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HYPERBOLICITY FOR LARGE AUTOMORPHISM GROUPS OF PROJECTIVE

SURFACES

SERGE CANTAT AND ROMAIN DUJARDIN

ABSTRACT. We study the hyperbolicity properties of the action of a non-elementary automor-
phism group on a compact complex surface, with an emphasis on K3 and Enriques surfaces. A
first result is that when such a group contains parabolic elements, Zariski diffuse invariant mea-
sures automatically have non-zero Lyapunov exponents. In combination with our previous work,
this leads to simple criteria for a uniform expansion property on the whole surface, for groups
with and without parabolic elements. This, in turn, has strong consequences on the dynamics:
description of orbit closures, equidistribution, ergodicity properties, etc.

Along the way, we provide a reference discussion on uniform expansion of non-linear discrete
group actions on compact (real) manifolds and the construction of Margulis functions under
optimal moment conditions.

CONTENTS

(L.__Introduction

[Part 1. Uniform expansion for discrete group actions on manifolds|

2. Generalities|

|3.  Inducing on a finite index subgroup|

|4. Margulis functions|

[5.  An ergodic-theoretic criterion for expansion|

[Part 2. Non-elementary actions on complex surfaces|

[6.  Preliminaries|

[7. Hyperbolicity of invariant measures|

[8.  Characterization of uniform expansion|

[9. Examples of uniformly expanding actions|

[10.  Applications|

|Appendix A.  Synchronizing measures on projective surfaces|

|Appendix B. Rigidity of zero entropy measures|

Date: November 3, 2022.

11
15
22

25
25
27
36
43
53
57
58
59



HYPERBOLICITY FOR AUTOMORPHISM GROUPS OF SURFACES 2

1. INTRODUCTION

This article is a follow-up to [19]], [L8] and [20]. Let X be a compact complex surface and
let Aut(X) denote its group of automorphisms, i.e. of holomorphic diffeomorphisms. Let I" be
a subgroup of Aut(X'). We say that I" is non-elementary if the subgroup I'* < GL(H*(X, C))
induced by the action of I' on the De Rham cohomology of X contains a non-abelian free
group; the existence of a non-elementary subgroup of Aut(X ) implies that X is projective (see
[19, Thm 3.17 and Thm A.1]). Our purpose in this series of papers is to study the dynamics of
such a non-elementary group I' on X, notably by means of random walk techniques.

1.1. Wehler examples. To understand the motivation behind our general results, it is interesting
to start with the Wehler family W of surfaces of degree (2,2,2) in P! x P! x P!, which has
been a recurring example in our work (see e.g. [19, §3.1]). This family W depends on 26
parameters and is naturally parameterized by P?°(C); we shall denote by Wy = W the Zariski
open subset of smooth Wehler surfaces which do not contain any fiber of the three coordinate
projections P! x P! x P! — P!, For X € W), the three natural projections X — P! x P!
are ramified covers of degree 2; their deck transformations yield three holomorphic involutions
01, 02, and o3; the group I' generated by these involutions is non-elementary and isomorphic to
Z/)27 « 7.)27Z « Z/2Z.

Since every X € W) is a K3 surface, there is a canonical Aut(X)-invariant volume form
volx on X (C); furthermore, when X is defined over R there is a canonical area form vol y (g)
on X (R) which is invariant under the action of Aut(Xg) (see Example [1.4| below). Slightly
abusing notation, we respectively denote by voly and voly g the associated measures on X
and X (R), normalized to have mass 1.

Our first main result is a complete description of orbit closures for most parameters X € Wj.
Recall that a 2-dimensional real submanifold Y < X is totally real if for every z € Y, T,)Y
spans 1, X as a complex vector space.

Theorem 1.1. There exists a dense Zariski open subset Weyx, < Wy(C) such that for every
X € Wexp, there exists a I'-invariant finite set F' — X and a I'-invariant totally real analytic
surface Y < X (with possibly finitely many singular points) with the following property: for
every x € X,

(a) either x € F' (and its orbit is finite);
(b) orT'(x) is a union of connected components of Y ;

(c) orT(z) = X.

In this statement both F' and Y may be empty, depending on X. For instance, [[18, Thm A]
says that F' is empty for a dense set of Wehler surfaces X € Wy(C). A typical situation for
case (b) is that X is defined over Rand Y = X (R).

If we restrict to real parameters in YV, we also have a fairly complete understanding of the
asymptotic distribution of random orbits. By this we mean the following. Let v be the probability
measure on I defined by v = 2(65, + 4, + 0o,). For any z in X(R), and for any sequence
(g;) of automorphisms g; € ' chosen independently with distribution v, consider the trajectory
(gn -+ 90(2))n=0- Let X'(R) be a union of connected components of X (R)). We say that these
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random trajectories, starting at z, are equidistributed in X’(R) if for vN-almost every (g;),

the empirical measures % ZZ;é Ogy--go(x) converge to the normalized volume form induced by

volx(r) on X'(R) as n — o0. The appearance of X'(R) is due to the fact that I" may not act
transitively on the components of X (R).

Theorem 1.2. There exists a dense Zariski open subset Wex,(R) € Wy(R) such that for every
X € Wexp(R), there exists a I'-invariant finite set F < X (R) such that for every x € X (R):

(a) either x € F;
(b) or the random trajectories starting at x are equidistributed in a union of connected compo-
nents of X (R).

An interesting point in Theorems[I.1] and [T.2]is that their conclusions hold for every z € X.
Let us explain how these theorems fall within the progression of [[19, 18, 20] and what the last
missing ingredient was until the present paper.

First, the existence of the maximal finite invariant set I’ follows from [18, Thm C]. One
key point here is that I' contains parabolic elements, that is automorphisms whose action on
H*(X; C) is virtually unipotent and of infinite order (see Section @

Now, the scheme of proof of Theorem |1.2]is as follows. The random walk on I' induced by
v gives rise to a random dynamical system on X. We refer to [38, [13]] for general references
on this topic, and to Sections 4 and 7 of [19] for our holomorphic context. In particular, we
shall use the notions of stationary and invariant measures (i, of fibered entropy h,(X,v), etc.
Fix x € X\F. By Breiman’s ergodic theorem, every cluster value of the sequence of empirical
measures % ZZ;& Ogy-go(x) 18 @ V-stationary measure. We proved in [19] that every v-stationary
measure is ['-invariant, and in [20] we showed that any invariant measure is either supported on
F, or of the form vol x/(g), for some union of components X'(R) of X(R). Thus, any cluster
value of % 22;5 Ogp--go(x) 18 @ convex combination of point masses and volx/(g). The last step
is to show that if I'(z) is infinite, the limiting empirical measures give no mass to F'.

For Theorem @ the situation is similar: most of the work was done in [20, §8], except that
there we could not exclude that the accumulation locus of an infinite orbit could be contained in
a finite invariant set.

These difficulties were already addressed for homogeneous random dynamical systems in [,
29] and in the context of non-linear actions on real surfaces in [43, 22]. The key is to show
that if X' belongs to the dense open set Wex,, of Theorem (resp. Wexp(R) of Theorem ,
the maximal finite invariant set F' is repelling for the random dynamics. Since we do not know
the set F, nor its cardinality (examples of Wehler surfaces with large finite invariant sets were
recently constructed in [33]]), we make a large detour and prove a uniform hyperbolicity property
for the dynamics on the whole of X: this is the uniform expansion property that we present in
detail in §[I.3] Establishing this property relies on ergodic-theoretic arguments, the first of which
is an automatic hyperbolicity property that we describe in the next paragraph.

1.2. Hyperbolicity of invariant measures. It is a fundamental (and widely open) problem in
conservative dynamics to show the typicality of non-zero Lyapunov exponents on a set of posi-
tive Lebesgue measure. In deterministic dynamics, a recent breakthrough is the work of Berger
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and Turaev [7]. Adding some randomness makes such a hyperbolicity result easier to obtain:
see [9] for random perturbation of the standard map, and [3l 46] for random conservative dif-
feomorphisms on closed real surfaces. The results of Barrientos and Malicet [3] and of Obata
and Poletti [46]] are perturbative in nature, so they do not give explicit examples. In our context,
the rigidity properties of holomorphic diffeomorphisms will enable us to exhibit explicit criteria
ensuring such a non-uniform hyperbolicity.

In [20] we have classified invariant measures for non-elementary groups containing parabolic
elements. We say that a measure i on X is Zariski diffuse if it gives zero mass to proper
Zariski closed subsets. If p is T'-invariant and ergodic for some I' = Aut(X), this is equivalent
to its support Supp(u) being Zariski dense. Roughly speaking, our classification of invariant
measures says that every Zariski diffuse, ergodic probability measure is given by an analytic 4-
form on X or by an analytic 2-form on some invariant, real analytic subset Y < X of dimension
2. Here we proceed to a finer study of the dynamical properties of these invariant measures. For
this, we fix a probability measure v on Aut(X), satisfying the moment condition

(M) J (1og | £l x) + log Hf—lum(x)) dv(f) < +o,

and view any invariant measure p as a v-stationary measure, that is, § fupudv(f) = p. Then
by (M), the Lyapunov exponents of p are well defined. We denote by I', < Aut(X) the closed

subgroup generated by Supp(v) .

Theorem 1.3. Let X be a compact complex surface and I' be a non-elementary subgroup of
Aut(X) containing parabolic elements. Let u be a Zariski diffuse ergodic I'-invariant proba-
bility measure on X. Let v be any probability measure on Aut(X) satisfying T, = T" and the
moment condition (M).

Then, viewed as a v-stationary measure, (i is hyperbolic and its fiber entropy h,(X,v) is
positive.

A variant of this result will also be obtained when I', contains a Kummer example instead of
a parabolic element (see Theorem [7.4]).

Example 1.4. When X is a torus or a K3 surface, the canonical bundle Kx is trivial and, up
to multiplication by a complex number of modulus 1, there is a unique section {2y of Kx that
satisfies S < x A Qy = 1. The volume form voly := Qx A Qy is Aut(X)-invariant. Likewise,
every Enriques surface S inherits such an invariant volume form volg from its universal cover
X (a 2-to-1 cover by a K3 surface). Under the assumptions of Theorem[I.3] volx is I'-ergodic,
thus we conclude that it is hyperbolic. Other examples are provided by some rational surfaces
(see the discussion on Coble surfaces in [[19]).

In these situations the 2-form 2x also induces a natural measure voly on any totally real
surface Y < X (see [20, Rmk 2.3]). For instance, if X is projective and defined over R, I’
is contained in Aut(Xg), and Y is a I'-invariant connected component of X (R), Theorem
asserts that voly is hyperbolic.

INote that Aut(X) is discrete unless X is a torus, see [I9] Prop 3.16] so in most cases I',, = (Supp(v/)).
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1.3. Uniform expansion. Fix a riemannian metric on X. We say that the measure v on Aut(X)
is uniformly expanding if there exists ¢ > 0 and an integer ng such that for every r € X and
every v € T, X\{0},

(1.1) f log wdu(”o)(f) > ¢
Aut(X) [

here v(™ denotes the n'" convolution power of v. This notion is taken from [22} [25] 143} |50]]
(see also [29, 47] for the linear context) and has a number of strong ergodic and topological
consequences on the action of I',. So far, uniform expansion has been verified only in the
context of homogeneous dynamics, or for certain perturbative situations, or with the help of
numerical methods. The geometric analysis of stationary measures developed in [19] together
with Theorem [I.3] will be used to obtain the following result.

Theorem 1.5. Let X be a compact complex surface which is not rational. Let v be a probability
measure on Aut(X). Assume that: (i) v satisfies the moment condition and (ii) the group
I' =T, is non-elementary and contains parabolic elements.

Then v is uniformly expanding if and only if the following two conditions hold:

(1) every finite I'-orbit is uniformly expanding;
(2) there is no I'-invariant algebraic curve.

Here, by definition, a finite orbit £ of I is said uniformly expanding if condition (I.T)) holds
for every « € F. This is the repulsion property alluded to at the end of §[I.1]

Checking condition (2) is not hard in practice and boils down to cohomological computations
(see §6.3). However, in a non-linear setting, Condition (1) is more delicate to verify. On the
positive side, if X is not a torus and condition (2) holds, then by [18]] there are only finitely
many finite I'-orbits. Moreover, if v is symmetric and satisfies a slightly stronger moment con-
dition (M), Theorem provides a checkable necessary and sufficient condition for a given
finite I'-orbit to be uniformly expanding: it is equivalent to the tangent action of I" being prox-
imal and strongly irreducible. It follows that when v is symmetric (and X is not rational) the
uniform expansion property depends only on I, and not on v (Corollary [8.17).

On the negative side, so far there is no a priori bound on the number of finite orbits. Neverthe-
less, we show in Theorem[9.1|that under the assumptions of Theorem|[I.5] if there is no invariant
algebraic curve, there is a computable number N = N (X, I") such that any finite orbit of length
greater than N is uniformly expanding (see § for details on what we mean by computable
here). Consequently there is a simple algorithm for checking uniform expansion: verify that
finite orbits of length at most NV have non-elementary tangent action.

An immediate consequence of Theorem [I.5]is the following.

Corollary 1.6. Under the assumptions of Theorem if there is no proper algebraic 1',-
invariant subset, then v is uniformly expanding.

Since uniform expansion is an open property in the C'!' topology, and since by [18, Thm
A] a dense set of Wehler examples has no proper Zariski closed invariant set, this implies that
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uniform expansion is satisfied on an open and dense set of Wehler examples. To deduce Theo-
rems |1.1{ and we must further show that this open subset is Zariski open: for this, we use
the effective result described above, and prove that in the Wehler family, the integer N(X,T') is
uniformly bounded (here I’ = (01,02, 03); see Theorem[9.3| and Proposition[0.7). In particular
the equations defining Weyp, and Wexp (R ) could in principle be written down explicitly.

1.4. Ergodicity. Given an action of a general non-elementary group I on a compact complex
surface X, one may ask the following two basic questions: does there exist a dense orbit? is the
action ergodic with respect to Lebesgue measure? (The latter makes sense even when there is no
invariant volume form.) If I" contains a parabolic element, by [20] the answer to both questions
is ‘yes’, but without parabolic elements, the answer is unknown. A natural obstruction to the
existence of a dense orbit could be the presence of a non-trivial Fatou component for I'. No
example of such a Fatou component is known so far; note that examples do exist for algebraic
actions on affine surfaces (see [13} 48]]).

As a matter of fact, the failure of ergodicity is associated to a lack of expansion: indeed
a theorem of Dolgopyat and Krikorian [25] asserts that a conservative uniformly expanding
action on a (real) surface must be ergodic. It is not difficult to extend their argument to the
complex setting (see Theorem [10.2). In Theorem we state a general criterion (i.e. without
parabolic elements) for uniform expansion which shows that under the conditions (1) and (2) of
Theorem @], the failure of uniform expansion, is due to the existence of a I'-invariant measure
with exceptional properties (see Theorems [8.9 and [B.I)). We expect it to be an extremely rare
phenomenon. Incidentally, this shows that the question of ergodicity for general non-elementary
groups (i.e. without parabolic elements) ultimately boils down to the classification of I'-invariant
measures.

Another interesting consequence of our results, together with [25], is that a generic real
Wehler example is stably ergodic among C? volume preserving actions, that is, if X belongs
to the open set Wexp(R) of Theorem [1.2|and o/, o, o are C* volume preserving diffeomor-
phisms sufficiently close to of o1, 02, o3 in the C! topology, then I := (o}, o, 0% ) is ergodic
for vol x(Rr)-

In an opposite direction, the examples from [20, §9] of Aut(Xg)-invariant domains with
boundary in X (R) (which admit an invariant curve) provide explicit counterexamples to uniform
expansion.

1.5. Organization of the paper. The first part of this paper (Sections [2] to [5)) is devoted to a
general study of the notion of uniform expansion on compact (real) manifolds. Much of this
material is inspired from other sources; the novelty here is that we strive for optimal moment
conditions. In Section [2| we give several equivalent definitions of uniform expansion: this is
inspired by Liu [43] and Chung [22]. In Section [3| we show that uniform expansion is preserved
when restricting to a finite index subgroup or taking a finite extension (Proposition [3.3)); this is
useful when dealing with invariant sets made of finitely many connected components. Section ]
deals with the construction of Margulis functions. In a nutshell, a Margulis function near a
finite uniformly expanding invariant set F' is a function u : M\F — R that tends to infinity
at F' and decreases on average along orbits. The existence of such a function guarantees that
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empirical measures of random orbits do not accumulate at F'. These functions have played an
important role in random dynamics since the work of Eskin and Margulis [30]. Here, thanks
to the work by Bénard and De Saxcé [4], we construct such Margulis functions under optimal
moment conditions (Theorem; note that the usual average decay property {u(f(x))dv(f) <
au(z)+b, a < 1, is then replaced by §u(f(x))dv(f) < u(x)—~,~ > 0. This repulsion property
does not hold if F is an invariant submanifold (see Example {.6). However in the holomorphic
context, Margulis functions can be constructed for invariant totally real manifolds of maximal
dimension (Theorem[4.3): a typical situation is that of X (R) < X for real projective manifolds.
In Section [5] we elaborate on an ergodic-theoretic criterion for uniform expansion borrowed
from [22].

In the second part of the paper (Sections [6]to [I0), we consider groups of automorphisms of
projective surfaces. Theorem|I.3]is established in Section[7] In Section[§|we prove a general ver-
sion of Theorem|[I.5|and study uniform expansion along periodic orbits; this makes essential use
of the results of the first part. The focus in § [9.1]is on finding algorithmically checkable condi-
tions for uniform expansion along finite orbits (Theorem 9.1)); this leads to a precise description
of the locus of uniform expansion in the Wehler family (Theorem [0.3). In § [0.2] we construct
uniformly expanding actions by perturbing Kummer examples in the Wehler family; in particu-
lar this work for “thin” subgroups of Aut(X') containing no parabolic element. In Section[I0|we
study orbit closures and equidistribution by proving general versions of Theorems [I.1] and [I.2}
we also explain the adaptation to the complex setting of the ergodicity theorem of Dolgopyat
and Krikorian [25]].

The paper ends with two appendices on the synchronization property and the rigidity of zero
entropy measures.

1.6. Notes and comments. Theorem [1.3|was included in the first preprint version of [19]. We
were informed of ongoing projects by Aaron Brown, Alex Eskin, Simion Filip and Federico Ro-
driguez Hertz, as well as Megan Roda, on the classification of stationary measures for uniformly
expanding actions. This should fit nicely with our work; indeed, parts of this article are written
so as to to be easily combined with such a classification (see e.g. Theorem [10.5)),

We are grateful to Jean-Francois Quint for useful comments on Margulis functions.

Part 1. Uniform expansion for discrete group actions on manifolds
2. GENERALITIES

In this section, M denotes a compact manifold and v is a probability measure on the group
Diff! (M) of C! diffeomorphisms of M. We fix a Riemannian metric on M. We denote by ||-|
the norm induced by the metric on the tangent bundle 7'M, and by T'* M the unit tangent bundle.

2.1. Moment conditions. If f is a C’l-diffeomorphism of M, we denote by f, its action on
T M. Note that if v € T'M is a tangent vector based at x (that is, v € T,, M), then f,v = D, f(v)
is based at f(x). By definition, fH01(X) is the supremum of v ~ | f,v| on T'M. For f €
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Diff (M) we put
(2.1) L(f) =log | flcr(xy +1og |F | o xy

this quantity is subadditive: L(f o g) < L(f) + L(g). For p > 1 we consider the moment
conditions

M) f L(fYP du(f) < +o0,
M) dp > 1, (Mp) holds,
(Mep) 3t 0, [ 1flfs ) + 1w g () < 425,

When p = 1, (M) coincides with the moment condition from the introduction. For p > 1,
(M,)) implies (M) which implies (M). The subadditivity of L and the convexity inequality
(r ' i La)P < 7' X0, LY imply

22) fL(f)p v\ (f) <P f L(f)? dv(f)
for p € [1, +oo[ and 7 € N*, where (") denotes the 7" convolution power of v.

2.2. Notation for random compositions. Set QO = Diff!(M)N; its elements are sequences
w = (fn)n=o of diffeomorphisms. We use the probabilistic notation E(-) and P(-) for the
expectation and probability with respect to N on the probability space Q. We let (F;,),>1 be
the increasing sequence of o-algebras in {2 generated by cylinders of length 7, so that an event

is F,,-measurable if it depends only on the first n terms fo, ..., fn—1 of w = (fn)n=0. For
w = (fu)n=0 € 2 we put f2 = id and
(2.3) fo="Jfn—10-0fo
for n > 1; in particular f. = fo. For z in M and v € T, M\{0} we set
n
(2.4) Ton = f2(z) and v, = Ua)e(®) gy

[

For any sequence of integers 0 = kg < k1 < --- < kj, = n the chain rule gives

p—1
n kji1—k;
2.5) log [(f2)e0] = . log | (£4279) v,
=0

2.3. Equivalent conditions for uniform expansion. Recall that the probability measure v on
Diff*(M) is uniformly expanding if there exists a real number ¢ > 0 and an integer ng > 1
such that

\Y

(2.6) for every v e T" X, f log || f« ()| dv™)(f) = c.

Then, the cocycle relation for log % implies that

2.7) f log || f«(v)| dv*0)(f) > ke
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for every k = 1. Thus, v is uniformly expanding if and only if »(") is uniformly expanding for
some (and hence for all) n. Moreover, the uniform expansion property does not depend on our
choice of a Riemannian metric on M.

Remark 2.1. If v is uniformly expanding and the submanifold N < M is invariant under every
diffeomorphism in the support of v, then v induces a uniformly expanding measure on Diff!(N).

Lemma 2.2. Let v be a probability measure on T satisfying (M). It is uniformly expanding if
and only if

(2.3) Yo e T'M, In = n(v) such that flog I fev] dv™(f) > 0.

This is Lemma 4.3.1 of [43]], but Liu assumes that the support of v is compact; thus we briefly
reproduce his proof, assuming only (M.

Proof. We have to show that (2.8) implies (2.6). Since |log || f.v|| < L(f) for every v € T' X,
the dominated convergence theorem implies that, for every n,

2.9) v jlog o) dv(f)

is continuous. Thus by compactness, there exists a finite open cover Vi, . .., V,, of T* M, positive
real numbers c;, and integers n; such that

(2.10) f log | f+(v)] dv™)(f) = ¢

for every v € V;. Set ¢g = min(c;) and ng = max(n;). Forv € T'X and w € , define the
stopping time 71 (v, w) to be the first integer n > 1 such that { log | f,v|| dv™(f) = ¢, and then
define inductively

(2.11) Tr1 (v, w) = Tk(v,w) + 11 (vw,k,ak(w)).

By construction, 71 does not depend on w but 7 does; in addition 74 (v,w) < kng for all
k = 1. For n > 1, define K, (v,w), or K (n) for short, by K,,(v,w) = max {k; 7, < n}. Then
K(n) = n/ngand n — K(n) < ng — 1. With the convention 79 = 0, the chain rule (2.5) gives

E (log |(£2).v]) = E ’“iiog (27 vy |+ E (£ )

2.12) > g — max E(L(f9))
no 1<g<no

(2.13) > "o —ng JL(f)dV(f).
10

Thus, forn > = + Z—é SL(f)dv(f), wehave E (log | (f2)«v])) = % > 0 independently of v, as
was to be shown. (]

Lemma 2.3. Under the moment condition (M.,)), v is uniformly expanding if and only if

1
(2.14) Voe T X,3¢ > 0 suchthat P <log [(f0)sv] = c) — 1.
n

n—00
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Under the moment condition (M), Property [2.14) implies uniform expansion.

Proof. Let us first show that (2.14) implies (2.8) under the assumption (M)). Fix v € T X, set

n={weQ; Llog|(fm)w| = c}, and split E (X log | (f).v]) into the sum of an integral
over 2, and an integral over Q% The first one is larger than cP(€2,,), and P(2,,) tends to 1 as n
goes to +00. The second one satisfies

1 1
@.15) B (G los1()ole, )| < B (L0 )

The moment condition and Kingman’s subadditive ergodic theorem show that %L( 1) is uni-
formly integrable and converges almost surely to some finite constant; since P(€2" ) converges to
0, we conclude that E (1 log || ( f7).v]) = ¢/2 for large n.

For the converse implication we use a martingale convergence argument, as in [43, Lem.
4.3.5] and [22| Prop. 2.2]@). Choose p > 1 such that (M,,) holds. For convenience, let us first
replace v by v("0), where ny is given by the espansion property (2.6). Define (for some fixed
unit vector v)

(2.16) Xy, = log |(f} Jlog | fa (Vo i) [ dv ().

These increments X, are uniformly bounded in LP because

)1/p <E(L(f5,)0)"" = (JL(f)pdy(f)>l/p

and the second term in (2.16)) is pointwise bounded by

(f)’sf (L FPdu(f )Up,

Thus, the sums S, = >;_ éXk are all in LP. Since E(X,, | 7,,) = 0 and S, is Fp—_1-
measurable, (.5,,) is a martingale relative to the filtration (F,,—1). It follows from Theorem
2.22 in [35} §2.7] that %Sn converges to 0 in probability and in L”. Now, the chain rule gives

(2.17) E ([log | (!

2.18) ‘ f log | f.

1
@.19) 1 Salw) = 2 Tog |(£2)w0l — - [ tog ol (1),
and (2.7) asserts that {log | fxv|dv™(f) = cn, so we conclude that for any ¢’ < ¢

1

20) P (Sioel()l > ¢) 1
as desired. Recall however that we are working with (o) coming back to v this means that
(2.20) holds along the subsequence (nng). We then write n = kng + r, with 0 < 7 < ng — 1,
so that
(2:21) (F3)00 = (g ) (57w

2Chung only assumes the moment condition however it seems to us that a stronger assumption is needed for
the control of the martingale differences.
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and what we have to show is that applying f;k"Ow does not affect the linear growth of log H (fhnoy, v H
But the inequality (2.2)), applied with p = 1, gives

no—1 2
222)  PEO<r<np—1, flog](f7um)]| = ek) < 35 v (L(F) = ek) < %

r=0
and we are done. -

Remark 2.4. In the first part of the proof, the implication (2.14)=(2.8) is true for a given v,
while the converse implication requires uniform expansion on the whole of X.

Remark 2.5. This proof shows that if v satisfies (M2), then the convergence in probability
in (2.14) can be replaced by an almost sure convergence. (Indeed by Theorem 3 of [32, p. 243],
%Sn converges almost surely to 0 when the X, are uniformly L2.)

3. INDUCING ON A FINITE INDEX SUBGROUP

3.1. Hitting times and hitting measures (see 6, Chap. 5]). Let v be a probability measure on
Diff! (M) and let G be the closed subsemigroup of Diff* (1) generated by v. Let H — G be
a closed finite index subsemigroup; this means that there is a continuous and transitive action
G x F' — I on some finite set F' such that H is the stabilizer of some element xy € F'; the
index of H is [G : H] = |F| and F is the quotient space.

The hitting time Ty of H for the random walk induced by v (starting from the neutral ele-
ment) is

(3.1) Ty(w) =min{n >1, fJ e H}.

Lemmas 5.4 and 5.5 in [6] show that T is almost surely finite, admits an exponential moment,
and satisfies E(7y) = [G : H]. By definition the hitting measure (or induced measure) v is

the probability measure on H describing the distribution of ff W),

Define the k-th hitting time 7', of H by Ty1 = Ty and the induction T j41(w) =
min{n > Ty +1; f* € H}. The convolution ng) describes the distribution of ng”“(w). If
H is a finite index semigroup and g € H, hg belongs to H if and only if h belongs to H.
Thus, Ty k41(w) — T r(w) = Tha(cT#+@)(w)) and the Markov property implies that the
random variables (T ;11 — T 1) are independent and identically distributed: each of them is
distributed as T . Since their expectation equals [G : H], the law of large numbers gives

3.2) lim 1

Jim - Th(w) =[G H]

vN-almost surely.

Theorem 3.1. The hitting measure on a finite index subgroup satisfies the following properties

(1) if vy satisfies (M) for some p > 1, then so does v;

(2) if v satisfies (M), then vy satisfies (My) for any 1 < p’ < p;

(3) v satisfies (M), or (M), or if and only if vy does.
Moreover, vy generates H as a semigroup, which means that H is the smallest closed subsemi-
group of G containing the support of V.
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This result still holds if we substitute any subbaditive function to log || f[c1 ) in the defini-
tion of L (see Equation [2.1)), with exactly the same proof.

Proof. Consider the finite quotient ' of G by H and denote the action of G on F' by left
translations by (v — au, a € G); by definition H is the stabilizer of some zy € F. Set
K =|F| =[G : H].

For each u € F, choose a sequence of measurable subsets A (u), Aa(u), ..., Ax(u) in G,
with £ = k(u) < K such that v(A;(u)) > 0 for each ¢ and, for all sequences a; € A;(u),
(ag---a1)u = xo while (a;---a1)u # xo if j < k. Since F is finite, there is a real number
e > 0 such that (A1 (u)) - - - v(Ap(y)(u)) = ¢ for all u. Shrinking the A;(u) if necessary, we
may assume that L(g) < C for some C' > O and all g in |, ; Ai(u).

We split the integral of L(f)? as a finite sum § L(f)Pdv(f) = > ,cp S{f:):ozu} L(f)Pdv(f).
If (ak(u), ey al) € Ak(u) (’U,) X o+ X Al(u), then L(f) < L(ak(u) s alf) + KC because L is
subadditive; thus,

(3.3) J L(fyPduf) < f (Lage - arf) + KCYdu(f).
{fro=u} {fro=u}

By construction, the product ay,(,,) - - - a1 f is a first return in H. Thus, integrating over the A;(u),
the distribution of ay(,) - - - a1 f contributes positively to vy, and we get

(3.4) e j{ o My < fH<L<g> + KC)duy(g).

Assertion (1) follows from this estimate.

For assertion (2), we must bound { L(f)?'dvg (f) = E(L( L:}FH(W))”/). By subadditivity of L
and convexity of s — st

p/ TH("‘J)_1 pl
(3.5) E(L (s7n) ><E > L)
=0
TH(w)—l
(3.6) <E | Ty(w)” ! L(f,)"
=0

Letr > 1and g > 1 satisfy p = 7p’ and + +% =1 Seta = %. We write Tgil = TgiHaT}}a
and apply Holder’s inequality to bound @ from above by

1 r\ 1/r

/q TH(U‘))_ ,
E|T;*w) | > LU
1=0

(3.7) <E (Tg/”*a)q) '

T (w)—1 1r

(3.8) <E <Tg/,1+a)q) 1/q E Tﬁar(W)T;I/q(W) Z L(fi)p
=0
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where in the last line we use the discrete Holder inequality, 7p’ = p, and r — 1 = r/q. Since
a = 1/qand r = p/p’ the last expression reduces to

(pfl)pl l_pl/p TH(UJ)fl p//p
(3.9) IE(TH”‘p’> E( > L(fi)P

1=0

To conclude, we apply Lemma 5.4 of [6], which says that [E( Z-T:Hl(w) poot) = E(Ty)E(yp) for
any integrable function ¢, and we arrive at the bound

, (P*l)/P' 1=p'/p , P'/p
(3.10) fL(f)P dvi(f) <E (TH”"’ ) E (Ty)?'? (fL(f)pdy(f)) .

Since v satisfies (M) and the hitting time T admits moments of all orders, this last expression
is finite, and the proof is complete.

Assertion (3) follows from Assertions (1) and (2) and Corollary 5.6 in [6].

For the last assertion, fix an element i of H and an open neighborhood U of h in H. Since
the action of G on F' = G/H is continuous, there is an open neighborhood V' of h in G such that
every element of G "V isin U. Since the support of v generates a dense subsemigroup of GG the
random walk induced by v that starts at the neutral element visits V', hence the neighborhood U
of h. Thus, vy generates H. O

3.2. Uniform expansion of the induced measure.

Proposition 3.2. Let v be a probability measure on Diffl(M ) satisfying (M). Assume that v
is uniformly expanding and let no be as in (2.6). Then, the measure induced by v") on H is
uniformly expanding.

In fact, the next proposition shows that, under condition (M), v is uniformly expanding if
and only if v is. The proof of Proposition [3.2]is based on a simple martingale argument, while
Proposition [3.3|relies on the criterion of Lemma[2.3]

Proof. We use ideas from [43, §4.3] and [22} Prop. 2.2]. To ease notation we rename v(0) into
v so that (2.6) holds with ng = 1 and some ¢ > 0; as above, we denote by vy the measure
induced by v (i.e. by v(™)) on H. Fix v € T'X, and define a sequence of random variables

(Yx)r=0 by
3.11) Yi(w) = log | (fL,) V]

Then for all k > 1, E(Y}, | Fi) = 0, so that the sequence (S,,),,>1 defined by S, = Y725 V3 is
a submartingale relative to the filtration (F,): E(Sy+1 | ) = Sy». The moment condition (M)
implies that E(|S,,+1 — Sn| | Fn) = E(|Ys| | F») is uniformly bounded. Since the hitting time
Ty is integrable, we can apply the optional stopping theorem [28, Thm. 4.7.5], which implies
that E(S7,,) = E(S1) = 0. Unwinding the definitions and applying the chain rule, we see that

— C.

(3.12) E(St,) = Jlog | fevll dve (f) — |G : H],
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where we use E(Ty) = [G : H|. Therefore {log | fsv| dvi(f) = ¢[G : H] > 0, and vy is
uniformly expanding. (]

Proposition 3.3. Let v be a probability measure on Diff' (M) satisfying (ML)). Let vy be the
measure induced on a closed finite index subsemigroup. Then v is uniformly expanding if and
only if vy is uniformly expanding.

Proof. Let us show that if vg is uniformly expanding then v is uniformly expanding. The
converse implication is similar and is left to the reader (in this direction, Proposition |3.2| will
actually be sufficient for our purposes). Fix v € T'M. In view of Lemma we have to show
that for some ¢ > 0,

n—0o0

(3.13) P (:Llog ICfo)sv] = c> — 1.

Consider the sequence of hitting times T’ defined in § 3.1]and denote it by (7}) for simplicity
(hence T} = Ty). By Theorem [3.1] vy satisfies (M), so we can apply Lemma [2.3]to get a real
number ¢ > 0 such that

(3.14) P <]1log H <fT’“(“)>*vH > c> 1.

k—00

To obtain (3.13) we denote by K (n,w) := max {k, Tj(w) < n} the number of visits of f7 in
H withl1 < j <n. Ifk < K(n,w), then

Ty ( w
(3.15) (w0 = (£ B0), (£55)) v
* *
and as in Lemma [2.3] (see the lines following Equation (2.21))), we have to show that applying

n— TK'er

(f ST (n, w)(w) )) does not spoil the expansion obtained in (3.14).
Recall from (3.2)) that %Tk (w) converges vN-almost surely to y := [G : H].

Lemma 3.4. There exists a constant A and a sequence of measurable subsets 2% < Q such that
P(QL) — 1 asn — oo and for all w € Q.

(3.16) [% ¥ < K(nw)  and ‘n o (w)‘ < An®/t,
ol

We first conclude the proof of Proposition Let Q! be as in Lemma Let Q2 be
the set of itineraries w such that the lower bound of (3.14) holds for k = [2 — n3/4|. Then,

P(QL n0Q2) — 1asn — +oo. Fix 0 < € < yc and consider the set Q2 < QL ~ Q2 made of all
w such that L ( " ka) <enfork = |2 — n3/|. Then

3.17) P((23)°) < ( (f" Tk) sn) <P <0<;33>;3/42 L )

where (L;);>0 is a sequence of independent random variables, each of them distributed as L(g)
for dv(g). Since the L; are non-negative, P(2}) < P < 24:(;” a L; > En). Now, the moment
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condition (M) and the Markov inequality give

An3/4 An3/4 L
(3.18) P Y Lizen|< LDl < Cp~4
£ EN

for some C' > 0. Thus, P(Q2L n Q2 A Q3) — 1 asn — +0o0, and the conclusion follows since
Llog | (fm)sv] = ’yc—sforallweﬁlmQZmQ?’ O

Proof of Lemma[3.4] The following moderate deviations estimate follows from standard large
deviations theory and the fact that 7T has an exponential moment (see [23} 3.7.1]):

1

Ty —

1 —CV/A
k Y = kl/4> < Ce .

Soif weset Q) = {w; Vk = /n, [T — kvy| < k‘l/4} then P(QL) — 1asn — +o0. We claim
that if w € Ql there exists A > 0 such that then (3.16) holds for all n larger than some integer
n(A). Indeed let n satisfy n/y — n3* > /n. Then for m = 12— n3/*] and w € QL we have

(3.19) P <

ym —m?* < <ym + m3/4; ; plugging in the value of m we obtain the explicit bound
- 1
(3.20) n—(y+~y"3nd < T[g—n?’/‘lj <n+ an/‘l
and Property (3.16) follows. O

4. MARGULIS FUNCTIONS

In this section we develop some tools for the proof of the equidistribution Theorem|[I.2] Under
appropriate assumptions, we show that the measures v * §, and % Dy 0 fk(z) do not cluster
at a I'-periodic orbit, except when I'(x) is itself finite. The basic tool is the construction of a
proper function, defined on the complement of such a periodic orbit, which essentially decreases
along random trajectories. After [30] it is often referred to as a “Margulis function”, even if this
strategy has a long history in the Markov chain literature (see [45]]). Our presentation is greatly
influenced by [5]] and [4].

4.1. A general recurrence criterion. For concreteness, instead of general Markov chains, we
consider the setting of group actions.

Theorem 4.1 (Bénard-De Saxcé [4]]). Let U be a locally compact topological space. Let I be a
group of homeomorphisms of U, and v be a probability measure on I'. Assume that there exists
a function u : U — R satisfying the assumptions:

“4.1) JA >0, 3y >0, Ve e U, u(x A:J f) <wu(x) —7
42 3> 0.3 > 0¥ € U, [Ju(f () ~ (@) dv() < B.

Then for every € > O there exists R > 0 such that for all x in U,

(1) there exists ny = 0, such that (V™ = 0,)({u = R}) < e foralln = ny;
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(2) for vN-almost every w,
1

limsup —# {k e{l,...,n}; u( f(x)) > R} <e.
n—oo N

Furthermore the integer n,, in (1) depends only on u(x).

For the proof, see Proposition 1.2 in [4]], and the comments following it. More precisely, we
refer to [4] Prop. 2.5] for the conclusion (1), including the uniformity statement on n, and to [4,
Prop. 2.7] for (2). Even if this is not required in the proof, the function u has to be understood as
a proper function on U, in which case the conclusions (1) and (2) correspond to a “non-escape
of mass” property.

The original contraction property for the Margulis function w in [30} 5] is
(4.3) V<a<l Ib>0,Vzrel, Ju(f(x))dy(f) <au(z)+b

instead of (@.1). One easily checks that if u satisfies (4.1]) and the following strong integrability
property

@.4) 1B >0,Vzel, Jexp (Ju(f(2)) — u(@)]) dv(f) < B,

then e%* satisfies (@.3)) for small § > 0. Under this assumption, Theoremwas established in
[51].

4.2. Finite orbits of C? actions. Let v be a probability measure on the group of C? diffeo-
morphisms of a compact Riemannian manifold M of dimension d. As in § 2.1 we consider the
moment conditions

Ms,) j (log | f gz +10g [ £~ a)? di(f) < +o0,
(Ma ) Ip > 1, (M,,) holds,

Remark 4.2. For a holomorphic action on a compact complex manifold, these conditions are
equivalent to their respective C! analogues (M,)) and (M), because a uniform control on the
first derivatives provides a uniform control of higher derivatives as well.

Theorem 4.3. Let I be a group of C? diffeomorphisms of a compact Riemannian manifold M,
and v be a measure on I' satisfying the moment condition (M3 ). Let F' be a finite orbit of T’
such that v is uniformly expanding on F. Then for every x € M\F, for every € > 0 there exists
a compact set K € M\F such that:

(1) (V"% 05)(K) =1—¢forn = ng, and
(2) for vN-almost every w,

1
limsupg#{ke{l,...,n}, fﬁ(:ﬁ)eK} >1—c¢.

n—0o0

Furthermore the integer n,, in (1) is locally uniform in M\F.
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This result seems to be new: it appears under stronger (exponential) moment assumptions in
e.g. [43L122]. Note that such a result is not expected to hold under the first moment condition
(Ma,1), as explained in Examples 1 and 2 of Section 2 in [4].

Proof. First, the proof of Proposition 3.3 in [4] shows that if the conclusions (1) and (2) hold
for 1/("0) | then they hold for v. So we can replace v by v("0) and hence assume that the uniform
expansion property holds (on F) for ng = 1.

Let d(-, ) be the Riemannian distance on M. According to Theorem 4.1, we only need to
show that u:  — —logd(x, F) is a proper function M\F — R satisfying Properties (@.1)
and ({.2).

Preliminaries.— We set N(f) = | f[¢2 + |/~ 2 and note that N(f) > Lip(f) + Lip(f~")
for every f € I'. In particular, for every x € X

L _ U@ F)
N(f) ~ d(z,F)

For R > 0,set I'(R) = {f e ' ; N(f) < R}. We choose > 0 such that the moment
condition is satisfied with p = 1 + 7). Then,

(4.5)

@6 Iy= | Qoe(¥ () a )

is a finite positive number. In what follows, we choose R > 1 such that
21,

4.7) u ¢

[ S— < p—

(log(R))" 4

where c is the expansion factor in Equation (1.1)) (along the finite orbit F).
Take s > 0 such that

— s is smaller than the injectivity radius of M at y, for every y € F';

— the balls B(y; s), for y in F, are pairwise disjoint;

— CoR?s < c¢/4, where c is the expansion factor as above, and Cj is the constant appearing
below in the Taylor expansion (Equation (4.9)).

Then, define V and V' by
(4.8) V=JBs), V=] Bus/R).
yeF yel

By (@.3)) we have f(V') c V forevery f € T'(R).

If = belongs to V', we denote by m(z) the unique point of F at distance < s from z, and we
denote by w;, the unique vector in Ty (,) M such that exp, () (w;) = = and |w,|| = d(z, 7(z)).

First estimate.— For f in I'(R) and « € V', Taylor’s second order formula yields

(4.9) |d(f (@), f(m(2)) = | fulwa) || < CoN(f)d(z, m(x))?,
for some uniform constant C'y, that does not depend on f. This gives

d(f(x), F) | fe(wa)]
d(x, F) e

(4.10) < CoN(f)d(z, F).
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Now, using the Lipschitz estimate (.5) and the fact that |log(a) — log(b)| < N |a — b| when
a,be [N~!, N], we obtain

(4.11) ‘log (W) —log ('f*i}x|>>’ CoN(f)%d(z, F).

By the definition of I'( R) and the requirements on s, we get

d(f(x), F) I (wa) || > c
(4.12) J lo < —lo < CoRd(z, F) < —,
jeri | B\ dla 1y ) By )| ) S R <
because d(x, F) < s
Second estimate.— Now, for any f in I" we also have
d(f(x), F « (W
(4.13) log <(c%f((ac)}9’))> —log <|f]|z(u|)”>‘ < 2log(N(f))
hence Markov’s inequality and our choice of R give
d(f(x), F) | fe (w2 )| 2 c
4.14) j log ( —log | ———— || dv(f) < I, < -
jerce | %%\, ) )| )= togmp ™ = 3

Conclusion.— Summing the integrals over f in I'(R) and T'(R)®, we obtain

4.15) LEF log (W) “log (Hf*yf%u”>

Since w,, is a vector tangent to M at w(z) € F, the uniform expansion along F' yields

(4.16) Jlog (Hf*(wx)]) dv(f)=c

ws]
and then (4.15)) implies that
4.17) J— logd(f(z), F)dv(f) < —log(d(x, F)) — ¢/2.

In other words, u: x — —log(d(z, F)) satisfies Property {.1) (with A = —log(s)). Prop-
erty (4.2) is obtained from (4.5) and the moment condition. Thus, as announced above, u satis-
fies the assumptions of Theorem .1} and we are done. ([

c

The local uniformity of n, in Theorem [4.3]has the following interesting consequence.

Proposition 4.4. Under the assumptions of Theorem any stationary Radon measure on
MN\F has finite mass.

Proof. Let 1 be such a stationary measure. Fix & > 0, say ¢ = 1/2 and let K be as in Theo-
rem[4.3] The stationarity of x implies that for every n > 0,

(.18) W™ x 1) ({(g,2), gz € K}) = u(K),
hence for every borel set B ¢ M\ F,

@io) [ (g, gz e KD duta) < | 00 (Lo, g € K du(e) = ().
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Now if B is an arbitrary compact subset of M\F, the uniformity statement in Theorem
implies that there exists n = np such that for every z € B,

1
(4.20) ) ({g, gr e K}) = 5.
Plugging this into @.I9), we obtain u(B) < p(K). Since B is arbitrary, this implies that
w(M\F) < 2u(K) and we are done. O

4.3. Totally real invariant manifolds. We now consider a situation which is specific to the
complex setting.

Theorem 4.5. Let X be a compact complex manifold of dimension d. Let I" be a group of
holomorphic diffeomorphisms of X, endowed with a probability measure v satisfying (M)). Let
Y < X be a'-invariant, analytic, totally real submanifold of maximal (real) dimension d, such
that v is uniformly expanding on Y. Then for any x € X\Y and any ¢ > 0, there exists a
compact subset K € X\Y such that the conclusions (1) and (2) of Theorem hold.

The result also holds if Y admits finitely many singular points, under the stronger assumption
that v is finitely supported.

By “uniformly expanding along Y’ we mean that the restriction of I' to Y is uniformly ex-
panding viewed as an action on Y, or equivalently that the uniform expansion condition (|1.1]
holds in X for every x € Y'; the equivalence between the two conditions comes from the fact that
for every x € Y, the complex span of 7Y is 7, X. When Y is singular, we require that (I.1))
holds in X along Sing(Y").

Note also that this statement is specific to totally real submanifolds and holomorphic actions.
In other words, there is no analogue of Theoremd.I|when F is replaced by an arbitrary subman-
ifold: see Example [4.6 below.

Proof of Theorem .5\ when'Y is smooth. We suppose Y smooth and show that there exists n >
1 such that 2 — —log d(x,Y") defines a Margulis function (i.e. satisfies (@.I)) and @.2)) for v("").
Then, as explained before, [4] shows that and are automatically satisfied with n = 1.
As in Theorem . 1] Property follows from the invariance of Y and the bilipschitz property;
so we focus on (4.1).

For every « € Y there exists a local chart in which the equation of Y becomes Im(z) = 0,
where Im(2) = Im(z1,...,24) = (Im(21),...,Im(zq)) (see [2, Prop. 1.3.8 and 1.3.11]). We fix
a finite family ¢; : U; — C? of such charts, covering a neighborhood of Y. The charts being
bilipschitz, there exists an absolute constant D such thatif z € U, |log d(¢i(z), ¢;(Y)) — logd(z,Y)| <
D. Then from (2.7), replacing v by V(") we may assume that the uniform expansion holds for
n = 1 and the expansion constant c is bigger than 10D. This argument shows that it is enough
to prove uniform expansion for — log d(+,Y) in the charts to infer the same property on X.

Let dy, denote the euclidean distance in the i-th chart (pulled back by ¢;). In U;, write

¢i(x) =z = (21,...,24) and ¢;(Y) = {Im(z) = 0}. Let m(¢i(z)) = (Re(z1),...,Re(z4)) be
the projection of ¢;(x) on Y, so that

“4.2D) dy, (2,Y) = |di(x) = w(¢i(z))]| = [(Im(z1), .. ., Im(za)) | = [Im(di())]-
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AsbeforeletTI'(R) = {f e T'; N(f) < R}, where N(f) = HfHCQ—i—HfAHC%andﬁxf e '(R).
If « is sufficiently close to Y, then so does f(z), hence f(z) belongs to some chart U; and
working in this chart we get dy, (f(7),Y’) = [Im(¢;(f(z)))[. Applying Taylor’s formula to the
coordinate expression f of f, we obtain

65(f(@)) = F(6:())
Fr(@1(2))) + Ao, (@1(2) = 7(1(2))) + O (Ii() — m(@i(x))]?)

Now, observe that the vector d fw(qﬁi(x)) (¢i(x) — w(pi(x))) is purely imaginary because ¢;(x) —
7 (¢pi(x)) is purely imaginary and d fﬂ(@(x)) is real, since it preserves Y. Thus, taking imaginary
parts and using (4.21)) yields

dy, (f(x),Y)

(4.22) oY) |df () (vz)|‘ < CRdy,(z,Y),

where v, = ¢f (%), m(z) = ¢; '7(¢i(z)), and the constant C' depends only on

the charts. Arguing as in (4.11)), plugging in the bilipschitz estimate for the distance to Y, and
increasing C' if necessary we get

d(f(x),Y)

(4.23) ‘log (z,Y)

—10g | df x(a) (vx)}‘ < CR%d(z,Y) + 2D.

Finally, using the moment condition to deal with the contribution of I'\I'(R) as in Theorem [4.1]
we obtain

(4.24) f ‘ — log | dfr(z) (ve) || dv(f) < CR*d(x,Y) + 2D +

C
(log R)"’

and we conclude that log d (-, Y') is a Margulis function by first fixing a large R and then choosing
x sufficiently close to Y, as in Theorem {1} O

Proof of Theorem[{.5\when 'Y is singular. When Y has finitely many singularities there is a pri-
ori no control of the distortion of the charts near Sing(Y"), so the argument must be modified.

Fix o € X\Y and £ > 0. We seek a compact subset X' € X \Y such that the conclusions (1)
and (2) of Theoremd.3|are satisfied for K and x. Theorem-provides an open neighborhood
V1 of Sing(Y") such that these conclusions hold for K7 = V. Fix a neighborhood V{ of Sing(Y")
such that V/ < Vj; let V be a small neighborhood of Y and set V5 = V\V1 We will construct
a proper Margulis function u on X\(Y n V5). Then, Theorem [4.1] provides a compact set
Ky ¢ X\(Y n V3) such that (1) and (2) hold for K. Therefore the desired conclusions hold
for K := K n Ko, with 2¢ instead of €.

To construct the desired Margulis function on X\(Y n V3), we put

(4.25) u(z) = —‘log d(z,Y) forx e Vo
u(z) = min(uly,) — B for z ¢ Vs
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where B = sup {log N(f), f € Supp(v)}. Again, checking (4.2) is immediate, so we focus
on (4.1). Since w is constant outside V5, we have to show that for x € V5 sufficiently close to Y,

c
(4.26) L (—u(f(@)) + u(x) = log |dfa(w) (va] ) dv(f) = =3,
where c is the uniform expansion constant, and 7(x) and v, are as above. As in the smooth case,
the distortion between the distances in charts and the ambient distance is bounded on V5 by a

constant D = D(V43); we iterate to get ¢ > 10D. We split (4.26) into

4.27) J =f —l—f .
r {fel’, f(x)eVa}  J{fel, f(z)¢Va}

For the first integral we argue as in the smooth case to conclude that

(4.28) |—u(f(x)) + w(z) —log |dfp(z) (ve|| dv(f) < ¢/2

J{ferv f(l')evg}

when d(z,Y") is small enough. For the second integral we simply use the fact that if f(x) ¢ V5,
then u(z) — u(f(z)) = B so

4.29) | (~ulF @) + u(z) ~ log [df oy (ve]) do(f)
{fer, f(x)¢Va}
> | (B g |df (o) (o] ().
{fel’, f(z)¢Va}
and this last term is non-negative from our choice of B. The proof is complete. (]

Example 4.6. There exists a group T = {f, g) of diffeomorphisms of the 3-torus R3/Z3 and a
finitely supported measure v on I" with {Supp(v)) = T such that:

— T preserves Y := R?/Z? x {0},

— there exists a neighborhood U of Y on which the dynamics of (I',v) is uniformly ex-
panding;

— for every x € U and almost every trajectory w, f'(x) convergestoY'.

Proof. Let 0 < v < 1 and ¢ be a diffeomorphism of the circle R/Z, fixing 0, and conjugate to
t— ~yton|—1/4,1/4[c R/Z by a diffeomorphism ¢ :] — 1/4,1/4[— R such that ¢(0) =
0, p(t) = ton [—1/8,1/8], and p([—1/8,1/8]) = [—1/4,1/4]. Note that ¢)(t) = ~t on
[—1/8,1/8] and ) preserves [—1/4,1/4] (inducing a diffeomorphism of this interval). Pick
A, B € SL(2, Z) generating a non-elementary subgroup, and define two diffeomorphisms g and
h on R3/Z3 by

(430) g(:lf,y,z) = (A(l’,y) + (ClZ,CQZ),w(Z)) and h(l’,y,Z) = (B(I‘,y),?l)(Z))
We further assume that
(4.31) (c1,c2) # (0,0) and ~ is not an eigenvalue of A.

Let v be a probability measure supported on {g, h,g~ 1, h_l} such that 0 < v(g™!) < v(g)
and 0 < v(h™!) < v(h). Then there exists Qg =  of full vN-measure such that for every
p = (z,y,2) € R?/Z*x] — 1/4,1/4[, and w € Qq, f*(p) — Y. Indeed, writing f"*(p) =
(T, Yn, 2n ), We have:
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(1) z, €] —1/4,1/4] because v preserves | — 1/4,1/4];

(2) @(2z) = y2i=1%p(z), where (g,,) is a sequence of independent random variables with
P(e =1) = v(g)+v(h)and P(e = —1) = v(g~ 1) +v(h™1). Since, v(g~ 1) +v(h™1) <
v(g) + v(h), ¢(z,) converges almost surely to 0.

To conclude, we have to show that the dynamics of (T, v) is uniformly expanding in R?/Z? x]—
1/4,1/4. Indeed, if p € R?/Z%x] — 1/4,1/4] and w € Qy, there is n(w) such that f"(p) €
R2?/Z?x] —1/8,1/8[ for n = n(w). Now, in R?/Z%x] — 1/8, 1/8[ the dynamics is linear, and
the tangent action is generated by

C1 B
4.32) g= A (cz) and h = (ﬁ 3) .
0~

We claim that the linear action of (I, 7) on R? is uniformly expanding, where T' = (§, h) and
U is the measure naturally corresponding to v. Indeed, the action is uniformly expanding on
R? x {0} and if it were not uniformly expanding on R3, by Furstenberg-Kifer [34], there would
exist a T-invariant line transverse to R? x {0} along which the Lyapunov exponent would be
non-positive. But the hypotheses guarantee that such a line does not exist. From this, we
deduce that there exists ¢ > 0 (any constant smaller than the Lyapunov exponent of the random
product generated by A and B will do) such that for every p € R?/Z?x] — 1/4,1/4[, every unit
tangent vector v at p and almost every w, % log ||(fI)«v| = cif n is large enough. Applying
Lemma [2.3|finishes the proof. (]

5. AN ERGODIC-THEORETIC CRITERION FOR EXPANSION

5.1. Construction of stationary measures. Let M be a compact manifold endowed with a
riemannian metric; let 7' M denote its unit tangent bundle and 7w: 7'M — M be the canonical
projection. As in Section 2] if f is a diffeomorphism of M, we denote by f, its action on T M.
Let v be a probability measure on Diff* (M) satisfying the moment condition (M). We apply a
classical strategy to get the following theorem (see e.g. [22, Prop. 3.17], and [36, Lem. 3.3]).

Theorem 5.1. Assume that there exists an increasing sequence (ny,) € NN and a sequence of
unit tangent vectors (uy,) € (T M)N such that

i 1 n
5.1) lim — f log | feu /™ (£) = x.
k—00 N

Then, there exists a real number x = o, an ergodic v-stationary probability measure [i on
T'M, and a v-almost surely invariant sub-bundle V- T M such that the top Lyapunov expo-
nent of the projected measure |, := T, i in restriction to V is equal to x. Likewise, there exists
a real number x' < xo that satisfies the same property for some pair ({i', V).

Note that if /i is a probability measure on 7'M that is v-stationary for the tangent action,
then its projection p on M is v-stationary as well; and if /i is ergodic, so is . When x > 0, one
typically obtains V' = T M.
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Proof (see [22,[36]). Consider the sequence of measures /i, on 7'M defined by

ng—1

5.2) o= LS 0 g, - L[ S g0,
ng j=0 g ng j=0 ”f*uk?H

where 1) x §, . denotes the convolution for the action of Diff()/) on the unit tangent bundle.
Since T M is compaot and the [i;; are probability measures, we can extract a subsequence (still
denoted by /i, for simplicity) that converges weakly towards a probability measure ji,, on T M.
By construction, this measure is v-stationary.

The function Dil(f,u) := log | fxu| is continuous on Diff* (M) x T*M. For u € T'M the
chain rule gives

dv™N(w)

l N i . <"jJ>*u
nngl i (fuﬂ)*u‘

LeDifF(M ( nZlfDﬂ <g, ’|Z:u|> dV(j)UL)) dv(g)

If we apply this equation to n = nj and u = uy, the term between parentheses in the last integral
is equal to { Dil (g, u) dji;(u), so, letting k go to +00, we conclude that

[ ros 0z ulaw)

(5.3)

1 .
54 lim — f log | £tk |dv™) () = xo = f
k—00 N

o ... Pittg.w)dic(wiv o

Thus, there exists x = xo (resp. x < Xp) and an ergodic component /i of [i,, such that

(5.5) f J Dil(g, u)dji(u)dv(g) = x.
Difft (M) JT1 M

As observed above, u = m,ji is an ergodic v-stationary probability measure. Denote by fi .
the conditional measures obtained by disintegration of i with respect to the fibers of 7, that
is, i = (figdu(z). For p-almost every z, let V() be the linear span of Supp(/i(z)). Since
Supp(/t) is v-almost invariant and f, acts linearly along the fibers of 7'M, we infer that V' is a v-
almost invariant measurable sub-bundle. The Furstenberg formula asserts that the top Lyapunov
exponent of y in restriction to V' is equal to x. For completeness let us recall the argument: the
ergodic theorem shows that for (v x 1)-almost every (w, x) and fi,-almost every u € T} M,

56 lm Z DL (f5, (/1)) = fD,ﬁl(M)N [, D wditoaNe) - x

where as usual w = (fo, f1,...), f1 = fo, and fi = fj—10--- 0o fo. On the other hand the
Oseledets theorem asserts that for (1N x p1)-almost every (w, ), there exists a proper subspace
W (w,z) < V(z) such that for u ¢ W (w, ), log |(f)«u| converges to the top Lyapunov
exponent x* (1, V') of u in restriction to V. Thus by (3.6), xT (i, V) = x, and the proof is
complete. O
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5.2. Application I: positive exponent from cohomology. Fix a norm ||-|| on the cohomology
H*(M;R) = @;-, H*(M;R), and denote also by ||| the associated operator norm. As
usual we denote by f* the action of a diffeomorphism f on differential forms as well as on
H*(M;R). For every 0 < g < m, the probability measure v induces a random product of
matrices on H4(M; R), whose top Lyapunov exponent is by definition (see [10])

. 1 * n
57) Mgty = Ay (v) = Jim [ log |71 (p).

We define A« r) = maxXo<g<m Aga(m,r) and refer to this exponent as the top cohomo-
logical exponent of . By the moment condition this exponent is finite (see [19, §5.3]),
and since Diff (M) preserves the image of the integral cohomology H*(M;Z), it is also non-
negative.

Lemma 5.2. For every 1 < q < m, there exists a sequence of unit tangent vectors (u,) €
(T*M)N such that

1 1
3 3 J— (n) —
llTILnlnfn flog Hj*uanV (7) = q)\Hq(J\LR).

This follows directly from the definitions, once one fixes a family of closed g-forms ()1 <; <by(M)>
whose cohomology classes form a basis of H4(M; R). Hence Theorem |5.1|entails:

Corollary 5.3. Ifthe top cohomological exponent of v is positive there exists an ergodic station-
ary measure |, on M with a positive Lyapunov exponent.

Thus, for automorphisms of Kéhler surfaces, Proposition 5.2 of [19] gives:

Corollary 5.4. Let X be a compact Kdhler surface. Let v be a probability measure on Aut(X)
satisfying the moment condition (M)). IfT',, is non-elementary there exists a v-stationary measure
won X with a positive Lyapunov exponent.

5.3. Application II: Chung’s criterion. The following theorem, taken from [22, Prop 3.17],
plays an important role in this paper; a variant of this result appears in [12]. It is stated in [22]
for C2 actions on surfaces but it holds in greater generality. The proof follows directly from the
second assertion of Theorem 5,11

Theorem 5.5 (Chung). Let M be a compact manifold. Let v be a probability measure on
Diff! (M) that satisfies (M). If v is not uniformly expanding there exists an ergodic v-stationary
measure p on M and a p-measurable subbundle W < T'M such that

(a) 0 < dim(W) < dim(M);
(b) W is v-almost surely invariant;
(c) in restriction to W, the top Lyapunov exponent of . is non-positive.

Conversely, if such a pair (u, W) exists, then v is not uniformly expanding.

When M is a surface and v is supported by the group of diffeomorphisms preserving some
fixed area form the Lyapunov exponents of any ergodic stationary measure p satisfy A™(u) +
A7 (u) = 0. Thus, in Chung’s theorem, either A~ (u) = A" (u) = 0 and we can take W = T M
or \™ (1) < 0 < At (u) and W coincides with the stable line field provided by the Oseledets
theorem; thus, p is not hyperbolic or it is hyperbolic and its stable line field is non-random.
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Part 2. Non-elementary actions on complex surfaces

From now on we denote by X a compact complex surface, endowed with a group I' of holo-
morphic diffeomorphisms. Recall from [19] that if I" is non-elementary, then X is necessarily
projective and I' < Aut(X).

6. PRELIMINARIES

In this section we briefly recall some results from [20] (see also [14}[17]).

6.1. Parabolic automorphisms and their dynamics (see [20, §3]). Let i be a parabolic au-
tomorphism of a compact projective surface X (most of this discussion is valid for a compact
Kihler surface). Then, h preserves a genus 1 fibration 75, : X — B, and every h-invariant holo-
morphic (singular) foliation — in particular any invariant fibration — coincides with 7. Let hp
denote the automorphism of B such that

(6.1) moh=hpgom.

If X is not a torus there is a positive integer m such that h™ preserves every fiber of =, i.e.
h'g = idp. When hp = idp we say that h is a Halphen twist. The set of Halphen twists in a
given subgroup I' = Aut(X) is denoted by Hal(T").

Remark 6.1. If I is non-elementary and contains a Halphen twist (resp. a parabolic automor-
phism) &, then the conjugacy class of h in I' contains Halphen twists (resp. parabolic automor-
phisms) associated with infinitely many distinct invariant fibrations, as follows from [19, Lem
2.17].

Suppose now that h is a Halphen twist. Then, & acts by translation on every smooth fiber of
7 (see [19, Prop. 2.18]). To be more precise, denote by Crit(7) < B the finite set of critical
values of 7 and set B° = B\ Crit(7). Fix some simply connected open subset U < B°,
endowed with a section o of 7 and a continuous choice of basis for H;(X,,,Z). Each fiber
Xy = 7 Y(w), w € U, is an elliptic curve with zero o(w), and one can find a holomorphic
function 7 on U, with values in the upper half plane, such that X, is isomorphic to C/Lat(w)
for Lat(w) = Z @ Z7(w). On X, h is a translation h,,(z) = z + t(w), for some holomorphic
function w € U — t(w) € C/Lat(w). Moreover, Lemma [6.2(4) says that h behaves like
a “complex Dehn twist”, with a shearing property in the direction which is transversal to the
fibers; thus shearing (or twisting) occurs along X,, whenever ¢ and 7 are “transverse” at w (see
§ [0.1]for more details on the non-twisting locus).

The points w for which h,, is periodic are characterized by the relation t(w) € Q ® Q7 (w).
If

(6.2) t(w) — (o + Br(w)) e R+ (p+ q7(w))

for some (c, 3) € Q? and (p, q) € Z2, the closure of Zt(w) in C/Lat(w) is an abelian Lie group
of dimension 1, isomorphic to Z/kZ x R/Z for some k > 0; then, the closure of each orbit of
h., is a union of £ circles. This occurs along a countable union of analytic curves Rﬁf cU.
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Otherwise, the orbits of h,, are dense in X,,, and the unique h,, invariant probability measure is
the Haar measure on X,,.

The following lemma summarizes this discussion.

Lemma 6.2. Let h be a Halphen twist with invariant fibration w : X — B. Then,

(1) h acts by translation on each fiber X,, = ﬂfl(w), w € B°;
(2) for w in a dense countable subset of B®, the orbits of h,, are finite;
(3) there is a dense, countable union of analytic curves R in B°, such that:
(a) forw ¢ | ; R, the action of h in the fiber X,, is a totally irrational translation (it is
uniquely ergodic, and its orbits are dense in X,,);
(b) forw e Uj R the orbits of h,, are either finite or dense in a finite union of circles;
(4) there is a finite subset NT}, such that for x ¢ == (NT},)

lim | Dyh™| — +0
n— =400

locally uniformly in x; more precisely for every v € Ty X\T;y Xp(y, | Dzh"(v)| grows lin-
early while 27,(D,h™(v)) converges to 0.

If moreover h preserves a totally real 2-dimensional real analytic subset Y < X, then:

(5) the generic fibers of ©|y are union of circles, there exists an integer m such that h™ pre-
serves each of these circles, and h™ is uniquely ergodic along each of these circles, except
for countably many fibers.

Property (4) is the above mentioned twisting property of h. Property (5) occurs, for instance,
when X and h are defined over R and Y = X (R) is the real part of X. There are also examples
of subgroups I' = Aut(X) preserving a totally real surface Y < X which is not the real part of
X for any real structure, see [20, §9]).

6.2. Classification of invariant measures. Recall from Example that if X is a torus, a K3
surface, or an Enriques surface it admits a canonical Aut(X )-invariant volume form volx. The
associated probability measure will also be denoted by volx. Such an area form exists also on
any totally real surface, by virtue of the following lemma.

Lemma 6.3 (see [20, Remark 2.3]). Let X be an Abelian surface, or a K3 surface, or an En-
riques surface with universal cover X. Let Y < X be a totally real surface of class C*, and
Aut(X;Y) be the subgroup of Aut(X ) preserving Y. If Y is totally real, the canonical holomor-
phic 2-form Qx (resp. Q) induces a smooth Aut(X;Y')-invariant probability measure voly
onY.

Theorem 6.4 (see [20, Thm A]). Let X be a projective surface. Let I' be a non-elementary
subgroup of Aut(X) containing a parabolic element. Let 11 be a T'-invariant ergodic probability
measure on X. Then, u satisfies exactly one of the following properties.

(a) w is the average on a finite orbit of T';
(b) w is non-atomic and supported on a U'-invariant algebraic curve D < X;
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(¢c) there is a U'-invariant proper algebraic subset Z of X, and a I'-invariant, totally real an-
alytic surface Y of X\Z such that (1) u(Y) = 1 and i(Z) = 0; (2) Y has finitely many
irreducible components; (3) the singular locus of Y is locally finite in X\Z; (4) p is ab-
solutely continuous with respect to the Lebesgue measure on Y ; and (5) its density (with
respect to any real analytic area form on the regular part of Y') is real analytic;

(d) there is a T-invariant proper algebraic subset Z of X such that (1) u(Z) = 0, (2) the
support of i is equal to X; (3) p is absolutely continuous with respect to the Lebesgue
measure on X ; and (4) the density of u with respect to any real analytic volume form on X
is real analytic on X\Z.

If X is not a rational surface, then in case (c) (resp. (d)) we can further conclude that the
invariant measure is proportional to voly (resp. volx ).

6.3. Invariant curves. By [19, Lem. 2.13], any action of a non-elementary group I" on a pro-
jective surface X admits a maximal invariant curve Dy, which can be easily detected from the
action of I on H?(X,Z) since it corresponds to an invariant class. Bounds on the degrees of
such invariant curves in terms of the action are given in [[18, §3]. If in addition I' contains a
parabolic element, Dr is the set of common components of the singular fibers of all elliptic
fibrations associated to parabolic elements in I" (see [20, §4.1]).

7. HYPERBOLICITY OF INVARIANT MEASURES

Here, X is a compact Kéhler surface. We fix a Kéhler form k¢ on X'; norms of tangent vectors
and differentials will be computed with respect to it.

7.1. Ledrappier’s invariance principle and invariant measures on P7X". In this paragraph
we collect some preliminary results for the proof of Theorems [I.3]and Our presentation is
inspired by [3]]. It is similar in spirit to that of [46], which relies on the “pinching and twisting”
formalism of Avila and Viana (see [49] for an introductiorﬂ). Most of this discussion is valid
for a random holomorphic dynamical system on an arbitrary complex surface (not necessarily
compact), satisfying (M.

We denote by PT' X the projectivized tangent bundle of X; if f is an automorphism of X, we
denote by P(D f) the induced action on P7T'X.

Let v be a probability measure on Aut(X) that satisfies the moment condition (M). We endow
Q := Aut(X)N (resp. ¥ := Aut(X)?%) with the probability measure v (resp. v%), and set
Xi = Qx X (resp. X = Q x X); o will denote the shift (on 2 or ). For w = (f;)i=0 € 2, we
keep the notation f! from § Then, we define Fy : X, — Xy by F\ (w,2) = (o(w), fL(2));
F: X — X is defined by the same formula. For further standard notations, we refer to [[19, §7].

Let 1 be an ergodic v-stationary measure on X. We introduce the projectivized tangent bun-
dlesPTX, = QxPT'X and PT'X = ¥ x PT'X. The bundles T'X and PT' X admit measurable
trivializations over a set of full measure. Consider any probability measure i on PT'X that is
stationary under the random dynamical system induced by (X, v) on PT'X and whose projec-
tion on X coincides with u, i.e. m«ft = w where m: PT' X — X is the natural projection.

3Beware that the word “twisting” has a different meaning there.
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Such measures always exist: indeed the set of probability measures on P7T' X projecting to p is
compact and convex, and it is non-empty since it contains the measures Sé[v(m)] du(z) for any
measurable section z +— [v(z)] of PT'X. Thus, the operator { P(D f) dv(f) has a fixed point on
that set. The stationarity of /i is equivalent to the invariance of ™Y x /i under the transformation
Fi: Qx PTX — Q x PTX defined by

(7.1) Fi(w,z,[v]) = (0(w), f1(2), P(Do f1)[v])

for any non-zero tangent vector v € 1, X. We denote by /i, the family of probability measures
on the fibers P71, X of 7w given by the disintegration of /i with respect to . The conditional
measures of ™ x /i with respect to the projection PT X, — X are given by floz = N X iy

Remark 7.1. Even when p is I -invariant, this construction only provides a stationary measure
on PT X. This is exactly what happens for non-elementary subgroups with a parabolic automor-
phism: indeed, we will show in § that projectively invariant measures do not exist in this
case.

The tangent action of our random dynamical system gives rise to a stationary product of
matrices in GL(2, C). To see this, fix a measurable trivialization P: TX — X x C2, given by
linear isomorphisms P, : T, X — C?. It conjugates the action of DF. to that of a linear cocycle
A: X, x C* - X, x C%over (X, F,,vN x p). In this context, Ledrappier establishes in
[40] the following “invariance principle”.

Theorem 7.2. If A\~ (1) = A" (w), then for any stationary measure ji on PT X projecting to pu,
we have P(Dy f)ufie = fLf(z) for p-almost every x and v-almost every f.

The second ingredient in the proof of Theorem [I.3]is a description of such projectively in-
variant measures; this is where we follow [3]]. To explain this result a bit of notation is required.
Let V and W be hermitian vector spaces of dimension 2; we fix two isometric isomorphisms
ty: V — C?and vy : W — C? to the standard hermitian space C2, and we endow the projec-
tive lines P(V') and P(W) with their respective Fubini-Study metrics. If g: V' — W is a linear
isomorphism, we set

(7.2) [9] = [P(9)llcn
where P(g): P(V') — P(W) is the projective linear map induced by g and || -1 is the maximum
of the norms of D.P(g): T.P(V) — Tp(g)-)P(W) with respect to the Fubini-Study metrics.
If tyy o g © L‘_/l = kyaks is the KAK decomposition of ¢y o g o L‘_/l in PSL(2,C), we get
o] = la|* = |low o go L(,lHQWhere || is the matrix norm in PSLy(C) = SLy(C)/{zxid)
associated to the Hermitian norm of C2. In particular,

(a) [g] = 1if and only if P(g) is an isometry from P(V') to P(W);

(b) for a sequence (g,) of linear maps V' — W, [g,] tends to +co0 with n if and only if

P(uw o g o u};') diverges to infinity in PSLy(C).

If f is an automorphism of X and z is a point of X, then o endows T, X and T'y(,) X with
hermitian structures, and we can apply this discussion to Dy f: T; X — Ty,)X. We are now
ready to state the classification of projectively invariant measures.
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Theorem 7.3. Let (X, v) be a random dynamical system on a complex surface and let p be
an ergodic stationary measure. Let [i be a stationary measure on PT' X such that m,fi = p
and P(Dy f)afiz = [1 f(a) Jor p-almost every x and v-almost every f. Then, exactly one of the
following two properties is satisfied:

(1) For (vN x p)-almost every (w, x), the sequence [ D, f"] is unbounded and then:

(1.a) either there exists a measurable T,-invariant family of lines E(x) < T,X such that
fiz = O[p(x)) for p-almost every x;

(1.b) or there exists a measurable T',,-invariant family of pairs of lines E1(x), Es(z) € T, X
and positive numbers A1, Ay with A1 + Ay = 1 such that i, = MO[g, (z)] + A20[E,(a)]
for p-almost every .

(2) The projectivized tangent action of I, is reducible to a compact group, that is there ex-
ists a measurable trivialization of the tangent bundle (P, : T, X — CQ)mEX, such that
for almostevery f € T',, and every x, P (Pf(z) oD,fo Pl?l) belongs to the unitary group
PUy(C).

In assertion (1.b), the pair is not ordered: there is no natural distinction of E; and FE», the
elements of '), may a priori permute these lines. The proof is obtained by adapting the arguments
of [3]] to the complex case; the details are given in §[7.4]

7.2. Proof of Theorem [I.3} By Theorem [6.4] 1 is either equivalent to the Lebesgue measure
on X, or to the 2-dimensional Lebesgue measure on some components of an invariant totally
real surface Y < X.

7.2.1. Proof of the hyperbolicity of . Let us assume, by way of contradiction, that p is not
hyperbolic. Hence its Lyapunov exponents vanish, and by Theorem [7.2] and Theorem there
is a measurable set X’ < X with u(X’) = 1 such that one of the following properties is satisfied
along X

(a) there is a measurable I, -invariant line field E(z);

(b) there exists a measurable I',-invariant splitting F'(z) @ E’(z) = T,X of the tangent
bundle; here, the invariance should be taken in the following weak sense: an element f
of ', maps E(x) to E(f(x)) or E'(f(x));

(c) there exists a measurable trivialization P,: T, X — C? such that in the corresponding
coordinates the projectivized differential P(D f,,) takes its values in PU2(C) for all f €
I', and p-almost all z € X',

Fix a small £ > 0. By Lusin’s theorem, there is a compact set K. with ;(K.) > 1 — £ such
that the data = — E(x), or x — (E(z), E'(z)) or x — P, in the respective cases (a), (b), and
(c) are continuous on K.. In particular, in case (c), the norms of P, and P, 1 are bounded by
some uniform constant C'(¢) on K; hence, if g € I, and x and g(z) belong to K, [Dg,] is
bounded by C/(¢).

Fix a pair of parabolic elements g and / € I, with distinct invariant fibrations 7,: X — B,
and 7, : X — By, respectively (see Remark [6.1). These two fibrations are tangent along some
curve Tang(mg, mp) in X.
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e In a first stage we assume that X is not a torus. According to Section[6.] there is an integer
N > 0 such that " and k" preserve every fiber of their respective invariant fibrations. From
now on, we replace g by ¢" and h by AV,

First assume that p is absolutely continuous with respect to the Lebesgue measure on X,
with a positive real analytic density on the complement of some invariant, proper, Zariski closed
subset. We apply Lemma to h and remark that (7, ). can not charge the union of the curves
R;. Then, we disintegrate ;1 with respect to 7, to obtain conditional measures (i, for b € By,
since 7, is holomorphic, the measures iy, are absolutely continuous with respect to the Haar
measure on almost every fiber 7, ' (b). By Lemma there exists a fiber 7}, (b) such that (1)
the Haar measure of K. N wgl(b) is positive, (2) b ¢ NT}, and (3) the dynamics of A in F;l(b)
is uniquely ergodic. These properties hold for b = 7,(z), for u-almost all z in K. Then we can
pick x € m; (b) such that (h*(z))x0 visits K. infinitely many times (ﬂ) The fifth assertion
of Lemma rules out case (c) because the twisting property implies that the projectivized
derivative [Dh”] tends to infinity, while it should be bounded by C(g)? when h"(z) € K..
Case (b) is also excluded: under the action of A", tangent vectors projectively converge to the
tangent space of the fibers, so the only possible invariant subspace of dimension 1 is ker(Dmp,).
Thus we are in case (a) and moreover E(z) = ker D,y for py-almost every x. But then, using g
instead of % and the fact that i« does not charge the curve Tang(my, 7p,), we get a contradiction.
This shows that the last alternative (a) does not hold either, and this contradiction proves that p
is hyperbolic.

If p is supported by a 2-dimensional real analytic subset Y < X, the same proof applies,
except that we disintegrate u along the singular foliation of Y by circles induced by 75, and we
use the fact that a generic leaf is a circle along which  is uniquely ergodic (see Lemmal6.2}(4)).

o If X is a torus its tangent bundle is trivial and the differential of an automorphism is con-
stant. In an appropriate basis, the differential of a Halphen twist h is of the form

1 « .
(7.3) <0 1) with o # 0.

Thus we are in case (a) with F(z) = ker D, for u-almost every x. Using another twist g
transverse to i we get a contradiction as before.

7.2.2. Proof of the positivity of the fiber entropy. This follows from classical arguments. Since
p is invariant the measure m = vZ x p on X is F-invariant. In both cases 4 « voly and
1 < voly, respectively. the absolute continuity of the foliation by local Pesin unstable manifolds
implies that the unstable conditionals of m cannot be atomic, see e.g. [41]]. Since the unstable
conditionals of a zero entropy stationary measure are automatically atomic (see [19, Cor. 7.15]),
we conclude that i has positive fiber entropy.

This concludes the proof of Theorem [I.3] O

7.3. A variant of Theorem[1.3] Let us first recall the definition of classical Kummer examples
(see [18] §4] for a thorough treatment)). Let A = C2/A be a complex torus and let 77 be the
involution given by 7(z1, z2) = (—z1, —22); it has 16 fixed points. Then A/{n) is a surface with

“#Note that we use the invariance of 1 here, not mere v-stationarity.
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16 singular points, and resolving these singularities (each of them requires a single blow-up)
yields a Kummer surface X. Let f4 be a loxodromic automorphism of A which is induced by
a linear transformation of C? preserving A; then f4 commutes to 7 and goes down to an auto-
morphism f of X; such automorphisms will be referred to as loxodromic, classical, Kummer
examples. They preserve the canonical volume volx. The Kummer surface X also supports
automorphisms which do not come from automorphisms of A (see [37]] and [24] for instance).

In the following statement we do not assume that I',, contains a parabolic element (the ap-
proach is similar to that of [19, Thm 11.4]).

Theorem 7.4. Let (X, v) be a non-elementary random dynamical system on a Kummer K3 sur-
face satisfying and such that T, contains a loxodromic classical Kummer example. Then
any ergodic I, -invariant measure giving no mass to proper Zariski closed subsets of X is hy-
perbolic.

Proof. The proof is similar to that of Theorem|[I.3]so we only sketch it. Assume by contradiction
that p is not hyperbolic; since X is a K3 surface, the volume invariance shows that the sum of
the Lyapunov exponents of p vanishes (see [[19, §7.3]); thus, each of them is equal to 0, and one
of the alternatives of Theorem [7.3|holds, referred to as (a), (b), (c) as in Section page[29]

By assumption, I, contains a loxodromic, classical Kummer example f associated to a lin-
ear automorphism f4 of a torus A. This automorphism f is uniformly hyperbolic in some
dense Zariski open subset U, which is thus of full u-measure: its complement is given by the
sixteen rational curves coming from the resolution of the singularities of A/n. We denote by
z — EY(z) @ E}(z) the associated splitting of 7X |¢. The line field EY (resp. E%) is every-
where tangent to an f-invariant (singular) holomorphic foliation F* (resp. F°) coming from
the f4 invariant linear unstable (resp. stable) foliation on A. Since f is uniformly expand-
ing/contracting on E?/ ®, Alternative (c) is not possible.

If Alternative (a) holds, then F/(x) being f-invariant on a set of full measure, it must coincide
with ' or £}, say with E. By continuity any g € I', preserves Ef pointwise on Supp(p).
Since in addition p is Zariski diffuse, g preserves E}‘ everywhere on X, so it preserves also
the unstable holomorphic foliation F*. From this, we shall contradict the fact that I',, is non-
elementary. We use a dynamical argument, based on basic constructions which are surveyed
in [17]; one can also derive a contradiction from [21]].

Every leaf of F*, except a finite number of them, is parametrized by an injective entire holo-
morphic curve p: C — X, the image of which is Zariski dense. Fix a Kéhler form x on X and
consider the positive currents defined by

R -1 R
(7.4) a— J J @*ﬁﬁ J j gp*a@
0 Jp(0:) t 0 Jo(o;) t

for any smooth (1, 1)-form . As R goes to +0, it is known that this sequence of currents
converges to a closed positive current ij that does not depend on the parametrization ¢ of the
leaf, nor on the leaf itself (provided the leaf is Zariski dense). This current is uniquely determined
by F* and the normalization (T f+ |k) = 1. Dynamically, it is the unique closed positive current
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T}’ that satisfies <T]f|f<c> = land f *T; = Af )T];|r for some A(f) > 1. Its cohomology class
[T]ﬂ is a non-zero element of H''(X; R) of self-intersection 0.

Now, pick any element g of I',. Since g preserves F*, it permutes its leaces and preserves
the ray R4 [T]. Thus, ', preserves an isotropic line for the intersection form in /! (X; R),
and this contradicts the non-elementarity assumption (see [19, §2.3]).

Finally, if alternative (b) holds, any g € I, preserves { E'¢(x), E'}(z)} on a set of full measure
so, since p is Zariski diffuse, it must either preserve or swap these directions. Passing to an
index 2 subgroup both directions are preserved, and we again contradict the non-elementary
assumption, as in case (a). (]

7.4. Proof of Theorem Let us consider a random dynamical system (X, /) and an ergodic
stationary measure j, as in Theorem [7.3] We keep the notation from In particular, we fix
a Kéhler form k¢ on X and compute norms with respect to it.

We say that a sequence of real numbers (uy,),>0 almost converges towards +oo if for every
K e R, theset Lg = {n € N ; u, < K} has an asymptotic lower density

(7.5) dens(Lg) := %Il}fg <W)

which is equal to 0: dens(Lg ) = 0 for all K.

Lemma 7.5. The set of points x = (w,x) in X4 such that [D, f1] almost converges towards
+00 on P(T, M) is Fy-invariant. In particular, by ergodicity,

(a) either [ D, f7] almost converges towards +o for (VN x p)-almost every (w,x);
(b) or, for (VN x p)-almost every (w, x), there is a sequence (n;) with positive lower density
along which [ D, f1*] is bounded.

The proof is straightforward and left to the reader (see [3]). We are now ready for the proof
of Theorem Let us first emphasize one delicate issue: in Conclusion (1) of the theorem,
it is important that the directions F (resp. F; and FE5) only depend on x € X (and not on
x = (z,w) € X}). Likewise in Conclusion (2), the trivialization P, should depend only on
x. This justifies the inclusion of a detailed proof of Theorem [7.3] since in the slightly different
setting of [3]], the authors did not have to check this property.

We fix a measurable trivialization P: TX — X x C2, given by linear isometries P, : T, X —
C?2, where T, X is endowed with the hermitian form (ko)z» and C? with its standard hermitian
form. This trivialization conjugates the action of DF, to that of a cocycle A: X, x C? —
X, x C? over F.. We denote by A,: {x} x C?> — {F,(x)} x C? the induced linear map;
since Ay = Pr1 ;)0 (DfL), o P, 1, we see that A, = A(u,z) depends only on z and on the first
coordinate f. = fy of w. Using P we transport the measure i to a measure, still denoted by i,
on the product space X x P'(C). By our invariance assumption, its disintegrations ji, = i
satisfy (PAy)sflx = fip, (x) = ff1(2)-

The essentially bounded case.— In this paragraph we show that in case (b) of Lemma
Conclusion (2) of Theorem[7.3]holds. We streamline the argument of [3, Prop. 4.7] which deals
with the more general case of GL(d, R)-cocycles (see also [}, 51]]).
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Set G = PGL(2, C), and define the G-extension 171 of L on Xy x G by

(7.6) ﬁ+(ng) = (F+(X)>]P)(Ax)g) = ((U(w)a f:)(x))vp(A(w,x))g)

for every x = (w, ) in X4 and g in G; thus F is given by F,, on X, and is the multiplication
by P(Ay) on G. Since P(A, ;) depends on w only through its first coordinate, F, is the skew
product map associated to the random dynamical system (f(z), Ps1(5) o (D e o P71) on
X x G. Denote by P the convolution operator associated to this random dynamical system. Let
Prob, (X x @) be the set of probability measures on X x G projecting to x under the natural
map X x G — X. Since y is stationary, P maps Prob, (X x G) to itself.

By assumption there is a set E of positive measure in Xy, a compact subset K of GG, and a
positive real number ¢ such that

1.7 dens {n . P(AM) € KG} >
forall x in E.

Lemma 7.6. There exists an ergodic, stationary, Borel probability measure [ic on X x G with
marginal measure pon X.

Proof. (See [3l Prop. 4.13] for details). Let ji be any cluster value of the sequence of probabil-
ity measures % Zf\i _01 P(11 x 81, ). By the boundedness assumption, fi; has mass M > ¢ (the
possible escape of mass to o0 in G is not total) and is stationary (i.e. P-invariant). Its projection
on the first factor is equal to M p. We renormalize it to get a probability measure. Then, using
the ergodic decomposition and the ergodicity of 1, we may replace it by an ergodic stationary
measure in Prob, (X x G). O

Denote by g = vN x Jig the F', -invariant measure associated to lig. The action of F. on
X, x G (resp. of the induced random dynamical system on X x () commutes to the action of
G by right multiplication, i.e. to the diffeomorphisms R, defined by

(7.8) Rp(x,9) = (x,gh)

for h € G. Slightly abusing notation we also denote by Ry, the analogous map on X x (. The
next lemma combines classical arguments due to Furstenberg and Zimmer.

Lemma 7.7. Let i be a Borel stationary measure on X x G with marginal ;s on X. Set
H ={heG; (Ru)fic = fic} = {heG; (Rp).ma = ma}.

Then H is a compact subgroup of G and there is a measurable function Q: X — G such that
the cocycle B, = Q;ll(z) ‘P(A,) - Qg takes its values in H for (VN x p)-almost every x.

Proof. Clearly, H is a closed subgroup of G. If H were not bounded then, given any compact
subset C' of G, we could find a sequence (h,,) of elements of H such that the subsets Ry, (C)
are pairwise disjoint. Choosing C such that X x C has positive Jig-measure, we would get a
contradiction with the finiteness of fi. So H is a compact subgroup of G.



HYPERBOLICITY FOR AUTOMORPHISM GROUPS OF SURFACES 34

We say that a point (x, g) in X x G is generic if for " -almost every w,

1 V=1 . N
(7.9) N nZ::O © (F+ (w,$,g)) ]\:O J/’\qxc » dmg
for every compactly supported continuous function ¢ on X x GG. The Birkhoff ergodic theorem
provides a Borel set £ of generic points of full fig-measure. Now if (x, g1) and (z, g2) belong
to £, writing go = g1h = Rp(g1) for h = gl_lgg, we get that h is an element of H.

Given g € G, define £, < G to be the set of elements g € G such that (z, g) is generic.
Then there exists a measurable section X 3 x — (), € G such that ), € &, for almost all x.
By definition of &;, (w, x, Q) satisfies for /N -almost every w. The F -invariance of the
set of Birkhoff generic points implies that (fL(z), P(A,)Q.) belongs to & for v-almost every
fo = fL. Since (f1(z), Q71 () belongs to & as well, it follows that ij;(m)IP’(AX)Qx isin H.
We conclude that the cocycle B, = Q;}Jl(m) -P(Ay) - Q takes its values in H for almost all x,
as claimed. (]

Note that the map = — @, lifts to a measurable map = — @/, € GLy(C). Conjugating H to
a subgroup of PUs by some element gg € G, the two previous lemmas give: if [D, f] is es-
sentially bounded, then Conclusion (2) of Theorem[7.3holds (the P, are obtained by composing
the Q. with a lift of gg to GLy(C)).

The unbounded case. — Now, we suppose that [D,, f] is essentially unbounded (alternative
(a) of Lemma and we adapt the results of [3 §4.1] to the complex setting to arrive at one
of the Conclusions (1.a) or (1.b) of Theorem The main step of the proof is the following
lemma.

Lemma 7.8. Let A be a measurable GL(2, C)-cocycle over (Xy, Fy,vN x p) admitting a
projectively invariant family of probability measures (fiz),.y Such that almost surely [[Aﬁfn)ﬂ
almost converges to infinity. Then for almost every x, [i,, possesses an atom of mass at least 1/2;
more precisely:

— either [i, has a unique atom [w(x)] of mass > 1/2, that depends measurably on x € X;
— or [i; has a unique pair of atoms of mass 1/2, and this (unordered) pair depends mea-
surably on xr € X.

For the moment, we take this result for granted and proceed with the proof. By ergodicity of
1, the number of atoms of fi, and the list of their masses are constant on a set of full measure.
A first possibility is that /i, is almost surely the single point mass d[,,(,)); this corresponds to
(1.a). A second possibility is that /i, is the sum of two point masses of mass 1/2; this corresponds
to (1.b). In the remaining cases, there is exactly one atom of mass 1/2 < « < 1 ata point [w(x)].
Changing the trivialization P, we can suppose that [w(z)] = [w] = [1 : 0]. Then we write
flz = Q0]+ fil., and apply Lemmato the family of measures i/, (after normalization to get
a probability measure). We deduce that almost surely /i, admits an atom of mass > (1 — «)/2.
Two cases may occur:

— [, has a unique atom of mass 3 > (1 — «)/2,
— fil, has two atoms of mass (1 — «)/2.
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The second one is impossible, because changing the trivialization, we would have i, = adpy.0)+
15%(8-1.1) + 0[1:17), and the invariance of the finite set {[1 : 0], [—1 : 1],[1 : 1]} would imply
that the cocycle IP( A, ) stays in a finite subgroup of PGL(C), contradicting the unboundedness
assumption.

If i/, has a unique atom of mass 3 > (1 — «)/2, we change P, to put it at [0 : 1] (the
trivialization P, is not an isometry anymore). We repeat the argument with fi, = adp.q] +
Boro:1) + pl.If B =1—a,ie. iy = 0, then we are done. Otherwise /i, has one or two atoms
of mass v = (1 — a — f3)/2, and we change P, to assume that one of them is [1 : 1] and the
second one —provided it exists— is [7(x) : 1]; here, z — 7(x) is a complex valued measurable
function. Endow the projective line P*(C) with the coordinate [z : 1]; then P(A,) is of the form
z +— a(x)z. Since P(Ay) ({1,7(2)}) = ({1, 7(F}+(x))}), we infer that:

— either a(x)1 = 1 and P(A,) is the identity;
— ora(x)1 = 7(mx(F; (x))) and a(x)7(x) = 1 in which case 7(7x (F. (x))) = 7(x) "L

Thus we see that along the orbit of x, a(F}(x)) takes at most two values (7 x (F(x)))*!, and
HAE(")]] is bounded, which is contradictory. This concludes the proof. ]

Proof of Lemmal[7.8} Let r and € be small positive real numbers. Let Prob,..(P!(C)) be the
set of probability measures m on P!(C) such that sup,cp1 m(B(z,7)) < 1/2 — &, where the
ball is with respect to some fixed Fubini-Study metric. This is a compact subset of the space of
probability measures on P'. The set

(7.10) Gye = {7 € PGL(2,C), 3my,ms € Prob,.(P'(C)), vam1 = my}

is a bounded subset of PGL(2, C). Indeed otherwise there would be an unbounded sequence
Yn together with sequences (m1,) and (my,) in Prob,.(P'(C)) such that (yn)«mi, =
mg,n. Denote by v, = kpa,k,, the KAK decomposition of 7, in PGL(2, C), with k,, and
k!, two isometries for the Fubini-Study metric; since 7, is unbounded, we can extract a sub-
sequence such that the measures (k/,)«m1, and (k,1)sma,, converge in Prob, .(P!(C)) to
two measures m; and me, while the diagonal transformations a,, converge locally uniformly on
P(C)\ {[0 : 1]} to the constant map 7y : P*(C)\ {[0 : 1]} — {[1 : 0]}. Then

(7.11) Yo (maprcypqoagy) = ma(PHCN{[0 = 1]})da < ma;
since m belongs to Prob,. . (P1(C)), m1 (P (C)\ {[0 : 1]}) = 1/2+¢, hence ma > (1/2+¢)dq,
in contradiction with ms € Prob,. . (P!(C)). This proves that G, is bounded.

To prove the lemma, let us consider the ergodic dynamical system PDF,, and the family of
conditional probability measures fi, for the projection (w,z,v) — x = (w,x). If there exist
r,& > 0 such that f1, belongs to Prob,. .(P!(C)) for x in some positive measure subset B then,
by ergodicity, for almost every x € X, there exists a set of integers L(x) of positive density
such that for n € L(x), F}(x) belongs to B, hence A belongs to G, . . From the above
claim we deduce that [[AE(”)]] is uniformly bounded for n € L(x), a contradiction. Therefore

SWe are slightly abusing here when the Fubini-Study metric depends on z, for instance when P, is not an isom-

etry; however restricting to subsets of large positive measure the metric (Py)«(%0)¢ is uniformly comparable to a
fixed Fubini-Study metric.
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for every r,e > 0, the measure of {X, fly € Probr’g(IP’l(C))} is equal to 0; it follows that for
almost every x, [i, possesses an atom of mass at least 1/2.

If there is a unique atom of mass > 1/2, this atom determines a measurable map x +—
[w(x)] € PT, X since fi, does not depend on w, [w(x)] depends only on x, not on w. If there
are generically two atoms of mass > 1/2, then both of them has mass 1/2, and the pair of points
determined by these atoms depends only on x. U

8. CHARACTERIZATION OF UNIFORM EXPANSION

In this section we build on the previous results, in conjunction with the measure rigidity
results from our previous work [[19], to find sufficient conditions for as well as obstructions to
uniform expansion for a non-elementary action on a compact complex surface.

8.1. Proof of Theorem [1.5] and related results.

8.1.1. Applying Chung’s criterion.

Definition 8.1. Let v be a probability measure on Aut(X). A v-stationary measure p on X is
said non-expanding if every ergodic component y’ of y satisfies:

(i) either both Lyapunov exponents of y are non-positive,
(ii) or i is hyperbolic and its field of Oseledets stable directions is non-random.

Theorem [5.5]asserts that the existence of non-expanding v-stationary measures is the obstruc-
tion to uniform expansion of v:

Corollary 8.2 (of Theorem [5.5). Let X be a compact complex surface and v be a probability
measure on the group Aut(X), satisfying the moment condition (M). Then v is uniformly ex-
panding if and only if non-expanding v-stationary measures do not exist, hence if and only if
every ergodic v-stationary measure [ on X satisfies one of the following properties:

— W has a positive Lyapunov exponent and its stable distribution depends non-trivially on
the itinerary;
— the two Lyapunov exponents of  are strictly positive.

8.1.2. Groups with invariant curves.

Proposition 8.3. Let X be a compact complex surface. Let I" be a subgroup of Aut(X) that
preserves a complex curve C < X. If v is a probability measure on I satisfying (M), then v is
not uniformly expanding.

Remark 8.4. We leave the reader check that the proof adapts to the real case in the following
sense: if X, I" and C are defined over R and C'(R) is of dimension 1 (that is, neither empty nor
a finite set), then v is not uniformly expanding in restriction to C'(R)).

Lemma 8.5. Let C be a compact Riemann surface. Then, Aut(C') does not support any uni-
formly expanding probability measure.



HYPERBOLICITY FOR AUTOMORPHISM GROUPS OF SURFACES 37

Proof. Let k be a Kihler form on C that satisfies SC k = 1. For every f € Aut(C), SO ffr =
1= |D.f|*x = 1, so by the Jensen inequality Sclog||Deflk < 0. Now, if v is any
probability measure on Aut(C), then

|| toginaslansy <o
c Jauw(o)
hence Property cannot be satisfied by v (for any ng > 1). O

Note that the same argument applies to conformal diffeomorphisms, in particular for Diff!(S1).
Lemma [8.5] and Remark [2.1] imply Proposition [8.3] when C' is smooth; we now prove Proposi-
tion [8.3]in full generality.

Proof of Proposition[8.3] Arguing by contradiction, we assume that v is uniformly expanding.
Let Iy < T be the finite index subgroup fixing each component of C, and each of its branches
at each of its singular points; let 1 be the hitting measure on I'; associated to v/("), where ng is
as in Equation (2.6). By Proposition[3.2] v, is uniformly expanding, so by replacing v by v and
C by one of its components we assume now that C' is irreducible and all branches at its singular
points are fixed by I'. To get a contradiction we will construct a stationary measure p supported
on C' such that the tangential Lyapunov exponent along 7'C' is non-positive.

By Lemma we may assume that the singular set Sing(C') is non-empty. If the genus of
C'is = 0, the invariance of Sing(C') forces I'|¢ to be finite, in contradiction with the uniform
expansion of v. Thus, C is a rational curve; let 7 : C — C be its normalization and I’ <
Aut(C) ~ PGLy(C) be the group induced by T'; the measure v induces a measure © on I. Fix
p e C such that p := 7(p) is singular. The germ of curve given by C at p determines one of
the branches of C' at p; our assumptions imply that p is fixed by I'. There are local coordinates
t € (C,0) for (C,p) and (z,w) € (C2,(0,0)) for (X,p) in which 7 is expressed as a Puiseux
expansion

(8.1) t— (m1(t), m(t)) = (at?, 5t") modulo higher order terms

where 1 < g < r; if ¢ = 1 the branch is smooth at p. In these coordinates, the tangent direction
to C at p corresponding to the branch determined by p is given by (1,0) € C?. Let /\(é 5 be the
Lyapunov exponent of  at p, and A(¢,p) be the Lyapunov exponent of v in the tangent direction
of this branch.
Lemma 8.6. With notation as above \(c ;) = q)‘(é,ﬁ)' In particular \(c ) and /\(Cﬁﬁ) have the
same sign.
Proof. Pick f € T, write f(z,w) = (fi1(z,w), f2(z,w)) in the local coordinates (z,w), and
expand f in power series: f1(z,w) = >, ; a; j2'w. Since the branch determined by A p) 18
f-invariant, we have D, f(1,0) = (a1,0,0) with a; 9 # 0. Thus,
(8.2) fi(m(t)) = Z ai ;" BT = ay gat?  mod (7).

4,j=0
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Now, f lifts to an automorphism f of C' fixing p. Writing f(t) = At mod (¢2), we get
71 (f(t)) = aXi? mod (t7*1). Then, the semiconjugacy fi(m(t)) = w1 (f(t)) gives A1 =

a1,0, and we are done. |

We resume the proof of Proposition We fix an affine coordinate s on C' ~ P1(C) such
that p = oo. Then, every lift § € I" can be written as an affine map g(s) = ays + b.

Lemma 8.7. The functions log |ay| and log™ |by| are v-integrable and E(log |a,]) < 0.

Proof. For the spherical metric, the derivative of § at oo in Cis1 /ag. The computations of
Lemma show that the derivative of g acting on X in the direction of the branch of C' at 7(20)
is 1/ag for some ¢ > 1. So implies that E(|log |a4||) < c0. Since v is uniformly expanding,

this direction is repelling on average: by Lemma m we get E(log ‘a;l ‘) > 0. To estimate |/,

we note that dist x (7(s),p) = |s|”? when s € C approaches co. Changing the affine coordinate
s if necessary, we may assume that 7(0) # p. We get

(8.3) = distx (w(5(0)), 7(0)) = distx (9(w(0)), 9(p)) < g1 distx (w(0),p).

[bg|*
From this and (M) it follows that E(log™ |b,]) < oo. O

The integrability provided by Lemma now allows us to construct a stationary measure
with full mass in the affine chart C < C with non-positive Lyapunov exponent (relative to the
affine metric). This is classical, we briefly recall the argument for completeness (see [11]]). For
w = (gn)n=0, write g,(s) = a,s + by, and consider the sequence of right products r,(w) =
go - -+ gn—1. One easily checks that

n—1
(8.4) rn(W)(s) =ag---an—18 + 2 ag - - aj—1b;j.
§=0

For vN-almost every w, 2 log|ag - - - an—1| converges to A := E(log|ag|) < 0. Fix e < [A|.
Since E(log™ [bg|) < 0, 3172 v{lbg| > e/} < 0. By the Borel-Cantelli Lemma, |b;j| < e/
for vN-almost every w and for large j; hence, the series on the right hand side of converges.
It follows that 7, (w)(s) converges almost surely to a limit e,, that does not depend on s € C.
The distribution of e, is the desired stationary measure pc. If p is any stationary measure with
w(C) = 1, then 7, (w)«p converges to e, almost surely: this shows that pc is the unique
stationary measure with 1(C) = 1; in particular, uc is ergodic. Since the affine derivative of g
is the constant a4, the Lyapunov exponent of yc, relative to the affine metric, is equal to A.

To conclude the proof, note that i := 7, (uc) is an ergodic v-stationary measure on X which
has a well-defined Lyapunov exponent, thanks to the moment condition (M)). If x gives positive
mass to the singular set of C, then it must be concentrated on a single singular point of C' (and
likewise ¢ is a single atom in C'). By Lemma the corresponding branch is attracting on
average, which contradicts uniform expansion. Therefore 1 gives no mass to Sing(C'), and we
claim that its Lyapunov exponent A(u)|r¢ in the direction of C' equals A (even if the ratio be-
tween the ambient and affine metrics on C = C'is unbounded). Indeed, for z x vN-almost every
(z,w) and v € T}C, we can fix a subsequence n; such that fo? (x) is far from the singularities
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of C' (hence from p = mw(0)). If j is large, i log HDfoJ’j H is both close to A and to A(m.p)|7c-
We conclude that (7, )¢ < 0, which again is contradictory. The proof is complete. O

8.1.3. Zariski diffuse measures. From now on we focus on the case of a minimal Kihler surface
X of Kodaira dimension zero, that is, a torus, a K3 surface, or an Enriques surface. In this case
Aut(X) preserves a canonical volume form volx (see Example|1.4).

From Corollary [8.2] the obstruction to uniform expansion is the existence of a non-expanding
stationary measure .. Moreover, in the first case of Definition [8.1] both exponents must vanish
because we are in a volume preserving setting. In this situation, Theorems and give a
precise description of .

Theorem 8.8. Let X be a torus, a K3 surface, or an Enriques surface. Let v be a probability
measure on Aut(X) satisfying (M) such that T, is non-elementary. If p is a Zariski diffuse
v-stationary measure, the following properties are equivalent

(a) W is non-expanding;
(b) the fiber entropy h, (X, v) vanishes.

Morover under these assumptions, p is invariant and h,,(f) = 0 for every f € T,

Proof. As a preliminary step, observe that almost every ergodic component of p is Zariski dif-
fuse: this follows from the fact that there are only finitely many invariant curves and countably
many isolated periodic points. In addition, by linearity of the entropy, if h,(X,r) = 0 then
almost every ergodic component of  has zero fiber entropy as well. Thus for both implications
we may further assume that y is ergodic as a stationary measure.

Since there is an invariant volume form, either both Lyapunov exponents of y vanish or p is
hyperbolic. In the first case, the invariance principle guarantees that g is I', -invariant and the
fibered version of the Ruelle inequality (see e.g. [19, §7]) implies that its fiber entropy vanishes.
If 1 is hyperbolic, the invariance of p and the vanishing of the entropy follow from [19, Thm.
9.1]. Thus, Property (a) implies Property (b), together with the invariance of .

Consider the converse implication. Again, if 1 has zero Lyapunov exponents then it is non-
expanding and invariant. Otherwise it is hyperbolic and by applying the whole argument of [13]
in the complex case, we infer that if the stable directions of ;4 depend on the itinerary, its con-
ditionals along Pesin unstable manifolds admit a non-trivial translation invariance; in particular
they are non-atomic. It follows that A, (X,v) > 0 (see also [19} Cor. 9.2]). So under assumption
(b) the stable directions are non-random and, as already explained, y is invariant by [19, Thm.
9.1].

The fact that h,(f) = 0 for all f € I, will be shown in Theorem[B.1 g

8.1.4. Refined criterion. The discussion of the previous paragraphs leads to a version of Theo-
rem |l.5[that does not require I',, to contain parabolic elements:

Theorem 8.9. Let X be a compact Kdihler surface which is not rational. Let v be a proba-
bility measure on Aut(X) satisfying such that Ty, is non-elementary. Then v is uniformly
expanding if and only if the three following conditions hold:
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(1) every finite T',-orbit is uniformly expanding;
(2) there is no I'y,-invariant algebraic curve;
(3) there is no Zariski diffuse invariant measure |1 with zero fiber entropy.

Proof. If a compact Kihler surface X is ruled (over a curve of positive genus) or has a positive
Kodaira dimension, then Aut(X) is elementary (in the first case, it preserves the ruling; in the
second case, it preserves the Kodaira-litaka fibration, acting as a finite group on the base). Thus,
the Kodaira dimension of X vanishes. If X is not minimal, the uniqueness of the minimal model
shows that there is a Aut(X)-invariant curve, and we know this is incompatible with uniform
expansion (Proposition[8.3). Now if kod(X) = 0, X is minimal, and Aut(X) is non-elementary,
then X is a torus, a K3 surface, or an Enriques surface; hence, we can assume that X is such a
surface.

If v is uniformly expanding, Property (1) is obvious, Property (2) follows from Proposi-
tion and Property (3) follows from Corollary and Theorem (8.8

Conversely, if these properties hold, and if x is an ergodic v-stationary measure then by
Property (2) y is either Zariski diffuse or finitely supported. Then, Theorem[8.8]and Property (1)

imply that u is not non-expanding, and we conclude with Corollary O
Proof of Theorem This follows directly from Theorem [I.3|and Theorem O

Remark 8.10. The proof of (b)=(a) in Theorem [8.§]relies on the following fact: for a hyper-
bolic stationary measure, if the stable directions of 1 depend on the itinerary, then its unstable
conditionals satisfy some non-trivial translation invariance. This is the “easy part” of the adap-
tation of [13]] to complex surfaces; the “difficult part” would be to obtain some SRB property
from this invariance (either on X or on some totally real surface associated to the stationary
measure). We did not provide a proof for this fact because the arguments of [13]] can be applied
directly. As a consequence, this fact is also used in the implication “uniformly expanding im-
plies (3)” in Theorem[8.9] On the other hand, it is not used in Theorem [I.5] because in this case
the condition (3) of Theorem 8.9]is automatically satisfied, thanks to Theorem[I.3} it is not used
either for the part of Theorem asserting that the assumptions (1), (2) and (3) imply uniform
expansion.

Remark 8.11. Using Theorem[7.4]instead of Theorem[I.3|gives a version of Theorem|I.5|where
the existence of a parabolic element in I is replaced by the existence of a Kummer element. The
details of the adaptation are left to the interested reader.

As already said, it should be expected that volx be the only invariant measure for a typical
non-elementary action on a surface X of Kodaira dimension zero; similarly, voly should be the
unique invariant measure on Y, if Y < X is an invariant totally real surface. This is why we
plug this property as a hypothesis in the next corollary.

Corollary 8.12. Ler X be an irrational compact Kihler surface. Let v be a probability measure
on Aut(X) such that (a) v satisfies Condition (M), (b) T',, is non-elementary, and (c) there is no
I',-invariant curve. LetY < X be al',-invariant totally real surface. Assume that (d) the action
of T, on HY(Y; R) has a positive Lyapunov exponent, and (e) the only T',,-invariant measure on
Y is the induced volume voly. Then v is uniformly expanding on 'Y .
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Proof. Under these assumptions there is no finite I',-orbit. The invariance of voly, Assump-
tion (d), and Corollary [5.3|show the existence of an ergodic, hyperbolic, v-stationary measure f
on Y. By [19] Thm. 10.10], px must be I', -invariant, so by Assumption (e), u = voly. Arguing
as in §[7.2.2] the hyperbolicity of voly as a stationary measure implies that its fiber entropy is
positive. Thus voly is hyperbolic and has positive fiber entropy.

Now, assume that v is not uniformly expanding on Y. By Theorem [5.5] there is a non-
expanding stationary measure i/ on Y, which must be Zariski diffuse since there is no proper
Zariski closed subset. By Theorem 4t/ is invariant — so again i/ = voly — and its fiber entropy
vanishes. This is a contradiction, and the proof is complete. O

Remark 8.13. If the stiffness result of [19] were known to hold on X, we would get the same
result on X (instead of on a totally real surface Y < X). More precisely, assume (a), (b), (c)
and (e’): the only ', -invariant ergodic probability measures on X are volx or voly for some

I", -invariant totally real surface Y < X. Then we would conclude that v is uniformly expanding
on X.

8.2. Uniform expansion along finite orbits. Using classical results on random products of
matrices, it is easy to characterize when a fixed point under I',, is uniformly expanding. We
say that a subgroup of GL2(C) is strictly triangular if it is reducible with exactly one invariant
direction.

Proposition 8.14. Let X be a torus, a K3 surface, or an Enriques surface. Let v be a probability
measure on Aut(X) satisfying (M), and let xq be a fixed point of T'\,. Then v is uniformly
expanding on T, X if and only if one of the following holds

(a) the induced action of I, on Ty, X is non-elementary;
(b) this action is strictly triangular and its invariant direction is expanding.

If v is symmetric, it is uniformly expanding on Ty, X if and only if (a) holds.

In case (b) there exists u € T, X such that f,u = Aju for every f € I',, and the expansion
means that {log |\ ¢| dv(f) > 0.

Proof (see also [47]). By Lemma [2.3] to prove uniform expansion it is enough to show that for
every v € Ty, X, liminf, o 2 log || (f7)«v| > 0. The proof is based on the work of Furstenberg
and Kifer [34] (see also [10, §3.7]). These references deal with general random products of
matrices in GL4(R); in our volume preserving situation the Lyapunov exponents Ay < A1 of the
random product in GLy(C) satisfy A\; + A2 = 0, so they can be read off directly from the action
on P77, X. According to Theorems 3.5 and 3.9 of [34]], there are two possibilities:

(i) for every v € Ty, X and vN-almost every w, + log | (f7).v] — A1;

(ii) there exists a non-random, I', -invariant filtration {0} = Ly < L < Ly = T, X and 51 <
fBo such thatfor i = 0,1 forany v € L;\L;;1, for vN-almost every w, < log | (f2).v] — B;.
Furthermore Sy = Aq.

We now compare this dichotomy with the classification of subgroups of PGLy(C) (with a slight
abuse of notation, we also denote by I, the induced subgroup of PGL3(C)).
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— If T',, is strongly irreducible, we are in case (i) and there are two possibilities. If T}, is
proximal (hence non-elementary) then A; > 0 and v is uniformly expanding. If I', is not
proximal, it is contained in a compact subgroup and v is not uniformly expanding.

— If I, is irreducible but not strongly irreducible, we are in case (i) and there are two lines
which are permuted by I'. In some affine coordinate z on PT},, X, I, is conjugate to a subgroup
of {z+— Az°; e C*, ¢ = £1} and ¢ = —1 with positive probability. In this case A\; = 0 (see
e.g. [27, Prop. 5.3]), so v is not uniformly expanding.

— If T, is reducible it preserves one or two directions in 7}, X. If I" preserves a direction
with exponent < 0, then v is not uniformly expanding. So, we can assume that I' preserves a
unique direction, and that the corresponding exponent 3 is positive. By (i) and (ii) we see that
limy, o0 + log [[(f7)«v| = B forany v € Ty, X and almost every w; so v is uniformly expanding.

This covers all possible cases and the proof is complete. O

Let F' be a finite set, viewed as a 0-dimensional manifold, and V' be a real or complex vector
bundle of dimension d over F; identify V with F' x K%, for K = R or C. Let GL(V') be the
group of bijections of V' acting linearly on fibers: it is a semidirect product GL(V') ~ &(F') x
GL4(K)¥ where G(F) acts on GL4(K)¥ by permuting the factors. We say that a subgroup of
GL(V) is strongly irreducible if it acts transitively on F and the stabilizer of any x € F acts
strongly irreducibly on the fiber {x} x K% of V; equivalently, if there is no invariant and finite
collection of subspaces of dimension # 0, d in some fibers of V. Similar notations and notions
are defined for PGL(V).

Assume now that F is a finite I'-orbit on X, and consider the induced action of I' on T X | :=
U,er T2 X . We say that this action is non-elementary if its image in PGL (T'X|r) is strongly
irreducible and unbounded. When I preserves a volume form on X, its image in GL (T X |r) is
unbounded if and only if it is unbounded in PGL (7°X ). We say that it is strictly triangular if the
only proper I'-invariant subbundle in 7' X | is given by a 1-dimensional subbundle L c T'X|p.

Pick a point z in F' and set I'; = Stabr({z}). Since F'is an orbit, [I' : I';] = |F| and
the image of I in PGL (T X |r) is unbounded if and only if the image of I, in PGL (7, X) is
unbounded. Thus, one easily gets the following lemma.

Lemma 8.15. If F is a finite I'-orbit, the action of T on T X | is non-elementary (resp. strictly
triangular) if and only if for some, hence any, x € F the action of Stabr({z}) on T, X is
non-elementary (resp. strictly triangular).

Theorem 8.16. Let X be a torus, a K3 surface, or an Enriques surface. Let v be a probability
measure on Aut(X) satisfying (M), and F be a finite T\,-orbit. Then v is uniformly expanding
on F if and only if the induced action of 'y, on T'F' is

(a) either non-elementary;
(b) or strictly triangular and the field of invariant directions L < T X | is uniformly expanding.

If v is symmetric, it is uniformly expanding on F' if and only if (a) holds.

Proof. Let I'r be the finite index subgroup fixing every point of F'. Assume that v is uniformly
expanding. Then by Proposition for some ng, the induced measure (V("O))p 18 uniformly
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expanding. Therefore, by Proposition [8.14] ' satisfies Property (a) or (b) at every point of
F', and we conclude by Lemma Conversely, assume that (a) or (b) holds. Note that by
Theorem vr,, satisfies (My)). By Lemma and Proposition [8.14] vp,. is uniformly

expanding on F', hence by Proposition [3.3 v is uniformly expanding on F, as desired. U

This theorem shows that when v is symmetric all conditions in Theorem [8.9]depend only on
I',, and not on v. Thus we obtain:

Corollary 8.17. Let X be a torus, a K3 surface, or an Enriques surface. Let I' be a non-
elementary subgroup of Aut(X). Let v and V' be symmetric probability measures on Aut(X)
satisfying such that T, = T'), = I'. Then v is uniformly expanding if and only if V' is
uniformly expanding.

In the following if X is a torus, K3, or Enriques surface, we will say that the action of a
non-elementary subgroup I' = Aut(X) is uniformly expanding if this property holds for some
(hence any) symmetric probability measure v satisfying (M) and generating I'.

9. EXAMPLES OF UNIFORMLY EXPANDING ACTIONS

9.1. A finitary version of Theorem [1.5 and application to Wehler surfaces. In [22] § §7-8],
Chung uses computer assistance to prove the uniform expansion of some concrete algebraic ac-
tions on real surfaces. In our situation Theorem [I.5]|can be used to check uniform expansion, but
this requires a description of all invariant Zariski-closed subsets. As already explained, invariant
curves can be determined by cohomological computations; for instance, if X is a generic Wehler
surface, there is no Aut(X)-invariant curve. Thus the main problem is to study finite orbits.

If the group I' is non-elementary, contains parabolic elements, and has no invariant curve, the
main result of [18] says that I" admits only finitely many finite orbits, except when (X,I") is a
Kummer example. However, the proof given in [[18] does not provide any bound on the number
or the lengths of such orbits; so, there is a priori no hope of numerically checking uniform
expansion along all of them, nor proving that there are no finite orbits. The next result explains
how to overcome this issue.

Theorem 9.1. Let X be a smooth projective surface and I" be a non-elementary subgroup of
Aut(X) containing parabolic elements, which does not preserve any algebraic curve. Assume
that we are given:

(i) algebraic equations for X, and the formulas defining a generating subset S of I';
(ii) a basis of NS(X; R) and the matrices of s*: NS(X;R) — NS(X;R), for sin S;
(iii) a parabolic element g € T, given as a word in the generators s € S, and its invariant
fibration m: X — B.

Then, there is an analytically computable integer N (X, ") such that the action of T on any finite
orbit of length greater than N (X, T") is non-elementary.

By analytically computable, we mean computable by a computer able to solve real analytic
equations; by algebraically computable, we mean computable by a computer able to solve
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algebraic equations. The proof will provide an analytically computable subset containing all
possible non-expanding finite orbits.

Example 9.2. Let h € T' be a conjugate of g with a distinct invariant fibration. Denote by
Torn (g) the finite set of fibers of the g-invariant fibration in which g is a periodic translation of
period < N. Then, the set of finite orbits of I' of length < N is algebraically computable since
it is contained in

.1) Torn(g) N Tory(h) = {z € X ; ¢V (z) = N (z) = z}.

A typical application of Theorem [9.1]is to the Wehler family. Recall from § [I.T] that W is
the family of Wehler surfaces which are smooth and do not contain any fiber of the three natural
projections (P1)? — (P')2. Under these assumptions the group I" generated by the three basic
involutions o1, o2 and o3 is non-elementary and has no invariant curve (see [18}, Prop. 2.2]). It
turns out that in this case N (X, T) is constant on a Zariski dense open subset (see Proposition[9.7]
below). This leads to:

Theorem 9.3. There is a dense Zariski open subset of Wy (resp. of the family Wy(R) of real
Wehler surfaces), in which the action of I' = {01, 02, 03) is uniformly expanding on X.

9.1.1. Preliminaries on Halphen twists. Let us resume the discussion from § and add a
few preliminaries on Betti foliations and the non-twisting locus. Let h be a Halphen twist with
associated fibration 7: X — B. Consider a simply connected open subset U of B° together
with a section 0: U — X of 7w and a continuous frame for the homology of the fibers above
U. For w € U, one can identify the fiber X, to C/Lat(w) (c(w) corresponding to the zero
of C/Lat(w)), as in § [6.1] Then, above U, there is a unique real-analytic diffeomorphism
U771 (U) - U x R?/Z? such that

(a) m oW = Vo my, where 77 is the projection onto U;;

(b) ¥ maps o to the zero section w — (w, (0,0)) of 77, and maps the basis of H;(X,,; Z)
to the standard basis of Hy(R?/Z?;Z) = Z?;

(c) on each fiber, ¥ is a real analytic isomorphism of real Lie group.

Above U, the Betti foliation is the foliation by submanifolds of the form U—1(U x {(z,y)});
these leaves are local holomorphic sections of 7, with o corresponding to —1(U x {(0,0)}).
Conjugating by U, we get

9.2) VohoU™: (w,(z,y)) = (w, (z,y) + T(w)),

where T: U — R?/Z? is real analytic. By [20, Lem. 3.9], the map T is an (orientation
preserving) branched covering, so it behaves topologically like w — w*. In U, the non-twisting
locus NT}, is the set {w € U ; D,,T = 0}; equivalently, NT;, n U = 7({t1,...,t,}), where
{t1,...,t4} is the set of tangencies between the Betti foliation and the section i o 0. These
definitions do not depend on the above choices and N'T', can indeed be defined globally on B°.
A key fact is that N'T, is a finite subset of B° (see [20), Prop. 3.14] or [26, Cor. 7.7.10]). We
denote by [NT},| its cardinality, and by mult(NT},) its cardinality counted with multiplicity, that
is, taking into account the degree of the local branched covering 7.
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Note that, once h and 7 are given, the set NT}, < B° is analytically computable: one has to
compute the periods of X, to get Lat(w), then ¥ is R-linear from C/Lat(w) to R?/Z2, and T
is then obtain from / by conjugacy.

9.1.2. Proof of Theorem[9.1] As in [20]], for (g, ) € Hal(T')? we set
9.3) STang(my, 7,) = Sing(m,) U Sing () U Tang™ (7y, 73),
where Sing(m,) is the union of all singular and multiple fibers, and Tang"* (7, 73, is the part of

the tangency locus of 7, and 7, which is not contained in Sing(my) U Sing(7,). Put NT? =
7, L(NTy) (so that NT is a curve in X) and likewise NT; = m, ' (NT},).

Lemma 9.4. Let g, h be a pair of Halphen twists in I with distinct invariant fibrations, and
let x € X be a point with a finite I'-orbit. If this orbit is not uniformly expanding, then it is
contained in STang(my, 7)) U NT? U NTY.

Proof. We argue by contraposition: replacing x by another point in its orbit if necessary, we
assume that z ¢ STang(my, 7)) U NT? U NT;, and we want to show that its orbit is uniformly
expanding. Since I'(z) is finite, there are positive integers k& and ¢ such that g* and h’ are in
Stabr(z). By definition of the non-twisting locus, ¢* and A’ induce parabolic homographies
on P(T,X); and since x ¢ Tang™(my, m,), the fixed points of these homographies are distinct;
thus, the action of (¢* h*) on P(T}, X) is non-elementary. By Proposition and Lemma
the orbit of z is uniformly expanding. O

The intersection number of NT? u STang(mg, 7) (resp. NT,)I( v STang(my, 7)) with a
smooth fiber X/ (resp. X)) does not depend on the fiber. Let ng(g, h) be the maximum of
these intersection numbers:

(9.4)  ng = max{ [NT? v STang (g, 7p)] - [XZ] : [NThX U STang(mg, 7] - [X7])}-
The set STang(7y, mp,) can be computed algebraically, thus

9.5) no(g, h) < A(g, h) max(|NT,|; [NT4|) + B(g, h)

where A(g, h) and B(g, h) can be computed algebraically (by computing the tangency loci and
intersection numbers). Then, we set

(9.6) n(g,h) = no(g, h)!

Lemma 9.5. Let g, h be a pair of Halphen twists in I with distinct invariant fibrations. Let

x € X be such that T'(x) is finite and not uniformly expanding. Then T'(x) is contained in
STang(my, mn) U (NTy ANT;) U (NT,) A NTRpn) U (NTY ANT, ),

where n = n(g, h) is defined by (9.6).

Proof. The statement of the lemma concerns the orbit I'(x), but we only have to prove it for
x itself. If x € STang(my, mp,) U (NT? N NT5X) we are done. Otherwise by Lemma x
belongs to NT\\NT or NT\NT\. Assume that 2z € NT\\NT}\. The h-orbit of z is finite
and by Lemma [9.4{ again, for every g, h9(z) is contained in X! n (NTg( v STang(mg, 74))
(here we abuse notation and write X for X;‘h(x)). Thus, h™(z) = x, where n = n(g, h). Set
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f = hgh™™. The fiber X/ associated to f through z is h"(XY), and since = ¢ NTy, X7
is transverse to X3 at z, as well as to Xf;. Moreover, x belongs to N T, because belongs
to NT;( and h"(z) = x. Hence x € NT? n NTY, gh—n- Doing the same in the case where
T e NT,)Z( \NT;( completes the proof. U

The set NT, is analytically computable (by § 9.1.1), and Crit(m,) is algebraically com-
putable. Similarly, if 4 is in Hal(T"), Tang™ (g, mp,) N NT? is analytically computable. The
previous lemma shows that all non uniformly expanding finite orbits are contained in

Bad(g, h) := STang(mg, ) U (NT) ANT) U (NT; N NTifngh_n) U (NTX A NT;Sth_n)

for every pair (g,h) € Hal(I')? with distinct invariant fibrations, where n = n(g,h) as in
Equation (9.6). Intersecting these sets for various choices of (g, ), we expect to get a finite
analytically computable set. Observe that Bad(g, h) is the union of STang(m,, 73,) and a finite
set, because NT;( NN T‘;f is finite when 7, and 7, are distinct. So, what remains to do is
to exhibit an explicit finite set of pairs (g, h) such that the intersection of the STang(my, 7p,) is
finite. We first treat the case of Wehler surfaces, which is sufficient to proceed with Theorem[9.3]

Conclusion of the proof of Theorem [9.1] in the Wehler case. Fix a Wehler surface X € W)
and consider the three pairs (g1, 92), (92, 93), (93, 91), Where g1 = 09 0 03, g2 = 03 0 01 and
gs = o1 o 0. Note that the g;-invariant fibration is the ¢-th projection ;.

Assume that the intersection of the divisors STang(;, ;) contains an irreducible curve
D c X. If D is contained in Sing(m;) n Sing(7;) with ¢ # j, then (m;, 7;) maps D onto
a point and this contradicts the fact that X € Wy. If D is contained in, say, Tangtt(m, ) and
Tang!! (2, 73), the three fibrations are pairwise tangent along D, and we obtain a contradiction
because there is no tangent vector v # 0 to (P')3 which is mapped to 0 by each Drr;. The last
possibility is that D is contained in, say, Tang' (71, 72) and Sing(73). In this case, there is a
point p on D at which Dym3: T, X — T, m(p)}P’l is equal to 0, and at such a point, the same
contradiction applies. This shows that

(97) F(gl;g2793) = Bad(gng) N Bad(92>g3) N Bad(gi’ngl)

is finite, with an analytically computable cardinality, and the proof is complete. U

Remark 9.6. The above proof provides a computation of the integer N (X) involving:

(1) algebraic quantities that are constant on W), like STang(7;, 7;) - STang(7;, 7).
(2) INT,,| fori = 1,2,3.
Therefore, if INT,| < B, then N(X) < N(B) for some N(B) depending only on B.

Indeed, the number n in Lemma [9.5] depends only on ng (see Equations (9.6)) and by Equa-
tion (9.4)) no is bounded by a function of B. Then, because the norm of (g;"°)*: NS(X) —
NS(X) is bounded by Cn2 for some uniform constant C, we obtain NT ;i ANTX | <

5 919;
C'nZB? for some constant C’ and the result follows. O

Conclusion of the proof of Theorem|9.1]in the general case. By assumption, I" is non-elementary
and has no invariant curve. Let I'* be its image in GL(NS(X; Z)).
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If g is the parabolic element given in assumption (iii) of the theorem, up to sign, there is a
unique integral primitive class ¢(g) € NS(X) such that g*c(g) = ¢(g) and ¢(g) - ¢(g) = 0. By
the assumptions (ii) and (iii), this class can be computed explicitly. An element f of Aut(X)
preserves the g-invariant fibration 7 (permuting its fibers) if and only if it fixes ¢(g). Since T is
non-elementary, it is not contained in the stabilizer of ¢(g). Thus, according to Proposition 3.2
of [31]], there is a computable integer N, and a composition f of length N in the generators
s € S that does not preserve c(g). Then, h := f o go f~!is a parabolic element of I with
invariant fibration 7w o f # .

Since ¢ and its invariant fibration 7, as well as f, are explicit, we can compute the degree of
STang(mg, 74) (for the embedding X < P*(C) given by assumption (i)). Denote by (C;)icr
the irreducible components of STang(7y, 7p,); we have || < deg(STang(mg, 74)).

Suppose that for each Cj, one can exhibit some f; € I' for which f;(C;) & STang(my, 7).
Then the set of pairs

9.8) {g. )} v {(figfT' finf7) s ied}

satisfies | (1); STang(mg,, 75,)| < +00, and we are done because the cardinality of this finite set
is algebraically computable. So, we now fix such an irreducible component C;, and we construct
such an f;.

First, assume that C; is an irreducible component of Tangtt(ﬁg, 7). Then C; is generically
transverse to 7, hence deg(¢"(C;)) tends to infinity. We can thus set f; = g™ for some large
enough n; (explicitely computable from the action on NS(X)).

The second case is when Cj; is an irreducible component of Sing () U Sing(7p,); in particular,
its self-intersection Cf is < 0. By [I8, Thm D], there exists a loxodromic element fy € I’
without invariant curve; in particular f(l)w(Ci) # C;. Since fj is loxodromic, this inequation is
equivalent to ( (|)I|!),, [Ci] # [C:]. Indeed, either C? = 0 and we readily get a contradiction since
a loxodromic element does not fix any non-zero isotropic class, or C? < 0 and this follows from

(l)”! (C;) # C; since [C;] determines C; when the self-intersection is negative. Thus, if we set
9.9) Wi = {1 e GLINS(X, R)) : £ [Ci] =[G}

we see that I'* is not contained in W;. Proposition 3.2 of [31] then provides a computable
element f € I' such that f ¢ W;. Now, if f9(C;) were contained in STang (g, mp,) for 0 < ¢ <
||, we would find two integers ¢; < go < |I| such that f92~(C;) = Cj; in particular, fI/I'(C;)
would be equal to C;, a contradiction. Thus, there is an iterate f; := f9%, with ¢; < |I|, such that
fi(C;) ¢ STang(my, 7p,), and the proof is complete. O

9.1.3. Proof of Theorem|[9.3] Recall that, for Wehler surfaces, I' = (o1, 02, 03).

Proposition 9.7. There exists an analytically computable integer N such that for any Wehler
surface X € Wy, any finite I'-orbit of length > N is non-elementary.

This uniform bound is the main step towards Theorem In view of Remark this
proposition follows from Theorem[9.1|and the following uniformity result.

Proposition 9.8. For any g € {g1, g2, g3}, the cardinality of N'T , is uniformly bounded in W.
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Let X < W, x (]P’1 x Pl x ]P’l) be the universal family of Wehler surfaces, as in [18], §2].
As X varies in W), the automorphisms g; and their invariant fibrations 7; depend on X, but for
notational simplicity we drop the dependence in X.

From now on, we fix g € {g1, g2, g3}; its invariant fibration 7: X — P! is the restriction of
one of the projections 7; to X; its base does not depend on X.

Lemma 9.9. Let Xo € Wy, wo € NTy, and k be the multiplicity of wg in NTy. Let U — P!
be a topological disk such that U n NTy = {wo} and U n Crit(m) = . Then, there exists
a neighborhood V' of Xo in Wy such that for any X in 'V, the total multiplicity of NTy in U is
equal to k.

Proof. Fix an open connected neighborhood V' of X such that for X in V,

— U does not intersect any of the sets Crit(r);
— there is a section w — ¢x (w) of X — Wy x P! above V' x U, together with a continuous
choice of basis for the homology of the fibers of 7 above U.

Then the sections, the Betti foliations (above U), and their lifts to U x C all depend continuously
on X in V. In particular, we can find a disk U’ < P!, with wg € U’ € U, whose boundary is a
smooth Jordan curve vy, and such that for any X e V, the Betti foliation is transverse to g o ¢x
above +. In particular, NT is disjoint from .

Now, recall that the map 7" defined in Equation (9.2)) behaves topologically like w > w*+1;

in such a local coordinate, k£ + 1 is the winding number of the curve 7" o y around 7°(0). Since
NT, stays disjoint from « for X in V/, this winding number is constant in V; thus, the number
of points of NT, enclosed by 7 (counted with multiplicity) stays constant on V. The lemma
follows. (]

Lemma 9.10. There exists a proper semi-algebraic subvariety Z, < Wy of positive codimen-
sion such that mult(N'Ty) is locally constant in W\ Z,.

Proof.

Step 1: Keeping away from the singular fibers. Fix Xy € Wy and wg € X a critical value of 7.
It is shown in [20, Lem. 3.11] that NT; does not accumulate wg. Here, we show that outside a
semi-algebraic subvariety Z, < WV, this non-accumulation holds uniformly with respect to X:
we shall construct a neighborhood V' x U of (X, wo) such that U is disjoint from N'T, for every
X in V. For this, we review the proof of [20, Lem. 3.11] and make it locally uniform in X under
appropriate hypotheses on Xj.

Define W to be the dense, Zariski open subset (ﬂ) of W, such that for any X € W), and any
i € {1,2,3}, all singular fibers of 7; are of type I;. In this case there are 24 such fibers (the

To show that W is dense, we only have to show that it is non-empty. This is a consequence of the following
fact. Let X be in W, let m1: X — P be the first projection, and let m be a critical point of m1. Let F be the fiber
of m1 containing m. Then, each of the conditions

(1) the singularity of F' at m is degenerate (in the sense of Morse, i.e. it is not a Ai-singularity);
(2) F contains a second singular point m’

defines a proper subset of Wy. In other words, these properties (1) and (2) disappear after a generic small perturbation
of X in Wy, which can be checked directly.
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Euler characteristic of a K3 surface is 24, the contribution to the Euler characteristic of a smooth
fiber is 0, and the contribution of an [ fiber is 1). Suppose that Xy € W;.

Fix a small disk U < P! centered at wq and containing no other singular value of 7: Xy —
P'. Fix a neighborhood V' of Xj in W, and local coordinates on U (depending on X), so that
(1) this property persists for X € V' and (ii) the unique singular value of 7 in U is wg = 0.
Let X # be the complement in X [g] := 7~ 1(U) of the unique singular point of X, . We fix a
reference section gy : U — X # depending holomorphically on X € V and w € U.

For X € V and w € U\{wo} we can write X{j ~ C/Z ® Z7x(w), as in § Since the
singular fiber X3, is of type I; and wy = 0, the monodromy along a simple loop around 0
maps the basis (1, 7x (w)) to (1, 7x(w) + 1). Moreover, X Z% is biholomorphic to the quotient
of U x C by the family of lattices Z @ Z7x (w), where 7x (w) = - log(kx (w)) for a function
kx: U — C which has a single zero at the origin and depends holomorphically on X € V and
w € U. Since g o gx is another section of 7 above U, there is a holomorphic function ¢ x (w) of
X and w such that the lift of g to U x C is given by (w, z) — (w, z + tx (w)). The calculations
of [20]] (see §3.3.2 and Lemma 3.11 there) show that the equation for NT; in U 1is

(9.10) — ilog([kx (w)|)kx (w) t (w) = Kx (w)Im(tx (w)).

We claim that if Im(¢x(0)) # 0, then by reducing V' and U if necessary, NT, n X7 = (.
Indeed if U is small enough, there exist positive constants ¢, c such that for any X € V,

©.11) kx(w)| <e, L

Ex(w)| = ¢, |Im(tx(w))| = ¢, and |t (w)| <c”

Reducing U further, € can be chosen arbitrary small while ¢ remains bounded away from 0. If
eloge < ¢3, this is not compatible with the equality (9.10), so NT, n U = .

Lemma 9.11. The locus
(9.12) {X eV : Im(tx(wy)) = 0}

is a semi-algebraic subset of positive codimension.

Proof of Lemma Consider the Wehler surfaces X < V' < W, and their equations
(9.13) A222$2y222 + A221:U2y2z + -+ Aigox + Aog1oy + Aoz + Agoo = 0.

Permuting coordinates if necessary, we suppose that 7: X — P! is the projection onto the first
coordinate. As X varies near Xy, the critical value of 7 near wg and the corresponding critical
point in X can be computed algebraically in terms of the A;j;. Using the action of PGL(2, C)3
on P! x P! x P!, we may assume that wy = 0 (as above) and the unique singular point of the
fiber X, := X n {z = 0} is (0,0). So, the equation of X4, in P! x P! is

9.14) ay? 2 + byPz + ey’ + dyz + ey + f22 =0,

for some coefficients a,..., f given by algebraic expressions in the A;;;. Since X € W,
X7, has two transverse branches at (0, 0): their tangent directions are given by the solutions of
dyz + ey® + fz?> = 0in PL.

One can also write XJ\{0,0} as the quotient of {0} x C by the lattice Lat(0
this coordinate, g acts as multiplication by exp(2intx(0)). Thus, Im(tx(0)) = 0

) = Z; in
means that
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g induces a rotation, instead of a loxodromic homography, on the rational curve X§. Writing
down g = o0y o 0, in coordinates, we obtain

©.15) ol0.2) - (‘1_;5; _i) (%) +0 (1w 2?)

f

for (y,z) € X{. Thus, Dy gg € GL(Tp,0X) has determinant 1 and trace —2 — %. As a
consequence, g acts as a rotation on X§ if and only if 2 + % € [—2, 2]: this is a semi-algebraic

condition. O

To conclude, we let W, < W) be the intersection of W, with the complement of the subsets
{X € Wi; Im(tx (w;) = 0} for each of the 24 singular values w; of 7. We finally define Z,
to be the complement of W,; by Lemma it is a proper semi-algebraic set of positive
codimension.

Step 2: Conclusion. Pick X, € Wy\Z, and cover P! by a finite family F* of topological disks,
such that for every U € F, U contains at most one point of Crit(7) U NT,. If U € F contains a
critical value of 7 (and no point of N'T), then, as already explained, this property persists in a
neighborhood of Xy. By Step 1, for X sufficiently close to X, U is disjoint from NT, as well.
For the remaining disks, the local constancy of mult(NT) follows from Lemma The proof
is complete. U

Proof of Proposition[9.8f We use a semi-continuity argument. Since the exceptional set Z, de-
fined in Lemmais semi-algebraic, the open set Wy\ Z, is also semi-algebraic, so it admits
finitely many connected components (see [8, Cor. 2.7] for instance). Thus, by Lemma [9.10,
mult(NT,) and therefore |[NT,| are uniformly bounded on Wy\Z,, say |[NT,| < B. Now,
pick Xo € Z, (thus Xy € W)p) and assume that for X, one has [NT,| > B. We can then
consider a finite number of small topological disks U; with disjoint closures in P!, such that
INTy|nJU; > B. By Lemma these non-twisting points persist for X close enough to Xj.
Since Wy\ Z,, is dense in W), this contradicts the definition of B and the proof is complete. [J

Proof of Theorem[9.3] The main point of [18, Thm A] is that the set of X € V) possessing a
finite orbit of length < B is a proper Zariski closed subset Zg of W)j. For N as in Proposi-
tion for any X € Wy\Zy, all finite orbits of I" are uniformly expanding. We conclude by
applying Theorem (withv = %(601 + 04y + 0o4)). The proof of the corresponding statement
in Wy(R) is identical. O

Remark 9.12. We expect that an analogue of Theorem holds for other families with large
automorphism groups containing parabolic elements, like Enriques surfaces, or the family asso-
ciated to pentagon folding (see [[19, §3]).

Remark 9.13. The proof of Proposition [9.8] suggests that there should exist a notion of mul-
tiplicity, including singular fibers, for which mult(NT,) would be constant on WV, and would
be an algebraically computable invariant of the parabolic automorphism g. A variant of this
question is mentioned in [26, Rmk 7.7.4].
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9.2. Thin subgroups. In this section we consider the total space W of all Wehler surfaces and
the universal family X < W x (P! x P! x P!). We change a little bit the notation: T" will be a
subgroup of Z/2Z « Z /27 « Z,/27Z, and " x will be the corresponding subgroup of Aut(X).

Let E be an elliptic curve. Consider the following classical Kummer construction (see [[18,
§41): let n be the involution n(z,y) — (—x,—y) on A := E x E; the associated Kummer

surface is the desingularization E x F/n; the natural GL(2,Z) action on E x E descends to

E x E/n and induces a non-elementary automorphism group of £ x E/n. The surface E x
E/n can be realized as a singular Wehler example (see [16, §8.2]); in addition the action of
Z/27 « Z/27Z « Z/27Z is induced by a finite index subgroup of GL(2,Z). Let us briefly recall
the construction: write F in Weierstrass form y?> = 423 — gox — g3, with the neutral element
of the group law on F located at infinity. To (m1,m2) € E x E, m; = (x;,y;), we associate
ms = —(mq +msz) and ¢(mq1,ms2) = (x1,x2, x3), where mg = (x3,ys). Then, ¢ is n-invariant
and determines a biregular map ¢ : E x E//n — X onto a singular Wehler surface X i with 16
nodal singularities.

Assume that I' c Z/2Z = Z/27Z = Z/27Z is not virtually cyclic. Then for X € W), I'x is
non-elementary (see [19, §3.1]).

Theorem 9.14. Let I be a subgroup of Z,/27Z « Z/2Z  Z/2Z which is not virtually cyclic. For
X € Wy sufficiently close to X, the subgroup I x is uniformly expanding on X.

Thus for every “abstract” non-elementary subgroup I" of Z/2Z+Z /27«7 /2Z, the open subset
Wexp(I') of those X € W, for which the action of I'x is uniformly expanding is non-empty.
The group I' can be arbitrarily thin, in particular it is not assumed to contain parabolic elements.
In view of Theorem it is natural to expect that W, (I") is actually dense.

Proof. The difficulty is that we cannot directly argue that uniform expansion is an open property,
because X is singular.

Lemma 9.15. Fix f € Z/27Z « Z/27Z « Z/2Z, and denote also by f the induced fibered map on
the universal family of (2,2, 2)-surfaces in (P*)3. Then f is regular on a neighborhood of X .

Proof of Lemmal9.15] Pick a (2,2,2) surface X. If X does not contain any fiber of the projec-
tion mg = (m1,m2): (P1)3 — (P!)2, then the same property holds in a neighborhood V' of X
of the universal family of (2, 2, 2)-surfaces, and o3 determines an automorphism of V. Thus, we
only have to prove that X g does not contain any fiber of the projections 7;;. Let us show that X g
does not contain any vertical line {x = xo,y = yo}. Such a line would provide a family of points
(my, mg) on E x E with fixed first coordinates 1 = x¢, 2 = yo, for which the first coordinate
of mg := —(my + mg) takes arbitrary values. This is impossible. The same argument applies
to the lines {y = yo, 2z = 20} and {z = 2p, 2 = xo} because the relation m; + ma + mg = 0 is
symmetric (equivalently, the equation of X g given in [16} §8.2] is symmetric in (z,y, z)). O

There is a finite index subgroup of I' that fixes each singularity of Xg. By Proposition
and the fact that uniform expansion does not depend on the measure, we can replace I" with this
finite index subgroup, endow I' with a finitely supported, symmetric measure v with I' = T',,
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and then we have to prove that (I, vx) is uniformly expanding for X € W, near X p; here,
vx is the measure induced by v on I'x.

Endow P! x P! x P! with the Fubini study metric, and the Wehler surfaces X with the induced
metric. Recall that 7' X denotes the unit tangent bundle.

Assume, by way of contradiction, that there is a sequence X,, — Xg along which vy, is not
uniformly expanding. For each n, let o denote the natural projection 7' X,, — X,,. For X,
denote by T X the subset of T (P! x P! x P') which coincides with T'Reg(X ) above the
regular part of X and coincides with T} (P! x P! x P!) above each singularity = € Sing(Xg);
again, we denote by w the projection 7' Xy — Xpg. The proof of Theorem provides a
sequence of stationary measures fiy, on T X,, (with projections sy, := wx/fiy, ) such that

9.16) j log | foulldv., (f) dfix, (u) < 0.

From Lemma [9.15] we can extract a subsequence, still denoted by (X)), such that (/)
converges to a stationary measure fix,, on 7! X satisfying

9.17) J log | fru|dvx, (F) diix (1) < 0.

By iterating and using the stationarity of [ix,, the same inequality holds with yg(n;) instead of
vx, for every m > 0. To get the desired contradiction, we shall show that no such measure
exists.

Step 1: near the singularities.— Here we show that there exists ng € N, ¢y > 0, and an open
neighborhood U of Sing(X ) such that if u € T' X and @(u) € U, then

(9.18) f log || fuull 9 () = co.

By continuity it is enough to prove this when w(u) € Sing(Xpg). Recall that I'x, fixes
Sing(Xpg) pointwise. Around each of its singularities, X is locally isomorphic to the quo-
tient C2/n, n(u,v) = (—u, —v), standardly embedded in C3 by

(9.19) ¢ (u,v) = (u?,uv,v?) = (2,9, 2),

whose image is the quadratic cone {zz — y?> = 0} < C3. The level-2 congruence subgroup
G of GL2(Z) fixes each torsion point of A := E x E of order < 2, and I'x, is induced by a
non-elementary subgroup G of G. The standard linear action of G' on C? (or more precisely on
a neighborhood of any 2-torsion point of A) commutes to 7 and induces a linear action on C3
via the homomorphism

a b a 2ab b2
(9.20) Oy : <c d> — | ac ad+ bc be
2 2cd d?

Thus, the action of I"x,, on the tangent cone Ty X f; s, up to a linear conjugacy, given by ¢, (Gp).

This is a subgroup of O(¢q; R) ~ O21(R), where g is the quadratic form q(z,y, z) = 2 — y*.

By assumption, it is a non-elementary group of isometries of ¢, hence it acts strongly irreducibly
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and proximally on R® < C? (loxodromic elements of GL(Z) are mapped to loxodromic el-
ements in O(q; R)). It preserves the real decomposition C* = R3 ®g iR? and the action on
R? and iR? are linearly conjugate (by multiplication by i). Therefore, as in § the Inequal-
ity (9.18) follows from [34] (see also [10], Chap. III, Cor. 3.4(iii)).

Step 2: away from the singularities.— We shall show that there exists a neighborhood U’ < U
of Sing(Xf) and ¢ > 0 such that for any fixed u € T X such that w(u) ¢ U’,

9.21) P <1log [(f) sl = c> — 1.

m m—

o]

By Lemma [2.3] (see also Remark [2.4), this implies that E (log ||(f7")«ul|) = mc/2 for large
m. Then, the first step and a compactness argument identical to that of Lemma show that
uniform expansion holds on 7' Xz, which is the desired contradiction.

Let U’ be an open neighborhood of Sing(X ) which will be specified later. There is a con-
stant 0 = 6(U’) such that

922)  ifw(u) ¢ U and w(fou) ¢ U, then log | fou] > log | futlguy — &,

where |-[|g,, is the Riemannian metric on Reg(X g) induced by the flat metric of £ x E.

The pull-back of v to GL(2,Z) generates G and its support is finite. Since Gy < GL(2,Z)
is non-elementary, we have uniform expansion with respect to the flat metric. By Lemma
there exists a constant c¢; > 0 and sets of trajectories (2., < € such that P(Q2}) — 1 asm — o
and

: 1 m
(9.23) ifwe QL —log [(fZ")+ullga, = c1-

Fix e > 0 and 0 < ¢ < ¢1. By the first step of the proof, Sing(Xpg) is repelling on average in
P! x P! x P!; so there is a Margulis function on X with poles at Sing(Xg). Thus, there is
an open set U’ = U’(¢) = U with the following property: for large enough m, the set Q2, of
trajectories w € 2 such that (f™)(ww(u)) ¢ U’ satisfies P(Q2,) > 1 — /2. Now, U’ being fixed,
for m large enough we have that P(Q}, nQ2,) > 1—¢ and by (9:22) and (0.23), if w € Q}, " Q2 ,

1 o’
924 Llog (7wl > 1 = 20

m m
Thus, the convergence holds and the proof is complete. O

=c

10. APPLICATIONS

10.1. Orbit closures. The following is a version of the orbit closure Theorem E of [20] in
which periodic orbits are allowed. Combined with Theorem [9.3] it gives Theorem [I.1]

Theorem 10.1. Let X be a torus, a K3 surface, or an Enriques surface. Let T' < Aut(X)
be a non-elementary subgroup which contains parabolic elements and does not preserve any
algebraic curve. Assume that for any finite orbit O, the induced action of T on T X |¢ is non-
elementary. Then there exists a finite set F' and a real analytic, totally real, and T'-invariant
surface Y < X with Sing(Y') < F such that for every v € X :

(a) either x belongs to F' (and its orbit is finite);
(b) or x belongs to Y\F and T'(x) is a union of components of Y ;
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(¢) orT'(x) = X.

Proof. First observe that under these assumptions, [18, Thm C] implies that there exists a max-
imal finite invariant subset F'. Fix a symmetric measure v such that I'), = I" and satisfying the
moment condition (M). By Theorems|[I.5|and[8.16] v is uniformly expanding. We now resume
the discussion from [20, §8], in particular Remark 8.6 there: STangy is a finite invariant set and
if x € X is such that I'(x) is infinite but not dense, then there are two possible situations:

(1) either I'(x)\STangy is discrete outside STangy-;
(2) orI'(z)\STangp =: Y (z) is a totally real analytic surface, whose singular locus Sing(Y")
is discrete outside STangy.

In Case (1), I'(z) is finite. Indeed I'(z) is at most countable, so if p is any cluster value
of %Z’,;:é vk x 6, then 1 is a purely atomic stationary measure. In this case it follows from
Theorem [4.3] that the orbit of 2 must be finite, hence contained in F'.

If Case (2) holds, we first claim that Sing(Y (x)) is finite. Indeed, Sing(Y (z)) is a I'-invariant
countable set, which clusters only at STangp. By the previous argument, every orbit I'(y) in
Sing(Y (z)) is finite, so by the finiteness of the set of finite orbits [18, Thm C] we conclude that
Sing(Y (z)) itself is finite.

Now, let i/ be a cluster value of £ o vk 6, By Theorem i/ is an atomless stationary
measure supported on Y (z) such that p/(Reg(Y (z))) = 1. Since I" has no invariant curve, y
is Zariski diffuse. Let u be any ergodic component of z/. Theorems and imply that p
is hyperbolic and its stable directions depend genuinely on the itinerary. Then the argument of
[13) Thm 3.1] adapts immediately to show that y is SRB(EI). The canonical invariant 2-form of
X induces a I'-invariant measure voly (,) on Y (z) (see Lemma . Since Reg(Y (x)) admits a
Margulis function, we conclude from Propositionthat the volume voly-(,) is finite. Therefore
we can copy verbatim the argument of [13, Thm 3.4] to conclude that p is I'-invariant. Since
[20, Thm C] says that there are only finitely many I'-invariant measures, there are only finitely
many possible surfaces Y (x). Taking Y to be their union, the proof is complete. (]

10.2. Ergodicity. In [25], the original motivation to introduce uniform expansion was a crite-
rion for ergodicity. The same holds in our setting, with a few caveats which will be explained
below.

Theorem 10.2 (Dolgopyat-Krikorian [25, Cor. 2], see also [43},122]). Let X be a torus, a K3 sur-
face, or an Enriques surface. Let T' = Aut(X) be a non-elementary subgroup with a uniformly
expanding action on X. Then volx is I'-ergodic.

Likewise, if Y < X is a I'-invariant totally real analytic subset such that I' acts transitively
on the set of irreducible components of Y, then voly is I'-ergodic.

TWe are not claiming that we can extend [13] to non-compact surfaces here. All the necessary estimates on the
Lyapunov norms and Pesin charts hold by viewing p as a hyperbolic stationary measure on the compact complex
manifold X. The only issue appears when considering the size and intersection properties of real stable and unstable
manifolds in Y (z), starting from §9.7 of [13]. At this stage Brown and Rodriguez-Hertz already discard a set of
small measure of points with bad properties (see the definition of A(+1) on p. 1087); so it is enough to remove from
this A(y1) the set of small measure of points too close to Sing(Y (z)), and proceed with their argument.
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Note that the notion of irreducible component in real analytic geometry is not well-behaved
in general (see [20, §5.1] for a short discussion). Here we content ourselves with saying that
Y is irreducible when Reg(Y") is connected. Observe also that the ergodicity of voly follows
directly from Theorem [6.4 when I" contains a parabolic element.

Proof (sketch). The proof in [25] is a bit sketchy, but it was already expanded in [43} 22] (see
also [50]). Here we just make a few comments on (1) the extension to the holomorphic case for
the action on X, and (2) how to deal with the possible singularities for the action on totally real
surfaces Y.

Regarding the action on X, let us recall that the proof of [25] is a variation on the Hopf
argument in which the asymptotic behavior of the Birkhoff sums % ZZ;S dyn () is propagated
along chains of local stable manifolds (associated to different w’s), to ultimately conclude that
there is a uniform 7 so that almost every point x is located at distance at least » from the boundary
of its ergodic component. The key technical ingredients are the facts that under the uniform
expansion assumption:

— stable directions at a given point do not concentrate, more precisely there exists o > 0
such that for any x € X and any [v] € P(T,, X), the probability that dp: ([v], [E*(z,w)]) <
a is smaller than 1/100: this follows from a compactness argument (see [43, Prop.
4.4.4));

— the Pesin local stable manifolds have uniformly bounded geometry (e.g. uniformly
bounded size in the sense of [19, §7.4]): this follows from the usual proof of the lo-
cal stable manifold theorem;

— the absolute continuity of the local stable foliation in Pesin charts: we can copy the usual
proof or notice that in the holomorphic case this follows from the fact that the holonomy
of a holomorphic motion is quasiconformal.

Given these facts, we can copy the proof of [25] by plugging in §10.4 the the following ele-
mentary geometric property, whose proof is left to the reader: let w = (wy,ws) € C? with
|wl|| < 1 (possibly close to 1) and E,, be the direction perpendicular to the line (Ow); then if L
is a complex line containing w, such that the angle in P! between the direction of L and E,,, is
greater than «, then L n B(0, 1) contains a disk of radius r > r(«).

For the second statement of the theorem we can directly resort to [43] [22]], except that we
have to take into account the possibility of singular points on Y, which affect the size and
geometry of local stable manifolds on Y. For this, we may argue exactly as in Theorem [I0.T}
first, the existence of a Margulis function guarantees that voly is finite. Next, since uniform
expansion holds on X, the size and angle change of local complex stable manifolds is uniformly
controlled. Thus, when restricting to Y, we also have a uniform control of this geometry outside
any d-neighborhood of Sing(Y"). Since the Hopf argument is local, we get that there is a single
ergodic component outside a §-neighborhood of Sing(Y"), for every § > 0, and we conclude by
letting J tend to zero. O

Remark 10.3. The argument of [25] works for a random dynamical system on a (real) compact
2d-dimensional manifold enjoying a uniform expansion property along d dimensional tangent
subspaces. This assumption does not hold in our setting since along a totally real subspace
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one may witness both expansion and contraction. In particular the complex uniform expansion
condition is not stable under C'* perturbations by (real) volume preserving diffeomorphisms of
X Still, the philosophy of the above proof is that the argument is robust enough so that uniform
expansion along complex 1-dimensional tangent subspaces in a 2-dimensional complex surface
guarantees ergodicity.

10.3. Equidistribution. In the following results, given an action of (I", ) on M we say that that
random trajectories from x equidistributes towards s if for ™ -almost every w % Dheq 0 = s
where the convergence is in the weak* topology. By averaging with respect to N and applying
the Dominated Convergence Theorem, this implies that % Dbt VF % 6, — pas well.

The following theorem already appears under stronger moment assumptions in [22, Thm D].

Theorem 10.4. Let Xy be a smooth real projective surface and v a probability measure on
Aut(XR) satisfying (ML). Assume that T, preserves a smooth volume form vol on X (R)) and
that v is uniformly expanding on X (R). Then for any x € X one of the following alternatives
holds:

(a) either ', - x is finite;
(b) or the random trajectories from x equidistribute towards vol xR, the normalized induced
volume on a union of components of X (R).

Recall from Theorem that the uniform expansion assumption holds when I',, contains
parabolic elements, has no invariant curve, and that the induced action of I', on finite orbits
is uniformly expanding. In this case by [18, Thm C], the number of finite orbits is finite. By
Theorem 9.3] this applies to generic real Wehler surfaces and yields Theorem [I.2]

Proof. The result follows directly from the classification of stationary measures in [19], the
ergodicity Theorem[I0.2], and the existence of a Margulis function (Theorem {.T]). O

The next result is conditional to the v-stiffness property of complex non-elementary uniformly
expanding actions. We expect that it will be established in the near future.

Theorem 10.5. Let X be a K3 or Enriques surface and v be a finitely supported measure on
Aut(X). Assume that

(1) Ty, is non-elementary, contains parabolic elements, has no invariant curve, and every
finite I'-orbit is uniformly expanding;
(2) v-stiffness holds, that is, every v-stationary measure is invariant.

Then there exists a finite set F' and a (possibly singular) totally real analytic surface Y such that
foreveryx e X:

(a) either x belongs to F';

(b) or x belongs to Y\F and its orbit equidistributes towards voly:, where Y' is a union of
components of Y ;

(c¢) orx ¢ F UY and its orbit equidistributes towards vol x.
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Proof. The sets F' and Y were already constructed in Theorem [I0.1] whose proof also implies
property (b). The classification of invariant measures (Theorem and the stiffness property
show that the only v-stationary measure giving no mass to Y U F'is vol x. Therefore the equidis-
tribution property (c) follows from Breiman’s ergodic theorem and the existence of a Margulis
function associated to finite orbits and totally real surfaces (Theorems {.T|and .5). ([l

Remark 10.6. Note that if the maximal invariant totally real surface Y is known to be smooth
(e.g. if Y = X (R)) then we may relax the finiteness assumption on v to the moment condition

APPENDIX A. SYNCHRONIZING MEASURES ON PROJECTIVE SURFACES

Following [44]], we say that v is synchronizing if for every pair of points (z,y) € M?, there
is a measurable subset (z, ) < Diff!(M)N such that vN(Q(z,y)) = 1 and

(A.D) Jm dist(f5(2), £5(y)) =0

for every w € Q(z,y). This property is in a sense opposite to uniform expansion, and it is
commonly satisfied for group actions on the circle (see [44,39]). When (A.1)) is replaced by

1
(A.2) limsup — log dist(f} (z), f2(y)) <0
n—+oo T
we say that v is exponentially synchronizing. For example, if v is a probability measure on
PGL3(C) = Aut(P?) that satisfies a moment condition and generates a Zariski dense subgroup,
then v is exponentially synchronizing.

Theorem A.1. Let X be a complex projective surface. Let v be a probability measure on
Aut(X) that satisfies the moment condition (M). If v is exponentially synchronizing, there is a
finite index subgroup T'% of T, and a T'S-equivariant birational morphism m: X — X, with
Xo = P? or a Hirzebruch surface, which conjugates T to a subgroup of Aut(Xy).

We expect that the same result holds for synchronizing actions as well.

Proof. Let us start with three preliminary observations. Firstly, I, cannot act by isometries
(for any distance on X); in particular, ', is infinite. The same remark applies to exclude I',,-
equivariant fibrations m: X — B, with B a curve, for which I', would act isometrically on
the base. Secondly, if there is an invariant volume the dynamics cannot be synchronizing; so
X cannot be a torus, a K3 surface, or an Enriques surface. Thirdly, by Pesin theory, if there
exists a v-stationary measure with a positive Lyapunov exponent, then the dynamics cannot be
exponentially synchronizing; so, by Corollary T', is elementary.

Denote by I} the induced subgroup of GL(H*(X,Z)), and assume temporarily that this
groups is infinite. By the classification of elementary groups of automorphisms (see [17, Thm
3.2] or [19} §10]), two cases may occur :

(1) either I'}; contains a finite index cyclic subgroup generated by a loxodromic map f*, for
some f e 'y;
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(2) or I'} contains a finite index, infinite, unipotent group that preserves the class [F'] of a
I',-invariant genus 1 fibration 7: X — B.

In case (1), we can furthermore conclude that I',, is virtually cyclic, since otherwise X would be a
torus (see Proposition 3.16 as well as the proof of Theorem 10.3 in [19]), which would contradict
the second preliminary remark. Consider the random walk induced by v on the cyclic subgroup
f% < T,. If it is recurrent, then there are arbitrarily large times n; such that £ is bounded
in Aut(X), and this prohibits synchronization. If it is not recurrent, then the maximal entropy
measure of f lifts to a I')-invariant measure with a positive exponent, and this contradicts the
third preliminary remark. So, case (1) is excluded. In case (2), the action of I',, on the base
of its invariant fibration can not factor through a finite group (this would contradict the first
preliminary remark); then, X should be a torus, in contradiction with the second remark. Thus,
we conclude that I'}, is finite.

Denote by Aut(X)° the connected component of the identity in Aut(X). Lieberman proved
in [42] that Aut(X)° has finite index in the kernel of the natural representation Aut(X) —
GL(H*(X;R)); thus, I'), := I', n Aut(X)° is an infinite, finite index subgroup of I',, and
dim Aut(X)° > 1.

Now, we refer to the classification of projective surfaces for which Aut(X) is non-trivial. If
the Kodaira dimension kod(X) is positive, this dimension must be 1 and the Kodaira-litaka fi-
bration gives an Aut(X )-equivariant fibration such that the action of Aut(X') on the base factors
through a finite group; thus, this case is excluded by the first preliminary remark. If kod(X) = 0,
X should be a torus, in contradiction with the second preliminary remark. Thus kod(X) = —oo.
If X is a ruled surface over a curve B of positive genus, then Aut(X) acts by isometries on the
base of the fibration, in contradiction with the first preliminary remark. Therefore X is a ratio-
nal surface. The group Aut(X ) fixes each rational curve of negative self-intersection. Thus, up
to finite index, there exists a I'Y-equivariant birational morphism 7: X — X, onto a minimal
model of X. Such a minimal rational surface is isomorphic to P? or a Hirzebruch surface. [

APPENDIX B. RIGIDITY OF ZERO ENTROPY MEASURES

Here we complete the proof of Theorem [8.8] by establishing the following result of indepen-
dent interest.

Theorem B.1. Let X be a torus or a K3 or Enriques surface, and v be a probability measure on
Aut(X) such that T, is non-elementary. Assume that i is a Zariski diffuse v-stationary measure
such that h,(X,v) = 0. Then yu is 'y -invariant and for every f € ', h,(f) = 0.

Proof. As in Theorem [8.8] we may assume that y is ergodic as a stationary measure, and its
I'y-invariance was already established there. Pick f € I',. Assume by way of contradiction that
hu(f) > 0, in particular f must be loxodromic. If j is ergodic for f, then the result follows
rather immediately from the measure rigidity theorem 11.1 in [[19]. Indeed in that theorem we
consider an ergodic measure 4 of positive entropy for f and study the group of automorphisms
of X preserving u, under the additional assumption that p is supported on a real surface. We
reduce the argument to the case of I' = (f, g) for some g, and divide the proof into 3 cases: (1)
either there is a I'-invariant measurable line field, or (2) there is a I'-invariant pair of measurable
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line fields, or (3) none of the above. In cases (1) and (2) we conclude that I" is elementary by
adapting the argument of [19, Thm. 9.1]: this does not rely on the additional real structure.
In case (3), since p is hyperbolic for f, Theorems and imply that p is hyperbolic as a
stationary measure and as in the proof of Theorem we deduce that b, (X, ) > 0, which is
contradictory. Thus, case (3) does not happen, and we deduce that I' is elementary for every
g € Iy, which is a contradiction. Therefore h,(f) = 0.

What remains to do is to adapt this argument to the case where y is not ergodic under f. So
consider f € I', and assume that h,(f) > 0 so that f is loxodromic. As before there are 3
cases: either (1) there is a I', -invariant measurable line field, or (2) there is a I', -invariant pair of
measurable line fields, or (3) none of (1) and (2). We first observe that as before Case 3 does not
happen: indeed if there is no invariant line field or pair of invariant line fields, by Theorems
and[7.3] either . is hyperbolic as a v-stationary measure, or the projectivized tangent action of I',,
reduces to a compact subgroup. But since h,,(f) > 0, f admits non-zero Lyapunov exponents
on a set of positive measure so the latter is impossible. Hence p is hyperbolic as a v-stationary
measure, and since there is no invariant line field, stable directions depend on the itinerary and
as before we conclude that 7, (X,v) > 0, a contradiction. So one of Cases (1) or (2) holds.

So assume there exists a measurable I',-invariant line field x — [E(x)] € P(T,X) and
pick g € T',. Assume further that g is loxodromic. We will derive a contradiction by showing
that ( f, g) must be elementary: this is a contradiction because any non-elementary subgroup of
Aut(X) contains a purely loxodromic non-elementary subgroup. Let P be the measurable par-
tition into ergodic components (under f) and denote by pp the conditional measure on P € P,
so that that u = Sup(x)d,u(a:) is the ergodic decomposition of u. Since the entropy func-
tion is affine, there exists a f-invariant set B of positive measure such that for any z € B,
hM;(I) (f) > 0. In particular f is non-uniformly hyperbolic along B, so along B, E must co-
incide almost everywhere with one of £% or £y. Reducing B to a smaller invariant subset we
may assume that £ = E;L almost everywhere along B. For every n € Z, the automorphism
g " fg"™ is loxodromic, preserves p, is non-uniformly hyperbolic along g~ "(B), and FE coin-
cides with E;_n Fon almost everywhere By measure preservation there exists m # n such that
w(g~™(B) n g~™(B)) > 0, so u(B n g™ ™(B)) > 0. Letting h = g™ " fg~ ("™ and
A = B n g™ ™(B) we are exactly in the situation of Lemma 11.2 of [19], and we conclude
that W*(f,z) = W*(h,z) for u-almost every = € A, from which it follows that T’} = T," and
finally (gm*”)”‘TJ;|r = cTJT . Since g is loxodromic, this implies that T = T; or T; =1,
and finally that (f, g) is elementary, which is the sought-after contradiction.

Finally, if there is a measurable pair { E1, E2} of line fields which is v-a.s. invariant, we get a

f-invariant set B of positive measure along which { Fy (z), E2(x)} = {E;i (z) = E}(z) }, and a
set A = B g™ "(B) of positive measure along which {E}?(w) = E}‘(m)} = Ej(z) = E}(x),

where h = g™ " f¢g~(m=")_and we conclude as before. U
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