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Explicit construction of reproducing kernels

0. Lafittet

Abstract

In this short Note, we calculate explicitely reproducing kernels for
simple Sobolev spaces. In particular, we prove that for each m the repro-
ducing kernel of H™ ' (R*™) and of H™ " (R*™!) are proportional to
the ones of H?(R?) and of H?(R?), the former being characterized by the
modified Hankel function K1, the latter by the modified Hankel function
Ki.
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1 Introduction and main results

This short Note gives and recalls the exact construction of the reproducing
kernels of classical Sobolev spaces, in particular under the idea that, instead
of describing first the reproducing kernel on a basis of examples {z;,1 < i <
N}and then of infering the Hilbert space obtained by density of the associated
generating family {K,, }1<i<n, we start from the Hilbert space itself, in the line
of L. Schwartz [4], and following closely the results of E. De Vito, N. Mucke,
and L. Rozasco [1].

We begin this Note with a simple calculation of the reproducing kernel(s)
of H'([0, L]) with the dependency of the chosen norm. In a second part, one
of the extremely interesting results of [1] is that the reproducing kernel for the
usual space H*(R?) using the classical Sobolev norm (1) depends only, in terms
of |z —y|2 of s — ‘21 > 0. In particular, when dealing with the case s € N (where
one can also deduce the reproducing kernel with an usual variational formulation
with finite elements), only two cases appear (using the largest possible Sobolev
space of the form H™(R?) for which the trace is continuous): d odd and d even,
with the modified Bessel functions K; and K 1 We slightly add a complement

to this paper by showing another reproducing kernel of H?(R?) associated with
a norm equivalent to the classical norm.
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2 The reproducing kernels on H'([0, L]), H}([0, L]),
H'(R)

It is an exercise to obtain the reproducing kernels of these spaces, and the result
is as follows.

Lemma 1. 1. The reproducing kernel of H*(R) with the usual norm \/fR(UQ + (v')?)dz
is Ki(z,y) = 2e~l=—vl,

2. The reproducing kernel of H ([0, L]) is Ko(z,y) = COShwCos}ly1y<“+cfjshh(i_w) cosh(L=y)ly>s

3. The reproducing kernel of H} ([0, L]) with the usual norm \/fR(UQ + (u')?)dz

. _ coshzsinhyl,,+cosh(L—zx)sinh(L—y)1,>
15 Kg(ﬂ?,y) - = cosh L =

4. The reproducing kernel of Hj ([0, L]) with the equivalent norm 4/ fR "2dx
is K4(1, y) (L— I)yly<r+x(L y)1y>r.

Proof. We start with H*(R) with the usual norm

Wm

One notes that the RK associated with this norm is given by

Yw e H'(R) < K, w >=w(z) < Yw € Hl(R),/(wa + KLw')dy = w(z).
R
One then resumes to the ODE K, — K = 0 on R — {2}, which solution is
y — Ae ¥~ and one has A = % thanks to the jump formula and Item 1 of
Lemma 1 is proven.
Note that we recover also this kernel thanks to Fourier transform and the
fact that the norm is equal to \/ Jo (14 &2)|a)2dE.

As for H*([0, L]), we have

L
Vw € Hl([O,L]),/O (Kyw + KLw')dy = w(x)

that is K (y) = A+ cosh(y—x)+ B4 sinh(y—x), £(y—x) > 0. The boundary con-
dition K (0) = K. (L) = 0 yield A_ sinh(—x) 4+ B_ cosh(—z) = 0, A4 sinh(L —
x) + By cosh(L — ) = 0, hence K, (y) = C_ coshylyy + C4 cosh(L — y)1y>s.
One observes then that K, = C_ sinh yl,.,—C sinh(L—y)1lys,+(C4 cosh(L—
x) — C_ cosh)d,, infering the equality Cy cosh(L — z) — C_ cosha = 0, then

K! = C_coshyly<y + Cy cosh(L — y)1y>, — (Cy sinh(L — z) + C_sinh z)d,

and one obtains the second equality Cy sinh(L — x) + C_sinhz = 1, hence

_ h _ cosh(L—x) .
Cy =T, Co = =451 > which proves Item 2 of Lemma 1.




The boundary conditions change for the third case, one has Kj(z,y) =
D_sinhyl,<, + Dy sinh(L — y)1,s,, with D_sinhz = Dy sinh(L — z) and
D_ coshx + D4 cosh(L — x) = 1, which yields the result of Item 3 of Lemma 1.

Finally, using the Hj norm, one has

L
Vw e Hy ([0, L)), | Ki(y)w'(y)dy = w(x) = —K] =4,
0

hence K4(x,y) = Ayly<y +B(L—y)ly>s, and one uses K, continuous at =y
to obtain the result of Item 4 of Lemma 1. O

3 The reproducing kernels on H?(R?)

3.1 Case of the usual Sobolev norm in H*(R?), s > 4

Under the same analysis as we did in Section 2, the smallest s such that, for
Q e R?, H*(Q2) C C°(Q), is given by the Sobolev inequality H*(Q) C C°(Q) for
5> % = 1. One then considers s = 2.

Proposition 1. 1. The reproducing kernel of H*(R?) with the usual Sobolev
norm (1) is given, in the case s = [4] + 1

d _d 4 _d
Calw = yIEH =5 Ky 1y (Jo —yl) = Calz —yFT 72 K gy _a (2 - y)),

where K, is the modified Bessel function of the second type, solution of
22" + 2w’ — (22 +v?)w = 0.

2. The reproducing kernel of H?(R?) with the usual Sobolev norm (1) is
ERAK (e = y) = SR K (e — o).

3. The reproducing kernel of H™T1(R*™) is equal, up to a constant, to the
reproducing kernel of H?(R?).

4. The reproducing kernel of H™+1(R*™+1) is equal, up to a constant, to the
reproducing kernel of H?(R3).

Proof. First of all, following [1], one can obtain readily the general expression
of the RK of the Hilbert space H*(R?) associated with the usual norm

By = T3y [, (L+ €Y lalPde. (1)

We quickly reproduce the proof of [1]. The RK associated with H g = {H*(R?), |Ju|| g+ (ra)}
satisfies K (z,z9) = u, with

Ve B s [ (14 6P (e = w(a)

1
(2m)?



Using w(xg) = (2# Jpa w(§)e™otdE, and as K (z,20) = K(z — x0,0) we can
infer zg = 0 and we obtain

-
(1+1€12)*

)= / ewtds /+°°/ girn gy 1T
T 0nd Jr A+ €R)  (2r)d i 1 +r2)*

The integration on the unit sphere yields a function depending only on r|x|, and
reads

L+ g a€) =1 = a() =

d _da ’I‘d 1 r
u() = Wf Ty lel) 2 (a4

— 1— +°° dr
- (%)g o Tg1(rlel) b,

1_d d
= o )4 |z|2 = Vr|z] Jd _(r]z]) 1(124_:2);.

Define the Hankel transform of a function f:

1
YK, u(y)

20T (p+ 1) @)

+o0 .
Lt (1) (y) = / F() T () () e =

One then uses the formula from Erdeyli, Tome 2 [3] (expression (20) in Hankel

transforms), for f(z) = 2 +3 (1+2%)~#~!, where one applies p = s—1, v = ¢ -1

We have finally, using the Bessel modified function of the second kind K,

1
_alelPTEEy (2]) |x|s_’
2571D(s) (2) 22511 (s)

u(z) = |22

o_o(lal).

The application of this result to the case d = 2, s = 2 yields thus (correcting
a typo of [1] and adding K, = K_, 9.66 of [2])

e SR e 1 e IC)

KHz,z(x’y) A

where we observe that 2V K, (z) bounded when v > 0 (9.6.9 of [2]), this kernel
is thus bounded.

Moreover, if we consider the limiting case with for s € N, that is s = d—;l if
dis odd and s = % + 1 if d is even, one has

9l—s 217
—E— |z —y|lK_1(Jz —y —2 " |z —y|Ki(Jx —y|),d even
KfH d(gj y) — (Qﬂgl%g(s)‘ |1 1(| |) (221 )521_‘( )| | 1(‘ |)
s, ’ 2" _ s K 275 _ K d odd
(2ﬂ>%1"(s)‘x g (lal) (27r)§1“(()| yl? 1(lz]),d o
O



3.2 Case of a modified Sobolev norm

With another norm of H*(R?) for s > 4, namely

||u||Hs<Rd,*>¢(2}T)d JRCEIEGIES @

we have

Proposition 2. 1. The norms ||u||gsray and (4) are equivalent

2. The reproducing kernel of H*(R®) with the norm (4) is

1 1_4d
Kpsra o (v,y) = 7121272 Lranker(9s,a) (|7 — yl)
(2
where
rdféfg
gs,a(r) = T2

and the Hankel transform is given by (2).
Proof. We see that here exists two constants c_ and c4 such that
vu € H*(RY), el |ull o ray < lullmema vy < collull e gy
1+[¢|2°

These constants are respectively the maximum and the minimum of (CEATEER

This proves the item 1 of this proposition.
For the second one, one has, similarly

o 1
Vw € HY(RY), < upy, w >= u(r0) & sy (y) = uo(y—10), with 4o(&) = T
Hence e
uo(x) = ﬁ f]Rd 1i|§|2s dg
oo pd—lgy 1T TW
= (27r)d f+ 1—‘,—7"2dS de 1€ dsd 1w
+00 ——'r‘d L g
= (27T)d f Jd—l T|$‘)(27‘(’) ( |J}|)1 dl+1r2d*
= Gl Sl VR
d
= x 2LHankel 9s,d)\|T])-
ot 7|z (9s,a) ()
This proves the second item of Proposition 2. O
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