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Numerical study of bladed structures with geometric and contact
nonlinearities

Elise Delhez1,2, Florence Nyssen1, Jean-Claude Golinval2 Alain Batailly1

Abstract
This paper deals with the reduced order modeling of turbomachine bladed structures accounting for both geometric
nonlinearities and nonlinear blade-tips/casing contacts in a numerically efficient way. A recently derived methodology,
based on the concept of modal derivatives, is first used to study the contact interactions of a single rotating blade
impacting a rigid casing. In this reduction procedure, nonlinear internal forces due to large displacements are evaluated
using the stiffness evaluation procedure and contact is numerically handled with Lagrange multipliers. In-depth analyses,
including clearance consumption computations and frequency analyses with a continuation procedure, are performed to
understand and characterize the combined influence of contact and geometric nonlinearities on the blade’s dynamics. The
methodology is then generalized to full bladed disks using Component Mode Synthesis techniques with fixed interfaces.
Each sector of the cyclically symmetric structure is projected onto a reduction basis composed of Craig–Bampton modes
and a selection of their modal derivatives. A second reduction allows reducing the cyclic boundary degrees-of-freedom.
The methodology is first assessed using a harmonic excitation at blade-tips, without contact. When applied to the
bladed disk subjected to contact interactions, the methodology allows identifying the main interaction speeds that can
be detrimental for the engine integrity. Through this work, the numerical strategy is applied on an open industrial
compressor bladed disk model based on the NASA rotor 37 in order to promote the reproducibility of results.
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Étude numérique de structures aubagées avec non-linéarités géométriques et
contact

Elise Delhez1,2, Florence Nyssen1, Jean-Claude Golinval2 Alain Batailly1

Résumé
Cet article porte sur la mise en place de modèles réduits de structures aubagées au sein des turbomachines en prenant
en compte deux types de non-linéarités : des non-linéarités géométriques et des non-linéarités de type contact. Une
méthode récemment publiée, reposant sur l’utilisation de dérivées modales, est tout d’abord utilisée pour l’analyse
d’une aube seule subissant des contacts répétés avec le carter. Les forces internes non linéaires associées aux grands
déplacements sont évaluées grâce à la méthode d’évaluation de la raideur (STEP pour STiffness Evaluation Procedure) et
le contact est traité grâce à un calcul de multiplicateurs de Lagrange. Les analyses de quantités d’intérêt telles que la
consommation de jeu et les analyses fréquentielles permettent de mieux comprendre et caractériser l’influence de chaque
type de non-linéarité sur la réponse dynamique de l’aube. Une généralisation de la méthodologie est ensuite proposée
pour permettre son application à des roues aubagées par le biais de méthodes de réduction à interfaces fixes. Chaque
secteur de la roue aubagée, supposée à symétrie cyclique, est projeté sur un sous-espace engendré par une sélection
de modes de Craig-Bampton et de leurs dérivées modales. Une seconde opération de réduction permet de condenser
les frontières cycliques. Dans un premier temps, la méthodologie proposée est évaluée en considérant une excitation
harmonique sur le sommet des aubes, sans contact. Puis, dans un second temps, l’application d’efforts de contact permet
d’identifier les vitesses critiques de la roue aubagée. Tous les résultats présentés sont relatifs à un modèle ouvert d’aube
de compresseur industriel : l’aube NASA rotor 37 afin de faciliter la reproductibilité des résultats.
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Réduction de modèle, Non-linéarités géométriques, Interactions rotor/stator, Symétrie cyclique
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1 Introduction

Because of the new environmental regulations in aeronautics, engine manufacturers have to drastically reduce their
environmental footprint. To achieve this, new engine architectures are being considered to improve the performance
of turbojet engines and reduce their fuel consumption. Energy efficiency can be improved by controlling the clearance
between the blade-tips and the stationary surrounding casing in order to reduce aerodynamic leaks. This strategy
leads to more frequent occurrences of direct contacts between the rotating blades and the casing, even in nominal
operating conditions. Moreover, the engine weight, and therefore the aircraft fuel consumption, can be reduced by
designing lighter and slender blades. The use of these more flexible blades can lead to large displacements known as
geometric nonlinear effects.

Because of the high costs associated to full-scale experimental setups, it is particularly important for manufacturers
to have at their disposal accurate predictive numerical strategies [1]. However, as the use of thinner blades with
reduced clearances with respect to the surrounding casing leads to large amplitudes of vibration and contact
occurrences, classical linear models become inaccurate. New numerical tools allowing to account for these nonlinear
structural considerations from the beginning of the design process are thus needed.

Turbomachine bladed structures are generally modeled by 3D finite element models with high fidelity geometrical
details and material distribution. Current industrial numerical models of bladed structures are therefore characterized
by a very large number of degrees-of-freedom and their direct use in dynamic analysis requires high computational
capabilities. This is particularly true in a nonlinear context. This is the reason why many recent works are devoted
to the construction of nonlinear reduced order models that can be used to reduce the computational burden in a
design process, but also as fast executing replacements of the full order model or to extract relevant information
hidden in the full order model. There exists different categories of reduction methods, from goal-oriented reduction
approaches to physical reduction methods [2]. Among the existing physical reduction methods, projection on a
reduced space is widely used in the literature because of its ease of implementation, but also because it preserves the
general expression of the equation of motion so that the same time integration algorithms as those used for the full
order model can be used.

In a linear context, the dynamics of cyclically symmetric structures is generally studied in the harmonic space
where the dynamic problem can be written as a set of sub-problems for each harmonic using Fourier formalism [3, 4, 5].
This cyclic symmetry formulation can be used in classical linear reduced order modeling techniques (such as Craig-
Bampton or Craig-Martinez reduction methods [6, 7, 8]) to efficiently compute the reduction basis [9]. Combined
with penalty methods [10] or Lagrange multiplier approaches [11], these reduction methods have proven to provide
accurate prediction of contact dynamics, and in particular of rubbing events between blades and casings [12].

When geometric nonlinearities are considered or in the case of severe contact nonlinearities, the response of the
structure can no longer be expressed with independent diameters as the nonlinearities induce a coupling between
the harmonic components. The cyclic symmetry formulation can no longer be used. In this context, different
projective reduction methods have been developed. They can be grouped in two categories: reduction methods for
which the structure is reduced as a whole and reduction methods where the structure is divided into individual
sectors. On the one hand, for simple structures, the equations of motion of the full finite element model of the
cyclically symmetric structure can be directly projected onto a reduced space with a reduction basis intrinsically
accounting for the nonlinear behavior of the structure based on modal derivatives [13, 14] or on Proper Orthogonal
Decomposition [15, 16] for instance. For more complex industrial structures, this reduction can be preceded by a first
projection such as a modal reduction [15]. On the other hand, some reduction methods are based on Component
Mode Synthesis [17, 18]: the structure’s dynamics is described by a set of modes of the individual sectors and
interface (or constraint) modes that allow to account for the coupling between the sectors. Different definitions
of the sector modes have been investigated in a nonlinear context such as linear modes augmented with modal
derivatives [19, 20] or nonlinear normal modes [21, 22].

In these reduced order modeling techniques, nonlinear forces due to large displacements are identified either with
intrusive or non-intrusive methods. In intrusive methods, reduced nonlinear forces are obtained by direct projection
of the full order nonlinear force [23, 24, 25, 15] based on the relationship between the finite element tensors and
their modal counterparts. In non-intrusive methods, the reduced nonlinear forces are expressed as a polynomial
form of the reduced coordinates whose coefficients are identified with nonlinear static evaluations with imposed
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displacements (enforced displacement method or STiffness Evaluation Procedure (STEP) [26]) or imposed forces
(applied force method [27]).

A methodology has been recently derived to study the contact interactions of a single blade undergoing large
displacements [28]. This methodology is based on non-intrusive projection-based reduction techniques in order to be
compatible with commercial finite element software packages, with computations made in the time domain in order
to capture transient phenomena which are key for the rise of some critical interactions [29]. This article serves two
main objectives. First, deeper analyses are performed with the single-sector methodology in order to complete the
analyses done in the first paper where the methodology has been presented [28] and better understand and quantify
the influence of geometric nonlinearities in contact dynamics. Then, this paper aims at generalizing the methodology
to cyclically symmetric bladed disks using Component Mode Synthesis techniques with fixed interfaces. The second
objective of this paper is to show that reduced order modeling techniques offer a computationally efficient alternative
to full finite element models to study the nonlinear dynamics of such structures.

The paper is divided into two main parts. Section 2 is dedicated to single-sector structures. First, the existing
reduction methodology is briefly recalled. The methodology is then applied to a single blade periodically impacting
a rigid surrounding casing. In-depth analyses, including clearance consumption computations and the use of a
continuation procedure to obtain nonlinear frequency response curves, are performed to understand and characterize
the influence of geometric nonlinearities. Full bladed disks are then studied in section 3. The proposed methodology
is generalized for full bladed disks and validated on a test case subjected to an equivalent aerodynamic loading,
without contact interactions. The influence of the number of modal derivatives included in the reduction basis and
of how they are selected is discussed. Lastly, the methodology is used to study contact interactions of a full bladed
disk.

2 Single blade analysis

Single-blade structures are here studied with the reduction methodology developed and validated in [28, 30]. This
methodology is first briefly recalled in section 2.1 along with some additional numerical considerations regarding the
computation of the internal nonlinear forces. Then, a specific case study is presented in section 2.2 with a description
of the open blade model selected as well as the considered contact scenario. Results of contact simulations are
presented in section 2.3 with in-depth analyses regarding clearance consumption and contact stiffening.

2.1 Methodology

Considering a high-fidelity finite element model of a mechanical bladed structure with NDOF degrees-of-freedom, the
spatially discretized equation of motion governing the physical displacement u of the structure around its equilibrium
state writes

Mü+Cu̇+Ku+ gnl(u) = fe(t) + fc(u, u̇), (1)

where M is the mass matrix, C is the viscous damping matrix, K is the linear stiffness matrix, gnl(u) is the nonlinear
internal forces vector due to large displacements, fe(t) is the external forces vector and fc(u, u̇) accounts for possible
contact interactions. The time dependence of u is omitted for clarity.

In this work, finite element models are reduced using linear projection-based model order reduction techniques,
i.e. the displacement field u is written as a linear combination of spatial basis functions Φ as

u(t) = Φq(t) =

r∑
j=1

ϕjqj(t) (2)

and the physical displacement u ∈ RNDOF is linearly reduced to a set of generalized coordinates q ∈ Rr, where
r ⩽ NDOF (in practice r ≪ NDOF). Injecting Eq. (2) in Eq. (1), the projection of the equation of motion in the
reduced space writes

M̃q̈+ C̃q̇+ K̃q+ g̃nl(q) = f̃e(t) + f̃c(q, q̇), (3)
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where the projected matrices take the expressions

M̃ = ΦTMΦ, C̃ = ΦTCΦ, K̃ = ΦTKΦ (4)

and the projected vectors are

g̃nl(q) = ΦTgnl(u), f̃e = ΦTfe, f̃c(q, q̇) = ΦTfc(u, u̇). (5)

This way of reducing a mechanical system advantageously preserves the general form of the equation of motion. In
this nonlinear context, projection-based reduction methods are characterized by (1) the definition of the reduction
basis Φ and (2) how the nonlinear forces due to large displacements and contact interactions are evaluated in the
reduced space.

The physical displacement vector u is partitioned into inner degrees-of-freedom, ui, that are effectively reduced,
and boundary degrees-of-freedom, ub, that are kept as physical degrees-of-freedom in the reduced space as

u =

[
ui

ub

]
. (6)

Structural matrices M, C and K and force vectors gnl, fe and fc are partitioned accordingly with respect to inner
(subscript i) and boundary (subscript b) degrees-of-freedom. The vector of generalized coordinates q can therefore
be written as

q =

[
ub

η

]
, (7)

where η stands for modal generalized coordinates. As shown further, the boundary degrees-of-freedom ub are here
chosen as blade-tips degrees-of-freedom where contact events may occur. This allows the treatment of contact
directly in the reduced space.

2.1.1 Reduction basis

In this work, the reduction basis Φ is composed of r Craig-Bampton modes [18] and a selection of rMD modal
derivatives [31, 32]. The Craig-Bampton modes consist in rb constraint modes Ψ and rc fixed interface linear normal
modes Θ.

The constraint modes are defined as the static modes resulting from imposed unit displacements on the boundary
degrees-of-freedom ub. Adopting the degrees-of-freedom partitioning described above, they can be written as

Ψ =

[
Ψi

I

]
, (8)

where

Ψi = −K−1
ii Kib. (9)

The fixed interface linear normal modes correspond to the modes of the structure clamped at the boundary
interface degrees-of-freedom ub. They can be written as

Θ =

[
Θi,rc

0

]
, (10)

where Θi,rc is formed by truncating the solution Θi of the eigenvalue problem

KiiΘi = MiiΘiΩ
2 (11)
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to the first rc modes.
In order to account for the second-order effects that occur when considering geometric nonlinearities, the

Craig-Bampton basis is enriched with modal derivatives (MD). The modal derivatives, first introduced by Idelsohn
and Cardona [33], are here derived from the static problem [32]

Ku+ gnl(u) = fe, (12)

where the imposed static load writes

fe = K

rb+rc∑
j=1

ϕ̆j η̆j , (13)

where ϕ̆j stands for the jth Craig-Bampton mode and η̆j is the jth Craig-Bampton generalized coordinate. The
displacement u can be expanded in Taylor series around the equilibrium position η̆ = 0 as

u =

rb+rc∑
j=1

∂u

∂η̆j

∣∣∣∣
η̄=0

η̆j +
1

2

rb+rc∑
j=1

rb+rc∑
k=1

∂2u

∂η̆j∂η̆k

∣∣∣∣
η̆=0

η̆j η̆k + · · · . (14)

The derivatives of the displacement vector with respect to the generalized coordinates can be computed by
differentiating the static problem (12). Differentiating Eq. (12) and evaluating this expression at the equilibrium
position gives

∂u

∂η̆j

∣∣∣∣
η̆=0

= ϕ̆j j = 1, · · · , rb + rc. (15)

These derivatives correspond to the linear Craig-Bampton modes. The second order derivatives of the displacement
vector are defined as the modal derivatives

ξjk =
∂2u

∂η̆j∂η̆k

∣∣∣∣
η̆=0

j, k = 1, · · · , rb + rc. (16)

They are computed by differentiating two times Eq. (12) and evaluating the resulting expression at the equilibrium
position. The modal derivatives are therefore computed by solving the linear systems

Kξjk = − ∂KT

∂η̆k

∣∣∣∣
η̆=0

ϕ̆j , (17)

where the tangent stiffness matrix is defined as

KT = K+
∂gnl

∂u
. (18)

In the case where the finite element package provides the tangent stiffness matrix, the derivative of the tangent
stiffness matrix can be computed by finite differences as

∂KT

∂η̆k

∣∣∣∣
η̆=0

=
KT

(
ϵkϕ̆k

)
−K

ϵk
, (19)

where the coefficients ϵk should be carefully defined. The right-hand side of Eq. (17) can also be written in terms of
the second derivative of the nonlinear internal forces, which can be useful to evaluate the modal derivatives in the
case where the finite element package only outputs the reaction forces due to nonlinear static displacements.
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The interface component of the modal derivatives is not null since the interface is not set fixed. Since the
interface motion is already fully represented by the constraint modes, the modal derivatives are modified to fixed
interface modes by subtracting the component already present in the constraint modes[

ζjk

0

]
=

[
ξjk,i

ξjk,b

]
−
[
Ψi

I

]
ξjk,b. (20)

It can be shown that modal derivatives are symmetric [34], i.e.

ζjk = ζkj , (21)

so that a basis consisting in r linear modes can be enhanced with r(r + 1)/2 modal derivatives.
The augmented Craig-Bampton reduction basis and the associated reduction technique therefore write

u = Φq =

[
Ψi Θi,rc Z

I 0 0

] ub

ηc

ηMD

 , (22)

where the modal derivatives ζjk are combined in Z and ηc and ηMD are modal generalized coordinates corresponding
to the fixed interface linear normal modes and the fixed interface modal derivatives. In practice, only a selection of
modal derivatives are included in the reduction basis to capture the nonlinear behavior of the structure. A modal
derivatives subset is therefore selected as done in previous works [28]. In practice, a weight Wjk is associated to each
modal derivative and the modal derivatives with the highest weights are included in the reduction basis. Further
investigations regarding modal derivatives selection will be carried out when generalizing the methodology to full
bladed disks in section 3.1.

2.1.2 Reduced nonlinear internal forces

The reduced nonlinear internal forces are evaluated with the STEP, introduced in [26]. In the STEP, the nonlinear
reduced term is assumed to be polynomial of degree 3 in terms of the generalized coordinates q1, q2, . . . , qr, components
of the vector of generalized coordinates q. The degree of this polynomial reflects the fact that the nonlinearities
in the nonlinear internal forces gnl(u) are cubic for some elements types. In particular, it is an exact expansion
in the case of 3D finite element elements under the assumption of a linearly elastic material or for beam, plate
and shell finite elements based on von Kármán strain/displacement law, whereas it is truncated for corotational
elements [24, 35, 36]. The polynomial formulation reads

g̃nl(q) =
∼
A (q,q) +

∼
B(q,q,q), (23)

using the functional notation
∼
A (·, ·) and ∼

B (·, ·, ·) for the quadratic and cubic terms with coefficients gathered in
the third-order tensor1 Ã and the fourth-order tensor B̃. The explicit indicial expression of the nonlinear internal
forces writes

g̃mnl (q) =

r∑
i=1

r∑
j=i

Ãm
ij qiqj +

r∑
i=1

r∑
j=i

r∑
k=j

B̃m
ijk qiqjqk, (24)

with m = 1, 2, . . . , r. The coefficients Ãm
ij and B̃m

ijk of tensors Ã and B̃ are determined by nonlinear forces static
evaluations performed on the full order finite element model. The procedure is not recalled here for the sake of
conciseness but is detailed in [28].

1The term ‘tensor’ used here simply refers to a multidimensional array of dimension larger than 2.
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2.1.3 Contact treatment

Contact is here numerically treated in the reduced space using Lagrange multipliers, with a prediction/correction
scheme. The numerical strategy relies on the explicit central difference time integration scheme and is known as
the Lagrange forward multiplier algorithm [11]. Simulating the response of the system in the time domain allows
capturing its transient dynamics following contact events. Friction is managed with the Coulomb law, under the
assumption of sliding friction as the tangential speed to rotation is significantly larger than the vibration speed of
the structure.

By noting qn, the numerical approximation of the exact value q(tn), the classical explicit central finite difference
scheme used in this work yields

q̈n =
qn+1 − 2qn + qn−1

h2
and q̇n =

qn+1 − qn−1

2h
, (25)

where h is the time step of integration. At each time step tn+1 = tn + h, the displacement field is first predicted
without accounting for possible contact interaction as

q⋆
n+1 =

(
2M̃+ hC̃

)−1 {
2h2

[
f̃e(tn)− g̃nl(qn)

]
(26)

+
(
4M̃− 2h2K̃

)
qn +

(
hC̃− 2M̃

)
qn−1

}
.

Based on the predicted displacements, the gap between the blade and the casing is then evaluated at the blade-tip
nodes whose degrees-of-freedom are kept among the generalized coordinates. If penetrations are detected, i.e. if
any gap becomes negative, contact forces f̃c,n+1 are computed in the normal and tangential directions through the
use of Lagrange multipliers using the methodology described in [11] in order to cancel out the penetrations of the
impacting nodes. The contact forces are then used to correct the non-admissible displacements by

qn+1 = q⋆
n+1 +

(
M̃

h2
+

C̃

2h

)−1

f̃c,n+1. (27)

The treatment of contact in the reduced space with Lagrange multipliers (without geometric nonlinearities) has
been validated against full order model data [37] and experimental data [38, 39].

2.1.4 Efficient implementation of nonlinear forces computation

Previous studies performed with the single-blade methodology show that it is necessary to include a sufficiently
high number of modal derivatives in the reduction basis to correctly capture the behavior of geometrically nonlinear
blades subjected to contact interactions as contact events may excite high-frequency modes [30, 28]. In practice,
around r = 150 modes are required to accurately describe the dynamics of typical single-sector structures. With
such reduction bases, the evaluation of the nonlinear internal forces with Eq. (23) can become computationally
expensive as the size of the tensor B̃ increases with the fourth power of r.

The contact algorithm described in section 2.1.3 takes the form of a time loop with a succession of matrix/vector
products. Previous studies performed with this algorithm based on Lagrange multipliers show that a time step of
integration of the order of 10−7 second (corresponding to approximately 0.01% of the period of the first bending
mode of the blade) has to be considered. At each time step, the nonlinear forces are evaluated in the prediction step
given by Eq. (26). The prediction step of the contact algorithm can be re-written as

q⋆
n+1 = X0f̃e(tn) +X1qn +X2qn−1 +X 3 (qn,qn) +X 4 (qn,qn,qn) (28)

where q⋆
n+1 is the prediction of the displacement at time tn+1, f̃e is the reduced external force, qn and qn−1 are the

displacements computed at time tn and tn−1 and where

X0 = 2h2
(
2M̃+ hC̃

)−1

, (29)
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X1 =
(
2M̃+ hC̃

)−1 (
4M̃− 2h2K̃

)
, (30)

X2 =
(
2M̃+ hC̃

)−1 (
hC̃− 2M̃

)
, (31)

X 3(·, ·) = −2h2
(
2M̃+ hC̃

)−1 ∼
A (·, ·), (32)

and

X 4(·, ·, ·) = −2h2
(
2M̃+ hC̃

)−1 ∼
B (·, ·, ·). (33)

Coefficients of functional forms X 3(·, ·) and X 4(·, ·, ·) are gathered in the third-order tensor X3 and the fourth-order
tensor X4. Matrices and tensors Xi (i = 0, . . . , 4) are constant and can be computed once at the beginning of the
simulation.

At each time step, the matrices and tensors Xi (i = 0, . . . , 4) are transferred from the memory to the processor,
they are respectively multiplied by f̃e(tn), qn, qn−1 and used in the nonlinear functions (that can be seen as ‘tensors
products’), and the resulting quantities are summed up. These two steps (transfer from RAM and mathematical
operations) have to be considered when optimizing the code to reduce computation times. In practice, on powerful
computation servers, computations are often limited by the DRAM bandwidth, more than by the number of
operations that can be done per second. In the matrix/vector products in Eq. (28), each element of the matrices is
used only once in the multiplications, which is not very profitable. We therefore realize several simulations together,
going forward in time for each simulation at the same time. Provided the matrices and tensors Xi (i = 0, . . . , 4) are
the same for each simulation, the prediction step of the contact algorithm given by Eq. (28) can be re-written as

Q⋆
n+1 = X0F̃e(tn) +X1Qn +X2Qn−1 +X 3 (Qn,Qn) +X 4 (Qn,Qn,Qn) , (34)

where the matrices Q⋆
n+1, F̃e, Qn and Qn−1 are respectively the concatenations of the vectors q⋆

n+1, f̃e, qn and
qn−1 related to each simulation and where

[X 3 (Qn,Qn)] (m, p) =
r∑

i=1

r∑
j=i

X3 (m, i, j)Qn (i, p)Qn (j, p) (35)

and

[X 4 (Qn,Qn,Qn)] (m, p) =

r∑
i=1

r∑
j=i

r∑
k=j

X4 (m, i, j, k)Qn (i, p)Qn (j, p)Qn (k, p) . (36)

This way, the matrix/vector products are replaced by matrix/matrix products where the elements of the matrices
loaded from the memory are used more than one time, which is more profitable and can theoretically accelerate the
computations. As Xi (i = 0, . . . , 4) only depend on the time step of integration and the structural matrices, the
different simulations performed together can be characterized by different contact conditions (friction coefficient,
clearance value...) or different angular speeds. This can be particularly beneficial to build interaction maps as it
requires to perform contact simulations on a wide range of angular speeds. Note that this numerical strategy that
consists in evaluating several vectors of nonlinear internal forces at the same time can also be used to compute
the nonlinear internal forces of tuned multi-sector structures under the assumption of linear coupling between the
sectors that is made here.
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The products X0F̃e(tn), X1Qn and X2Qn−1 in Eq. (34) are products of 2D matrices that can be computed
easily. By contrast, the functional forms X 3 (Qn,Qn) and X 4 (Qn,Qn,Qn) are kinds of products of 3D tensors
and 4D tensors whose computation has to be optimized to avoid loosing the benefit of the numerical strategy. In
order to remove useless monomials redundancy in the products, the tensors X3 and X4 are first transformed to
‘upper triangular’ or ‘upper pyramidal’ tensors, i.e. X3(m, i, j) = 0 except for i < j and X4(m, i, j, k) = 0 except for
i < j < k. An adapted tensor multiplication function, accounting for the particular structure of tensors X3 and X4,
has been implemented on top of the BLIS framework to perform efficiently the products [40]. The multi-threaded
implementation is inspired from the BLIS implementation of the product of triangular matrices [41].

This numerical strategy allows considerably reducing computation times (by a factor between 5 and 15, depending
on the processor). For instance, contact simulations at 80 different angular speeds (for given contact conditions and
reduced order model) took 20 hours on 8 cores with this numerical strategy with memory sharing against 200 hours
in the same conditions on the same machine without proper memory reuse.

2.2 Case study

While obtaining relevant results for industrial mechanical systems calls for the use of realistic full 3D finite element
models, the latter often prevent full disclosure of the results for confidentiality reasons. It is thus extremely arduous
to compare existing numerical strategies dedicated to such analyses. The reduction procedure is here applied on an
open industrial compressor blade model in order to promote reproducibility of results. The next two sections describe
the blade model used throughout this article and the contact scenario to initiate contact interactions between the
blade and the surrounding casing together with the parameters of the numerical simulations.

2.2.1 Blade model

In this paper, the methodology is applied to an industrial blade model based on the NASA rotor 37 2. NASA rotor
37 is a transonic axial flow compressor stage composed of 36 blades (see Fig. 1). It was initially designed and tested
at NASA’s Lewis Research Center in the late 70’s as part of aerodynamic research [42, 43]. Since then, NASA rotor
37 has been often used as a benchmark to validate numerical methods and assess the performance of numerical
solvers in the fields of computational fluid dynamics [44] and, more recently, in structural dynamics [45, 46, 47, 48].
Its open geometry easily allows methods validation, results reproducibility and works comparison.

Figure 1. Picture of NASA rotor 37 [49].

2The CAD file and the finite element model are available at https://gitlab.lava.polymtl.ca/depots publics/modeles/rotor37.
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Rotor 37 is made of 200-grade maraging steel, a nickel alloy [43], with Young’s modulus E = 180 GPa, Poisson’s
ratio ν = 0.3, density ρ = 8, 000 kg/m3 and yield stress σY = 1.38 GPa. The blade 3D geometry is described with
a finite element model composed of quadratic pentahedral elements as shown in Fig. 2. The discretized mesh of
the blade is represented in Fig. 2. It counts 20,657 nodes, i.e. 61,971 degrees-of-freedom. The compressor blade is
clamped at its root. The first three eigenfrequencies of the blades are given by ω1 = 5, 272 rad/s, ω2 = 15, 760 rad/s
and ω3 = 19, 071 rad/s. They correspond respectively to the first bending (1B), first torsion (1T) and second bending
(2B) modes. The damping matrix C is computed in the modal domain. Modal damping coefficients ξ1−3 = 5 · 10−4

for the first three modes and ξ4+ = 5 · 10−3 for the higher frequency modes are considered in the whole study in
agreement with previous studies performed on the same structure [47].

ex

ey
ezb

LE

TE

1

Figure 2. Single blade of NASA rotor 37 with mesh used for the finite element simulations and clamped surface (■). The eight
colored nodes are the blade tip nodes retained for contact simulations. Among those nodes, the node TE is located at the
trailing edge (•) and the node LE is located at the leading edge (•) (from [28]).

2.2.2 Contact scenario

The bladed disk is assumed to rotate at a constant speed Ω about the ez axis (period of revolution T = 2π/Ω).
The structure is surrounded by a casing assumed to be infinitely rigid, i.e. insensitive to blade contact events. The
casing follows the shape of the blade tip, so that the clearance c0 between the blade (at rest) and the casing is
uniform from the leading edge (node LE) to the trailing edge (node TE), see Fig. 3.

LE

TE

Casing

Blade

c0

Disk

ex

ez
ey b

1

Figure 3. Cut view of the NASA rotor 37 blade surrounded by the casing and clamped on the disk (from [28]).

At the beginning of the simulation, the casing is perfectly circular to avoid any initial penetration, with an
operating clearance between the blade tip nodes and the circular casing c0. In order to initiate contact, the casing is
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then progressively deformed in the radial direction until reaching its final distortion

f(θ) = (c0 + p0) exp

[
−
(
θ − ⌊θ/π⌋π − π/2

0.15

)2
]
, (37)

where θ is the angular coordinate varying between 0 and 2π and p0 defines the penetration of the casing profile
( ) with respect to the circular trajectory ( ) of a blade-tip node ( ) of the sector at rest as shown in Fig. 4.
This distortion corresponds to an ovalization of the casing with the creation of two diametrically opposed bumps of
height hb = c0 + p0 corresponding to privileged contact areas (see Fig. 4). The gap between a given blade tip node
and the casing is therefore computed through

g(θb, t) = c0 − (1− e−αt)f(θb)− ur(t), (38)

where θb is the current angular position of the blade tip node, ur is the radial displacement of the considered node
and α is defined such that the ovalization reaches 99% of the maximal distortion at 20% of the total simulation time.

ey

ex
ez ×

1

p0c0

hb

ur

Sector
at rest

Deformed
sector

−θb

Figure 4. Ovalization of the casing from ( ) to ( ), penetration of the casing profile ( ) with respect to the circular
trajectory ( ) of a blade-tip node ( ) of the sector at rest and definition of the parameters in Eq. (38) for the gap
computation (not to scale).

The degrees-of-freedom of the 8 boundary nodes colored in Fig. 2 distributed between the nodes LE and TE are
kept in the reduced space and define the contact interface. When applied to the whole multi-sector structure, the
degrees-of-freedom of the 8 boundary nodes of each blade are kept in the reduction basis. Possible penetrations and
contact forces are computed at these nodes only.

In the following, the clearance c0 is set to 0.5 mm, and the height of bumps is defined as hb = 0.625 mm. As
detailed in section 2.1.3, contact is numerically handled with Lagrange multipliers and the equation of motion is
integrated forward in time using an explicit central difference time integration scheme. Friction is modeled using a
Coulomb law, with a friction coefficient µ = 0.15. Unless otherwise specified, the time step of integration is set to
h = 10−7 s.

2.3 Contact simulations

A reduced order model of the studied blade is built with the methodology described in section 2.1. As the degrees-of-
freedom of 8 nodes are kept in the reduced space, the reduced order model is characterized by a number of boundary
degrees-of-freedom rb = 24. For the sake of conciseness, the verification of the methodology is not shown here but is
extensively detailed in previous publications [28, 30]. Convergence studies show that it is necessary to include at
least rc = 15 internal modes and rMD = 150 modal derivatives in the reduction basis, which leads to a reduction
basis of size r = 189. The weights associated to each modal derivative and the specific modal derivatives selected
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are represented in Fig. 5. The selected modal derivatives (⋆) correspond to the modal derivatives of the static modes
with respect to the generalized coordinates of the static modes (145 MD), the modal derivatives of the first internal
mode with respect to the generalized coordinates of the static modes corresponding to the middle of the blade-tip (4
MD) and the modal derivative of the first internal mode with respect to itself (1 MD). More details regarding the
selection of the modal derivatives will be given in section 3.1.2. In order to allow the comparison with other studies
on NASA rotor 37 blade [47], and contrary to what has been done in [28], the radial direction is here defined as
axis ex for each boundary node. This explains the minor differences in the interaction maps compared to previous
studies.

Figure 5. Weights Wjk associated to each modal derivative and selected modal derivatives for the contact simulations of the
single-blade structure (⋆).
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2.3.1 Interaction maps

The nominal speed of NASA rotor 37 is approximately 1,800 rad/s (17,188.7 RPM in the original report from the
NASA [43]). The Campbell diagram plotted in this report allows identifying the main critical speeds. In particular,
the intersection with the first bending mode the closest from the nominal speed is linked to the fourth engine order.
The methodology is therefore used to study the contact dynamics of the rotating blade on a limited angular speed
range around this intersection (denoted by 1B/eo4). Simulations at constant angular speed Ω between 1,200 rad/s
and 1,600 rad/s are performed (with a step of 2 rad/s). For each angular speed, the evolution of the blade tip
nodes radial displacement is computed over 200 cycles of revolution, starting from zero initial conditions. The
frequency content of the radial displacement is then computed at each angular speed, on the second half of the time
signal to get rid of transient effects. The corresponding interaction maps are plotted in Fig. 6a in the case where
geometric nonlinearities are not considered and in Fig. 6b in the case where geometric nonlinearities are taken into
account. Both maps have the same color scale from blue (lowest amplitudes) to red (highest amplitudes). The first
eigenfrequencies and the engine order lines (where the frequency is an integer multiple of the angular speed) are also
shown in these maps.

(a) (b)

amin

amax

Figure 6. Interaction maps of the radial displacement at node LE with eigenfrequencies ( ), engine order lines ( ),
predicted linear resonance ( ) and predicted nonlinear resonance ( ): (a) without geometric nonlinearities and (b) with
geometric nonlinearities.

Both interaction maps show lines of higher amplitudes on even engine order lines, which is consistent with the
fact that the casing ovalization leads to an excitation occurring twice per revolution. Non-integer harmonics of the
angular speed are also visible around 1,525 rad/s in Fig. 6a and around 1,600 rad/s in Fig. 6b, which can be related
to the nonlinear nature of the dynamics. It can also be noted that geometric nonlinearities reduce globally the
amplitude of vibrations on the whole angular speed range.

The interaction maps highlight the existence of a strong contact interaction between the first bending mode of
the blade and the fourth engine order. In both maps, high amplitudes of vibration are followed by amplitude jumps
where the amplitude of the displacement suddenly drops for a small change of the angular speed. Because of contact
stiffening, the maximal amplitudes are not reached at the exact intersection between the first bending mode line and
the fourth engine order line ( ) but are shifted toward higher angular speeds ( ). In a linear context, the studied
resonance occurs at Ω = 1, 317 rad/s. In the case where geometric nonlinearities are neglected, contact stiffening
shifts this resonance to Ω = 1, 446 rad/s, which corresponds to a contact stiffening of 9.8 %. In the case where
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geometric nonlinearities are considered, the contact stiffening seems more pronounced as the maximal amplitudes of
vibration occur at Ω = 1, 535 rad/s, which corresponds to a contact stiffening of 16.6 %..

In order to better visualize the jump in the amplitude response of the blade in the vicinity of the interaction
speed, the infinity norm of the blade’s leading edge radial displacement for the same simulations is depicted in
Fig. 7 in the cases where geometric nonlinearities are neglected and where they are considered. The curves have
been obtained by extracting the maximal radial displacement amplitudes during the last cycle of revolution of each
simulation. This figure confirms the previous observations. Geometric nonlinearities seem to be responsible for an
additional contact stiffening but give rise to smoother interactions.
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Figure 7. Nonlinear frequency response curve of the radial displacement at node LE in the cases where geometric nonlinearities
are not considered ( ) and where geometric nonlinearities are considered ( ) with predicted linear resonance ( ) and
predicted nonlinear resonance ( ).

More in-depth investigations are performed in the next two sections in order to provide some elements to
understand the influence of geometric nonlinearities. First, the clearance consumption of the blade is studied.
Clearance consumption has indeed been identified as a key parameter to understand the severity of contact
interactions [50]. Then, a continuation procedure is used in the contact simulations.

2.3.2 Clearance consumption

Definition Clearance consumption is a quantity describing the evolution of the clearance between the blade and the
casing as the blade vibrates along one of its free vibration modes [50]. The clearance consumption ∆ is computed at
a given blade-tip node for a given amplitude of deformation δ. It is defined as

∆(δ) = c0 − c(δ),

where c0 stands for the clearance at rest and c(δ) stands for the clearance computed at the level of deformation δ. In
the following, ∆X

δ and cXδ respectively denote the clearance consumption and the clearance in deformation mode X
at the level of deformation δ. Figure 8 schematically represents the clearance consumption computed for two levels
of deformation δ = +1 and δ = −1 for the first bending mode (1B). When ∆ < 0, the clearance between the blade
and the casing is increased (as for the deformed blade ( ) in Fig. 8). When ∆ > 0, the clearance between the
blade and the casing is decreased (as for the deformed blade ( ) in Fig. 8). It should be noted that the clearance
is defined as the distance between the blade-tip node considered and its closer counterpart on the casing. Because of
the casing conicity (see Fig. 3), the clearance consumption is usually different from the node radial displacement
computed in the Oexey plane. These quantities are only equal if the contact surface is perfectly cylindrical.
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Figure 8. Schematic representation of the clearance consumption with blade at rest ( ), bended blade for δ = +1 ( )
and bended blade for δ = −1 ( ).

Clearance consumption has been identified as a key parameter for the design of blades subjected to contact
interactions [51, 50]. Blades with lower clearance consumption, i.e. for which the blade/casing clearance remains
almost constant as the blade vibrates along its first vibration modes, have been found to feature lower vibration
response to contact. Criteria based on the notion of clearance consumption are therefore developed to estimate
blade sensitivity to contact interactions and optimize blade profiles [52].

Geometric nonlinearities influence The value of the clearance consumption ∆ is looked at over a certain amplitude
of deformation such that the radial displacement of the blade-tip node at the leading edge uLE,r satisfies

|uLE,r| ≤ ζ, (39)

where ζ is a limit value defined further. In practice, a linear modal analysis of the blade finite element model is first
performed. This yields the studied mode ϕX, which is normalized so that the radial displacement uLE,r reaches the
limit value ζ. A linear static analysis is then performed to recover the external forces fXe that cause the deformation
field ϕX. Static analyses with imposed forces δfXe are then performed for different values of δ between −1 and +1
and the displacement fields (and the corresponding values of the clearance consumption ∆X

δ ) are computed. These
static analyses can be either linear (i.e. neglecting the geometric nonlinearities) or nonlinear and therefore allow
assessing the influence of geometric nonlinearities. As the procedure is only based on static computations, it can be
applied to the full order finite element model and reference results can be obtained.

The clearance consumption is computed as described above at the leading edge (node LE) for the first bending
mode and the first torsion mode of the blade. The parameter ζ is fixed to 1 mm for the first bending mode and
0.5 mm for the first torsion mode. The results obtained with the full order finite element model with linear and
nonlinear solvers are given in Fig. 9. These results show that the clearance consumption is reduced in both cases when
geometric nonlinearities are taken into account. These results justify that the blade with geometric nonlinearities
features lower vibration response to contact, as observed in section 2.3.1 when comparing the interactions maps
without and with geometric nonlinearities (Fig. 6) and the associated nonlinear frequency response curves (Fig. 7).

The results also highlight that the use of the linear model has to be restricted to small deformations. The relative
error made on the clearance consumption with the linear model exceeds 10 % when the level of deformation δ is
outside the interval [−0.25 , 0.2] for the first bending mode and outside the interval [−0.1 , 0.1] for the first torsion
mode.

Reduced order model accuracy When studying rubbing phenomena, a very accurate description of the contact
interface and of the clearance evolution is required. Reduced order models should therefore be able to evaluate
accurately the clearance consumption. As exact results can be computed with the full order finite element model,
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Figure 9. Clearance consumption at the leading edge computed on the full order finite element model with linear ( ) and
nonlinear ( ) solvers: (a) first bending mode and (b) first torsion mode.

the accuracy of the ROM can be easily checked by computing the clearance consumption with the ROM itself.
The clearance consumption is computed in the same conditions as previously with the reduced order model used
in section 2.3.1 characterized by rb = 24, rc = 15 and rMD = 150. In order to show the convergence of the
results, the clearance consumption is also computed with two other ROMs: one based on a less rich reduction basis
characterized by rMD = 100 and one with a richer reduction basis with rMD = 175. The results accounting for
geometric nonlinearities are given in Fig. 10 where they are also compared with the full order model results.

These results confirm that the less rich ROM does not allow for the accurate evaluation of the clearance between
the blade and the casing and is therefore not suitable for contact simulations. The results however give confidence in
the reduced order model used previously for the contact simulations as it allows computing accurately the clearance
consumption (with relative errors less than 10 %). Increasing the number of modal derivatives in the reduction basis
does not have a significant influence on the results. As clearance consumption is a key quantity for bladed structures,
it is interesting to perform these static analyses before embarking into costly contact simulations. Accurate clearance
consumption prediction can be seen as a prerequisite for the reduced order model, even if it does not guarantee the
accuracy of the ROM in dynamic simulations.

2.3.3 Nonlinear frequency response curve

The amplitude jumps in Fig. 7 reveal that the numerical procedure does not capture all solutions and that there
certainly exist several branches of solutions near these jumps. Such solutions could be obtained by time integration,
starting from well chosen initial conditions, or using frequency methods, such as methods derived from the harmonic
balance method [47]. With the results in section 2.3.1, there is no way to ensure that the predicted nonlinear
resonances are accurate higher amplitude solutions that are not captured with the zero initial conditions used to
build the curve could exist.

In order to better quantify the contact stiffening, the nonlinear frequency response curve (NFRC) of the blade is
built with the same contact algorithm as in section 2.3.1 combined with a sequential continuation procedure. The
continuation procedure consists in performing contact simulations at each angular speed of the studied interval
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Figure 10. Clearance consumption at the leading edge computed with a nonlinear solver with the full order finite element
model ( ), the ROMs characterized by rb = 24, rc = 15 and rMD = 100 ( ), rMD = 150 ( ) and rMD = 175 ( ):
(a) first bending mode and (b) first torsion mode.

successively, taking as initial conditions of simulation i the final conditions of simulation i− 1. The first contact
simulation is conducted over 200 cycles of revolution, in order to reach the steady-state regime, while the following
ones are limited to 30 cycles. A step of 2 rad/s is considered. If the steady-state regime is not reached, the step
is divided by 2 (with a maximum of 3 divisions). It should be noted that the objective here is not to build the
complete nonlinear frequency response curve (with all bifurcations, internal loops, ...), which would require more
sophisticated tools, but mainly to correctly assess the contact stiffening. The sequential continuation procedure used
here has been validated in the case without geometric nonlinearities by comparison with the results obtained in [47]
with a frequency method (RL-HBM). Note that the optimized implementation described in section 2.1.4 cannot be
used in this case as it is necessary to wait for the end of simulation i before starting simulation i+ 1.

The nonlinear frequency response curves computed with the continuation procedure (with upward and downward
angular speed sweeps) are given in Fig. 11 in the case where geometric nonlinearities are neglected and in Fig. 12 in
the case they are considered. These curves are also compared to the curves of Fig. 7 (obtained from zero initial
conditions).

These figures confirm that the nonlinear resonances were not correctly captured in Fig. 7 with simulations starting
from zero initial conditions as the continuation procedure highlights the existence of higher amplitude solutions. In
the case where geometric nonlinearities are neglected, the nonlinear resonance predicted at Ω = 1, 446 rad/s ( )
appears to occur at Ω = 1, 520 rad/s ( ), which corresponds to a contact stiffening of 15.4 %, and leads to amplitudes
of vibration more than 50 % greater. In the case where geometric nonlinearities are considered, the nonlinear
resonance predicted at Ω = 1, 535 rad/s ( ) is only slightly shifted to Ω = 1, 551 rad/s ( ), which corresponds to a
contact stiffening of 17.7 %, and was therefore well approximated in Fig. 7. Neglecting the geometric nonlinearities
leads to amplitudes of vibration at the resonance more than two times larger compared to the case with geometric
nonlinearities, which is consistent with the clearance consumption analysis in section 2.3.2.

Even if this was not the objective here, the results also show the existence of other branches of solutions that
were not captured in Fig. 7 when starting from zero initial conditions. For instance, in the case where geometric
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Figure 11. Nonlinear frequency response curve without continuation ( ) and with continuation (upward (+) and downward
( ) angular speed sweeps, simulations where steady-state regime is not reached (+/ )) – without geometric nonlinearities.
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Figure 12. Nonlinear frequency response curve without continuation ( ) and with continuation (upward (+) and downward
( ) angular speed sweeps, simulations where steady-state is not reached (+/ )) – with geometric nonlinearities.

nonlinearities are neglected, Fig. 7 predicts a low-amplitude branch between 1,475 rad/s and 1,500 rad/s with
periodic solutions of period T/2. Using the continuation procedure with downward angular speed sweep (see Fig. 11),
a higher amplitude branch is obtained on the same angular speed interval, with periodic solutions of period 11T/2.

These results show that the contact stiffening has to be carefully quantified with appropriate tools to follow the
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high-amplitude branch of the response and locate correctly the resonance. Also, the observation (in section 2.3.1) that
geometric nonlinearities are responsible for a significant additional contact stiffening should be put in perspective.
Indeed, results obtained with the continuation procedure show that the contact stiffening with geometric nonlinearities
is only slightly greater than the actual stiffening without geometric nonlinearities.

2.4 Partial conclusions

Compared to the first paper dedicated to the development of the methodology and its application to a nonlinear
structure [28], the results presented in this paper allow to bring a physical understanding of the nonlinear dynamics
of blades and on the influence of geometric nonlinearities. First, the concept of clearance consumption allows to
justify why the contact interactions are smoother when geometric nonlinearities are considered. Second, it is shown
that the use of a continuation procedure in time-domain allows to better localize the nonlinear resonance and
therefore identify the contact stiffening. Contrary to what can be predicted without continuation procedure, the
contact stiffening with geometric nonlinearities is, in the studied case, very close to the contact stiffening without
geometric nonlinearities.

3 Full bladed disk analysis

In order to study full bladed disks, the single-sector methodology is generalized to multi-sector structures in
section 3.1. The bladed disk studied, also based on the NASA rotor 37 blade, is then presented in section 3.2. The
methodology is validated in section 3.3 without contact interactions. Lastly, the methodology is used to study the
contact interactions of the bladed disk of interest.

3.1 Methodology

The single-sector methodology recalled in section 2.1 is combined to a Component Mode Synthesis (CMS) technique
and extended to multi-sector structures. The bladed structure is divided into N identical sectors composed of one
blade and the corresponding disk sector (see Fig. 13). The degrees-of-freedom of sector n (n = 1, . . . , N), un, are
partitioned according to

un =


un
left

un
i

un
b

un
right

 , (40)

where un
left and un

right respectively stand for the nleft and nright degrees-of-freedom of the left and right cyclic
boundaries (with nleft = nright because of mesh compatibility), un

b stands for the rb boundary degrees-of-freedom
that are kept in the reduced space (i.e. the blade-tip degrees-of-freedom) and un

i stands for the ni internal degrees-
of-freedom that do not belong to any boundary. The sectors are mechanically coupled through the cyclic boundary
degrees-of-freedom.

3.1.1 Reduction basis

In the proposed methodology, each sector is reduced following the methodology presented in section 2.1, i.e.
projected onto a basis composed of Craig-Bampton modes and a selection of their modal derivatives. The boundary
degrees-of-freedom of the single-sector methodology are here defined as the blade-tip degrees-of-freedom and the
cyclic boundaries. The reduction of the degrees-of-freedom of sector n therefore writes

un =


un
left

un
i

un
b

un
right

 =


I 0 0 0

Ψn
left Φn Ψn

b Ψn
right

0 0 I 0

0 0 0 I



un
left

ηn

un
b

un
right

 ; (41)
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Left cyclic boundary

Right cyclic boundary

Blade-tip nodes

Figure 13. Bladed disk sector with simplified representation of the disk.

where Ψn
left, Ψ

n
right and Ψn

b are the constraint modes corresponding to the static deformations of the sector to unit
displacements imposed respectively at the degrees-of-freedom un

left, u
n
right and un

b (computed as in Eq. (9)) and

Φn =
[
Θn

i,rc
Zn
]
, (42)

where Θn
i,rc

are the first rc linear normal modes of the sector clamped at the boundary degrees-of-freedom (computed
as in Eq. (11)) and Zn are rMD modal derivatives of the sector (computed as in Eq. (17)). The modal derivatives have
to be carefully selected according to a selection criterion. Different selection criteria are presented in section 3.1.2.
In the case of a tuned structure, the matrices Ψn

left, Φ
n, Ψn

b and Ψn
right are respectively identical for each value of n

between 1 and N and the reduction basis is only computed once. The methodology is however not restricted to
tuned structures. Considering the cyclic conditions

un
left = un−1

right (n = 2, . . . , N) and u1
left = uN

right (43)

and regrouping the cyclic boundary degrees-of-freedom in

ucyclic =


u1
left
...

uN
left

 , (44)

the reduction of the multi-sector structure writes

u =



u1
i

u1
b
...

uN
i

uN
b

ucyclic


=



Φ1 Ψ1
b · · · 0 0 Ψ1

cyclic

0 I · · · 0 0 0
...

...
. . .

...
...

...

0 0 · · · ΦN ΨN
b ΨN

cyclic

0 0 · · · 0 I 0

0 0 · · · 0 0 I





η1

u1
b
...

ηN

uN
b

ucyclic


, (45)

where

Ψn
cyclic =

[
0ni×(n−1)nleft

Ψn
left Ψn

right 0ni×(N−n−1)nleft

]
(n = 1, . . . , N − 1)

and ΨN
cyclic =

[
ΨN

right 0ni×(N−2)nleft
ΨN

left

]
. (46)
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In a more compact form, defining

ūn =

[
un
i

un
b

]
, (47)

the reduction writes

u =


ū1

...

ūN

ucyclic

 =


Φ̄1 · · · 0 Ψ̄1

cyclic
...

...
. . .

...

0 · · · Φ̄N Ψ̄N
cyclic

0 · · · 0 I




q1

...

qN

ucyclic

 = ΦIq̂, (48)

where

Φ̄n =

[
Φn Ψn

b

0 I

]
and Ψ̄n

cyclic =

[
Ψn

cyclic

0

]
. (49)

This first projection onto the reduced basis ΦI leads to a reduced order model of size N(rc + rMD + rb + nleft). For
industrial finite element models, nleft may be very large and a second reduction of the system is then required. Many
works regarding interface reduction in substructuring methods can be found in the literature [53]. Here, a modal

reduction of the cyclic boundary degrees-of-freedom is performed. Denoting by K̂ and M̂ the projections of the
stiffness and mass matrices onto ΦI, the modes Π related to the sub-matrices corresponding to the cyclic boundary
degrees-of-freedom are computed as

K̂cyclicΠ = M̂cyclicΠω2. (50)

The second reduction writes

q̂ =


q1

...

qN

ucyclic

 =


I · · · 0 0
...

. . . 0 0

0 · · · I 0

0 · · · 0 Πrcyclic




q1

...

qN

ηcyclic

 = ΦIIq, (51)

where Πrcyclic is formed by extracting from Π the rcyclic modes whose frequencies are the closest from the frequencies
of modes Θn

i,rc
(n = 1, . . . , N). Combining Eq. (48) and Eq. (51), the complete reduction writes

u = ΦIΦIIq = Φq. (52)

The size of the reduced order model is therefore given by

r = N(rc + rMD + rb) + rcyclic. (53)

3.1.2 Modal derivatives selection criterion

The size of the reduction basis increases quadratically with the number of Craig-Bampton modes. However, it is
expected that only a few modal derivatives are necessary to capture the nonlinear behavior of the structure [54]. In
order to limit the size of the reduction basis, it is necessary to define a selection criterion that allows to determine
a priori which modal derivatives have to be included in the reduction basis to achieve accurate results. Different
selection procedures exist in the literature but they are often limited to the selection of modal derivatives of linear
normal modes, and not of Craig-Bampton modes as in this work [54, 55, 56]. As orthogonality properties of linear
normal modes do not hold for Craig-Bampton modes, these selection criteria have to be adapted. Three selection
criteria are presented here. They all consist in associating a weight Wn

jk to each modal derivative ζn
jk of sector n and

selecting the best modal derivative subset based on the magnitude of these weights, the highest values of the weight
corresponding to the most relevant modal derivatives. The selection methods are purely heuristic methods that differ
by the definition of the weight. These criteria are applied to the studied test case and compared in section 3.3.1.
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Maximum Modal Interaction (MMI) The first way of computing the weights is adapted from [54]. The linear
response u(t) of the system to a given external loading is computed with the full order finite element model
by solving Eq. (1) where the nonlinear terms are neglected (gnl(u) = 0 and fc(u, u̇) = 0). The response is
expressed in the Craig-Bampton reduced space through Eq. (2), where Φ is the linear Craig-Bampton basis.
Assuming that the contribution of the modal derivatives is of second order, their mutual relevance could be
indicated by

W
(1)
jk = |ϕj |max(|qj(t)|) · |ϕk|max(|qk(t)|). (54)

The actual interaction between the modes is not investigated. It is only assumed that two Craig-Bampton
modes that bear a relevant part of the reduced solution are likely to interact.

Modal Interaction (MI) Going one step further, it is proposed in [55] to consider the complete interaction
between the linear modes in the simulation of duration T . The weights are defined as

W
(2a)
jk =

∫ T

0

|qj(t)qk(t)|dt, (55)

with mass-normalized modes. Alternatively, the weights can also be defined as

W
(2b)
jk = |ϕT

j ϕk|
∫ T

0

|qj(t)qk(t)|dt, (56)

with no assumption over the modes normalization.
Symmetric Modal Virtual Work (SMVW) In this criterion, weights are assigned to modal derivatives accord-

ing to the virtual work done by the nonlinear elastic forces arising from one linear mode upon another mode.
This criterion is introduced in [55] and adapted in [56] for static modal derivatives, i.e. obtained by neglecting
the inertial contribution, as it is done here. The criterion is used here in the case of Craig-Bampton modes.
As above, linear simulations allow computing the time varying amplitude of each linear generalized coordinate.
For each pair of modes, the time tmax

ij is determined by

tmax
ij = arg max [qi(t)qj(t)]

2
. (57)

The virtual work of mode pair ϕj and ϕk is defined in a symmetric way as

W
(3)
jk =

√[
ϕT

k gnl

(
ϕjqj(tmax

ij )
)]2

+
[
ϕT

j gnl

(
ϕkqk(tmax

ij )
)]2

. (58)

3.1.3 Reduced nonlinear internal forces

The nonlinear internal forces write

gnl(u) =


ḡ1
nl(u)
...

ḡN
nl(u)

gcyclic
nl (u)

 , (59)

where ḡn
nl(u) stands for the forces on degrees-of-freedom ūn and gcyclic

nl (u) for the forces on degrees-of-freedom ucyclic.
Their projection on the reduced basis Φ is computed as in Eq. (5) and writes

g̃nl(q) =


g̃1
nl(q)
...

g̃N
nl(q)

g̃cyclic
nl (q)

 =


Φ̄1T ḡ1

nl(Φq)
...

Φ̄NT

ḡN
nl(Φq)

ΠT
rcyclic

[∑N
k=1 Ψ̄

kT

cyclicḡ
k
nl(Φq) + gcyclic

nl (Φq)
]

 (60)
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In order to extend the CMS procedure to the computation of these nonlinear forces, it is assumed that the constraint
modes related to the cyclic boundaries remain linear. This assumption, also made in [57] and [20], implies the
linearity of the couplings between the substructures. In the case of bladed structures, the sectors are connected by a
relatively thick and stiff disk. Geometric nonlinear effects can occur in the blade, but it seems justified to assume
that the displacement of the disk remains small and, therefore, that the degrees-of-freedom of the disk boundaries
are linear. In this context, the internal forces in each sector are also simplified. It is assumed that the reduced
nonlinear internal forces in sector n (n = 1, . . . , N), g̃n

nl, only depend on the internal and blade-tip generalized
coordinates of the sector, qn. The projected nonlinear internal forces therefore write

g̃nl(q) =


g̃1
nl(q

1)
...

g̃N
nl(q

N )

0

 =


Φ̄1T ḡ1

nl(Φ̄
1q1)

...

Φ̄NT

ḡN
nl(Φ̄

NqN )

0

 . (61)

Under these assumptions, the STEP presented in section 2.1.2 can be applied to compute the reduced nonlinear
internal forces of each sector. The nonlinear internal forces of sector n are expressed as the polynomial

g̃n
nl(q

n) =
∼
A n (qn,qn) +

∼
Bn (qn,qn,qn) , (62)

using a functional notation for the quadratic and cubic terms with coefficients gathered in the third-order tensor Ãn

and the fourth-order tensor B̃n. Components of the tensors Ãn and B̃n are determined as described in section 2.1.2.
The nonlinear forces static evaluations are performed on the sector finite element model clamped at the cyclic
boundaries degrees-of-freedom and with imposed displacements defined as linear combinations of the modes Φ̄n. In
the case of tuned structures, the tensors Ãn (and respectively B̃n) are identical for each sector n and have to be
computed only once. In the case of detuned structures, one STEP analysis has to be performed for each kind of
sector. These analyses are independent and can be performed in parallel.

3.1.4 Contact treatment

The strategy described in section 2.1.3 for single-sector structures is also valid for multi-sector structures and does
not need to be adapted. At each time step, possible penetrations are computed at the boundary degrees-of-freedom
un
b (n = 1, . . . , N) corresponding to the blade-tip nodes of the N sectors.

3.2 Test case

The methodology is applied on an industrial bladed-disk model based on the NASA rotor 37 blade. A disk sector
is added to the blade model presented in section 2.2.1, as shown in Fig. 14. Note that the height of the blade is
decreased by 4 mm compared to section 2.2.1 in order to ensure a good merge between the blade and the disk. The
36 sectors of the bladed disk are assumed to be identical. The discretized mesh counts 44,535 nodes per sector, i.e.
133,605 degrees-of-freedom. The sectors are clamped at the disk lower surfaces. Material properties are identical to
the ones given in section 2.2.1.

Based on this finite element model, the SAFE diagram (Singh’s Advanced Frequency Evaluation diagram, i.e. the
eigenfrequencies as a function of the number of nodal diameters), is computed and represented in Fig. 15. Different
mode families exist: modes dominated by blade deformation (corresponding to the successive bending and torsion
modes of the blade) and modes with high participation of the disk.

3.3 Verification without contact

In order to validate the proposed methodology, the reduction procedure is first applied on the bladed disk of interest
subjected to an equivalent aerodynamic loading of sufficiently high amplitude to activate geometric nonlinear effects.
Contact interactions are not considered in this section. The scalar performance indicator I introduced in [28] is used
to assess the accuracy of the reduction method. This performance indicator is defined as a weighted sum of four
different criteria that allow quantifying the accuracy of the reduced order model both locally (at the blade tips) and
globally. It ranges from 0 to 1, the closer to one, the better the reduction method.
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ex

ey
ezb

LE

TE

1

Figure 14. Single sector of NASA rotor 37 with mesh used for the finite element simulations and clamped surface (■). The
eight colored nodes are the blade tip nodes used further for the definition of the excitation and for contact simulations. Among
those nodes, the node TE is located at the trailing edge (•) and the node LE is located at the leading edge (•).

3.3.1 Comparison of modal derivatives selection criterion

In this section, the performance indicator introduced in [28] is used to evaluate and compare the different modal
derivatives selection criteria defined in section 3.1.2. Different reduced order models are built with rb = 3 degrees-
of-freedom per sector (corresponding to the nodes LE of each sector, see Fig. 14) kept in the reduced space. The
reduction bases are composed of rc = 10 internal modes per sector and rMD = 10 modal derivatives per sector
selected according to the different criteria of section 2.1.1. The training excitation, used in the dynamic simulation
required for the weights computation, is defined as a harmonic excitation of amplitude At = 400 N and pulsation
ωt = 4, 000 rad/s applied at Nt = 1 node (node LE) in the ez direction. This excitation mainly excites the first
blade mode family (see SAFE diagram in Fig. 15). The second reduction is characterized by rcyclic = 144. This
leads to reduced order models of size r = 972.

The reduced order models are used to compute the response of the structure to a harmonic excitation of amplitude
Ae = At and pulsation ωe = ωt (period T ) applied at Ne = 1 node per sector (nodes LE) in the ez direction
(0-diameter excitation – Nd = 0). The transient and steady-state responses at the excited blade tip node obtained
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Figure 15. SAFE diagram of the studied bladed disk for mode families 1B (•), 1T (•) and 2B (•) and disk-dominated modes
(•).

with the full order model are shown in Fig. 16 in the cases where geometric nonlinearities are considered and when
they are not. The results in these figures highlight that the amplitude of the excitation is sufficient to activate the
geometric nonlinear effects as significant differences in the responses are evidenced.

The absolute errors between the responses computed with the reduced order models and the reference nonlinear
solution computed with the full order model are shown in Fig. 17a and Fig. 17b. The error obtained with a reduction
basis composed of rMD = 10 randomly chosen modal derivatives is also represented in Fig. 17a.

Qualitatively, the results underline the importance of defining a good selection criterion for the modal derivatives.
Whereas small errors are observed for the selection criteria 1 to 3, the solution obtained with the randomly chosen
modal derivatives is very inaccurate, even worse than simply neglecting the geometric nonlinearities. These results
also allow to quantitatively assess the relevance of each selection criterion. Among the studied criteria, criteria 2a
and 2b yield the best results, followed by criterion 1 and criterion 3. All the criteria allow capturing the nonlinear
features of the response. Quantitatively, the performance indicator is given by I = 0.93 for criterion 1, I = 0.96 for
criterion 2a, I = 0.97 for criterion 2b, and I = 0.91 for criterion 3. Other studies, which are not detailed here for the
sake of conciseness, have been performed with other external excitations and confirm the choice of the selection
criterion 2b for the next analyses.

The transient response obtained with criterion 2b is then compared with the response computed with a reduction
basis where all rMD = 91 modal derivatives are included. The corresponding absolute error is shown in Fig. 18a. The
addition of the remaining 81 modal derivatives in the reduction basis does not significantly enhance the performance
of the reduction method. Indeed, the performance indicator is only slightly increased to I = 0.98 while the size r of
the reduction basis is multiplied by a factor 4. These results confirm that it is not necessary to include all modal
derivatives in the reduction basis to have good performance. This selection criterion is therefore a powerful tool that
allows the reduction of the size of the reduction basis while ensuring an accurate prediction of the structure dynamic
response.

The absolute errors on the steady-state responses computed with the different reduction bases are shown in
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Figure 16. Linear ( ) and nonlinear ( ) responses of the blade at node LE in the ez direction computed with the full
order finite element model: (a) transient response and (b) steady-state response.
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Figure 17. Absolute errors between the nonlinear responses predicted with the full order model and the reduced order models
with: (a) 10 randomly chosen modal derivatives ( ), the 10 modal derivatives selected with criterion 1 ( ) and (b) the
10 modal derivatives selected with criterion 2a ( ), criterion 2b ( ) and criterion 3 ( ).
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Figure 18. Absolute errors between the nonlinear responses predicted with the full order model and the reduced order models
with all modal derivatives ( ) and with the best 10 modal derivatives according to selection criterion 2b ( ): (a)
transient response and (b) steady-state response.

Fig. 18b. The different reduced models provide very accurate predictions and the initial errors do not build up
during the simulation, which underlines the relevance of the proposed selection criterion.

3.3.2 Accuracy of the reduction method

In this section, the performance indicator is used to assess the accuracy of the reduction method and the influence of
the number of modal derivatives included in the reduction basis. Reduction bases characterized by rb = 3, rc = 10,
rcyclic = 144 and rMD between 2 and 30 are built. The value of rc has been fixed based on convergence analyses on
linear and nonlinear simulations. Increasing rc beyond this value does not increase the accuracy of the results on the
studied frequency range. The same training excitation as in section 3.3.1 is considered, i.e. a harmonic excitation in
the ez direction characterized by At = 400 N, ωt = 4, 000 rad/s, Nt = 1. Figure 19 shows the weights associated to
each modal derivative (according to selection criterion 2b) and the ranking of the first 30 modal derivatives. The
modal derivative with the highest weight is the derivative of the second static mode with respect to itself, the modal
derivative with the second highest weight is the derivative of the second static mode with respect to the third static
mode, and so on. More generally, the modal derivatives included in the reduction basis correspond to the derivatives
of the static modes with respect to themselves and of the static modes with respect to the first internal modes.

The different reduced order models are first used to compute the response of the bladed disk to harmonic
excitations characterized by Ae = 400 N, ωe = 4, 000 rad/s, Nd = 0 and distributed on respectively Ne = 1, 4 and
8 blade tip nodes. Although the training excitation is limited to a single period, the external excitation is here
extended to ten periods in order to assess the capability of the reduced order models to accurately predict nonlinear
transient phenomena. Results are provided in Fig. 20. The results highlight that the reduced order modeling
technique allows predicting the dynamic behavior of the bladed disk for the three values of Ne as the performance
indicator eventually reaches values above 0.95 in the three cases. However, the accuracy of the reduced order model
decreases as Ne increases and increasing the number of modal derivatives beyond 30 does not seem to improve the
performance. The results could be improved by selecting boundary nodes closer to the actual excited nodes. In order
to have a more versatile reduced order model, it is interesting to select boundary nodes distributed on the whole
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Figure 19. Weights W
(2b)
ij associated to each modal derivative and their ranking.

blade-tip surface. However, as shown in section 2.3, increasing the number of static modes also leads to a significant
increase of the size of the reduction basis as more modal derivatives have to be included in the reduction basis.

The reduced order models are then used to compute the response of the bladed disk to harmonic excitations
characterized by Ae = 400 N, Ne = 1, Nd = 0 at different pulsations ωe. Results are provided in Fig. 21. Results at
ωe = 4, 000 rad/s have already been presented in Fig. 20. At this pulsation, the structure mainly responds in the
blade first mode and the reduced order models with at least rMD = 10 modal derivatives predict with accuracy the
dynamic response.

When the pulsation of the excitation is increased to ωe = 13, 000 rad/s, nearly the same level of accuracy is
achieved when a high number of modal derivatives is considered but the convergence is slower. 22 modal derivatives
are required to reach a performance indicator I greater than 0.95. In fact, at this pulsation, the second blade mode
is also excited (see Fig. 15) and it is necessary to include the modal derivatives related to this torsion mode in the
reduction basis. Figure 19 shows that the modal derivative of the second internal mode with respect to itself is
included in position 21 in the reduction basis. Given the results in Fig. 21, this modal derivative seems particularly
important to represent the dynamics of the structure at this pulsation.

The same conclusions hold at the pulsation ωe = 17, 000 rad/s where the third blade mode is slightly excited. As
this pulsation, a disk-dominated mode is also excited. Provided the adequate modal derivatives are included in the
reduction basis, the methodology is still accurate to describe the structure dynamics.

It is worth reminding that the modal derivatives selection criterion is based on a training excitation, here defined
at a pulsation ωe = 4, 000 rad/s that mainly excites the first mode of the structure. Faster convergence of the results
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Figure 20. Evolution of the performance indicator as a function of the number of modal derivatives rMD for external excitations
characterized by Ae = 400 N, ωe = 4, 000 rad/s , Nd = 0 and Ne = 1 (•), Ne = 4 (♦) and Ne = 8 (▲).
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Figure 21. Evolution of the performance indicator as a function of the number of modal derivatives rMD for external excitations
characterized by Ae = 400 N, Ne = 1, Nd = 0 and ωe = 4, 000 rad/s (•), ωe = 13, 000 rad/s (♦) and ωe = 17, 000 rad/s (▲).

(in terms of number of modal derivatives) could be reached by modifying the pulsation of this training excitation.
Depending on the application and if the frequency range of application of the reduced order model is a priori known,
it could be relevant to adjust the training excitation characteristics.

Lastly, the reduced order models are used to compute the response of the structure at the three pulsations
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studied before but with harmonic excitations characterized by Nd = 9 nodal diameters. The results are illustrated
in Fig. 22. The tendency of the three curves is very similar to what has been observed in Fig. 21. The reduced order
models are also accurate to study excitations with a number of nodal diameters different from 0.
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Figure 22. Evolution of the performance indicator as a function of the number of modal derivatives rMD for external excitations
characterized by Ae = 400 N, Ne = 1, Nd = 9 and ωe = 4, 000 rad/s (•), ωe = 13, 000 rad/s (♦) and ωe = 17, 000 rad/s (▲).

Also, the level of accuracy at pulsation ωe = 17, 000 rad/s is close to the one obtained for Nd = 0 where a
disk-dominated mode was also excited. This confirms that such modes do not give rise to any particular issue in the
methodology.

Other studies (whose results are not shown here for the sake of conciseness) have been performed with other
excitation cases. In particular, these studies showed that the reduced order models are still accurate when the
amplitude of the external excitation varies between 100 N and 1000 N, provided enough modal derivatives are
included in the reduction basis.

3.3.3 Computational cost

As one of the main objectives of the numerical strategy is to accelerate the simulations, this section provides some
information on the computation cost of the procedure. The different computation times presented in the following
correspond to single CPU sequential times on an Intel Xeon E5-2698 v4 processor (2.2 GHz). The core numerical
tool is written in Python. Full order simulations are performed with the module Mecano of the finite element analysis
software SAMCEF [58].

The reduction procedure differentiates between an expensive offline stage where the reduced order model is built
and an efficient online stage where the reduced order model is used in simulations. The offline stage is performed
once for a given reduction basis, while the online stage can be performed several times, to study different excitation
conditions.

Considering a reduction basis of size r = 972 (rb = 3, rc = 10, rMD = 10, rcyclic = 144), the time required to
build the reduced order model, i.e. the offline time, is approximately 10 hours. Note that parallel computing can be
used to reduce computation times as the nonlinear force static evaluations of the STEP can be done in parallel to
build the tensors Ãn and B̃n for each sector.

The online time, i.e. the time required to integrate forward in time the equation of motion, is directly related to
the size of the reduction basis, r. With the reduced order model built above (r = 972), a dynamic simulation of
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length 50 ms (approximately 30 periods at 4000 rad/s) with a time step of integration h = 10−5 s takes about 1
minute. By comparison, the same simulation with the full order finite element modes would take about 18 hours.
The use of the reduced order model therefore allows a significant reduction of a factor 1000.

3.4 Contact simulations

The methodology is then applied to bladed structures with geometric and contact nonlinearities. Based on the
analyses performed on a single rotating blade, a reduced order model with rb = 24 boundary degrees-of-freedom per
sector, rc = 15 internal modes per sector, rMD = 150 modal derivatives per sector and rcyclic = 144 is built. This
leads to a reduction basis of size r = 6, 948. The time required to build the reduced order model, i.e. the offline time,
is approximately 3,000 hours in the same conditions as in section 3.3.3. This reduced order model is used to perform
the contact simulations. Convergence studies confirm that the size of the reduced order model is appropriate.

3.4.1 Interaction maps

Simulations at constant angular speed Ω between 1,200 rad/s and 1,650 rad/s are performed (with a step of 5 rad/s).
The interaction maps are built as described in section 2.3.1. The interaction maps corresponding to the radial
displacement at the node LE of one sector (sector 1) are shown in Fig. 23 in the cases where geometric nonlinearities
are neglected and when they are taken into account. With the numerical strategy described in section 2.1.4, building
the complete interaction map with geometric nonlinearities takes approximately 400 hours on 20 cores.

(a) (b)

amin

amax

Figure 23. Interaction maps of the radial displacement at node LE with eigenfrequencies ( ), engine order lines ( ),
predicted linear resonance ( ) and predicted nonlinear resonance ( ): (a) without geometric nonlinearities and (b) with
geometric nonlinearities.

The interaction maps highlight the existence of a strong contact interaction between the first mode family of
the bladed disk (corresponding to the first bending mode of the blade) and the fourth engine order. The contact
stiffening is indicated by an arrow in both maps. Again, geometric nonlinearities seem to give rise to smoother
interactions and be responsible for an additional contact stiffening.

The radial displacement amplitude at node LE is shown in Fig. 24. This figure confirms the observations made
with the interaction maps. In order to correctly quantify the contact stiffening of the structure, a continuation
procedure should be used to build the nonlinear frequency response curve (as detailed in section 2.3.3). Given the
computer resources available and the cost of such simulations, this has not been done here. Indeed, when building
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a NFRC with a continuation procedure, simulations at each angular speed have to be done one after the other
with a relatively small angular speed step. The strategy detailed in section 2.1.4 can therefore not be used. It is
however expected that the contact stiffening is strongly under-estimated in the case where geometric nonlinearities
are neglected.
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Figure 24. Nonlinear frequency response curve of the radial displacement at node LE in the cases where geometric nonlinearities
are not considered ( ) and where geometric nonlinearities are considered ( ) with predicted linear resonance ( ) and
predicted nonlinear resonance ( ).

3.4.2 Stress analysis

From an industrial point of view, the stress field inside the structure is an important global quantity of interest as it
is directly related to the structure integrity. If the maximal stress level exceeds the material yield stress, irreversible
deformations may occur, leading eventually to the failure of the structure. The stress fields are here studied at the
angular speeds of the nonlinear resonances corresponding to the interaction 1B/eo4 indicated by the symbol ( ) in
Fig. 23 and Fig. 24. The von Mises stress fields are computed at time tmax where the node LE of sector 1 reaches its
maximal radial displacement. These stress fields in sector 1 are represented in Fig. 25 for the cases where geometric
nonlinearities are neglected and where they are taken into account. At time tmax, the blade is not subjected to any
contact force and is free to oscillate between two bumps.

At these interactions, the response of the structure is dominated by the first bending mode of the blade, which
shows slightly different shapes when geometric nonlinearities are considered or not. The zones of maximal von Mises
stresses are not located exactly at the same place in both cases. When geometric nonlinearities are neglected, the
maximal stresses are found near the root of the blade. When considering the geometric nonlinearities, the zone
of maximal stresses is moved toward the center of the blade. Also, the results without geometric nonlinearities
highlight non-negligible stresses in the disk. These results suggest that accounting for geometric nonlinearities in
bladed disk models could have a significant influence in terms of bladed disks design.

Quantitatively, the ratio of the maximal von Mises stresses in both cases is in line with the corresponding ratio
of maximal displacements at the blade tip leading edge. It is important to note that in the case where geometric
nonlinearities are neglected, stresses higher than the material yield stress are obtained in the blade while the blade
remains in the elastic domain when geometric nonlinearities are taken into account. This confirms that, in the
studied case, geometric nonlinearities weaken the interactions, not only locally at the blade tip, but also globally in
the whole blade. The analysis of the stress field at the other interaction angular speeds confirms that the severity of
the interaction in terms of displacement amplitudes is reflected in the maximal values of the von Mises stress.
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(a) (b)

Y 0
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1

Figure 25. Comparison of the Von Mises stress fields at tmax: (a) without geometric nonlinearities and (b) with geometric
nonlinearities.

4 Conclusion

This paper is dedicated to the dynamic analysis of bladed structures with geometric nonlinearities subjected to
contact interactions. Methodologies based on reduced order modeling techniques are used in order to be numerically
efficient.

A recently derived methodology is first used to study the contact dynamics of a single rotating sector. The
contact simulations show that geometric nonlinearities have a strong influence on the contact dynamics of blades.
In particular, they globally reduce the amplitude of vibration. This is justified by an analysis of the clearance
consumption that shows that geometrically nonlinear blades feature a lower clearance consumption, which leads
to less strong interactions. Geometric nonlinearities also lead to an additional contact stiffening. However, this
contact stiffening has to be carefully quantified. When using a time-integration based methodology, a continuation
procedure has to be used to follow the high-amplitude branch of the response and locate correctly the resonance.

The numerical strategy for single-sector structures is then generalized to multi-sector structures by using
Component Mode Synthesis. The methodology is validated on a test case subjected to an equivalent aerodynamic
loading, without contact interactions. The methodology is then used to study the contact interactions of the full
bladed disk. The results show that reduced order models provide an efficient alternative to full order models for the
study of the nonlinear dynamics of cyclically periodic structures. The methodology also allows recovering the stress
fields in the structure. As the numerical strategy is based on Component Mode Synthesis techniques, mistuning can
also easily be included in the reduced order model.
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non-accidentelle, Ph.D. thesis, École Centrale de Nantes (France) (2008).
URL https://tel.archives-ouvertes.fr/tel-00364945

[10] S. K. Sinha, Rotordynamic analysis of asymmetric turbofan rotor due to fan blade-loss event with contact-impact
rub loads, Journal of Sound and Vibration 332 (9) (2013) 2253–2283. doi:10.1016/j.jsv.2012.11.033.

[11] N. J. Carpenter, R. L. Taylor, M. G. Katona, Lagrange constraints for transient finite element surface
contact, International Journal for Numerical Methods in Engineering 32 (1) (1991) 103–128. doi:10.1002/nme.
1620320107.

[12] A. Batailly, M. Meingast, M. Legrand, Unilateral contact induced blade/casing vibratory interactions in
impellers: Analysis for rigid casings, Journal of Sound and Vibration 337 (2015) 244–262. doi:10.1016/j.jsv.
2014.10.010.

[13] A. Grolet, F. Thouverez, Free and forced vibration analysis of a nonlinear system with cyclic symmetry:
Application to a simplified model, Journal of Sound and Vibration 331 (12) (2012) 2911–2928. doi:10.1016/j.
jsv.2012.02.008.
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[35] A. Lazarus, O. Thomas, J. F. Deü, Finite element reduced order models for nonlinear vibrations of piezoelectric
layered beams with applications to NEMS, Finite Elements in Analysis and Design 49 (1) (2012) 35–51.
doi:10.1016/j.finel.2011.08.019.
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