
HAL Id: hal-03840066
https://hal.science/hal-03840066v1

Submitted on 4 Nov 2022

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Eulerian and Lagrangian coherent structures in a positive
surge

L. Thomas, L. David

To cite this version:
L. Thomas, L. David. Eulerian and Lagrangian coherent structures in a positive surge. Experiments in Fluids,
2022, 63 (2), pp.43. ⟨10.1007/s00348-022-03383-z⟩. ⟨hal-03840066⟩

https://hal.science/hal-03840066v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Noname manuscript No.
(will be inserted by the editor)

Eulerian and Lagrangian coherent structures in a positive
surge.

L. Thomas · L. David

Received: date / Accepted: date

Abstract In this paper, a positive surge is studied in
the laboratory at Froude 1.5, using stereo time-resolved
particle image velocimetry (stereo-PIV). To understand
the flow dynamics, the coherence of the flow is stud-
ied using Lagrangian and Eulerian tools. It is analyzed
using flow statistics calculated in a frame of reference
moving with the surge front. Just after the breaker, the
boundary layer thickens, and strong 3D perturbations
appear just behind The shear layer under the free sur-
face cannot follow the breaking front, giving rise to a
flow instability that develops rapidly and invades the
whole flow, interacting with the boundary layer. The
analysis of the coherent structures sheds new light on
the flow organisation. New quantities can be measured,
such as coherent structures maximal penetration or ve-
locity.

Keywords positive surge · coherence · Lagrangian
Coherent Structures · Eulerian Coherent Structures ·
FTLE

1 Introduction

Positive surges are very common flows in the environ-
ment and many papers can be found in the literature
about them. One interest in studying such flows is the
impact that they can have on the sediment transport,
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modifying considerably the biological environment of
the rivers. They have been reproduced in laboratories,
but also in the field (see Furgerot et al. (2016)). For
a general review on experimental results obtained in
surges, it is possible to consult Chanson (2009). To com-
plete this, a few numerical studies have been performed,
such as Lubin et al. (2010). Positive surges are differ-
ent from tidal bores, because they are not generated
the same way: to generate bores, the river flow slows
down progressively when the tide is rising, while surges
are generated more brutally. The hydraulic jumps are
usually stationnary, while surges and bores are trans-
lating, giving rise to different observation conditions,
and also different boundary conditions compared to the
jump velocity for a given Froude number (see for exam-
ple (Yeh & Mok (1990) for visualizations with Planar
Laser Induced Fluorescence (PLIF) or Lubin & Chan-
son (2017)).
Many studies concentrated on the free surface evolu-
tion. For example, Zheng et al. (2018) are studying the
free surface shape as a function of the Froude number).
Chanson (2009) have also shown that the wave char-
acteristics depends on the Froude number, the width
of the channel and the flow rate. A few authors have
investigated turbulent properties of the flow, like Koch
& Chanson (2008) (Reynolds stresses), Leng & Chan-
son (2016) (time lag between front arrival and maxi-
mum stress, probability distribution functions), Leng
& Chanson (2017b) (scaling of free-surface and turbu-
lent properties) and Leng & Chanson (2017a) (inte-
gral scales). The studies in Leng & Chanson (2017b)
and Leng & Chanson (2017a) used 25 runs to per-
form ensemble statistics. They have shown that the
flow is an-isotropic and unsteady. Already, Yeh & Mok
(1990) have observed turbulent patches appearing be-
hind surge fronts. Chanson (2009) have observed large
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Reynolds stresses near the developping shear layer. Lately,
experimental studies are more focused on breaking surges,
like in Wüthrich et al. (2020), and the bubbles forma-
tion. In Martin et al. (1993), Martin et al were also
interested by surges evolving on a slope. A new com-
plexity is emerging with the deceleration of the surge
until its disappearing.

Anyway, in most experimental studies, the flow is in-
vestigated using one-point measurements, in particular
Acoustic Doppler Velocimetry. Some studies were con-
ducted with visualizations, like in Yeh & Mok (1990)
or Martin et al. (1993)). The use of optical method
to study this kind of flow is rather new. Lennon &
Hill (2006) have used traditional 2D Particle Image Ve-
locimetry (PIV), but only statistics and shear stresses
have been considered, in a stationnary hydraulic jump,
which is an easier case. Hornung et al. (1995) have used
PIV to study a dam break. They have shown the pres-
ence of a shear layer at the toe, and presented a scenario
of vorticity generation mechanism by surface reconnec-
tion. More recently, David et al. (2014) have investi-
gated the influence of the initial conditions (turbulence
intensity, boundary layer thickness) on the free-surface
evolution of the surge and the turbulence in the flow.

In this paper, a new point of view on the flow is pre-
sented, using time-resolved 2D3C measurements, giving
access to the spatial and temporal dynamics of the flow.
In particular, the coherence of the flow is studied using
Eulerian or Lagrangian representations.
In section 2, the measurement techniques are presented,
and also the studied flow. In section 3, the idea of coher-
ence is explained and several criteria are detailed such
as correlations, Eulerian Coherent Structures identifica-
tion (rortex) and Lagrangian Coherent Structures anal-
ysis tool (Finite Time Lyapunov Exponents (FTLE),
Lagrangian descriptor). Results are presented in sec-
tion 4 and finally, a conclusion is made.

2 Experimental setup

2.1 Measurement techniques

The measurement technique used in this article is pre-
sented below. A comparison is made between ground
and laboratory experiments to justify the choice of the
technique.

2.1.1 One-point measurements

Several techniques can be used to perform 1D temporal
measurements. In the lab, Laser Doppler Velocimetry

(LDV) is often used because it is non intrusive (optical
method). It is based on the measurement of the Doppler
frequency for a particle crossing a interference fringes
inside the intersection volume of two out of phase laser
beams. Among the other techniques, hot wire velocime-
try performs well to get high frequency measurements.
It is slightly intrusive but can be fragile. In the field, es-
pecially in the presence of sediment, Acoustic Doppler
Velocimetry (ADV) is the preferred method as it is ro-
bust. The raw signal may be noisy, but it is possible to
filter the data (see Chanson (2008)). An extension can
be made to perform profile measurements using Acous-
tic Doppler Current Profiler (ADCP), with the same
drawback as for ADV. In this paper, the 1D measure-
ments are extracted directly from 2D measurements,
that are presented next.

2.1.2 Planar measurements

The most commonly used measurement technique in
laboratory studies is particle image velocimetry (PIV)
(see Raffel et al. (2018)). The principle is to seed the
flow with tracers that follow the flow, illuminated by a
laser sheet, and make a pair of images. A mathemati-
cal treatment, mostly based on image inter-correlations,
leads to the most likely displacement of small groups of
particles. This method is not used for field measure-
ments because it would require underwater cameras to
be placed in the river and a laser to be used outside,
which could cause safety and power supply problems.
In addition, the actual flows are on a very large scale
and the issue of seeding could be problematic.

In our case, the stereo particle image velocimetry
(stereoPIV) measurement technique (requiring two cam-
eras) was used. The advantage of this technique over
PIV, is that all three velocity components are obtained
in the measurement plane. Therefore, it gives the possi-
bility to verify the three-dimensionality of the flow and
reduces the bias on the 2D velocity components that is
due to perspective. The images were recorded by two
10 bit Photron SA1 cameras, located on either side of
the water channel, at an angle of about 20◦. A Schein-
mpflug adapter was mounted on the cameras to reduce
focusing problems. The laser sheet was generated using
a Darwin Duo laser (30 mJ energy per double pulse).
The recording was performed at a frequency of 500 Hz,
leading to time-resolved measurements.

2.1.3 Time resolved measurements

When the time between two pairs of consecutive im-
ages is the same as between the two images in the pair,
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there is no longer a need to make pairs. The time se-
ries can then benefit from a specific processing, using
the Fluid Trajectory Evaluation algorithm based on en-
semble mean cross-correlation (FTEE) (see Jeon et al.
(2014)) which also exploit the temporal continuity of
the data. This algorithm was used in this study.

2.2 Experimental set-up

The measurement techniques, presented before, are ap-
plied to an experimental flow generated in a laboratory.
It concerns a positive surge, also called translating hy-
draulic jump. It is somehow similar to a tidal bore,
except that the generation is different.

The experimental setup is presented in figure 1. The
channel is 8 m long and 40 cm wide. The water level is
controlled with a weir at the channel end. The jump is
generated using a gate, falling with a controlled veloc-
ity. At the channel entrance, on the left of the figure,
a 3D convergent and several grids ensures a clean flow.
The free surface level is measured with four acoustic
sensors. It is used to provide a mask to PIV processing,
using an average of the two central sensors, weighted
by the distance from the sensors. Outside the valid
measurement region, the velocity is fixed to zero. In
this case, not so many bubbles are present as the front
roll is of weak intensity. Also, fluorescent particles have
be used as PIV tracers. These 20 µm diameter parti-
cles are made with polyamid (density 1.04) doped with
rhodamine 6G. Only the fluorescent pink signal is mea-
sured by the cameras equipped with a high pass filter),
avoiding the green light reflections on the free surface.
Nevertheless, it is difficult to seed the flow just below
the free surface. An example of image is given in fig-
ure 2. The stereoPIV spatial resolution is 2,3 mm in
X and 2,0 mm in Y , leading to a 123×123 data grid.
The chosen configuration corresponds to a 16,66 L/s
flow rate, assured by a worm pump. The initial water
height (direction y) was d1=7,0 cm, for a mean longitu-
dinal (direction x) velocity U1=0,609 m/s. The jump,
generated by a shutter gate, visible on the right part of
the figure, was moving upstream with a velocity Ub=-
0,644 m/s. The Froude number Fr1 in the jump frame
is defined classically in equation 1.

Fr1 =
U1 − Ub√

gd1
(1)

This definition doesn’t take into account the presence
of the boundary layer or the shear layer. It should in-
clude the β momentum coefficient defined in equation 2.
The modified Froude definition would be given in equa-

tion 3.

β =
(U − Ub)

2

(U1 − Ub)
2 (2)

where (.) is an averaging operator along a vertical line
going from the wall to the free surface.

Fr1 =
√
β
U1 − Ub√

gd1
(3)

For a turbulent flow, β ≃ 1 so both definitions coincide.

In the present case, the value is Fr1 ≃ 1,5. This
would correspond to an undulating tidal bore. The thick-
ness of the upstream boundary layer is about 1.5 cm.
A shear layer is also present below the free surface. Its
thickness is about 2.5 cm. The mean stream-wise ve-
locity profile is given in figure 3. In what follows, the
reference length is d1, the reference velocity is U1 and
the reference time is

√
d1/g. All variables are scaled.

3 Eulerian and Lagrangian analysis tools

Coherence plays an important role in fluid mechanics,
as it drives large-scale events and contains a lot of en-
ergy. Fluid particles can be considered as coherent when
their dynamics are similar. In terms of dynamical sys-
tems theory, they are coherent when they evolve in the
same regular orbit. In turbulent flows, the trajectory
can evolve on regular orbits or on chaotic attractors,
the complexity of the trajectory being proportional to
the number of degrees of freedom. Even during their
lifetime, particles can follow different types of trajecto-
ries: they can spend a long time on regular orbits and
then be ejected on chaotic attractors. The identifica-
tion of regular orbits is not an easy task because they
can be complex and, in experiments, the observation
is only partial. The identification of regular motions
depends on the type of observation. When point mea-
surements are made, only the temporal behavior can
be studied. When the observation is spatial but sparse
in time, the spatial behavior can be observed. And fi-
nally, when the observation is dense in space and time,
the spatio-temporal behavior can be analyzed.

3.1 Correlations: temporal coherence

Historically, because of the limitations of measurement
techniques, the first way to observe coherence was to to
observe coherence was to use correlations on one or two
points. The correlation is a measure of the similarity of
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cameras

laser

main flow direction

surge propagation direction

Fig. 1: Open channel flow used to generate hydraulic jumps in translation, and associated measurement devices.
The main flow entrance is on the left, the shutter door to generate the surge is on the right. The surge is going
from right to left. The four acoustics sensors used to measure the free-surface level (small cylinders), the laser and
both cameras, represented in yellow, are fixed.

Fig. 2: Example of particle image, dewarped and
masked using the acoustic sensors.

two signals. It is an Eulerian approach. The temporal
evolution is observed at two points separated in space
or in time. The correlation of two signals A1(x1, t) and
A2(x2, t) is given by the equation 4.

A1∗A2(t1, t2,x1,x2) =< A1(x1, t−t1)A2(x2, t−t2) >T

(4)

where < · >T is a temporal average on the variable t

in the interval [0;T ]. T is the observation time, that
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Fig. 3: Two mean velocity profiles, one taken upstream
the jump, the other downstream.
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should be long enough to get statistical convergence.
The normalized correlation is given in equation 5.

CA1,A2
(t1, t2,x1,x2) =

A1 ∗A2(t1, t2,x1,x2)√
A1 ∗A1(t1, t1,x1,x1)

√
A2 ∗A2(t1, t1,x1,x1)

(5)

When x1 = x2, the correlation is a (two times) one-
point correlation. When t1 = t2, the correlation is a
(one time) two-point correlation.

These correlations are usually used to study turbulent
signals, with a rich dynamical content, and are calcu-
lated on the fluctuations of the signals. The fluctuations
are computed as A′ = A− < A >T . Correlations can be
also used to test the homogeneity of the flow (the corre-
lation should depend only on x2 − x1) and its station-
narity (the correlation should depend only on t2 − t1).
Integral length scales can be defined by integrating the
correlations such as in equations 6 and 7.

Ti(x1, t1) =

∫ T

0

CA1,A2
(t1, t1 + λ,x1,x1) dλ (6)

Li(x1, e1, t1) =

∫ L

0

CA1,A2
(t1, t1,x1,x1 + λe1) dλ (7)

where L is the observation distance and e1 is the ob-
servation direction (with a unit norm).

3.2 Eulerian Coherent Structures: spatial coherence

There is no universal definition of an Eulerian coherent
structure (ECS) but many criteria that an ECS should
respect have been defined. Some insights on the sub-
ject can be found in Günther & Theisel (2018) or Epps
(2017). Originally, they should represent vortices (see
the first works in Hussain (1983), Grant (1958), Jeong
& Hussain (1995) or Liu (1989)). Vorticity was the first
criterion that represented the instantaneous local rota-
tion of fluid particles. There are three main drawbacks
to this view: first, Eulerian criteria are based on an
instantaneous view of the flow field and may not be
representative of behavior that will persist over time.
Second, even in a shear layer, fluid particles undergo
instantaneous rotation, but they are also stretched and
sheared. It can be difficult to separate these different
motions. Third, a criterion for identifying a vortex must
be objective (see Haller (2005)). To illustrate some con-
cepts, a local analysis of the 2D velocity field can be
performed. Consider the velocity field at a point xc (see
equation 8).

u(x) = u(xc) + L1(xc)(x− xc) (8)

Most of the criteria are based on the velocity gradient
tensor L1 analysis. Now let’s consider a short filament
l of length l and of direction e (le = x − xc). If it is
passive, it is advected by the flow.The stretching η̇ of
the filament is given in equation 9.

η̇ =
l̇

l
= e · L1e (9)

The rotation Γ̇ez of the filament is defined in equa-
tion 10.

Γ̇ez = e ∧ ė = e ∧ L1e (10)

In 2D, it is possible to calculate the vector K̇, in com-
plex form, K = η̇ + iΓ̇ where i is the unit imaginary
complex number, and e = eiθ. The Eulerian velocity
gradient tensor is written such as in equation 11.

L1 =

(
σ
2 + γ1 γ2 − ω

2

γ2 +
ω
2

σ
2 − γ1

)
(11)

σ = tr(L1) = divu represents the compression/dilatation
of the fluid due to the compressibility of the flow. In hy-
draulics, the flow are incompressible and σ=0. ω is the
vorticity. γ =

√
γ2
1 + γ2

2 is the shear.
A simple calculus leads to equation 12.

K̇ =
σ + iω

2
+ (γ1 + iγ2)e

−2iθ (12)

This is a circle equation, with radius γ and center σ+iω
2

(see figure 4).

Fig. 4: Variations of K̇ when the initial orientation of
the filament θ is varying.

A necessary condition for the existence of a vortex
is that, whatever the initial orientation of the filament,
the rotation never disappears, so that the rotation is
always in the same direction. This gives the necessary
condition of the equation 13.
|ω|
2

> γ (13)

One difficulty is the divergence of the velocity, which
can exist even in an incompressible flow, due to the
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presence of noise. To cope with this, it is possible to
subtract σ

2 from the velocity gradient tensor L1, where
I is the identity tensor. In this case, all classical vortex
detection criteria are identical to the 13 condition. The
rotational velocity of the filament can be given by the
criterion Q

1
2 , as given in equation 14. It corresponds to

a geometric mean of the minimum and maximum rota-
tions, while the vorticity corresponds to an arithmetic
mean.

Γ̇ =

√(ω
2

)2
− γ2 (14)

Another possibility is given by the triple decomposition
defined in Kolář (2007). It consists in taking only the
minimum rotation of the filament, like in equation 15.

Γ̇ = sgn(ω)
(
|ω|
2

− γ

)
(15)

In 3D, the rotation of a filament of direction e is given
by the equation 16.

Γ̇R = e ∧ L1e (16)

The axis of rotation R is given by the direction of the
non-rotating filament, i.e. e ∧ L1e = 0 where e is the
real eigenvector of the tensor L1. The rotation can then
be studied in a plane perpendicular to R, so in 2D.
The details of the calculation are given in the section
Appendix 6. When associated with the triple decom-
position, the vortex has been called rortex Gao & Liu
(2018). This is the the criterion that will be used in the
paper for ECS detection.

With respect to the objectivity of the vortices defined
in this way, they can all be made objective by sub-
tracting a reference vortex. For example, the reference
vortex can be a local average as for Haller’s instanta-
neous vorticity deviation (IVD) (Haller et al. (2016)).
Another proposal was the rotation of the eigenvector
basis of the symmetric part S1 (see e.g. Martins et al.
(2016)) for the Q criterion, but it has been proved that
this criterion is still not objective (Haller (2021)). An-
other possibility would be to calculate the Laplacian of
the rortex intensity. These criteria do not describe the
real rotation of a filament anymore. Another approach,
proposed in Günther & Theisel (2018), is to compute
an optimal local reference frame to observe the flow.
This reference frame is optimal in the sense that, in it,
the velocity field should be locally as stable as possible.

3.3 Lagrangian Coherent Structures (LCS):
spatio-temporal coherence

Eulerian coherent structures (ECS) describe collective
behavior at very short times. But this observation can
be biased in the sense that these behaviors can have
a very short lifetime. LCS take into account a history
(during an observation time T ) to consider the future
of specific events. The literature on this subject has
grown exponentially over this century. In this article,
not all ideas concerning LCS will be exposed. The in-
terested reader can consult the articles Haller (2015),
Santitissadeekorn et al. (2010), Lekien et al. (2007),
Balasuriya et al. (2018). Several approaches have been
used to identify LCS. For example, in Ma & Bollt (2015)
or in Braun et al. (2006), they considered the character-
istics of particle trajectories such as curvature to iden-
tify LCS. In Blazevski & Haller (2014), they defined
hyperbolic, elliptical, or parabolic LCS as structures
that lead to maximum deformation. Finite-time Lya-
punov exponents (FTLE) are often used to distinguish
between LCS (see Raben et al. (2014) for an experimen-
tal approach). Another practical approach is the use of
Lagrangian descriptors (see for example Lopesino et al.
(2017)). In fact, there is a close connection between
mixing and LCSs, as hyperbolic LCSs can be considered
as (quasi) transport barriers. Elliptical LCS can also be
considered as sets of particles that stay together for a
long time: this approach has been used by Froyland &
Padberg (2009) to define almost invariant sets, or in
Gouillart et al. (2009) to study strange eigenmodes.

In this paper, two criteria are used to study the
spatio-temporal coherence of the flow: the FTLE and
the Lagrangian descriptors. To calculate the trajecto-
ries, a Runge-Kutta 45 algorithm was used. When a
trajectory went outside the computational domain, the
velocity was set to zero. Lagrangian coherent structures
are not very sensitive to noise, and in particular, the
most intense structures are robust. To understand the
Lagrangian criteria, let us introduce some quantities:

– ϕ(x0, t0, t) is the flux map. It gives the position of a
particle at time t, which was initially in mathbfx0

at time t0.
– F1 is the gradient of the flow map. It can be ob-

tained for example by integration of the differential
equation Ḟ1 = L1F1.

– The stretching of a filament is eta = fracss0 =√
t0 ·C1t0 où C1 = F1

∗F1 is the Cauchy-Green
tensor, and ∗ is the transposition operator.

– The FTLE Λt+T
t is defined as follows:

Λt+T
t = 1

T ln(λmax (C1)) where λmax (C1) is the
largest eigenvalue of C1, T is the integration time.
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The FTLE describes the exponential speed of sep-
aration of two trajectories that were initially very
close. It is possible to define the FTLE Λt−T

t for
a negative integration time (−T ). It can be calcu-
lated by reversing the direction of time. It describes
the exponential rate of convergence of two initially
distant trajectories.

– A Lagrangian descriptor It+T
t (Q) of a quantity Q

is the average of Q along the trajectory. It+T
t (Q) =

1
T

∫ t+T

t
Q(ϕ(x0, t, t

′)) dt′. Examples of Q quantities
of interest are the rortex norm or velocity norm. In
this paper, the rortex is used and the corresponding
Lagrangian descriptor is denoted RL. It represents
the average along a trajectory of the minimum ro-
tation of the filament (see section 3.2).

4 Results

To investigate the information that could be obtained
from one-point measurements, the time evolution of the
three velocity components, extracted from the veloc-
ity fields, is presented in figure 5, for a initial height
y/d1=0,5. At the dimensionless time t(g/d1)

1/2=0, the
jump is at its maximum height. The u/U1 velocity com-
ponent decreases drastically (from 1 to 0,35 in a time
around 5,9). At the same time, the v component is in-
creasing to 0.17 and then decreases back to its initial
zero value. Fluctuations in w increase slightly. Several
measurements are made, for different initial positions of
the sensor. Signals start at the same distance from the
jump front. The time series are very different after the
jump, which means that the process is entirely tran-
sient. Therefore, classical statistics (velocity average,
...) cannot be calculated during the whole process, be-
cause the results would depend on the observation time.
Conventionnally, only a sliding window average could
be considered. The fluctuations for y/d1=0,5 are the
smallest, since the measurement is outside the bound-
ary and the shear layers. As the free surface is moving at
a constant speed in the measurement zone, an average
flow can be computed in the jump frame, by consid-
ering some kind of Taylor’s hypothesis. It is possible
to compute statistics in this frame, using the averaging
operator given in equation 17.

< U>b (X) =
1

T

∫ T

0

u(X+Ubt, t) dt (17)

In the following part of the paper, the averages are
in capital, and the fluctuations in small letters with
a prime. For example, U =< u >b and u′ = u − U .
uRMS =

√
< u′2 >b is the velocity average fluctuation

in the jump frame. u′v′ =< (u − U)(v − V )>b is the
Reynolds stress calculated in the jump frame.

Let’s consider for example the time evolution of the
u′v′/U2

1 fluctuations, respectively in the boundary layer
(y/d1=0,15) and in the shear layer (y/d1=1,25) (fig-
ures 6 and 7), for several observation positions (from
x/d1=0 to 4). In this spatio-temporal representation,
the position is shifted in order to align the data in time
on the jump front.

From these figures, it is clear that there are fluctu-
ations which propagate in the flow at a constant speed.
They are mostly negative in the boundary layer and
mostly positive in the shear layer. The passage of the
jump induces strong fluctuations which attenuate after
about twenty time units. The temporal averages are
presented in figures 8 and 9.

They were computed for the components u, v, w and
also the components of the Reynolds stress tensor u′v′,
u′w′ and v′w′. The means and RMS values   are shown.
The statistics are calculated in the jump frame, which
is why the domain in x is wider than the one being mea-
sured. The flow deceleration is clear on the longitudi-
nal velocity component. A significant effect is visible on
the boundary layer which thickens after the jump front.
There is a negative velocity under the jump. A central
core is visible, where the velocity is almost uniform af-
ter two undulations. It corresponds to a region of weak
fluctuations in velocity. Undulations of the free surface
are visible. They generate oscillations in the velocity
field, due to the conservation of the flow rate. The ver-
tical component shows even sharper oscillations: after
a sharp increase in velocity under the jump, the ver-
tical velocity is alternately positive and negative. The
component W is very weak before the jump (2D flow)
but the velocity becomes distinctly three-dimensional
in the shear layer. The three velocity fluctuation fields
are very similar: they show strong velocity fluctuations
in the shear layer but also in the boundary layer. These
fluctuations are of the same magnitude in all three di-
rections. As indicated previously, the values   u′v′ are
mostly positive in the shear layer and negative in the
boundary layer. The constraints in the boundary layer
are less sharp in v′w′ and u′w′. In the shear layer, the
stresses are important, especially for u′w′. Since the
dominant fluctuations are along x, the constraints u′v′

and u′w′ last longer behind the front. Even if the sta-
tistical results give more information on the structur-
ing of the flow, this is still quite limited and masks the
spatio-temporal complexity of the flow. That is why La-
grangian analysis tools are interesting for studying the
spatio-temporal coherence of the flow. The structures
of strong rotation are displayed using the fields of the
Lagrangian descriptor RL. The integration time (used
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Fig. 5: Time evolution of the three velocity components for y
d1

=0,5, taken at different x/d1 positions. In each case,
the time origin is fixed when the vertical velocity is maximal.

Fig. 6: Spatio-temporal diagram of the fluctuations u′v′

in the boundary layer y
d1

=0,15. For each x/d1 position,
the time is shifted in order that the origin correspond
to a vertical velocity maximum.

to calculate RL) is chosen according to figure 10. In this
figure, RL,min and RL,max are respectively the minimum
and maximum values   of RL in the field. The curves give
the evolution of these values   with the integration time.
The chosen integration time T (g/d1)

1/2 = 1 835 leads
to the highest values   of |RL,min| and |RL,max|. The in-
fluence of the integration time is shown in figure 11.
For short integration times, many structures are vis-

Fig. 7: Spatio-temporal diagram of the fluctuations u′v′

in the shear layer y
d1

=1,25. For each x/d1 position, the
time is shifted in order that the origin correspond to a
vertical velocity maximum.

ible. They are similar to Eulerian structures. As the
integration time increases, some structures disappear
because their lifespan is shorter, and at the same time,
some structures are getting stretched and less intense
filamentous structures appear. However, on the whole,
the strongest structures remain mostly unchanged.

The same approach can be used to choose the inte-
gration time for the FTLE but the choice is less clear
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Fig. 8: Mean velocity fields computed in the hydraulic jump frame.

and more personal. The FTLE fields are presented for
3 different integration times in figure 12 (left part (a),
(c) and (e)). The first integration time (a) is too short:
the LCS do not appear clearly. The two other integra-
tion times give similar results except that small details
appear for a longer integration time (e). They are not
useful for the analysis and the choice of a shorter in-
tegration time leads to a faster computation (around
10 min per field). Finally, the integration time is fixed
to T (g/d1)

1/2=6,5. As the details being very thin, the
spatial resolution must be high. This is why a self-
adapting grid approach was used in order to reduce
the computation time. At level 0, the grid is 32×32.
When the level is increased, each cell in the grid is cut
into four smaller cells (if the interpolation error is too
large). The calculation is performed in parallel on sev-
eral CPUs. The choice of the mesh is shown in figure 12
(right part (b), (d) and (f)). A number of nodes around
820 000 (level 5) is a good compromise for the repre-
sentation.

The Lagrangian criteria (RL, Λt+T
t and Λt−T

t ) are
combined in a single representation in figure 13. The
temporal evolution of the LCS is presented for a dura-
tion of 5,208 during which the jump traverses the mea-

surement zone, in 17 instants. Red iso-contours show
positive FTLE, blues, negative FTLE, while the color
map represents rotation (yellow – clockwise; green –
counterclockwise). The uniform gray value represents
the area where experimental data could be obtained.
The purple circle follows a specific event in time. First
of all, it is clear from the figures that the jump causes
a dramatic change in the flow, in particular on the sta-
bility of the trajectories (red lines). Due to the high
shear between the main flow and the jump, the flow is
divided into a stagnation zone and a main flow region.
The border between these two areas is not completely
clear because the shear layer is destabilized, leading to
the formation of powerful vortices. Another indication
of the presence of these vortices is the crossing of the
red and blue lines: these are the generalization of hyper-
bolic points for unsteady flows, characterized by stable
(red) and unstable (blue) manifolds. Vortex pairs are
also characterized by FTLE contours with a “jellyfish”
shape. The blue “tentacles” represent fluid that follow
the vortex pair and that is sucked in while red ones rep-
resent fluid that meets and bypass the pair. An example
of such a structure can be found inside the circle drawn
in each sub-figure. At first, the vortex pair is formed



10 L. Thomas, L. David

x/d
1

y
/d

1

­8 ­6 ­4 ­2 0 2 4 6 8 10 12 14 16 18 20 22 2
0

1

u
RMS

/U
1
: 0 0.0025 0.005 0.01 0.02 0.04 0.06 0.08 0.1 0.2 0.3

x/d
1

y
/d

1

­8 ­6 ­4 ­2 0 2 4 6 8 10 12 14 16 18 20 22 2
0

1

v
RMS

/U
1
: 0 0.0025 0.005 0.01 0.02 0.04 0.06 0.08 0.1 0.2 0.3

x/d
1

y
/d

1

­8 ­6 ­4 ­2 0 2 4 6 8 10 12 14 16 18 20 22 2
0

1

w
RMS

/U
1
: 0 0.0025 0.005 0.01 0.02 0.04 0.06 0.08 0.1 0.2 0.3

x/d
1

y
/d

1

­8 ­6 ­4 ­2 0 2 4 6 8 10 12 14 16 18 20 22 2
0

1

2

u’v’/U
1

2
: ­0.01 ­0.005 ­0.0025 ­0.001 ­0.0001 0 0.0001 0.001 0.0025 0.005 0.01 0.02 0.08

x/d
1

y
/d

1

­8 ­6 ­4 ­2 0 2 4 6 8 10 12 14 16 18 20 22 2
0

1

2

u’w’/U
1

2
: ­0.6 ­0.01 ­0.005 ­0.0025 ­0.001 0 0.001 0.0025 0.005 0.01 0.2

x/d
1

y
/d

1

­8 ­6 ­4 ­2 0 2 4 6 8 10 12 14 16 18 20 22 2
0

1

2

v’w’/U
1

2
: ­0.06 ­0.01 ­0.005 ­0.0025 ­0.001 0 0.001 0.0025 0.005 0.01 0.06

Fig. 9: Statistics of velocity fluctuations statistics computed in the hydraulic jump frame.



Eulerian and Lagrangian coherent structures in a positive surge. 11

T (g/d
1
)
1/2

R
L

 m
in
, 
R

L
 m

a
x

0 5 10 15 20
­3

­2

­1

0

1

2

3

4

5

R
L min

R
L max

1,835

Fig. 10: Choice of the integration time T for the
RL computation. RL,min and RL,max are respectively
the minimum and the maximum of the RL field val-
ues. They are represented as a function of the di-
mensionless integration time. The retained value of
T (g/d1)

1/2=1,835 corresponds to the highest absolute
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Fig. 11: Influence of the time integration on the rotation
RL.

from the fluid trapped between the jump front and the
shear layer. Initially, it follows the jump, then when it is
well formed, the self-induced velocity causes the vortex
pair to descend in the flow, in a region where the main
velocity is stronger and in a the main stream direction.
The vortex pair is then drawn along the main flow. At
the same time, the boundary layer thickens, there are
more structures and they become more intense.

(a) T (g/d1)1/2=1,2; level 5

(b) T (g/d1)1/2=6,5
level 4
0,25·106 nodes

(c) T (g/d1)1/2=6,5; level 5

(d) T (g/d1)1/2=6,5
level 5
0,82·106 nodes

(e) T (g/d1)1/2=12; level 5

(f) T (g/d1)1/2=6,5
level 6
2,4·106 nodes

Fig. 12: Influence of the integration time on the FTLE
fields, and of the grid resolution on the positive FTLE
field Λt+T

t . On the left – (a), (c) and (e): zoom on
a complex FTLE region. Integration time T ( g

d1
)1/2 in-

creasing from 1,2 to 12 and grid resolution at level 5
(0,82·106 nodes). On the right – (b), (d) and (f): in-
tegration time T ( g

d1
)1/2=3,6 and increasing grid reso-

lution from level 4 (0,25·106 nodes) to level 6 (2,4·106
nodes).

Another vision of temporal evolution is given in fig-
ure 14. It is about a spatio-temporal view of the rotation
RL, in the jump frame, with two spatial dimensions and
one temporal. The time t=0 is set for the maximum wa-
ter elevation. The (a) view is a side view of the flow.
The red iso-surface corresponds to RL(g/d1)

−1/2=0,2,
while the blue one corresponds to RL(g/d1)

−1/2=-0,1.
The (b) view shows a bottom view. The RL iso-surfaces
are colored by the y/d1 variable (varying from 0 to 0,5).
The structures are inside the boundary layer. Finally,
view (c) is also a bottom view, but for y/d1 > 0,5.
The green levels represent the free surface. In view (a),
the thickening of the boundary layer is clear. The ap-
pearance of coherent structures is also clear behind the
jump. The boundary layer evolution is visible in view
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Fig. 13: Temporal evolution of the LCS (RL colour iso-surface, FTLE red (positive time) and blue (negative time)
iso-contours) for 17 consecutive instants, separated by t (g/d1)

1/2=0,474.
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(b). The coherent vortices velocity changes drastically
behind the jump. This is due to the overall decelera-
tion of the flow due to the increase in water depth. The
velocity varies slightly with altitude. The shear layer
dynamics is also clearly visible in view (c). Behind the
jump, coherent vortices appear regularly (shear layer
destabilization). In the laboratory frame, the structures
seem immobile. During this stage, opposite vortices in-
teract with this primary instability. After a while, the
velocity increases and the structures move away from
the jump. The vortices are quickly broken. The positive
and negative structures intertwine and appear to rotate
slightly around each other, but overall, their velocity is
stable. They go deeper and deeper in the flow.

5 Conclusion

The results presented in this article show that 2D mea-
surements improve the ability to analyze the flow: the
flow organization can be directly observed while with
1D measurements, it can only be deduced from statis-
tics such as correlations. It is especially true when the
flow is unsteady. The spatial coherence of the flow can
be observed through the Eulerian coherent structures.
When the measurements are time resolved, the dynam-
ics of the flow can be studied. The space-time coherence
can be identified using Lagrangian coherent structures.
Concerning the positive surge for a Froude around 1,5
studied in this paper, the main results are:
– The surge is undulating, partially breaking. It is 2D,

except behind the front where even the mean W

component is non-zero and in the boundary layer
where the fluctuations wRMS are positive.

– On average, the boundary layer thickens at the pas-
sage of the surge, and there is a shear layer below
the free surface, which also invades the flow above
the upstream water depth.

– The boundary layer contains coherent structures that
are amplified by the upwelling and gradually invade
the upper part of the flow. These structures are also
slowing down.

– As the front angle is too high, the shear layer de-
taches from the free surface and then is destabilized,
leading to the formation of coherent vortices. These
vortices interact with the roller behind the front and
form pairs (or sets) of vortices that rotate around
each other and descend into the main stream. They
accelerate and small structures are invading the en-
tire flow, establishing a connection with the bound-
ary layer.

The fluid mixing scenario is clearer now for this flow.
The coherence tools introduced in this article brings

new analyzing capacities. New quantities could be fol-
lowed during a parametric study, such as the maximal
penetration depth of the coherent structures formed
behind the surge front, the frequency of the coherent
structures creation, or their velocity. But there are still
open questions. The flow is 3D, as shown by the w val-
ues, but the 3D organization of the flow is not clear.
Strong vortices are generated but the destabilization
mechanisms should be scrutinized. And it would be es-
sential to quantify and understand the impact of the
coherent structures on a sediment bed or on the walls.
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6 Appendices

6.1 L1 diagonalization

The matrix L1 can be diagonalized in C. The charac-
teristic polynomial of the matrix is λ3 +Pλ2 +Qλ+R

with P , Q and R defined in the equations 18, 19 and
21.
P = −divu = −(L11 + L22 + L33) (18)

Q =
1

2

(
P 2 − tr(L2

1)
)
=

1

2

(
P 2 + ||W1||2 − ||S1||2

)
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(19)

or

Q = L11L22+L11L33+L22L33−L12L21−L13L31−L23L32

(20)

R = −detL1 =
1

3

(
−P 3 + 3PQ− tr(L3

1)
)

(21)

or

R = L11L23L32 − L11L22L33 + L12L21L33 − L12L23L31 + L13L22L31 − L13L21L32 (22)

p = Q− 1

3
P 2 (23)

q = R+
2

27
P 3 − 1

3
PQ (24)

If q and p are defined in equations 23 and 24, the dis-
criminant is ∆ =

(
p
3

)3
+
(
q
2

)2. If ∆ > 0, there is one real
eigenvalue λr and two complex conjugated eigenvalues
λc = λcr + iλci and λc. The respective eigenvectors are
er, ec = ecr + ieci and ec. The real form of the matrix
in the basis (ecr, eci, er) is given in equation 25.

L1 =

 λcr λci 0

−λci λcr 0

0 0 λr

 (25)

The eigenvalues are given by Cardano’s formulas (equa-
tions 26, 27, 28, 29 and 30).

u =
(
−q

2
−
√
−∆

) 1
3 (26)

v =
(
−q

2
+

√
−∆

) 1
3 (27)

λr = −P

3
+ u+ v (28)

λcr = −P

3
− u+ v

2
(29)

λci =

√
3

2
(u− v) (30)

The eigenvectors are given in equations 31, 32 and 33.

er =

 L13λr + L12L23 − L22L13

L23λr + L21L13 − L11L23

λ2
r − (L11 + L22)λr + L11L22 − L12L21

 (31)

ecr =

 0

−L13L33 − L12L23 − L11L13 + 2λcrL13

L13L32 + L12L22 + L11L12 − 2λcrL12


(32)

eci = − 1

λci

 L13(L13L32 − L12L33) + L12(L13L22 − L12L23)− λcrL12L13

L13(L23L32 − L22L33) + (L11 − λcr)(L12L23 − L13L22) + (L13(L11 − λcr) + L33)λcr

L12(L22L33 − L23L32) + L11(L12L33 − L13L32) + (L13L32 − 2L12L33)λcr

 (33)

6.2 Orthogonalized eigenbasis for L1

The eigenvector basis is not orthogonal, and not nor-
malized. It can be made direct (i.e. if (ecr∧eci) ·er < 0,
the orientation of eci is changed). It is possible to nor-
malize and orthogonalize the basis with the matrix P,
given in equation 34.

P =


1√

2(1+α)Nr

1√
2(1−α)Nr

0

1√
2(1+α)Ni

− 1√
2(1−α)Ni

0

− kr
Nr

− ki
Ni

kr

√
2(1+α)

ki
Ni

− kr
Nr

kr

√
2(1−α)

1√
kr

 (34)

where krcr = er ·ecr, kr = er ·er, kcr = ecr ·ecr, krci =
er ·eci, kci = eci ·eci, kcri = ecr ·eci, Nr =

√
kcr − k2

rcr

kr
,

Ni =
√

kci −
k2
rci

kr
and α = kcri−krcrkrci

NrNi

P−1 =


√
1+α√
2

Nr

√
1+α√
2

Ni 0
√
1−α√
2

Nr −
√
1−α√
2

Ni 0
krcr√
kr

krci√
kr

√
kr

 (35)
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The new form of the matrix in this orthonormal frame
is given in equation 36.

L1 =

λcr + aλci − b
cλci 0

bcλci λcr − aλci 0

A B λr

 (36)

where a = 1
2

(
Nr

Ni
− Ni

Nr

)
, b = 1

2

(
Nr

Ni
+ Ni

Nr

)
and c =√

1−α
1+α . The expressions of A and B are given below,

but they are of no importance for the results.

A =
(krcrNr − krciNi)λci + (krciNr + krcrNi)λcr − (krciNr + krcrNi)λr√

2kr(1 + α)NrNi

B =
−(krcrNr + krciNi)λci + (−krciNr + krcrNi)λcr + (krciNr − krcrNi)λr√

2kr(1− α)NrNi

In this frame, the values of γ, ω and σ are given in
equations 37, 38 and 39.
σ

2
= λcr (37)

ω

2
=

b

2

(
c+

1

c

)
λci (38)

γ =

√
a2 +

(
b

2

)2(
c− 1

c

)2

|λci| (39)

There is a relation between ω, γ and λci, given in equa-
tion (40).(ω
2

)2
− γ2 = λ2

ci (40)

The Q
1
2

2D =
√
(ω2 )

2 − γ2 criterion is then equivalent to
λci criterion. Another formula to compute the rortex is
given in equation (41), where ωr = ω · er.

R =

(
ωr

2
−
√(ωr

2

)2
− λ2

ci

)
er (41)

6.3 L1 robust estimation

When processing experimental data, noise becomes preg-
nant when computing derivatives. In this study, an orig-

inal method has been used to reduce the noise on the
estimation of L1. It is based on 4th order finite dif-
ferences schemes, that are computed in different direc-
tions, on a grid box 5×5. For example, for a point in-
side the domain, the finite difference coefficients are
( 1
12 ,−

8
12 , 0,

8
12 ,−

1
12 ). (On the edges of the domain, the

scheme is shifted to stay of 4th order.) The calculation
of the x derivatives can be made by averaging the finite
differences results in different directions. Taking into
account the symmetries, it is possible to get 3 different
values by averaging the following direction groups:

– (1, 0)

– (1, 1) and (1,−1)
– (1, 2) and (1,−2)

In order to reduce the noise, the median of these three
values is taken, giving the derivative estimate.


