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Abstract

The growth kinetics of a dendrite tip are of paramount importance for microstructure modeling in mate-
rials science and engineering. However, theories for multicomponent alloys are limited, primarily due to
approximations in the relevant thermodynamic data. The present contribution first reports on a prag-
matic implementation of a general framework coupled with thermodynamic equilibrium calculations. It
is applied to the widely used IN718 nickel-base superalloy. Discussions on the output of the model are
based on comparisons with the commonly found approximations for multicomponent alloys. Finally,
the remaining issues to reach applications at high growth rates are given, paving the way for future

developments.
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1. Introduction

In solidification processing, a large variety of microstructures can form from the melt. When a single
solid phase is growing, it is referred to as dendritic, although planar and cellular morphologies are also seen
[1,2,BL[4]. The dendritic microstructure influences the final properties of metallic parts. It is consequently
of prime importance to master its development and length scales so as to satisfy the requirements for the
targeted end-use applications.

At large temperature gradients, directional solidification is commonly observed, giving rise to con-
strained growth and elongated columnar grains. Columnar grains are observed in most industrial pro-
cesses involving solidification such as casting, welding and additive manufacturing [2], hence covering a
wide range of cooling rates. Tiller et al. [5] first established the constitutional supercooling criterion that
defines a condition for the stability of a planar front growing in a temperature gradient, (G, at constant
velocity, v, with solute redistribution taking place at the solid-liquid interface. Assuming steady state,
the criterion states that the length scale for solute diffusion in the liquid, D /v, should remain higher
than the length scale associated to the temperature gradient, ATy/G, where D and AT, are the dif-

fusion coefficient of the solute specie in the liquid and the solidification interval, respectively. In other
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words, if the velocity is higher than the critical value v. = D G/ATy, the front becomes unstable. At
higher velocity, Mullins and Sekerka [6] developed a stability analysis. They found that the interface can
restabilize if a capillary length, T'k/ATy, becomes larger than the diffusion length scale, where " and k
are the Gibbs-Thomson coefficient defined at the solid-liquid interface and the segregation or partition
coefficient of the solute specie, respectively. The so-called absolute stability limit is then defined by the
absolute velocity, v, = D AT, /(kT'), above which the interface remains planar. It is worth noting that
the stability analysis was further extended by Trivedi and Kurz to cover the effect of different tempera-
ture gradients in the liquid and solid phases [7]. Additionally, Coates et al. [§] and Bobadilla et al. [9]
proposed stability analyses for dilute multicomponent alloys. However, the foundational work proposing a
generalized formalism that includes cross-diffusion of solute species in the liquid phase was first presented
by Hunziker [10].

Literature reflects a longstanding interest in dendritic growth [3, 4]. The preliminary experimen-
tal observations of Papapetrou [I1] established that the dendrite tip shape is well-approximated by a
paraboloid of revolution. This hypothesis offers the advantage of simplifying the solution of the conserva-
tion equation in the liquid upon steady growth. Ivantsov provided the solution of the diffusion problem
for heat ahead of an isothermal paraboloidal dendrite developing into an infinite reservoir of liquid main-
tained at a fixed temperature [12]. Upon constrained growth and for alloys, diffusion of solute species
is the dominant phenomenon. At the tip of the paraboloidal dendrite, the chemical supersaturation,
Q = (w' —wp)/(w'* — w), relates to the Péclet number, Pe = rv/(2 D), where w'® and w*! are the
composition at the solid-liquid interface in the liquid and in the solid, respectively, and wq is the far-field
composition in the liquid, equal to the nominal alloy composition. The Péclet number is thus the ratio of
the tip radius, r, over the diffusive length scale 2 D/v. Again, the extension for a multicomponent alloy
including cross-diffusion of solute species in the liquid was given by Hunziker [10].

The above solution of the diffusion problem is not sufficient to independently solve for the tip radius
when fixing the velocity, or vice-versa [3, 4 [T3], and only gives access to its product, r v, through the
Péclet number when fixing the supersaturation. Note that upon directional solidification, the latter can
be related to the tip temperature when assuming thermodynamic equilibrium at the solid-liquid interface.
The preliminary hypothesis assuming that dendrites develop at their maximum velocity [14] [15] [16] could
not retrieve experimental observations reported by Glicksman et al. [I7, [I8], which revealed a larger
curvature radius and lower growth velocity. Langer and Miiller-Kriimbhaar [I9] proposed the marginal
stability criterion, assuming that the dendrite tip develops with a radius close to the minimum wavelength
at which instabilities develop on a planar interface, \,,;,, previously calculated by Mullins and Sekerka
[6]. This latter choice was associated to a selection constant, o* = (2w)~2. The operating point of a
steady constrained dendrite tip that associates both the Ivantsov solution and the stability criterion with
the selection constant o* was then delivered by Kurz et al. [20]. It also included a linear approximation
of the effects of interface curvature on the thermodynamic equilibrium and the effect of solute trapping
following the model developed by Aziz [21] for an ideal dilute binary alloy. Finally, the microsolvability
theory [22, 23, 24, 25] emerged, using a constant ratio (1/Amimn)> = 0* /o, where o is a selection constant
parameter and a function of the interface energy anisotropy that can depart from the marginal stability

criterion parameter *. The above set of equations were recognized as a suitable modelling framework
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for the study of a steady growing dendrite under a purely diffusive regime.

Models of dendrite growth kinetics for multicomponent alloys remain scarce in the literature despite
a clear industrial interest, as alloys are generally composed of several chemical species, each of specific
interest to control the final properties. A common approach consists of defining a pseudo-binary system
based on the physical and thermodynamic properties of each solute [26, 27]. A multilinear phase diagram
is also proposed [8, [9], which estimates thermodynamic equilibrium properties at the liquidus of the
alloy and/or extracts temperature-dependent liquidus and solidus curves from the binary phase diagrams
between the solvent and each solute specie [28]. Some authors have proposed extensions of the above
framework by coupling with the Calphad method [29] [30] or using the Hunziker theory with a full matrix
of the diffusion coefficients in the liquid, and have compared the calculations to the results of high-
velocity experiments [31]. Lahiri and Choudhury [32] and Liu et al. [33] recently discussed the outputs of
phase-field simulations of dendritic growth with a theory for a multicomponent alloy. However, a model of
dendrite growth kinetics for multicomponent alloys that includes systematic coupling with thermodynamic
data and its application to complicated multicomponent alloys (beyond ternary systems) is clearly lacking,.
Here, we propose an extension of the model by Hunziker [I0] coupled with thermodynamic equilibrium
calculations including interface curvature and diffusion matrix evaluation. First, the model and solution
algorithm are described. Then, a calculation is presented for the dendrite tip kinetics of IN718, an
eight-component nickel-base superalloy that is widely used in casting and additive manufacturing of
component for high temperature applications. The last part of the paper compares the results of the
general present model with the common approximations reported in the literature, and identifies potential

further developments.

2. Modeling

2.1. Theory

We consider hereafter a solid paraboloidal dendrite, s, growing in a reservoir of liquid, [, at the
nominal composition of the alloy, w® = (w?)1<;<y in mass fractions, defined for the N chemical species
of a multicomponent alloy. Index N is associated with the solvent (main component) and indices i
(1 <4 < N —1) with the solutes (alloying components). The densities of the solid and liquid phases
are assumed constant and equal, hereafter denoted by p, and convection phenomena are ignored. The
dendrite is assumed to grow steadily with its main axis aligned with the z-axis direction, i.e., with stable
velocity, v = vz, and curvature radius at its tip, r, in well-established composition fields. Similarly, a
fixed temperature gradient of uniform magnitude, GG, in both the solid and liquid phases, is imposed along
the z-axis direction, G = G z. Fig. [l schematizes the solid paraboloidal dendrite tip and the profiles
for two solute species in the liquid. Solute diffusion is neglected in the solid phase, and dendrite growth
is solely driven by diffusion in the liquid phase. Cross-diffusion effects in the liquid phase take place
assuming a constant diffusion matrix, D = (D;j)1<@, j)<n—1 evaluated at the liquidus temperature, T,
and at the nominal composition of the alloy, i.e. D(w?,T}r). The diffusion coefficients in the liquid, D;;,
links the contribution of the composition gradient of the solute species j in the liquid at the solid-liquid

interface, V(pw;), to the diffusion flux of the solute species i, J; = — Zjvz_ll D;;V(pw,).
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The diffusion matrix can include non-zero off-diagonal terms, allowing the possibility of forming
concentration profiles in the liquid that do not monotonically increase or decrease, yet recover the nominal
alloy composition far away from the interface, as illustrated by wy in Fig. [l Note that the present
hypotheses are the same as in Hunziker’s theory [10], which also includes an isothermal dendrite tip, T, and
an isotropic interface energy, v, when deriving the extension of the Ivantsov solution to multicomponent
alloys [12] and the stability analysis of a solid-liquid planar front [6]. Additionally, under the assumption
of thermodynamic equilibrium at the solid-liquid interface, the interface compositions in the solid, w3!,
and in the liquid, wﬁs, for all components i, 1 <i < N — 1, are given by a tie line of the phase diagram at
the tip temperature, T, also defining the partitioning of the solute species between the solid and liquid

phases with the segregation coefficient, k; = w3! /wl®.
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Figure 1: Schematic drawings of (grey) a paraboloidal solid dendrite, s, growing in a liquid phase, I, with tip velocity
v = vz, the origin O of the (x,y,z) reference frame being located in the solid, along the main axis of the paraboloidal
dendrite (n = 0), at distance from the interface equal to half the radius of the sphere defining the tip radius, r. A constant
and uniform temperature gradient, G = Gz, is imposed to the entire domain. Steady composition profiles for solute
components numbered (blue) 1 and (green) 2 are sketched along the z-axis with progressive evolution in the liquid towards
their respective nominal composition, w(l) and wg, far away from the solid-liquid interface. The paraboloidal coordinates
defined by 72 = (z 4+ /22 + y2 + 22)/r and €2 = 52 — 2 z/r are represented as dashed lines.

e Solute diffusion
The composition field in the liquid surrounding the steady growing dendrite tip for any solute species
is given by the solution of the solute mass-conservation equation. Using the paraboloidal coordinate

n defined in Fig. the general solution for solute species i, w;(n) (1 < i < N — 1), depends on
4



the eigenvalues of the diffusion matrix, B = (B;)1<i<n—1, the transformation matrix made of the unit
eigenvectors U j, U = (Us;)1<@,j)<n—1, of the diffusion matrix, D, and the Péclet numbers of the
dendrite tip associated to the eigenvalues, Pe = (Pe;)1<i<n—1 with Pe; = (rv)/(2 B;) [10]:

E; (Pe;jn?)
= g 1
w+ZC’U]E = (1)

where E; is the exponential integral function [34]. The unknown parameters C; are the magnitudes of
the solutions associated to the eigenvectors and eigenvalues. They can be calculated from the compositions
at the solid-liquid interface, n = 1, as follows. From Eq. , one can derive the conservation equation at

the interface for any solute component i:

N-1 c. U,
ls sl _ iy
S wdt = 2
=1
where Iv(x) = zexp(z)E;(x) is the Ivantsov function [I2]. It is worth noting that assuming a

constant interfacial composition is equivalent to approximating the interfacial temperature and curvature

as constants, as discussed in reference [10]. The C; coefficients can then be estimated from Eq. by

inverting the U matrix, giving C; = ivz_ll Uﬁcl Iv(Pe;j) (wh — wil). Eq. then becomes
~y- o pey E1(Pes 1)
_'LU +ZZ UlJ U]k IV( ])m (3)
J
j=1 k=1

At the solid-liquid interface, n =1 (or z = r/2), Eq. simplifies to the following relation between
the set of interfacial compositions in the liquid, w'* = (w!*)1<;<n_1, the far-field compositions in the

liquid, w®, and the Péclet numbers of the dendrite tip defined by eigenvalues:

—1N-1
5 = 40 +ZZ b —wil) Uy Uyt v(Pey) (4)
j=1 k=1
When cross-diffusion is neglected, D becomes a diagonal matrix given by D = (Dy; 0i;)1<(i,j)<n—1,
where §, is the Kronecker delta. This leads to U = U~! = I, the identity matrix. Consequently,
B; = D; and Pe; = (rv)/(2D;) for any i (1 < i < N —1). This reduces Eq. to the conven-
tional Ivantsov relation, which links the Péclet number for any element to its chemical supersaturation,
Qi = (wi* —wy)/(w}® —wi').
o Stability criterion
At a given velocity, v, within the possible interval of interface instability, v. < v < v,, a stability
analysis shows the existence of a range of perturbation wavelengths, A, corresponding to wavenumber,
w = 27w /X\. The marginal stability criterion states that the minimum wavelength for instability, Ay,
can be used to estimate the dendrite tip radius, r [I9]. Determining this wavelength requires finding
the solution of the equation that expresses the time derivative of the amplitude of the perturbation,

equivalent to [6] [10]:



N—-1 N—-1
> mY UiF—Tw? G =0 (5)
i=1  j=1

where the liquidus slope, m;, is defined for solute species i as:

oT
Owts

3

m; =

(6)

ls
Wiz

I' is the Gibbs-Thomson coefficient, which can be deduced from the curvature undercooling as detailed
hereafter. The set of F = (F};)1<;<n—1 coefficients are deduced from the compatibility of the temperature
and composition fields following the methodology derived by Hunziker [I0]. Simplifications and rewriting
yieldsﬂ for all k elements (1 <k < N —1):

N-1 N-—-1 N-1 U A

A
> UG- 2> Uiy K szfzv#@ (7)
j=1 i=1 j=1

where (; parameters are related to velocity and defined for any index 4 considering the eigenvalues B;:

2
G=1- 1 (22) (5)

The A = (A;)1<i<n—1 vector in Eq. is expressed as a function of the difference between interface
compositions, Aw = w'® — w* = (wl* — wil)1<;<n_1:

A=U"1 Aw (9)

The K coefficients in Eq. comprise the partition matrix K = (K;;)1<(; j)<n—1, Which represents
the effect of liquid composition changes on solid compositions from the relevant tie-lines of the phase
diagram. The coefficients are defined from the derivative of the interface compositions at the dendrite

tip, w*!, as:

3wfl
Kij - ) Is
wj

(10)

Wik
These K;; coeflicients are estimated along the liquidus surface, and the derivative is evaluated while
fixing every composition in the liquid phase other than the j component, wfc‘;ﬁ and with no condi-

tion imposed on the solid composition, w?!, nor on the temperature, T. Note that the diagonal terms,

7 9
K = ows/ 8w§5|w§£é , are not necessarily equal to the partition coefficients, k;. This could be the case
for a linearized phase diagram, i.e., with constant slopes of the liquidus and solidus surfaces as well as

constant partition coefficients. This was the case for the applications developed by Hunziker [10]. The

IThis is equivalent to Eq. (29) in Ref. [I0]. However, the unknown parameters in Ref. [I0] are the || E;|| values, equal to
F;+v A;/B;, where A; values are defined thereafter. In addition, Eq. (29) in Ref. [10] can be further simplified considering
both Eq. and that U;; are components of the eigenvectors of the diffusion matrix D.
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latter hypothesis leads to a diagonal matrix, K, defined by K;; = k; with (1 < i < N —1) and a zero
value elsewhere. In the present application, a full partition matrix is considered, allowing the off-diagonal

terms of K to contribute to the dendrite growth kinetics.

Eq. could also be compared to usual expressions proposed in the literature when matrices K and
D are diagonal. This reduces the A vector to the Aw vector, which yields simplified expressions for the

F; coefficients:

F,=—v wﬁs _ wfl G
D; Gi—2k;

This later expression is similar to the one proposed by Kurz et al. [Il 20] (see p.234-235 and Eq.

=Gy &y Yi(1<i<N-1) (11)

A7.22c in [I]) for a binary alloy, where G, and &, are respectively the solute gradient in the liquid at

the solid-liquid interface and the correction factor induced by the growth velocity, both for component i.

e Temperature at dendrite tip

The previous expressions provide relations determining the (r,v) couple at the dendrite tip (or the
Péclet numbers) for a given set of interface compositions. However, these relations have to be coupled
with the temperature at the dendrite tip, T, also considering the Gibbs-Thomson effect associated to the
selected tie line of the phase diagram. In the present approach, the dendrite tip temperature is function of
the set of interface compositions, w'*, and the excess Gibbs free energy in the solid phase, AG$, created

by the tip curvature, k:

T =Fy, (W', AGE) (12)

sl

Similarly, the composition in the solid phase, w*', i.e. at the dendrite tip, is also a function of the

ls

liquid composition, w*®, considering the selected tie line:

wo = Fys (W', AGE) (13)

The total undercooling at the dendrite tip, AT, is expressed as the sum of the curvature undercooling,

AT, and the chemical undercooling, AT):

AT =Ty, — T = AT, + AT, (14a)
AT, =T¢ -T (14b)
AT, =Ty, — T} (14c)

where T}, is the liquidus temperature at the nominal (far-field) composition, w’, and T}f is the
liquidus temperature at the interface composition, w'®
FL (WO, AGE = O) and TV = Fy, (Wls, AGE = 0). The excess Gibbs free energy associated to the curved

solid phase, AG?, is directly proportional to the curvature at the parabolic dendrite tip, x, the energy

, without consideration of the curvature, T, =

of the solid-liquid interface, v, assumed constant and isotropic, and the molar volume of the solid phase,

Vi, that varies with temperature and composition, Fy;:
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AG: = kyVyy (15)

Vi = Fy,, (W, 7) (16)
2
== 1
k=1 (17)

The effect of curvature is only considered to modify the Gibbs free energy of the solid phase, i.e.
not that of the liquid phase. However, note that modifying the Gibbs free energy of the solid phase
by AG? will change the equilibrium common tangent and modify both compositions w*' and w'*. The
above treatment of curvature on thermodynamic equilibrium is a more general form of the usual lin-
earization that approximates the curvature undercooling by the expression AT, = I'x, where I' is the
Gibbs-Thomson coefficient. Also, note that setting AGY = 0 in equations and simply corre-

sponds to a solid-liquid interface with zero curvature, i.e., a planar front.

e Constitutional supercooling criterion

The extension of the constitutional supercooling criterion [5] to multicomponent alloys was first pro-
posed by Bobadilla et al. [9] and generalized to consider cross-diffusion of solute species in the liquid [I0].
By analogy with the previously introduced stability analysis, the critical velocity, v.., is the solution of Eq.
when the curvature contribution I'w? is dropped. Because v, is typically ~ 1077 — 107% m s~!, the
(; parameters in Eq. can be approximated as —2wB;/v.. As this (; value is large in magnitude, the
solution of Eq. is Fj = —v.A;/Bj. The components of the A vector are then expressed using Eq. @
in the limiting conditions of instability on a planar growth front in steady state, i.e., when Aw reduces
to (Wl —wl) = w) (1/k; — 1)1<i<n—1. In a coupled thermodynamic resolution approach, k; coefficients
should also be estimated at the solidus temperature, Tg = Fg (WO, AGE = O), without curvature effects,
as expected for a planar front. Introduction of these considerations to evaluate the A; coefficients yields,

for any j index:

N—-1
e 1 01
F; = —Bj;Ujk w? (kk - 1) (18)

Combining Eqs (5)) and yields an expression for the critical velocity:

G
Ve =~"N 1 ~N-1 U Nl 1 (19)
i -1 0
mi' B, ZUj wy (k:kl)]
i=1 j=1 k=1

e Absolute stability criterion

The condition for interface stabilisation at high growth velocity can be similarly investigated. We
seek a solution of Eq. for high wavelengths (small wavenumber w) and high velocities, i.e., high v/w
ratio (equivalent to high Péclet number) for any ¢ solute species. Considering that the so-called velocity

at absolute stability, v,, increases but remains finite while the perturbation wavelength tends to infinity
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(or wavenumber w tends toward zero), the ¢; parameters in Eq. can be approximated by the ratio
2 (wB; /va)2 considering Eq. . Additionally, the ratio w/v, is small and decreases toward zero, so the
first term on the left-hand-side of Eq. can be dropped, reducing Eq. to:

N-1 N—-1 2Nfl

w
E K § Ui, F; :*75 Ukj A; B, (20)
i=1 j=1 ¢ =1

With the definition of coefficients X = X; (1<i<N-1)as:
N-1
=~ v
X, = w—‘;ZUiij (21)
j=1

Eq. li can be solved for v, by considering the Z coefficients as the new unknown parameters.
Evaluating the A; components in Eq. as in Eq. allows the Z coefficients to be expressed for

any index as:

N—1N—-1N-1
%yt () s o
j=1 k=1 I=1
where K1 is the inverse matrix of the K matrix. The E coefficients can now be introduced to
Eq. in the limit of small wave number to estimate the absolute velocity, v,. Additionally, because
I'w? >> G at high growth velocities, the temperature gradient can be neglected. This yields the expression
for the velocity of absolute stability:

11\771 N-1 ) N-1

_ 2 | Ya | = = X

Vg = I‘Zml 2 ZU”F] = I‘Zm’X’ (23)
i=1 j=1 i=1

2.2. Resolution and implementation

The resolution algorithm is summarized in Fig. 2} It aims to find the curvature radius at the dendrite

sl and w'®, temperature, T, and undercoolings,

tip, 7, and its corresponding interface compositions, w
AT, AT, and AT,, for a given alloy composition, w’, temperature gradient, G, and growth velocity,
v. To find possible solutions to the set of equations, we develop a scan over a large interval of growth
velocities, [Umin, Vmaz] Where Vi < Ue and Umae > Uq, as solutions may only exist for velocities at which
the planar growth front is unstable, i.e., v. < v < v,.

The interfacial energy, v, and the selection constant, o, are given. The diffusion matrix in the
liquid phase is fixed and evaluated at the nominal composition of the alloy and its liquidus temperature,
D=D (WO7 TL), and its eigenvalues B and eigenvectors U_; are subsequently computed. We begin an
iterative loop with initialized values of the curvature radius, 7(®) ~ 1 x 1078 m (i.e., assuming a very
small value), the interface temperature, T©) = Ty, and compositions chosen at the equilibrium liquidus
temperature of the alloy, w*(®) = Fys(w?, AGS_,) and w'(©) = w0,

Every iteration, numbered n (n > 1), begins with a calculation of the thermodynamic equilibrium

between the solid and liquid phases in the presence of a curved interface. This is performed by computing
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the molar volume of the solid phase, V]\S/I(n), at the current temperature, 7"~ and composition, w*("=1)
while considering the excess Gibbs free energy, AGE™, due to the curvature of the tip with radius 1.
Thermodynamic equilibrium using the modified Gibbs free energy for the solid phase gives new solid
compositions, w*("™)_ that can be input in the extension of the Ivantsov solution [10] to compute a liquid

ls(n)  leading to a new equilibrium temperature of the interface, 7, which modifies

composition, w
the values of the undercoolings, AT, AT;n) and AT, The curvature undercooling and the actual

curvature allow the Gibbs-Thomson coefficient, '™, to be estimated from Eq. :

AT,
a K

r

(24)

The last steps are to compute the K matrix, A vector, and the F("™) matrix in order to ap-
ply the marginal stability criterion and update the tip radius, (™). Upon convergence with criterion
‘7“(”)/7“("_1) — 1| < ¢ where ¢ is of the order of 107°, relevant estimation of all fields is reached. It
was checked that the absence of convergence was linked to a velocity close to the bounds of the [v., v,]
interval. In order to draw a dendrite tip kinetics as a function of the velocity, as mentioned previously,
the algorithm reported in Fig. [2|is scanned over the interval of velocity [Umin, Vmaz] With a velocity step
based on a geometrical progression. It is also worth noticing that several quantities, namely AT, and
AT,, are only computed for interpretation and illustration of the results. The value of the I" coefficient
at the maximum velocity for which convergence was reached, i.e., close to v,, was solely used in Eq.

to compute the absolute velocity. This explains the presence of the last step of the algorithm in Fig.
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~
Initialize material properties: w°, v, o

and investigated growth conditions: G, v

I

Diffusion matrix computation: D

Diagonalization: B, U

!

IS N
Initialize iterations: r(®, T w15(0>, WSI(O)
L n = 1 Y
[Molar volume, V™ Eq. (16)D]
)
[Gibbs free energy, AGL™ Eq. (IS)D]
!
[Solid composition, w*(™ Eq. (13)D:|
!}
[Liquid composition, w'*(™ Eq. (4)]]
!}
[Temperature, @) Eq. (12)D]
Update radius,

'
[Undercooling, AT AT, AT Eq. (14)ﬂ:|
'

pn=D) )

Update iteration,

n=mn+1

[Gibbs-Thomson coefficient, I'™ Eq. (24)D]

[Liquidus slopes, m(™ Eq. (6)]|:|
'

[Coefﬁcients K® Eq. (10)D]
'

[Coeﬂicients A™ Eq. (9)]|:|
'

[Coefﬁcients F™ Eq. (7)}|:|
'

[Dendrite tip radius, r(™ Eq. (S)JD

No

‘r(")/r(”ﬂ) - 1‘ <e?

undercoolings, AT, ATy, AT, and Gibbs-Thomson coefficient, I'

!

[ Computation of the extreme velocities }

ve (Eq. (lqmmd va (Eq. (23)['

[ Dendrite tip radius, r, composition, w® and w'*, temperature, T, }

Figure 2: Algorithm describing the successive steps to estimate the dendrite tip interface features for a given growth

velocity, v, of an alloy with composition w®. Blue-coloured boxes indicate direct access to thermodynamic calculations [35].
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3. Application to IN718

The application presented hereafter focusses on the IN718 nickel-base superalloy. The widespread
use of this alloy in diverse solidification processes justifies the choice. One can cite casting [36], welding
[37, 138], laser cladding [39] and additive manufacturing [40, 41], also covering a large range of cooling
conditions, including both solidification velocity and temperature gradient [42]. Such observations support
the interest in investigating the relations between solidification features at the dendrite tip and the
growth velocity while considering coupling with thermodynamic databases. Comparisons with uncoupled
strategies is the topic of Section 4, which will include the effects of linearizing the phase diagram and of
using a Gibbs-Thomson coefficient coming from literature, as well as simplifying the diffusion matrix to
its diagonal terms. Hence, the present calculation for IN718 can be seen as the reference solution for these
upcoming approximations. The composition of the eight components used in this study is provided in
Tab. |1} and is taken from a study of selective laser melting, a powder-bed-fusion additive manufacturing
technique [40].

As previously stated, the diffusion matrix in the liquid phase is computed at the liquidus temperature
of the alloy and at the alloy composition by calling thermodynamic databases. For this purpose, it is
worth noting that the database TCNI10 [43] computes the chemical potentials of the solute components in
the liquid phase and their partial derivatives with respect to compositions, while the MOBNI5 database
[44] gives access to mobility of the solute components in the liquid phase, which are all functions of
composition and temperature. The methodology for computing the diffusion coefficients is described
elsewhere [45]. The full diffusion matrix is reported in Appendix A with the associated eigenvalues and
the transfer matrix corresponding to the set of unit eigenvectors.

The properties of the IN718 alloy are summarized in Tab. The selection parameter, o, has been
fixed to a value close to (27)~2. Liquidus and solidus temperatures at the nominal composition are also
indicated [43]. In the conditions investigated hereafter, the temperature gradient, G = 10000 K m™1!, is
imposed so the dendrite tip velocity is the independent variable. Under steady cooling conditions, the tip
velocity is equivalent to the velocity of the isotherms, \T |/G, where T is the solidification cooling rate.

The range of values reported in literature for the solid-liquid interface energy of IN718 is large, which is
likely due to the lack of definite and clear measurements serving as reference. Studies provide theoretical
estimations for pure nickel from 0.18 J m~2 [46] to 0.382J m~2 [47]. Similarly, results based on molecular
dynamics simulations vary, with 0.197J m~2 [48], 0.256 J m~2 [49] and 0.31J m~2 [50]. Other estimations
for pure nickel rely on experiments. This is the case with the value 0.3 J m~2 proposed by Kelton [51] or
indirect measurements using nanoparticles by Wu et al. [52] giving 0.332J m~2. Hereafter, we use the
value 0.37J m~2 from the estimation by Wheeler et al. [53], which used a formula originally proposed
by Coriell and Turnbull [54], as it is commonly encountered in literature [55] 56, [57].

Fig. [3| presents (a) the dendrite tip radius as a function of the growth velocity and (b) the corre-

Chemical elements Cr Fe Nb Mo Ti Al C Ni
Nominal composition, w® [wt.%] 18.2 189 5.1 3.1 0.9 0.29 0.025 Balance

Table 1: Mass composition of the IN718 nickel-base superalloy [40].
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Property Symbol Value Unit Ref Fig.
Interfacial energy y 0.37 [Jm~2 [543 3H6
Liquidus temperature T, 161334 [K] 3] 3l
Solidus temperature Ts 1520.26 K] [43] 3l
Selection parameter o 0.02533 [] [20] 3 g
Gibbs-Thomson coefficient

Pure Ni Tyi 1.91-1077  [Km] [49] 10

IN718 (Computed) I 335107 [Km) ; (b). [0
Temperature gradient G 10000 [K m~1] - 3H12

Table 2: Physical properties and simulation parameters for the computation of the dendrite growth kinetics of the IN718

nickel-base superalloy.

sponding interface temperature (7). At a given velocity, the difference between the liquidus temperature
of the alloy, 77, and the equilibrium temperature without curvature, T, is simply the chemical under-
cooling (Eq. , and the difference between Tis and T is the curvature undercooling (Eq. . Both
contributions are shown by also drawing the curve Tf. The limiting values defining the range of non-

planar growth, [v.,v,], are marked with vertical lines. The lowest velocity for dendritic growth at which
1

)

a solution of the system of equations is found appears at a slightly higher velocity, ~ 8 x 10" m s~
than the constitutional supercooling criterion, v, = 3.441 x 10”7 m s~!. This is due to the paraboloidal
shape of the dendrite, as the constitutional supercooling criterion assumes a planar front. One can notice
that the lowest possible velocity value for the dendrite tip coincides with a large tip radius on the order
of 100 pm and negligible curvature undercooling, as expected when approaching the planar-front limit.
Consequently, the value of v, is associated with the operating point of the planar front at the solidus
temperature, T's. By increasing the velocity, the tip radius progressively decreases and the classical power

law, r o v~ /2

, is observed as the tip temperature continuously decreases from approximately the lig-
uidus temperature, T, = 1613.34 K, to the solidus temperature, Ts = 1520.26 K. At high growth rates,
i.e., when approaching the absolute stability limit, v, = 4.379m s~!, the interface is stabilized, and an
increasing tip radius and vanishing curvature undercooling is again observed. To compute v, from Eq.
, the partition matrix, K, is computed at the solidus temperature, and is reported in Appendix A.
It is worth noting that the curvature undercooling, AT}, is zero for planar-front conditions, but reaches
a maximum =~ 14.2K at velocity ~ 1.12m s~ .

For several decades, microstructural models have been developed using an empirical v(AT) rela-
tionship to compute the dendrite tip velocity [58), 59, 60} [61], despite progress in the understanding of
dendrite growth kinetics. This provides a convenient way to link the local temperature predicted from a
heat flow model to the local growth velocity of the dendrite. Vice-versa, knowing the isotherm velocities
and assuming steady heat flow permits estimation of the leading dendrite tip undercooling located at the
growth front. For such purposes, a simple v(AT) relationship is more efficient than solving the set of
equations presented in Section 3. Fig. 4| (a) presents the dendrite tip velocity as a function of the total

undercooling and the contribution due to curvature. A continuous increase of the velocity with the total
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undercooling is found, while the maximum of the curvature undercooling is retrieved at v ~ 1.12m s~ .

A fit is proposed considering a power law evolution for the growth velocity as a function of the total
undercooling (v = 1.09 - 1071°AT523). Due to its simple form, a perfect fit is not obtained, but this
could be improved using a polynomial form, as commonly proposed in literature [61], or a smaller range
of undercoolings over a smaller range of velocities [62], [63]. The evolution of the curvature undercooling,
AT, with curvature, &, is also shown in Fig. [4] (b) for the entire undercooling range. A perfect linear
evolution is observed between both variables, and the value I' = 3.355 x 107 K m reported in Tab.
is calculated from Eq. . The linear behavior of this curve justifies the approximation of a constant
Gibbs-Thomson effect, despite the clear limitations of this approach, as discussed by Jacome et al. [64].
Ferreira also demonstrates composition effects on the estimation of the Gibbs-Thomson coefficient [65]
based on CALPHAD computations developed on multicomponent alloys. The use of relevant databases
in such estimations was also highlighted. Consequently, further coupling of the algorithm may be per-
formed with additional databases that would provide adequate estimation of the interfacial energy with
temperature and composition. In such situations, the curvature undercooling might no longer be well-
estimated by a linear relationship with the curvature, and the Gibbs-Thomson coefficient would no longer
be well-approximated by a constant value.

The evolution of the segregation coefficients, k; = w3! /w!®, and liquidus slopes, m; = 8T/8wﬂwjs ki
are drawn for all é-solute species in Figures || (a) and (b) over the same range of velocity. Large variations
are found when increasing the velocity for both the segregation coefficient of aluminum and the liquidus
slopes of aluminium and carbon. Smaller variations take place for titanium and niobium, but this does
not mean that they can be neglected. It is important to remember that the current implementation of the
thermodynamic coupling with CALPHAD calculations assumes that the solid-liquid interface is always
at thermodynamic equilibrium. Hence, the reported evolution of the k; and m; values with velocity does
not reflect the results of kinetic effects such as solute trapping [21], [66] or solute drag [67, [68], but only
the effects of temperature and diffusion kinetics on the selected tie line for a multicomponent alloy. Thus,
it may be incorrect to attribute an observed increase in partition coefficient with velocity entirely to
kinetic effects, as thermodynamic effects can also contribute when considering the full phase diagram.
Interestingly, this is also observed when considering the on-diagonal coefficients of the partition matrix,
K;;, even though Eq. indicates that the Kj; coefficients are generally not equal to the partition
coefficients, k;. As an example, in the present case, it is observed that ka; =~ 0.987 when T ~ T}, and
kar ~ 1.599 when T ~ Tg, at the low and high velocity limits, respectively (Fig. [5| (a)). For the same
temperatures, the values of the K matrices reported in Appendix A are Ka;—4;(T1) = 0.95981 and
Ku—a1(Ts) = 1.57365. Hence, Ka;—a; = kai, indicating that the IN718 phase diagram may be well-
approximated by a multi-linear phase diagram at this temperature. These observations and the evolution
of the K matrix foreshadow possible limitations encountered when assuming constant values of these
coefficients to compute dendrite growth velocity for multicomponent non-dilute alloys, which is a typical
practice reported in literature.

Finally, the composition profiles in the liquid phase for v = 0.3m s~! are shown in Fig. @ For each
alloying element, the ratio of the local composition to its interface composition, w(n)/w' or w(z/r)/w!®,

is drawn as a function of the position in the liquid, n > 1 or z/r > 1/2. Both positive and negative
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Figure 3: Dendrite growth kinetics with (a) tip radius, r, versus velocity, v, and (b) tip temperature versus velocity (plain
line, T') with and (dotted line, T£S) without curvature undercooling at the solid-liquid interface. The range of dendritic

growth, [ve,vq], and the solidification range of the alloy, [T's,TL], are added.

segregation in the liquid, i.e. accumulation and depletion ahead of the interface, are observed, corre-
sponding to segregation coefficients lower than and higher than unity, respectively, as reported in Fig. [
(a). Non-monotonic evolution of several elements is revealed — while this is most obvious for aluminum,
the diffusion fluxes of all solute components are indeed modified by the off-diagonal terms in the diffusion
matrix, so their composition gradients differ from those obtained by only considering the on-diagonal
diffusion coeflicients.

It is also worth mentioning that some physical properties are poorly known, in particular those linked
to the solid-liquid interface. We have reported estimations for the interfacial energy and chosen to use
the value v = 0.37.J m~2. With no clear estimation for the selection parameter for the IN718 nickel-base
superalloy, we have used o = o* = (27) 2. Measurements for model alloys report values for o that are
lower by around 20 % compared to o* [69, [70]. Two additional simulations were performed by decreasing
o and v by 20 % from their values given in Tab. In a range of small undercooling, the expected
deviations from the reference solution are found with very similar intensities. For instance, with a 10 K
total undercooling, the velocity decreases to 0.479 mm s~! when decreasing the selection parameter by 20
% and increases to 0.692mm s~ ! when decreasing the interfacial energy by 20 %, to be compared with
the value 0.575mm s~ read on the plain line in Fig. 4| (a) when applying a magnification. However, at
large undercooling, the selection parameter has little effect so that the curve is almost superimposed to
the total undercooling displayed in Fig. @ (a) while the interfacial energy still significantly influences the

growth velocity.
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Figure 6: Ratio between local and interface compositions, (w(n)/w!® or w(z/r)/w'®) of the alloying elements (Tab. [1)) for v
= 0.3m s~ !. Evolution are reported versus the n paraboloidal coordinate. Coordinate n = 1 corresponds to the solid-liquid

interface at the dendrite tip (also z = r/2) and n = 2 is located at a distance equal to 3/2r (z = 2r) (Fig. [1).

4. Discussion

The previous section and its results serve as a reference solution for the improved dendrite tip ki-
netics, which consider: i— a full diffusion matrix, D(T, w°) = (D;; (TL7WO))1§(i,j)§N71 as given in
Appendix A; ii— coupling with CALPHAD-computed interface equilibrium between the solid and lig-
uid phases, i.e., evaluating the liquidus slopes, m;(T,w') (1 < i < N — 1), and partition coefficients,
K;j(T,w') (1 < (i,5) < N — 1), at each tip temperature, T, and interface composition, w'®; and 4ii—
an updated estimation of the Gibbs-Thomson coefficient, I'. In the present section, we discuss the effects
of common approximations in the literature, attempting to isolate them individually although they are
typically combined. The six cases considered and their approximations are summarized in Tab. [3] The
first four cases concentrate on approximating thermodynamic properties by using constant segregation
coefficients, k, liquidus slopes, m, and a Gibbs-Thomson coefficient, I". This last parameter is fixed to
the value previously estimated in Fig. Wl (b) for the Reference case (Tab. . In practice, this means
that the steps associated to thermodynamic calculations, highlighted in blue in Fig. [2] are ignored. Also,
because the Gibbs-Thomson coefficient is predetermined, the molar volume and the interface energy are
no longer needed. The fifth and sixth cases in Tab. [3| evaluate the effect of using a diagonal matrix and
departing from interface equilibrium [21, [66], respectively. Tab. |4] summarizes the computed values for
the constitutional supercooling velocity and absolute velocity for all the cases in Tab. [3] Each case will
be successively compared with the reference curves presented in Section |3] which are marked with dashed
gray lines in the forthcoming Figs. Before beginning the comparisons, it is worth noting that
the usual uncoupled strategy with CALPHAD equilibrium calculations was applied to several solutions
found in literature. These include alloys as Ag-Cu [20], Al-Cu [71], Al-Si-Mg [72], IN718 [28] or even
succinonitrile-acetone system [62, [63], also considering the effect of departing from interface equilibrium.

The ternary system studied by Hunziker [10] was also investigated with similar approach. Using the
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Case Reference Multi- Multi- Pseudo- Clurvature  Diagonal Non-
linear binary binary diffusion equilibrium

Diffusion | D;;(Tr,w") Ref. Ref. D Ref. D;i(Ty, w?) Ref.
Partition K(T) ki(Tr, w0) kb (TP (wd)) k ki(Tp,w®)  ki(Tp,w®) ki(Tp,wO v)
Slope m(T,w')  m;(Tp, w°) mb(Tin(w)  m m(Te, w°) mi(Tp,w®) m(T,wP v)
Curvature |, Vi (ws, T) r r r i r r
Tables 5 6 7
Figures IgHgl ; g 5 IEI 11 12

Table 3: Approximation cases for comparison with the reference solution corresponding to the simulation of Section |§| for
the growth kinetics of the IN718 Ni-base superalloy. The matrix D(7r,w°) = (D;; (TL:WO))lg(i,]‘)gN—l is given in the
Appendix A and the coefficients k; (T, w%) and m;(T,w?)) (1 <i < N — 1) are provided in Tab. [5| [43].

Case Ve [m s

Reference 3.441 x 1077
Multi-linear 3.441 x 1077
Multi-binary 1.624 x 1076
Pseudo-binary 5.587 x 1077
Curvature 3.441 x 1077

Diagonal diffusion  3.077 x 1077
Non-equilibrium 3.441 x 1077

Table 4: Values of constitutional supercooling velocity, v. (Eq. , and absolute stability velocity, ve (Eq. , for all
cases (Tab. . The latter is computed considering that K;,CI =0(i # k) and K;il =1/k; (Eq. except in the Reference

case where inversion of the partition matrix K (Appendix A) provides estimation of the kal coefficients.

material data provided in references [20] [10, 62 63], perfect matches were found when comparing the

v(T) and r(v) curves, validating the following comparisons and discussions.

4.1.  Multi-linear phase diagram

The Multi-linear approximation is based on using constant segregation coefficients, k;(Tr, w’), and
liquidus slopes, m; (T, w") (1 < i < N—1), all computed at the liquidus temperature of the alloy, T7,(w°),

and at the alloy composition, w°

. Because these phase diagram properties are assumed constant, this
set of approximations is often referred to as a “linearized phase diagram”. This strategy is commonly
reported in literature [9] [73]. Tab. [5| presents the properties of the linearized phase diagram calculated
using the TCNI10 database [43]. Note that the values coincide with those reported at low velocity in
Figs. 5| (a) and (b), i.e., for a tip temperature very close to the liquidus temperature. The full diffusion
matrix, as reported in Appendix A, is applied in the liquid phase. As no thermodynamic coupling is
considered, the previously reported estimation of the Gibbs-Thomson coefficient, I' = 3.355 x 10~7 K m,
is used to estimate the curvature undercooling (Eq. Fig. {4 (b), Tab. .

Evolution of the dendrite tip radius and the growth undercooling as a function of velocity are reported

in Fig. [7] as solid black curves. In Fig. [7} no difference is observed from the Reference case within the
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Solute component Cr Fe Nb Mo Ti Al C

Liquidus slope,

m;i(Tr, wY) [Kwt.%_l] -2.646 -0.737 -9.567 -4.339 -18.17 -10.254 -44.98
Segregation coeflicient,

ki(Tr, w°) [Wt.%wt.%fl] 1.035 1.117 0.387 0.712  0.465 0.975 0.101

Table 5:  Liquidus slopes, m;(Tr,w?), and segregation coefficients, k;(Tr,w°) (1 < i < N — 1), computed at the
composition, w0, and liquidus temperature, Tr,(w?), of the IN718 Ni-base superalloy (Tab. for case Multi-linear (Tab.
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Figure 7: Dendrite tip kinetics comparing (thin plain lines) case Multi-linear (Tables [3| and with (thick dashed gray
lines) the Reference case to highlight the role of thermodynamic coupling when simplifying the phase diagram properties.

Comparisons include (a) the tip radius versus velocity and (b) the undercooling versus velocity.

velocity range [ve, 107 m s71.

At higher velocities, the Multi-linear approximation predicts smaller
radii and larger undercoolings. The main reason for these differences is explained by contrasting the
variations of the liquidus slopes and segregation coefficients with velocity, as shown in Fig. with the
constant values reported in Tab. [5| One might conclude that the Multi-linear approximation is relevant
for applications at low velocities, e.g., for conventional casting, but not for rapid solidification processes
like additive manufacturing, which can reach velocities higher than 1m s~!. Additionally, Tab. [4] shows
no difference between the v, values of the Multi-linear and Reference cases. This is expected, as Eq.
is applied when k;(Tr,w®) and m;(Tr,w") (1 < i < N — 1) are evaluated close to the liquidus
temperature in both cases. However, the value of v, changes between the two cases, as the Multi-Linear
approximation still uses the constant k; coefficients evaluated near the liquidus temperature, while the
partition matrix, K, used in the Reference case evolves and reaches values associated to the solidus

temperature.
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Solute component Cr Fe Nb Mo Ti Al C
Liquidus slope,

myn (T (whin)) [K wt.%_l] -1.815 -0.449 -5.559 0.145 -9.66 -0.26 -H5.4
Segregation coeflicient,

Krim (T (wbim)) [wt. % Wt.%il] 0.934 0982 0.659 1.014 0.633 0.991 0.208

Table 6: Liquidus slopes, mi’”‘(sz (wi"”)), and segregation coefficients, kﬁ"" (TZ’”(wi"")), (1 <i< N —1), computed at
the liquidus temperature, TIbf" (w;’i"), for each binary phase diagram with nickel at composition, w?i" = wg (1<i<N-1),
of the IN718 Ni-base superalloy composition (Tab. [1)) for case Multi-binary (Tab. [3]) [43].

4.2.  Multi-binary phase diagram

The Multi-binary approach [28] uses thermodynamic properties estimated from the binary phase
diagrams of each alloying elements with the main component. In this approach, the liquidus slopes,
mbin (Thm (b)), and segregation coefficients, k" (T% (w?™)) (1 <i < N — 1), are extracted from the

bin
%

binary phase diagram of solute i with Ni at the nominal composition w?"" = w) and liquidus temperature
TP (w?m); hence, without consideration of the effects of the other elements. For the present alloy (Tab.
, the resulting values are listed in Tab. @ The current values show very large differences with those in
Tab. [5] despite the use of the same database. For instance, the segregation coefficients are lower than
unity for Cr and Fe and higher than unity for Mo, while opposite behaviour is found when evaluated
at the liquidus temperature of the alloy, as in the Multi-linear case. Similarly, the slope at the liquidus
temperature of the binary Ni - 3.1 wt % Mo alloy is 0.145 K wt.% ", but is —4.339 K wt.% " for IN718.
Because the diffusion matrix and Gibbs-Thomson coefficient are the same as the Reference case, the
differences in Fig. [8| are solely due to the use of mb" and kY. For the Multi-binary approximation, the
range of velocity for dendritic growth, [v.,v,] (Tab. 7 drastically decreases and the radius increases
for all velocities. The use of these binary parameters also has significant consequences on the dendrite
tip undercooling, which does not exceed 30 K with this approximation. It is worth noting that this
methodology results in the estimation of each binary phase-diagram property at a different temperature,
as Vi€ {1, N — 1}, T (wbi") # T?(w). Hence, this strategy is inadequate, regardless of the processing

conditions.

4.3. Pseudo-binary alloy

The Pseudo-binary strategy consists of finding an equivalent binary alloy [27] [74], in which the multi-
component phase diagram properties, but also the alloy composition and diffusion coefficient, have to
be replaced by adequate single values. A clear advantage of this method is the ability to apply the
well-established theories for binary alloys, e.g., the Kurz-Giovanola-Trivedi model [20], together with all
the extensions that account for a non-equilibrium interface. Unlike the previous cases, cross-diffusion
is necessarily neglected, but the Gibbs-Thomson coefficient of the Reference case is maintained. The
equivalent composition of the virtual component, w, is assumed to be the sum of the compositions of all
solute components. The associated liquidus slope, 7, segregation coefficient, k, and diffusion coefficient,

D, are estimated as averaged properties using the following expressions [26]:
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Figure 8: Dendrite tip kinetics comparing (thin plain lines) case Multi-binary (Tables[8|and[6) with (thick dashed lines) the
Reference case to highlight the role of thermodynamic coupling when simplifying the phase diagram properties. Comparisons

include (a) the tip radius versus velocity and (b) the undercooling versus velocity.

Property Symbol Equivalent value Unit
Pseudo-binary alloy composition wd 46.515 [wt.%]
Pseudo-binary liquidus slope m -3.112 K wt.% ']
Pseudo-binary segregation coefficient k 0.721 [wt. % wt.% "]
Pseudo-binary diffusion coefficient D 3.123 x 1079 m? s™1]

Table 7:  Liquidus slopes, m (Eq. , and segregation coefficients, k (Eq. , composed from the computed (Tab.
liquidus slopes, m; (T, w?), and segregation coefficients, k;(Tr,, w9) (1 < i < N—1), computed at the liquidus temperature,
Ty, (w?), and composition, w®, of the IN718 Ni-base superalloy (Tab. for case Pseudo-binary (Tab. [3)), also including
equivalent pseudo-binary composition, w (Eq. , and diffusion coefficient, D (Eq. [43| [44].

N-1 ;N
wO—Zw? m::mezw
& U a
1 o) 1 Nl (25)
k= —x k;my; D=—x D;; 0
< R D b

The computed properties of the pseudo-binary alloy are provided in Tab. The evolution of the
dendrite tip radius, drawn in Fig. |§| (a), shows similar evolution to the Reference case on a large range of
velocities, below 1072 m s~'. However, the evolution of growth velocity is clearly restricted with higher v,
and smaller v, . A large departure from the Reference case is observed beyond 1072 m s~ for both the
radius and the undercooling, the latter being underestimated for a given velocity. The underestimation
of the undercooling is opposite of the Multi-linear case, and is simply due to the fact that the solidus
temperature of the pseudo-binary phase diagram, at which v, is reached, is reduced with the properties
computed in Tab. Within the velocity range [107%,1072] m s~!, the agreement with the Reference

case is remarkably accurate, and the Pseudo-binary approximation could thus be considered for some
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Figure 9: Dendrite tip kinetics comparing (thin plain lines) case Pseudo-binary (Tables [3| and @ with (thick dashed grey
lines) the Reference case to highlight the role of thermodynamic coupling when simplifying the phase diagram properties.

Comparisons include (a) the tip radius versus velocity and (b) the undercooling versus velocity.

conventional casting simulations.

4.4. Curvature approximation

The influence of the Gibbs-Thomson coefficient on the growth kinetics of the dendrite tip is now
investigated. The value previously estimated in Reference case from Fig. 4] (b) was the result of coupling
with thermodynamic equilibrium calculations and inputting the interfacial energy for pure nickel [53} [54].
Values of the I' coefficient are also directly reported in literature for solidification studies of IN718:
1.4 x 107"K m [75], 1.8 x 107" K m [76] or 3.65 x 10~7 K m [77]. However, a careful reading of these
papers shows that these estimations are not associated to IN718 and/or seem inadequately justified by
their authors. In this case, we quantify the effect of the Gibbs-Thomson coefficient using the value
reported for pure nickel, I'y; = 1.91 x 10~7 K m [49] (Tab. .

Fig. |10 (a) shows a slightly lower estimation of the tip radius with an increase of the absolute stability
velocity (Tab. . Despite a large difference in Gibbs-Thomson coefficient, only slight differences are
observed in the evolution of growth velocity at large undercooling, i.e., greater than 20 K, as shown in
Fig. (b). The differences are better visualized at low undercooling, AT < 10K, in the inserted
sub-figure, demonstrating the increase in growth velocity expected when decreasing the Gibbs-Thomson
coefficient. This increase is inversely proportional to the one associated to I' value (I'/Tn; ~ 1.76).
The full diffusion matrix and the approximation of the phase diagram using the Multi-linear case are
maintained in this study (Tab. , so it is possible to compare the results at high undercoolings to the
Multi-linear case, as displayed in Fig. [7] One can observe that the underestimation of the velocity at
high undercooling shown in Fig. |7 for the Multi-linear case is not retrieved in Fig. for the Curvature
case. In fact, the decrease of the Gibbs-Thomson coefficient is counteracted by the decrease of the tip
radius at high velocity, resulting in an increase of the total curvature undercooling. Finally, one can see

that v, naturally increases, as it is inversely proportional to the Gibbs-Thomson coefficient (Eq. Tab
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Figure 10: Dendrite tip kinetics comparing (thin plain lines) case Curvature (Table using I'y; from Table
with (thick dashed grey lines) the Reference case to highlight the role of the Gibbs-Thomson coefficient.

Comparisons include (a) the tip radius versus velocity and (b) the undercooling versus velocity.

4).

4.5. Diagonal diffusion matriz

The role of the diffusion matrix, D, is now investigated to highlight the influence of the diffusional
interactions. This was done in previous contributions and is a good methodology to evaluate quantitative
deviation from a reference solution [78] [I0], validate or invalidate existing theories [79], and to verify
that the results retrieve the most-commonly available solutions for a diagonal matrix. In this case, the
diffusion matrix is simply restricted to its single-diagonal terms, leading a pure diagonal form, Dgjag =
(Dij dij)1<(i,j)<N—1- As before, this is done while maintaining the linearized phase diagram properties of
the Multi-linear case, allowing the two cases to be compared. Small differences are observed between the
Multi-linear and Diagonal diffusion cases when comparing Figs [7] and Deviations from the Reference
case are of the same nature as explained in Section [I.1] i.e., due to the constant values of the phase-
diagram properties in the solidification interval. The fact that velocities v. and v, are not significantly
changed (Tab. |4) indicates that the cross-diffusion terms are of little influence in Egs. and . Of

course, this comment should not be immediately generalized to other systems.

4.6. Non-equilibrium interface

The last study investigates the effects of interfacial non-equilibrium due to rapid solidification. At
large interfacial velocities, local thermodynamic equilibrium can no longer be maintained. This results
in a departure of the interfacial temperature and compositions from those given by the phase diagram,
and thus must affect the growth rate and compositions of the growing dendrite and composition fields
in the liquid. In addition, these non-equilibrium effects will alter the stability analysis used to compute
the tip radius [80, [8T]. A full treatment of the effects of non-equilibrium interfacial processes is beyond

the scope of this paper. However, to illustrate the potential effects of non-equlibrium solidification, we
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Figure 11: Dendrite tip kinetics comparing (thin plain lines) case Diagonal diffusion (Tab. with (thick dashed grey
lines) the Reference case to highlight the role of the diffusion matrix. Comparisons include (a) the tip radius versus velocity

and (b) the undercooling versus velocity.

employ the strong approximations that the phase boundaries are linear, there is no solute drag at the
interface, and a simple model for solute trapping holds. In addition, to determine the tip radius, we
use the stability analysis given above with the values of the non-equilibrium interfacial compositions and
temperature. This neglects, for example, the possibility of oscillatory instabilities, and the full coupling
of these velocity-dependent terms to the growth rate of the instability. We follow the developments by
Aziz [21] and Boettinger and Coriell [66], in which a kinetic contribution proportional to the interface
velocity, AT¢, is added to the total undercooling in Eq. [1], giving:

AT = ATx + ATk + AT (26)
RTL v
AT, = — 2
<= A5, v (27)

where R is the gas constant, ASy is the entropy of fusion per mole, computed at the liquidus tem-
perature of the alloy [43], and vy is the maximum velocity at which crystallization can occur [I]. This
velocity is not known for IN718, and only indirect estimations may be proposed. The sound velocity in
metals (~ 1000m s~!) is presented as an upper limit, but lower estimations are reported [82] [83].

Additionally, the interfacial compositions are now dependent on velocity, which is described in dilute-
ideal thermodynamic systems with analytical expressions for the non-equilibrium segregation coefficients,

kY = ki(Tr,,w,v) and liquidus slopes, m¢ = m; (T, w°,v), (1 <i < N — 1) for all i-solute components:

kY = ; 2
‘" 1+46v/DM (28)
1— kY 4+ k¥ 1n (k¥ /k;
m;} =m; kl + kl n(kz /kl) (29)

1—Fk
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Property Symbol  Value Unit

Diffusion coefficient over interface width ~ Di"/§ 1 [m s_l]

Crystallization velocity Vo 1000 [m s

Melting entropy [43] AS; 91016 [Jmol ' K]
[

Gas constant [84] R 8.314  [Jmol ' K]

Table 8: Physical and thermodynamic properties associated to Non-equilibrium interface assuming solute trapping with
segregation coefficients, k;(Tr,w®,v) (1 <i < N — 1) (Eq. , and liquidus slopes, m;(Tr,w?,v) (1 <i < N —1) (Eq.
for case Non-equilibrium interface |21}, [66].

where the equilibrium phase diagram parameters, m; = m; (T, w°) and k; = k;(Tr, w®) are given by
the Multi-linear case (Tab. . The parameter 6 v/Di" in Eq. can be considered as an interfacial
Péclet number, where § is a characteristic interface width and D™ is the diffusion coefficient for element i
within the interface. Here, we assume identical estimations of the D™ /§ ratio for all solute components.
Tab. |8] presents the additional properties used in this case to account for an interface that departs from
thermodynamic equilibrium.

Fig. highlights the kinetic effects on the radius and undercooling. As expected, no difference is
found at low velocity, as kinetic effects will be negligible at small velocities. Consequently, the results
are similar to those ones presented in Fig. |z| (a), as this case also considers the full diffusion matrix for
solute diffusion. As already discussed, these results are close to the Reference case at low velocity. When
velocity is increased, clear differences are observed, and the interface is stabilized at an absolute velocity
considerably lower than the Reference case (Tab. .

The absolute velocity is also estimated from the solution of the non-linear system of Eqs. ,
but using the non-equilibrium partition coefficients and liquidus slopes. In Fig. (b), a decrease of the
tip undercooling is even predicted when approaching planar front growth. This effect is also reported by
Kurz and Trivedi [85] and would play a role in explaining the formation of banded structures at high
velocities. Hence, accounting for interface non-equilibrium effects lowers the growth undercooling despite
the addition of a kinetic contribution, AT¢. In fact, the kinetic contribution remains very small, consid-
ering the properties listed in Tab. 8] and the main effect on the undercooling is due to the reduction of
solute segregation. As described by Eq. , the coefficients k;(Tr, w% v) (1 <i < N — 1) tend toward
unity as the velocity increases, which significantly reduces the chemical contribution to the undercooling,
AT,,. It was verified that all segregation coefficients computed by Eq. asymptotically approach unity;
however, in the present situation, one can observe that v, = 0.678 m s~! (Tab. is lower than the ratio
D"t /§ for all solute components (Tab. , resulting in moderate solute trapping at v,. Although solute
trapping is a well-established phenomenon, Fig. [5[ (a) shows that the partition coefficient computed at
interfacial equilibrium, particularly that for Al in this case, may increase as the interfacial compositions
move along the nonlinear phase diagram. Even if the phase diagram is linear, the segregation coefficient
may change as the tie line evolves with changes in the diffusion coefficients of the solute species. Thus,
it may be incorrect to attribute an observed increase in partition coefficient with velocity entirely to
kinetic effects, as thermodynamic effects can also contribute when considering the full phase diagram and

diffusion matrix.

25



L A e B B 2.0 —
i I ]
10" | . '

! R S
= | b w !
= g !

“ 10 E | —; :‘ /
) i I - 10 / .
= 1076 L | i B !
3 . g )
~= E 3 < /
- T 1 0.5 / _
: [
107 L A S 2
E e | E L 7
1078 N PR R R T PP T sl 0.0 . L i 1 . 1 .
10® 10°¢ 10 1072 10° 102 0 20 40 60 80 100
Velocity, v [m s7] Undercooling, AT [K]

Figure 12: Dendrite tip kinetics comparing (thin plain lines) case Non-equilibrium interface (Tables [3| and [§]) with (thick
dashed grey lines) the Reference case to highlight the role of solute trapping [21]. Comparisons include (a) the tip radius

versus velocity and (b) the undercooling versus velocity.

5. Conclusion

A model of dendrite tip growth kinetics coupled with thermodynamic equilibrium calculations has been
developed and presented. This model builds on Hunziker’s multicomponent theory [10] and generalizes
it further by removing the assumptions of a diagonal partition matrix and constant thermodynamic
properties. Additionally, expressions to calculate the velocity domain, [v.,v,], corresponding to the
limits of stability of a planar front, have been introduced. The model is applied to the IN718 nickel-base
superalloy while fixing the temperature gradient, GG, covering the whole solidification temperature range,
i.e., from the liquidus temperature to the solidus temperature, and from v, = 3.441 x 10~"m s~! and v,
= 4.379m s~!. The Gibbs-Thomson coefficient, T, is extracted from this application. The discussion of
the results is then organized to compare the present model, serving as a Reference case, with classical
approaches that do not use iterative thermodynamic equilibrium calculations to find the working point

of the dendrite tip. The following observations can be made:

e Multi-linear phase diagram approximations: Using constant values of the segregation coefficients
and liquidus slopes calculated at the liquidus temperature of the alloy provides good results for
velocities below 0.1m s~!. A deviation from the reference calculation occurs at high velocities, as
although the tip temperature decreases, the thermodynamic properties are no longer equal to the
values at the liquidus temperature. Using this same approximation while neglecting the off-diagonal
terms of the diffusion matrix in the liquid gives very similar results (case Diagonal), indicating little
dependence of the effects of cross-diffusion on the solute components in the liquid on the dendrite
tip kinetics, despite the existence of non-monotonic diffusion profiles (Fig. @ Additionally, with
the phase diagram approximations, modifying the Gibbs-Thomson coefficient by a factor of 1.76
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decreases the tip radius but increases the curvature undercooling, hence leading to very similar
results (case Curvature). The constitutional supercooling velocity, v., is not modified by these
changes, while the absolute velocity for stability, v,, is, as the latter is a direct function of the

segregation coefficient at the solidus temperature and the Gibbs-Thomson coefficient.

e Use of binary phase diagrams: This common approximation, which consists of using the binary
phase diagrams for the solvent and a single solute component to estimate the properties of the mul-
ticomponent phase diagram (case Multi-Binary), reveals itself to be the least accurate methodology
in comparison with the reference solution. Surprisingly, building a Pseudo-binary phase diagram
using the set of Egs. is in much better agreement with the reference solution at low velocities,

below 1 x 1072 m s~!. However, the absolute stability velocity is drastically underestimated.

e Non-equilibrium condition at the solid-liquid interface: This condition is tested by introducing
velocity dependence to the equilibrium segregation coefficients and liquidus slope deduced from the
Multi-linear approximation. This velocity dependence is based on expressions proposed for ideal-
dilute thermodynamic solutions [21] [66]. As expected, the results are superimposed on the reference
solution at low velocities where the phase-diagram properties are not modified, but diverge from
the reference solution at high velocities when the segregation coefficients of all species tend toward
unity and the solidification interval progressively vanishes as the liquidus and solidus slopes tend

toward the same value.

Coupling the growth model with updates of thermodynamic equilibrium calculations is shown to
be necessary at high growth velocities, but non-equilibrium effects could become dominant when the
Péclet number at the interface increases. This clearly motivates future developments, as a model of
dendrite growth kinetics coupled with prediction of non-equilibrium effects for multicomponent alloys is
required at high velocities, but cannot be satisfied by the approximations given through Egs.
[21] [66] [1]. Thus, the next step of the present work would incorporate calculations of non-equilibrium
effects, considering both solute trapping and solute drag, following the methodology developed by Aziz and
Kaplan [67]. Removing the ideal-solution assumptions and coupling the non-equilibrium effects with the
equations given in Section [2] will then provide a more general framework for computation of the dendrite
tip kinetics for multicomponent alloys. Additional coupling with databases of thermophysical properties
could also be implemented, which includes coupling with predicted variations of the interface energy with
interface composition and temperature. This model would be useful for the interpretation of experiments
conducted at high velocity, e.g., solidification of the undercooled systems found in atomization or levitated
droplet experiments [86, 87, [88], as well as for the prediction of dendrite growth kinetics during rapid

solidification processes such as additive manufacturing [89] 90].

Data availability

All data included in this study are available upon reasonable request by contact with the corresponding

author.
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Nomenclature

Latin symbols

B

S O Q@ - Q

=

Ve

Vg

Vo

g

LY,z

oI o R v B T

Parameter for solute composition profile
Diffusion coefficient for element 7 in the liquid phase
Temperature gradient

Solute gradient at the s\l interface
Diffusion flux of the solute specie i
Segregation coefficient

Liquidus slope

Iteration number

Number of chemical elements in the alloy
Péclet number

Curvature radius

Gas constant

Time

Temperature

Dendrite growth velocity

Critical velocity (Constitutional supercooling criterion)

Velocity of absolute stability

Limit velocity at which crystallisation occurs
Molar volume

Mass composition

Cartesian coordinates

Coefficient used for v, estimation

A coefficients vector

Eigenvalues vector of the diffusion matrix
Diffusion matrix in the liquid phase

F coefficients vector
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Km™!
wt.% m~?
kgm=2s7!

wt.% wt. % !

K wt.% !

wt.% m? s~!

wt.%

m2 871

m? st

wt.% m~!



K Partition matrix
U; Unit eigenvectors of the diffusion matrix

Greek symbols

y Interfacial energy
r Gibbs-Thomson coefficient
0 Characteristic interface width

AG?  Gibbs energy induced by curvature effect

AS;  Entropy of fusion

-

AT Undercooling at dendrite tip

ATy  Solidification interval

Aw Difference in interfacial composition
¢ Velocity factor

K Curvature

Amin  Minimum unstable wavelength

&m Paraboloidal coordinates

13 Correction factor

o Selection constant

p Density

w Wavenumber

Q Supersaturation

Superscripts

0 Nominal value

l Liquid phase

sl In solid at solid-liquid interface
ls In liquid at solid-liquid interface
(n) Tteration

s Solid phase

v velocity effect on thermodynamic properties
Subscripts
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wt.% wt.% !

Jm—3

Jmol™t K1



1,7, k,1 Chemical component
diag  Diagonal

L Liquidus

S Solidus

K Curvature effect
X Chemical effect
¢ Kinetic effect

Mathematical notations

E;(.) Exponential integral function

Fr(.) Function associated to liquidus temperature computation
Fs(.) Function associated to solidus temperature computation
Fws(.) Function associated to composition in solid phase

Fyv, (-) Function associated to molar volume computation

Iv(.) Ivantsov function

0. Kronecker symbol
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Appendices

A. Diffusion and partition matrices

The present appendix gathers the values of the diffusion matrix for all solute components of the IN718

nickel-base superalloy computed at the liquidus temperature, D, its eigenvalues, B, the corresponding

transformation matrix, U, and its eigenvectors, U j, as well as the partition matrix, K, computed at the

solidus temperature [43] [44].

Cr

Cr 3.4890

Fe 0.0952

D Nb 0.4470
Mo 0.0027

Ti 0.3103

Al 0.1077
C —0.0981

Fe
0.2957
2.9709
0.3571
0.0365
0.2203
0.0536

—0.0279

Nb Mo
1.8483  0.4767
1.0524  1.1992
3.5689  0.2119

—0.0024 1.0830
0.4643  0.3064
0.1551  0.1383

Ti
3.6253
1.7052
1.1756
0.1128
3.3502
0.1736

—0.1779 —0.1050 —0.1437

Al
24718
0.5037
0.7859
0.1105
0.3632
2.9085
0.0721

C
—3.2768
0.2597
—1.1443
—0.1021
—0.2992
0.1637
9.2121

x 1073 mm? s~

Table 9: Diffusion matrix, D, in liquid phase of the IN718 nickel-base superalloy computed at liquidus temperature, T,

(Tab. 2)) [43][44].

#7
~26.1
490
—45.4
—866
71.8
49.6

x 1073

#1 H2 H3 HL HD HE HT
B= (9351 5580 3031 2790 2676 2.099 1045) x 10~ mm? s~
#1 #2 #3 #4 #5 #6
#1 566 811 —642 549 337 773
#2 | 379 362 754 632 -T75 572
v # 220 383 115 612 480 —168
#4 | 111 991 952 752 —40.3 —7.55
#5 | 874 235 633 449 —91.2 208
#6 | -2.37 809 -718 343 216 —63.5
#7  \-789 516 -232 -519 145  5.01

-9.93

Table 10:  Set of N — 1 = 7 eigenvalues, B;, and transformation matrix, U, with unit eigenvectors, U j, of components,

U;j, associated to the diffusion matrix, D.
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Cr Fe Nb Mo Ti Al C

Cr 1.11561  —0.00502  0.13827  0.10589 0.22530 —1.28927 —3.72173
Fe 0.02422 1.25449 0.17006  0.14458 0.19923 —0.71116 0.81223
K — Nb —0.12618 —0.08750 0.51435 —0.07413 0.17620 0.19274 —0.91842
Mo 0.01894 —0.01563 —0.03118 0.69480 0.06113 —0.23015 —1.04000
Ti —0.02765 —0.01591 0.01664 —0.00001 0.59232 0.06476  0.14287
Al —0.00141 —0.00287 0.00967  0.00459 0.00818 1.57365 0.26691
C —0.00066 —0.00017 —0.00043 —0.00031 0.00022 0.00842 0.09409

Table 11:  Partition matrix, K, between solid (s) and liquid (1) phases of the IN718 nickel-base superalloy at solidus
temperature, Ts (Tab. [2) [43].

Cr Fe Nb Mo Ti Al C

Cr 1.05271  0.00047  0.18704  0.07340  0.47958 —0.15624 —3.89266

Fe 0.03423 1.14298  0.25249  0.10221  0.42590 —0.15650 0.72526
K — Nb —0.05719 —0.03008 0.40262 —0.03580 0.04493  0.04120 —0.44431
Mo 0.00514  —0.01306 —0.01822 0.74071  0.06122 —0.02483 —0.75151

Ti —0.01197 —0.00581 0.00628 —0.00078 0.46652  0.00475  0.01851

Al —0.00251 —0.00257 0.00720  0.00184  0.00410  0.95981  0.23341

C —0.00006  0.00001  —0.00007 —0.00002 —0.00003 0.00076  0.10119

Table 12: Partition matrix, K, between solid (s) and liquid (1) phases of the IN718 nickel-base superalloy at liquidus
temperature, 77, (Tab. [2]) [43].
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