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Abstract

A novel Lévy series for developing a dynamic stiffness matrix for a completely
free orthotropic Kirchhoff plate is presented in this paper. The bending be-
havior is based on the Kirchhoff-Love thin-plate theory. The dynamic stiffness
matrix is derived using the new Lévy series without classical symmetry decom-
position, simplifying the building procedure. Harmonic responses obtained by
this method and the finite element method are compared to establish the rate

of convergence and the degree of precision of the current formulation.

Key words: Dynamic stiffness method, Lévy series, Harmonic response,

Orthotropic plate

1. Introduction

Since the advent of composite materials in structural engineering, the dy-
namic bending of orthotropic rectangular plates has been studied extensively.

Composite materials are becoming increasingly important in aerospace, automo-
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tive, marine, and civil engineering designs. The finite element method (FEM)
is effective for calculating the dynamic response and modal characteristics of
such structures, but limitations arise when the mode density increases. The
precision of the results is highly dependent on the mesh size, and convergence
studies must be conducted. The mesh size of finite elements depends on the
highest frequency in the analysis; increasing the number of finite elements re-

quires greater computational time and effort to solve the problem.

To overcome these difficulties, several meshless methods have been devel-
oped, including the dynamic stiffness method (DSM) [1] and the spectral ele-
ment method (SEM) [2]. These methods are fundamentally based on the exact
closed-form solution of the governing differential equations of motion. Con-
sequently, the DSM is based on the minimization of the discretization of the
structure geometry. This approach was developed extensively for beam ele-

ments in the late 20th century [3-9].

The extension of the meshless method to plate elements is difficult. The
main challenge is that no closed-form solution exists for the governing differen-
tial equations of motion. Even so, during the last twenty years, DSM formula-
tions for plate elements have been developed. Kim and Lee recently published
a paper that presents a complete survey of plate DSM formulations [10]. The
concept is based on the series development of strong solutions of the equations

of motion. This concept is not new; the first scientists to obtain strong solutions
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based on series for the static deflection of rectangular plates were Henri Navier
at the beginning of the 19th century and Maurice Lévy at the end of the 19th
century. Navier used double trigonometric Fourier series to transform the par-
tial derivative equations into an algebraic system of equations, but the boundary
conditions were limited to the fully simply-supported case. Lévy used a single
series built with products of trigonometric functions along one dimension and
solutions of the resulting differential equation along the other dimension. The
Lévy solutions are limited to plates for which two opposite edges are simply
supported. Plates subject to such boundary conditions are often called Lévy
plates. In the context of meshless methods and powerful computational re-
sources, many researchers have presented new perspectives on the Navier-type
and Lévy-type solutions to address static deflection, buckling, and the dynamic
analysis of plates. Following the work of Langley [11] devoted to stiffened plates,
the first textbook describing DSM, including Lévy-plate formulations, was writ-
ten by Leung in 1993 [12]. Leung provided an exhaustive presentation of the
DSM beam and Lévy-plate elements developed until the beginning of the 1990s.
In the 1990s, some DSM Lévy-plate formulations were described by other au-
thors. Bercin addressed orthotropic Lévy-plate DSM elements [13], Bercin and
Langley investigated the problem of assembling non-coplanar Lévy-plate DSM
elements with in-plane vibrations [14], and Leung and Zhou studied laminated
composite plates [15]. However, to formulate a DSM plate element supporting
connections with another coplanar or non-coplanar DSM plate along any of its

four edges, solutions for fully natural boundary conditions are required. With



O©CO~NOOOUTAWNE

55

60

65

70

this type of solution, the resulting elementary dynamic stiffness matrices can
be assembled to form a structural dynamic stiffness matrix in the same way
as in the finite element method. Approximate solutions have been described
by many authors in the modal analysis of rectangular plates subjected to fully
natural boundary conditions, that is, with four free edges. These boundary con-
ditions are known as “free-free-free-free” (FFFF). Leissa [16, 17] provided an
extensive survey of approximate eigensolutions for the FFFF case. The approx-
imate solutions for these boundary conditions are based on a series built with
beam eigenfunctions and a Rayleigh-Ritz procedure. Gorman [18]subsequently
described a superposition method to address the free vibrations of an FFFF
plate with any degree of accuracy. His method superimposed two accurate Lévy
solutions to exactly satisfy both FFFF boundary conditions and the symme-
try properties of the modes. Each doubly symmetric, doubly antisymmetric,
and antisymmetric-symmetric eigenmode is broken into two Lévy-type building
blocks, for which an exact Lévy solution is used. Thus, any degree of accuracy
can be obtained. In 2005, using the Gorman decomposition, Casimir et al. [19]
were the first researchers to describe a DSM rectangular plate with fully natural
boundary conditions. The procedure consisted of processing four dynamic stiff-
ness matrices related to the symmetry contributions; a matrical operation was
described to combine the four matrices into a complete dynamic stiffness ma-
trix. While this DSM formulation, including natural boundary conditions, had
the ability to support any other plate connection, these first works were limited

to Kirchhoft’s isotropic rectangular plates. However, formulations of Lévy-plate
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elements and other plate theories were included. In 2011, Boscolo and Baner-
jee described DSM Lévy plates including a first-order shear deformation theory
[20] and in-plane stiffness [21]. Soon after, they described a composite Mindlin
DSM Lévy plate [22, 23]. Higher-order shear deformation theory devoted to
laminates was reported by Fazzolari et al. [24] in a DSM Lévy-plate formula-
tion. DSM formulations with fully natural boundary conditions are the focus of
most recent research. In 2015, the Gorman decomposition of the four symmetry
contributions was used again to describe DSM plate elements. In 2015, such
formulations concerning isotropic rectangular plates were reported by Banerjee
et al. [25] for transverse vibrations, by Nefovska-Danilovi¢ and Petronijevi¢ [26]
for in-plane vibrations, and by Kolarevi¢ et al. [27] for the Mindlin shear theory.
Ghorbel et al. described an orthotropic rectangular DSM plate [28]. In 2016,
extension of the Gorman decomposition to in-plane vibration was used by Ghor-
bel et al. [29] to describe an in-plane DSM orthotropic plate with fully natural
boundary conditions. A DSM element including higher-order shear deformation
effects was described by Kolarevié et al. [30]. A DSM sandwich plate element
was developed by Marjanovi¢ et al. [31] for fully natural boundary conditions.
Many other formulations of DSM plate elements are still in progress. In 2017,
Damnjanovié et al. studied stiffened composite plates [32, 33] and Nefovska-
Danilovié et al. studied multilayered plates [34, 35] for fully natural boundary
conditions. In 2018 and 2019, Kumar et al. described a Lévy-plate DSM el-
ement including functionally graded material [36, 37]. Papkov and Banerjee

studied an orthotropic Mindlin plate for fully natural boundary conditions [38].
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In the current study, a new Lévy series is defined to simplify the classical
superposition approach based on symmetry decomposition. The classical ap-
proach implies eight Lévy series, and has been used since 2005 for DSM plate
formulation with natural boundary conditions [19, 25, 34]. The new formulation
is based on the extended Lévy series and the projection method on boundaries.
Only four series are required to build the entire dynamic stiffness matrix. The
use of symmetry contributions is no longer necessary, which simplifies the DSM
plate formulations without a loss of accuracy. This general solution was used
in 2021 for DSM formulation by Wei et al. [39] and a spectral element model
by Kim and Lee [10] for isotropic plates. Numerical examples are presented for
an orthotropic DSM rectangular Kirchhoff plate element. The accuracy of the
formulation and the results were compared with results obtained using the finite

element method (FEM).

2. Governing equations of the orthotropic rectangular plate

2.1. Plate geometry and Kirchhoff’s hypothesis

The geometry of the plate is defined in a Cartesian coordinate system. Figure
1 shows an orthotropic rectangular plate defined by a thickness h and lateral
dimensions 2a x 2b. The origin O of the Cartesian coordinate system is chosen

at the center of the mid-plane of the plate, with the z-axis normal to this plane.

Kirchhoff’s hypothesis is adopted; a straight line normal to the mid-surface
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Figure 1: Geometry of the plate

of the plate remains perpendicular after deformation. Thus, the displacement
o at any point M (x,y, z) of the volume is given by Eqgs. 1. The orthotropic axes

of the material are parallel to the z and y axes.

U(I7y7zat) = 72837‘/;/
v(z,y, 2, t) = —z%—vg (1)

w(x7 y7 Z? t) = W('r7 y7 t)

where u, v, w are the displacements of point M in the z, y, z-directions, and
U,V , W are the displacements of the projection P of point M on the middle
surface of the plate. 3, and 3, are the rotations of the middle plane about the

s« and y axes, respectively, expressed as equations:

/8,727807‘1/
: (2)
8 _ow
Y oy
7
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2.2. Constitutive equations
For plates with orientation such that orthotropic axes 1 and 2 are equal to the
x and y axes, respectively, the force/displacement relationships are expressed

as equations:

_ _h a2 h® a2
M, =-%5Dn 2% - 2D, 0%
_ _ R Pw _ R 9w 3
M, = =" Dy, 5% — 1Dy 5k 3)
_ K 9w
]\/[ly - 7?D66 Oxdy
130
_ h3 Bw h3 3w
Ty = =5 Di'gs — 15 (D12 +2Dss) D207
(4)
_ _h® FPw _ h® 3w
Ty=—13Dngs — 15 (D12 + 2Dgg) 22257
where
_ Ey
D = 1—vi2v21
_ Ey
D22 T 1-viovon
(5)
_ _vioB
D1z = 1—vi2v21
Dgs = G12

where F4, Eo are the Young’s moduli along the orthotropic directions, v15 and

V91 are Poisson’s ratios, and G1s is the shear modulus.



O©CO~NOOOUTAWNE

2.3. Boundary conditions

Natural boundary conditions along the boundaries x = +a are easily written

using the Hamilton’s principle; they can be expressed as equations:

OM,,
TL+ a;y:fzw

(6)
M, =M,

Similarly, the natural boundary conditions along y = +b can be expressed as

1 equations:

oMy _
Ty + oz v = 'FZZ/

My, =M,
2.4. Equation of motion

Equilibrium relationships are expressed as equation:

0% M, 0*M, 0% M, 0*w
2 Y 29 = ph’iz (8)
ox 0x0y dy ot

The equation of motion of a thin plate is obtained by introducing force/displacement

relationships into the equilibrium equations, expressed as equation:

_py Qe (W R N w B e 0w
127 1t 6 12T 30 ) Bz T 12 gyt - Mo
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3. New Lévy series solution

For harmonic vibrations, the transverse displacement can be expressed as

follows:

w(w,y, t) = W(z,y)e™ (10)

and the amplitude of the harmonic solution satisfies the following;:

3 4 3 3 4 3 4
" 2 (h D12+h ) oW h 9 W+phw2W:o (11)

T2 ot e 0220y 127 2 oyt
The Gorman superposition method facilitates the analysis of only one quarter
of the rectangular plate for each symmetry contribution; the novel Lévy series
simplifies the problem, providing a general exact solution of the governing equa-
tion without dividing the displacement into four symmetry contributions. The

proposed Lévy series can be expressed as follows:

W(z,y) = =0 1Wm(x) cos ™4 + Z 0 2Wm(y) cos 22 (12)

+ T—I;Lo:ol '5Wm( )Sln (27n 1 )y + Z >~ AW ( )Sil’l (27n;(3)1r1'

Therefore, the rotations 3, 3, defined by Eqgs. 2 are expressed as follows:

Belsy) = = S0 1 Wi () cos P52 4 STE, W (y) sin 77

_ Z;o:ol SW;,L (.’L‘) sin (277L§b1)ﬂy _ ;o_ol (Zm 1)mw 4Wm(y) cos (2m 1)7T15
Byl@yy) = = Yh, B Wi () sin 2L 4 37H5 W, () cos 222

+ ;oo1 (2m— 1>7T3Wm($) cos (2m 1)71'1/ +Z," L4 m(y) blnM

(13)
10
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The idea is to avoid the Gorman superposition, which requires uncoupled sym-
metry contributions. This uncoupling hypothesis is valid solely when the ge-
ometry and materials have the same symmetry properties. This is not the case
when the orthotropic directions are not parallel to the edges of the plate or
when the plate is a parallelogram. Let us consider a nontrivial solution for
the harmonic equation of motion Eq. 11 denoted by W. Symmetric-symmetric,
antisymmetric-symmetric, symmetric-antisymmetric, and antisymmetric-antisymmetric

contributions are given below:

Wss(z,y) = % W(z,y) + W(—z,y) + W(z,—y) + W(—z,—y)] = Wss(—z,y) = Wss(z, —y)
WSA(mv y) = i [W(r,y) + W(—:C, y) - W(Ia _y) - W(_Iv _1/)] = WSA(_Ivy) - _WSA(mv —fl/)

WAS('ray) = i [W(x7y) - W(—x,y) + W(1‘7 _y) - W(_x7 _y)] = _WAS(_x7 y) = WAS('r’ _y)

WAA(wv y) = % [W($7y) - W(f‘r? y) - W(x7 7y) + W(*l‘, 73/)] = 7WAA(7x7y) = 7WAA(x7 7y)
(14

These contributions are such that W(z,y) = Wsg(z, y)+Wga(z, y)+Was(z,y)+
Waa(z,y), each of which satisfies the equation of harmonic motion, i.e., Eq. 11.
This property is the basis of Gorman decomposition. In this case, the symmetry
contributions are uncoupled. For example, the symmetric-symmetric contribu-

tion is as follows:

4 4 4 4 a4
Wiz — 1[5 (w,0) + G (—2,9) + 5 (@, —y) + G (-2, )]

9t Wss
Ox20y?

4 4 4 4 4
OWes = 1[G (2,9) + FW (—,y) + G (3, —y) + F¥ (~z, )]

a4 a4 n4 a4
(525 (,y) + 5t (—a.) + 5%l (@, —y) + 5ebz (—o,—)|

N

(15)

11
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Further, the following can be easily verified:

64W55 84Wss 84W55
Oxt + 68x28y2 7 oyt 0 (16)

a, [, v being any real numbers.
Let us now consider a harmonic equation of motion that is slightly more
complicated, such as

oW oW oW
0ot + Paugys + 1 gy +OW =0 (17)

a, B, 7, 6 being any real numbers.

For example, the symmetric-symmetric contribution satisfies the following:

*Wgg 1] 0*wW oW oW (@, —y) + oW
Y Oxdy3

0zdy® 4 | dzdyd (@.y) - Ox0y3 (=2.9) = Ox0y?

(-2, —y)
(18)

Further, it can be easily verified that this contribution does not satisfy the

modified harmonic equation of motion, i.e., Eq. 17. In this case, the symmetry

contributions are coupled, and the Gorman decomposition does not apply.

Without the use of the Gorman superposition and symmetry considerations,
the proposed series provides novel perspectives for future DSM developments

in which symmetry contributions are coupled. For uncoupled symmetry contri-

12
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butions, these series facilitate the simplification of the dynamic stiffness matrix
15 building procedure and the reduction of the total number of series. Here, four
series are used where the Gorman superposition requires two series for each
symmetry contribution, i.e., a total of eight series. Therefore, only the four
family functions 1 W, (2), osWin(y), 3sWin(z) and 4W,,(y) have to be obtained.
The procedure is described below.
190
First, the governing equations have to be solved under natural boundary
conditions. Therefore, the Levy serie Eq. 12 are introduced into the equation
of motion Eq. 11. Two uncoupled systems of differential equations along the

x-axis and y-axis are obtained. These systems are given by equations:

4 2
ar i Wer 4 gy (m) CiWen 4 43(m), Wy, = 0

4 2 (19)
a’ldsxl/m + a'z(m)% + al(m)sWy, =0
195
4 2
bl d j’:l/“{m + b2 (m) d jggm + b3 (Tn)ZW'm =0 (20)

s At W, / dZaWy, /
by S + b (m) Sz + b5 (m)aWn, =0

where the coefficients a;, a}, b; and b} are expressed as

E E 2 E 4
a; = —%DH, aQ(m) = %3 (D12 + 2D66) (%) ) ag(m) = [phwz — %D22 (%) :| .

* m— s 2 m— s 4
ah = *%Dnv ap(m) = % (D12 4 2Dgg) (%) ,as(m) = {PhWQ - %Dzz (%) } .

13
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2
bl = _%D227 bg(Tﬂ) = % (D12 + 2D66) (%) ) bg(m) = {pth — %Du (

- - m— ™ 2 - m— ™ 4
by = *%Dzm by(m) = % (D12 +2Dge) (4(2 2a1) ) , bs(m) = {ph"ﬂ - %D“ <(2 2‘11) ) }

These systems of ordinary differential equations along the x-axis and y-axis are

expressed as

W(a) = -
f;WN"(l') _ __ap(m)
B m ’1
W (y) = )
bh(m
W) =

Wi (z) = %:n)lwm(x)
Wi () = S5 W ()

2W(y) — B0, W (y)

Wi ) = B W ()

(21)

(22)

Applying the concept of state space, the two systems in Eqgs. 21 and 22 can be

transformed into matrical equations, respectively:

where

17! (x) =T Z (2),

QZvln(y) = ZTmQZm(y):

37! (2) = *T)n®Zm(x)

4Z;n,(y) = 4Tm4Zm (y)

1 (@) = [[Win(), ;Wi (), ;Wi (), Wi ()] 5 =1,3

and

I Z(y) = Wi ) s Wi () s Wi (), Wit ()] 5 = 2,4

14

(23)

(24)

(26)

mm
a

']
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where

and

and

_ bz(m)

o

ai

_ a;(m)

ay

ba(m)

by

az(m)

(27)

(28)

(29)

(30)

20 The general solutions of Eqs. 23 and 24 are readily found using the distinct

eigenvalues and corresponding matrix of eigenvectors of the companion matrices

15
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Yo, 2Ty, 3Ty and 4T;,. These solutions are expressed as

V(@) = 31y A Qe A

3Zm(l‘) = Z?:s iAmiQmei/\mI
(31)

2Zn(y) = Y120 P A Qe Y

4Zm(y) = 2;213 iAmiQmel)\my

where 1Q,, and ?),, are the eigenvectors and the eigenvalues, respectively, of
the matrices T, for i € {1,2,3,4}, 1Qu, and ?)\,, are the eigenvectors and the

eigenvalues of the matrices 3T}, for i € {5,6,7,8}.
Similarly, 1Q,, and ?),, are the eigenvectors and the eigenvalues, respec-
tively, of the matrices 2T}, for i € {9,10,11,13}; iQu and *),, are the eigen-

vectors and eigenvalues, respectively, of the matrices 475, for i € {13, 14, 15, 16}.

The functions 1W,,,, 3sW,, along the z-direction and o W,,, 4W,, along the

y-direction can be expanded as

16
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Wi (@) = Z?:l Z‘Am11‘Qmei>""ﬂ”
W (@) = Siy A2 Qe A
W () = b AP Qe A
W (@) = Y, P AR Qe Am®
sWin(z) = Z?:s iAmliQmeU"’"z
SW! (2) =30, A, 20 e A
sW/(x) = 2?25 A, 31 Qe A

Wil (@) = 205 At Qe A

where Q. 2Qm, *Qm, ¥Q,, are the components of vector 1Qy, with i €

{1,...,8} and

Win(y) = 2120 A Qe
2Wi (4) = 20120 A Qe
WH(Y) = N2 P AR Qe MY
() = 302, A, Qe
Wi(y) = 2213 i4,,1Q, e AmY
W) = Ty A Qo
W) = 30 A Qe

16 ) i
4W7lr,1/(y) = Zz‘:l{i 7'AmMQme Amy

where "Quny ZQum, Qm, Y'Q,, are the components of vector Q,, with i €

For m = 0, a simpler expression of the solution is possible. The functions

17
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a0 1 Wo(x) and 9Wy(y) are the solutions, expressed as equations:

h3Q A4 Wo _ 2
— Q11 = —phw*1 Wy(x)
12 dz? (34)
3 4
—%dedzy‘ivﬂ = —phw?, Wy (y)
therefore,
1Wo(x) = 31, P Age e
(35)

2Woly) = 355 " Age Yoy

where eigenvalues ‘) are expressed as

1 _ a4/ 12pw? 5 _ af/12pw?
Ao = Q11h? Ao = Q22h?

2 _ _ af12pw? 6 _ _ af12pw?

Ao = V Qi1h? Ao = Q22h? (36)
3 _ o+ a/12pw? 7 _ s a/12pw?

Ao =i/ gl Ao =14/ Qe
4 __ia/12pw? 8 __:a/12pw?

Ao = —i V Qu1h? Ao = —i Q22h?

The transverse displacement W (x,y) is obtained from Eqs. 32, 33 and 12, ex-

pressed as

235

4 i i 8 g
W(z,y) = 21:1 *Age Moo Zz‘:f, *Age Aoy
+ 220:01 Z?:l z‘AmliQme"‘Amw cos ’m;ry + 220:01 Zliq iAmliQmei/\my oS 'm;rz

oo 8 i 1i A gy 2m—1)7my +oo 16 4 10 Amy iy (2m—1)7z
+ m=1 Zi:E} A"n Q’me Sl ~——p=— +Z i=13 Am Qme S ———

m=1
(37)
At this stage, the four family functions 1 Wi, (), 2Win(y), sWm(z) and 4W,,(y)

are processed, and the displacement solution in the whole plate is known.

18
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The rotations are obtained from Eqs. 32, 33 and 13 in the following form:

4 i, iy + 4 . iy
,BQE(I, y) —— Zi:l ZAOL/\Oe Aoz __ Zmozol 1 lAmeme T 608 m;ry

FY e S A Qe MY () sin T2 T S8 ig, 20, 0 A s G LTy

Z > EZ s zAmMQmei/\m'U ((27n2;1)7r> cos (2m27al)7'rz'
(3)

63”(37’ y) = Z?:s iAOi)\Oei)\Uy - ;O:ol Z?:l 7;Am1iCBmei)\mac (%) sin mgry
Zm 12 212 ZA QIQmei/\my Cos % + Z =1 Zz 5 7A hQ e

iq,,2 y M
Zm 1 = 13 A Q (’ Am sin

(39)

4. Dynamic stiffness matrix of the completely free orthotropic plate

As explained in the Introduction, a solution under a fully natural boundary
condition is required to allow the assembly of dynamic stiffness matrices. The
dynamic stiffness matrices of the FFFF plate elements can be assembled as with
the FEM. Therefore, the integration constants are eliminated in the FFFF case.
This boundary condition is not a limitation for the other boundary condition
cases. Similar to the FE stiffness and mass matrices, the FFFF dynamic stiffness
matrix can be modified to consider a simply supported condition or a clamped
condition with a penalty method or simply with line and column removals. The
only case that was not included was the fully clamped plate. In this particular
case, the assembly of two FFFF matrices and modification of the global matrix

are required.

19

(2m—1)my

< 2m—1)w )cos
2b

2b
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The displacement vector @ of the boundaries z = a, y = b, x = —a and

x5 Yy = —b is defined as

wo(a,y)
Be(a,y)
wo(z,b)

By (z,b)

<2
Il

wo(—a,y)
ﬁm(*(L y)

wo(z, —b)

62/(377 _b)

Using the natural boundary conditions in Egs.

vectors f on these boundaries are defined as

Feoz(a,y)
M (a,y)
Foy(z,b)

My (z,b)

5
Il

—Foz(—a,y)
—My(—a,y)

—Foy(x, —b)

—My(z,—b)

(40)

6 and 7, the external force

(41)

Applying the projection method [19], the dependence of @ and f with the spa-

tial variables @ and y is eliminated. The components of vectors @ and f are

20
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20 developed on a Hilbert basis series as

N N . 2n—1
EWo+ >0, LW, cos Y LW, sin @n—D)my 2b)ﬂy
1 N 1 nm N 1 . (2n—1)my
5/3)10 + Zn:l Sﬁzn COs by + Zn:l A/J)Jcn sin ( 26)

N N . (2n—1)7mz
IWo+ Y, EWycos 222 4+ 5" 2 W, sin Cn_l)rz

a 2a

N . N . (2n—1
§By0 + 21 Byn cos PE D % Byn sin ( n2a,)”

ISy
I

3 N 3 s N 3 s (2n—l)my
Wo+ >, ¢W,, cos by + > 1 AWy sin 5

3 N 3 nm N 3 . (@2n—1D)my
2Ba0 + Donet &Bancos T 4+ 31 3 Ben sin @n—my 2b>

4 N 4 . nmTT N 4 s onmx
SWo+ > 1 §Whcos BIE 457" | % W, sin 222

N N . (2n—1
§By0 + Y on=1 §Byn cos P+ 4Byn sin ( n2a)m

1 N 1 nw N 1 o (2n—-1)my
S'FZ.'L‘O + Zn:l S-FZCL”VL COS by + Zn:l A]:zwn SI1 ( 2{,)
1 N 1 nm N 1 . 2n—1)my
Moo+ sMancos L £ 577 L My sin @n—Ljmy 2b)
2 N 2 . NTT N 2 o 2n—Lmz
§Fzy0 + Dn—1 5T zyn €O8 BEE 4 50y A Fyn sin =0

2 N 2 nre N 2 o (@2n—1Drmzx
My 4+ >0 gMyncos BEE 437 G My sin 25T

3 N 3 nmy N 3 o (2n—1)my
_S]:sz - Zn:l szwn COS b v — Zn:l A]:zwn S1n ( 2b)

n=1

4 N 4 . nrzx N 4 oo (2n—Dlmz
—5Fzy0 = Done1 §Fzyn €08 MTE = 3y G ayn Sin ST

4 N 4 nrx N 4 . (2n—1)max
—gMyo = > =1 §Myn cos = Yoy AMyn sin

a n=1

21

3 N 3 nm N 3 . 2n—1)my
“3Mao = 2N A Mo cos BT — S8 M., sin B2Z DY

(42)
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while

ZLb ffb W(a,y)dy
le ffb Bz(a,y)dy
5w [0 Wz, b)dz
% fja By(z, b)da
% ffb W(—a,y)dy
& J", Bal—a,y)dy
a5 [ Wz, —b)de

217"‘ ffa /BU(J:’ 7b)dl

and

22

1 b W
+ 2, Wia,y) cos “T4dy

1 b . B
b f,b W(CL, y) Sin %dy

1 b nmy

5f_bﬁz(a,y)(303 dey
1 b . 1)
10y Bala,y) sin iy

é ffa W(ZL” b) COS %dx

L (% W (a, by sin 2ozlme gy
% ffq By(l‘y b) cos %dx

% fja By (x,b) sin Wdi
b Lbb W(—a,y) cos “3¥dy

0 ffh W(—a,y)sin Wdy
% ffb Bz(—a,y) cos "2 dy

3 Lbb Bz(—a,y)sin Wdy
% f:la W (z,—b) cos “T2dz

% fila W (z, —b) sin de

%fja By(x, *b) cos T

a

LS By b sin 250 g

(44)
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,15’]:sz
§Mao
2szz/0
%Myo
%]:zxo
EMao
g}—zw

4
SMyO

% f Foxla,y)dy
% f—bb M (a,y)dy
35 /o Fey(e, b)da
% My(2,b)dx
2a f_ —a,y)dy
% ffb My (—a,y)dy

50 f Foy(z, —b)dx

% fila My(-r, _b)dT

and

1
S]:zwn
1
A}—zzn

1
sMan

LIt Ma(—

L%, Feula,y) cos "Tidy
5 f Fowla,y) sm%dy
%ffb M (a,y) cos =Fdy
%ffbe(a,y) sin de
f  Foy(2,b) cos 22 dx
iffa Feyl(a, b) sin de
L My(x,b)cos “2da
L[ M, (x,b) sin Z50m2 g
b f Feoo(—a,y) cos "TLdy
)P Fen(—a,y) sin Crgpmiay
%ffb Mg (—a,y) cos “FEdy
a,y)sin %dy
Lt F.y(z,b)cos “Edx
2 [8, Foy(,b)sin de

% ffa My (z,b) cos “Ttdx

L1 My(x,b)sin de
(45)

The subscripts x and y in Eqs. 42, 43, 44 and 45 refer to the plate boundaries

r=aorx=—-aandy=—-bory=

b. Instead of vectors @ and f, projection

vectors U and F are derived. They are built with the components on the Hilbert

basis series expansion given by Eqs. 42 and 43. Thus, it is now possible to relate
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displacement /force vectors and integration constants denoted as Cp:

("

and

U=Hw)C
’ (46)
F=G(WwC,
=[tWo B0 IWo %Byo EWo B0 §Wo By Wn AWn  §Ban hBen

%’WN %WN gﬁyn ?AﬁacN 3SVVN iWN %BzN ?4590]\7 4SWN jquN 456yN jlqﬁyN] (8+16N)
(47)

— |1 1 2 2 3 3 4 4 1 1 1
- [S‘Fzmo SMmO S]:zyO SMyO 5]:2,770 SMzO S]:zyO SMyO e S]:zacN A]:z,T,N SMmN
1 2 2 2 2 3 3 3 3 4 4
AMch S]:zyN A]:zyN SMyN AMyN S]:sz A-szn SMacn AMacn szyn A]:zyn

sMyy AﬁlMyN] (84+16N)
(48)

(C)T =["40 249 349 *Ag PAg SAg Ay SAg---'Ay Ay PAy Ay

SAN GAN 7AN SAN gAN 10AN HAN 12AN 13AN 14AN 15AN

(49)

16
AN] (8416N)

The size of the matrices H and G depends on the number of terms in the gen-

eral solution given by the Lévy series Eq. 12. To consider square matrices, the

number of terms in the Levy series must be the same as the number of terms

in the Hilbert series expansion in Eqgs. 42 and 43. Elimination of vector C,

from Eq. 46 gives the relation between the force vector F' and the displacement
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vector U, expressed as

F=KU (50)

where K is the dynamic stiffness matrix for the entire plate. This matrix relates
the projection vectors of displacements U and forces F' on the four edges of the
plate.

K(w) = G(w).Hw)™?* (51)

This building procedure leads to an (8 + 16/N) x (8 + 16/ N) dynamic stiffness
matrix. The dimensions of the matrix correspond to the selected Hilbert basis
for the projections on each edge of the plate. Therefore, the proposed Lévy
series does not exhibit an advantage over the previous Gorman decomposition
procedure in terms of dimensions, as the projection Hilbert basis is identical for
both. Only the CPU time for post-processing of the displacement inside the

plate is reduced because four series are used instead of eight.

5. Numerical results and discussion

The formulation is based on the new Lévy series and has been implemented
using FORTRAN and MATLAB programs. In this section, several numerical
examples are discussed to establish the accuracy of the current formulation.
Natural frequencies, mode shapes, and harmonic responses on an orthotropic

plate with free boundary conditions were processed.
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5.1. Modal analysis

The 2a x 2b dimensions of the plate are 0.5 mx1 m, and its thickness is
0.002 m (Figure 1). The plate is constructed with a carbon-epoxy material; its
properties are E1=18.1 GPa, F>=50.9 GPa, G1» = 11.0 GPa, v15 = 0.4 and
p=1526 kg/m3. The orthotropic directions are parallel to the edges of the plate.
Direction 1 is along the x direction and direction 2 is along the y direction. A
modal analysis was performed for FFFF boundary conditions. This calculation
provides a first validation of the developed element but is not sufficient because
the series are able to predict eigenfrequencies with high accuracy for very few
terms but necessitate much more terms to process harmonic responses over the
entire frequency range. This problem is illustrated in Figure 2. The harmonic
responses of the aforementioned plate were processed over [0,100 Hz] frequency
range while increasing the number of terms in the Lévy series. The convergence
of the response is clearly shown; however the convergence toward eigenfrequen-

cies is considerably easier than that of the response for other frequencies.
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Figure 2: DSM convergence for SS harmonic response on [0, 100 Hz]

Eigenfrequencies are often obtained in DSM formulations using the William-
Wittrick algorithm [40], [41], [15], [20]. In this study, these frequencies are sim-
ply evaluated using harmonic repetition analysis [19], [34]. Four load cases, ex-
citing symmetric-symmetric (SS) modes, symmetric-antisymmetric (SA) modes
(symmetric along x and antisymmetric along y), symmetric-antisymmetric (AS)
modes (antisymmetric along x and symmetric along y) and antisymmetric-
antisymmetric (AA) modes were considered. Peaks in displacement responses
are detected. This method ensures that no eigenfrequencies are missing, espe-
cially when they are close together. Thus, modal displacements are obtained

using the proposed Lévy series Eq. 12. The results are detailed for each load
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case and compared with the FE modal analysis performed with the commercial
software ABAQUS. Discrete Kirchhoff quadrilateral (DKQ) elements were used
in the FE models. For the SS case, a convergence study of the DSM results is

summarized in Table 1.

e Symmetric-symmetric modes.

Table 1:  Natural frequencies of SS modes for orthotropic rectangular plate with FFFF
boundary conditions for increasing n

SS Mode 1 2 3 4 5 6 7 8 9 10
DSM (n=3) 7.26 40.92 62.14 7836 1145 130.6 205.2 309.3

DSM (n=5) 7.26 40.92 62.14 7836 1144 130.6 205.0 2154 306.1 322.0
DSM (n=7) 7.26 40.92 62.14 7836 1144 130.6 2050 2154 306.0 321.9
DSM (n=9) 7.26 40.92 62.14 7836 1144 130.6 205.0 2154 306.0 321.9
DSM (n=11) 7.26 40.92 62.14 78.36 1144 130.6 205.0 215.4 306.0 321.9

Table 1 indicates that the first seven frequencies are exactly processed
with only three terms, despite the fact that the harmonic response is very
poor in this case (Figure 2). Moreover, we observed that some series have
very good convergence toward eigenfrequencies that have been obtained
with FE models; however, no convergence was obtained for any other fre-

quency response.

Table 2 compares the FE and DSM results. The first ten eigenfrequencies

corresponding to the symmetric-symmetric modes are given.
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Table 2:  Natural frequencies of SS modes for orthotropic rectangular plate with FFFF
boundary conditions. DSM (n=11), DKQ FE (50x25, 67x33 and 100x50 elements)

SS Mode 1 2 3 4 5 6 7 8 9 10
DSM (n=11) 73 409 621 78.3 1144 130.6 205.0 2154 306 321.9
DKQ FE (100x50) 7.26 40.95 62.17 7835 114.7 130.6 205.1 216.4 306.8 323.3
DKQ FE (67x33) 7.26 41.00 62.24 7841 115.1 130.8 205.6 218.0 308.3 325.0
DKQ FE (50x25) 7.26 41.07 62.34 7848 115.7 131.0 206.3 220.3 310.4 328.9
The convergence study of the FE results shows that more than 5000 DKQ
finite elements are required to reach the precision of the DSM results.
340 e Symmetric-Antisymmetric modes.
Table 3 gives the first ten eigenfrequencies corresponding to the symmetric-
antisymmetric modes.
Table 3: Natural frequencies of SA modes for orthotropic rectangular plate with FFFF
boundary conditions. DSM (n=11), DKQ FE (100x50 elements)
SA Mode 1 2 3 4 5 6 7 8 9 10
DSM 24.1 63.1 125.8 167.3 186.9 228.3 245.1 324.2 359.3 437.7
DKQFE 24.09 63.10 125.9 167.6 187.2 229.0 2454 324.3 362.0 438.2
e Antisymmetric-Symmetric modes.
Table 4 gives the first ten eigenfrequencies corresponding to the antisymmetric-
35 symmetric modes.
Table 4:  Natural frequencies of AS modes for orthotropic rectangular plate with FFFF
boundary conditions. DSM (n=11), DKQ FE (100x50 elements)
AS Mode 1 2 3 4 5 6 7 8 9 10
DSM 19.68 53.17 64.78 86.70 134.7 140.6 214.5 230.9 267.2 297.5
DKQ FE 19.67 53.16 64.77 86.65 134.7 140.6 214.3 230.8 267.1 297.3

29



©CO~NOOUTAWNPE

e Antisymmetric-Antiymmetric modes.
Table 5 gives the first ten eigenfrequencies corresponding to the antisymmetric-

antisymmetric modes.

Table 5: Natural frequencies of AA modes for orthotropic rectangular plate with FFFF
boundary conditions. DSM (n=11), DKQ FE (100x50 elements)

AA Mode 1 2 3 4 5 6 7 8 9 10

DSM 11.00 3797 81.45 137.8 1583 171.3 228.3 254.3 308.0 377.6
DKQFE 1099 38.22 82.12 1379 1583 171.2 229.2 255.2 308.7 378.0

350

These tables show that the DSM formulation described in this study pro-
duces results in close agreement with FE results. Some representative mode
shapes obtained by the DSM formulation are illustrated in Figure 3. Each
mode shape is computed with the Lévy series Eq. 37 for a given eigenfrequency.

2d SS Mode: 40.9 Hz 2d SA Mode: 63.1 Hz

02

04
05

@bk b o 9~ &

05 g3 02 05 03

2d AS Mode: 53.2 Hz 2d AA Mode: 38.0 Hz

05 03

05 03

Figure 3: Second SS, AS, SA and AA mode shapes
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As shown in Tables 2-5, the natural frequencies of the FFFF thin rectangular
plate were calculated using the proposed DSM and were compared with the
FEM results. Comparison of the natural frequencies shows that the average
difference between DSM and FEM is practically negligible. In addition, using
the proposed Lévy series, the mode shapes of thin rectangular plates can be
predicted, as presented in Figure 3. As explained above, such a modal analysis
is not sufficient to validate the formulation. Harmonic responses are examined
hereafter, and the numerical stability is estimated from the response curves for

a given frequency range.

5.2. Harmonic response analysis

To evaluate the performance of the current formulation, several harmonic
loadings were used, and the response of the plate was processed over the entire
frequency range. The structure was subjected to harmonic forces distributed
along the edges of the plate or located at a single point. Harmonic responses
were evaluated for an increasing number of terms in series development (n=3,
n=7, and n=11). These responses were compared with those obtained using

DKQ finite elements.

5.2.1. Symmetrical-Symmetrical loading
The structure was subjected to a unit harmonic force distributed along the
edges of the plate defined by y = b and y = —b. The harmonic loading is shown

in Figure 4.

31



O©CO~NOOOUTAWNPE

380

385

AEIARNARARNNRNRRNAND

Measurement location

[T

Figure 4: Symmetrical-symmetrical loading

The projections of this load on the functional basis must satisfy equations:

N N

2n —1
Fy(z) =3Fy+ Y 3F,cos % + 3 4 F,sin ("Qﬂ (52)
n=1 a n=1 a
and
4 ol 4 nr e 4 (2n — 1)z
Fy(z) =sF + Z < F), cos -t Z aFy sin —an (53)
n=1 n=1

therefore, by identification, the following components on the Hilbert basis are

obtained: £Fy =1 and §Fp = 1.

The harmonic response of the plate is evaluated at the point located at z = a

and y = b on edge 1 according to the Hilbert basis in Eq. 42.

N N
W(a,b) = §Wo+ Y §Wn(=1)" + > LW, (1) (54)
n=1

n=1
The response obtained by DSM for n=11 terms in series and the response
obtained with 50x 100 DKQ finite elements up to 500 Hz are shown in Figure

5. The two methods indicate very good agreement.
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5.2.2. Antisymmetrical-symmetrical loading

The structure was subjected to two unit opposite harmonic forces distributed
along the edges of the plate defined by y = b and y = —b. The loading is shown

in Figure 6 and is described by the following components on the Hilbert basis:

25F0 =1 and %F{) =—1.
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Figure 6: Antisymmetrical-symmetrical loading

The harmonic response of the plate was evaluated at the point located at

x =0 and y = b on edge 2 according to the Hilbert basis given in Eq. 42.

N
W(a,b) =iWo + > W, (55)

n=1
The response obtained by DSM for n = 11 terms in series and the response
obtained with 100x50 DKQ finite elements up to 500 Hz are shown in Figure
7.

The two methods indicate very good agreement.

wo  5.2.3. Concentrated harmonic unit load
A completely free orthotropic rectangular plate was subjected to a unit ver-
tical harmonic force at the point located at y = b and = = 0. The projections
of this unit load on the functional basis are evaluated using Eq. 39 to obtain

%FO = i and %Fn = Ean = % This load case is shown in Figure 8.
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Figure 7: Harmonic response of the plate to an antisymmetrical-symmetrical load
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Figure 8: Concentrated load
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The harmonic response of the plate was evaluated at the point located at

x =0 and y = b on edge 2 according to the Hilbert basis given in Eq. 42.

N

W(0,0) = EWo + Y _ W,

n=1

(56)

The response obtained by DSM for n = 11 terms in series and the response

obtained with 100x50 DKQ finite elements up to 500 Hz are shown in Figure

9.
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Figure 9: Harmonic response to a harmonic concentrated load
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In a same manner as previous DSM formulations, the DSM based on the
new Lévy series obtains high-accuracy harmonic responses despite an extremely
low memory cost; the required memory allocation for this DSM is considerably
lesser than that for equivalent FE models. The second advantage of this method
is CPU consumption time. Table 6 lists the CPU times required to obtain
the harmonic response curves. The responses for 500 discrete frequencies were
processed. This time depends only on the number n of the terms in Lévy’s

series.

Table 6: CPU consuming times (500 processed frequencies) and CPU times/frequency

n (DSM) 3 5 7 9 11
CPU times (500 processed frequencies) 1s 5s 13 s 27 s 42 s
CPU times (1 processed frequency) 2ms 10ms 26ms 54 ms 84 ms

For comparison, the calculation time for a 125x63 shell FE model, wherein
equivalent accuracy is obtained for n = 11, is approximately 7 s per processed

frequency (via the direct response method).

6. Concluding remarks

The proposed approach is general enough to describe the exact solution for
the harmonic response of FFFF plates without using a superposition method.
This simplifies the processing of the dynamic stiffness matrix for rectangular
plates; four series were used instead of eight. The classical advantages of the
DSM over the FEM are preserved: accuracy with truncated series, reduced cal-

culation time, and limited memory allocation.
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The main advantage of these series is that they don’t necessitate a symmetry
decomposition of the displacement solution. This advantage will allow to ad-
dress more general dynamic stiffness formulations such as non-symmetric plate

or any orthotropic directions. These problems will be the subject of next papers.

The natural frequencies of FFFF rectangular plates were calculated using the
proposed DSM. Comparison of these frequencies with those obtained by FEM
showed that the average difference between DSM and DK(Q formulations is prac-
tically negligible. In addition, using the proposed Lévy series, the mode shapes
or the displacement field at any circular frequency can be easily processed. In
exploring the performances of different Lévy series, the authors noticed that a
modal analysis is not adequate without a harmonic response analysis for vali-
dation. Series provide fast convergence toward eigenfrequencies but are unable

to evaluate the response of the plate at any frequency with few terms.
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Highlights :

. We present new Lévy series for calculating the dynamic stiffness matrix of free orthotropic plates.
. Free boundary conditions are required for plate assemblies.

. Modal analysis and harmonic analysis are presented.

. The numerical validation is achieved thanks to comparisons with FE results.
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Graphical Abstract

A novel Lévy series for developing a dynamic stiffness matrix for a completely free orthotropic
Kirchhoff plate is presented in this paper. The bending behavior is based on the Kirchhoff-Love thin-
plate theory. The dynamic stiffness matrix is derived using the new Lévy series without classical
symmetry decomposition, simplifying the building procedure. Harmonic responses obtained by this
method and the finite element method are compared to establish the rate of convergence and the

degree of precision of the current formulation.
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