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This paper is devoted to the study of phase transitions associated to a large family of Gagliardo-Nirenberg-Sobolev in-
terpolation inequalities on the sphere depending on one parameter. We characterize symmetry and symmetry breaking
regimes, with a phase transition that can be of first or second order. We establish various new results and study the quali-
tative properties of the branches of solutions to the Euler-Lagrange equations.
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1. Introduction
On the d-dimensional unit sphere, the classical Gagliardo-Nirenberg-Sobolev interpolation inequality,

2 2

d
e (Gl LIy (GNS)

for any u € H'(S%, do), was proved with optimal constant by M.-E Bidaut-Véron and L. Véron °, and also by
W. Beckner * using another method, for p > 2. The case p < 2 and some cases with p > 2 are covered by the
carré du champ method coupled with the heat flow >, Here d = 1 is an integer, do = |$%| ™' dvg denotes
the uniform probability measure on the unit sphere $¢, and d vg can be seen as the measure induced on
s cR4+! by Lebesgue’s measure on R9+L The space L9 (§d, do) with g € [1, +o0) is the standard Lebesgue

1/q
— q
u = ul’do .
lull gy ( L Jlul )

The fact that do is a probability measure means that lullpgsay =1 if u=1 ae. on S? and we also

space with norm

have [lull;q ) = lullpe s for any u € 192 ($%,do) as soon as 1 < g1 < q». The space HY(S4,do) is ob-

tained by completion of the space of smooth functions on s4 with respect to the norm u — (IIVuIIi2 ) +
2

12 (Sd))llz. Inequality (GNS) holds in the range

llzell

pell,2)UR,00) if d=1,2 and pell,2)u2,2*] if d=3, with 2*:= —

2d
a-2-


https://zbmath.org/classification/?q=cc:58J05
https://zbmath.org/classification/?q=cc:35B06
https://zbmath.org/classification/?q=cc:26D10

By convention, we take 2* = +oo if d = 1, 2. The carré du champ method has been extended to nonlinear

diffusion flows 1324

in order to cover the whole range of admissible exponents on manifolds with positive
curvature, with applications to the sphere ?>?!??, Inequality (GNS) can be considered as a special case of
the family of interpolation inequalities in H(S?, do)

_ HEp A

IVully 1260 = 2 1l sa,

I|u|I (1.1)

12sd) T
which depends on a positive parameter A, with optimal constant i(p, 1). One can indeed check that
d=max{1>0:fp,A)=71}.

By construction, the function A — f(p, 1) is monotone non-decreasing and concave. Branches of critical
functions, parametrized by A, which realize the equality case in (1.1), have been characterized by the carré
du champ method *>?7'8  In this paper, we investigate the larger family of inequalities

] 1-0 0
IV U, g0 pA k| (10s50) 2 (“(Z’—_Q'ZM) 1l g (12)
forany u € H(S%, do), where 8 > 0 and A > 0 are two parameters and u(p,0, 1) is the corresponding opti-
mal constant. Depending on the value of 8, we observe several scenarios of phase transition. The case 6 = 1
corresponds to (1.1) and the range 8 > 1 is admissible. The range 6 < 1 deserves some additional care, as
there is another limitation, 0 = 04, where

-2
L—gP=?
2p
is the exponent in the Euclidean Gagliardo-Nirenberg-Sobolev inequality
IIVfII 2 () ||f||i2 ?{d) =6ens(P 1 fllppay Y fE H'(R?, dx). (1.3)

Our purpose is to study A — u(p,0,1) and characterize whenever possible the optimal functions. Let us
define the Bakry-Emery exponent 2%, the parameters y* and 6%, such that 2 < 2# < 2* and 0, < 6% < 1, by
d—1 2 ,y# -1
# # # .
=|—-— -1E" - d 7:=|——+1 f d=2,
Y (d+2) (p-1R2"-p) an (p_z ) i

o o 2d*+1

T d-1%’
p-2
4p-7

-1
2#:+oo, y#:p— and 0%:=3 if d=1.
3

Inequality (1.2) is known, for any p € (2,2%) but only for 6 = 6%, from Inequality (2.4) of 18 This inequality
arises as a consequence of improvements of (1.1) based on the carré du champ method, written in the form

IVul?

i 2/6% 2(6%-1)/6"
— (10 N - (1.4)

2
125 = L7 12(89) | ””LH%)
for any u € H' (S%, do). Our first result deals with Inequality (1.2) and properties of u(p,8, A).

Theorem 1.1. Letd =1, pe (2,+00) ifd=1,2,p€ (2,2*] ifd =3, and 0 = 0. Inequality (1.2) holds for some
optimal u(p,0,1) > 0, for any A > 0 and equality is achieved if p < 2* and 0 > 0. The function A — pu(p,6,1)
is monotone non-decreasing, monotone increasing if 0 > 0, concave and such that, for any A > 0,

wp,0,A)<A and pp,0,M)<A if 1>d0,
wp,O,M)=A if A<df, 0=60" and pe@2"] if d=2 or p>2 if d=1.

Moreover, for any 6 = 0, there is some explicit x > 0 such that

u(p,@,l)~1</11_9*/0 as A— +oo. (1.5)



Whenever u(p,8,1) = A, constant functions realize the equality case in (1.2). If these constant functions
are the only optimal functions, we shall say that there is symmetry because none of the optimal functions
points in a privileged direction. The equality case is achieved by non-constant functions if u(p,0,1) < A, in
which case rotations and multiplications by a constant generate a d-dimensional set of optimal functions.
In that case, we shall say that there is symmetry breaking. The key issue is to understand for which value
of A the phase transition from a regime with symmetry to a regime of symmetry breaking occurs, that is, to
determine

Ar(p,0):=inf{A>0: u(p,6,1) < A}.

We read from Theorem 1.1 that At(p,0) < d8, and At(p,0) = d0 if 8 = 6% and p € (2,2%). Our second state-
ment goes as follows. Explicit estimates of At will be given later, but the general picture goes as follows.

Theorem 1.2. Letd =1, pe (2,+00) ifd=1,2, pe (2,2*] ifd =3 and 0 = 0. Then A1(p,0) is positive and
Ar(p,0) <dO if0 —0, =0 is taken small enough and p < p. for some p, > 2.

Inequalities (1.2) provide us with a simple model of nonlinear phase transition, which fits into the
Ehrenfest classification °. For given values of p and 0, the transition from a regime with symmetry to a
regime of symmetry breaking is driven by the parameter A. The curve A — u(p,0, 1) can either be smooth
(second order phase transition), or give rise to a jump in the derivative with respect to A (first order phase
transition). It turns out that a detailed description can be obtained in the simplest case, d = 1, which is
particularly enlightening: see Section 5 for details and also Section 6 for various numerical illustrations. As
we shall see with less details, similar patterns are also present in higher dimensions.

A key tool for the analysis of (1.1) is a generalized carré du champ method which amounts to evolve the
deficit in (1.1), that is, the difference of the two sides of the inequality, by a nonlinear diffusion equation.
This allows us to reduce the issue of the optimality from a global nonlinear variational problem to a local
problem that can be studied with spectral tools. Such a strategy enters in the class of the entropy methods.
From the point of view of physics, the evolution equation that we use is a diffusion at fixed temperature
and the notion of (generalized) entropy is in fact a free energy.

The symmetry versus symmetry breaking issue in (1.2) provides us with a rather simple mathemati-
cal model, in which both types of phase transition occur depending on the choice of the parameter 6.

9,11
’

Similar results on phase transitions have been observed in Caffarelli-Kohn-Nirenberg inequalities a

well known example of functional inequalities in which symmetry breaking plays an important role, but
which also raises various technical difficulties and is for this reason less understood *>’. The sharp thresh-

34,26

old for the symmetry range of the parameters in such inequalities is known in the critical case and

6,29

in the subcritical case <7, under a condition which corresponds to 6 = 1 in (1.2). However, a complete

parabolic proof based on entropy methods is so far missing and results rely on rigidity results: see >>%7
for partial results based on flows. The analogy between our interpolation inequalities on the sphere and
Caffarelli-Kohn-Nirenberg inequalities can be pushed further, as one can study branches of critical func-
tions as in (1.1), see for instance '3%!°, There is also a family of inequalities involving a parameter 6 < 1

123L16,17,19 that are similar to the properties that we

as in (1.2) which has several qualitative properties
can observe on the sphere. However Inequality (1.2) provides us with a much more detailed example of
the phenomenon of phase transition, especially in dimension d = 1, in a simple functional framework.
Moreover, the regularity of the solution of the nonlinear flow on $¢ raises no difficulty *° (to be compared
with 25337y,

Let us quote some additional entry points in the literature. M.-E Bidaut-Véron and L. Véron proved °
Inequality (1.1) as a consequence of a rigidity result, i.e., the property that there is no other positive criti-



cal point than the constant functions. This strategy goes back to the work of B. Gidas and J. Spruck *°. The
proof of (1.1) by W. Beckner * relies on spectral methods, the Funk-Hecke formula and a duality result intro-
duced by E. Lieb 3", An earlier version corresponding to the range p € (2,2*) was established by D. Bakry and
M. Emery "', using the carré du champ method and the heat flow. We refer to the book of D. Bakry, I. Gentil
and M. Ledoux ® for a general overview of the carré du champ method in the context of Markov processes or
linear diffusion equations, and to several papers '*?*2 for the extension to nonlinear diffusion equations.
Inequality (1.2) is less standard than (1.1) and we are not aware of any specific reference, except for 6 = 6%,
as a consequence of improvements of (1.1) based on the carré du champ method '®. We also refer to a
presentation '® of entropy methods based on nonlinear flows and improved interpolation inequalities, with
further references therein. An important motivation for (1.2) arises from pure states in Lieb-Thirring esti-

mates and interpolation inequalities for systems ®. We finally refer to review papers 254

on, respectively,
functional inequalities and branches of solutions in various frameworks, and entropy methods associated

with nonlinear diffusion equations.

This paper is organized as follows. In Section 2, we state various preliminary results, give some explicit
lower bounds on p(p,0,1) and obtain estimates for the symmetry range. In Section 3, we establish the
asymptotics of y(p,6,1) as 1 — +oo and reparametrize the set of solutions with 6 # 1 by the solutions of
the problem with 8 = 1. How solutions behave near the bifurcation point is studied at formal level in Sec-
tion 4. Section 5 is devoted to the case of dimension d = 1. All non-constant solutions of the Euler-Lagrange
equations can be parametrized by an energy, which provides us with various estimates. In Section 6, we col-
lect numerical results which illustrate our main results and explain why phase transitions are of particular
interest in the study of Inequality (1.2).

2. Preliminary results

Let us consider the optimal constant for (1.2), which is given by the variational problem

(p=2)IVul?, 4 +Allul?

. . 12(59) 12(59)
uip,6,1) = . 19f Qp021ul with Dpoalul = 570 5270 2.1
ueH! ($4,do)\ (0} el 7y gay 10l 2 (g

2.1. Some simple estimates

By using u =1 as test function in (2.1), we have an easy upper bound on u(p,8, A).

Lemma2.1. Letd=1,pe (2,+00) ifd=1,2,pe (2,2*] ifd =3 and 0 = 0. For all A > 0, we have
wip,6,1)<A.

Lower bounds are not as simple.

Lemma2.2. Letd=1,pe2,+00) ifd=1,2, pe (2,2*] ifd = 3. Assume that 0, <6, < 0,. Then we have
”(p,e*y/l) Sﬂ(p;el»]t) Su(p,HZ)A) (22)

Additionally, if0, <01 <0, < p01/(p—2) and O, <0,/0, ifd = 3, then we have
2p6, 210,
pO1—(p-2)0,""" po—(p-2)02)

1
B(p,01,1) 2 ——(p61—(p—2)02) u (2.3)
20,



Proof. Since do is a probability measure, we have || uIIL2 sd) = < uIILp ) by Holder’s inequality so that
1/91 1/92
Ivul?, ., lull?, Vul 254 llull 254
2,020l =|(p-2) LS9 +/1)( Call )) < ((p— )ﬁm) (&) =2, 0,1Ul
1l 14l g0, 1l 0 142, g
which proves (2.2). Concerning (2.2), we may use Holder’s inequality || uIILp(§d) < ||u||Lq(§d) II ulliz(gd) thatis,
lul? lul?, 0\’
2
12(S9) ( L2(S9) ) where 6= q (p 2) 2.4)
I uIILp(gd) Il ””Lq(Sd) plg-2)
If0 > (p—2)/p, this determines g = g(p, ) given by
2p6
0) ;= ———— ., 2.5
q(p,0) 2= 5(1-0) (2.5)

in the range (p,2*) with g = 2* in the limit case 0 =0, = d (p — 2)/(2 p), whenever d = 3, and ¢ in the range
(p,o0)ifd=10rd=2.Let

,0) =2 27
Ap o= 1PN =2, . 2.6)
p—2 2-p(1-0)
Altogether, with g(p,0) = q(p,0) and A = A(p,0, 1), we can then write that
0/6,
) IVul? 2ed llull? 2ed
2y, lul = p—_z (g-2) L°GD LA 12(54) = (1 - g (1 —9))324,91/9,A[u].
q lu ”L2(§d) ||u||m(§d)
If d = 3, the condition g(p,8) <2d/(d —2) amounts to 6 = 8, which proves (2.3) using 8 = 6,/0,. O

Corollary 2.1. Letd=1andpe (2,+o00) ifd=1,2, pe (2,2*] ifd = 3.
If0 =1, then

p(p, ) =ulp,6,A)<A VA>0. 2.7
If6 € 04,1), with q(p,0) and A(p,0, A) given respectively by (2.5) and (2.6), then
(1-520-0)a(q(p.0),Ap,6,1) <up,6,)<A YA>0 (2.8)
under the condition
d=1, pe(2,00) and 6¢€((20,,1),
d=2, pe(2,00) and 6¢€041), (2.9)
d=3, pe,2*] and 6€[041).

If0 e (04,11 and 0 < d/2, then for any A > 0, we have

A 2d

AMla=ze’ @10

0 402
eA) wp,0, ) <A with A= A(p, x )—

— A=
0 (p—2)(d-20)
If d = 3, the lower estimate in (2.10) is remarkable because u(2*,1,A) = u(2*, A) = min{A, d} according,
for instance, to Lemma 5 in 22, so that, using the monotonicity of 1 — u(p, 0, 1), we obtain

w(p,0+,A) =zmin{A, (p—2)A}  with A::Zd(d—Z). (2.11)

Proof of Corollary 2.1. The upper bounds follow from Lemma 2.1, while the lower bounds are conse-
quences of (2.3) with1=60,<6,=01in (2.7),0 =0, <0, — 1in (2.8), and 0, =601 <0, =0 < 1 in (2.10).
In (2.10), the case 8 =1 is covered if d = 3 by taking the limitas 8 — 1_. O



As a consequence, we obtain a rigidity range.

Lemma 2.3. Let d = 3. Under Condition (2.9) and with the above notation, we have
wp,0, )= if A<Ay and pp,0,A0)z=Ly if Azl (2.12)

forsomedy=d(2—-p(1—-0))/2=(p-2)A. Moreover, there is an explicit constant x| (p,0) > 0 such that

1 1-6410)
p(p,H,)L)zmax{ito,Kl(p,H)(m—l) } if A= Ao.

Proof. Tt is known 2122 that ulg,A) = Aif A = d and u(g,A) = d if A = d. Under Condition (2.9), we
deduce (2.12) from the lower estimate on u(p,8, A) in (2.8) with A = A(p, 0, 1) defined by (2.6). Assume that
d 23 so that A> 0, and let x:= lul?,. ol Ull?, ga)- Using (GNS) in the critical case and (2.4) with g =27,
we find that

Dpoalul = ((p-2)Ax+A-(p-2)A)x 917,

Assume that 8 > 6. An optimization with respect to x > 0 shows that

0(p-2)A

1 .
gz*/e O —0,)1-0x/6

1-64/6
) where «i(p,0):=

A
Qporlul =zx1(p,0) ((p——Z)A -

The case 0 = 0, is obtained by observing that limg_.g, x1(p,0) = (p—2)A > 0. O

If d = 3, Lemma 2.3 holds with 1y = (p —2) A. The case d =2, 0 =0, and thecase d =1, 0, <0 <20,
are not covered by Condition (2.9). In these cases, lower estimates require a more sophisticated approach
that we describe next.

2.2. Stereographic projection, scalings and interpolation inequalities

Let us explain how we define and use the stereographic projection. On RY > x, let r = |x| and w = x/|x]|
denote spherical coordinates. On the unit sphere = [Rd“, we consider cylindrical coordinates (pw, z) €
RY x (-1, 1) with p? + z> = 1. The stereographic projection S : S\ {N} — R?, where N € S$¢ is the North Pole
defined by z = +1, is such that S(p w, z) = r @ = x where

r2—1 q 2r
z= an = .
r2+1 p 1+7r2

If v is a function on R%, let us consider its counterpart u:= S~! v on $¢ obtained using the inverse stereo-

graphic projection as
(uoS™) (W =m*?vx) VYxeR? with m(r)=V1+r2)/2.

Forany q = 1, with 6(q) :=2d — q (d — 2), we obtain

q _ d|—-1 |V|q
[ o e

1 -
f|w|2da+—d(d-z)f lul? do = || lf IVul*dx.
sd 4 sd Rd

Notice that §(2) = 4, and §(2*) = 0 if d = 3. We refer to Theorem 2.1 of '® for a statement concerning the
inequality obtained from (1.1) and a special case of (1.2) by the stereographic projection.



Using the stereographic projection, we learn that

dx
)171/0

(p=2)IVlI?, ; +4A—=A) fpa

L2(R4) (1+|xl2)2

2 (812 20 (. g
(fRd(me) |v|de) (fRd W2 4

where the infimum is taken on {v € L?(R?, (1 + |x|?) 2 dx) \ {0} : Vv e L2(R%,dx)} and 6 = &(p). Either v is
constant, in which case 2 poalul = A, or [Vull;2 ®dH >0, which we assume from now on. With the rescaling

w(p,0,1) =S~ 57 int

v(x)=w(§) VerRd, r:m

for any A > A, we find that

200 (P-2)Vv|? +4(A=A) [a dx

L2 ([R%) (1+|x|2)2

(o () 10 @] ™ (o e )
_( . )2‘; T2 (P =D IVWIE, ) +4 (A= A)fRd#dx
|§d|1/d (fuqad (ﬁ)ﬁlzlwlpdx) I(p6 )(fRd (1+4T‘2u|'f|2)2 dx)l—lle
A= A)Oer0 (=D NVWIZ, g0 +4 frd (b dx
|§d|26*/(d9) (fRd (ﬁ)‘mlwlpdx) 2/(p0) (fRd (1+4T|2u‘,)|52|2)2 dx

Assuming that X and Y are positive numbers and using the identity

2poalul:=18"a

)1—1/6 '

69

( X+Y\? 2.13)
0%+ (0 —0,)0-0+ '

0 1-60
> * * —
yl—l/@) =cpX'*Y where cp:

with X = (p-2) |[Vw|? and Y =4 fpa W dx, we obtain

L2(R4) (1+72
1-6 1/6
2 0« |w| *
(p _ 2)0*/0 (A _A)I*B*/B (fle |VW| dx) (fRd —(1+12|x|2)2 dx)
|S4|26+/(d6) ‘o w4 2/p
(f[Red ((1+12|x\2)5’2 X

2poalul =

By yet another scaling, we can get rid of (1 + 72 |x|?) and find that, after minimization,
2/0
2,011 2 k2(p,0) A= A0 with x5(p,0) := (p—-2)0+"0 c}/0 (@%) : (2.14)
where 6gns(p) is the optimal constant in (1.3).
Proposition 2.1. Letd=1.Ifp>2, p<2* ifd=3, and0 = 0, withk,(p,0) defined by (2.14), we have
w(p,0,1) = min{/l,Kg(p,H) (A—A)I-H*’H} VASA.

Moreover, if d < 2, there is some Ay > 0 such that yu(p,0,1) = A if A < Ayp.

Proof. Either the optimal function is a constant, in which case p(p,6,1) = A, or (2.14) applies. If d < 2, we
have A < 0 which gives an explicit 1y > 0, obtained by solving 1o = x2(p,0) (Ag — A)l_e*/ 9 Asa special case,
we have g = (x2(p,0))%0* if d = 2. O

2.3. Existence of an optimal function

Lemma 2.4. Letd =1, pe (2,+0) ifd=1,2, pe (2,2*] ifd =3, and 0 > 0. For any A > 0, there is an
optimal function for (1.2) ifeitherd <2, ord =3 and p <2*.



Proof. If d = 3, Holder's inequality (2.4) applies with 8 = 6, and g(p,04) = 2*. Combined with (GNS) writ-
ten with p = 2%, we obtain

012
0« 1-04 2 2 1-04
< <|———
ltllpsay < Nl 3 oo N1l 5 ) < ( 7= Vil 1uliase | Tl
and, as a consequence, using (2.1),

2

(p=2)v+A . ”v”'|L2(§d)

Zporlu] 2z ————————— =1qppalvl with v=vlu]:= —————.
4 816 Izl
aa—2 "Vt 1) L2(s%)

The existence of an optimal function follows by a standard minimization argument. If (¢,) ;en is @ mini-
mizing sequence for £, 9 1, we can assume without loss of generality that ||upll;2ge) = 1 by homogeneity
of 2 p,6,1- Using 6 > 0, it follows from the above estimate that v[u,] is bounded, thus proving that (i) sen
weakly converges in H'(S%) up to the extraction of a subsequence to some u € H'($%). From the com-
pactness of the embedding H! ($%) — LP(5%), we conclude that u is a minimizer of 2p,9,2- In dimension
d =1and d = 2, a similar method applies except that one has to interpolate with an L7 (S$%) norm for some
q € (p,2%) = (p, +o0) instead of picking g = 2*. O

Notice that an optimization of v — q,, 9 1 [v] with respect to v € R* gives an explicit lower estimate of
2,,0,1[ul which is similar to the optimization on x in the proof of Lemma 2.3.

2.4. Symmetry breaking

We obtain an estimate of the symmetry breaking range by Taylor expanding around a constant perturbed
by a spherical harmonic function.

Lemma 2.5. Letd =1, pe (2,2*) ifd=1,2, pe (2,2*] ifd = 3 and 0 > 0. There is symmetry breaking
in (1.2), thatis, u(p,0,1) < A, if A > d@.
Proof. Let us consider u, = 1+ ¢ ¢ with ¢ € H' (9, do) such that Jsa pdo =0 as a test function:

IVuelly = €2 IVelF, ga)»
luels =1+ l9lZ, g0
luellyy = 1+€* (p =D I@lI7, 0, + 0(€%).

As a consequence, we obtain that

1 Qpﬂ,/l[us] -A 2 A 2 A 2
51£1(1)£—2 T = "V(p”LZ(Sd) ) ”(p"LZ(Sd) = (d— 5) ||(P||L2(§d) <0
if we take a non-trivial spherical harmonic function ¢ such that —Ap =d@p and A > d6. O

2.5. Simple symmetry results

Using a simple monotonicity observation, we obtain the following result.

LemmaZ2.6. Letd=1,pe 2,2%). If0 = 6%, there is symmetry in (1.2), that is, u(p,0,1) = A, if A < d6.

Proof. We start by the following observation. Let X > 0 be a given real number and consider the function f
on R* defined by

£(9) :=9(X% - 1).



It is elementary to compute —f'(0) = X7 log(X%) +1-X7 >0.
Let X := || ”||Lp(§d)/” u”LZ(gd) If A = d 6, we consider two cases:
(1) Either 8 = 1 and we read from (GNS) that

IVul?, g0 = p—(nunmd) 1l ) = &3 1l g0 FD)
d 0 10
> 5 Il FO) = (||u||Lp(§d)||unL2(§d) ||u||L2§d))-

(2) Or 0 € (6%,1) and we know from (1.4) that

IVu)? ||u|| f(6")

L2 Sd) 12(S4)

d ae
2 o Il FO) = o (LA A PN B

If A < d 0, the result follows from

v de 210
IVilasa = 5= Il g NS = N

21-6
(n a0 0l "ulle(§d>)

do -
--5 (uuuL,,(Sd) 1l = ||u||L2(§d])

%

1—9
0
("u”Lp(Sd) ”u”LZ Sd) ”u“L2(§d))

210 —2(1-0)/6 11 .
as a consequence of || uIILp(§d) I u||L2(§d) = | u||LZ sy’ i.e., of Holder’s inequality || ull 2(gay < lullyp(say- The
equality case means that u is a constant. O

2.6. Consequences for the main results

Let us collect the consequences of the above estimates for Theorems 1.1 and 1.2. The proofs (part 2/2) will
be completed in Section 3.4.

Proof of Theorem 1.1, part 1/2. Inequality (1.2) holds as a consequence of Corollary 2.1if0 > (p —2)/p or
equivalently Condition (2.9), and of Proposition 2.1 if either d =2 and 0 = 0,,0or d =1 and 0 € [64,20,].
The existence of optimal functions in the equality cases of (1.2) is established in Lemma 2.4 while the
monotonicity and the concavity of A — u(p,0, ) is a straightforward consequence of the expression of
2p.0,1 given by (2.1). The upper bound p < A and the symmetry breaking property meaning u < A are
the result of Lemma 2.1 and Lemma 2.5 respectively. The symmetry result valid for p < 2% and 6 > 6*
corresponds to Lemma (2.6). As a consequence, the proof is complete except for the proof of (1.5). O

Proof of Theorem 1.2, part 1/2. We deduce that At is positive from Lemma 2.3 if d = 3 and from Proposi-
tion 2.1 if d =1 or d = 2. The fact that Ar(p,0) < d0 is a consequence of Theorem 1.1 (or Lemma 2.5) but
the strict inequality for 8 — 8, = 0 small enough and p in the appropriate range is still to be proved. d

3. Asymptotics, reparametrization and further estimates
3.1. Asymptotics of u(p,0,1) as A — +oo

Heuristically, large values of A correspond to highly concentrated optimal functions, which behave like the
functions obtained by a stereographic projection on the tangent Euclidean space at the point of concentra-
tion as in Section 2.2. Here we shall use the optimal constant £, 4¢ in the Gagliardo-Nirenberg-Sobolev



10

inequality

2_o 2
(IV012, gy + 1012, ) 1017 panlVN], 00 YUEH R, dx). (3.

L2(R%) L2(R4) L2(R4) =

Lemma3.l. Letd=1,p>2, p<2*ifd=3,and0 = 0,. With cy as in (2.13), we have

1/6
Hpa,0=(co c‘géNS(p))

Inequality (3.1) is equivalent to (1.3), as will be made clear in the proof.

Proof. Assume that 0 > 0, and let us consider u.(x) := g~d/p u(x/e) for any x € [Rd, so that

fluglpdxzf lulP dx, fluglzdxzsze*f [ul>dx and f IVuglzdxzs_z(l_e*)f IVul?dx.
R4 Rd R4 R4 Rd Rd

For an arbitrary 1 > 0, we compute

1 0 1-6
IVuel?, oy + —— luell? AR
el2wra) p-2 el2®a) el2rd)

0 1-6 1B bG
:(‘e‘m‘@*)nwu2 2% full? )(:sz"*nuu2 ) =(Ae‘a+—p_zs)

A
12@d) p—2 L2(RY) L2(R4)

where A := IIVulliz(Rd) Il ullign;f))/e, B:=| ulliﬁ?w), a:=2-band b:=260,/0. With ¢y defined as in (2.13), an

optimization on € > 0 shows that

A2y B b)’ _ 00 V2 201-0,) o A 6_9*% 2y 12 32
€ +p—2£ =cp b2 [ uIILZ(Rd) ||uI|L2(Rd) = ¢y b2 GNs(p) ”u”LP(Rd) (3.2)

using (1.3). Taking A = p — 2, we find that Hpdp = 05/9 %éll\?s(p).

choose for u an optimal function for (1.3). The case 0 = 6, is obtained as a limit case using Glirg cp=1. 0O
—Ux

There is in fact equality because we can

The above computation is also interesting if A # p —2. On $%, in the limit as A — +oo, so that
€ — 0, heuristics are simple as soon as we know that optimal functions concentrate: the behaviour of
A — u(p,8,1) as 1 — +oo is determined by the interpolation problem on the tangent hyperplane to the
sphere at the point of concentration, i.e., by (3.1), up to the normalization factor in the definition of do.
This was proved for 6 = 1 in 2. By taking for u an approximation of the optimal function for (1.3) with
compact support in a small ball, which can be done because of the scaling invariance of (1.3), we can
guess from (3.2) that u(p,0,1) = 0(A%~%+) as 1 — +oo. The purpose of the following result is to extend the
results for (1.1) of Proposition 9 and 10 of ? to Inequality (1.2) with 6 # 1.

Lemma 3.2. Under the assumptions of Theorem 1.1 ond, p and@ = 0, we have

_2 )9*/9

w(p,6,1) =x(p,O A% (1+0(1)) as A—+oo where K(p,@)z(lg’fim Hpd,f-

Proof. We do a blow-up analysis based on a change of variables depending on A — +oco. As in Section 2.2,
letm(r) =/ (1+7r2)/2,8(p) =2d— p(d—2) and uy := S~ v) where

x , 1 [p-2 - 1
= - h =\ = = -2)A=- -2 -2).
vy (x) U(T) with 7 2\ 13 and A:=(p-2) 4d(d )(p—-2)
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We take v as an optimal function for (3.1). With r = |x| and 2, 9 » defined in (2.1), we compute

(P-2) IVl g0, + A @=2) I, g )+ A =D a2,
Dpoalurl = :
6
luall?, o N2l s 2
-2
_(p- 2)I|VUAIIL2(Rd)+(/1 A lim(r)~ VA%, gy
D i 2 ot i oa
P
5430 im0l g, M2 0125 2
A-DF (p-2)F (Iv 2
A-DF (-2 (IV0I2, g0 + HImEr) 202, 0 )
- 1(1_2 ap) 1 ip 2
d@(l—*) ->5—20-3) -2
|S9] P2 b Im@r) » vIIL,,(Rd)IIm(rr) vIILz(R,,)

By taking the limit as A — +o0o and using Lebesgue’s theorem of dominated convergence with m(zr) —
1/v/2 a.e., and using the fact that the quotient becomes proportional to the quotient that defines the con-
stant in the Gagliardo-Nirenberg-Sobolev inequality up to a numerical constant, we conclude that

2poalupl =A=' x(p,0)(1+0(1)

as A — +oo, for a constant x(p, 0) that can be computed explicitly, up to tedious but elementary consider-
ations. Consistently with Proposition 2.1 (we notice that x (p,0) = k2 (p,0) in (2.14)), this proves that
lim A%/0-1 wip,0,1) <x(p,0).
A—+o00

f22

We have now to prove the reverse inequality. As in Proposition 10 of =, we argue by contradiction. Let

(An)nen and (u4,,) neny be such that u, € H' (S, do) with | Unllppgay =1forany n €N, limy_..co A = +00,
2y, lun) =p(p,0,4,) and  lim A5 u(p,6,A,) <x(p,6) =7 (3.3)
2/0

12(S9)
that limy, . 4o |l unlng(Sd) = 0. Concentration occurs: there exists a sequence (y;);en of points in s$9 with

for some 1 > 0. We learn from the expression of 2,9 1 that A, [|uy| <«(p,0) /1,11_9*/9 as n — +o0o So

i € I <N, sequences of positive numbers ({;);en and (7;,,) i nerxn and functions u; , € H(S4, do) with
Ujpn=U, ON s NB(yi,rin) and supp u;,c s4 NB(y;,2ri )
such that, as n — +oo,

2 2 2
;”VUL ””LZ(Sd) ”vu"”Lz(Sd) and ;” ui,n||L2(§d) ~ un”L2(§d)
i i

with, forall i € I,

; - o ; WP =i
hI—Poorl'n 0, Y ¢(;i=1 and lim lu; nlPdo=¢;.

n—= ieN =400 JS4nB(y;,rin)

With a blow up argument applied to (u; ;) nen, we prove for all i € I that

0% 2 2
%y
. 9 0
nl—lgloo/ln ((P 2)|Vu;, ””Lz(Sd) +Anllu;, ””Lz(Sd)) Il n”LZ(Sd) =x(p, 9){ .
We may notice that

(p-2)IVu;, n”Lg s + Anllu;, n”Lg §d) (p—=2)IVu; }’l”Lg () + An llu; n”L2 s9)

2 z :
sy, lunlsy
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Let us choose an integer N such that

g

n
; 1- :
IC’) 7 2x(p,6)

™=
™=

(?Bz(

i=1 i

For n large enough, by writing

O0x | N (p-2) “Vulﬂ” 2ed +An”uzn” 2ed N 2
ity L(§)2 L(§)>K(pgz 7 (14 0(1) >1<(p,6)——
=1 llu; n”L2(§d) =1
we obtain a contradiction with (3.3). This concludes the proof. O

We learn from Lemma 3.1 and Lemma 3.2 that
K(P, 0, V) < K(p,0) = iz Gons(p)*'™ YA >0. (3.4)
This estimate is very useful. Taking into account various other results, here is one of the consequences.
Corollary 3.1. With the notation of Theorem 1.2, we have A1(p,0) = At(p,04) forany8 = 0, and

(p-2)A=<A1(p,0x) =x(p,0x) if d=3,
Ar(p,0x) =x(p,0s) if d=1 or d=2.

Proof. By Lemma 2.1 and Lemma 2.2, using the monotonicity of 8 — p(p, 8, 1), we know that y(p,04,1) <
w(p,0,1) < Aif 8 = 6. This proves Ar(p,0) = A1(p,04). If d = 3, the lower estimate on At (p,64) follows
from (2.11), while the upper estimate At(p,04) < x(p,04) is a consequence of (3.4). f d =1 or d =2,
Ar(p,0%) =« (p,04) is deduced from Proposition 2.1. O

Remark 3.1. In view of Corollary 3.1, one can conjecture that Atr(p,04) = x(p,04) if d = 3, as it is the case
ifd =1 or d = 2. One the other hand, one may wonder if Lemma 3.2 is compatible with (2.10), because for
agiven p and agiven 6, A/A = (p—2)(d—-26)/46 is independent of A > 0. We know by (3.4) that y(p, 604, 1)
is bounded uniformly with respect to A > 0, while u(q,0,A) ~ (;;4—92;1—(5'—92)9) AM=0+@DI0 _, 166 a5 A — +o0 if

04(q)=d(g—2)/(2q) > 0. There is no paradox because we obtain 0, (q) = 0 if we take g =2d/(d - 20).

3.2. Reparametrization

As in 9123LI617.19 'the set of optimal functions for (2.1) for 6 # 1 can be parametrized by the critical points

of the problem corresponding to 8 = 1. The precise statement goes as follows.

Proposition3.1. Letd =1, pe (2,2%),0 =0, and A > 0, given. If u is an optimal function for (2.1), then, up

to a multiplicative constant, the function u solves

u=uP! (3.5)

with

1 ul A
A= 9(A+(1 0 (p- Z)WW)) and |ull, o, = (uwangd) P L BT

12(s4)

Proof. Any optimal function u for (2.1) is such that

A 0 0,0, A)\°
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solves the Euler-Lagrange equation

A
9(—Au+p—u) 1-0u  w!
+ = , (3.7)
IIVMIILZ gd) = 2 ||u||LZ ) lu ||L2(§d) ||u||Lp(§d)
that is, Equation (3.5) with A and the multiplicative constant given by (3.6). O

An interesting consequence is the fact that the curve A — u(p,0, A) can be parametrized by A using

IVUl?, o\ (Nl 20, |\
A+ (p-2) 12(s9) 12(S4) ’
llu "LZ(Sd) Il psa

||Vu||L2(§d)

A=01-(1-0)(p-2) and u(p,6,N) =0

L2 (84)

where u is as in the above proof, because
IVul?
llull?

IV ull?
lluel?

v,
P z)ﬁ)
I ”LZ(sd)

% Jup2

12(59) L2 (S9) 12(S9)

+A=0

(p-2) = (up,9, A)) and (p - 2)

L2(S9) LI’(S"’) L2(89)
However, it is not a priori granted that any positive non-constant solution to (3.5) gives rise to an optimal
function for (2.1). We recall that fi(p, 1) = p(p, 1, ). Since Proposition 3.1 applies to = 1, in that case an
optimal function solves (3.5), up to a multiplicative constant. Let us assume that there is some continuous
branch A — u, of optimal functions in the case 6 = 1, which solve (3.5). Assume moreover that there is no

other non-constant solution of (3.5). Then

Ep ) =(p-2 w2,

and we can introduce

IVuyli?
v(ip,A) = L2s%

A

Here we assume that A is in some interval .#. By testing (3.5) with u,, we know that

lugl?
A+ (p-2)v(p, D) = filp, H) —ED

lual?, g
and learn that the curve A — u(p,0, A) is contained in the set
Ap,0,)):=0A-(1-0)(p-2)v(p,A),

{(A@.0,0,M(p,0,0) : 1€} where e BB
M(p,0,1) :=07(p, VO (A+ (p-2)v(p, D)) )

Remark 3.2. If we consider the bifurcation from constant functions, which occurs for0 =1 atA=pu=d,
then by considering the corresponding branch A — u, of positive non-constant solutions to (3.5), we may
notice thatlim,_.4, g(p,A) =d, limy_ 4, v(p,A) = 0 and, as a consequence

lim A(p,6,A) = lim M(p,0,1)=d6. (3.9
A—dy A—dy

The reparametrization (3.8) is also consistent with Lemma 3.2 as A — +oo. From the case 6 = 1, we
know that u(p,A) ~ x(p, 1)&1‘9* so that v(p,A) ~ cA for some ¢ > 0 and recover that A(p,0,1) ~
x(p,0) M(p,0,1)'70+'% as  — +o0 using (K(p,@))e =x(p,1)09/(0 - 0,)90~.

The case d = 1 is of particular interest as all positive non-constant solutions of (3.5) are known, ex-
ist only in .# = (d,+o00) and are uniquely for any given A € .#. However, for a given value of A, (3.7)
may have several non-constant solutions, even if d = 1 or up to a rotation in dimension d = 1. Hence
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the reparametrization in terms of A has to be reserved for numerical computations or a local analysis of
the branches and u(p,8, A) can be estimated only after optimizing 2 p.o,alul on all admissible solutions u
of (3.5).

3.3. Comparison with inequalities on the Euclidean space

We investigate the regime of 8 close to 6, and prove that for p > 2 but not too large, symmetry breaking

occurs for A < d 0.

Proposition 3.2. Letd = 1. There is some p.. € (2,2*) such that for any p € (2, p.) and any 0 € (04,0 +¢) for
some g(p) >0, we have

w(p,0,do) -

1.
ae

Proof. Taking the logarithm of both sides in (1.3), we have
0 2 1-0 2 1
S 108 191 e =~ 08 ) = 08 (ans) + 3 tog [ 1117 ax).

This inequality for p > 2 becomes an equality at p = 2, with €gns(2) = 1. Using 6/, (2) = d/4 where’ denotes
the derivative with respect to p, we obtain

2 ”vf”iZ(Rd) 2 2 If1? 8 2
1Lz ga) log( ”f”iZ(Rd) ) =7 f[ﬂed If1 log( ”f”iz(Rd))dXJr P Cons @ I FIT gay
by taking the derivative with respect to p at p = 2, which the logarithmic Sobolev in scale invariant form
with optimal constant: see for instance Theorem 2 of *°, Inequality (2.3) of * or Inequality (26) of '°. Hence
we deduce that %éNs 2)= % log(m d e/2). Altogether, this means that

li -Z¢
Ateo  dO, dlsdEd ~ d

2/d
p(p,0x,A) 2me  2e (%)

27 '
As a function of d, the right-hand side is increasing with limit 1 as d — +oo according to Stirling’s formula,

which proves that

0., A
im 220N 1y 1 enx (0, +00). (3.10)
p~2+ d 6*

We apply (3.10) with A = d 6 and use the continuity of u(p, 8, 1) first with respect to p and then with
respect to 6, as a consequence of the reparametrization. O

To get an upper estimate of 6gns(p) in an arbitrary dimension d = 1, we can use concentrating Gaus-
sian test functions. Using (3.4), we obtain

2
_ _ -2 2/d
1P, 02, 1) <K (p,0,) = Lk Gons (D)% <g(p,d) = LL2E"— T (4] (3.11)
2 dp-2 pa

for any A > 0. The condition g(p, d) < d 0, shows that for 8 — 0, > 0 small, symmetry breaking occurs for
A < d6. Checking the condition g(p,d) < d6y is easy to implement numerically. Solving g(p,d) = d0

gives a lower estimate on p.. See Section 6.6 for more details.

3.4. Consequences for the main results

With the estimates of Section 3, we can complete the proofs of Section 2.6.
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Proof of Theorem 1.1, part (2/2). For large values of 1, the estimate of i (p,8, 1) given by (1.5) is the result
of Lemma 3.2 with x = x(p, ). O

Proof of Theorem 1.2, part (2/2). It is easy to rephrase the result of Proposition 3.2 as the fact that At(p, 0) <
d0if 0 — 0, = 01is taken small enough and p is in the appropriate range. |

4. A formal Taylor expansion near the bifurcation point

We consider the minimization problem (2.1) and investigate as in 17 the behaviour of the branch that bi-
furcates from the constant functions by formally expanding 2,41 on the lowest spherical harmonics in a
neighbourhood of A = d 0. The reader who is not interested in the discussion for an arbitrary dimension
d = 1 will find in Section 6.3 a shorter version specific to the case d = 1.

In order to avoid heavy notations, assume that p and 6 are given, let us write A(1) = A(p,0,1)
and M(A1) = M(p,0,7) for the reparametrization of (3.8), and consider the parametric curve € : 1 —
(A(/l), M ()L)). If’ denotes the derivative with respect to A, let

B ML)
s() = N 4.1)
We shall also need
6 (d+2)(d+3)(p-2) (4.2)

T 2(p2+2p-6)+d(pE+6p—12)-di(p-27°"

Proposition4.1. Letd =1, pe (2,+00) ifd =1,2, pe (2,2*] ifd =3 and 6 = 0. Assuming that € is analytic,
there is some e > 0 such that the parametric curve € : |d,d +€) — (R*)? has the following properties:

(1) If0 # 6y, the curve € bifurcates from (d6,d0) tangentiallytop=A,i.e., M(d) = A(d) =d0 ands(d) =1,

(2) The curve € is concave and below the line i = A on a right neighbourhood of the bifurcation point, i.e.,
AN(A) >0, M'(A) >0 ands'(A) <0 forany A€ (d,d +¢) if0 > Oy.

(3) The curve € is convex and above the line u = A on a left neighbourhood of the bifurcation point, i.e.,
AN(A) <0, M'(A) <0 ands'(A) >0 forany A€ (d,d +¢) if0 < 0y.

Proof. The proof relies on a formal Taylor expansion in which we neglect higher order terms without jus-
tification, based on our analyticity assumption. Let us start by introducing the lowest spherical harmonic
function that are needed to obtain the leading order terms.
On the sphere S$¢, we consider the Laplace-Beltrami operator restricted to the functions depending
only on the azimuthal angle ¢ € [0, 7]
Lf:= (sin()lfd di( ((sin()d*1 Z—jg) .

On [0, 7], we consider the probability measure

VAT(§)

dagzzid(sin()d_ld( where Zj; ::f0 (sin()d_ldg“z T, .
2

The spherical harmonic functions

d+3
@o():=1, ¢@1)=Vd+1cos(, <pz=\/%(d+l)((coso2—l),
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are normalised eigenfunctions in L2([0, 7], do;) of £ with eigenvalues 1o =0, A1 = d, A2 = 2d +2 such that

d+1 2d
45— 2 =] == 2 do = j =
Ld|¢1| d0_3d+3r de)ﬂ (pZdU d+3, Ldkpll dU 1 Vl 0)172)

f(pldO':f (png'Zf (pl(pzdozf I(pzlz(pldozf (p“;’dazo.
§d §d §d §d §d

According to Section 2.4, the Taylor expansion of 2 po.All +E@1] at order €2 shows that uip,6,A) < Aif
A > d@, while Qp,gyA[u] is linearly stable at u = 1 if A < df. Moreover, we know from (3.9) that A(d) =
M(d) =d®0, so that u(p,0,d08) = d6. In order to understand the bifurcation of A — u(p,0,A) at A =d0, we
have to perform a Taylor expansion at higher order. The unique positive solution of (3.5) which is constant
isu=(Alp- 2))””’ ~® and we consider the expansion with respect to A in a neighbourhood of A = d. Let

1

ue = (%) 772 (1+eag +€°bgy) . 4.3)
A direct computation shows that
d 7% 2 2 2
(5%5) 72 IVttelF, ga) = da” +2(d + 1) b7,
d 33 2 2 2
75) 7 el gay = 1 +2% +b7,

d \-35 2 2.2 4 . 2 d .2y (p=2)(d+p) _4
(ﬁ) ﬂZIIuSIILp(Sd)=1+(p—1)(a g7 +ce’) with c:=b"+(p-2)\/F5a b—%a

With these preliminaries in hand, our strategy can be decomposed into three steps and goes as follows.
(1) If 6 = 1, we know that the curve € bifurcates from (A, u) = (d, d) as a concave function A — p(A), to the
right and below the line ¢ = A. We can compute an approximation on the lowest spherical harmonic
function by minimizing 2,1 1 with respect to the corresponding coefficients.
(2) We use the reparametrization of Section 3.2 to obtain a curve which bifurcates from (A, ) = (d 6, d9).
(3) We discuss the behaviour of € in the neighbourhood of the bifurcation point depending on 6.

Step 1: the case 6 = 1. In view of the Taylor expansion of Section 2.4, let us take A = A(¢) := d + £ and
consider u, given by (4.3). A minimization of 2,1 1) [u.] with respect to a and b shows that

d+2)(d+3)(p-2)
2dd+1)(p-1)(2d-p(d-2)

Qp 1,10 [Ue] = Ale) — et +o(eh

for the optimal choice of a and b given by

a_\/ (d+2)(d+3) VAd+3)

d b .
dd+)(p-n@d-pd-2) VZ(@d+1)2d-pd—2)

Step 2: the reparametrization, the case 0 # 1. According to Section 3.2 and with the simplified notation
p) =pu(p,A) and v(1) =v(p,A), we have

2
IVetel, o

2
A

v(Ae) = +oe) =ae’+ % Be* +o(eh 4.4)
where
. (d+2)(d+3) ﬁ_(d+3)(d2(d+1)(p—1)2—(d+2)2(d+3))
S d+D)(p-1)Q2d-p(d-2) a dd+1)2(p-1)22d-p(d-2)>?

’

and p(A(€)) = 2,140 [ue], that s,

d+2)(d+3)(p-2)

2dd+1)(p-1)(2d-pd-2)° (4.5)

p(Ae) =d+e* —ye* +o(e?) where y=
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Step 3: discussion. In our simplified notation, the reparametrization (3.8) can be rewritten as

AN =0A-1-0)(p-2)v() and MM =0uM? (A+(p-2)vn) 0,

From the analyticity assumption, the derivatives can be computed order by order in terms of €2 and we
obtain that

Nd)=0-1-0)(p-2)a>0
if and only if 6 > 6. By direct computation, we have

_ 1-1/6
A+(p Z)V(/l)) v 1)( o)
ey A+ (p-2vY)

and for A = d, u(d) = d, while we learn that v(d) = 0 and u'(d) = 1 from (4.4) and (4.5) respectively. Alto-
gether, we obtain

1/6
M'(A) =u/m)( ) (1+(p-2v'W)

Md)=0-1-0)(p-2)a=A(d).
As a consequence, the slope s of the curve € defined by (4.1) satisfies
s(dy=1 if 6#0,.

If 6 # 0y, let us observe that
B s'(d) 3 M'"d) A'(d) 3 M"(d)-AN'(d)

/ — =
sSD=Sa " @) N N (d)

where
AN'(d)=-1-6)(p-2)B and M”(d):—,u”(d)+(p—2)%((p—Z)az—dHﬁ).
Altogether, we have the identity
1-6
/ A =—(p=2 2 2
s (d) N (d) (p-2) 0 ©

from which we deduce the concavity (resp. convexity) property of € if 0 > 0 (resp. 0 < 0y). O

5. The one-dimensional case

5.1. Computation of the branch with@ =1

1
Let us consider the solution of (3.5), up to a multiplication by (M (p— 2)) r-2_The 2 m-periodic solution of

-u'+ (u-uP')=0 on R (5.1)

is changed into the T-periodic solution of
- v"+v=0vP"! on R (5.2)
with T =27 /Al (p-2) if u(x) = v(y/A/(p - 2) x). Since
_1n 12 1P
E= zlv |“=¥ () where ¥ (v):= 5 vl —,;|U|
is constant, we learn that

W' =V2(E+7 )
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and can compute the period of a periodic positive function as

T(E)/Zd dw
TE)=2 =2 -
= fo * fms) 2E+T W)

where
I(E):={w>0:E+7V(w)>0} VE€(-040)

and 04 = (p—2)/(2 p) = min,» ¥ (w). Changing variables with A = A(E), we can compute

27 _ T(E) -2
f ul? do ”p f widx=Y"""7.®), (5.3)
0 VA
27 \/Z

2 :—f Rax=—Y2 k), 5.4
fo |lw|“do 2 /=24 [v'|“dx P2 (E) (5.4)

with

E d d K(E f\/2E7/ ) d
]q()/I(E)\/mwan (E):= (E+7V(w)dw.

According to 32 (also see earlier references therein), the function T': [-60,,0) — R* is monotone increasing
with

E_,l(i_nél*)+ T(E)=2n and Eli—»nol, T(E)=
The concave curve 1 — [i(p, 1) can be parametrized by E. With a slight abuse of notations, we can consider
A and 1 as functions of E and write

AE) = (p —2)( i )) )
2m

—2) [P\ Pdo + AE) [2" ulPdo — -2
ﬁ(E):(p ) Jo F 11 do + AE) [ ul S ) VP K(E) + J2(E)

(& o) /i® Jp(BP

For later purpose, it is also convenient to define

14121 AE) KB)

v(E):= .
”u”L2(§l) p_z ]2(E)
Altogether, we have
T(E
ME)—( —2)( ( )) )
27
p-2
_ T(E) T(E)\” » K(E)+]2(E)
E 2 (5.5)
H(E)=(p— )( ) ( 2 ) IAGEC
T(E) = (T(E)) K(E) .
27 J2(E)

Remark 5.1. Notice that

(5.6)

p—z)"* K(E) + Jo(E)

_ — -0,
H(E) = (A(E))l ( 2 ]p(E)Z/p
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Since limg_.o_ T(E) = +oo and J2(E), J,(E) and K(E) converge as E — 0, respectively to

-2
P20, (5.7)
p+2

2

1 p_—l—Z(p)ﬁ \/ﬁr(%)

0)=- —_p=
J2(0) 1p-2 F(ﬁ+%)

we recover the result of Lemma 3.2 in dimension d = 1 if 6 = 1. For details on this computation, see for

2p
» Jp(0)=——J2(0), K(0)=
p+2
instance the proof of Lemma 3 in 2.

5.2. Computation of the branch with 0 < 1: reparametrization

If 0 € (B4,1), we know from Section 3.2 that any optimal function for (2.1) is, up to a multiplication by a
constant, a solution of (5.1) with

A+(1-6)(p-2)

2
121 1wl 1y
0

2
hul?, g,

which provides us with the reparametrization (A, u(p,6, A)) by E— (A6, E), u(6, E))

AB,E):=0AE)—(1-0)(p—2)V(E) = (0—(1—9) K(E) )Z(E),
J»(E)
! 5 (5.8)
lugl? 0 _  K(E —2 B \i
1O, E):= (A0, B) + (p-2V(E)) ﬁ) - [rom im0 [ (25
lugl?, o, YA Y- B VARE

where 1z denotes the solution of (5.1) corresponding to A = A(E) and J, and K are defined respectively
in (5.3) and (5.4). Using the computations of Section 5.1, we obtain

K(E) ) ( T(E) )2
AO,E)=(p-2)[0-(1-0 ——
6,E)=(p )( ( )]2(5) o7
K(E)\(T(E)\* ( T(E) 57 J2(E) 0 9
— _ 4 2
HE.E) =6 2)(”12(5))( Zn) ( 2 ) (J,,(E)Z/P)
Remark 5.2. As alimit case corresponding to 8 = 6, we read from (5.9) that
1
K(E)+]2(E)( J2(E) )K
0.,E)=0 -2
plx, E)=04(p-2) 1o (E) T, (ERTP
Using (5.7), we obtain
00— Tim 0.5y = 272 p+2),,42 J2(0)
PO = pIg KO 5= p+2 \ 2p w2
with J»(0) given by (5.6). Taking into account (3.4), this allows us to check that
2
p2 al %
(Gans(p)™ = (22) %) (5.10)

p
By testing (5.2) with v, we learn that fOT(E) (1 VIZ+|v)2—| v|P) dx =0 and
K(E) + J2(E) — Jp(E) =0

using the change of variables x — w = v(x) as in Section 5.1. Similarly an integration on (0, T'(E)) of the
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identity 0 =2(E+7 (v)) — |V |2 gives the relation
ET(E) = K(E) + J2(E) = 5 Jp(E) = 0.

As a consequence, we learn that J, (E) = K(E) + J2(E),

TE) = (p=2) J2(E) - (p+2) K(E) _ 9 J2(E) 0, —(1-6.) K(E)
PIE| |E| J2(E)
sothat A0, E) = 0and A(6, E) = 15 ((p—2) (0-0.)+(1-0) A0+, B)) (52)* = (p-2) =5= using T(E) = 27,

and

(p-2) ((p +2)K(E)-(p-2) ]2 (E))3
/1(6* y E) = 3 2 .
8 p3n? J»(E) E?
Alengthy computation in the spirit of the method of Section 4 of 32 shows that K'(E) and ]é (E) admit finite

limits as E — 0_ so that (p +2) K(E) — (p —2) J2(E) = O(E). As a consequence we know that

lim A(04,E)=0.
E—0_

5.3. Comparison with the Gagliardo-Nirenberg constant

In the d =1 case, it is known that equality in the Euclidean Gagliardo-Nirenberg-Sobolev inequality (1.3)
is achieved by the function u(x) = (coshx)?/(P=2)| x € R. See for instance ** and earlier references therein.
As a consequence, we recover (5.10). We know from (3.4) that u(p,0, 1) < x(p,0). Using the concavity of
A — u(p,6,) and its continuity with respect to 6 for 8 -0, > 0, small, we conclude that symmetry breaking
occurs for A < d@ withd =1 if

-2

1 20 <y = .
2 GNs(P)T7r <04 2p

p
4

K(p,04) =

One can show that this occurs if p € (2, p4) for some p4 > 2. See Section 6.4 for a numerical result.

6. Some numerical results

In this section, we collect various plots which illustrate our results. Except in Sections 6.1 and 6.6, we focus
on the case d = 1 and use the representation of Section 5.1 of the solutions by elliptic integrals. In higher
dimensions, more robust numerical methods would be needed for detailed results, which are out of the
scope of the present paper, but at least we present evidences that some properties are qualitatively similar
tothe case d = 1.

6.1. Inequalities, symmetry and phase transition

The family of inequalities (1.2) holds for any u € H'($%,do) and A > 0, for some positive optimal constant
w(p,0,1),if0=0,=d(p-2)/2p),pe (2,+o0)ifd=10ord=2,and pe (2,2*] with2* =2d/(d-2) ifd = 3.
We have the estimates u(p,0,1) < A forany A >0, u(p,0,1) <Aif A >d0 and u(p,0,1) =Aif1<db,0 = o*
and p € (2,2%), where 2" is the Bakry-Emery exponent and 67 is the corresponding exponent. If d = 1, then
2% = +ooand 0¥ =3 (p—2)/(4p-7).1f d = 2, we also have u(2¥,0,1) = 1 if A < d6 and 0 = 0% If p € (2%, 2*
andd=3,orpe (2%, +00) if d = 2, we also have up,0,1)=Aif1=<d0, 0 =1. See Fig. 1.

The function A — u(p, 8, 1) is monotone non-decreasing and concave. We distinguish two regimes:
o Symmetry: u(p,0, 1) = A, the equality case in (1.2) is achieved only by constant functions,
* Symmetry breaking: 1(p,0, 1) < A, the equality case in (1.2) is not achieved by constant functions.
Our goal is to understand whether the phase transition from symmetry to symmetry breaking occurs at
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Fig. 1. The range of the admissible parameters 6 as a function of p in (from left to right) dimensions d =1, d =2 and
d = 3 corresponds to the gray area 0 = 64 forany p >2ifd =1ord =2and p € (2,2*] is d = 3. The dark gray subdomain
is the region 8 = 6% with p € (2, +o00) if d =1,2< p<2*¥ifd =2 0r8 = 1ifd = 2 with 2* < p<coif d =2 and 2% < p < 2* if
d = 3. In dimensions d > 3, the admissible range is limited to the interval (2,2*] with 2* — 2 as d — +oo but otherwise
the picture is qualitatively the same as in the case d = 3.

A = d 6 and determines a second order phase transition, or for some A < d 8, which corresponds to a first
order phase transition. Notice that a first order phase transition can occur also at A = d0. In Fig. 1, dark

grey regions correspond to 6 = min {1,6*} in which we have a second order phase transition.

6.2. The branch of positive non-constant solutions ford = 1

In dimension d = 1, obtaining all positive non-constant solutions to (5.1) can be done by solving this
Hamiltonian ODE using elliptic integrals involving the Hamiltonian energy E as a parameter, which
parametrizes monotonically 1 = %(E) while u(E) = ,u(p,l,/l(H,E)) is obtained by computing p(E) =
Z(E) I uEIpr_ (2§1) where up denotes the 2 n-periodic solution of energy E. The curve E — (X(E),ﬁ(E)) given
by (5.5) represents all solutions corresponding to the Euler-Lagrange equations associated with (1.2) for
0 =1.1f d =1 but 8 # 1, all solutions corresponding to the Euler-Lagrange equations associated with (1.2)
can be represented by a curve E — (A0, E), u(6, E)) given by (5.9). Typical patterns are shown in Fig. 2. De-
pending on the values of 6, the bifurcating curve goes either to the right (higher values of 1) or to the right.

This first qualitative property is explained next.

Fig. 2. In dimension d = 1, with p = 5, the set of non-constant positive solutions is represented in (A, 1) coordinates
(blue curve) for 8 = 2,0 = 0.8, 6 =0.32 and 0 = 04 = 0.3, from left to right, while constant solutions are represented by
the brown half-line u = A. The bifurcation point is at A = u = d6 (with d = 1) in all cases. In the case 6 = 0, we have
already seen in Remark 5.2 that limg_.g_ A0, E) =0 and limg_.g_ u(@«,E) =x(p,0%) > 0.

Coming back to (1.1) and (1.2), we may notice that i(p, A(1, E)) = u(1, E) for any E > 0 and

1(p,6,A) :min{p* 0,E,A)}: E> 0} where . (6, E, A) := min{A, u(0, E)}.

6.3. The first bifurcation from constant solutions for d =1

The deficit associated with (1.2) is linearly stable if A < d 8, and linearly unstable if 1 > d 0. As a conse-
quence, a branch of non-constant solutions of the Euler equation bifurcates at A = d 6. The case of dimen-
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sion d = 1 enters in the general setting of Section 4, but one can give a simpler analysis in that case. Let us
start with the case 6 = 1. The simple ansatz

u()=1 +a£\/§cos(+ bezx/icos(zf) V(e[0,27)~ S

allows us to describe the branch of positive non-constant solutions to (3.5) near the bifurcation point, at
leading order for € > 0 small, as a parametric curve in (A, u) coordinates parametrized by € > 0 such that

Ae)=1+€%.

This ansatz has been justified in Section 4. Here we only collect the observations needed for numerical
computations in dimension d = 1. At formal level, we do the expansion of

— 12 2
(P =2 P ) + A el g,
2

LrP(sh

ue) =
Il e

and simply observe that A(e) — u(e) achieves its maximum for
6 1
a=——— and b=——,
(p-D(p+2) V2(p+2)
in which case we obtain
3(p-2)
(p-D(p+2)°
Notice that we can eliminate €2 = A — 1 and find that apA)=A-yA- 12+ 0((/1 - 1)2), i.e., the parabola
which interpolates A — (p, A) at the bifurcation point. With a similar computation, we can compute

pe)=1+e*—ye*+o(e?) with y=

2
L2(shH
2
L2(sh

Il |
v(e) =
|zl

- ae+pet+ ofc! __ 6 _2pP-2p-17)
=ae”+pe* +o(e*) where a_(p—l)(p+2) and ﬁ_(p—l)z(p+2)2'

So far, these computations are done in the case 6 = 1. If 6 # 1, we can use them to get an approximation of
A6, E) and u(0, E) using (5.9). For € > 0 small, we obtain the reparametrization

A=0(0+€e*)-(1-0)(p-2)(ae+pe*)+o(e),
_1 1
p=0((p-2) (a£2+ﬁ£4)+1+£2)1 T(1+e®—y(pe')? +o(e?).
Expanding again around ¢ = 0, we notice that

AO,p)=0-(1-0)(p-2a=0-(1-0) L2
A=0+A0,p)e*+B0O,p)e* +o(e?) (P02

with {B@O,p)=-1-0)(p-2)B,
cO.p=Lp-2%a*-1-0)(p-2p-7.

To understand the behaviour of the branch in the (A, ) representation, it is interesting to compute the sign

p=0+A0,p)e*+CO,p e’ +o(£4)

of A(0, p). An elementary computation shows that A(f, p) is negative if and only if

6(p-2)

0 <0o(p):i= ————"—
<Oo(p) pr+7p—14

< 0.

This is consistent with (4.2). As in Section 4, we obtain that s'(1) < 0 for A > d, close enough to d if 6 < 6,
so that bifurcations always take place to the left in that case. This happens if 2 < p < pg = 7. See Fig. 3.

Bifurcations taking place to the left only if 2 < p < pg could sound like a paradox in view of Fig. 2 (cases
0 =0.32 and 6 = 0.3) as it seems that bifurcations might take place o the left also if 7 = pg < p < 9.91109
(see Section 6.4 below), but a detailed numerical analysis shows that there is in fact a double turning point
in that case. An enlightening example is shown in Fig. 4.
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Fig. 3. In dimension d = 1, plot of p — 04 (p) (blue) and p — 6y (p) (black, dotted).

Fig. 4. In dimension d =1, for p =9 and 6% (9) = 118 < 60 = 0.398889, we observe a double turning point in the (A, 1)
representation of the critical points. The right plot is an enlargement of the left plot near the bifurcation point.

6.4. The critical and slightly sub-critical cases ford =1

For 0 > 0., close enough to 6., symmetry breaking occurs for A < d@ (first order phase transition) if
x(p,04x) <d0, = (p—2)/(2p). Numerically, this occurs for any p € (2, py) with p,x =9.91109.

04l

Fig. 5. In dimension d = 1, with p = 5 and 8 = 64 = 0.3 as in Fig. 2, we obtain numerically that u(p,0«,1) =
min{A,x(p,0)}. Proving that either E — A(0x,E) or E — u(0x,E) are monotone functions are open questions. At
the level u =« (p,0«), there is a loss of compactness in the variational problem associated with (1.2).

As in Section 3.3, an almost explicit range is given by taking Gaussian test functions. With the notation
of (3.11), this amounts to the estimate x(p,04) <g(p,1) = l;—_nz (5)2/(;9—2)’ which is not as good as the previ-
ous one, but one can check that g(p, 1) < 84 holds if and only if p € (2, p,) where p, =2log(2n)/¢ = 7.8834

where ¢ is the unique real number larger than 1 such that 27 ¢ e~¢ =log(2 7). See Figs. 5 and 6.

6.5. Asummary ford =1

Our symmetry breaking results are summarized in Fig. 7. A numerical estimate of the range in which a first
order phase transition holds is obtained, in terms of 6 by finding, for each value of p, for which E € (—64,0)
we can solve

AB,E)=uO,E)=6 (6.1)
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Fig. 6. In dimension d = 1 and 8 = 0, the critical cases are shown (from left to right) for p =9.0,9.7,10.1 and 10.8. Even
in the cases of a first order transition corresponding to 8 — 04 > 0, small, and p = 9.0 or 9.7 the branch bifurcates o the
right at (A, ) = (0,0).

where A(0, E) and p(0, E) are defined by (5.8). As in Section 5.2, since the solution ug of (5.1) corresponding
to A= A(E) is optimal for (1.1), we know that
2 _ ju—
luelipsy  (p—2)V(E)+ AE)
I uE“iz(gl) H(E)

Altogether, we obtain

AO,E)=0A(E) - (1-60)(p-2)V(E) and u@,E) =0 ((p-2)V(E) +Z(E))1‘$ﬁ(E)5 )

(p=2)v(E)

——F = while E is obtained as the solution of
(p-2)V(E)+A(E)-1

Solving (6.1) amounts to 8 = 6(E) :=

(AE) - 1) log((p —2)V(E) + A(B)) = ((p = 2) V(E) + M(E) — 1) log fi(E) .

We denote by E the numerical solution. It turns out that this problem is rather stiff and would require

0.8
06}
0.4}

0.2+

Fig. 7. Range of 0 (vertical axis) in terms of p (horizontal axis): the admissible range is the grey area 6 = 0x(p) where p — 0x(p)
corresponds to the blue curve. The yellow curve represents p — 6% (p) above which the phase transition is of second order. The green
curve is p — x(p,0x), such that symmetry breaking occurs for A < 0 if 0 — 0« (p) > 0 is small enough and k(p,0x) < O« (p), that is,
in an upper neighbourhood of the bold part of the blue curve. The intersection of the red curve given by Gaussian test functions
with p — 04 (p) determines the range 2 < p < p+ in Proposition 3.2, which is a more explicit interval in p for symmetry breaking,
for 8 — 64 > 0, small enough. The black, dotted curve is p — 6o (p) as in Fig. 3. The (brown, thick) curve p — 6.(p) is a numerical
approximation of the threshold between first and second order phase transitions for a subinterval of the admissible values of p.

a more detailed numerical analysis but one can expect that §(E) is the threshold value of 6 below which
a first order transition occurs. This value of course depends on p and a portion of the curve, denoted by
p — 0.(p) is shown on Fig. 7.

6.6. Some numerical results in higher dimensions

The condition (3.11) can be implemented numerically to give a range of values of p > 2 for which a first
order phase transition occurs for some 0 > 0, close enough to 6. See Fig. 8.
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Fig. 8. Plot (orange curve) of d — p.(d) where p = p. solves g(p,d) = d (p —2)/(2 p), where d is considered here as a real parameter.
For integer values of d = 1, a first order phase transition occurs if p € (2, p« (d)).
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