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Abstract

In millimeter wave (mmWave) systems, it is challenging to ensure the reliable connectivity of

communication due to the high sensitivity to the presence of blockages. In order to improve the robust-

ness of mmWave systems under the presence of random blockages, multiple reconfigurable intelligent

surfaces (RISs) are deployed to enhance the spatial diversity gain, and robust beamforming is then

designed based on a stochastic optimization for minimizing the maximum outage probability among

multiple users to ensure fairness. Under the stochastic optimization framework, we adopt the stochastic

majorization–minimization (SMM) method and the stochastic successive convex approximation (SSCA)

method to construct deterministic surrogate problems at each iteration for new channel realizations,

and to obtain closed-form solutions of the precoding matrix at the base station (BS) and the passive

beamforming vectors at the RISs. Both stochastic optimization methods are proved to converge to the

set of stationary points of the original stochastic problems. Finally, simulation results show that the

proposed robust beamforming in RIS-aided systems can effectively compensate for the performance

loss caused by the presence of random blockages, especially when the blockage probability is high,

compared with benchmark solutions.
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I. INTRODUCTION

Millimeter wave (mmWave) communication is expected to be a promising technology to meet

the growing demand for data rate in current and future wireless networks due to the abundant

spectrum available at high frequencies. High frequency communication inevitably has severe

attenuation, but this can be compensated by an array of reasonable size containing a large number

of antennas due to the small wavelength [1]. In addition, the high-directional beams of large

arrays are capable of mitigating the inter-user interference. However, mmWave communication

systems suffer from high penetration loss [2]–[4]. Hence, mmWave systems are much more

susceptible to the presence of spatial blockages than sub-6 GHz systems, and the reliability of

the communication links for the entire network cannot always be guaranteed [2]–[4].

In particular, spatial blockages can be divided into static blockages (e.g., buildings and other

immobile fixtures), dynamic blockages (e.g., humans, vehicles, or moving obstructions) and

self-blockages (e.g., hand blocking of the user itself and blockage from other body parts). Some

statistical models are established to characterize the properties of the random dynamic blockages

and self-blockages [3]–[5]. The authors of [6] have developed a distance-dependent blockage

probability model, in which the probability of link blocking increases exponentially with the link

length. Furthermore, [7] and [8] proposed a mechanism to predict the blockage probability via

machine learning. When the blockage probability is obtained, some robust beamforming design

strategies have been proposed in the recent literature [9], [10] to address channel uncertainties

caused by the presence of random blockages. Specifically, the authors of [9] proposed a worst-

case robust beamforming design for application to coordinated multipoint (CoMP) systems

in which all possible combinations of blockage patterns were considered. Due to the high

computational complexity of the ergodic method in [9], an outage-minimum strategy based

on a stochastic optimization method was proposed for CoMP systems in [10] to improve the

robustness of mmWave systems. The idea of adopting multiple base stations (BSs) in CoMP

systems is effective to compensate for the performance loss caused by the presence of random

blockages by exploiting spatial diversity gains. However, this will incur excessive hardware

cost and power consumption. Another promising scheme proposed in [11] is to deploy cost-
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efficient reconfigurable intelligent surfaces (RISs) in mmWave systems to create an alternative

communication link via the RISs.

Due to the promising advantages in terms of providing energy- and spectral-efficient com-

munications, RISs have attracted extensive research attention from both academia and industry

[12]–[15]. An RIS is a thin surface consisting of nearly-passive and reconfigurable reflecting

elements, which reflects the impinging radio waves without adopting radio frequency (RF) chains.

The passive elements on the RIS can be tuned to alter their electromagnetic response such that

the signals reflected from an RIS can be constructively superimposed to enhance the signal power

at the intended receiver or destructively combined to avoid the information leakage to undesired

receivers. These characteristics make RISs appealing to be applied in various communication

systems as shown in [16]. For instance, RISs can be applied in single-cell multiple-input and

multiple-output (MIMO) systems [17]–[21], multicell MIMO communications [22], simultaneous

wireless information and power transfer (SWIPT) systems [17], [23], secure communications

[24], mmWave systems [25]–[28] and THz systems [29], [30].

Although the performance advantages of deploying an RIS in mmWave systems have been

demonstrated in recent contributions, there still exist major open problems to solve. The authors

of [26] only considered the BS-RIS-user channels and assumed that the direct BS-user commu-

nication links were completely blocked by obstacles. However, this assumption only applies to

the case of static blockages with outage probability of 1, but not to the case of dynamic blockage

with outage probability varying between 0 and 1 [2]–[4]. The numerical results in [27] showed

that the gain from additional reflection channels could compensate for the performance loss

caused by the presence of random blockages, but the impact of blockages was not considered

in the beamforming design. Most recently, we have considered the robust beamforming design

for RIS-aided mmWave communication systems in [11] by taking the random blockages into

consideration. However, the objective function therein is to minimize the sum outage probability,

which cannot ensure the fairness for all the users.

A. Novelty and contributions

Against the above background, this paper proposes a robust transmission strategy in an RIS-

aided mmWave communication system to deal with the channel uncertainties caused by the

random blockages while ensuring the fairness among the users. Some common approaches to

handle the imperfect and partial CSI problem are the outage constrained robust optimization
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and the worst-case robust optimization techniques [31]. However, both of them still need the

estimation of the instantaneous CSI, and the worst-case robust method is conservative and

hence suboptimal due to the low probability of occurrence for the worst case. An alternative

approach is to design the robust beamforming by optimizing the statistical performance under a

stochastic optimization framework in which only the long-term CSI is required. In what follows,

we propose a maximum outage probability minimization problem to be solved by using the

stochastic optimization framework.

Specifically, the main contributions of this work are summarized as follows:

• To the best of our knowledge, this is the first work exploring the robust beamforming design

for an RIS-aided downlink multiuser mmWave system with the knowledge of long-term CSI

and blockage probability. Specifically, our optimization objective in this work is to minimize

the maximum outage probability of all the users. Different from the sum outage probability

minimization problem in [10], [11], the min-max outage probability objective can ensure

the quality of service (QoS) performance for the worst-case user in the downlink multiuser

system. Due to the non-differentiable objective function, the stochastic gradient descent

(SGD) method adopted in [10], [11] cannot be directly applied. To resolve this problem,

two more general and powerful stochastic optimization frameworks are adopted to jointly

optimize the active precoding at the BS and the passive beamforming at the RISs.

• The single user case is firstly considered to obtain insights for the robust beamforming

design by minimizing the outage probability in the presence of long-term CSI and ran-

dom blockages. Due to the non-deterministic expression of the probability function in the

objective function, we replace it with an expectation function over the long-term CSI and

blockage probability. Then, the inner step function in the expectation is approximated by a

smooth function which is twice differentiable for the precoding at the BS and the passive

beamforming at the RISs, respectively. The resulting expectation optimization problem is

solved by adopting the stochastic majorization–minimization (SMM) method in which an

upper bound surrogate function of the original differentiable function is constructed for a

new channel realization at each iteration. The constructed surrogate problem has closed-

form solutions and is computationally efficient. We prove that the proposed SMM method is

guaranteed to converge to the set of stationary points of the original expectation minimization

problem.

• The robust beamforming for a more general multiuser case is designed by solving a maxi-
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mum outage probability minimization problem. To tackle the non-differentiability of the max

objective function, we firstly replace it with its log-sum-exp upper bound. The stochastic

successive convex approximation (SSCA) method is then adopted, which has more flexibility

in the choice of the surrogate function than the SMM method, and generates closed-form

solutions at each iteration. Furthermore, we prove that the final solution generated by

the iterative algorithm is guaranteed to converge to the stationary point of the original

expectation minimization problem.

• We demonstrate through numerical results that the proposed robust beamforming algorithm

outperforms its non-robust counterpart and the robust beamforming in conventional RIS-free

systems both in terms of maximum outage probability and minimum effective rate if the

blockage probability is high. Moreover, deploying multiple small-size RISs is shown to be

more effective than deploying a single large-size RIS in terms of improving the performance

of the worst-case user.

The remainder of this paper is organized as follows. Section II introduces the system model.

The outage probability minimization problem is formulated for a single-user case in Section III.

Section IV further investigates the min-max outage probability problem for the multiuser system.

Finally, Sections VI and VII report the numerical results and conclusions, respectively.

Notations: The following mathematical notations and symbols are used throughout this paper.

Vectors and matrices are denoted by boldface lowercase letters and boldface uppercase letters,

respectively. The symbols X∗, XT, XH, and ||X||F denote the conjugate, transpose, Hermitian

(conjugate transpose), Frobenius norm of matrix X, respectively. The symbol ||x||2 denotes 2-

norm of vector x. The symbols Tr{·}, Re{·}, |·|, λ(·), and 6 (·) denote the trace, real part,

modulus, eigenvalue, and angle of a complex number, respectively. diag(x) is a diagonal matrix

with the entries of x on its main diagonal. [x]m means the m-th element of the vector x. The

Kronecker product between two matrices X and Y is denoted by X ⊗ Y. X � Ymeans that

X−Y is positive semidefinite. Additionally, the symbol C denotes complex field, R represents

real field, and j ,
√
−1 is the imaginary unit. The inner product 〈•, •〉 : CM×N × CM×N → R

is defined as 〈X,Y〉 = R{Tr{XHY}}.
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Fig. 1: Multiple RIS-aided mmWave communication system.

II. SYSTEM MODEL

A. Signal Model

As shown in Fig. 1, we consider an RIS-aided downlink mmWave communication system. In

order to ensure high QoS for the users in the presence of random blockages, U RISs, each of

which has M passive antennas, are deployed to assist the communication from the BS equipped

with N active antennas to K single-antenna users (denoted by K , {1, . . . , K}). The RISs are

assumed to be connected to controllers that exchange control information with the BS through

dedicated channels [17], [22]. The baseband transmitted signal at the BS is x = Fs, where

s ∈ CK×1 ∼ CN(0, I) is the Gaussian data symbol vector and F = [f1, . . . , fK ] ∈ CN×K denotes

the full-digital beamforming matrix. The baseband transmit power is limited to the total transmit

power Pmax. Hence, F belongs to the set Sf = {F | ||F||2F≤ Pmax}.

Let hb,k ∈ CN×1, Hu ∈ CM×N and hu,k ∈ CM×1 denote the channels of the BS-user k,

BS-RIS u, and RIS u-user k links, respectively. Then, the received signal intended to the k-th

user is expressed as

yk =

(
hH
b,k +

U∑

u=1

hH
u,kEuHu

)
x+ nk, (1)

where nk ∼ CN(0, σ2
k) is the additive white Gaussian noise (AWGN), and Eu = ζdiag([e(u−1)M+1, . . . , euM ])

is the reflection coefficient matrix (also known as the passive beamforming matrix) of the u-th

RIS. Element e(u−1)M+m is the unit modulus coefficient of the m-th phase shift at the u-th RIS,

and ζ ∈ [0, 1] indicates the reflection efficiency. Here, it is assumed that ζ = 1 for investigation

of the performance upper bound of RIS.
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Furthermore, after defining the compact matrices hk = [hH
1,k, . . . ,h

H
U,k]

H and H = [HH
1 , . . . ,H

H
U ]

H,

we obtain the equivalent channel Gk =


 diag(hH

k )H

hH
b,k


 ∈ C

(UM+1)×N between the BS and the

k-th user. The corresponding equivalent reflection coefficient vector is given by e = [e1, . . . , eUM+1]
T ∈

C(UM+1)×1 which belongs to the set Se = {e | |em|2= 1, 1 ≤ m ≤ UM, eUM+1 = 1}. Then, (1)

can be rewritten into a compact form as

yk = eHGkFs + nk, (2)

and the corresponding achievable signal-to-interference-plus-noise ratio (SINR) is

Γk (F, e) =
|eHGkfk|2∑K

i 6=k|eHGkfi|2+σ2
k

. (3)

B. Channel Model

It is important to mention that the perfect instantaneous CSI of a mmWave system is difficult

to obtain due to the passive implementation of the RIS reflecting elements. More specifically,

estimating the full instantaneous CSI for all links would inevitably require a large training

overhead. In this work, since the channel modeling of the RIS-related links is the same as the

traditional wireless channel modeling [32], we adopt a Saleh-Valenzuela (SV) channel model

[33] to characterize the mmWave channels where only the large-scale fading characteristics is

required during the transmission design. In particular, it is assumed that the uniform planar array

(UPA) is deployed on the BS and each RIS. The steering vector of the UPA is a (ϕ, φ) in which

ϕ(φ) denotes the azimuth (elevation) AoD and the angle-of-arrival (AoA) of the transceivers.

We assume that there are Lb,k, Lu,k and Lb,u sparse scatterers for the BS-user k, the RIS u-user

k and the BS-RIS u links, respectively, and each of the scatterers comprises I subpaths. Thus,

the mmWave channels can be expressed as

hb,k = gb,k0 a
(
ϕAoD
b,k,0, φ

AoD
b,k,0

)
+

√
1

ILb,k

Lb,k∑

l=1

I∑

i=1

gb,kl,i a
(
ϕAoD
b,k,l,i, φ

AoD
b,k,l,i

)
, ∀k, (4)

hu,k = gu,k0 a
(
ϕAoD
u,k,0, φ

AoD
u,k,0

)
+

√
1

ILu,k

Lu,k∑

l=1

I∑

i=1

gu,kl,i a
(
ϕAoD
u,k,l,i, φ

AoD
u,k,l,i

)
, ∀k, ∀u, (5)

Hu = gb,u0 a
(
ϕAoA
u,0 , φAoA

u,0

)
a
(
ϕAoD
b,0 , φAoD

b,0

)H

+

√
1

ILb,u

Lb,u∑

l=1

I∑

i=1

gb,ul,i a
(
ϕAoA
u,l,i , φ

AoA
u,l,i

)
a
(
ϕAoD
b,l,i , φ

AoD
b,l,i

)H
, ∀u, (6)
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where, by denoting an arbitrary element q ∈ {(b, k), (u, k), (b, u)}∀k,∀u, then gq0a
(
ϕAoD
q,0 , φAoD

q,0

)

is the line-of-sight (LoS) component with fading coefficient following the distribution gq0 ∼
CN(0, ζq010

PL
10 ), where ζq0 = κ

1+κ
is the power fraction that corresponds to the Rician factor κ,

and PL is the distance-dependent large-scale fading model. The remaining paths are the line-of-

sight (NLoS) components whose fading coefficients follow the distribution gql,i ∼ CN(0, ζql 10
PL
10 )

with power fraction ζql = 1
(Lq−1)(1+κ)

.

We assume that the user’s locations are quasi-static over milliseconds or even seconds. There-

fore, the large-scale fading characteristic parameters, such as the distance-dependent path loss,

the numbers of clusters, their power fraction, the cluster central angles and angular beamspreads,

change relatively slowly [34] and can be perfectly known by the BS. However, the instantaneous

CSI, given by {hb,k,hu,k,Hu}1, vary during the transmission due to the rapidly varying small-

scale fading coefficients {gq0, gql,i}, AoDs and AoAs according to an ergodic stationary process.

These AoDs and AoAs can be generated according to a Gaussian distribution, whose expectation

values are the cluster central angles and variance values are the angular spreads [34].

Based on the fact that the communication links in the mmWave frequency band are sensitive

to the presence of blockages, most existing contributions considered a worst-case scenario where

the BS-user links are completely blocked by the obstacles during the whole transmission, while

the RIS-related links are not affected by blockages since the locations of the RISs can be

appropriately chosen to ensure line-of-sight transmission. However, this assumption may be

impractical in many scenarios. Traditionally, blockage effects are incorporated into the shadowing

model, along with reflections, scattering, and diffraction [5]. In contrast, we adopt a recently

proposed probabilistic model [10] to characterize the channel uncertainties caused by the presence

of random blockages. In particular, by introducing the blockage parameters ωk,l ∈ {0, 1}, 0 ≤
l ≤ Lb,k, ∀k ∈ K, which are random variables following a Bernoulli distribution with a blockage

probability of pk, the channels in (4) for the BS-user links are modified to

hb,k =ωk,0g
b,k
0 a

(
ϕAoD
b,k,0, φ

AoD
b,k,0

)
+

√
1

I

Lb,k∑

l=1

ωk,l

I∑

i=1

gb,kl,i a
(
ϕAoD
b,k,l,i, φ

AoD
b,k,l,i

)
, ∀k, (7)

Analytical results show that the probability of link blocking increases exponentially with the link

length [5], thus we adopt a distance-dependent blockage probability model given by pk(dk) =

1With the knowledge of long-term large-scale fading characteristic parameters, each sample of {hb,k,hu,k,Hu} can be

obtained by generating {gq0 , g
q

l,i}, AoDs and AoAs according to their Gaussian distribution.
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max(0, 1− e−aoutdk+bout), where physical distance parameter dk between the BS and user k can

be extracted from the estimated CSI by the BS, and parameters aout and bout are fit from the

data [6].

C. Problem Formulation

To account for the presence of random blockages and to enhance the QoS of the users, we

design a robust beamforming by minimizing the maximum outage probability among all users

over the random CSI. The formulated optimization problem is given by

min
F,e

max
k∈K

Pr{Γk (F, e) ≤ γk} (8a)

s.t. F ∈ Sf (8b)

e ∈ Se, (8c)

where the outage probability Pr{Γk (F, e) ≤ γk} is the probability that the SINR Γk (F, e) of the

user k is less than the SINR reliability threshold γk for all possible realizations of the random

channel G = [G1, . . . ,GK ].

Compared with the sum outage probability minimization problem in [11], the objective func-

tion in (8) can ensure the fairness among the users. However, due to the min-max function, the

objective function is not smooth or differentiable, and the algorithms in [11] cannot be directly

applied.

III. SINGLE-USER SYSTEM

In this section, we consider a single-user system model in order to obtain some design insights.

By setting K = 1 and dropping the user index, Problem (8) is simplified to

min
f ,e

Pr{Γ (f , e) ≤ γ} (9a)

s.t. f ∈ Sf (9b)

e ∈ Se. (9c)

A. Problem Reformulation

The probability Pr{Γ (f , e) ≤ γ} has no closed-form expression and thus the problem in

(9) is prohibitively challenging to be solved directly. An alternative solution is to replace the
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probability function with an equivalent expectation function, i.e., Pr{Γ(f , e) ≤ γ} = EG[IΓ≤γ]

where IΓ≤γ is the step function of the event Γ ≤ γ. By doing so, various stochastic programming

techniques can be used. However, the step function is discontinuous, and the existing stochastic

programming methods cannot be directly applied.

To resolve this issue, we approximate the step function with a smooth approximating function

u (x) =
1

1 + e−θx
, (10)

where x = γ − Γ and θ is the smooth parameter controlling the approximation error.

By defining f (f , e|G) = u
(
γσ2 − |eHGf |2

)
, a convenient approximation of Problem (9) is

min
f∈Sf ,e∈Se

g(f , e|G) = E [f (f , e|G)] . (11)

B. Stochastic Majorization-Minimization Method

A simple approach for solving the above problem is the sample average approximation (SAA)

method. However, the SAA method is computationally prohibitive since it requires large-sized

memory storage due to the fact that the solution obtained at each iteration is calculated by

averaging over a large number of channel realizations. To overcome these difficulties, we adopt

the widely used SMM [35] (also known as stochastic successive minimization [36]) method in

which a well-chosen upper bound approximation of the function f(f , e|G) for a new channel

sample is constructed at each iteration and the solution is obtained on the average of the new

channel sample and the others generated in previous iterations.

The standard of constructing the upper bound approximation function of f(f , e|G) is to make

the corresponding surrogate problem easy to solve and even obtain the closed-form solutions. In

particular, denote x ∈ {f , e} that belongs to Sx ∈ {Sf , Se}, the surrogate function f̂(x,xi−1|G)

of f(x|G) around any feasible point xi−1 needs to satisfy the following assumptions [36].

Assumption A

(A1) : f̂
(
x,xi−1|G

)
is continuous in x for ∀xi−1 ∈ Sx.

(A2) : f̂(xi−1,xi−1|G) = f(xi−1|G), ∀xi−1 ∈ Sx.

(A3) : f̂(x,xi−1|G) ≥ f(x|G), ∀x,xi−1 ∈ Sx.

(A4) : f̂
′

(xi−1|G;d) = f
′

(xi−1|G;d), for all xi−1 ∈ Sx and feasible directions ∀d at xi−1.
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f
′

(xi−1|G;d) defines the directional derivative of f(xi−1|G) in the direction d and is given by

f
′

(xi−1|G;d) = lim
λ→0

f(xi−1 + λd|G)− f(xi−1|G)

λ
.

The Assumptions (A2)-(A3) indicate that the surrogate function f̂(x,xi−1|G) is a locally

upper bound of the original function f(x|G) around the feasible point xi−1. Assumption (A4) is

a derivative consistency condition. To ensure the convergence of the SMM algorithm, we further

make the following assumptions [36].

Assumption B

(B1) : The feasible set Sx and channel realizations are bounded.

(B2) : The functions f̂(x,xi−1|G) and f(x|G), their derivatives, and their second-order

derivatives are uniformly bounded.

Since the variables f and e are highly coupled with each other, we adopt an alternating

optimization (AO) method to update them. Based on the above assumptions, the variables f and

e are updated by solving the following two SMM subproblems:

fn = argmin
f∈Sf

1

n

n∑

i=1

f̂
(
f , f i−1|Gi

)
, (12)

and

en = argmin
e∈Se

1

n

n∑

i=1

f̂
(
e, ei−1|Gi

)
. (13)

Here, G1,G2, ... are some independent samples of the random equivalent channel G. f̂ (f , f i−1|Gi)

is a surrogate function corresponding to f when e is given, while f̂ (e, ei−1|Gi) is the corre-

sponding surrogate function of e with given f .

1) Optimizing f: First, we construct f̂ (f , f i−1|Gi) satisfying Assumptions A and B, which

is shown in the following lemma.

Lemma 1 For the twice differentiable function f(f |Gi), we construct its second-order upper

bound approximation around any fixed f i−1, which is given by

f̂(f , f i−1|Gi) = 2Re
{
d
i,H
f f
}
+ αi

f ||f ||22+constif , (14)

where

di
f = mi

f − αi
f f

i−1, (15a)
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mi
f =

−θe−θxi

(
1 + e−θxi

)2Gi,Hei−1ei−1,HGif i−1, (15b)

xi = γσ2 − |ei−1,HGif i−1|2, (15c)

αi
f =

θ2

2
Pmax|ei−1,HGiGi,Hei−1|2, (15d)

constif = f(f i−1|Gi) + αi
f ||f i−1||22−2Re

{
m

i,H
f f i−1

}
. (15e)

Proof: See Appendix A. �

By using (14) and ignoring constants, the subproblem in (12) for updating f is formulated as

min
f∈Sf

2Re

{
1

n

n∑

i=1

d
i,H
f f

}
+

1

n

n∑

i=1

αi
f ||f ||22. (16)

Problem (16) is convex and can be solved by computing its Lagrange function given by

L(f ,κ) = 2Re

{
1

n

n∑

i=1

d
i,H
f f

}
+

1

n

n∑

i=1

αi
f ||f ||22+κ

(
||f ||22−Pmax

)
, (17)

where κ ≥ 0 is a Lagrange multiplier associated with the power constraint. By setting ∂L(f)/∂f∗ =

0, the globally optimal solution of f at the n-th iteration is derived as

fn =
−1

κ+ 1
n

∑n

i=1 α
i
f

1

n

n∑

i=1

di
f . (18)

Also, (18) must satisfy the power constraint, which yields

|| 1
n

∑n

i=1 d
i
f ||22

(κ + 1
n

∑n

i=1 α
i
f )

2
≤ Pmax. (19)

Based on the fact that the left hand side of (19) is a decreasing function of κ, we obtain the

following closed-form solution

fn =





−1∑n
i=1 α

i
f

∑n

i=1 d
i
f , if

||
∑n

i=1 d
i
f
||22

(
∑n

i=1 α
i
f
)2

≤ Pmax,

−
√

Pmax

||
∑n

i=1 d
i
f
||22

∑n

i=1 d
i
f , otherwise.

(20)

The first option in (20) is based on κ = 0. The second option is due to the fact that there must

exist a κ > 0 that (19) holds with equality.

2) Optimizing e: As for the update of e with given f , we first construct a surrogate function

corresponding to e in the following lemma.

Lemma 2 For the twice differentiable function f (e|Gi), we construct its second-order upper

bound approximation around any feasible ei−1, which is given by

f̂(e, ei−1|Gi) = 2Re
{
di,H
e e
}
+ constie, (21)
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where

di
e = mi

e − αi
ee

i−1, (22a)

mi
e =

−θe−θxi

(
1 + e−θxi

)2Gif i−1f i−1,HGi,Hei−1, (22b)

αi
e =

θ2

2
(UM + 1)|f i−1,HGi,HGif i−1|2, (22c)

constie = f(ei−1|Gi) + 2(UM + 1)αi
e − 2Re

{
mi,H

e ei−1
}
. (22d)

Proof: The proof of Lemma 2 is similar to that of Lemma 1 and hence omitted for brevity.

�

By substituting (21) into the objective function of subproblem (13) and ignoring constants,

we obtain:

min
e∈Se

2Re

{
1

n

n∑

i=1

di,H
e e

}
. (23)

The globally optimal solution of the above problem is given by

en = exp

{
j 6

((
n∑

i=1

di
e

)
/

[
n∑

i=1

di
e

]

UM+1

)}
, (24)

where [·]m means the m-th element of vector, j ,
√
−1 is the imaginary unit, 6 (·) denotes the

angle of a complex number, and exp {j 6 (·)} is an element-wise operation.

C. Algorithm Development

Under the SMM framework, closed-form solutions of f in (20) and of e in (24) at each

iteration are obtained. Such simple closed-form solutions can greatly reduce the computational

complexity. Algorithm 1 summarizes the proposed robust beamforming design based on the

SMM-based outage probability minimum problem for RIS-aided single-user mmWave systems

in which the BS-user links experience random blockages. The proposed algorithm is referred

to as SMM-OutMin. Note that the convergence speed of the SMM-based algorithm might be

affected by the tightness of the upper bounds in Lemma 1 and Lemma 2, thus SQUAREM [37]

is adopted to accelerate the SMM-based algorithm. Denote by F (fn) and F (en) the objective

function values of Problem (16) and Problem (23) in the n-th iteration, respectively. PS(·) is

an operation mapped to nonlinear constraint set. For the power constraint set Sf , PS(·) can be

PS(x) =
(x)
||x||2

||f2||2. For the unit-modulus constraint set Se, PS(·) can be element-wise operation,

i.e., PS(x) = j 6 (x). Steps 10 to 13 and steps 21 to 24 are used to maintain the convergence

property of the objective function values.
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Algorithm 1 SMM-OutMin Algorithm

Initialize: Initialize f0 ∈ Sf and e0 ∈ Se. Set n = 1.

1: repeat

2: Obtain the sample channel Gn.

3: Set e = en−1.

4: Obtain f1 according to (20) based on fn−1.

5: Obtain f2 according to (20) based on f1.

6: j1 = f1 − fn−1.

7: j2 = f2 − f1 − j1.

8: ω = − ||j1||2
||j2||2

.

9: fn = −PF(f
n−1 − 2ωj1 + ω2j2).

10: while |F (fn)− F (fn−1)|≤ |F (fn−1)− F (fn−2)| do

11: ω = (ω − 1)/2.

12: fn = −PS(f
n−1 − 2ωj1 + ω2j2).

13: end while

14: Set f = fn.

15: Obtain e1 according to (24) based on en−1.

16: Obtain e2 according to (24) based on e1.

17: j1 = e1 − en−1.

18: j2 = e2 − e1 − j1.

19: ω = − ||j1||2
||j2||2

.

20: en = −PS(e
n−1 − 2ωj1 + ω2j2).

21: while |F (en)− F (en−1) |≤ |F (en−1)− F (en−2) | do

22: ω = (ω − 1)/2.

23: en = −PS(e
n−1 − 2ωj1 + ω2j2).

24: end while

25: n = n + 1.

26: until ||F (fn)− F (fn−1) ||2→ 0 and ||F (en)− F (en−1) ||2→ 0.
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1) Convergence analysis: The convergence of Algorithm 1 is given in the following theorem.

Theorem 1 Suppose Assumptions A and B are satisfied. Then the sequence of the solutions

obtained in each iteration of Algorithm 1 converge to the set of stationary points of Problem

(11) almost surely.

Proof: See Appendix B. �

2) Complexity analysis: The computational complexity for updating fn and en at each iteration

mainly depends on the computation of (20) and (24), respectively. In particular, due to the

update rule in {
∑n

i=1 α
i
f ,
∑n

i=1 d
i
f ,
∑n

i=1 d
i
e}, only {αn

e ,d
n
f ,d

n
e} needs to be calculated at the n-th

iteration. Therefore, the approximate complexity of each iteration is given by O(4UMN+12N).

IV. MULTIUSER SYSTEM

In this section, we consider the general multiuser setup and solve Problem (8). Problem (8) is

more challenging than problem (9) due to the non-differentiable objective function. Furthermore,

the complex objective function complicates the use of the SMM algorithm, thus we extend the

SMM method to a general algorithm to solve Problem (8).

A. Problem Reformulation

We first approximate the probability function in the original Problem (8) by using the expec-

tation of the smooth function in (10). By defining fk (F, e|G) = u
(
eHGkFΥkF

HGH
k e + γkσ

2
k

)
,

in which Υk is a diagonal matrix whose diagonal entry is γk except in the k-th diagonal element

that is −1, the approximate objective function is maxk∈K E [fk (F, e|G)]. However, the obtained

function is still intractable since the maximization operation couples fk, ∀k and the different

channel states due to the expectation operation. This issue motivates us to use the following

Jensen inequality

max
k∈K

E [fk (F, e|G)] ≤ E

[
max
k∈K

fk (F, e|G)

]
, (25)

due to the fact that the max function maxk∈K{x1, . . . , xK} is convex [38].

Furthermore, the non-differentiable max function, maxk∈K fk (F, e|G), is approximated by

adopting a smooth log–sum–exp upper-bound [39]

max
k∈K

fk (F, e|G) ≈ F (F, e|G)
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= µ ln
(∑

k∈K

exp

{
1

µ
fk (F, e|G)

})
, (26)

where µ > 0 is a smoothing parameter satisfying

max
k∈K

fk (F, e|G) ≤ F (F, e|G) ≤ max
k∈K

fk (F, e|G) +
1

µ
log (|K|) . (27)

When µ is chosen appropriately, the smooth approximation of Problem (8) is approximately

reformulated as

min
F∈Sf ,e∈Se

G (F, e|G) = E [F (F, e|G)] . (28)

B. Stochastic Successive Convex Approximation Method

Similar to Problem (11), Problem (28) can still be solved by adopting the SMM method.

However, the function F (F, e|G) in (26) is much more complex and its second-order derivative,

which is necessary to construct the upper bound surrogate function of F (F, e|G) as shown in

Appendix A, is not easy to be calculated. Furthermore, the coefficient of the second-order term in

the final upper-bound surrogate function of F (F, e|G) (αi
f in (14)) can be quite loose, resulting

in a very slow convergence rate of the SMM algorithm.

Therefore, in this section, we adopt a flexible SSCA method to address the above issues. The

surrogate functions employed by the SSCA method do not need to be an upper bound of the

original function but they need only to preserve the first-order property of the original function.

Accordingly, the surrogate functions need to satisfy Assumption B and the following assumptions

[40].

Assumption C

(C1) : F̂
(
x,xi−1|G

)
is strongly convex in x for ∀xi−1 ∈ Sx.

(C2) : F̂ (xi−1,xi−1|G) = F (xi−1|G), ∀xi−1 ∈ Sx.

(C3) : ∇xF̂ (xi−1,xi−1|G) = ∇xF (xi−1|G), ∀x,xi−1 ∈ Sx.

Assumption C cannot ensure that the sequences of the approximate objective values are

monotonically decreasing at each iteration. Nevertheless, to guarantee convergence, the variables

can be updated by choosing an appropriate step size at each iteration that yields a sufficient

decrease of the objective value. Based on the above assumptions, we choose the proximal

gradient-like approximation to construct the surrogate function, which is

F̂
(
x,xi−1|G

)
=F

(
xi−1|G

)
+∇xF (xi−1|G)T(x− xi−1) +

τ i

2
||x− xi−1||2, (29)

where τ i can be any positive number.
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1) Optimizing f: By using (29), we construct a surrogate function as

F̂
(
F,Fi−1|G

)

= F
(
Fi−1|G

)
+ Tr

(
∇FF

(
Fi−1|G

)T
(F− Fi−1)

)
+ Tr

(
∇F∗F

(
Fi−1|G

)T
(F∗ − Fi−1,∗)

)

+
τ i

2
||F− Fi−1||2F

= F
(
Fi−1|G

)
+ 2

∑

k∈K

likRe
{
Tr
(
ΥkF

i−1,HGH
k e

i−1ei−1,HGk(F− Fi−1)
)}

+
τ i

2
||F− Fi−1||2F

= 2Re
{
Tr
(
P

i,H
f F

)}
+

τ i

2
||F||2F+cons1i, (30)

for F around the fixed Fi−1 when e is given.

The parameters in (30) are as follows

Pi
f = Wi

f −
τ i

2
Fi−1, (31a)

Wi
f =

∑

k∈K

likG
i,H
k ei−1ei−1,HGi

kF
i−1Υk, (31b)

lik =
exp

{
1
µ
fk (F

i−1, ei−1|Gi)
}

∑
k∈K exp

{
1
µ
fk (Fi−1, ei−1|Gi)

} θe−θxi
k

(
1 + e−θxi

k

)2 , (31c)

xi
k = ei−1,HGi

kF
i−1ΥkF

i−1,HG
i,H
k ei−1 + γkσ

2
k, (31d)

cons1i = F
(
Fi−1|Gi

)
+

τ i

2
||Fi−1||2F−2Re

{
Tr
(
W

i,H
f Fi−1

)}
. (31e)

By using (30), the subproblem of Problem (28) corresponding to F at the n-th iteration is

formulated as

min
F∈SF

1

n

n∑

i=1

F̂
(
F,Fi−1|Gi

)
. (32)

The method to solve Problem (32) is the same as that of solving Problem (16), thus we directly

provide the global minimizer of Problem (32) as

F̂n =





−2∑n
i=1 τ

i

∑n

i=1P
i
f , if

4||
∑n

i=1 P
i
f
||2F

(
∑n

i=1 τ
i)2

≤ Pmax,

−
√

Pmax

||
∑n

i=1 P
i
f
||2
F

∑n

i=1P
i
f , otherwise.

(33)

2) Optimizing e: Furthermore, with fixed F, the subproblem of Problem (28) corresponding

to e at the n-th iteration is

min
e∈Se

1

n

n∑

i=1

F̂
(
e, ei−1|Gi

)
, (34)
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where F̂ (e, ei−1|Gi) = 2Re
{
pi,H
e e
}
+ cons2i, and

pi
e = wi

e −
τ i

2
ei−1, (35a)

wi
e =

∑

k∈K

lkGkF
i−1ΥkF

i−1,HGHei−1, (35b)

cons2i = F
(
ei−1|Gi

)
+ τ i(UM + 1)− 2Re

{
wi,H

e ei−1
}
. (35c)

Finally, the minimizer of Problem (34) is

ên = exp

{
j 6

((
n∑

i=1

pi
e

)
/

[
n∑

i=1

pi
e

]

UM+1

)}
. (36)

C. Algorithm development

The simple closed-form solutions of f in (33) and of e in (36) can greatly reduce the com-

putational complexity. Algorithm 2 summarizes the proposed SSCA-based robust beamforming

design for RIS-aided multiuser mmWave systems in which the BS-user links experience random

blockages. The proposed algorithm is referred to as SSCA-OutMin.

Algorithm 2 SSCA-OutMin Algorithm

Initialize: Initialize F0 ∈ Sf and e0 ∈ Se. Set n = 0.

1: repeat

2: n = n + 1.

3: Obtain the sample channel Gn.

4: Calculate F̂n according to (33).

5: Update Fn = Fn−1 + ξnf

(
F̂n − Fn−1

)
.

6: Calculate ên according to (36).

7: Update en = en−1 + ξne (ê
n − en−1).

8: until ||Fn − Fn−1||2F→ 0 and ||en − en−1||2→ 0.

1) Step-size selection: It is worth noting that the approximation in (30) has the same form as

that in (14). However, τ i in the SSCA method can be any positive number, and F̂ (F,Fi−1|G)

might no longer be a global upper bound of F (F|G). In this case, the step sizes ξnf and ξne need

to be carefully chosen to ensure convergence.
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As an example, we take ξnf to illustrate the update rule, which is a line-search (also called

Armijo step-size) rule: Consider ξ0f > 0 and c1,f , c2,f ∈ (0, 1). Let ξnf be the largest element in

{ξ0fct2,f}t=0,1,... such that

F

(
Fn−1+ξnf

(
F̂n − Fn−1

))
≤ F (Fn−1) + c1,fξ

n
fTr

(
∇FF (Fn−1)T

(
F̂n − Fn−1

))
. (37)

Theorem 2 If {ξnf }n=1,2,... is chosen according to the line-search rule, then

lim
n→∞

||F̂n − Fn−1|| = 0.

Proof: See Theorem 7 in [41]. �

2) Convergence analysis: The convergence of Algorithm 2 is given in the following theorem.

Theorem 3 Suppose Assumptions B and C are satisfied. Then every limit point of the iterations

generated by Algorithm 2 is a stationary point of Problem (28) almost surely.

Proof: See Appendix C. �

3) Complexity analysis: The computational complexity for updating fn and en at each iteration

mainly depend on the computation of (33) and (36), respectively. In particular, only {Pn
f ,p

n
e}

needs to be calculated at the n-th iteration. Therefore, the approximate complexity of each

iteration is given by O((K + 2)2UMN + UMK +NK + (N + 2)K2 + 2N).

4) Initial point: Problem (28) has, in general, multiple local minima points due to the non-

convex unit-modulus constraint and e ∈ Se. The accurate selection of the initial points in

Algorithm 2 plays an important role for the convergence speed and the quality of the obtained

local solution. To that end, we first initialize e to maximize the minimum equivalent total channel

gain, resulting in the following optimization problem

e0 = argmax
e∈Se

min
k∈K

||eHG0
k||22. (38)

Problem (38) can be efficiently solved by using the SDR method as follows

max
E

t (39a)

s.t. Tr{G0
kG

0,H
k E} ≥ t, ∀k ∈ K (39b)

E � 0, rank(E) = 1, [E]m,m = 1, ∀m, (39c)

where E = eeH and t is an auxiliary variable.

Furthermore, F is initialized by using the maximum-ratio transmission (MRT) method as

F0 = Pmax

G0e0

||G0e0|| . (40)
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BS: (0 m, 0) RIS 1: (50 m, 0)

RIS 2: (50 m,         )                   

Users

Fig. 2: The simulated system setup.

V. NUMERICAL RESULTS AND DISCUSSION

A. Simulation setup

In this section, we numerically evaluate the performance of the proposed algorithms. All

experiments are performed on a PC with a 1.99 GHz i7-8550U CPU and 16 GB RAM. We

adopt a polar coordinate to describe the simulated system setup as shown in Fig. 2, where the

BS is located at (0 m, 0), and the two RISs are deployed in the locations (50 m, 0) and (50 m,

π/6) which are close to the users. The users are randomly placed in a range with polar diameter

dk ∈[50 m, 80 m] and polar angle ϑ ∈ [0, π/6], where dk is used to calculate the distance-

dependent blockage probability. The large-scale fading, reported in urban micro (UMi)-street

canyon scenario [42], is modeled as PL = 32.4 + 20 log10(fc) + 10α log10(D) + ξ in dB with

link distance D (in meters), path loss exponent α, and log-normal shadowing ξ ∼ CN(0, σ2
¸ )

where σ2
¸ denotes the log-normal shadowing variance. The mmWave system operates on carrier

frequency fc = 28 GHz and bandwidth 20 MHz. Since the macro-scattering environment between

the BS and the users are complex, only NLoS clusters are assumed to exist in the BS-user links,

i.e., the Rician factor is κ = 0. The parameter settings in PL of NLoS are α = 3.5 and σξ = 8.2

dB [42]. In practice, the RISs can be installed such that the BS-RIS links and the RIS-user

links are blockage-free. Thus, the channels in (5) and (6) contain only LoS cluster with a Rician

factor κ → ∞. The parameters in PL of LoS are α = 2 and σξ = 4 dB according to [42].

Unless stated otherwise, we assume Lb,k = Lu,k = Lb,u = 5 and I = 20. The transmit power

limit of the BS is Pmax = 30 dBm and the noise power at each user is σ2
1 = . . . = σ2

K = −94

dBm. For simplicity, we consider an equal blockage probability, pk,l = pblock, ∀k, l, and an equal

target SINR, γ = γ1 = . . . = γK , which yields the target rate Rtarg = log2(1 + γ). The smooth

parameters are chosen to be θ = 1
max∀k∈K|x0

k
|

and µ = 1
100K

.

To evaluate the performance of the proposed stochastic optimization algorithms, we consider



21

the following benchmark schemes. 1) SMRT: In this scheme, the active precoding is updated

by using stochastic maximum-ratio transmission (SMRT), that is Fn+1 =
1
n

∑n
i=1 G

i,Hei

|| 1
n

∑n
i=1 G

i,Hei||2

√
Pmax.

The passive beamforming is still updated by using the SMM or SSCA methods. 2) NoRIS: In

this case, no RIS is employed and the optimal active precoding is obtained by using the SMM or

SSCA methods. 3) No-robust: In this scheme, the beamforming is designed by using the SMM

or SSCA methods by taking into account the random small-scale parameters while assuming

pblock = 0. 4) Imperfect CSI: In this scheme, the beamforming is designed by using the SMM

or SSCA methods based on the imperfect CSI of cluster central angles. In specific, we assume

that the modulus of the cluster central angle estimation error is 0.01. 5) SAA: In this scheme,

we generate 300 independent channel realizations in advance, the solutions at each iteration is

the average over these 300 channel samples, and the surrogate function used at each iteration is

obtained by adopting the MM or SCA methods. We take the beamforming design in the single-

user case as an example. By modifying Problems (12) and (13), the beamforming designed by

using the SAA-MM method is updated as follows

fn = argmin
f∈Sf

1

300

300∑

i=1

f̂
(
f , fn−1|Gi

)
, (41)

and

en = argmin
e∈Se

1

300

300∑

i=1

f̂
(
e, en−1|Gi

)
. (42)

In order to demonstrate the robustness of the proposed algorithms, we consider two perfor-

mance metrics: the outage probability and the effective rate. In particular, the outage probability

of each user is calculated by averaging over 1000 independent channel realizations. The corre-

sponding effective rate of the k-th user is defined as Reff ,k , E[log2(1+Γk(F, e))] if Γk(F, e) ≥ γ

and Reff , 0 otherwise.

B. Convergence

Fig. 3 investigates the convergence behavior of the considered stochastic optimization algo-

rithms. For comparison, we consider a single-user case containing RIS 1 in Fig. 2, and the other

parameters are given in Fig. 3. In Fig. 3, the coordinate value on the y-axis is the objective

value of Problem (16) or (32), and not the actual outage probability of the original problem. It

is observed from Fig. 3 that the SMM and SSCA algorithms are characterized by an oscillatory

convergence which depends on the random channel generations at each iteration. On the other
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Fig. 3: Convergence behavior of different algorithms, when N = 8, M = 128, K = 1, U = 1,

and Rtarg = 0.5 bps/Hz.

TABLE I: Comparison of the CPU time

Algorithms The CPU time (sec) per iteration The CPU time (sec)

SMM 0.0025 1.8750

SSCA 0.0042 4.6719

SAA 0.3557 20.9844

hand, using 300 channel realizations for each iteration leads to the monotonic convergence of the

SAA algorithm when adopting a monotonically decreasing surrogate function for each channel

realization. Although the SAA algorithm requires the least number of iterations to converge,

it is much more computationally demanding than the other two algorithms. This fact can be

observed in Table I which compares the CPU time consumption of each iteration and total CPU

time consumption of iteration convergence for the three considered algorithms. Theoretically, the

computational complexity of each iteration of the SAA algorithm is 300 times higher than that

of the SMM or SAA algorithms, because at each iteration of the SAA algorithm, each parameter

needs to be calculated 300 times for all channel realizations.

C. Single-user system

We consider a single-user system containing RIS 1 in Fig. 2 with the target rate of Rtarg = 0.5

bps/Hz. Fig. 4 illustrates the performance of different algorithms as a function of the blockage

probability. First, it can be seen that SMM-based beamforming in the RIS-aided mmWave system
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of M = 64 outperforms the NoRIS scheme when pblock ≥ 0.1. The main reason is that the direct

BS-user channel may be much stronger than the cascaded BS-RIS-user channel as the latter

experiences the double path loss effect, which is significant if the path-loss is large. Therefore,

when the blockage probability is small (pblock ≤ 0.1), the BS tends to allocate the transmit

power to the stronger direct path, thus reducing the contribution of the RIS to the system

performance. However, by increasing the number of reflecting elements at the RIS to M = 128,

our proposed SMM algorithm outperforms the NoRIS system in the whole blockage probability

region (i.e., 0 ≤ pblock ≤ 1). The reason is that the RIS-aided reflecting channels starts to

compensate for the performance loss caused by the blockages when pblock = 0. In addition, it

can be seen that the performance of the SMM-based beamforming is the same as that of the

SAA-based beamforming. Last but not least, compared with the No-robust RIS-aided scenario

and the scheme with imperfect CSI, the robust RIS beamforming can significantly compensate

for the performance loss caused by the presence of random blockages.

Fig. 5 shows the impact of the size of the RIS and the size of the antenna array at the BS on

the outage probability by using the SMM algorithm. It can be observed from Fig. 5(a) that when

BS is equipped with N = 8 antennas, the RIS plays a significant role in guaranteeing the desired

user’s QoS and improving the system robustness with increased number of reflection elements

(M : 64 → 256). In other words, a large-size RIS with M ≥ 224 can still reduce the outage

probability to about 0.1, even if the direct channel is completely blocked. Finally in Fig. 5(b) we

observe that increasing the number of transmit antennas (N : 8 → 64) has the same ability to

reduce the outage probability as increasing the number of reflection elements (M : 64 → 256),

except when the direct channel is completely blocked.

D. Multiuser system

In this section, we consider a multiuser system with K = 3 users, in which the target rate

is Rtarg = 0.1 bps/Hz. As we can see from Fig. 6(a), compared with the No-robust RIS-aided

scenario, the robust beamforming in the RIS-aided scheme in a multiuser system can efficiently

improve the maximum outage probability. In addition, different from the single-user system of

M = 128, the RIS-aided setup outperforms the NoRIS scheme only when pblock ≥ 0.2. This

fact is consistent with the observation of M = 64 in Fig. 4 (a), that is, the performance gain

of an RIS starts to manifest when pblock = 0.2. Further increasing the number of RISs and the

size of each RIS can reduce the maximum outage probability in the whole blockage probability
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Fig. 4: Comparison of outage probability and effective rate as a function of the blockage

probability pblock for N = 8, K = 1, U = 1, and Rtarg = 0.5 bps/Hz.

region (i.e., 0 ≤ pblock ≤ 1). Although the improvement in the performance in terms of the

maximum outage probability of the large-size RIS beamforming in Fig. 6(a) is slightly weak,

the enhancement of the corresponding minimum effective rate shown in Fig. 6(b) is apparent.

Specifically, the minimum effective rate of the robust designs is better than that of the non-robust

schemes. Moreover, the contribution of the RIS in improving the minimum effective rate is also

apparent for the almost blockage probability region (i.e., pblock ≤ 0.8). Finally, we observe that

multiple RISs with a relatively small size can improve the worst-case user’s performance, and

outperform the performance offered by a single RIS with large size, especially in the multi-user
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Fig. 5: Comparison of outage probability as a function of M with fixed N = 8 and of N with

fixed M = 128, when K = 1, U = 1, and Rtarg = 0.5 bps/Hz.

scenario. This is because the optimal deployment of multiple RISs can provide more spatial

diversity for users who are far away from the RIS, thus improving the system performance.

Finally, Fig. 7 investigates the performance as a function of the number of users. For a fair

comparison, we consider the setup N = 32,M = 128 and U = 2. Compared with the NoRIS

scheme, the contribution of multiple RISs in reducing the maximum outage probability shown

in Fig. 7 decreases as the increase of K. When K ≥ 5, the RIS scheme cannot guarantee the

QoS performance of the worst-case user due to the high outage probability.
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Fig. 6: Comparison of maximum outage probability and minimum effective rate as a function

of the blockage probability pblock for N = 16, K = 3, and Rtarg = 0.1 bps/Hz.

VI. CONCLUSIONS

In this work, we have improved the reliability of a mmWave system in the presence of random

blockages by employing multiple RISs and designing the corresponding robust beamforming. In

order to reduce the system outage, we have formulated and solved a maximum outage probability

minimization problem which belongs to the family of stochastic optimization problems . More

precisely, we have taken into account the statistical CSI and the blockage probability, and have

solved the formulated optimization problem by adopting a stochastic optimization framework.

Closed-form solutions have been derived at each iteration by adopting the SMM and SSCA
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Fig. 7: Comparison of maximum outage probability as a function of the number of users K for

N = 32, pblock = 0.6, and Rtarg = 0.1 bps/Hz.

methods. The two proposed stochastic methods are guaranteed to converge to the set of stationary

points of the original stochastic problems. Selected numerical results have demonstrated the

performance gain in terms of outage probability and effective rate of the RIS-aided mmWave

systems in the presence of random blockages.

APPENDIX A

THE PROOF OF LEMMA 1

In this subsection, Gi is dropped for simplicity, i.e., f (f |Gi) is replaced by f (f). Since f (f)

is twice differentiable, we propose a second-order approximation to upper bound f (f) at any

fixed point f i−1:

f (f) ≤f̂
(
f , f i−1

)

=f
(
f i−1

)
+ 2Re

{
m

i,H
f (f − f i−1)

}
+ (f − f i−1)HMi

f(f − f i−1), (43)

where mi
f and Mi

f are to be designed to satisfy Assumption A.

Assumptions (A1) and (A2) are readily satisfied. Assumption (A4) is a derivative consistency

condition. Denote f̃ ∈ Sf , then the directional derivative of f̂ (f , f i−1) at f i−1 with direction

f̃ − f i−1 is

2Re
{
m

i,H
f (f̃ − f i−1)

}
. (44)
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The corresponding directional derivative of f (f) is

−θe−θxi

(
1 + e−θxi

)2 2Re
{
f i−1,HGi,Hei−1ei−1,HG

(
f̃ − f i−1

)}
, (45)

where xi is given in (15c).

Assumption (A4) is satisfied only when (44) and (45) are equal, yielding

mi
f = − θe−θxi

(
1 + e−θxi

)2Gi,Hei−1ei−1,HGif i−1. (46)

In order for Assumption (A3) to hold, it is sufficient to show that f̂(f , f i−1) is an upper bound

for each linear cut in any direction. In particular, let f = f i−1 + ξ(f̃ − f i−1), ∀ξ ∈ [0, 1], we need

to show

f
(
f i−1 + ξ(f̃ − f i−1)

)
≤ f

(
f i−1

)
+ 2ξRe

{
m

i,H
f (f̃ − f i−1)

}
+ ξ2(f̃ − f i−1)HMi

f (f̃ − f i−1).

(47)

Define L(ξ) = f(f i−1 + ξ(f̃ − f i−1)) and l(ξ) = γσ2 − |ei−1,HGi(f i−1 + ξ(f̃ − f i−1))|2. (47)

holds if the second-order derivative of L(ξ) is no more than that of the right hand side of (47).

The corresponding sufficient condition can be formulated as

∂2L(ξ)

∂ξ2
≤ 2Tr

[
(f̃ − f i−1)HMi

f (f̃ − f i−1)
]
. (48)

Before deriving the expression of ∂2L(ξ)/∂ξ2, we calculate the first-order derivative of L(ξ),

as follows

∂L(ξ)

∂ξ
= g(ξ)∇ξl(ξ), (49)

where g(ξ) = θe−θl(ξ)

(1+e−θl(ξ))2
, ∇ξl(ξ) = −2Re{qH(f̃ − f i−1)}, and q = Gi,Hei−1ei−1,HGi(f i−1 +

ξ(f̃ − f i−1)).

Then, the second-order derivative is derived as

∂2L(ξ)

∂ξ2
= g(ξ)∇2

ξl(ξ)− θg(ξ)∇ξl(ξ) (∇ξl(ξ))
T + 2

(
1 + e−θl(ξ)

)
g(ξ)∇ξl(ξ) (g(ξ)∇ξl(ξ))

T ,

(50)

where ∇2
ξ l(ξ) = −2Re{(f̃ − f i−1)HΘ(f̃ − f i−1)} and Θ = ξGi,Hei−1ei−1,HGi.

(50) is rewritten as a quadratic form of t = f̃ − f i−1, as follows

∂2L(ξ)

∂ξ2
=


 t

t∗



H

Φ


 t

t∗


 , (51)
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where

Φ = g(ξ)
(
2
(
1 + e−θl(ξ)

)
g(ξ)− θ

)

 q

q∗




 q

q∗




H

− g(ξ)I2 ⊗Θ.

Furthermore, we also manipulate the right hand side of (48) into the same form as in (51), as

follows

 t

t∗




H 
 I⊗Mi

f 0

0 I⊗M
i,T
f




 t

t∗


 . (52)

Combining (51) and (52), the sufficient condition in (48) is equivalent to

 t

t∗




H

Φ


 t

t∗


 ≤


 t

t∗




H 
 I⊗Mi

f 0

0 I⊗M
i,T
f




 t

t∗


 ,

which can be satisfied when Mi
f satisfies

Φ �


 I⊗Mi

f 0

0 I⊗M
i,T
f


 .

For convenience, we select Mi
f = αi

fI = λmax (Φ) I. Then, f̂ (f , f i−1) in (43) is designed to be

f̂
(
f , f i−1

)

= f
(
f i−1

)
+ 2Re

{
m

i,H
f (f − f i−1)

}
+ αi

f ||f − f i−1||22

= 2Re
{
d
i,H
f f
}
+ αi

f ||f ||22+constif ,

where d
i,H
f , αi

f and constif are defined in Lemma 1. The deterministic expression of λmax (Φ) is

difficult to obtain, therefore we derive the upper bound shown as follows

λmax (Φ)

(p1)
≤ 2

(
1 + e−θl(ξ)

)
g2(ξ)λmax




 q

q∗




 q

q∗




H


− g(ξ)λmin (I2 ⊗Θ)− θg(ξ)λmin




 q

q∗




 q

q∗



H


(p2)
= 4

(
1 + e−θl(ξ)

)
g2(ξ)||q||22

(p3)
<

θ2

2
||q||22



30

(p4)
≤ θ2

2
λmax(G

i,Hei−1ei−1,HGiGi,Hei−1ei−1,HGi) · ||f i−1 + γ(f̃ − f i−1)||22
(p5)
≤ θ2

2
Pmax|ei−1,HGiGi,Hei−1|2.

The above inequalities are due to the following mathematical properties:

(p1): A and B are Hermitian matrices: λmax(A) + λmax(B) ≥ λmax(A+B) [43].

(p2): A is rank one: λmax(A) = Tr [A] , λmin(A) = 0 [43].

(p3):
(
1 + e−θl(ξ)

)
g2(ξ) ≤ θ2/8, where the equality holds when l(ξ) = 0.

(p4): A is positive semidefinite with maximum eigenvalue λmax(A) and B is positive semidef-

inite: Tr [AB] ≤ λmax(A)Tr [B] [43].

(p5): Power constraint: ||f i−1 + γ(f̃ − f i−1)||22≤ Pmax.

Hence, the proof is completed.

APPENDIX B

THE PROOF OF THEOREM 1

Define the random functions

gn(x) =
1

n

n∑

i=1

f
(
x|Gi

)
, (53)

ĝn(x) =
1

n

n∑

i=1

f̂
(
x,xi−1|Gi

)
. (54)

To state the convergence result, we need the following lemmas.

Lemma 3 Suppose Assumptions A and B are satisfied and define a limit point x̄ of a subsequence

{xnj}∞j=1, then there exists uniformly continuous functions g(x) and ĝ(x) such that

g(x) = lim
n→∞

gn(x) = E [f (x|G)] , ∀x ∈ Sx, (55)

g(x̄) = lim
j→∞

gnj(xnj), (56)

ĝ(x) = lim
j→∞

ĝnj(x), ∀x ∈ Sx, (57)

ĝ(x̄) = lim
j→∞

ĝnj(xnj). (58)

Proof: First, it follows that f (x,G) is bounded for ∀x ∈ Sx and all channel realizations

due to the assumption (B2), and therefore, (55) holds by using the strong law of large num-

bers [44]. Also, the families of functions {gnj(x)} are equicontinuous and bounded over a
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compact set Sx due to the assumption (B2) and the use of mean value theorem. Thus, by

restricting to a subsequence, we have (56). Furthermore, the families of functions {ĝn(x)}
are also equicontinuous and bounded over a compact set Sx due to the assumption (B2) that

||∇xf̂(x,x
i−1,G)|| is bounded. Hence the ArzelÃ -Ascoli theorem [45] implies that, by restrict-

ing to a subsequence, there exists a uniformly continuous function ĝ(x) such that (57) and (58)

hold. �

On the other hand, the update rule of Algorithm 1 leads the following lemma.

Lemma 4 limn→∞|ĝn(xn)− gn(xn)|= 0, almost surely.

Proof: The proof of Lemma 4 is the same with that of ( [36], Lemma 1) and is omitted for

conciseness. �

Assumption (A3) implies that ĝnj(x) ≥ gnj(x), ∀x ∈ Sx. combining it with (55) and (57), we

obtain

ĝ(x) ≥ g(x), ∀x ∈ Sx. (59)

Moreover, combining Lemma 4 with (56) and (58), it yields

ĝ(x̄) = g(x̄). (60)

Then, (59) and (60) imply that x̄ is a minimizer of function ĝ(x)− g(x), hence the first-order

optimality condition satisfies

∇ĝ(x̄)−∇g(x̄) = 0. (61)

Due to the fact that x̄ is the limit point of Problem (12) or Problem (13), we have ĝ(x̄) ≤
ĝ(x), ∀x ∈ Sx, which implies that

〈∇ĝ(x̄),x− x̄〉 ≥ 0, , ∀x ∈ Sx. (62)

Combining this with (61), we obtain

〈∇g(x̄),x− x̄〉 ≥ 0, , ∀x ∈ Sx, (63)

which means that the directional derivative of the objective function g(x) is non-negative for

every feasible direction at x̄. Recalling that x ∈ {f , e} and defining the limit points {f̄ , ē}, (63)

is equivalent to




〈
∇g(f̄), f − f̄

〉
≥ 0, ∀f ∈ Sf ,

〈∇g(ē), e− ē〉 ≥ 0, ∀e ∈ Se.
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Therefore, according to [41], {f̄ , ē} is a stationary point of Problem (11) due to the regularity

of g(·).

APPENDIX C

THE PROOF OF THEOREM 1

Define the random functions

Gn(x) =
1

n

n∑

i=1

F
(
x|Gi

)
, (64)

Ĝn(x) =
1

n

n∑

i=1

F̂
(
x,xi−1|Gi

)
. (65)

To state the convergence result, we need the following lemmas.

Lemma 5 Suppose Assumptions B and C are satisfied and define a limit point x̄ of a subsequence

{xnj}∞j=1, then there exists uniformly continuous functions G(x) and Ĝ(x) such that

G(x) = lim
n→∞

Gn(x) = E [F (x|G)] , ∀x ∈ Sx, (66)

G(x̄) = lim
j→∞

Gnj(xnj ), (67)

Ĝ(x) = lim
j→∞

Ĝnj(x), ∀x ∈ Sx, (68)

Ĝ(x̄) = lim
j→∞

Ĝnj(xnj ). (69)

Proof: The proof of Lemma 5 is the same with that of Lemma 3 and is omitted for brevity.

�

On the other hand, xnj is the minimizer of Ĝnj(x), thus

Ĝnj(xnj ) ≤ Ĝnj(x), ∀x ∈ Sx. (70)

Assuming j → ∞, and combining (68) and (69), we obtain Ĝ(x̄) ≤ Ĝ(x), ∀x ∈ Sx, which

implies that its first-order optimality condition satisfies

〈
∇Ĝ(x̄),x− x̄

〉
≥ 0, , ∀x ∈ Sx. (71)

By combining (71) and Assumption (C3), we finally obtain

〈∇G(x̄),x− x̄〉 ≥ 0, , ∀x ∈ Sx. (72)
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Since that x ∈ {F, e}, we define the limit points {F̄, ē}, (72) is then equivalent to




〈
∇G(F̄),F− F̄

〉
≥ 0, ∀F ∈ Sf ,

〈∇G(ē), e− ē〉 ≥ 0, ∀e ∈ Se.

Therefore, according to [41], {F̄, ē} is a stationary point of Problem (28) due to the regularity

of G(·).
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