such that n(t) = (¢, f(t)), where
f(t) € R, for t >0, and limy_, f(t)/t € (0,1) as

I§0(t) = (. 4(8) + 2min(z, inf(s - f(5)))),
I7n(t) = (. 4(8) = 2min(a, inf(/(s))), ¢>0.

Let {B(t) = (t,b +t/2),t > 0} be a space-time Brownian motion, where b
is a standard Brownian motion, and a space-time Brownian motion {A(t) =
(t,at),t > 0} with a drift 1/2, conditioned to remain in the domain Cjg defined
by

Cog=1{t,z) eRy xR: 0 <z <t}
See section 6 for the definition of this process. Let €,,n > 0 be a sequence of
independent exponential random variables with parameter 1. Define g (c0) =
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g0, and, for all k € {1,...,p},

gk,p(oo) _ zp: 2en
n

k ~ (n+1)

The notational choices will be hopefully clearer later. Then one has the following
reconstruction theorem.

Theorem 1. The sequence of processes
(150009 1) Ay, £ > 0}, p > 0,

converges, in the sense of finite dimensional distributions, towards the space-time
Brownian motion {B(t),t > 0}.

This theorem is a converse to Theorem 7.1 in [6]. Let us notice that there
is no correction term here. Actually the correction term in the Pitman’s The-
orem proved in [6] comes from the fact that the sequence of string coordinates
associated to a Brownian motion is a convergent sequence with limit 2. The law
of the random sequence in the previous theorem is the law of the string coordi-
nates conditioned to be ultimately equal to 0. So this is not a surprise that no
correction term is needed for this reconstruction theorem.

3. THE AFFINE LIE ALGEBRA A% AND ITS REPRESENTATIONS

We recall some standard facts about the affine Lie algebra of type Al. See
[13| for a presentation of affine Lie algebras and their representations. For our
purpose, we only need to define and consider a realization of a real Cartan sub-
algebra. Let br and are by two copies of R? in standard duality. One has

bR = SpanR{c, a\1/7 d}? hﬁ% = SpanR{A[)a aq, 5}7
where ¢ = (1,0,0),a) = (0,1,0),d = (0,0,1), and Ag = (1,0,0), a; = (0,2,0),
5 =(0,0,1) in R?.

Let oy = (1,—1,0) and ap = (0, —2,1), so that ¢ = af + ) and § = ap + a1.
The vectors ag and «a; are the two positive simple roots of A} and oy and o
their coroots. We denote by (-, -) the natural pairing. The set of integral weights
is

P={\eby:(\o))€Z,i=0,1},
and the set of dominant integral weights
Pr={xebs:(\a))EN,i=0,1}.

Highest weight representations. For a dominant integral weight A, the char-
acter of the irreducible representation V()\) of Al with highest weight ) is defined
as the formal series

(1) chy =) dim(V(A)g)e”,
BepP
where V' (\)g is the weight space corresponding to the weight 8 in V/(X). Let

eP(h) = B for h € hr. The series converges absolutely if (§,h) > 0 otherwise
it diverges. The character can be extended to the set of h € hr @ thgr such that
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R(d,h) > 0. The Weyl group W is the group generated by the reflections s,,, for
i € {0,1}, defined on bhj by

Sa,(B) = B — (B, 0} )ou, B € b
. Weyl’s character formula (chapter 10 of [13]) states that

det w(A+p)—p
@ chy = Zwew ST
[Toer, (1 =€)

where p = 2A¢ + G and Ry is the set of positive roots defined by

Ry ={ap+nd,a; +nd, (n+1)d,n € N}.
In particular
(3) [[ - =" det(w)e P2,
acRy weW

The affine Weyl group W is the semi-direct product T' x Wy where Wy is the
subgroup generated by so, and T is the subgroup of transformations tx, k € Z,
defined by

te(N) = A+ k(X 0)ar — (X, a1) + k2(X,0))8, A € b*.

Thus for A = nAg + m%, with (m,n) € N? such that 0 < m < n, a € R, and

b > 0, the Weyl character formula becomes here

inh 1) 4+ 2ak 2)) e~ b(k(m+1)+k?(n+2))
(4)  chy(aai +bd) = Lrezsinh(a(m +1) + 2ak(n +2))e ’
zkez sinh(a + 4ak)e—b(k+2k )

Verma modules. The character of a Verma module with highest weight 0 is
denoted by chy;(g). Let us recall some various known expressions of this character.
First of all, one has

(5) charo) = H (1—e ),

aER

One has also

_ ; -
(6) ChM(O) B ()\,az/)lirgo,i:();l ¢ "
and
(7) chpzo) = ( Z det(w)e® V) =r) =1,

weW

the last identity being derived from the Weyl character formula. Note that, for
A € P+ and h € bhg such that (§,h) > 0, one has the inequality

(8) chy(h)e™ M) < chyrg) (R).
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4. PITMAN TRANSFORMS AND LITTELMANN MODULES

In this section we explain connections between the Littelmann path model and
Pitman transform in the context of the affine Lie algebra Al. For more details
about the Littelmann path model see Peter Littelmann’s papers [17, 18|. Let C
be the cone generated by Py, i.e.

C={rebr:(\a)>0iec{0,1}}.

7

We fix T' > 0. A path 7 defined on [0,7] is a continuous piecewise linear
function 7 : [0, 7] — bhj such that 7(0) = 0. It is called dominant if = (t) € C for
all t € [0,T7]. Tt is called integral if 7(T') € P and

i t), o) € Z, forie {0,1}.
tg[gg}@f()aﬁ ori € {0,1}

The Pitman tranforms P,,, i € {0,1}, are defined on the set on continuous
functions 7 : [0, T] — b, such that n(0) = 0, by the formula

Pagn(t) = n(t) = il (n(s), oYy, te€0,T).

For a dominant path 7 defined on [0, 7], such that 7(T") € Py, the Littelmann
module B generated by 7 is the set of integral paths n defined on [0,77] such
that there exists £ € N such that

Pay, - Pagn =,

where agr = o and asgyr1 = a1. If 7 is a dominant integral path defined on
[0,T] such that 7(T) = A € Py, then the Littelmann path theory ensures that

(9) chy= Y e
neBmT

Moreover for an integral path 7 defined on [0, 7] there exists ko such that for all
k > kg, one has

Poy, - - - Pagn(t) = Pay, - Pagni(t), t€[0,T]"

Thus for an integral path 7 defined on [0, 7], one defines a dominant path Pn on
(0,77, by
Pn(t) = klim Pay, - Papn(t), tel0,T].
— 00

String coordinates. Let ¢(°°) (N) be the set of sequences of nonnegative integers,
almost all zero. Let m be a dominant path defined on [0,7] and n € Br. There
exists a unique sequence of nonnegative integers, a(n) := (ax)r>0 almost all zero,
such that

(10) Po - - Pagn(T) = n(T) + Zakak, m > 0.
k=0

Peter Littelmann proved in [18] that the map
a:n e Br— a(n) € (()(N)

is one-to-one. The image of this map, which depends on 7 only through (7, is
the set B(w(T')) defined below. It is the set of vertices of a Kashiwara crystal [15].

It has been proved in [6] that this fact remains true if 7 is a continuous, piecewise C'
trajectory in bg.
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The sets B(oo) and B(A) defined below are for instance respectively described
in [20] and [18].
Definition 2. The subset B(co) of £(°)(N) is defined as
a a
B(0) = {a = (az)rz0 € () (N) : ?’“ > k’:fllk > 1}.
For \ € Py, the subset B(\) of B(co) is defined as

B(A) ={a = (ak)k>0 € B(co (A= Z ako, oy ), Vp > 0}
k=p+1

P
= {a = (ar)r>0 € B(o0) 1 ap < (A —w(a) + Y agay, ay),¥p > 0},
k=0
where w(a) = Y 52 o agoy, which is the opposite of the weight of a as an element
of the crystal B(oo) of the Verma module of highest weight 0.

Thus identity (9) becomes

(11) chy = Ze —w(a),

a€B(A
and the character of a Verma module is written with the string coordinates,
(12) chazo Z e~w(@)

a€B(c0)

The inverse function of a can be written using the functionals I&cZT, i € {0,1},
x > 0, introduced in [4] and defined by

ITf() = f(1) - min(z, inf (f(s), o)), te€0,7],

>s>t

for f:]0,7] — b. For a € B(\) and 7 an integral dominant path on [0, 7] such
that 7(7") = A, the only path n € Bm such that a(n) = a is given by

n(t) = 1907 1 x(t), telo,T),
where p is chosen such that ap = 0, for all £k > p+1. Notice that if f is a function
defined on Ry with values in by such that

tliglo<f(t)va;/> =400, € {Oa 1}7

the definition of IaZ , i € {0,1}, makes sense for T' = +o0. In the following, we
write I instead of I +°° . We notice that if f is a map with values in RAg®Ray
then for ¢ > 0, i €0, 1}

I5 f(t) = I f(t) mod J.

Demazure character. One can find for instance in [15] an introduction to De-
mazure characters in the context of crystals. For an integer p > 0 and for A € Py,
let wp = 5q, ... Sqg, let ™ be an integral dominant path defined on [0,77] such
that 7(T) = A, and BY»m = {n € Br : Py, ... Paon = }. One defines chy” by
the formula

(13) chg\)? = Z eU(T)

neBYrPx
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The function chf\v” is a Demazure character, i.e. the character of a U(n™)-module.
Written with the string coordinates, definition (13) becomes

(14) chy” = > el
a€B(N), apy1=0

We define a Verma—Demazure character chﬁj/}’(o) by

(15) chyfig) = > el

a€B(0), ap4+1=0

5. RANDOM WALKS AND LITTELMANN PATHS

In this section m is a fixed positive integer. Let 7y be the path defined on
[0,1] by
Wo(t) = tAo, t e [O, 1},

and the Littelmann module By generated by my. Let p¥ = 2d + oy /2. We fix
an integer m > 1. The formula

em (n(1),0Y)
= g (pV )’

defines a probability measure p™ on Bmy. Let (1]");>0 be a sequence of i.i.d
random variables with law p™ and let {II"*(¢),t > 0} be defined by

Im™@) =n"(1) + -+ (1) + ' (¢ =k + 1),

(16) u™ (n) n € B,

when ¢ € [k — 1, k[, for k € Z,. We write * for the usual concatenation of paths,
so that for an integer ¢, the restriction of II"™ to [0,¢] is in Bnj!. For t € N,
let (&(t))k>0 be string coordinates of II" |y ;. Notice that the definition makes
sense for ¢ = 0o, since each string coordinate is an increasing function of t.

We define a random process {II'?(t),t > 0} with values in C by

I (t) = PI™(t), ¢ > 0.

The following proposition follows from the properties of the Littelmann path
model. It implies in particular that {II'""(k),k > 0} is Markovian with transition
probabilities given in Theorem 4.7 of [16]. It will be very useful in the whole
paper as it allows to show that the Markov process {II'"(k),k > 0} inherits
many properties from the random walk {II"™(k),k > 0}.

Proposition 3. For any integers k and n, and any fonction f defined on the set
of continuous functions C([n,n + k|, R), one has

E(fTP(t):n <t <n+k)|IT(s),s <n)

ChHm(k)+)\(pv/m)e-(Hm(k),pv/m>1)\ m c
cha(p¥/m) ™o, €€ |

:E<ﬂWﬂﬂ+&0§t§m

where A =TT (n).

The following proposition follows from the fact that the image of a Littelmann
module Bm under a depends on 7 only through the final value of 7.
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Proposition 4. For u € N and f a real function defined on B(oo) one has

ZaGB(HT(u)) f(a)emf(")*w(a),pv/m)
(M (u)—w(a),p¥ /m)

E (f(€™()ITP(t),t < u) = S
a€B(II7 (u))

Lemma 5. Fori € {0,1}, (II"™(k), o) /k almost surely converges as k goes to
infinity towards a positive real number.

Proof. In a more general context, it has been proved in [16], Proposition 5.4,
that E(n(1)) is the interior of C. In our particular case, it is easily proved using
the explicit description of the weights of V' (Ag) given for instance in chapter 9 of
[12]. The convergence follows from a law of large numbers. O

The following lemma is a first useful application of Proposition 3.
Lemma 6. Fori € {0,1}, in probability, limy_,o (I (k), o) = +00.
Proof. Lemma 5 implies that almost surely limy_, oo (II"(k), o)) = 4o00. For M >
0,7 € {0,1} and k& > 1, Proposition 3 gives
P (P (k), o) < M) =

Yo (I (R). ¥ fm)

E (1{<nm(k),ay><M}Chnm(k)(Pv/m 1nm\[0,k]ec) -

Upper bound (8) and Lemma 5 end the proof. O
Proposition 7. The sequence of string coordinates £™(o0) is independent of
{II'*(t),t > 0} and

e—(w(a),p” /m)

P(§™(c0) =a) = W,

a € B().

Proof. Let T > 0, a € B(oo) and f be a real valued function defined on Brj!
that we suppose bounded by 1. One has

E (O Venoomay ) = Jim E (SO Y enuy=a) )

U—00

Let us fix € > 0. We choose M > 0 such that if A € P and satisfies
(@), \) > M, foriec{0,1},
then one has

1 1

B(A d N
a € B(A) an e=pY/michy (p¥/m)  chyp)(pY/m)

‘Sa.

Lemma 6 implies that there exists ug € N such that for all integer v > ug
P ((og, 11T (w)) > M,i € {0,1}) > 1 —e.

By conditioning on {II'?(¢),0 < t < u} in the lefthand side expectation of the
following identity one obtains by proposition 4, for an integer u > T,

6—(w(a),pv/m>1B(Hm(u))(a)

m — m -

E (f (I ho,m)l{ﬁm@:“}) -F (f(H+ e o ™ ey (pV / m)>
+
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It implies that for an integer u > ug,
e—(w(a),p¥ /m)

LT <o
chproy(p¥/m)

E (f(HThO,T])l{&m(u):a}) -E (f(HTHO,T]))

which gives the lemma. U

Proposition 7 implies immediately the following corollary.

Corollary 8. Forp >0,

chyt i) (0¥ /m)
P (&1 (00) =0) = Chﬂﬂjizi(pv/m)

Since
{Ir(t) e €, t = 0} = {™(o0) = 0},

Proposition 7 has a second corollary, which has already been proved in [16] by a
quite different method. This corollary is not useful for our purpose, nevertheless
it is worth giving it.

Corollary 9. One has P(II"™(t) € C, t > 0) = (cha(o)(p”/m)) .

6. THE CONTINUOUS COUNTERPART

The random processes introduced in section 5 are approximations of continuous
time random processes defined in this section. For this, let us define the affine
cone

CaH:{(t,$)€R+XR+ZO<$<t}.

Let {B(t) = tAo+ (bt +t/2)a1/2 : t > 0}, where {b; : t > 0} is a standard real
Brownian motion starting from 0. Let ¢;/, be a function defined on R} x R by

(A7) pipltz) = e~/? Z sinh((2kt 4+ x)/2)e‘2(kx+k2t), fort >0,z € R.
keZ

This is an harmonic function for the process B killed on the boundary of C,g.
It is positive on C,g and vanishies on the boundary of Cyg. Let {A(t),t > 0}
be the process starting from (0,0), whose law is the Doob transformation of the
law of the process B killed on the boundary of C,g by the function ¢y /5. This
process has been introduced and studied in [9, 10| and carefully defined in [6] in
the context of the present paper.

The convergences of the following proposition have been proved in [11]. In
this proposition, as in the convergence theorems of the following sections, all
the processes are considered as processes with values in the quotient space by
mod &, which is identified with RAg@®Ra; = R?. We notice that ag = —ay in the
quotient space. The set of continuous functions from R, to R? is equipped with
the topology of uniform convergence on compact sets and we use the standard
definition of convergence in distribution for a sequence of continuous processes
as in Revuz and Yor ([23], XIII.1).

Proposition 10. (1) Foranyt > 0, the random variable (II" (mt)—I1""|mt|)/m
goes to 0 in probability when m goes to infinity.
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(2) The sequence of processes
1
{=II"(mt) :t >0}, m>1,
m

viewed in the quotient space by mod 6, converges in distribution towards
the process {B(t) : t > 0} when m goes to infinity.
(3) The sequence of processes

1
{=I7|mt|:t >0}, m>1,
m

viewed in the quotient space b mod 9§, converges towards {A(t) : t > 0}
when m goes to infinity, in the sense of finite dimensional distribution.

For t > 0, we consider the string coordinates of B on [0,t], denoted by
(&k(t))k>0. They are defined by

m
(18) Por - - - PayB )+ Zﬁk ag, m>0.
=0

For every k > 0, the function ¢t € Ry — &(t) is increasing, and because of
the drift, lim; o0 &x() < +00. We set €i(00) = limyoo €k(t). For a sequence
r = (z) € RY, we set

n—1 1
(19) w(x) = ngrfoo Zozvkak + 3%n0n mod §,
when this limit exists in Ray. The following sets are the continuous analogs of
the Kashiwara crystals defined in definition 2.

Definition 11. One defines, for A\ € C aff

[(oc0) = {z = (z1) € RN : J;k > :]i:l >0, for all k > 1, w(z) € R?},
k

F(A) ={z €l (00) 2 < (A —w(z)+ inozi,aX), for every k > 0}.
=0

7. AN INVERSE PITMAN’S THEOREM

We will now prove a reconstruction theorem which allows to get a space-time
Brownian motion B from a conditioned one A and a sequence of random variables
properly distributed. The idea is to prove that the commutative diagram in figure
1 is valid. The convergence represented by the third arrow of the diagram will
then provides a reconstruction theorem. Black arrows on the diagram stand for
convergences that have been already proved. Dashed ones stand for convergences
which have still to be proved at this stage. Let us first define the random variables
involved in the diagram which have not been defined yet. The law of {(o0) is
described by the following theorem, which has been proved in [6].

Theorem 12 (Ph. Bougerol, M. Defosseux [6]). The random variables

(o), 5((k+ Déu(o0) — Kesa(o0)), k21,

are independent exponential random variables with parameter 1.
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L gy © . 15O [0 4
m — 00
(mod ¢) !
@ 6
P — 00 I p—o oo
1 (mod )
|
|
\J
LI (i, - B
w1 (m ) m — oo @
(mod ¢)

FIGURE 1. A commutative diagram of finite dimensional distri-
bution convergences

From now on, €,,n > 0, is a sequence of independent exponential random
variables with parameter 1 defined by

1
(20) g = 50(00), &k = 5((143 + 1)§k(00) - k§k+1(oo)), k > 1,
and {A(t) : t > 0} is supposed to be independent of this sequence.
Definition 13. For every p > 0, let {y,(00) = o, and let & ,(00) be defined by

£k7p(oo) _ Zp: 2en
k vt n(n+1)’

forallk € {1,...,p}. We write £ ,(00) = (fk,p(oo))ke{o,...,p}-

7.1. Proof of the convergence corresponding to the first arrow of the

diagram. For every p > 0, let

(Eop(00), -5 €p(20))

be a random vector independent from II7, which is distributed as (£5*(00), . .. £} (c0))
conditionally on §g}r1(oo) = 0. Lemma 14 and Propositions 17 and 18 will imply
the desired convergence.

Lemma 14. For every p € N, %({f{lp(oo), o & (00)) converges in distribution
towards (§o,p(00), ..., &k p(00)) when m goes to +00.

Proof. From definition 13, one derives that the density of (£ ,(00), ..., &y p(00))
is given by

(p+1)le” Xizoo
f(fo,p»---,éo,p)(xm Ce s Tp) = op 190020,%12%22-"2%”20'

Moreover, from Proposition 7 and Corollary 8 we deduce that for every real
numbers tg,...,t, > 0,

iS]

& p(00) 1 a

_SP 4 k,p _\P 144, )%k

E(e k=0 tk ) — m § e 2 k=0 k)mlalef%szza .
M(0)\P (0,...,ap) ENPH1

ol
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Lemma follows from the fact that
m_(p+1) Z Zk 0(1+tk)

(ag,...,ap)ENP+1

s\»

converges towards the Riemann integral

e Dol oy
Rﬁ+1 1 =2

\\/

\\/

s |8
=¥
&

O

Proposition 15. For everyt > 0, L(IIT(mt) — 117 [mt|) converges in probabilty
to 0 as m goes to infinity.

Proof. Let us fix ¢ > 0 and ¢ > 0. We choose a compact K in Cy,g such that
P(A(t) e K) >1—¢/2.

Convergences recalled in proposition 10 ensure that there exists mg € N* such
that for all m > my

1
P (m(nmmtj +p) € K) >1-—e
We choose such an integer mg. One has for all m > mg
E (1{%|(HT(mt)—HT Lmtj7a1v>|>6})
(21) <E (Hﬁmmm%nmLmtj,a¥>|>s}m<m) te
where K, = {%(HT |mt] 4+ p) € K}. By proposition 3, one has for A € Py,

I (H%unz(mw—nm lmt ] ay)[>ey [TTF [mt] = A)

Chnm(1)+>\(,0\//m) —{@™(1),p" /m)
:E(l{ﬁn<Hm(mt—LmtJ)7aY>|>a} (¥ /m)  © T L ey

chpr(o)(p¥/m)
<E <1{;<Hm<mt—LmtJ>7a¥>|>a} Ty (o fm) = O /m>)

the last inequality being derived from (8). Moreover the Weyl character formula
gives

chiy (p¥ /m)e” e/ m) = T det(w)elHI-CHD)
char(o)(pY/m) '
The function
re Oy Z det(w)elw® ="
weW
is positive on K. We set

M = max{( Z det(w)el@ =22 N1 3 e K}
weWw

Thus for A € P4 such that (A4 p)/m € K one has,

E <1{$\<H1L(mt>fnmmu,a¥>|>e}|HT [mt] = A) < ME (1{$I<Hm(mt7LmtJ),a¥>\>e}> :
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As LII™(mt — |mt]) converges towards 0 in probability as it is recalled in propo-
sition 10, we choose an integer my > myg such that for all m > mq,

= (1{%\(Hm(mt—tmtJ):a¥>|>s}) < e/M.

Finally by conditioning by II'!"|mt] within the expectation of the righthand side
of inequality (21), one obtains for m > my,

(22) L (1{$\<HT(mt)—HTLmtJ,aY>\>e}) < 2,
which proves the expected convergence. O
By proposition 3, we prove in the following proposition that the sequence

of random processes {ZII""(mt) : t > 0}, m > 1, inherits the tightness from
{L0™(mt):t >0}, m > 1.

Proposition 16. The sequence of processes {%Hf(mt) :t >0}, m > 1, is tight.

Proof. For t > 0, we set X™(t) = -LII""(mt). As it has been recalled in proposi-
tion 10, it has been proved in [11] that LTI7 |mt| converges in law when m goes
to infinity. From proposition 15, we deduce the convergence in law of X" (t) for
any t > 0. Thus it is sufficient to prove that

VT > 0,Ve > 0,¥n > 0,30 > 0 s.t. limsupP (wp(X™,0) >n) <e,

m——+00

where, for z : Ry — bp,

wr(x, h) = sup{|(z(t) — x(s),a))|,s,t € [0,T],|s — t| < &}.
Let T,e,n > 0. We suppose that T is greater than 1. We set ¢y = 7 and define
wi (z,8) by

wi (x,8) = sup{|(x(t) — 2(s), a)|, 5, € [t0, T, s — t| < 6},
for 6 >0, z: Ry — by, As for every t > 0, X™(t) is in Cy g, one has for § < t,

{wp(X™,0) >n} C {w?(Xmﬁ) > 77} .

As in the proof of proposition 15 we choose a compact K in Cyg and mo € N
such as for all m > my

" | mt
P (MOHP . K) S 1—e
m
Hence,

P (wi(X™ 5)>n) <E(1 s

(g (X7.8) 2 m) < < {wé?(Xm,mzn,““nfO””eK}) e

By conditioning by II'?'[mto] in the expectation of the righthand side of the
above inequality, we obtain as in the proof of the proposition 15 that

JELmto] ¥ K) < MP <wT<;Hm<m->,5> > n> ,

P(w%’(Xm,é)Zn -

where
M = max{( Z det(w)e@@®=2p") =1 4 e K}
weW
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As the sequence of processes {%Hm(mt),t > 0}, m > 0, is tight, we choose
m1 > my and dy € (0,1/2] such that for m > my,

1
P <wT(mHm(m.),50) > n) <e/M.
Thus for m > mq, one has
P (wi (X", 80) > n) < 2,
which ends the proof. O

The convergence recalled in proposition 10 of {%HT |mt| :t > 0} in the sense
of finite dimensional law and the previous proposition give the following one.

Proposition 17. The sequence of processes {%Hf(mt) :t >0}, m>1, con-
verges in distribution towards {A(t) : t > 0} in the quotient space b mod 4.

Now it remains to control the asymptotic behavior of II'" for large time uni-
formly in m in order to get the convergence represented by the first arrow in the
diagram. For this we show the following proposition.

Proposition 18. For all e,a > 0 there exists T,mo > 0 such as for i € {0,1}
and all m > my

e L v e L v
—{TI™ Yy > — {11 > >1—e.
P <t1§£m<l'[ (mt), o)) > a> , P <t1§£m<ﬂ+(mt),ozz> > a> >1—c¢

Proof. Slight modifications in the proof of proposition 6.13 of [11] give the first
inequality. Let i € {0,1}. As previously we choose a compact K in C,g and
mg € N* such as for all m > mg

Hm
]p<+(m)+p€[(>21_€
m

Let T > 1 that will be chosen later. For « > T and m > mg one has

E(Lfint{ L rrm (mt) ) T<t<uy<ay) < E <1{inf{%(HT(t),aiv),\_mTJStSLmuJ-i—l}Sa}ﬂKm) +é,

where K, = {Z(II"|mt] + p) € K}. By conditioning by I |m] in the expec-
tation of the righthand side of the above inequality, we obtain as in the proof of
Proposition 15 that there exists M > 0 such that

E <1{inf{i<HT(t),ai>,LmTJ StSLmuJH}Sa}ﬂKm) = ME (Hinf{imm(t),aw,LmTWgt}@})
Thanks to the first inequality, for such an M > 0, we choose Ty > 0 and m; > mg
such as for m > my

IP’< mf (), aY) < a) <e/M

|mTp | —m<t m !
Thus for u > Ty, m > mq
: 1 m \Y
R ¥ < < .
P <T01§ntf§u m<H+(mt),aZ ) < a> <2

As my does not depend on u, we let u goes to infinity in the above inequality,
which ends the proof.
O
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We can now state the convergence corresponding to the first arrow of the
diagram of figure 1.

Proposition 19. In the quotient space by mod 6, the sequence of random pro-
cesses

-~ LS SO i 20y, m> 1,
converges in dzstmbutzon towards
(150> 15 A1), ¢ > 0},

as m goes to infinity.

7.2. Proof of the convergence corresponding to the third arrow of the
diagram. Let us first notice that Proposition 7 implies the following one.

Proposition 20. For m,p > 1, the process {Igop () ..Ig’;p( )Hm( t):t > 0}
has the same law as {II"(t) : t > 0} conditionally on {&}(c0) = 0}.

Proposition 21. Foru € R, and p € N,
Chﬁ?nl.mtj( s (fuaY + pY))

23 ]E iu(HmLmtJ/m’aﬂl mit| = — ]:E
(23) (e &l tJ—0> ChHTLmtJ(RPV)

In particular,

Chﬁgwmtj( 0)

(24) P (& [mt] =0) = o (277)

Proof. First notice that identity (24) follows by letting u = 0 in (23). To prove
(23), we notice that proposition 4 implies that
E(emmmtmﬂ/m,aﬁ pHLmtJ _o[II" | mt] = \)

is equal to
S aeny €O @)/ mad) (A-wlap’ iy

clix (" /m)

ap+1=0

which is by (14) equal to
chy” ((iuay + p¥)/m)
chx (0¥ /)

Thus (23) follows by conditioning by II'*|mt| within the lefthand side expecta-
tion of the identity.

O

The idea of the proof of the third convergence of the diagram rests on the fact
that ‘
E <6w<nm Lt} me)[em || mt| = o)

for which an explicit formula involving a Demazure character is available as we
have just seen, is close to

E (eiu<Hm lmt]/m,a) ’@TH(OO) _ 0)

whose limit we are looking for.
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Definition 22. Let (Ly)p>0 be the random sequence defined by

p
Ly, = Z&k,p(OO)Oék, p>0.
k=0

Lemma 14 implies in particular that for any p > 0, the random variable
%w(f’,’;(oo)) converges in distribution towards L, when m goes to infinity. Notice
that viewed in by mod 6, (Lp)p>0 is a sequence of real numbers.

Lemma 23. In b mod 9§, L, converges almost surely and in L? towards

[e.9]

€k
L= —_ dd
2lk/2] + 1% MO
k=0
when p goes to infinity.
Proof. One has for p > 0,
= gou ap = o o
Thus
p de n
Ly,af) = =2 n k(—1)k+
<p7a1> +Z7’L(7’L+1)Z ( )
n=1 k=1
P
4e, n+1
+Zn(n+1)( L 2 J
n=1
Finally
L, = p ko mod o
P Laok/2]+1 " ’

k=0
which shows that in b mod 4, (L,)p>0 is a bounded martingale in L?, and gives
the expected convergence. U
A

Lemma 24. If (A\n) is a sequence with values in Py such that lim, o 5=

A€ Caﬁ then for u € R,

ey ((iua + p¥)/m)
e ch o (pV/m)

= MR (eiu(A_L’”alwlg_,per(A))

Proof. Expressions (14) and (15) for Demazure characters give

71 w ; + — 1 E L —w(a)),iuay +pv
a€B(Am),ap+1=0
and
1 1 v
] w V, —(Lu(a),
mPJrlC ]‘/;(0)(‘ /m) mp+1 Z ek,

a€B(0),ap+1=0
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Thus
y Chéﬁi((iua}/ +pV)/m) fR’fl €<>\7w(x),iualv+pv>1$€r()\) dx
im © =
m=eochyrg) (pY/m) Jegpr €7 (o) da

ng_+1 eiu<)‘_w(x)7aY>e_<w(x)vpv> 1xEF(>\) dl’

— oY) .

The observation of the density of (£ ,(00),...,&pp(c0)) given in the proof of
Lemma 14 allows to conclude. U

Lemma 25. For A € Caﬁ’ the random variable 1(¢ (so)er(r)y converges almost
surely towards 1i¢(s0)er(r)y when p goes to infinity.

Proof. We know that almost surely in the quotient space by mod §

k—1
: 1 :
kli}ngo ;_0 &i(oo)a; + ifk(oo)ak =L, and pan;O L,=L.

As for every integer k, almost surely limy o &k p(00) = £i(00), one obtains a
first inclusion

limsup{¢ ,(c0) € I'(A)} C {{(00) € (M)}

p—o0

We set for k € {1,...,p}

k—1
1
Xip = Lp — Z §ip(00)a; — §fk,p(00)ak
=0
and
k—1 1
Xk =L — Z;gz(oo)a, — §§k(oo)ak

We notice that, in the quotient space, one has for k € {1,...,p}

k-1 ) k-1 ) £,(c0)
;&,p(OO)ozi + §fk,p(00)04k = ;fi@i + §€1c(00)ak - p2p a1y is odd-

Thus almost surely

lim sup |a)(XP — X};)| = 0.
Jim s o (X}~ X0)

It follows, as in the proof of proposition 5.14 of [6], that almost surely
{€(00) € (N} € liminf{€ (oc) € T(N)}.
P—00
Finally one has,

lim sup{¢ ,(oc0) € T'(A)} C {{(00) e T(N)} C lipnig}f{ﬁ_m(oo) eT'(\)},

p—0o0

from which the lemma follows. O
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The function ¢;, 1 is defined on R x R by
e—(lutl/2)z

. . —2(kx+k2t)
coh(u) > " sinh((iu + 1/2)(2kt + z))e ,

keZ

(25) Diug1/2(t, ) =

t > 0,z € R. The following lemma follows from the Poisson summation formula
as it is noticed in [6]. We give here a proof following from the Euler’s sine product
formula.

Lemma 26. Foru € R,

. charoy(p” /m)
lim Ty = cosh(u)
m—oc chyy (o) ((iucy + p¥)/m)
Proof. Let m > 1. It follows from (5) that
. 2n+1
charo (et +p)/m) _ 1y (1—c )
chyo) (pY /m) an (L= e =Sy (1 —em =)
We write
2n+1
(1—e )
H 2iu_ 2ntl T2 _onl. H(l + an,m)
nen (L—em ™ mT)(L—e™m ""m™) o0y
where it
2 (cos(Z) —1) e m
Gn.m = o R
12 o cos(%“)e_%
_ leos(Z4)-1 o L
Thus |anm| = — Rz imwery and by the classical inequalities
2 x?
Vz € R cosh(z) > 1+ 5 and |cos(z) — 1] < >

2(2u)?

Gni)? It follows from the dominated

we obtain the upper bound |ay.,| <
convergence theorem that

lim (14 anm) = H lm (1+anm)

m—+00 m—+0o
neN neN
Hence oy y
lim chpo) ((iuey +p*)/m) H (2n + 1)°
m—+00 chpr(o)(pY/m) N i (2n +1)2 + 4u?

By reversing the formula, we obtain

ch V/m 4u?
w00 (4 )
chpro) ((tuay + p¥)/m) m—-+oo ot (2n+1)

from which follows the proposition by Euler’s cosine or sine product formulas. [

Proposition 27. Let A € Ca[ff u € R. One has

E <€_iu<L’a1v>1§(oo)€F()\)) = 20jut1/2(A)-
In particular,

P (£(o0) € (X)) = 201 ().

N
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Proof. One has by Lemmas 23 and 25

E (e—iu(Laai/)ls(oo)eF(A)) = lim IE(e‘iu(Lz”O‘”1{5.,per(x>})'

p—+o00

Let (Am)m>1 be a sequence with values in P, such that limy, oo Ay /m = X and
(Up,m)p,m>1 be the real double-sequence defined by

Chg\uf; ((Zua}/ + pv)/m)e*<)\m,iua\l/+pV/m>

Chlj\u/;(o) (p¥/m)

Upm = , m,p>1.

Lemma 24 says that

lim Upym = E <e_iu<LP’aY>1{5,pep(>\)})

m——+00
As (Upm)p,m>1 is a bounded real double-sequence then there exists a convergent
double-subsequence for which we can interchange the composition of the limit in
p and m. For our purpose, we can suppose that the interchange is valid for the
whole sequence, i.e.

lim lim vy, = lim lim wvpy,,.
p——+00 m—~400 pom m—-+00 p——+00 pom

We suppose so. Then one can write,

]E (e—zu<L,al>1£(oo)EF(>\)) = 11m hHl Up’m

P—+00 M—00

= lim lim vy,
m—00 p—00

[ i (uay + pY) fm)e” Coniuai+o/m
= 11m

m—00 Chqﬁ(o) (pV/m)

= 2<Pm+1/2(>\)

the last limit following from the Weyl character formula and Lemma 26.

Theorems 8.3 and 6.6 of [6] imply in particular the following proposition.
Proposition 28. For u € R,

E (e (B0)) B (emma»aywﬁz‘ww@‘l“))) .
©1/2(A(t))

We have now all the ingredients needed to prove that the third convergence of
the diagram is valid, which implies Theorem 1.

Theorem 29. The sequence of processes
{157 18 A, 1> 0}, p > 0,

converges when p goes to infinity, in a sense of finite dimensional distributions,
towards the space-time Brownian motion {B(t),t > 0}, in the quotient space by
mod 9.

Proof. We first prove the convergence of Ié%’p(oo) . Iff;f’(“)A(t) for a fixed t > 0.
Let t > 0. For u € R, m,p > 1, the Fourier transform

E <eiu<fi%*”‘°°)...Ii‘;’p("")Au),an)
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is equal to
lim E ei%va%’p(oo)-~-I§‘;’p(°°)nzlLmtJ,ay>
m—00 9
which is, by Proposition 20, also equal to
”}i_I)nOOE (eiu<1‘[m LmtJ/m’ai/)‘gg}H(OO) _ 0) '

We write
E (e mtl/medl|gn  (00) = 0) = Sy (u,m, p) + Sa(m,p)

where
Sy (u,m,p) = E (em%nmtm”’awl{ggﬂLmtJ:o}> JP (€71 (c0) = 0)
. g gy G (00 + 0\ chyy0(p” /m)
chypp i) (50Y) chiyfig) (0¥ /m)
and
Sa(m,p) = B (™G 0N (1ien (o)) = Lign, imej=0)) ) /P (§1(00) = 0).

The convergence of ZII""|mt| towards A(t) when m goes to infinity, and Lemma
24 imply that
lim 5 (u7 map) =E (wp(uv A(t)))

m—00

where for A € Cyg,
u(Xay) )
— 67 —iu(Lp,ay)
Yolu:A) 201 /Q(A)]E (e o 15.,pem)) :
Lemmas 25 and Propositions 27 and 28 imply that
; _ iu(B(t),ay)
lim E (4w, A(1)) = E (e 0)
As {€)11(00) =0} C {&)}1[mt] = 0} one has,
P(g"  |mt| =0)
’SQ(mapM S prl_l —
]P( p+1(oo) - 0)

which implies that lim,_, oo limy, o0 S2(m, p) = 0 and ends the proof of the con-

-1= Sl(ovmap) -1

vergence in law of I§%’p(°°) e Igf;’p(oo)A(t) towards B(t) when p goes to infinity.
Let now tg,...,t, be a sequence of ordered real numbers such that 0 = ¢y <
t) <--- <tn,and uy,...,u, € R. For m,p > 1, the Fourier transform

—n €0,p(©)  £p, §0,p(®)  €p,
(26) E (ezzk_luk((la%p TP A1) 0y ) — (10 ...Iagp(°°>,4(tkl),ay>)>

is equal to
. £0'p(c0) 7 (o0) Ehip(00) &Y ()
hm E (67' 22:1 %U-a%’p -~]az;p H+ Lmtkj_la%’p ~~-Ia1;7p H+ LmtkflJva\lj> .
m—o0

We obtain as previously, introducing this time the event {£}|mt1| = 0} and
using the independence of the increments, that the Fourier transform (26) con-

verges towards
E (a‘EZ:l uk<B(tk>—B<tk_1),a¥>)

9
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when p goes to infinity, which ends the proof.
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