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1 Introduction

We aim to simulate free water flow on a porous underground layer with a derived model of the Euler system and a
numerical scheme already studied in [7]. This is a simplification of the water flow describe in large aquifer, here the
free surface is a shallow water i.e a river or sea/ocean bank, interacting with a bathymetry bound by a substratum
at the bottom and composed of a porous media or permeable materials. The substratum is an impermeable layer
that can be compared with the topology used in most of the shallow water literature. The bathymetry and the
substratum are both fixed in time doesn’t taking into account the erosion of materials, this hypothesis is needed
for the accuracy of the analysis.

This article is divided in four main sections, in §2.1 we introduce a Euler Model from which we derived the Dupuit-
Forchheimer /Shallow-Water model. We recall its main proprieties. We derived the model from Euler in §2.2 with
an vertical integration and then present our model in §2.2.2 with the analysis of the general proprieties of the
model. This section end with the comparison with our model and common models detailed in this introduction.
The numerical scheme is presented in §2.3.1 with the properties of this scheme in §2.3.2. We explain how to compute
the scheme in §2.3.3. We end this article with the numerical experiments §2.4 that exhibit the proprieties of the
numerical scheme.

2 The Dupuit-Forchheimer/Shallow-Water model

2.1 Framework overview

Let us start with the description of the media in which the flow is considered, namely the aquifer. A general illus-
tration is given in Figure 1. Let ¢ > 0 be the time variable, z € R? the horizontal space variable, with d € {1,2} and
z > S (z) the vertical space variable. The flow is only considered over a impermeable surface S (z) € R, namely the
substratum. Above the substratum and below a surface B (z) > S (z), namely the surface level called bathymetry
hereafter, we consider a porous media with hydrodynamic properties describe further. Note that the bathymetry
is not an impermeable surface for the flow and the main motivation of this work leads in the exchanges between
underground flow, i.e. below the bathymetry, with surface flow, over the bathymetry.

We assume that the flow in the whole media, i.e. (z,2) € R? x [S, +00], is well described by the Euler model with
a drag force. It reads
Os+ V- (su)+ 0, (sw) =0

s(Opu+u-Vu+wou) =s _Vp_u)

oo ()
s (Ow +u- Vo +wdw) = s | — ;Pzg)

with the saturation s (¢,z,2) € Ry, the horizontal velocity u (t,,2) € R? and the vertical velocity w (t,z, z) € R.
The fluid density p > 0, the gravity acceleration g > 0 and the hydraulic conductivity of the media & (x,z) > 0
are given parameters. The pressure p (¢, x, z) € R is an unknown taken such that the saturation does not exceed a
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Figure 1: Hlustration of problem geometry and main variables

maximum saturation, sometime called the porosity of the media, otherwise it is set to a fixed values corresponding
to the atmospheric pressure neglected for simplisity i.e.

min (3 —s,p) =0 (1)

with 0 < §(z,2) <1 fixed, defined as the free space where the water can occupied in an infinitesimal volume. In
particular, at the surface, the flow can occupied the whole space and the drag force vanished, hence 5 (z,z > S (z)) =
1and k(z,2 > S (z)) = oco.

At the substratum z = S(z), the non-penetration boundary condition is considered, i.e.

U|S'VS—”LU|S=0. (2)
with the notation ¢ (t,x) = v (¢, z,( (x)).

Proposition 1. The regular enough solutions of the Euler model (E) and (1) satisfies the following energy dissi-
pation law

OHE+V - <<][—35+Ku +Kw> u) + 0, (<55+KH+KM) w> = —g (Jaf® + [w|?)

with the kinetic energy Ky and K., for the horizontal and vertical velocities respectively defined as

2
[u|

K.o— g3 |
" 2

w
and K, = ST
and the total energy E = Eg + Ky + Ky, Eg the potential energy such as Eg(s, z) := gzs.

Proof. We start by multiplying the mass equation by the potential gz to find the potential energy equation.
0€ +V - (gzsu) + 0, (gzsw) = swg (3)

Then we write the two momentum equations under their conservative form, using the mass conservation from the
(E) system

O (su)+ V- (su®u)+ 9, (swu) = s (-% _ %)
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O; (sw) + V - (suw) + 0, (s|w|2) =s (—a;p - % —g) .

Adding the conservative and non-conservative form of the horizontal (resp. vertical) momentum equation and

multiplying by § (resp. ¥) we obtain

[uf® uf® 1 > N _p L
Oy <s 5 +V.|s 5 @u)+ pV (sup) + 0, | s 5 W)= pV (su) —s - (4)
[wp? [wl? [wp? 1 _P NI
O <s 5 +V.|(s 5 U +0.|s 5 W + paz (swp) = p@z (sw) —s - swg. (5)

Summing (3), (4) and (5), it remains to estimate the term multiplied by the pressure p. Using the mass equation
multiplied we get,w

P(V - (su) + 0. (s1)) = p (0, (5 — 5))
9 (p(s—s)) = (5—5) 0

Using the complementarity condition (1),
0=0:(p(5—3)) =pd(5—5)+ (53— 3s)Op.

either p =0 or (5§ —s) = 0, so we can conclude pd; (5 — s) = 0 and our result. O

2.2 Derivation of a unified model for an aquifer

The goal of this section is to derive a reduced model that takes recover classical models in each particular areas,
mainly the shalow-water model [2] in the free surface subdomain and the Dupuit-Forchheimer model [3] in the
porous media subdomain. This derivation is realized in two steps. First using a vertical integration, we recover
a bilayer model which split the two subdomains. Then assuming the hydraulic conductivity small enough in the
porous media, we finally obtain a unified model.

2.2.1 Vertical integration

The two classical models mentioned, i.e. the shallow-water model and the Dupuit-Forchheimer model, basically
assume the same hypothesis that we recall here.

Hypothesis 1 (mono-valuated free surface). Assume that there exists an upper surface n(t,xz) > S (z) such that
the media below the upper surface is saturated and the media above the upper surface is empty of water, i.e.

s(t,z,z) = {3($7z) ij;i(x) <z <t o),

In the framework of the underground flows, this upper surface is called hydraulic table where as it is called free
surface in the framework of free surface flows. Remark that it is an unknown of the study. This assumption imply
that the unsaturated zones are not taken into account in this study. It will be treated in a further work.

It is convenient to introduce the volume of water in each sub domain, i.e.

00 B(x)
Vi (t, ) ::/ s(t,x,z) dz and Vg (t, 2) ::/ s(t,x,z) dz
B(x) S(x)

and the free volume under the bathymetry as

Now remark the following property.
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Proposition 2. Assume that Hypothesis 1 is satisfied. Then the following complementarity condition holds
min (Vg — Vg, Vf) = 0.

Proof. Since the saturation is bounded (1), it follows that Vj (t,2) <V, (2) for any t > 0 and x € R%.
In addition, for a given ¢t and z if V, (t,2) # V4 (x), we have s(t,z,2 = B (x)) = 0 accordingly to Hypothesis 1.
We conclude that s (t,z,z > B (x)) = 0, hence V} (t,z) = 0. O

The complementary condition Proposition 2 imply that there is a unique unknown V = V; + V,. We can now
introduce two new functions V; and V5 that respect the complementarity condition (2) and such as V = V; + V5.

Va (V,z) = min (V3 (z),V) and Vi(Vyx) =V =V (V,x). (7)

We now address the question to write the reduced model of the evolution of the total volume of water V. As it will
be show further, under classical assumptions and following the strategy of layer wise vertical integration, see [1],
the 3D Euler model (E) can be reduced to the following bi-layer model

6tV1 + V (Vlul)
0Va+ V- (Vouy) = G
Viu
0, (Vith) + V- (Villy ® 1) = —gWiV (h+ S) — ;“1 —upG (SWa)
1
O (Voua) + V- (Vo @ Up) = —gVaV (h+ S) — Eu2 +upG
2

where the unknowns are the depth of the water column h (t,z) := n(t,z) — S(x) € Ry, the mass exchanged
G (t,z) € R which ensure that the complementarity condition, Proposition 2, is satisfied, and the averaged horizontal
velocities in each sub domain @ (¢,z) € R? and 0 (t,z) € R9.

Note that @w; (resp. U2) is not defined when Vi = 0 (resp. Vo = 0). We set w3 = 0 (resp. Uz = 0) when V3 =0
(resp. V5 = 0). The total volume of water V, that give V; and V4 see (7), can be recovered from the water depth h
knowing the maximum of saturation. With a small abus of notation used for readability, the total height of water

h (V, z) is choose such that
S(x)+h(V,x)
/ 5(z,2) dz=V. (8)

S(x)
The parameters %1 (x) > 0 and Ra (z) > 0 are respectively the effective hydraulic conductivities in each subdomain.
The velocity ug (t,7) € R? is the horizontal velocity at the interface z = B. As for other layerwise model, this
velocity have to be given from the unknowns. In this work, we use the linear reconstruction
u; + Uz . (u; — 1)
(G)—— (9)

= A
up 2 + Asign 5

with A € R is a parameter set to ensure the energy stability see Proposition 4.
Let us first details the assumptions required to obtain the reduced model (7), (SW3) and (8) from (E). For this we
introduce the small parameter € > 0 which represents the error of modeling.

Hypothesis 2 (Uniform hydraulic conductivity). Assume that the hydraulic conductivity k (x, z) is close enough
from the effective hydraulic conductivities under the bathymetry and over the bathymetry, i.e.

K (l‘ 2) = {Iil (z)+ O (52) if S(z) < z < B(z),
’ Fa (z) + O (£2) if B(z) < 2

Hypothesis 3 (Hydrostatic pressure). Assume that the pressure is mainly governed by the gravity, i.e.
p=pg(n—=2)+0().

This assumption basically imply that the vertical velocity is negligible. It is known as the Dupuit-Forchheimer
assumption in the framework of underground flows and the hydrostatic assumption for free surface flows.
Eventually, we define the vertical-averaged horizontal velocity in each subdomain as follow

1 [ 1 [P
u (t,x) = V/ sudz and uy (t,z) = 7/ sudz.
s

1JB 2
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Hypothesis 4 (Uniform horizontal velocity). Assume that the horizontal velocity is close enough from its vertical-
averaged in each subdomains under the bathymetry and over the bathymetry, i.e.

su(t,z,z) = {5“1 (t,x)+0()  if S(x) <z < Bx),
s Yy Suoy (t,ﬂ:) +O(€) ZfB (1’) S 2.

Remark that this assumption is not required for underground flow using the traditional derivation but it is recovered
at the end. It is required for the derivation of the shallow-water model but can be also justified in specific regimes [4].

Proposition 3. Assume that Hypothesis 1, Hypothesis 2, Hypothesis 3 and Hypothesis j are fulfilled. Then the
bi-layer model (7), (SW2) and (8) is an approzimation in O (€2?) of the Euler model (E).

Proof. Let us first consider the mass equation of the Euler system (E). By integration between the substratum and
the bathymetry and using a Leibniz rule, we get

B
0:/ (Oys + V- (su) + 0. (sw)) dz = Vo + V - (Vouz) — s, (u), - VB —w),) + 55 (ujg - VS —w),).
s

The last term vanish thanks to the no-penetration condition (2). We define the vertical mass flux by G :=
S|p (u‘B -VB — w‘B). Note that this flux should vanish when s, = 0, i.e. if n < B. We get the mass balance of the
underground layer (second equation of (ST5)). Similarly by integration the mass equation of the Euler system (E)
between the bathymetry to infinity, we get the mass balance of the surface layer (first equation of (ST5,)). Now
we focus on the momentum equation of the Euler system (£) written under its conservative form using the mass
equation. By integration between the substratum and the bathymetry, we get

B
oz/ <8t(su)—|—V~(su@u)—l—az(suw)—Szp—sl:) dz
S

B B B
= 0y (Vo) + V- / su®udz —u|BG—/ ﬂdz_/ UL
S S 14 s K

Using Hypothesis 4 and setting ey = u — Uy, we have
B B B B
/ su®udz:/ s(U2+eu2)®(Ug +eup) dz = Vowa®@Ua +-¢ ﬁg@/ sUo dz+/ sug dz ® Ua —|—O(€2).
s s s s

The term in O (g) vanishes since by construction, i.e. ff sudz = f;} sty dz hence ff sty dz = 0.
Then using Hypothesis 3, the horizontal gradient of the pressure does not depend on the vertical coordinate. More
precisely, we have

B B
/ %dz:/ sdz gVn+0 (%) = gVaVn + O (7).
s s

Finally, using Hypothesis 2 and setting ek = Kk — Ko, the last term reads

B B d
/ L UL S
S

K Ko K9
We proceed similarly for the momentum balance of the surface layer. O

Remark 1. As seen in the demonstration of Proposition 3, the mass exchange G should vanish (locally) as long as
n < B. It is actually the case since the total volume V have to reach Vo before the volume in the surface layer increase
thanks to (7). More precisely, considering the time derivative of the complementarity equation Proposition 2, we
conclude that when V < Vq, we have 8,V =0, hence G = 0 thanks to the mass balance in the surface layer.

Let us now define the potential of the conservative forces by ¢ := g (h + S). Before going further in the reduction
of the model, let us highlight the following energy balance of the bi-layer model.
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Proposition 4. For any A > 0, the reqular enough solutions of the bilayer model (7), (SW2) and (8) with the
closure (9) satisfies the following energy dissipation law

2 — |2 2 — 2 2
u; u; _ Vi —
G} <esw2+zv;' 2' >+v- (Z <g<h+S>+ | 2‘ )Vm) D L1
=1

i=1 i=1 "
S(z)+h(V,z)
with Esw, (V,x) = g/ Z5(x, z) dz
S(x)
Proof. This proof is an adaptation of the result given in [1, Proposition 4.2]. Let us start by multiplying the mass
equations by the potential ¢ = g (h +.5), we get the potential energy balance, i.e.
0=0¢ 0V +V-Vity + Vo)) = 0:€sw, + V- (¢ (ViTy + Vouz)) — ViU - Vo — Votiy - Vo, (10)

with 8t55W2 = qS@tV
Now let us start by writing the momentum equations under the non conservative form, i.e. for the surface layer

1% (atﬁl +u - Vﬁl) =-VV¢p—

Summing the conservative and the non-conservative form and multiplying by the corresponding horizontal velocity,
we get the kinetic energy balance, i.e.

— 2 — 2 _
Vi
Oy V1M + V- leﬁl =-Viu; V¢— j1||ﬁ1||2—ﬁ1 . LlB—E G. (11)
2 2 R1 2
Proceeding similarly with the underground layer we get
a (v [ wf — Vo2, U

In order to get the result by summing (10), (11) and (12), it remains to estimate the contribution of the vertical
exchanges, i.e. the last term of (11) and (12). Using the closure (9), we write

— — — 2
<u2. (uB—u;) —T - (uB_1121>>G:_)\||112—2111|||G|

which is negative under the assumption of the proposition. O

2.2.2 Low-conductivity asymptotic limit

In order to go further in the model reduction, one can look at particular parameters setting relevant to geophysical
flows. More precisely, we assume that the media is stratified such that the porosity is constant by layer, i.e.

51(.13) if B <z,

5@ 2) = {sz(x) it §<z<B. (13)
with (51,52) € ]0,1]>. The unknowns can be defined from the volume of water V (¢, z)
V —min (Va,V in (Va,V
h(V,z) = ml?( 2 )+m1n(72 ) and g(V’gj):g(Vl (‘/1+B>_|_V2<V2+S)> (14)
S1 S2 2735, 2 359

with Vg (z) = 35 (B (z) — S (z)), V1 and V, defined by (7). 1y oy, (vesp. 1y y,) are the indicator function such
as 1y ¢, =1ifV < V3 and 0 if not (resp. lyoy, =1ifV > V3 and 0 if not). In addition, we assume that the
hydraulic conductivity is low in the porous media and infinite for the surface layer, i.e.

1 (2) =0 (é) and T (z) = O (Ka) (15)
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with a small parameter K.
With an abus of notation used to highlight the link with the bi-layer model, the shallow-water/Dupuit-Forchheimer
model reads
V1 + V- (Vlﬁl) = -G
Vo =V - (gR2V2V (h + 5)) = G (SW/DF)
o(Viay)+V-(Viay ®1y) = -ViVe —upG

with (7), (8) and the closure of the velocity at the interface reads

1+ Asign(G)_

up B uj. (16)

Proposition 5. Assume the parameters satisfy the scaling (13) and (15).
Then the model (7), (8), (SW/DF) and (16) is an approzimation in O (K3) of the bi-layer model (7), (8), (SW2)
and (9).

Proof. Lets V5 and 1y be expand as Hilbert series as follow

+o0 . ] +oo ) ) +oo ) .
V=Y K", w=Y Kig and  G=) KiGY.
1=0 1=0 1=0

Injecting the expansion in the momentum equation of the underground layer of (ST5), the term of main order
formally reads
VO _ g

and we conclude that ﬁéo) = 0 since by definition us = 0 when V5 = 0. Similarly, the second order term formally

reads

(0) (0) Vz(o)ﬁgl) (0) ~(0)
0= gV} v(h —I—S)—W—l—uBG : (17)
2
with Egl) = % Now we focus on the estimation of the term G(?). Injecting the expansion in the mass equation of

the underground layer of (SW5), the term of main order formally reads
avy" =GO,

For (t,z) such that V (t,x) < V5 (z), we have G (t,x) = 0 (see Remark 1).

For (t,r) such that V (t,x) > V3 (x), using the same arguments, i.e. considering the time derivative of the
complementarity equation Proposition 2, we have that 9,V5 = 0, hence G(®) = 0.

For (t,z) such that V (t,z) = V3 (z), the time derivative complementarity equation is less easy to use. It only say
that one of the two derivatives vanish, i.e. 9;V10;Va = 0 (for regular enough functions). If 9;Vo = 0 then GO = .
Otherwise 9;V; = 0 and V; = 0, hence the mass equation of the surface layer in (SW5) leads to G = 0.

Anyway we conclude that G(9) = 0. Back to (17), we conclude that
Volly = —gRa VoV (h+ S) + O (K3)

That give the mass equation of the underground layer in (SW/DF). In addition, since we have G =0, it means
that the vertical flux G = O (K3). Hence, we can neglect the terms in O (K3) in (9), in particular the velocity Ua,
and keep a model in O (K3), that give the closure (16). O

One step further in the modeling reduction is to consider a particular scaling in the surface layer. In the context
of the simulation of underground and surface flow in an aquifer, one can consider that the flow at the surface is
completely free, i.e.

K1 — 00 and  S(z,z2>B(z))=1.

This scaling does not really simplified the model except that the drag term in the surface layer negligible. However,
this trivial simplification of (STW/DF') seems relevant in practice.
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Proposition 6. For any A\ > 0 the reqular enough solutions of the shallow-water/Dupuit-Forchheimer (7), (SW/DF)
and (8) with the closure (16) satisfies the following energy dissipation law

[ f?

)+ V(e(Vity —RVaVe) + Viwy ) < —kaVa|Vo|?

with € defined as in (14).

Proof. This proof is analogous to the one in the Proposition 4. We remind about the potential ¢ = g(h + S), and
add the two mass equations of (SW/DF') before multiplying the result by ¢ to find the potential energy balance

0=0(0V+V-(Villy —RVaVe)) = € + V- (¢ (Vi — 72VaVg)) — Vil - Vo + RaVa - [V (18)

The kinetic energy balance equation is exactly the same than in the Bi-layer energy balance proof (11).

— (2 — 12 —
o, <v1|“21|> 4V (‘121'V1u1> — VT, - Vé—Ti - <uB — “21) el

It remains to calculate the last term of the right hand side of the kinetic energy balance equation with (16)

u 1+ G u |2
_ul(uB_l;l> :_ul(—’—zgn()ul_u?'l>(;:_)\u21| |G‘,

and we can conclude that these term is negative under the assumption of this proposition. Finally the result is
found by summing (18) and (11). O
2.2.3 Link with classical models in geophysics

This section present situations where the (SW/DF') model is similar in comparison to other classical models. The
(SW/DF') model is used in situations with two layers, one underground and a free surface. For extreme situation
with one of layer nonexistent, the model is analogous to the one layer Shallow Water model

Oh+V-(hu)= 0

2
O (hu) + V- (hu X u+ gh2> = —ghVS (SW)

with h the height of the water, u the velocity vector and ¢ the potential or the nonlinear Dupuit-Forchheimer
equation

uth — gV - (khV (h+8)) =0 (DF)
with h the water height, x the hydraulic conductivity, u the porosity and S the substratum.
Theorem 1. If B =S and5; € R then the solutions of (SW/DF) and (SW) are equivalent.

Proof. B =S implies there is no underground layer, Vo =0, V1 =V, and h = g It means after dividing by the

51
saturation 3y, (SW/DF') can be rewritten
Oy (hay) + V- (huy x1wy) = —ghV (h+5)
After separating the term of the right hand side of the momentum equation, we find the model (SW). O

Theorem 2. If ko =0, 5 € R and V > V3 then the solutions of (SW/DF) and (SW) are equivalent.

Proof. ks = 0 implies that 0;,Vo = G, and V > V5 means 9,V = 0 and G = 0. It implies there is no mass exchange
between the two layers.
815‘/1 + V . (Vlﬁl) = 0
O (Viu)+V-(Viuy xwy) = —gWViV(h+S)
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-Vy V. V-V
In this situation h = ———= + 72, it means h+S = ——=2 + B. Dividing by s; supposed to be constant, we got
S1 52 S1
V-V V-V
) ( _ 2) Y 2w ) = 0
V-V V-V V-V V-V
at( — 2u1>+V-< — 2u1><u1): —g— 2V( — 2+B)
S1 S1 S1 S1
Noting h = V;YQ, we find the model (SW) with h = h; and the topography S = B. O

Remark 2. The saturation 51 is constant for this two theorems, it’s a restrictive hypothesis but a physical one.
Here, 1 is the saturation of the free surface layer, in practice, it means that 51 = 1 for the whole layer.

Theorem 3. If V < Vy then there is only the underground layer, and the solutions of (SW/DF) and (DF) are
equivalent.

Proof. For V. < V3, Vi3 =0, V = V5 and the mass exchange term G = 0, (SW/DF') can be rewrite

BV — V- (gRaVV (h+ 5)) =0

v
In this situation, h = — and the equation become
52

590¢h — V - (gEQEQhV (h + S)) =0

Choosing u = 59 and K = K982 we find the model (DF). O
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2.3 Numerical resolution

This section present the numerical scheme used to obtain an approximation of the solution of the (SW/DF') model.
This numerical scheme is an adaptation of the Centered-Potential Regularization method (CPR) describe in [7].
2.3.1 Numerical Scheme

For any dimension d € N\{0}, the mesh T is composed by polygonal called control volumes, we note my, the surface
area of the k' control volume and Fj the set of its faces. For each face f € Fy, we note by mf the length of the

face, ,u’; = Z:mim the normalized length, k; the control volume such that f = kNky, N, " the unit normal to
jery, M
m
the face f outward to the control volume k. The compactness of the k¥ control volume is noted ), = 27]@
fer, Mf
ak+akf kr akf—akk

For the following scheme, we used the following reconstruction at the face, (a), = —5—" and [a],’ = —%5

The numerical unknowns of the CPR scheme is the potential of the conservative forces ¢} and the horizontal velocity
U}, the subscript & means an approximation in the cell k of ¢ and U at time t" = t"~! + §7*. With the same logic,
we denote x;, an approximation in the cell £ of the positional coordinate . The time step ;" is adapted such that
a CFL condition ensuring the stability of the scheme is satisfied, see §2.3.2. This strategy allows the scheme to be
robust to the regime changes, see [5, 6]. The total water volume are recover from the potential by

o~ min(p,gB(x) . (min(p.gB (1))
V(6.2) =5 (@) ‘ +52<x>(9—s<z>)

Here we describe the function used to compute our solution, the explanation of how we use them are in the section
§2.3.3. The discrete potential is computed based on the two mass equations of (SW/DF), i.e

and Vit =V (og, xk) .

Si (9) =V (d,x) - 5 LN (Fup (6,2) + Fa g (6,2)) - Ny, (19)

feF,

with the function F} ;. an approximation of the surface flux Viu; and the function F5 ) an approximation of the
underground flux —kV5V¢ at the face f along the time step. The flux for the free surface layer is defined by,

Fups (000) = (7 (00) ) = 26, (L2 (ol vt (20)
f

with v € R a given regularization parameter more thoroughly describe in [7] and T the given velocity of free surface.
The function Vi is an approximation of the volume of water in one layer, without the mass exchange term,

6n+1

* k
Vitk (¢, ) == fok Z Fi g (¢, ) Nkf//j”' (21)
feFk
The flux for the underground layer is defined by
Va(V(g,2),x) kg sk
Fago (002) = =y (20 @ N, (2)
f

with xy an approximation of x at the face f.
For readability, we note Fln}'}c =Fijx (¢Z+ ) F;}'}g Fork (¢Z+1zk). The volume for the free surface and
the underground layer are calculated with (7) and note Vi = Vi (V (¢}, xx) , zx) and VoY = Vo (V (¢}, k) , k).

To compute the velocity in the surface layer at the new time step ﬁZH. We set

ntln B n ke \ n ki~
arttartt = vrar - t§k Z( (Fljﬂc Nkf) — 1y, (Fljt}c Nkf) )Nljg
Fe
5;L+1 TR L - (23)
n* n-+
YLk ok Z ((b )kafo
fEF

antt
1 Vﬂ:l 5?+1 k

:— and the positive and negative part functions define by (a)jE =

with the mass coefficient cu"+
la|+a
—_

10
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Note that at this stage, the mass exchanged GZH is still unknown.
Thus, the mass exchange is obtained by considering the difference between the volume of water without the mass
exchange V";', and with the mass exchange VL Tt reads

n+1 n*
Vie + Wik

n+1,n+1 ,__ n* n+1 n+1
O TG =V - VL,§ hence oy, 3

(24)
For the remainder of this article, V"; would represent the function (21) evaluated at the point (¢Z+1, a:k) € R%

To ensure the scheme to be entropy satisfying, the time step must satisfy the following implicit CFL condition, see
§2.3.2

6n+1 _ Vn*

n k 1,k
C ST (FNY) < (25)
o 2
fEF

2.3.2 Numerical analysis

The current section is devoted to the analysis of the numerical scheme presented in §2.3.1. More precisely, we proof
that the scheme is entropy satisfying, considering the mechanic energy as the mathematical entropy.

Theorem 4. Assuming the CFL condition (25) is satisfied and v > 1, the discrete mechanical energy satisfies the
following dissipation law

5n+1
Byt + 2 3 (G5 + G - N b < B - Pyt
k
fEFk

with the discrete mechanical energy E} = E' + K}, the discrete potential energy £ = € (V;", xy) defined in (14)

—=n |2
and the discrete kinetic energy K} = Vf‘k% The discrete flux of potential energy reads
gn+1 . (¢n+1) (Flrijfl + F;?l) _ [¢n+1]§f [V"+1ﬁn]zf,

the discrete flux of kinetic energy reads

—n |2 n |ﬁn |2 _ V 2
n }C u n k k n k n k
g +1 f_ ‘ 12€| (FL;‘rl'Nkf) _ 2f (Fl,}Ll'Nkf) +6t +1 |: 3 :| ‘[¢n+1]kf‘
k

and the discrete dissipation due to the drag force reads

6n+1 V71,+1 Vnx 2
prtl = ték Z </€f< 25 )f+,y5tn+1 (5)f> ‘[d)nﬂ]if’

f€EFy

Proof. The estimate of Theorem 4 is a corollary of the estimates of Lemma 1 and Lemma 2. O

Corollary 1. The inequality of Theorem 4 is a dissipation law in the sense that, by summing over the whole mesh,
the global mechanical energy is decreasing, i.e.
S Er Y B

keT keT

Proof. The results come from the fact the discrete fluxes are anti-symmetric and the dissipation term due to the
drag force is non-negative. O

Lemma 1 (Potential energy estimate). The scheme (19) with the fluzes (20) and (22) satisfy the following potential

enerqgy inequality
6n+1
E +

Z gn+1 f,uf < gk + 6n+1Qn+1 _‘_Pn-&-l’
feF

with the discrete work of the conservative forces and the discretization error

Vi > g Ak
7 ’ [¢n+1}kakfﬂl;
O feFy

n+l ,__
Q=

11
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Proof. The function & is convex in V by parts on the intervals I (z) = [0,V (z)] and I (z) = [V2(z),+o0, [.
We remind that ¢ = g <¥—11 + ‘g/—; + S). In the case where V"™ and V} are both contain in I¥ = I () (resp.

I} = I, (7)), the energy potential function is convex and we can use the same proof find in [7]. In the case where
Vit € IF and VP € I§ (vesp. V' € I§ and V' € IF), the energy potential function £ isn’t convex on the
interval [V}, V.

The function & is continuous by part on [0, V[ and |V, +00] ; the limit on the left hand side and on the right hand
side of V5 of £(V,z) is equal to gV (£52) for both of them so the function & is continuous on [0, +oof.

We can now use the Taylor’s theorem on two intervals [V}, V5] and [V, ;'] with the mean-value forms of the
remainder

_ _ VAL VR P -
& =& (Vamar) + (Vi — Vo) & + wawe (Vk, zk) (26)
Var — V2

& (Vg)k,fk) = g£+l + (V;k - an—H) ¢Z+l + Oy=& (‘ofk,xk) (27)

2

with qS"H ovE (V"Jr1 ) by construction of the function &, Vj, €V, Vo[ and Vi €Var, V;H[. We can also
note that

(VP = V) ot = =0T (Vo = V) — 6 (Vi = Vo) + (67T — éi) (Vo — Vi) (28)
Replacing & (ngk,xk) in (26) by (27) and then using the expression (28), we got

_ o vr V 2 5 V _ VnJrl 2
EET=El = (Vi = V) ot = (ot = ) (Vor — an)_7| . 24| & (Vk>$k>_—‘ 2k = Vi |

2 2 =€ (‘D/k’x’“>

The function € is convex by part on the intervals IF and I¥ so the second derivative term of the equations are
positive. The term ( ntl ak) (Vg’k — an) is positive by monotonic increasing of the function ¢ and V;* < Vy
(resp. V" > V).

Recall that ar = (a)f — [a}],zf , using the discrete potential equation (19) and dividing the potential between the
symmetric and anti-symmetric part, it implies the following inequality

§n+1 &
n+1 n n+1 n+1 n k
et —ep < =S 0 (Frfh+ FEL) (0, N
k fEF
§n+1 nx—n nx=—nik Vi n k n k n
W X (v e bty o () ot s i)
fG]Fk f

From this inequality we recognize the discrete work of the force QZH and the source term P,:H'l in the second term.

To find the anti-symmetrical flux gg;}k, you simply add the sum term [V{“‘ﬁ"]ﬁf - N, ,f 7 [¢" ] to the first term of

the inequality.

n+1
EIZL—H _ 5]? S _ Z gg-&]—clk ,uf + 6n+1 Qn+1 _|_73n+1
fEF:
With this inequality, we can conclude the result of the lemma. O

Lemma 2 (Kinetic energy estimate). Assuming the CFL condition (25) is satisfied, then the numerical scheme (19), (23)
and (21) satisfies a discrete kinetic energy inequality such as

n+1
k
]CZ-H Z gn+1 kfu? < ICZ _ 5tn+1 (QZ—H _ Rz—&-l) )
feF,
with RZ"'l the discretization error

6n+1 Vn* & 2 X

RZJrl — t(s Z ( g ) ‘[¢n+1]kf‘ /”Lf'
k fEFL !
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Proof. We write the equation (31) under the non-conservative form, using (21) to replace V) and the fact that
a= (a)™ — (a)~ for all function a, we write

e —n . Ot g, —up oo kT k
o -+ 85 T ()5S e o

1.f
Ok = Vi Ok

The last term can be rewrite as
ky k k kf k
Z (¢n+1)kafﬂf = Z [¢n+1]kakfﬂf'
feFy fEF)

q) = L _ Lo _ ool

We recall the equality a(b — 5 — %5 — 55—, with a,b € R. To obtain the discrete kinetic energy K", we

multiply (23) by V", u

n v |ﬁzf|2 g |? nl NESY T kg ontl n+1
’Ck _Vl,k _57 9 - 9 (Fl,f 'Nk > My — tQk +Sk
fEF

with the source term

. —n|2 n+1 =n _ =n|2 _
n+1 __ |uZ* B u;fl| n* 6t |uk7f uk| n—+1 ky k
Sy = - 9 Vi — s f%; 5 Fi'y™ - Ny, e
k
We use (21) again and replace V"
* 5?+1 |ﬁZ|2 +1 e\ T |ﬁ2f‘2 +1 kr) k +1 +1
Kim =Ko === > (5 (Ffff 'Nch) - (Fln,f 'Nkf) pp = 0QpT + ST
fEF

It remains to estimate an upper bound of the last term using (29) and the Jensen’s inequality, we get

2

SnJrl 5n+1 Z ‘ ¢n+1 kg ‘
feF )
4 6?+1 ? —n1ks \/ n+1 Er\ \/ n+1 Er\ k
Vi | o f%; ey (F) e I I
5n+1

Z ’—n kf‘ (F{L}-l ,N]’:f)_‘ulfc.

feF,

Then the first term of the inequality is separated into the symmetric and antisymmetric part around each face and
the second term is bounded under a form of the third term using the Cauchy-Schwarz inequality. We get

5"4—1 Vo Ve ky & 2
n+1 n+1 1 1 n k
s < B0 s (M) - [ ) e

fEF
45?“ —niky |2 +1 ke K Vi 5:'“ +1 ke K
Vs Z‘[“n]kf‘ (Ffff 'Nkf) w5 (Fff.f 'Nkf) Ky
LETk\ fery ko fer

Under the CFL condition (25), the last term is non-negative. Each parts of the first term of the inequality are

respectively place in the discretization error R%Tfl and in the flux gféj}l, hence we get the estimate

6n+1
K+ Z gn+1 :f’u/;cc < K7+ o7t (R}H—l _ QZH) .
feFy

Eventually, it remains to estimate the energy balance of the second step of the scheme (32). Using the (24), we get

Gn+1

un+1 ﬁn* _ 5n+1 —n+1
k ko — %t oy
1,k

13



A UNIFIED MODELING OF UNDERGROUND-SURFACE HYDRAULIC PROCESSES

Figure 2: Representation of the algorithm
qg+—q—+1

q—0

5’:«,44’1 < (33) u’ﬂ+1 P (23)

convergence 7

Pratl =(30)
hratl < (14)

ymeatl « (21)

Then multiplying by G} ™' and using the equality a (a — b) = F o2y % we get

—n+1|2 2 n+1 n+l  —nx
Vln]: |uk | _ 1n]: ‘uk' _ 5n+1 Gk {ﬁn+l 2 VAL |uk: — U
’ 2 k9 ¢ k 2
Using (24) one more time we get the estimate
g g
—n+1 —nx|2
n+1 nx __ n* |uk B uk? ’
Ky =Ky =-— N <0
We conclude by composing the two estimates. O
y p g

2.3.3 Practical computation

Here we explain how to use the function describe in §2.3.1 to compute the unknowns c;SZ"H and ﬁZH. The Figure 2
show the algorithm used. This scheme is an implicit-explicit non-linear method using finite volume. First we use an
Newton method on (19) and then an explicit scheme (23) to calculate the velocity. At each iteration of the Newton
method we also calculate the time step (5,?“ control by a CFL condition to keep the energy conservation.

Newton method for the implicit part. To calculate our discrete total mass equation we want to find qﬁZ“,
for each volume control k, such that S7' ( ZH) = 0. This equation is non-linear, thus we need to use a iterative
process called the Newton method, to calculate the solution. Each step of the Newton is denote g and for visibility,
we define the vector of all ¢, as @™ = {¢}"? }rer.

Js (@m9) T = —Sp (@) 20
Pratl — pniyg + 52)#1-1—1 ( )

with Js an approximation of the Jacobian of S.
As show in the left part of the Figure 2, we consider that we have all the values we need at the time n, ¢ to compute
the time n, ¢+ 1. We start by solving the system (30) to compute the solution ®™+1. Then we calculate the height

of the water with (14) to obtain the boundary condition of ¢Z’q+1. We denote hZ’qH =h (V (qﬁZ’QH,xk) ,xk).
With the boundary set for ¢Z7q+1, we used (21) and define V1"Z’q+1 =% (¢, ;). We then compute sttt
with the equation (33) explained in the paragraph about CFL in this section.

When |S (;5%’”“ ‘ < ¢, with e << 1 then ¢y = ¢Z,q+1 and we find the solution to our problem. If not we iterate

another step of the Newton method.

If the underground volume of water is zero then there is no system (SW/DF), because of the hypothesis on the
saturation of the medium, if V3", = 0 then V{", = 0. In the case of V", = 0, then the momentum equation vanish
and it remain only the non-linear system (30)7to solve implicitly. Then we fix a 07 maximum so that we don’t end
the computation with only one time step, because the CFL isn’t necessary anymore.

14
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Upwind finite volume for the explicit part. The scheme for the velocity computation is obtained using an
upwind scheme for the horizontal advection term, a centered estimation of the potential source term and an implicit
centered scheme for the vertical advection term, corresponding to A = 0 in the velocity at the surface (16). The
motivation of the last choice is to minimize the dissipation of energy see Theorem 6.

Practically, the velocity is calculate in two steps, one at the intermediary time without the mass exchange term and
then with it. The following equations is an approximation of the momentum equation (SW/DF') without the mass
exchange term ugG.

Nk —=n* n —n 5n+1 —n n k + n k - 5n+1 n
1,k Uk V 75k Z (uk (Fljl .Nkf) ukf (F +1 Nkf> > V 5 Z (¢ +1) Nk /~Lf (31)
FASIN fEF
The we add the mass exchange term and find the unknown ﬁZ“ with
(Vflijl n 5?+IGZ+1> ﬁZ+1 it (32)

with the expression for G}'*' known (24). The discrete velocity u ' is not defined if both V;;! and 'k are zero.
In order to avoid this problem, as it is classically done in shallow water flows, we set T ”H = 0 when Vlnlj L=o.

CFL used in practice. The CFL condition (25) is implicit and we would like to compare it With a more classical
CFL condition ; thus this CFL condition would be more restrictive. The numerical flux Fln . can be bound as
follow

n k nggn k n v nt17k
ket < Jorw, | e (V) Jie

The sum over the face are normalized, so for each face f can be lower bound by the right hand side of (25),

—_

2 v [l |

: n* n*
min (Vl,k, Vl,kf)

— k
5?+1 ‘(V" )f Nkf‘ 6;L+1
K min (5k,5kf)

>
2~ min (g, 9, ; T
(9%:0k,) min (V{fk, fokf>

¢

Thanks to this inequality, we have the polynomial over ——>t——~
mln(&k ’6’€f)

2
Ot O
- - I —
(Imin (5k75kf)> +ymin (516751@1) ’

s k
‘(V’!‘L un)f'N f‘

\/QA/ Vn* |¢n+1 f’

with z = andy = 2 the two quantities x and y are non-negative so the polynomial
min (Vl lel”;f) min (Vl k,Vf};f)
is negative when (z +y) —2—— < 1 and we can now compute our new CFL condition
m1n<5k ,(Skf )
Vi), N+ \/ Ve e )
t

- < - (33)

min (Vl";, Vln,jf) min (dx, 0, ) ~ 2

2.4 Numerical experiments

The purpose of this section is to numerically illustrate the result of our model and numerical method in 1D on a
homogeneous grid, i.e § = J, € R. The gravity acceleration is going to be g = 9.81. The length of the channel
is L = 1. The other parameters are bound to change between different cases, the regularization parameter v need
to be greater than 1 but depends on whether there are shocks or not in the simulations. The porosity s; and the
hydraulic conductivity & depends of the type of porous media we are studying.

In §2.4.1 and §2.4.2 we show the asymptotic behavior of our scheme: a case with an analytical stationary Dupuit-
Forchheimer solution and a analytical stationary solution of a transcritical steady flow. It is also worth testing the
behavior of our model based on the flow distribution between the porous layer and the free surface.
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2.4.1 Steady flow between two reservoirs
For any smooth solutions such as the water table is always under the bathymetry, we can find a steady states
solutions such as 9:h = 0 in (DF) in the case where the substratum S is constant.

RV - (hV (h+8)) =0. (34)

The porous layer height is B(x) = 5.0, the water height at the entrance is fixed at h(t,0) = 0.5 and the one at the
exit at h(t, L) = 4.5. The analytical solution for (34) is

h(t,z) = \/(h(t, L)2 — h(t,0))z + h(t,0)2.
The numerical solution with & = 1.d — 3 and porosity at So = 0.6 are plotted together with the analytical solution
for a regular space step d, = 1072 and an initial condition h(0,z) = —4x + 4.5 in Figure ?.
The goal here is to verify the behavior of our scheme when the shallow water part of the model isn’t interfering.
The simulation is performed on multiple space step d, = {1/200,1/500,1/1000,1/5000} then we plot the L2-errors
of the water height between the analytical solution and the numerical one.

2.4.2 Transcritical steady flow with constrained hydraulic jump
For any smooth substratum and bathymetry choose such as B (z) = S (z)
3
C

K = hia) +S(2) + g5

Wi

with H, = (%) the critical water depth.

The water depth is solution of this third order polynomial

3
h3+(B—S)h2+%:O

2.4.3 Groundwater overflooding

This simulation is an analysis of the scheme behavior when the Dupuit-Forchheimer is prevailing, more precisely
how it impacts the free surface flow. For this test case and the following one, the substratum is fixed at zero in
the whole space, and the bathymetry is 2z. The water height at the beginning is constant h(0,2) = 0.5, the left
boundary condition is a wall and the height is fixed for the right boundary condition with

cos (7t)

o
In this situation, all the added water of this simulation come from the porous media. The porosity is chosen such
as the underground layer hold as much water than it release water, 55 = 0.5 and the hydraulic conductivity is
equivalent to a very fine sand layer, & = 107°.
The time of the simulation is long 7' > 1000, the space interval is §, = 5.1072 and the CPR-parameter is v = 1 ;
there is no shock in this simulation so the parameter doesn’t need to be increased.

h(t,1) =1.240.3

2.4.4 'Waves behavior on a sand beach

The previous simulation was showing the behavior of the Dupuit-Forchheimer part of the scheme, this one is for
the shallow water part. The case is the common waves behavior on a sand beach case but this time, instead of
considering a non-permeable bathymetry, the beach is a porous media. The settings are the same than before for
the substratum and the bathymetry. The left and right boundary conditions are a wall, the initial condition is a

Riemann problem such as
1.8 ifx <05

h0,z) = {1.1 if not
and u(0,z) = 0.
This simulation is going to generate shock so the CPR-parameter is increased v = 10, it last for a long time again
T > 1000 and the space interval is of §, = 1073 The hydraulic conductivity is the same than before but this time,
the porosity is lesser 5o = 0.3 ; it means the pores are smaller than before.
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2.5 Congested formulation for confined aquifer

Our approach until now didn’t take into account underground river or confined aquifer situations. To add a
congested part to the (SW/DF) model, we are using the work done in [5] with a congested shallow water model.
We chose this approach because it used the same numerical scheme and because our model is derived from a shallow
water model.

If the case is congested, it means we have an non permeable roof R dependent on the space z above the interface
between the free surface and the porous media such that R (x) > B (z) > S (z). The potential is rewrite

(V-V ()

= €T x ii
6 (Vi) = g (h(V,2) + () + 5=y

with V is the maximum value of the water height between the substratum and the roof and 8 the coefficient the
relaxation parameter.
The formulation of (SW/DF') doesn’t change however we need to update the potential energy equation (14).

2

e W) =g (Vo) (i 4 B @) + o) (G +5(0)) +g(v2vﬁ2(x))+

This new ¢ implies that the computation of volume of the water in the numerical scheme §2.3.1 also change. It now
reads

min (¢, g B (x))

V(6.0 = o) ~s@) +m )

g max (¢, gR ()
t s @) (g-R(@)

min (¢, gR (z)) — min (¢, B (x)))
g

3 Conclusion
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