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Summary We propose to separate the waves and eddies in stratified and/or rotating turbulence by using an extended
method exposed in Lam et al. (2020) [1]. This separation takes into account the spatial and temporal distortion due to
the advecting flow, which modifies the dispersion relation of the waves through the sweeping effect. From this separation,
we analyse the transfers and interactions that occur between eddies and waves. Furthermore, this permits the analysis
of the detailed energy cascade and fluxes from the input scale to the dissipative ones.

INTRODUCTION

Internal gravity waves (IGW) in the case of stratified turbulence and inertial waves (IW) in the case of
rotating turbulence are waves sharing some remarkable properties. They both satisfy a dispersion relation
linking their angular frequency l and the direction of the wavevector k. For IGW lA = ±# cos \ and for IW
lA = ±2Ω sin \, where # is the Brunt-Väisälä frequency, Ω is the rotation rate and \ is the angle made by the
wavevector k against the horizontal plane. This was experimentally shown in experiments and in simuations
of IW propagation [3, 4], likewise for IGW in stratified flows [2]. However, the frequency of the waves can
be modified by the sweeping effect (similar to the Doppler shift). This corresponds to the advection of the
waves by a large scale, slowly varying in time background flow. In stratified turbulence, this corresponds to the
vertically shear horizontal flow (VSHF) composed of large velocity band invariant in the horizontal direction
and in rotating turbulence to the geostrophic mode (GM) composed of two opposite vortices invariant in the
I direction. In a rotating experiment [4], the geostropic mode is shown to be the main responsible of the
modification of the frequency of the waves through the sweeping effect. A new 4D decomposition has been
proposed [1] that takes into account the frequency of the waves l and its wave vector k to make an estimation
of the sweeping effect to separate the waves from the eddies. It requires the estimation of a uniform and constant
in time advecting velocity c responsible of the sweeping effect. Using this estimation the waves are separated
from the eddies because the waves are expected to satisfy the inequality lA − |c · k| ≤ l ≤ lA + |c · k|.

SEPARATION TECHNIQUE OF WAVES AND EDDIES

We propose a new separation technique for waves and eddies where the advecting velocity c(x, C) varies in
time and space. This allows us to take into account the non-uniform and the slow variation in time of the
expected advecting velocity. This algorithm requires two stages:

1. The advecting flow of the DNS is extracted to convect the response of a linear Navier-Stokes equation
forced by a series of Dirac forces in time and space. The dispersion relation of the waves is modified by
the advecting flow c(x, C). A filter Z (l, k) is created which considers waves to be in areas of the (l, k)
space with a high level of energy. On the contrary eddies are expected to be in areas of the (l, k) space
with a low level of energy.

2. The filter Z (l, k) is applied to the original DNS to separate the waves from the eddies.

The Navier-Stokes equation with the Boussinesq approximation are solved on a pseudo-spectral code with a
three-dimensional 2c periodic domain size. The forcing is done on the kinetic part of the Navier-Stokes equation,
it consists of a constant influx of energy %. From this algorithm the velocity vector u and buoyancy field 1 are
separated in a wave (superscript F), an eddy (superscript 4) part and a large scale flow like the VSHF or GM
(superscript !). We obtain u = uF + u4 + u! and 1 = 1F + 14 + 1!.

ENERGY BUDGET AND TRANSFER IN STRATIFIED TURBULENCE

We illustrate here the results of our wave-eddy decomposition only for IGW in stratified turbulence, but
similar results are obtained for IW in rotating flows. In a statistically stationary flow, with constant injected
power %, we have an equation of energy budget for waves and eddies on a large period )0 . In stratified
turbulence whithout considering the VSHF flow, it is:
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means that 8 interacts with 9 to give or take
energy to ; (the subscripts or superscripts 8, 9 , ; stand for F or 4). The input of energy % due to the forcing is
separated in an eddy %4 and a wave %F input of energy.

The energy budget can be represented by a Sankey diagram (see Figure 1) where the width of the bar is
proportional to the flow rate. The injected power % on the left is dissipated by nF and n4 on the right and
subject to different interactions ) ;

8 9
where the color indicates the origin of the flow (red=F, blue =4). The overall

energy transfer is from the waves with the transfers )F
44 and )F

F4, and to the eddies with the transfers )4
4F and

)4
FF . By exploring different values of Froude and buoyancy Reynolds numbers, we show that the maximum of

energy transfer from waves to eddies occurs when both are of similar magnitudes (at Re1 ∼ 1). Similar analyses
will be presented for rotating flows.
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Figure 1: Energy budget for a DNS with buoyancy Reynolds number Re1 = 0.9 and horizontal Froude number Fr = 0.015.

It is hard to draw a clear pattern from the direct study of the fluxes of waves and eddies because they
fluctuate a lot. Therefore, we decide to study these statistics through four values (see Figure 2):

• the total positive )+ (resp. negative )−) transfer, which correspond to the amount of energy given (resp.
taken) from waves or eddies.

• the average scale of positive :+ (resp. negative :−) transfer )+ (resp. )−), which correspond to the scale
at which on average the positive (resp. negative) transfer occurs.

For example, in Figure 2a, the strength of positive and negative transfer )4
44 increases when the Froude

number increases. It means that eddies interact more with each other when the flow is more turbulent. In
Figure 2b, the transfer )4

44 participates in a forward cascade (as :+ > :−), and we show that the forward cascade
is stronger at high Froude number (when the flow is more turbulent). The same analysis can be done for the
wave turbulence transfer )F

FF and for all remaining transfers. Surprisingly, we observe that the wave-eddy
interaction results in an inverse cascade for some Froude numbers.
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Figure 2: Statistics of the transfer )4
44 for different Froude number. (a) Total positive )+and negative transfer )−. (b)

Average scale of positive :+ and negative :− transfer.
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