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FLUCTUATIONS OF THE LOCAL TIMES OF THE SELF-REPELLING RANDOM WALK
WITH DIRECTED EDGES

LAURE MARECHE

ABSTRACT. In 2008, To6th and Vets defined the self-repelling random walk with directed edges as a non-Markovian
random walk on Z: in this model, the probability that the walk moves from a point of Z to a given neighbor depends on
the number of previous crossings of the directed edge from the initial point to the target, called the local time of the edge.
They found this model had a very peculiar behavior, as the process formed by the local times of all the edges, evaluated
at a stopping time of a certain type and suitably renormalized, converges to a deterministic process, instead of a random
one as in similar models. In this work, we study the fluctuations of the local times process around its deterministic limit,
about which nothing was previously known. We prove that these fluctuations converge in the Skorohod M; topology,
as well as in the uniform topology away from the discontinuities of the limit, but not in the most classical Skorohod
topology. We also prove the convergence of the fluctuations of the aforementioned stopping times.

MSC2020: Primary 60F17; Secondary 60G50, 60K35, 82C41.
Keywords: Self-interacting random walks, self-repelling random walk with directed edges, local times, functional
limit theorems, fluctuations.

1. INTRODUCTION AND RESULTS

1.1. Self-interacting random walks. The study of self-interacting random walks began in 1983 in an article of
Amit et al. [I]. Before [I], the expression “self-avoiding random walk” referred to paths on graphs that do not intersect
themselves. However, these are not easy to construct step by step, hence one would consider the set of all possible
paths of a given length. Since one does not follow a single path as it grows with time, it is not really a random walk
model. In order to work with an actual random walk model with a self-avoiding behavior, the authors of [I] introduced
the “true” self-avoiding random walk. Tt is a random walk on Z? for which, at each step, the position of the process
at the next step is chosen randomly among the neighbors of the current position depending on the number of the
previous visits to said neighbors, with lower probabilities for those that have been visited the most. This process is a
random walk in the sense that it is constructed step by step, but contrary to most random walks in the literature, it
is non-Markovian: at each step, the law of the next step depends on the whole past of the process.

It turns out that the “true” self-avoiding random walk is hard to study. This led to the introduction by T6th
[13, 14, [I5] of non-Markovian random walks with bond repulsion, for which the probability to go from one site to
another, instead of depending of the number of previous visits to the target, depends on the number of previous
crossings of the undirected edge between the two sites, which is called the local time of the edge, with lower probabilities
for the edges that were crossed the most in the past. These walks are much easier to study, at least on Z, because
one can apply the Ray-Knight approach to them. This approach was introduced by Ray and Knight in [11I, 2], and
used for the first time for non-Markovian random walks by To6th in [13] 14, 15]. Since then, it was applied to many
other non-Markovian random walks, such as a continuous-time version of the “true” self-avoiding random walk in [1§],
edge-reinforced random walks (see the corresponding part of the review [9] and references therein) and ezxcited random
walks (see [3] and references therein). The Ray-Knight approach works as follows: though the random walk itself is
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2 LAURE MARECHE

not Markovian, if we stop it when the local time at a given edge has reached a certain threshold, then the local times
on the edges will form a Markov chain, which allows their analysis. Thanks to this approach, Téth was able to prove
scaling limits for the local times process for many different random walks with bond repulsion in his works [13] 14} [15].
The law of the limit depends on the random walk model, but it is always a random processﬂ

1.2. The self-repelling random walk with directed edges. In 2008, Té6th and Vetd [17] introduced a process
seemingly very similar to the aforementioned random walks with bond repulsion, in which the probability to go from
one site to another depends on the number of crossings of the directed edge between them instead of the crossings of the
undirected edge. This process, called self-repelling random walk with directed edges, is a nearest-neighbor random walk
on Z defined as follows. For any set A, we denote by |A| the cardinal of A. Let w : Z + (0, +00) be a non-decreasing
and non-constant function. We will denote the walk by (X, )nen. We set Xo = 0, and for any n € N, i € Z, we denote
£(n,i) = {0 <m <n—1|(Xm, Xms1) = (i,i & 1)}| the number of crossings of the directed edge (i,i + 1) before
time n, that is the local time of the directed edge at time n. Then
w(£(l (n, Xp,) — £ (n, X,)))

(£ (n, Xn) — € (n, X)) + w(™ (n, Xn) — £ (n, Xn))’

Using the local time of directed edges instead of that of undirected edges may seem like a very small change in
the definition of the process, but the behavior of the self-repelling random walk with directed edges is actually very
different from that of classical random walks with bond repulsion. Indeed, To6th and Vet [17] were able to prove that
the local times process has a deterministic scaling limit, which is in sharp contrast with the random limit processes
obtained for the random walks with bond repulsion on undirected edges [13], 14, [I5] and even for the simple random
walk [2].

The result of [I7] is as follows. For any a € R, we denote a; = max(a,0). If for any n € IN, i € Z, we denote by
T;fi the stopping time defined by Tii = min{m € IN|¢*(m,i) = n}, then T niz is almost-surely finite by Proposition 1
of [I7] and we have the following.

P(Xp1 = Xp£1) =

Theorem (Theorem 1 of [I7]). For any § >0, x € R, then sup,ecp |3¢" (T |Ny|) — (w +0)+| converges

|[NO|,|Nz]’
in probability to 0 when N tends to +o0.

Thus the local times process of the self-repelling random walk with directed edges admits the deterministic scaling
limit : y — (w + 0)+, which has the shape of a triangle. This also implies the following convergence result to a

deterministic limit for the Tﬁve LNz

Proposition (Corollary 1 of [I7]). For any 6 > 0, x € R, then #Tﬁ converges in probability to (|z| + 26)?

N6|,|Nz|
when N tends to +o00.

The deterministic character of these limits makes the behavior of the self-repelling random walk with directed edges
very unusual, hence worthy of study. In particular, it is natural to consider the possible fluctuations of the local times

process and of the Tﬁve 1[N around their deterministic limits. However, prior to this paper, nothing was known about

these fluctuations. In this work, we prove convergence in distribution of the fluctuations of the local times process

and of the T fJE\m I[Nz It happens that the limit of the fluctuations of the local times process is discontinuous, hence

before stating the results, we have to be careful of the topology in which it may converge.

1The model studied by To6th in [16] has a deterministic limit, but it is not a random walk with bond repulsion, as it is self-attracting:
the more an edge was crossed in the past, the more likely it is to be crossed in the future.
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1.3. Topologies for the convergence of the local times process. For any interval I C R, let DI be the space of
cadlag functions on I, that is the set of functions : I — R that are right-continuous and have left limits everywhere in
I. For any function Z : I = R, we denote by [|Z||cc = sup,e;|Z(y)| the uniform norm of Z on I. The uniform norm
on I gives a topology on DI, but it is often too strong to deal with discontinuous functions.

For discontinuous cadlag functions, the most widely used topology is the Skorohod Ji topology, introduced by
Skorohod in [12] (see chapter VI of [10] for a course), which is often called “the” Skorohod topology. Intuitively, two
functions are close in this topology if they are close for the uniform norm after allowing some small perturbation of
time. Rigorously, for a < b in R the Skorohod J; topology on Dia,b] is defined as follows. We call A, the set
of functions A : [a,b] — [a,b] that are bijective, strictly increasing and continuous (they correspond to the possible
perturbations of time), and we denote by Id,p : [a,b] — [a,b] the identity map, defined by Id,(y) = y for all
y € [a,b]. The Skorohod J; topology on Da,b] is defined through the following metric: for any 7, Zo € Dla,b], we
set djy ap(Z21, Z2) = infren, , max([|Z1 0 A — Za||co, |A — Idgplloc). It can be proven rather easily that this is indeed a
metric. We can then define the Skorohod J; topology in D(—o00, c0) with the following metric: if for any sets A1 C As
and As and any function Z : Ay — As, we denote Z|4, the restriction of Z to Ay, then for Z1, Zs € D(—00,0), we
set dj, (Z1,22) = 0+°O e~ (dy,~a,a(Z1l|=a,a)s Z2|[-a,q) A 1)da. The Skorohod J; topology is widely used to study the
convergence of cadlag functions. However, when the limit function has a jump, which will be the case here, convergence
in the Skorohod J; topology requires the converging functions to have a single big jump approximating the jump of
the limit process. To account for other cases, like having the jump of the limit functions approximated by several
smaller jumps in quick succession or by a very steep continuous slope, one has to use a less restrictive topology, like
the Skorohod My topology.

The Skorohod M; topology was also introduced by Skorohod in [I2] (see Section 3.3 of [19] for an overview). For
any a < b in R, the Skorohod M; distance on Dja,b] is defined as follows: the distance between two functions will
be roughly “the distance between the completed graphs of the functions”. More rigorously, if Z € Dla,b], we denote
Z(a~) = Z(a) and for any y € (a,b], we denote Z(y~) = limy_,y <y Z(y'). Then the completed graph of Z is
'y ={(y,2) |y € [a,b],3e € [0,1] so that z = eZ(y~) + (1 —&)Z(y)}. To express the “distance between two such
completed graphs”’, we need to define the parametric representations of T'z (by abuse of notation, we will often write
“the parametric representations of Z”). We define an order on I'y as follows: for (y1,21),(y2,22) € T'z, we have
(y1,21) < (y2,22) when y; < yo or when y; = y2 and |Z(y; ) — 21| < |Z(y; ) — 22|. A parametric representation of
I'z is a continuous, surjective function (u,r) : [0,1] — I'z that is non-decreasing with respect to this order, thus
intuitively, when ¢ goes from 0 to 1, (u(t),r(t)) “travels through the completed graph of Z from its beginning to its
end”. A parametric representation of Z always exists (see Remark 12.3.3 in [19]). For Z;, Z3 € DJa,b], the Skorohod
M, distance between Z; and Zy, denoted by das, o.5(Z1, Z2), is inf{max(||u; — u2||co, |71 — r2||cc)} Where the infimum
is on the parametric representations (uj,r1) of Z; and (ug,r2) of Zs. It can be proven that this indeed gives a
metric (see Theorem 12.3.1 of [19]), and this metric defines the Skorohod M; topology on Dla,b]. For any a > 0,
we will denote dps,,—q,0 by dar, o for short. We can now define the Skorohod M; topology in D(—o00,00) through
the following metric: for Z1,Zs € D(—o00,00), we set dpy, (21, Z2) = 0+°° e (duy,a(Z1][—a,0)> Z2l[—a,q) A 1)da. Tt
can be seen that the Skorohod M; topology is weaker than the Skorohod .J; topology (see Theorem 12.3.2 of [19]),
thus less restrictive. Indeed, since the distance between two functions is roughly “the distance between the completed
graphs of the functions”, the Skorohod M; topology will allow a function with a jump to be the limit of functions with
steep slopes or with several smaller jumps. For this reason, the Skorohod Mj topology is often more adapted when
considering convergence to a discontinuous function.
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1.4. Results. We are now ready to state our results on the convergence of the fluctuations of the local times process.
For any § > 0, z € R, ¢ € {4+, —}, for any N € IN*, we define functions Y, YJ as follows: for any y € R, we set

Ve = o (F T, 60D - N (52 10) )

Y]Q—L actually depends on ¢, but we do not write this dependency in the notation to make it lighter. Moreover, (BZ)yGJR
will denote a two-sided Brownian motion with BZ = 0 and variance Var(p_), where p_ is the distribution on Z defined
later in . We proved the following convergence for the fluctuations of the local times process of the self-repelling
random walk with directed edges.

Theorem 1. Forany 0 >0,z € R, t € {+, —}, the process Yﬁ converges in distribution to (By1¢yc|—|z|-20,|2|+26)} JyeR
in the Skorohod My topology on D(—o00,+00) when N tends to +00.

Therefore the fluctuations of the local times process have a diffusive limit behavior. However, it is necessary to use
the Skorohod Mj topology here, as the following result states the convergence does not occur in the stronger Skorohod
J1 topology.

Proposition 2. For any 0 >0, x € R, « € {+, —}, the process Yﬁ does not converge in distribution in the Skorohod
J1 topology on D(—o00,+00) when N tends to 4+00.

We stress the fact that the use of the Skorohod Mj topology is only required to deal with the discontinuities of the
limit process at —|z| — 26 and |z| 4 26. Indeed, if we consider the convergence of the process on an interval that does
not include —|z| — 26 or |z| + 26, it converges in the much stronger topology given by the uniform norm, which is the
following result.

Proposition 3. For any 0 > 0, x € R, « € {+,—}, for any closed interval I € R that does not contain —|x| — 260 or
|x| + 26, the process (Yﬁ(y))yej converges in distribution to (Byl{ye(—|x|—20,)c|+20)} )yl in the topology on DI given
by the uniform norm when N tends to +00.

6\/9] N For any o2 > 0, we denote by N(0,0?)

the Gaussian distribution with mean 0 and variance o2, and we recall that p_ will be defined in . We then have
the following.

Finally, we also proved the convergence of the fluctuations of T,

Proposition 4. For any 0§ > 0, x € R, + € {+,—}, we have that ﬁ(TLLNGJ,LNxJ — N2%(|z| + 26)?) converges in

distribution to N(0, 2Var(p_)((|z| + )3 + 63)) when N tends to +oc.
Remark 5. Instead of studying the fluctuations of Ei(T[Ne I[Nz .), it would seem more natural to consider those

of #*(N?,.). However, the Ray-Knight arguments that allow to study EjE(TLLNﬁ,J Nz’ .) completely break down for

¢*(N?2,.), and it is not even clear whether these two processes should have the same behavior.

Remark 6. Besides the article of Toth and Vetd [17] that introduced the self-repelling random walk with directed edges,
there have been few other works on this model. These works were motivated by another important question, that of
the existence of a scaling limit for (X, ),en, which means the convergence in distribution of the process ( ﬁX |Nt| )0
for some a. Obtaining such a scaling limit for the trajectory of the random walk is harder that obtaining scaling limits
for the local times. Indeed, for the random walks with bond repulsion with undirected edges introduced by Téth
in [13| 14, 15], the scaling limits for the local times are known since the introduction of the models, but the scaling
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limits for the trajectories are not. Some results were proven by Kosygina, Mountford and Peterson in [4], but they do
not cover all models. For the self-repelling random walk with directed edges, the behavior of the scaling limit of the
trajectory turns out to be surprising. Indeed, Mountford, Pimentel, and Valle proved in [7] that ﬁX N converges in

distribution, but Mountford and the author showed in [6] that (ﬁX |Nt|)t>0 does not converge in distribution, and
that the trajectories of the walk satisfy a more complex limit theorem, of a new kind.

1.5. Proof ideas. We begin by explaining why the limit of the local times process Yﬁ is (ByL{ye[—|z|—26,/c|+20)} JyeR
and the ideas behind the proofs of Theorem [I] and Proposition [3] To show the convergence of the local times process,
we use a Ray-Knight argument, that is we notice that (¢~ (7, N6, [No J,z’))i is a Markov chain. Moreover, as long as
ei(TfNHJ,LNvai) is not too low, the £~ (T[NHJ,LNIEJ7Z. +1)—¢ <TLLN9J,Lsz’i) will roughly be i.i.d. random variables in
the sense that they can be coupled with i.i.d. random variables with a high probability to be equal to them. This
coupling was already used in [I7] to prove the convergence of 3¢* (Tﬁve 1[Nz | Ny|) to its deterministic limit (for a
given y, the coupling makes this convergence a law of large numbers). However, when £~ (TLLNG 1[Nz’ | Ny]) is too low,
the coupling fails and the ¢~ (TLLNOJ,LN:@’ |Ny| +1)— £~ (T[NGJ,LN;EJ’ | Ny|) are no longer i.i.d. We have to prove that
this occurs only around |z| + 20 and —|z| — 26, and most of our work is dealing with what happens there. To show
it occurs only around |z| 4+ 260 and —|z| — 260, we control the amplitude of the fluctuations to prove the local times
are close to their deterministic limit. This limit is large inside (—|z| — 26, |z| + 26), so we can use the coupling inside
this interval, thus the ¢~ (TLLNHJ,LNva |Ny| +1)—¢~ (TLLNHJ,LNva | Ny|) are roughly i.i.d. there, hence the fluctuations
will converge to a Brownian motion by Donsker’s Invariance Principle. When we are close to |z| + 26 (the same
reasoning works for —|z| — 26) the deterministic limit will be small hence the local times too, and tools of [17] allow
to prove that they reach 0 quickly. Once they reach 0, we notice that for y > |z| + 20, if £~ (TLLNGJ |Na)> |Ny]) =0,
the walk X did not go from |Ny| to | Ny| + 1 before time Tnoj, N> S0 it did not go to | Ny| + 1 before time
T[N&J,LNzJ? hence ¢~ (TLLNQJ,LNCEJ’j) = 0 for any j > |Ny|. Therefore, once the local times process reaches 0, it stays
there. Consequently, we expect £~ (TLLNGJ,LNIJ’ |Ny|) to be 0 when y > |z| + 20, and thus to have no fluctuations
when y > |z + 20, and similarly when y < —[z| — 20. This is why our limit is (By1{ye|—|z|—20,]z|+-26)} )ycR- Since
Proposition only describes convergence away from —|x| —26 and |x|+ 26, the previous arguments are enough to prove
it. To prove the convergence in the Skorohod M;j topology on D(—o00, 4+00) stated in Theorem |I} we need to handle
what happens around —|z| — 26 and |z| 4+ 20 with more precision. We first have to bound the difference between the
local times and the i.i.d. random variables of the coupling even where the coupling fails. Afterwards comes the most
important part of the paper: defining parametric representations of Yi and of the sum of the i.i.d. random variables
of the coupling, properly renormalized and set to 0 outside of [—|x| — 26, || 4+ 26), and then proving that they are
close to each other. That allows to prove Yﬁ is close in the Skorohod M, distance to a process that will converge in
distribution to (By1{yec|_|z|—20,lz|+260)} )yeR in the Skorohod M; topology and to complete the proof of Theorem

To prove Proposition that is that Yﬁ does not converge in the J; topology, we first notice that since the J; topology
is stronger than the M; topology, if YAj,E did converge in the J; topology its limit would be (B;]l{ye[_|x|_20,|x\+29)})ye]R.
However, it is not possible, as (By1{ye[|x|—20,/z|+26)} )yeR has a jump at |z| + 26, while the jumps of Yﬁ have typical
size of order ﬁ, so the jump in (Bjliyec|—|z—26,/x|+26)} )yeRr 13 approximated in Yﬁ by either a sequence of small
jumps or a continuous slope, which prevents the convergence in the Skorohod J; topology.

Finally, to prove Proposition {4 on the fluctuations of TLLNGJ,LNxJ’ we use the fact that we have TfNGj,I_NxJ =

ZieZ(ﬁ(TfNeJ,Lnyi) + (T} ng) Nz ) 16 can be checked that |£+(TLLN9MNa;J7i) — (T ng) o i+ D =00r 1,
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hence controlling the £~ (T[Nej |Na)> i) is enough. By using the coupling for the £~ (TLLNGJ Nz 0T 1)—¢~ (TfNBJ (Na i)
when ¢~ (TLLNGJ,LN:BJ ,7) is high enough and our estimates on the size of the window in which £~ (TLLNGJ,LN:BJ ,1) is neither
high enough nor 0, we can prove that T LLNG I,[Nz] is close to the integral of the sum of the i.i.d. random variables of
the coupling, which will yield the convergence.

1.6. Organization of the paper. In Section 2] we define the coupling between the increments of the local time and
i.i.d. random variables and prove some of its properties. In Section [3], we control where the local times hit 0, as well
as where the local times are too low for the coupling of Section [2] to be useful. In Section [4, we prove a bound on the
Skorohod M; distance between Yi and the renormalized sum of the i.i.d. random variables of the coupling set to 0
outside of [—|z| — 20, |z| + 20) by writing explicit parametric representations of the two functions. In Section [5, we
complete the proof of the convergence of Yﬁ stated in Theorem |1| and Proposition . In Section @ we prove that as
claimed in Proposition Yﬁ does not converge in the J; topology. Finally, in Section |7, we prove the convergence of
the fluctuations of TﬁVGJ,LNxJ stated in Proposition

In what follows, we set 8 > 0, t € {+, —} and x > 0 (the cases x < 0 and = = 0 can be dealt with in the same way).
To shorten the notation, we denote T = TLLNQJ,LNJ:J‘ Moreover, for any a,b € R, we denote a V b = max(a,b) and

a A'b=min(a,b).
2. COUPLING OF THE LOCAL TIMES INCREMENTS WITH I..LD. RANDOM VARIABLES

Our goal in this section will be to couple the ¢*(Ty,i + 1) — ¢+ (T, i) with i.i.d. random variables and to prove
some properties of this coupling. This part of the work is not very different from what was done in [I7], but we
still recall their concepts and definitions. If we fix ¢ € Z and observe the evolution of (/7 (n,i) — £*(n,4))nen,
and if we ignore the steps at which £~ (n,i) — £T(n,i) does not move (i.e. those at which the random walk is not
at i), we obtain a Markov chain & whose distribution ¢ has the following transition probabilities: for all n € IN,

Pln+1)=¢&n)£1) = m, and so that &(0) = 0. Now, we denote 7; +(0) = 0 and for any n € N,
we denote 7; +(n + 1) = inf{m > 7, +(n)|&(m) = &(m — 1) £ 1}, so that 7 _(n) is the time of the n-th upwards
step of & and 7; _(n) is the time of the n-th downwards step of &;. Then since the distribution of ¢ is symmetric, the
processes (1; +(n))neN = (=& (Ti+(n)))nen and (75— (n))new = (&(7i,—(n)))new have the same distribution, called 7,
and it can be checked that n is a Markov chain.

We are going to give an expression of £+ (T, + 1) — £*(Ty,4) depending on the Mi—, Ni+. We assume N large
enough (so that | Nz| —1 > 0). By definition of T we have X7, = [Nz |:1. If i <0 we thus have X7, > i, so the last
step of the walk at ¢ before Ty was going to the right, so the last step of &; was a downwards step, and by definition
of £*(Tn,i) we have that & made ¢ (Ty,i) downwards steps, hence £~ (Tn,i) — (T (Ty,i) = &(ri— (0T (Tn,1))) =
ni—((T (T, 1)), which yields ¢~ (Tn,i) — (T (Tn,i) = ni— ({7 (Tn,i)). In addition, ¢~ (Ty,i) = €T (Tn,i — 1), hence
(T (Tnyi—1) = 07 (Tnyi) + i (0T (Tny4)). E0 < i < [Nz (for e = =) or 0 < @ < |Nz] (for « = +), the last
step of the walk at i was also going to the right, so we also have ¢~ (Tn, ) — T (Tn,i) = n;— (¢ (T, i)). However,
0 (Tn,i) =07 (Ty,i—1) — 1,80 7 (Ty,i — 1) = (T, i) + ni— (£ (Tn,i)) + 1. Finally, if i > | Nz| (for c = —) or
i > |Nz| (for « = +), then the last step of the walk at 7 was going to the left, so the last step of & was an upwards
step, and & made ¢~ (T, i) upwards steps, therefore ¢~ (T, i) — (T (Ty,i) = &i(1i+ (0™ (TN, 7)) = —ni+ (0 (T, 7)),
which yields ¢~ (Tw,i) — ¢ (Tn,i) = —ni+ (¢~ (Tn,7)). Moreover, £ (Tn,i) = ¢~ (Tn,i+ 1), hence £~ (Tn,i+ 1) =
- (TN7 Z) + 771',+(£_ (TN7 Z))

We are going to use these results to deduce an expression of the ¢*(Ty,i) which will be very useful through-
out this work. Denoting x(N) = |Nz] if + = — and x(N) = |[Nz] +1if ¢« = +, for i > x(N) we have
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0~ (Tn,i) = £~ (T, x(N)) + Zj;i((N) nj+( (TN, 7)), and for i < x(N) we have ¢+ (Ty,i) = £+ (Tn,x(N) — 1) +

?gﬁ;l(nj,,M*'(TN,j)) + 1yjs0y)- Now, we remember that the definition of Ty implies ¢*(Tw, [Nz]) = |[N6],
so if © = — we have £~ (T, x(N)) = |N@] and ¢ (T, x(N) — 1) = £~ (Tn,x(N)) = | N0, and if © = + we have

(T (Tn,x(N)—1) = [N6] and ¢~ (T, x(N)) = £+ (Tn,x(N)—1)—1= | NO| —1. Consequently, we have the following.

i—1
Ifi > x(N), € (Tn,i)=|NO]—Tgsp+ Y 0 (0 (Tn, 7))
j=x(N)
(1) x(N)-1
Ifi < x(N), £5(Tw,i)=|NO|+ Y (- (" (Tw, 5) + Lijsop)-
=it

We will also need to remember the following.
(2) Ifi > x(N), £ (Tn,i)—0"(Ty,i) = —ni+(0" (Tn,i)). Ifi<x(N), £ (Tn,i)—(Tn,i) =ni—((T(Ty,i)).

To couple the ¢+ (T, i+ 1) — £+ (T, i) with i.i.d. random variables, we need to understand the n; (¢~ (T, %)) and
the n; (0T (Tn,4)). |[17] proved that the following measure p_ is the unique invariant probability distribution of the
Markov chain #:

e TR
3 VieZ, p (i)=— ) with R= ,
) =g 1 3G 2 1 %5

We also denote py the measure on 5 + Z defined by po(-) = p—(- — 3).

We are now in position to construct the coupling of the ¢*(Tw,i + 1) — ¢*(Ty,i) with i.i.d. random variables
(¢i)iez. The idea is that 1 can be expected to converge to its invariant distribution p_, hence when ¢* (T, 1) is large,
ni+((*(Tw, 1)) will be close to a random variable of law p_. More rigorously, we begin by defining an i.i.d. sequence
(ri)iez of random variables of distribution p_ so that for i > y(N) then P(r; # 7,1 (|N'/6])) is minimal, and for
i < x(N) then P(r; # n; _ (| N'/6])) is minimal. We can then define i.i.d. Markov chains (7,4 (n)) > N1/6) for @ > x(N)
and (7;,—(n)),,> | 176 for i < x(N) so that i+ ([ NY®|) = r;, 7l + is a Markov chain of distribution that of 7, and if
i+ ([NYO]) = 0; £ (|NV/6]) then 7; 4 (n) = n; +(n) for any n > [ N'/6]. Since p_ is invariant for 5, if n > [N/], the
i+ (n) for ¢ > x(N) and ; —(n) for i < x(NN) have distribution p_. We define the random variables ((;);cz as follows:
for i > x(N) we set ¢; = 74+ (¢ (T, i) V [NY6]) + 1, and for i < x(N) we set ¢ = 7;,—(¢F (T, i) vV [NV6]) + L.
For i > x(NV), implies that ¢~ (T, %) depends only on the 1; , x(N) < j < i —1, hence is independent from 7; 4,
which implies ¢; has distribution py and is independent from the (j, x(N) < j <4 — 1. This and a similar argument
for i < x(IV) implies the ((;)icz are i.i.d. with distribution py.

We will prove several properties of ({;);cz that we will use in the remainder of the proof. In order to do that, we
need the following lemma of [17].

Lemma 7 (Lemma 1 of [I7]). There exist two constants & = &(w) > 0 and C' = C(w) < +oo so that for any n € N,
P(y(n) = iln(0) = 0) < Ce= and 3" [P(n(n) = il(0) = 0) — p_(i)| < Ce~.
i€Z
Firstly, we want to prove that our coupling is actually useful: that the (; are close to the ¢* (T, + 1) — (T, ).
More precisely, we will show that except on an event of probability tending to 0, if £*(T,i) is large then ¢ =
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ni+(0*(Tn,4)) + 1/2, which (I relates to ¢=(Ty,i+ 1) — £*(T,i). We denote

By ={3ie {—[2(x] + 20)N, ..., x(N) — 1}, €7 (T, i) > [NY/6] and ¢; # n; (€7 (T, 0)) + 1/2},

4
<> Bf = {3i € {X(N), ..., [2(J2] + 20)NT}, £~ (T, i) > [NV and G # mi+ (€ (T, 7)) +1/2}.

Lemma [7] will allow us to prove the following.

Lemma 8. P(B;) and P(B]) tend to 0 when N — +oc.

Proof By definition, for any i € {—[2(|z| +20)N],...., x(N) — 1} we have ¢; = 7;, - (¢ (T, 4) V [NY/®]) + L, which is
o (EH(Tx i)+ 1 when £+ (T, i) > [NVO). Now, i = i if 7 _(LNV/5]) = s _(LN/6]), that is r; = _ ([ N/6)).
We deduce P(By) < P(Fi € {—[2(|z| + 20)NT, ..., x(N) — 1},7; # 0 _(|NY6])). Now, for any i < x(N), we have
P(r; # ni(|N'/%])) minimal, thus smaller than Ce=°lV o] by Lemma El Consequently, when N is large enough,
P(By) < 3(|z| + 20)N6~‘6_5LN1/6J, which tends to 0 when N — +o00. The proof for P(B{) is the same. O

Unfortunately, the previous lemma does not allow to control the local times when ¢+ (T'v, ) is small. In order to do
that, we show several additional properties. We have to control the probability of

={3i e {—[2(|z| + 20)N], ..., [2(|z| + 20) N}, |¢;| = N/16y
U{3i € {=[2(Jx] + 20)NT, ... x(N) = 1}, i, (€7 (T, 7)) + 1/2 > N'/10}
U {3 € {X(N), ..., [2(Jx| + 20)NT}, ns o (€ (T, 8)) + 1/2| > N6}

Lemma 9. P(B) tends to 0 when N tends to +oc.

Proof. 1t is enough to find some constants ¢ > 0 and C' < +o00 so that for any i € {—[2(|z|+20)N],...., [2(|z|+20)N|}
we have P(|¢;| > N1/16) < Ce=N'""" for any i € {=[2(Jz|+20)NT, ...., x(N) — 1} we have P(|n; _ (z+(TN, i) +1/2 >
NY16) < Ce=eNY"® and for all i € {x(N),...., [2(jz| + 20)N]} we have P(|ni+ (0 (Ty,i)) + 1/2| > NY16) <

Ce=eN""° For all i € Z., (; has distribution pp, which has exponential tails, hence there exists constants ¢

d(w) > 0 and C' = C'(w) < +o0 so that for i € {—[2(|z| + 20)NT,...., [2(|z| + 20)N]} we have P(|¢;| > N/16) <
C'e=“N"" " We now consider i € {—[2(|z| + 20)N],....,x(N) — 1} and P(|n; - (€+(TN, i) 4+ 1/2| > N/16) (the
P(|n;+ (£ (T, i) +1/2| > NY16) can be dealt with in the same way). Equation (T implies £ (T, 7) depends only
on the n; _ for j > 4, hence is independent of n; _. This implies P(|n; — (¢+ (T, 1)) +1/2| > NY16) =5 P (|mi— (k) +
1/2| > NYIO)P(¢+(Ty,i) = k). Therefore the first part of Lemma [7| implies P(|n; _ (¢ (T, )) + 1/2| > NV/16) <

é/2 1/16 é/2 ~n71/16 . .
S pen 21033 2 —&NY/ P(H(Ty,i) = k) = 21Ci e —eNY , which is enough. O

We will also need the following, which is a rather standard result of large deviations.

Lemma 10. For any a > 0, € > 0, P(maxo<;, <j,<[Ne \Z?:“ G| > N/2%€) tends to 0 when N — +oo0.
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Proof. Let 0 < iy < iy < [N®], let us study P(| S22 ¢i| > N*/2t¢). We know the ¢, i € Z are i.i.d. with distribution

=11
po, and it can be checked that pg is symmetric with respect to 0, so from that and the Markov inequality we get

P < i@' > Na/%s) <2P (i G > NQ/HE) =2P (eXp (Ni/? i@) > eXP(N€)>

(5> =11 =11 =11

<2 NE (exp (Ni/? Z Q)> < 2 N° H E <exp (@Q)) .

=11 =11

Now, if ¢ has distribution pg, we can write exp(ﬁ() =1+ ﬁ( + %(ﬁ()g exp(Ncll/2 ¢’) with |¢’| < [¢|. Since po
is symmetric with respect to 0, we have IE(¢) = 0, therefore

2
o (5tr)) 52 (3 () o () <1+ sk (o 51))-

Moreover, pg has exponential tails, hence there exists constants C' < +oo and ¢ > 0 so that E(CQecm) < C. When
N is large enough, ﬁ < ¢, therefore E(exp(ﬁ()) <1+ 21\% < exp(QN%). Together with , this yields

IP(] 222:@1 G| = No/2e) < 2e~ N eliz=i1+1) aya < 2N ([N 1H+1) o7 < 2e“e™™" when N is large enough. We deduce
that when N is large enough, IP(maxg<;, <j,<[no] | Z?:“ G| > N2ty < ([N®] +1)22¢“e= N7 which tends to 0 when
N tends to +oo. 0

We also prove an immediate application of Lemma which we will use several times. If we define

2
By = max | > N1O/48 )
’ {L(w|+29)NJN3/4§i1§i2§L(x|+29)NJ+N3/4 ;;Cz B
i2
B = max | > N8 L
’ {L(x|+29)NJ—N3/4§i1§i2§L(|$|+29)NJ+N3/4 i:ZilCZ B

we have the following lemma.

Lemma 11. P(B;) and P(B7) tend to 0 when N tends to +o0.

Proof. Since the ((;)iez are iid., P(BY) = P(By) = P(maxg<;, <j,<o[N3/4] \Zz;l G| > N'9/48) which is smaller
than IP(maxg<;, <;,<[ns7/45 | 222:“ Ci| > N'9/48) when N is large enough. Moreover, Lemma used with o = 37/48
and € = 1/96, yields that the latter probability tends to 0 when N tends to +oo.

3. WHERE THE LOCAL TIMES APPROACH 0

The aim of this section is twofold. Firstly, we need to control the place where ¢~ (T, ) hits 0 when ¢ is at the
right of 0, as well as the place where £* (T}, %) hits 0 when i is at the left of 0. Secondly, we have to show that even
when ¢+ (T, 1) is close to 0, the local times do not stray too far away from the coupling. For any N € IN, we denote
I =inf{i > x(N)| ¢ (Tn,i) = 0} and I~ = sup{i < x(N)[£T(Ty,i) = 0}. We notice that ¢*(Tn,I~) = 0, and
from the definition of Ty we have ¢T(Ty,4) > 0 for any 0 <1 < x(N)—1, hence I~ < 0. We first state an elementary
result that we will use many times in this work.
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Lemma 12. For any i > 1" ori < I~ we have Ei(TN,i) =0.

Proof. Since T (Ty,I7) = 0 and the random walk is at | Nz]t1 > 0 at time Ty, the random walk did not reach I~
before time Ty, thus £+ (T, i) = 0 for any i < I~. Moreover, £~ (T, x(N)) > 0 by definition of Ty, hence It > x (V)
thus X7, < I hence ¢~ (Ty,I") = 0 implies the random walk did not reach It before time Ty, thus ¢*(Ty,4) = 0
for any i > I. O

We will also need the auxiliary random variables It = inf{i > y(N)|¢~(Tn,i) < |[NY/6]} and I~ = sup{i <
X(N) [+ (T, i) < [NV},

3.1. Place where we hit 0. We have the following result of control on I™ and I~.

Lemma 13. For any 6 > 0, P(|[I~ + (|| + 20)N| > N°*t1/2) and P(|I* — (Jz| + 20)N| > N°*1/2) tend to 0 when N
tends to +o0.

Proof. The idea is to control the fluctuations of the local times around their deterministic limit: as long as £+ (T, 9)
is large, the ¢ (T, i+ 1) — £*(Ty,4) will be close to the ii.d. random variables of the coupling, so the fluctuations
of £+ (T, i) around its deterministic limit are bounded and ¢* (T, i) can be small only when the deterministic limit
is small, that is around —(|z| 4+ 20)N and (|x| + 20) N. We only spell out the proof for I~, as the argument for I is
similar. The fact that P(I~ + (|z| + 20)N < —N%+1/2) tends to 0 when N tends to 4+oco comes from inequalities (51)
and (53) of [I7], so we only have to prove that P(1~ + (|z| 4+ 20)N > NO+1/2) tends to 0 when N tends to +oc. Since
I~ < I, it is enough to prove that P(I~ + (|z| +20)N > N9*t1/2) tends to 0 when N tends to +oo. Since by Lemma
we have that P(B7) tends to 0 when N tends to +oo, it is enough to prove P(I~ + (|z| +20)N > N%*+1/2 (B[)¢) tends
to 0 when N tends to +0o. We now assume N is large enough, I~ + (|z| + 20)N > N°t1/2 and (By)¢. Then there
exists i € {[—(|z| 4+ 20)N + NO+t1/2] . (N )f 1} so that £ (Ty,4) < |[NY®| and ¢+ (T, j) > [ N'/6] for all j € {i+
1,..., x(IN)—1}. Thus, by (1) we get LN@H—Z; ]'LV+)1 l(nj7 (U (T, 5))+js0y) = £F (T, i) < | N'/6|. Furthermore, for
all j € {i+1,..., x(IV) =1}, since (B] )¢ occurs and £* (T, j) > LNI/GJ we have n; _(¢T(Tn,7))+1/2 = ¢;. We deduce
N0+ X0 G+ (M gsoy — T <o) /2) < [N/, thus X ¢ L J S (A ys0y — Tgy<0p)/2 < [NVE).
Moreover, since i € {[—(|z|+20)N + N°+1/2] . y(N)—1} we have ZJ z+1 (]1{]>0} Lyi<oy)/2= T(X(N)—1+14) >
T(Nz—2— (|x]+20)N+N5+1/2) = —ON+5N°F1/2—1. This yields >}~ m LG+ NG —ON +INTH/2 1 < | NS,
hence Z z+1 (] < —INHZ 4 | INV6| 42 < —N(+9/2 gince N is large enough. Consequently, when N is large

enough, P(I~ + (|z| + 20)N > N2 (B)°) < P(3i € {[—(|z| + 20)N + NH1/2], . x(N) — 1}, X1 <
—NU+9)/2) " Since the ¢;, i € Z are i.i.d., when N is large enough this yields P(I~ + (\ac] + 29)N > NO+H1/2 (B7)°) <
P(maxg<;, <j,<[n1+s/2] e ;1 Gl = NU+9/2) which tends to 0 when N tends to 400 by Lemma |10 (applied with
o =1+6/2and e = §/4). This shows that P(I~ + (Jz| +20)N > N°+1/2) converges to 0 when N tends to 400, which
ends the proof of Lemma O

3.2. Control of low local times. We have to show that even when éi(TN,i) is small, the local times are not too
far from the random variables of the coupling. In order to do that, we first prove that the window where £+ (T, 1) is
small but not zero, that is between It and It and between I~ and I, is small. Afterwards, we will give bounds on
what happens inside. We begin by showing the following easy result.

Lemma 14. P(I~ > 0) tends to 0 when N — +o0.
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Proof. Let N be large enough. If 1= > 0, there exists i € {0,...,|[Nz|} so that ¢+(Ty,i) < [N'/6]. Since N is
large enough, this implies £* (T, i) < N6/2, therefore sup,cg |N€+(TN, | Ny|) — (w +6)4+] > 6/2. Moreover, by
Theorem 1 of [I7], sup,cg |+ (T, [Ny]) — (M +6) | converges in probability to 0 when N tends to +o00, hence

we deduce that P(sup,cg |+ 0H(Tw, [Ny]) — (% +6),| > 60/2) tends to 0 when N — +o0. Therefore P(I~ > 0)
tends to 0 when N — +o00. O

In order to control I, I=, It and I~, we will use the fact the local times behave as the Markov chain L from [17],
defined as follows. We consider i.i.d. copies of the Markov chain 7 starting at 0, called (7,,)men. For any m € IN, we
then set L(m + 1) = L(m) + nm(L(m)). We denote 7 = inf{m € IN| L(m) < 0}. The following was proven in [17].

Lemma 15 (Lemma 2 of [I7]). There exists a constant K < 400 so that for any k € IN we have E(7|L(0) = k) <
3k+ K.

Since the local times will behave as L, Lemma [I5] implies that if the local time starts small, then the time at which
it reaches 0 has small expectation hence is not too large. This will help us to prove the following control on the window
where (T, i) is small but not zero.

Lemma 16. P(It — It > NY4) and P(I~ — I~ > NY*) tend to 0 when N — +oc.

Proof. Let N be large enough. We deal only with IP(IL — I~ > NY4), since P(It — It > N1/4) can be dealt
with in the same way and with simpler arguments. Thanks to Lemma it is enough to prove that P(I- -1 >
N4 I_ < 0) tends to 0 when N — +oo. Moreover, if I~ < 0, thanks to , for any i < I~ we get (T (Tn,i) =

(H (T, I7) + Z] —ir1Mj,— (LT (T, j)), which allows to prove that (U (Ty, I~ — i))ien is a Markov chain with the
transition probabilities of L. Therefore we have (recalling the notations just before Lemma [15])

\_Nl/GJ
P(I -1 >N <0)= 3 P(I -1 2 NI <ofemn 1) = k) P (6@ ) = &)
k=0
|N1/6] |N1/6) .
— kZ:O P (T > N1/4‘ L(0) = k) P (g+(TN,f_) = k:) < kz:% WE(TIL(O) _ R)P( (T, T) = k).

By Lemma [T5 we deduce

NV/o)

1 3NV 4+ K
- _ 1/4 + _ -1/12
IP(I I~ >NY4 I~ <0) N4 E (3k + K)P(UH(Ty, 1) =k) < N1/ < 4N
since NN is large enough, hence ]P(.f_ -1~ >NV T < 0) tends to 0 when N — +o00, which ends the proof. O

We are now going to prove that even when Ei(TN,i) is small, the local times are not too far from the random
variables of the coupling. More precisely, for any n € IN, we define the following events.

x(N)-1

By =q3ie{I",.,x(N) =1}, | Y (- (¢7 (T, 5)) + 1/2) - Zg > N3

j=i+1 Jj=1+1
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i—1 i—1
Bf = ¢3ie (x(N), o I} | D0 (i (C(Tv, ) +1/2) = Y | = NP

J=x(N) J=x(N)
Lemma 17. P(B;) and P(B]) tend to 0 when N tend to +oo.

Proof. The idea of the argument is that when ¢(* (T, 1) is large, 1; +(¢* (T, 1)) + 1/2 = ¢; thanks to Lemma [§] that
the window where ¢* (T, i) is small is bounded by Lemma , and that inside this window the n; +(¢*(Tw,1)) +1/2,
¢; are also bounded by Lemma |§| We only spell out the proof for P(B; ), since the proof for P(B}) is the same. By
Lemma we have that P(I~ < —2(|xz| + 0)N) tends to 0 when N tends to +o0o0. Furthermore, Lemma [16| implies
that P(I~ — I~ > N'/%) tends to 0 when N tends to 4+-o0o. In addition, by Lemmas [8 and |§| we have that P(B;) and
IP(B;) tend to 0 when N tends to +oco. Consequently, it is enough to prove that for N large enough, if (By )", (B2)*
occur, if = — T~ < NY* and if I~ > —2(|z| + )N, then (B, )¢ occurs. We assume (B; )¢, (B2)°, I-—1- < N4
and I~ > —2(|z| + 0)N. Since (By )¢ occurs and I~ > I > =2(|z| + H)N we get ¢ = n;— (¢t (Tn, 7)) + 1/2 for any

i€ {I~+1,..,x(N)—1}. Therefore, ifi € {I~,...,x(N)— l}wegetZ] ) o (0 (T, ) +1/2) - 3<(1j+)11gj:o,
and for i € {I~,...,]~ — 1} we have

x(N)—1 x(N)—1 I~

Yo (I ) +1/2) = D Gl =] D - (T, 5) +1/2) - Z G

j=it+1 j=i+1 j=i+1 j=it+1

< Z (1= (€ (T, 5)) +1/21 +Gl) < 2(1 = I7)NYIO
Jj=t+1

since (B )¢ occurs, i+1> 17 > 2(|J:] +9)N and by definition I~ < y(N) —1 < 2(|]z|+6)N. Moreover, we assumed

I~—I~ < NY* which implies | Z] Z_H (nj’,(f"'(TN, J))+1/2)— X“fj;lg | < ANV/ANI/16 — 9 N5/16 < N1/3 WhenN

is large enough. Consequently, for any i € {I—, ..., x(N)—1} we have | Z] Z+l (77j7,(€+(TN, ))+1/2)— ] l+l C]| <
N1/3_ therefore (B} )¢ occurs, which ends the proof. O

4. SKOROHOD M7 DISTANCE

The goal of this section is to prove that when N is large, Yi is close in the Skorohod M distance to the function

Yy defined as follows. For any N large enough, for y € R, we set Yy (y) = \/» Zi‘ LNyJ+1 G ify e [—|z| — 26, Xy ))
Yn(y) = \/» ZLN‘UJ Y¢ify e [ |:z:] +26), and Yy (y) = 0 otherwise. We want to prove the following proposition.

Proposition 18. P(dyy, (Y, Yn) > 3N~Y12) tends to 0 when N tends to +oo.
If we denote
B=By UBfUBUB; UBf UBy UBf U{|T™ + (2| + 20)N| > N34} U {|TT — (|z| + 20)N| > N3/4},
it will be enough to prove the following proposition.

Proposition 19. When N is large enough, for all a > 0 with |(|z| + 20) — a| > N~V%, we have that B¢ C
{dats (Y |00 Yl -aa)) < 2N 712},
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Proof of Proposition [18 given Proposition[I9. We assume Proposition [I9] holds. Then, when N is large enough, if

B¢ occurs, for all @ > 0 with |(|z] +20) — a] > N~V/% we have dyy, a(Yi| —aa) YN|[—a,)) < 2N~Y12 which yields
3 (V) = [ €t (VR i) A 1) < [ 02 Vikda ¢ 2N S = a1/ oy <
3N~1/12. This implies P(dpr, (Y, Yn) > 3N~1/12) < P(B) when N is large enough. In addition,

P(B) <P(By) + P(BY) + P(By) + P(B3) + P(B]) + P(B;) + P(B)
+ P + (Jz| + 20)N| > N¥/4) + P(II* — (|z] + 20)N| > N%/4).

Applying Lemmas |§|7 and |17|implies P(B) tends to 0 when N tends to +oo, hence P(dyy, (Y]\j,:, Yn) > 3N‘1/12)
tends to 0 when N tends to +oo, which is Proposition [T8]
O

The remainder of this section is devoted to the proof of Proposition The first thing we do is showing that

(Ut 20NVI— g (a2 NAL*

between , the functions Yﬁ and Yy are close in uniform distance, which is the

following lemma.

Lemma 20. When N is large enough, if (B2)¢, (B;)¢ and (Bf)¢ occur, then if IT < (|z| + 20)N then for any
y € [(7(|z|+2]3)N)VI_, ((|z|+219\),N)M+] we have |Yig (y) — Yn(y)| < N=V12 while if T > (|| + 20)N we have |V (y) —
Ya(y)| < N2 fory e [(*(IIHZZ\G[)N)VI” ((III+2?\2N)/\I+)'

Proof of Lemma[20. Writing down the proof is only a technical matter, as the meaning of (l?)’j!t)C is that the local times
are close to the process formed from the random variables of the coupling. (B2)€ is there to ensure that the difference
terms that appear will be small. We only spell out the proof for Y ~, as the proof for Y is similar. We assume (B2)¢,

(By )¢ and (Bf)¢. Then if y € [X(]ffv), ((‘x|+2§\;N)M+] (if I'™ > (Jz| + 20) N we exclude the case y = W) we

_ _ z|— |N
have y € [%, lz| 4+ 20), so |Yy (y) — Yn(y)| = \/—lﬁ\ﬁ (Tn, | Ny]) — N(% +0)y — ZZ )?(JNl Gil, thus by (] . we
obtain the following:

1 LNnyl |I" _ ’y‘ LNnyl
Yy () = Yn()| = N [NO] =1y + Z N+ (Tn,3) = N <2 +9) - Z Gi
i=x(N) T i=x(N)
[Ny]-1 [Ny]-1
1 _ . LNyJ
< | S mate iy + SN sy S
VN i=x(N) i=x(N) VN
1 [Ny]-1 [Ny|—1
=— Z i+ (T, 1)) +1/2) - Z G| + :
VN i=x(N) i=x(N) \/N

Now, y € X0 WelH20NATT) 4y blies [ Ny) € {xX(N), ..., T}, thus (B})° yields [V (y) — Yiv(y)| < ﬁ]\ﬂ/i” + <

N~112 when N is large enough. We now consider the case y € [(_(|$|+%\9,)N)Vr, X(Ji,v)). Then y € [—|z| — 20, @),
_ _ _ N)-1 . _

hence Yy (y) — Vv ()| = |t (T, [Ny)) = N 4 0), — XL Gl Now, @) yields [¢-(Ty, [Ny]) —
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(T, [Nyl)| = |nny)— (€5 (T, [Ny)))|, which is smaller than N'/16 4+ 1/2 thanks to (B2)°. We deduce that

_ z|— N)— 1/16 . .
Yy () = Yn(w)| < 16t (T, [Ny)) = NG 4 ), - SSX0L G+ B2 thus (@) implies
(N)-1 x(N)—-1
B 1 X , x| — N1/16 4 1/9
Vi () -Ya(w) < —=|[N6)+ 3 <m,_<e+<TN,z>>+n{i>0}>—N("'y‘+9) Ly g2
N ) 2 ) v IN
i=|Ny]+1 T =Nyl
(N)-1
1| " Ny|+1—x(N N6 43
< Y D)+ By + D) I A
i=[Ny|+1 i=|Ny|+1
(N)-1
1 | X N1/16+3
<75 ST (T (T, ) +1/2) — Z G+
i=|Ny|+1 i=|Ny|+1

Furthermore, y € [(_(‘ml+33)N) L X(Jffv)) implies |Ny] € {I7,...,x(N) — 1}, hence (B, )¢ yields |Yy (y) — Yn(y)| <

\;—NNU?’ + % < N~Y12 when N is large enough. Consequently, for any y € [(_(‘x|+%3)N)VI_, ((‘xlw(;\;NMﬁ] we
have [Yy (y) — Y (y)| < N=Y/'2) which ends the proof of Lemma . O

We now prove Proposition Let a > 0 so that |(|z| 4+ 20) — a| > N~'/8, we will prove that when N is large
enough, B¢ C {tha(YAjﬂ[_a,a],YN|[_a7a}) < 2N~1Y12} "and the threshold for N given by the proof will not depend on
the value of a. There will be two cases depending on if a is smaller than |z| + 26 or not.

4.1. Case a € (0,|x| + 20 — N~1/8). This is the easier case. Indeed, the interval [—a,a] will then be contained in
[(f(\x|+33)N)\/I*’ ((\x|+2?\;N)/\I+)

, inside which Yi and Yy are close for the uniform norm by Lemma We may then
define parametric representations (uﬁ, rﬁ) and (un,7n) of Yy ||_q,q) and Yn|(_q 4 “following the graphs of Y]ﬂ[_a,a]
and Yn|[_q,q) together” so that ui(t) = un(t) for all t € [0,1], and ||rE — ryfle < SUDyc[—a,q] YE(y) — Ya(y)| (an
explicit construction of these representations can be found in the first arXiv version of this paper [5]). We deduce
dMl,a(YAjﬂ[_a’a],YN][_CW}) < SUPyc[—q,q] YE(y) — Yn(y)|. Moreover, if B¢ occurs, since a € (0, |z + 20 — N~1/8), for
any y € [—a,a] we have y € (—|z| —20+N~V8 |z|+20— N~1/8) thus —(|z|+20)N + N3/* < Ny < (|z|+20)N — N3/4,
hence I~ < Ny < I'", hence y € ((_(‘QCH%?)N)VF, ((‘$|+2?\;NMI+), so by Lemmawe have |V (y) — Y (y)] < N~V/12,
Consequently, if B¢ occurs, dMl,a(Y]ﬁ[—a,a]aYN|[—a,a]) < N-V12,

4.2. Case a > |x| + 260+ N~1/8, This is the harder case, as we have to deal with what happens around |z| 4 260
and —|z| — 20. We only write down the proof for Yy, since the proof for YJ is similar (one may remember that
allows to bound the ¢~ (Ty,i) — £1(Tn,4) when (B2)¢ occurs, hence when B¢ occurs). Once again, we will define
parametric representations (uy,7y) and (un,7n) of Yy |[—q,q and Yn|_q 4. The definition will depend on whether
I < |(Jz| + 20)N| or not, and also on whether I~ > —|(]z| + 20)N| or not. We explain it for abscissas in [0, a]
depending on whether I'™ < [(|x| + 20)N| or not; the construction for abscissas in [—a, 0] are similar depending

on whether I~ > —|(|z| + 20)N| or not. We first assume It < |(|z| + 20)N]. Between 0 and %, the parametric
representations will be, as in the case a € (0, |z|+20—N -1/ 8), following the completed graphs of Yy and Yy in parallel
(see Figure (a)) The next step, once (uy,ry) reached (4 I Yy (%)), is to freeze it there while (up, ) follows the
graph of Yy from ( YN( =) to (2] + 26, Y ((Jz] +26))7) (see Figure (b)) For y > % we have ¢~ (Tn, |[Ny|) =0
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"
IT |z| + 26 g 0

It
o lal 420 & lal+ 26
| A y Lo O ¥ g 0, ¥ q,

Yy
N v N4
Yy Yy *44;;]\7 o Yn
(a) (b) () (d)

FIGURE 1. The successive steps of the parametric representations of Yy |[_a,q and Yn|[_qq if It <
|(|x| +20)N|. At each step, the parts of the graphs the parametric representations travel through are
thickened.

(see Lemma thus Yy (y) = —N(w + 6)4, hence Yy : [%, |z| + 20] — R is affine. Therefore, the following
step is to move at the same time (uy,7) from (%,YJ\?(%)) to (Jz| +260,Yy (Jz| +20)) = (Jz| +260,0) and (un,rN)
from (|z| + 20, Y ((|z| +260)7)) to (|z| + 20,0) (see Figure[1fc)), and the two parametric representations will remain
close. After this step, both parametric representations are at (|z| + 26,0), and they will go together to (a,0) (see
Figure (d)) We now assume I'™ > |(|z| + 20)N|. We also assume % < a (if % > a, we may choose anything for
(ups7N), (un,7N); it will not happen if B¢ occurs). Between 0 and |z| 426, the parametric representations will follow
the completed graphs of Yy and Yy in parallel (see Figure a)). Once abscissa |z| 4+ 26 is reached, the next step
is to move (uy,ry) from (Jz| + 260,Yy (|z] + 26)) to (%,Y]\?()), which is (%,0), and to move at the same time
(un,rn) from (|z|+ 260, Yy (|z| +20)) to (|z| +26,0) (see Figure [2(b)). We will prove the two representations are close
by controlling the local times. At the next step we freeze (uy,7y) at (%, 0) while (un,rn) goes from (|z| + 26,0)
to (%, 0) (see Figure (c)) After this step, both parametric representations are at (%, 0), and they will go together
from (%, 0) to (a,0) (see Figure (d)) Again, a more rigorous definition of the parametric representations is available
in the first arXiv version of this paper [5].

We can now bound the Skorohod M distance between Yy ][_%a} and YN\[_,M]. From its definition, we have
dunrya(Yy l—asa)s YNl[—a,q) < max(|[uy — un|loo; [["y — 7N|lx), hence we only have to prove B¢ C {max(||uy —
UN oo, [Ty = TN loo) < 2N7H12} when N is large enough. We are going to break down {max(||uy — un|loc |1y —

N|lo) < 2N*1/12} into several events. We may write

{max([luy — unlloo, Iy = rivllec) < 2N7V12)
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A

Y / Y
e “nm "y "y
LA, -~ - o

- | - - | -

0 2| + 26 1 a 0 2| + 260 1+ ) 2| + 20 I+ a0
N N N

(a) (b) (c) (d)

FIGURE 2. The successive steps of the parametric representations of Yy |[_q,q and Yn|[_qq if It >
|(|x| +20)N|. At each step, the parts of the graphs the parametric representations travel through are

thickened.
= {between (=(=] + ?\?N) VI and (] + 2]9\2]\7) & I+7 luy — UN 00, ”TRI — 7N |l < 2N1/12}
N {between ((la] + 2?\3]\7) nT and a, |[uy — uN|loo; [Ty — TN [lo0 < 2N1/12}
N {between —a and (=(laf + ?g)N) v 1_7 [uy = unlloos 1y — 7N loe < 2N—1/12} '

Consequently, to prove that B C {max(||uy — un|lco, ||y — "N loo) < 2N71/12} when N is large enough and thus end
the proof of Proposition [I9] we only have to prove the following claims.

Claim 21. B¢ C {between (—(|x\+2]3)N)vr and ((‘xHQ?\;NMﬁ, luy — unlloo, |7y — N lloo < 2NV12} when N is large
enough.

Claim 22. BN {I" < [(Jz| + 20)N |} C {between w and a, ||uy — unloos Iy — TN lloo < 2N7V12} and

BeN{I~ > —|(|z| +20)N|} C {between —a and w, [uy — unloos 1y — TN lloo < 2N"Y12}) when N is
large enough.

Claim 23. BN {I"t > |(|z| + 20)N |} C {between w and a, ||uy — uN||oos [Ty — TN [loo < 2N*1/12} and
Ben{I~ < —|(|Jz| +20)N]} C {between —a and w, luy — unlloos |7y — TN lloo < 2N7Y12Y) when N is

large enough.

We now prove Claims and

T00J O arm |21 We assume occurs. In the part of the parametric representations between —UZF=IVE oy

Proof of Claim[Z1 W Be In the part of the p ic rep ions b U 2ONIVIT and

w, corresponding to Figures (a) and (a), we follow the completed graphs of Y, and Yy in parallel.

Therefore we have uy(t) = un(t) and |ry(t) — ry(t)] < sup{|Yy (y) = Yn(y)| : v € [(7(|z|+2]3)N)VI_, ((|z|+2]9\),N)M+]}.
x|+ 1s not an integer or < (|z|+ , this 1s smaller than N7 when N 1s large enough by Lemma

If 20)N i i It 20)N, this i ller than N~12 when N is 1 h by L 20
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and we are done. If (|z|4+260)N is an integer and I™ > (|z|+26) N, there is a small complication, since the parametric
representations follow the graph of Yy until Yy ((|z| +260)7), but should follow the graph of Y, until Y, (|z| 4 26).
The solution is to freeze the representation of Yy at Yy ((|z| 4+ 20)~) while that of Yy goes from Yy ((|z| + 26)7)
to Yy (|z| 4+ 260). Then, between w and (|z| + 20)~ we have |ry(t) — ry(t)] < sup{|Yy (v) — Yn(y)] :
y € [% (Jz| + 20)N)} < N~Y/12 by Lemma 20| when N is large enough. Furthermore, when going from
Yy ((l[+26) ") to Yy (|+26), we have |ry (£) —rn ()] < [V ((|2|4260)7) =Y ((J2|+260)7) [+ (([2[+20)7) =Yy |+
20)| < N_1/12—|—|Y7((|:17|—|—29)_)—Y]\7(|x|—|—29)\ when N is large enough. In addition, when N is large enough (/1)) yields
Yy (J2]+20) =Yy ((J2]+20) )| = =10 (T, (J2|+20)N) =€~ (T, (|2] +20)N = 1)| = a0 v-1,+ (€ (T, (J2]+

20)N — 1)) < % since (B2)¢ occurs. This yields |ry (t) — rn(t)] < N~V12 4 w < 2N~1/12 when N is

large enough, which ends the proof. O

Proof of Claim[23 This claim deals with the “right part” of the parametric representations in the case I < |(|z| +
20)N |, and with the “left part” in the case I~ > —[(|z| + 20)N], corresponding to Figure [1{b), (c) and (d). The
idea of the argument is that in the step of Figure (b), the representation of Yy does not move much horizontally
as % is close to |z| + 26 by Lemma so it does not have time to move too much vertically. In the step of Figure
(c), the representations of Y, and Yy will thus start from points that are close and go to the same point, hence stay
close to each other. We now give the rigorous argument. We only spell out the proof for B N {It < [(|z| + 20)N |},
as the other case is similar. Let us assume B¢ occurs and I < [(|z| + 20)N|. Firstly, we notice that in the part
of the parametric representations corresponding to Figure [1{d) we have (uy(t),ry(t)) = (un(t),7n(t)), so we only
consider the parts corresponding to Figure [I{b) and Figure[I|c). We first consider the case in which (|z| + 20)N is
not an integer or I < [(|z| + 20)N|. We begin by dealing with |uy () — un(t)|. By the definition of our parametric
representations, |uy(t) —un(t)] < ||z] 4+ 260 — %| Furthermore, B¢ occurs, thus we have [I1t — (|z| + 20)N| < N3/4,
hence |uy(t) — un(t)] < N~/4 We now deal with |ry(t) — ry(t)|. Remembering the definition of our parametric
representations, we notice that in the part corresponding to Figure (C), ry and 7y are affine functions, so the
maximum value of |ry (t) — ry(t)| on this part is reached either at the beginning or at the end of the part. Moreover,
at the end of the part we have ry(t) = ry(t) = 0, so the maximum is reached at the beginning. Therefore, if
Iry(®) — ra ()] < 2N~Y/'2 in the part corresponding to Figure (b), then |ry(t) — rn(t)] < 2N~Y12 in the part
corresponding to Figure [1fc), and this ends the proof when (|z| +20)N is not an integer or I < |(|z| + 20)N].

We thus have to study the part corresponding to Figure (b) By the definition of our parametric representations,
Iry(t) — rN( )| < sup{|Yy (ﬁ) Yn(y)| :y € [%, |z| + 260)}, so it is enough to prove that when N is large enough,
sup{]Y (& ) YN( )y € [N |z|+20)} < 2N—Y'2. Moreover, for any y € [%, |z|+260), we have \Y]\?(%)—YN(y)] <
Yy ( N) ( )\ + \YN(H) Yn(y)|. Since B¢ occurs, we have that (BQ) (B )¢ and (B] )¢ occur, hence Lemma
implies ’Yz\7(IN) Y (& )| < N=1/12 when N is large enough, thus Yy (5 )= Ya(y)| < ]YN(%)—YN(@/)]—I—N’U12 <
KIS+ N2 We deduce sup{[Yy (57) = Ya()l : v € [ l2] +20)} < sup{ | ST Gl iy €
(& I \x| +20)} + N_1/12. Furthermore, B¢ occurs hence [I1 — (|z| + 20)N| < N3/4 thus sup{\Y]\?(%) — Yn(y)| :
Y€ [N S|z +20)} < T MAX| (|414-20) N |- N3/4<iy <in<|(|z|+20) N \F‘ ZZ iy Gil + N~Y12_ Since B° occurs, (B3 ) occurs,

hence sup{]YN(W) —Yn(y)|:y € [N Jzl+20)}) < N\m/fg + N~V12 = N—5/48 L N—1/12 < 9N—1/12 which is enough.
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We now consider the case in which (|z| 4+ 20)N is an integer and IT = |(|z| +260)N|. Then the step of Figure [1{b)
does not exist, we only have to deal with that of Figure (c), which comes mostly from Lemma as this lemma ensures
Yy ((Jz[+260)7) and Yn ((Jz]426) ) are close (we will actually prove they are both close to 0). Since I = | (Jz[+260)N],
we have uy(t) = un(t). Moreover, (= (T, [N(|z| 4+ 20)]) = ¢~ (Tn,IT) =0, so Yy (|z]| + 20) = 0, hence ry(t) = 0.
Furthermore, |ry(t)] < |Ya((Jz| + 26)7)|. Therefore we only have to prove that |V ((|z| + 26)7)| < 2N~/12 when
N is large enough. In addition, B¢ occurs, thus by Lemma [20] we have [V ((|z| +26)7) — Yy ((J=]| +20)7)| < N~1/12
When N is large enough. Moreover by the definition of Yy and by (1)), we have Yy (|| + 26) = Yy ((Jz| +26)7) +

fnquw)N 1+ (TN, (Jz| +20)N — 1)), and since B occurs, (Bz2)¢ occurs, hence we get [Yy (|z| +20) — Yy ((|z] +
20)7)| < (N1/16 +1/2) < N~Y4 Since Yy (|z| + 20) = 0, this yields |Yy ((|z] + 20)7)] < N~/ which yields
YN ((|z| + 29) )| < N~V12 4 N=1/4 < 9N~—Y12 which is enough and ends the proof of Claim O

Proof of Claim[23 This claim deals with the “right part” of the parametric representations in the case It > |(|z| +
20)N |, and with the “left part” in the case I~ < —|(|z| + 20)N ], corresponding to Figure |b), (c) and (d). We first
give an idea of the argument. The most important part of the proof is to deal with the step correbpondlng to Figure
(b). In this step, the function Yy (y) = ﬁﬂ_ (T'v, | Ny]) evolves as a sum of ﬁnj7+(€_ (Tn, 7)) by (1), which is
close to the sum of — (CJ 1) as (Bf)¢ occurs. Since the ¢; are i.i.d. with mean 0, the sum of %Cj will be small,

and the evolution of Y will be close to that of a deterministic sum of —m, thus it reaches 0 at constant speed,
which is also what our parametric representation of Yy does. We now give the proof, beginning with the detail of
the argument to deal with B¢ N{I~ < —|(|z| + 20)N]}. Let us assume B¢ occurs and I~ < —|(|z| + 20)N]|. We
first see that L~ > —a, as since B¢ occurs we have |1~ + (|z| + 20)N| < N3/, hence I > —|z| — 20 — N~Y/4 and
by assumption a > |z| +20 + N~'/8 so —a < —|z| — 20 - N~1/8 < I+, hence L~ > —a. Moreover, in the part
of the parametric representations corresponding to Figure (d), we have (uy(t),ry(t)) = (un(t),r~n(t)). We now
consider the equivalent of Figure (c) Then ry(t) = rn(t) = 0, and |uy(t) — un(t)] < |5 + (Jz| + 26)|, which
is strictly smaller than 2N~Y12 since |[I~ + (|z| + 20)N| < N3*. Tt remains to consider the equivalent of Figure
(b). Then |uy(t) — un(t)] < |IW_ + (|| 4+ 26)|, which is strictly smaller than 2N~'/12 so we only have to prove
Iry () —rn ()] < 2N~V12,

We are going to study sup

el oy Y () = Vi (o] = 20) 4 KERZRAEEU Lt y € 47, (2] - 26]. By the
definition of Y we have Yy (y) — Yy (—|z| — 26) = ﬁ(ﬁf(TN, |INy|) — ¢ (Tn,|—(Jz| +20)N|)). By (2)) and since

(Bs)® occurs (remembering | Ny| > I~ > —(|z| + 20)N — N3/* > —[2(|z| + 20)N1]), we deduce

‘Yz\?(y) — Yy (=] —26) - (¢ (T, [Ny)) — €+ (T, [ ~(Je] + 29)NJ))’

VN
_ ‘nLNyJ7—(€+(TN7 INY1)) = 1= (jof+20)n ] — (LT (T, [ (2] + 29)NJ))‘ - 2N1/16
VN - VN
In addition, yields the following:
x(N)-1 x(N)-1
(T, [Ny ) =T, [ (|2 +20)N ) = > (i (0T (T, i ))+]1{2>0}) > (i~ (" (T, 1)) +1gi=03)

i=|Ny|+1 =|-(lz[+20)N]+1
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x(N)—1 x(N)—1
= Y @+ — Y (@) +1/2) - +20;NJ —Ny)
=NyJ+1 i=|—(|z|+20) N | +1

Since (Bj )¢ occurs, this yields [(*(Tn, |[Ny]) — ¢t (Tn, |—(Jz| + 20)N|) + L_(‘xH%%NJ_LNyJ] < ]Zﬁj&;}“ G —
SN v GIH2NY/S = [ EONT (a1 A we also have [V (y)— Yy (~[o]—26) <k (£+(Tiv, [ Ny))-

/1@ [NyJ+1 VN .
Z|+20)N|—|N
(T, |~ (2] + 20)N)))| < 2NN . this tmplies sup, o o0 [YViy (y) = Yy (<la] — 20) + HEFEDAER] <
MaX7— 4 1<i<| —(je|+20)N \F| Z |x‘+26 NJC | + 2%16 + 2%3. Moreover, B¢ occurs, hence |I~ + (|z| + 20)N| <
N3/% and (B3)¢ occurs, therefore we obtain that sup yell —Jo|—26] Yy (y) = Yy (—|z| — 20) + L(\x|+2gz/ﬁj LNyJ’ <

|$|+29 NJ oN1/16 oN1/3 < N19/48 oN1/16 oaN1/3 < 5/48
Gl B+ BV < Mo A AV < 9N /48 when

x|4-20
Yy (y) — Yy (—|z| — 20) + L |+222/NJ V] | < 2N~%/%8 when N is

MaxX_ | (|z|+260)N |- N3/4<i< | —(|z|+20)N | f\Z

N is large enough. This yields SuPye[%,f\xFQH] |
large enough.

We also need an explicit expression of the parametric representations. Assume the part of [0, 1] devoted to the
equivalent of Figure (b) in the parametric representations is [an, a’y]. We set ¢ the affine function mapping ay to
—2— and dy to —(|z| + 26?)N Then, if ¢(t) belongs to some (22,200 with i € {I~,...,—[(|z| + 20)N] — 1}, we set
(un(t), 1y () = (#(t) — %, Yy (#(t) — %)), while if ¢(¢) belongs to some [25L, 202] for ¢ € {I~, ..., —|(|z| + 20)N ]| —
1}, we set (uy(t),ry(t) = (% (— N¢( ) + 20+ 2)Yy (H)7) + (Né(t) — 20 — 1)Yy (52)). In addition, we set
(un(t), v () = (|2 —20, §(o(t ] — 20 — LEEZNIEL 46 vy (— || — 26)
and % to 0.

We recall that it is enough to prove |ry(t) — rn(t)] < 2N~1/12. We are going to study |ry(t) — Yy (—|z| — 26) +

))), where  is the affine function mapping —

‘/leqﬁ(t) - %\—/’%@N” We first suppose that ¢(t) € [2’ 2%1) with i € {I7,...,—[(Jz] + 20)N| — 1}. In this case,
r(t) =Yy (6(t) — %) and |92 — L [N(6(t) = %) = |%2 — %] < 5y, hence
N — 20)N
(0 Vi (-lel — 20) + ¥ oty - L 2]
_ |y A WS IN(o(t) — )] — [=(lzl +20)N] = Fo(t) — [N(6(t) - %))
=¥ (900 - 37 ) ~ Vi (lol - 20) + L ¥ 2
_ : _ N(o(t) — %)) = |=(z| +20)N]| VN |g(t) 1 '
i (0 - ) -l -2y YOO L 0)| VR 10001 (3|
is smaller than 2N~5/% 4 . thus |ry(t) — Yy (~|z| - 20) + YN (1) — %I < 2N 4 . We now
consider the case ¢(t) € [, 282] with i € {1, ..., —|(|z| + 20)N ] — 1}. We temporarily denote No(t)—2i—1 by £
for short, with € € [0, 1]. Then we have ry(t) = (1 —E)Y]\?((%)_) +eYy (), |¢—t) — 4| < % and |@ — < L
therefore

ry(t) =Yy (—|z| —20) + \/4N¢(t) _ L_(|5L‘2’\—;N20)NJ |
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=1 —¢) (Yi ((T)) — Yy (=[z[ —20) + “fm) - L_(|x2|\jﬁ20)NJ>
+e (YJJ (S1) - v ol =20+ Y oty - L 20N J)

Yy <<Z+ 1>> — Y]\?(_‘$| —20) + \/4N¢(t) _ L—(’x;;NQQ)NJ ‘

N
Yy (Z;1> — Yy (—|z] - 260) + \/fﬂt) - L_(@\TN%)NJ |

<(1-e)

+e€

VN i
Td’(t) - W‘

<(1-9) vy ((;1)) ~ ¥y (ol - 20) 4 LU LN ‘ F(1-e)
velyy <Z+N1> Y (—fa| - 20) + T L;\(/'“’”NH%)NJ’ e */fw) - ;\jﬁl
§(1—5)y€[1§s:u1|)z20] Yy () — Yiy (—la] - 26) + V2= LQ—\%\HQ)NJ ' +(1_6)\/2N ‘qb(;)_;f
RN L CE VIES UL LS

ye[ L —|z|—20]

_ _ [Ny] — [—(Jz| +20)N| 1 _5/48 1
< sup Yy(y) — Yy (—|z| —20)+ + <2N + —
L [ Yk =) = . —
2,208y with i € {I—, ..., —[(|lz| + 20)N| — 1},

thanks to our bound on the sup. Since this was also true for ¢(t) € [%7,

we have |ry(t) — Yy (—|z| —20) + ‘/Aquﬁ(t) - 7L7(‘Z§%9)NJ | <2N-5/48 4 ﬁ
The latter expression yields |ry(t) — rn(t)| < [rv(t) — Yy (—|z] — 26) + \/Tﬁ(p(t) — %‘ + oN—5/48 4
L —|(e(t)) — Yy (—|z| —20) + @qb(t) - %\/%Q)NH +2N—5/48 4 ﬁ, where ¢ is the affine function mapping
w to Yn(—|z| — 20) and 24~ to 0. Therefore it is enough to prove |p(B(t)) — Yy (—|z| —20) +
Yy (el = 26) + Fo(r) - HET s

g — He2ONITL 404 for ¢(t) = %.

—|x| — 260 —
\/TNCb(t) - %| < N2y ﬁ to end the proof. Now, ¢(¢(t)) —

an affine function of ¢(t), so it is enough to prove the bound for ¢(t) = —|z| — 2

= 2_ By Lemma ¢=(Ty,I7) = 0. Moreover, I~ < —[(|z| + 20)N], hence Yy (%)

We first consider ¢(t) = 5
We deduce
H(1)) — Y (—|z| - 20) + \Zﬁaﬁ(t) N L—(!x;:/rNQH)NJ ' _ ‘—Yi(—\ﬂﬁl )+ \272][V B L—(!mQ\:/rNQG)NJ

v (T it gy s I = L=l +20)N]
~[vw (%) - vtctat 20+ L
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- — Ny| — |—(|z| + 20)N
< sup Yy (y) — Yy (—|z| — 20) + [Ny] — [—(|=| )
I— _jal— 2vVN
YE[ R~z —26] v/

which is enough. We now consider ¢(t) = —|z| — 20 — W Then |p(d(t)) — Yy (—|z| — 20) + @qb(t) -
|=(z|+20)N |
2V N

] ‘ < oN—5/48,

| is equal to

Y (—la| = 26) = Yy (~[z| - 20) +QN (—Ix!—ze— W@’H?Q)NJH) _ L—(!w|+29)NJ‘

N 2V N

<|Yn(—|z| —26) — |z| +20)N — |(|Jz| +20)N | — 1 — 2| —(|=| + 20)NJ’

Yoy (-lel = 26)] + | el

1 1
< |Yn(—|z| — 20) = Yy (—|z| — 20)| + —— < N~/12 4

2V'N
by Lemma 20, which ends the proof for BN {I~ < —|(|z| + 20)N|}.
+ _ _
The argument to show BN {I*T > [(|z| + 20)N |} C {between W and a, [|[uy — un|oo, [Ty — "N]loo <
2N~V 121 is similar and simpler, except for the end of the argument, which we give here. In a similar way as in
the previous case, we must bound |Yn((|z| + 20)7) — Yy (Jz| + 260) + @(\x! + 260 + L(Iﬂfl*}\?H)NJ) — L(|m|2+20 N

VN
Vi (] +26)7) = Yy (|| + 26)| + LRI < vy ((Ja] +26)7) — Yiy ((J2] + 26) )| + Vv (Ja] + 26)~ )
(|x!+29)|—|—4f,henceLemmaHyleldS Vi (2] +20)7) = Yy (|] +20) + ¥ (|| +20 + LN - L=L208] | <

N=V2 vy (2] +20)7) — (|x\+2c9)|+m. In addition, the definition of Y, and (1)) yield that if (|z|+26)N is not
an integer, then Y ((|z|+260)7) = Yy (|#[+20), while if (Jx[+20)N is an integer then |Yy ((|z[4+20)7) =Yy (|z[+20)| =

_ _ _ 1/16 .
ﬁ\ﬁ (TN, (Jz] +20)N — 1) — ¢~ (TN, (Jz| + 20)N)| = ﬁ\n(wHQQ)N,LJF(K (Tn, (Jx| +20)N — 1)) < % since
(B2)¢ occurs. In all cases we obtain |Yy ((|z|+260)7) =Yy (|z|+26)| < %, therefore |Yn ((|z|+20)7) =Yy (Jz|+
20) + @(\x! + 26 + L(Irl-ﬁ%NJ) — L(|$|2-:/2%)NJ | < N“V12 4 Nl/\lj%lm + 4\}N’ which is a bound small enough to end the
proof of the claim. O

5. CONVERGENCE OF THE LOCAL TIMES PROCESS: PROOF OF THEOREM [I] AND PROPOSITION

5.1. Proof of Theorem Our aim is to prove that Yﬁ converges in distribution to (By1{ye[—|z|—26,/x|+26)} )yeR
in the Skorohod M; topology on D(—o00,4+00) when N tends to +oo. Proposition yields that Yﬁ is close to

. N)—1 . |INy|—-1 . .
the function Yy defined by Yn(y) = ZX( 1\)ny+1 G ity € [—|x| — 29,%), Yn(y) = \le )Z(J(JN) Gify e

[%, |z| + 26), and Yn(y) = 0 otherw1se. One has the feeling that by Donsker’s Invariance Principle, Yy should
converge to (B;]l{ye[,|z|,29,|z|+29)})y€R and so we should be able to conclude quickly, but proving rigorously the
convergence in the Skorohod M; topology on D(—o0,+00) is harder than it looks. We are instead going to use a
similar argument with a new process Yy, which will be “like Y, but continuous in [— ]a:| - 20 |z| + 260)”. We will
define it as follows. We first set a process Y}, thus: if Ny € Z then Y} (y) = \F Z Ny+1 G if y € (—oo, M)

N
and Y (y) = \;—N Zi\;?i(_(Jl\,) Gify e [#, +00), and in-between Y}, is linearly interpoled. We then define Y} by
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Yi(y) = Y](,(y)]l{ye[,w‘,%"ﬂ”g)} for any y € R. Then Y} will converge to (By L {yel—|w|—26,]z+20)} )yer and be close
to Y, which is stated in the two following lemmas.

Lemma 24. Y} converges to (B;]l{ye[_|x|_29’|m|+29)})y€1}{ in distribution when N tends to +oo for the Skorohod M,
topology in D(—o0,00).

Lemma 25. P(d, (Y5, Y{) > N~7/16) tends to 0 when N tends to +oo.

Given these two lemmas, the proof of Theorem [I] is rather standard. One may for example look at the end of the
proof of the Donsker invariance principle in [8] (here Yy, converges to the desired distribution instead of having it
outright, but this convergence yields that the probability Yy is in a closed set has the right limit). Thus we only have
to prove Lemmas [24] and In order to do this, we first need two easy lemmas which will also be used later in this
work. If we denote C[—|x| — 26, |z| + 260] the space of continuous functions : [—|z| — 20, |z| + 260] — R, since the ((;)icz
are i.i.d. with law pg which is symmetric so has zero mean, Donsker’s Invariance Principle yields the following.

Lemma 26. Y]([][_|x|_29,|x|+29] converges in distribution to Bm\[_|x‘_297|x‘+29] when N tends to +o0o for the topology
defined on C|—|x| — 20, |x| 4+ 20] by the uniform norm.

The following lemma is also easy to prove.
Lemma 27. If (B2)¢ occurs, sup{|Yn(y) — Y3 (y)| : y € [~|z| — 26, |z| +20)} < N~7/16.
Proof. By the definition of Yx and Yy, we have sup{|Yn(y) — Y (y)| : y € [—|z| — 26, |z| + 20)} < \/%sup{\g-] :
—(|z| +20)N <i < (Jx| 4+ 20)N}, which is smaller than N\;%G = N-7/16 if (By)® occurs. O

We also need the following technical lemma in order to deduce results on the Skorohod M; topology from Lemmas

26l and BT

Lemma 28. Let N > 0 and Z1,Zs € D(—o00,+00) whose possible discontinuities belong to %Z, then we have
A, (Z1(Y) L ye(—|2|—20,|21+20)} JyeRs (Z2(Y) Ly (2| —20,|z| +20)} Jyer) < sup{|Z1(y) — Z2(y)| 1 y € [—|z| — 20, |z] + 20)}.

Proof. Lemma [28| can be shown by writing for each a # |z| + 20 parametric representations of the two processes on
[—a, a] “following their completed graphs together” (one can find an explicit construction of such representations in
the first arXiv version of this paper [3]). O

Lemma [28 will allow us to deduce Lemma [24] from Lemma [26] and Lemma [25] from Lemma [27 and Proposition
which will end the proof of Theorem

Proof of Lemma(24 Let f : D(—o00,+o0) — R be bounded and continuous with respect to the Skorohod M; topology
on D(—o00, +00), we need to prove that T(f(Yy)) converges to E(f (B 1 1ye|—||—20,/z|+20)} )yeR)) When NN tends to 4-oc0.
We define g : C[—|z| =20, [z +260] — R by 9(Z) = f((Z(y)L{ye[-|z|-20,}z|+20)} )yer) for any Z € C[—|z|—20, x|+ 26)].
We then have E(f(Yy)) = E(g9(Yx[[-|2)-20,|z/+20)) and E(f((ByLye(—(o|-26,1z|+20)} )yer)) = E(9(B|[|z|-20, x| +26])):
hence it is enough to prove IE(g(Yy |[—|z|—20,lz|+-261)) converges to E(g(B*||_|z|—20,lz|+261)) When N tends to +oo. Fur-
thermore, Lemmayields that Y](,\[_|x‘_297‘x|+29] converges in distribution to Bz\[_|x‘_297‘x|+29] when N tends to o0
for the topology defined on C[—|z| — 20, |z| + 26] by the uniform norm. Consequently, we only have to prove that g is
continuous for this topology.

Let (Z)ken be a sequence in C[—|z|—26, |x|426] converging uniformly to Z € C[—|z|—26, |z|+26] when k tends to
+00. Then Lemma states that for all £ € IN, dMl((Zk‘(y)]l{ye[—\z|—20,\a:|+26’)})yG]Rv (Z(y)]l{ye[—kc\—26,|x\+29)})y€R) <
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sup{|Zx(y) — Z(y)| : y € [—|z| — 20, |z| + 20)} < || Zk — Z||oo- Since the latter tends to 0 when k tends to 400, we
deduce (Zx(y)1{ye|—|z|—20,]z|+20)} )yeRr converges to (Z(y) 1 (ye[—|z|—26,/z|+26)} )yer When k tends to +o0o with respect to
the Skorohod M; topology on D(—o00,400). Since f is continuous with respect to this topology, (¢(Zk))ren converges
to g(Z) when k tends to +o00. Consequently g is continuous for the topology defined on C[—|z| — 26, |x| + 26] by the
uniform norm, which ends the proof. O

Proof of Lemma 23, P(dyr, (Yig, Y) > AN"YV12) < P(dpy, (YiE, Yor) > 3N~VI2) 4 P(dyy, (Yo, Y3) > N~7/16) when N
is large enough. By Lemmas and P(das, (Y, Y1) > N~7/16) < P(By). Therefore P(dyy, (Yir, Vi) > 4N—1/12) <

P(das, (Y, Yn) > 3N~1/12) 4+ P(B,), which tends to 0 when N tends to +o0o by Proposition and Lemma @ O

5.2. Proof of Proposition (3. Our goal is to prove that for any closed interval I € R that does not contain —|z| — 26
or |z| 4+ 26, the process (Yﬁ(y))yel converges in distribution to (Bl ye[—|z|—26,x|+26)} )yel in the topology on DI
given by the uniform norm when N tends to +oo. We first assume I = [a,b] or [a, +00) with a > |z| + 260 (the case
I = [a,b] or (—oo,b] with b < —|z| — 20 can be dealt with in the same way). We are going to prove that outside an
event of small probability, (Yﬁ(y))yel = 0 = (ByL{ye|—|e|—20,]z|+26)} Jyer. For any y > (|z| + 26) Vv %, by Lemma
we have (*(Ty, |Ny]|) = 0, thus Yﬁ(y) = 0. We deduce that as soon as % < a, we have (Yﬁ(y))yef =0 =
(ByLiye|—|z|—20,]z|+260)} )yer- In addition, when N is large enough we have a > |z| + 260 + N~Y4, Therefore, when N
is large enough, P((Yi (y))yer # (By L gye[—|a|—26,z|+20)} Jyer) < P(IT = (2] +20)N| > N3/%), which tends to 0 when
N tends to +00 by Lemma . This yields that (Yﬁ(y))yg converges in distribution to (By1{ye[—|z|—26,jz|+26)} Jyer in
the topology on DI given by the uniform norm.

We now deal with the case I = [a,b] with —|z| — 20 < a < b < |z| 4+ 20. The idea is that we will be far from the
problems at —|z| — 20 and |2| 4 26, thus Y& will be close to Y% in all I, and Y} converges to the right limit, hence
Y§ too. We first prove the following lemma.

Lemma 29. For any —|z| —20 < a < b < |z|+ 260, we have that IP(HY]ﬂ[a,b} -Yy loo > 2N~Y12) tends to 0 when

N tends to +o00.

Proof. We assume (B2)¢, (By )¢, (B})¢ occurs, as well as [I~ + (|z| +20)N| < N3/4 [T+ — (|z| +20)N| < N3/4. When
N is large enough, we have a > —|z| — 20 + N~Y4 > Lo and b < |z + 20 — N~V4 < , hence [a,b] C (%,%)
Therefore, for any y € [a,b], Lemma 20| yields |V (y) — Yn(y)| < N~/12] and Lemma [27 gives [V (y) — Y (y)| <
N~7/16 hence we get |V (y) — Y (y)| < 2N~Y12, and we deduce HYﬁ][a’b} — Yylaplloo < 2N~1/12 This implies
P(IVy lfa) = Yalo,gillo > 2N 7V12) < P(ByUB; UBL U{|L™ + (2] +20)N| > N3/*F U{|I* — (|2| + 20)N| > N*/*}),
which tends to 0 when N tends to 400 thanks to Lemmas [9] [I3] and [I7] O

[a,b]

Moreover, for any —[z| —260 < a < b < |z[+ 20, by Donsker’s Invariance Principle, Y|(q 5 converges in distribution
to B?|(4 when N tends to +oo for the topology defined on Dla, b] by the uniform norm. The proof of Proposition
from this is standard, as was the proof of Theorem [] from Lemmas [24] and [25]

6. NO CONVERGENCE IN THE SKOROHOD J; TOPOLOGY: PROOF OF PROPOSITION

In this section, our aim is to prove that Yi does not converge in distribution in the Skorohod J; topology
on D(—o0,+00) when N tends to +oo. We will first prove that if Y]\f converges in the Skorohod J; topology,
the limit has to be the same as in the Skorohod M; topology, that is (B;]l{ye[_|$|_29,|$|+29)})y€13 by Theorem
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(this will be Lemma . Afterwards, we will prove that Y]\j,E does not converge in distribution in the Skoro-

hod Ji topology to (Byliyec|—|«|-20,z|+26)})yer Dy finding some closed set = so that lim s.up]\,_>+(>OIE’(}/]\j,E € =) >
P((By1ye/—|a|-20,lz1+260)} JyeR € Z), which is enough by the Portmanteau Theorem.

Lemma 30. If Yﬁ converges in distribution in the Skorohod Jy topology on D(—o00,+00) when N tends to +oo, the
limit is (ByL{ye(—|z|-26,z|+26)} JyeR -

Proof. The idea is that the Skorohod Jj topology is stronger than the Skorohod M;j topology. We assume Yﬁ
converges in distribution to some Z in the Skorohod J; topology on D(—o00,4+00) when N tends to +oo. It can be
proven that for any a > 0 we have dyr, o < dj, —qq. Indeed, this is Theorem 12.3.2 of [I9], whose proof is in the
Internet supplement of that book (just replace the discontinuity points of 21 with their image by A~!). This implies
dnr, < dyj,. Therefore a function ¢ : D(—00,+00) — R bounded and continuous for the Skorohod M; topology is also
continuous for the Skorohod J; topology. We deduce that E(g(Y¥)) converges to E(g(Z)) when N tends to +oo, thus
Y]Q—L converges in distribution to Z in the Skorohod M; topology when N tends to +o0o. By Theorem (1} the limit has
to be (ByLiye[—|z|—20,/c|+20)} JyeR-

We now define our closed set =. The idea behind this definition is that with high probability, Bl’; 426 is at some

€T
|z|426°

Furthermore, at |z[+ 26 the process (B 1 ye[—|z|—26,z|+26)} )yer Will jump directly from Br;H—QH to 0, while Yﬁ, which
1 T

ik l2]420 from 0 without bigs jumps.

Therefore if 61 > 0 is much smaller than B ,,, then Y (y) will enter the interval [d1,201] for y near |z| + 26,
while (B 1y e[~ |2|-26,x|+26)} )yer Will not. We thus set = to be roughly “the function enters [d1,241] around |z| + 20™.
More rigorously, by the definition of B*, the random variable B‘f’; 126 has distribution A/(0,26), hence there exists
01 > 0 so that IP(|B‘“;|+29| < 44;1) < 1/8. Moreover, B is continuous, hence there exists 0 < do < 6 so that
P(3y € [|o] + 20 — da, || 4 20], | By | < 301) < 1/4. We then define = = {Z € D(—00,+00) |Fy € [|x| + 20 — b2, [x| +
20 + 69],1Z(y)| € [01,261] or |Z(y™)| € [61,201]} (the inclusion of Z(y~) was necessary for Z to be closed). Then

P((ByLiye|—|a|-20,z1+20)} Jyer € E) < 1/4. We will prove the two following lemmas.

distance from 0, hence at some point around |z| + 26, Y]\j,E will be close to B thus at some distance from 0.

can make only jumps of order will have to cross the distance separating B

Lemma 31. When N is large enough, P(Yx € E) > 1/2.
Lemma 32. = is closed in the Skorohod Jy topology on D(—o0,+00).
With these two lemmas, the proof of Proposition [2] becomes easy.

Proof of Proposition[4 Lemma yields limsupy_,, oo P(Yx € Z) > 1/2, and the definition of = ensures that

P(<B$1{y6[—|x —20,|x|+29)})y6R S E) < 1/4, hence limsupN_,+ooIP(YAﬁf S :) > IP((Bg]l{ye[—\x|—29,\x|+29)})yG]R S E)
Since Lemma [32] yields Z is closed in the Skorohod J; topology on D(—o00,+00), the Portmanteau Theorem implies
YJ\# does not converge in distribution in the Skorohod Ji topology on D(—o00,+00) to (Byl{yc|—|c|-20,|z|+26)} )yeR
when N tends to +o00. Hence Lemmayields that Y]\? does not converge in distribution in the Skorohod J; topology
on D(—o00,+00) when N tends to +o00, which is Proposition O

Thus it remains only to prove Lemmas [31] and
Proof of Lemma[31]. The idea is that with good probability, when y is a bit smaller than |z| 4+ 20, we have Yi(y)

of the same order as BT;H-?@’ thus away from 0, while when y is a bit larger than ||+ 26, we have Y]\j[:(y) =0, so
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since Yy can only make jumps of order \/—lﬁ, it will enter [d1,2d1]. We now give the rigorous argument. We begin

by assuming that |ViE(|z| + 20 — d2)| > 361 (that is Y (y) is indeed away from 0 when y is a bit smaller than
|z| + 26), (B2)¢ occurs and |[IT — (Jz| + 20)N| < N3/%, and proving that when N is large enough, Y € Z. We
first show Yi£(|x| + 20 + 82) = 0. When N is large enough, % < |z| 420 + N~Y* < |z| + 20 + 5. Moreover,
Lemmaimplies (*(Ty,|Ny|) =0 for any y > %7 hence for y = |z| + 20 + d5. This yields Y;£ (|| + 20 + d2) = 0.
Moreover, we assumed |Yi(|z| 4 20 — d2)| > 361. Furthermore, equations and yield that the jumps of Vi
in [|z] + 20 — 09, |z| + 20 + o] are either \/—lﬁni,Jr(E_(TN,i)) (if we deal with Y}) or \/LNT]Z‘+17+(€_(TN,7: + 1)) (if we
deal with Yy) with i € {[(|z] + 20 — d2)N|, ..., [(|=] + 20 + d2)N| — 1}. Since (B2)® occurs, the jumps of Y5 in

[|z| + 260 — b2, |z| + 20 + J2] have size at most ﬁ(l\fl/l6 + 1/2), which tends to 0 when N tends to +oco. Therefore,

when N is large enough, there exists y € [|z| + 20 — da, |x| + 20 + 2] so that |Y:E(y)| € [01,261], hence Y €
Consequently, when N is large enough, if |YiE (|| 4+20 — 82)| > 301, (B2)¢ and [T+ — (|z| +20) N| < N3/4 then Y €
This implies P(Ya ¢ Z) < P(|Yar (] +20 — 02)| < 361) +P(Ba) + P(|I* — (|| +20)N| > N3/4). In addition, Lemma
|§|and Lemma yield respectively that P(B3) and P(|IT — (|z| + 20)N| > N3/%) tend to 0 when N tends to 4oc.
Therefore it is enough to prove that P(|Y(|z| + 20 — d2)| < 361) < 3/8 when N is large enough to deduce that
IP(Y]\j,E ¢ E) <1/2 when N is large enough and end the proof of Lemma

We now prove P(|YE (|| 4 20 — 62)| < 361) < 3/8 when N is large enough, by noticing Y& (|| + 20 — 62) is close
to Yy (|z| + 20 — d2), which will converge in distribution to B} |120—5, When N tends to +oo. Lemma |29 implies
PV 0,z +20-52] — YRl [0,z 420—60] o0 > 2N"1/12) tends to 0 when N tends to +oo, hence P(|Yy (|z| + 20 — 63) —
Vi (2] 4 20 — 82)| > 2N~1/12) tends to 0 when N tends to +oo, which implies Y (|| 4 20 — 82) — Y|z + 20 — 82)
converges in probability to 0 when N tends to +oco. In addition, Lemma states Y |(—|z|—20,|z|+20] converges
in distribution to B*|[_|;|—29,/z|+20) When N tends to +oo for the topology defined on C[—|z| — 260, |z| + 20] by the
uniform norm, hence Y} (|z|+260—d2) converges in distribution to B[\ 1295, when N tends to +o0o. Therefore Slutsky’s

[

Theorem yields that Yﬁ(m + 260 — 02) converges in distribution to By, 199_5, When N tends to +oo. Moreover, we

defined = so that P(3y € [|z] + 26 — 02, 2| + 20], | B| < 361) < 1/4, hence P(’Bﬁc|+2«9—52| < 361) < 1/4. This implies

that when N is large enough, P(|Y:E(|z] 4 20 — d2)| < 361) < 3/8. O

Proof of Lemma[33 Let (Zy)new be a sequence of elements of Z converging to Z in the Skorohod J; topology on
D(—00,400), we will prove Z € Z. By taking a subsequence, we may assume dj, (Z, Zy) < e~ 1#1720=%2=1/N for any
N € IN*. Then for any N € N*, some ay > |z 4+ 20 + 02 + 1 so that dj, —ay.ay(Z]| ZN|i—an,ay) < 1/N will

exist. Indeed, if it was not the case, for some N we would have dy, (Z, Zy) = 0+°° e~ ds,~aa(Zl[=aa]) ZN[=aa)) N

l)da > f|;r|(f29+52+1 e_aﬁda = e“$|_2‘9_‘$2_1/1\77 which does not happen. For all N € IN*, the fact that we have

dJl,—aNaaN(Z“—aNﬂN}?ZN‘[—(IN,GN]) < 1/N implies there exists Ay € A—CLN,ULN with ||Z‘[—aN,aN]o)‘N_ZN‘[—aN,aN]”00 <
2/N and [[An —Id_q anllec < 2/N. Moreover, Zy € =, hence there exists yn € [|z|+260 — 2, |x|+204 2], | Zn (yn)| €
[61,201] or [Zn(yy)| € [01,201]. We now define yy as follows: if |Zn(yn)| € [01,201] we set ¥y = yn. Otherwise,
since |Zn(yy)| € [01,261] we can take some y)y in [yn — &, yn] so that |Zn(yy)| € [01 — 1/N,26; + 1/N]. In
both cases, we have yy € [|z| 4+ 20 — 02 — 1/N, |z| + 20 + d2] and |Zn(yy)| € [61 — 1/N,261 + 1/N]. Furthermore,
AN —Id—ay anlloe < 2/N, hence |An(yy) — Yn| < 2/N, thus Ax(yy) € [Jz] +20 — 02 — 3/N, |z| + 20 + 62 + 2/N]. In
addition, ||[Z(An(vy)) — ZNn(Yn)]lee < 2/N, hence |Z(An(yly))| € [01 —3/N, 261 + 3/N]. By taking a subsequence, we
may assume that Ay (y)y) converges to some Yoo € [|x]| 4260 — 02, || 426+ d2]. In addition, Z is cadlag, hence there is a

—an,an]»
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subsequence of (Z(An(yy))ven+ that converges to either Z(yoo) or Z(ys). Since |Z(An(yy))] € [61 —3/N, 261+ 3/N],
we have |Z(yso)| or |Z(yy)| in [01,2d1]. Therefore Z € Z, which ends the proof. O

7. CONVERGENCE OF THE STOPPING TIME: PROOF OF PROPOSITION [4]

We want to prove Proposition 4| that is the convergence in distribution of N3/2 (Tn — NQ(’.Q:\ +260)2) to the law
N(0, 2 Var(p_)((|z|+6)3+6%)) when N tends to +oco. In order to do that, we will prove that NS/Q (Ty — N?(|z|+260)?)

is close to 2 [ IJTLTQZG Y (y)dy (where Y was defined at the beginning of Sectlon , then show that 2 [* lﬁ;LTQZe Y3 (y)dy

converges to the desired distribution.

(T — N?(|z| +20)%) — 2f|$|+20 Y, (y)dy| > 5(|2| + 20)N~/12) tends to 0 when N tends

Proposition 33. P(|-—i5 |z|—26

to 4+00.

N3/2

Proof. The result will come from the fact that T can be written as the sum of the local times, which is itself related
to the integrals of Yy and Y;,r , which are close to Yy by Lemma hence to Y}, by Lemma It is enough to

prove that if (Bg)€, (84_)C and (B])¢ occur and if |1~ + (|z| + 20)N| < N8 |1t — (|z| + 20)N| < N°/%  then
\N3/2 (Tn — N%(|x| +20)?) — 2‘[‘75239 Vi (y)dy| < 5(|x| + 20)N—1/12 ] since Lemma|§|implies P(B2) tends to 0 when

N tends to 400, Lemma (17 implies P(B;) and P(B]) tend to 0 when N tends to +oo, and Lemma |13 implies
P(|I~ + (|z| + 20)N| > N°/®) and P(|I* — (Jz| + 20)N| > N°/8) tend to 0 when N tends to 4+00. We assume (Bs)¢,
(B;)¢ and (Bf)¢ occur and |I~ + (|z| +20)N| < N°/8 |IT — (|z| + 20)N| < N°/8  let us study Ty.

In order to do that, we first need to prove an auxiliary result, more precisely that the following holds when N is
large enough:

(6) if i —IT| < N°® 41 or|i— 1| < N® 41 then £+(Ty,i) < AN/ and 0= (T, i) < AN'/19,

We prove ([6) for the case |[i—I~| < N®/8 41, since the other is similar. Let i € Z so that |i—I~| < N°/84+1. We notice
that since |1~ + (|z| +20) N| < N°/® we have I~,i < 0 when N is large enough, so (I)) yields [¢* (T, 7) — E*(TN,I_)] <
D1 <ns/s 41 M= (CH (T, )|, thus since (¥ (T, I7) = 0 we have £ (T, i) < 375 - cnsrsi 75, (CF (T, 5))]- In
addition, we assumed (B2)¢, hence £T(T,i) < i1 j<nsss 1 (N 116 4 1/2) < 3NO/8N1/16 = 3N1/16 when N is
large enough. Furthermore, (2)) implies [¢~ (T, i) — €T (Tn,4)| = |n;— (07 (T, )| < N/ 4+1/2 thanks to (Bs)®, hence
0~ (Ty,i) < 3NU/16 4 NV/16 4 1/92 < 4NT/16 when N is large enough which ends the proof of (o)

We now write Ty as the sum of the local times and relate N3/2 (Tv — N2(|z| + 26)?) to the integral of Y+ and
Y~. We have Ty = > .., (¢7 (T, i) + £~ (Tn,i)). Moreover, Lemma (12| implies that for all ¢ > IT and ¢ < I~

we have (1 (Tn,i) = ¢~ (Tn,i) = 0. Consequently, T = Zgﬂ%ﬁ?@ﬁéewpMJF(TN’i) + £~ (Tn,i)). We thus have

ItVv(|x O)N)/N _
|k (T = N2(|a] +20)%) — [ Y ETEO W (VR () + Yy () dy| < 7 (CH (T, T+ (] + 20)N |) + £~ (T, T+ V

|(|z|4+20)N )+ £ (T, — | (|z|+20)N | = 1) +£~ (T, —| (|| +20) N | —1)). Since we assumed |I~ 4 (|z|+20)N| < N°/%
and [T+ — (|z| + 20)N| < N°/8, equation (6) yields
(ItVv(|z|+20)N)/N

(T = N¥(a| +200) - [ (V3 (0) + Vi (9)dy| < 2 16N11/16 = 16N ~13/16,
(1= A(= (|| +20)N))/N N?

1

M |
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I+\/ (lz|+20)N)/N + |x|+20 . R
We now prove that f( = (al+20)3)n (Yo (4) + Yy (y))dy is close to 2 I (x| +20) YN (y)dy. We begin by considering

f((ﬁ;//(]‘\g,dwg) Ny, () + Y (y))dy. We first assume I > (|z| + 20)N. Since we assumed (B2)¢, (B} )¢ and (B} )®

occur, Lemma E yields \f I+v |z‘+26) )/N(Yﬁ(y) + Yy (y)dy — ini(c]l\—gi(j\; Yn(y)dy| < 2(|z| + 260 — W)N*l/12 +

fi|+/2]\(; Y (y) + Yy (v)|dy. In addltion, we know It — (|z| 4+ 20)N < N*® and (), hence

It/N
Y& Yo d<N—3/8< (T, i e—T,'>
/x|+29 Y W)+ Y DIy < N8 asoiitizsrs © 0 apooiiiaer ¢ 00

< N-3/8N-1/2gN11/16 _ gp7—3/16_

We deduce
(ITV(|z|+20)N) /N |z[+20
/ 0w+ -2 [ v <2 (rx\ 20— X(N)) N2 4 N6
X(N)/N X(N)/N N

We now assume I < (|z| + 20)N. In this case, we have

(It V(|z|+20)N) /N || +26
/ O+ V=2 [ Yty
X

x(N)/N (N)/N

|z|+26

It/N |z|+260
< / Vi) + Vi () — 2V (y)ldy + / YV () + Y ()ldy + / 12V (y)|dy.
x(N)/N It/N I+t/N

Moreover, Lemmalylelds f /N Y (y)+ Yy (v) —2Yn (y)|dy < 2(|z|+20 — X(Jffv)) ~1/12 Furthermore, for y > IW
we have £+(Ty, | Ny]) = 0. Since [I* — (|z] + 20)N| < N%® this yields [V (y)] < §NYV5. Thus [52 [Vif () +
Yy (y)|dy < f|z\+29 NY8dy < N=3/8NV/8 = N=1/4 We deduce

(I'tV(|z|+20)N) /N |z|+20
/ O+ V=2 [ ety
X

x(N)/N (N)/N

N |x|+26
<2 <|x\ + 20 — X()) NTV1Z 4 N4 +/ 12V () |dy.
N I+/N

In addition, for any y € [&7, |z + 26], we have [Yn(y)| < [Ya(y) = Ya(5p)l + [Yv () — Yy (50) + [Ya (5)L-
Lemma [20| yields that \YN(%) — Yi(%ﬂ < N7Y12_ and since It — (|2 + 20)N| < N°/% we have |Yy, ( +)] =

|ﬁ(€i(TN,I+) _ N(W +0)4)| < N8, hence

[Ny]-1
It . 1 1 1
< _ ~1/12 | L as1/8 _ 1/12 4 © n1/8
Y (y)| < ‘YN(y) YN <N>’+N + 2N \/» Eﬁ Gl+N— 2]\7

L(Jz|+20)N]—1 1 1 1
14 NTY12 L /8 < NO/BNL/16 o n—1/12 4 2 £f1/8 ~ 9pr3/16
E |G| + +3 <N + +3 <

i=It

IN

2l
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since (B2)¢ occurs. This implies f|x|+2 2Yn(y)|dy < f‘xH% 4N3/16dy = N=3/84N3/16 = 4N—3/16, We deduce

+/N
\f(ﬁv(le%)N)/N(YJr( )+ Yy (y)dy — 2f>‘:(3|+ Yn(y)dy| < 2(|z| + 260 — %)N‘l/12 + 5N~3/16, Consequently, in
all cases we have | [ I+)V/J|\9;;‘+29)N)/N(Y+( )+Yy (y)dy— 2f|x|+ Y (y)dy| < 2(]36\4—20—M)N*1/12+8N*3/16. One
(N)/N N _
can prove similarly that \f(l /\)(/ (2l +260)N ))/N(Y (y) + Yy (y)dy — 2fx(‘x|¥29 N (y)dy| < 2(|a| + 20 + X )) 112 4
(ItV(|z|+20)N) /N z|+20
SN—3/16_ We conclude that \f(l /1/((‘ (l\:|+%0))/))/N(Y (y) + Yy (y)dy — 2f| |‘m|+29) N(y)dy| < 4(|z| + 20)N~V12 4
16N —3/16,
We are now in position to conclude. Indeed the previous result and imply that when NV is large enough,
L (Ty— |+ Yy < +4(|x|+ + - oreover, (B2)¢ occurs,
a7 (T = N2(ja +20)2) =2 [F2 0 iy (y)dy| < 16N 1316 4(|z|+20) N 1/12 16N-3/16 M By)°
ence Lemma yields sup{|Yn(y) — Ty € |—|x| — x|+ < theretore Yy —
hence L 27 yield Y Y]’\, 20, || +20)} < N=7/6, therefore | [1%\"% ) ¥ (y)d
flx(|‘—;|2f29 (y)dy| < 2(|z| + 20)N~7/16. We deduce that when N is large enough, |Ng/2 (Tn — N%(|z| + 20)?) —
zf‘mlﬁffw (y)dy| < 16N"13/16  4(|z| 4+ 20)N~Y/12 1 16 N~3/16 1 4(|z| + 20)N~7/16 < 5(|z| 4+ 20)N~Y/'2| which
ends the proof 0

0 0
Now that we know w7 (T — N?(|z| + 26)?) is close to 2f|x|r|r220 % (y)dy, we need to prove f'ﬁcf% Y (y)dy

converges to the desired distribution. In order to do that, we will use the convergence of Y} to a Brownian motion

stated in Lemma so 2 [* |I|T2§9 Y3 (y)dy will converge to the integral of a Brownian motion, the law of the latter
being characterized by the following lemma, where we denote by (B;);er+ a standard Brownian motion with By = 0.

This lemma is quite standard (the interested reader can find a proof in the first arXiv version of this paper [3]).

Lemma 34. For any y > 0, the integral [ B.dz has distribution N (0, %)

We are now able to prove Proposition [4]

Proof of Proposition [} Proposition 33| implies ﬁ(TN N2(|z| +20)%) — 2 f'wHQg Y (y)dy converges in probabil-

|x|—26
ity to 0 when N tends to 4+o0c0. Hence by Slutsky’s Theorem, it is enough to prove 2 [* @ I|T239 Y (y)dy converges

in distribution to A(0, Var(p_)22((|z| 4+ 6)> + 6%)) when N tends to +occ to prove Proposition [4| In addition, by
Lemma Y](,\[_|z‘_297‘x|+29} converges in distribution to Bx][_|x|_297|x‘+29] when N tends to +oo for the topology
defined on C[—|z| — 26, |z| + 26] by the uniform norm. Moreover, the integral between —|z| — 26 and |z| + 26 is

|IT2§€ Y (y)dy converges in distribution to f'ﬁ‘fg@ Bydy when N tends to

+oo. Furthermore, B is a two-sided Brownian motion with BZ = 0 and variance Var(p_), hence we can write

20 26 26 . "
flgTLT o9 Bydy = ff|:p\—29 Bydy + fx‘xH By dy where ff|z|—29 Bjdy and f;xH Bjdy are independent. In addition,

f|x|+20 By dy has the distribution of /Var(p-) 1029 Bydy, which is N(0, Var(p,)@) by Lemma |34} and fflﬂﬁl*% Bydy

has the distribution of /Var(p 2|z‘+29 B,dy, which is N(O,Var(p_)w) by Lemma . We obtain that
3 3

flgTLTQge Bjdy has the dlstrlbutlon N(O Var(p ,)M + Var(p ,)%) = N(0, Var(p_) 3 ((|z| 4+ 6)® + 63)). Conse-

quently, f'gTLnge % (y)dy converges in distribution to N'(0, Var(p—)§((|z| + 6)® + 63)) when N tends to +oco, which

ends the proof of Proposition [4 O

continuous for this topology, hence [* @
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