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This paper is devoted to the study of phase transitions associated to a large family of Gagliardo-Nirenberg-Sobolev in-
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1. Introduction

On the d-dimensional unit sphere, the classical Gagliardo-Nirenberg-Sobolev interpolation inequality,

‖∇u‖2
L2(Sd )

≥ d

p −2

(
‖u‖2

Lp (Sd )
−‖u‖2

L2(Sd )

)
(GNS)

for any u ∈ H1(Sd ,dσ), was proved with optimal constant by M.-F. Bidaut-Véron and L. Véron 5, and also by

W. Beckner 4 using another method, for p > 2. The case p < 2 and some cases with p > 2 are covered by the

carré du champ method coupled with the heat flow 1,2,27. Here d ≥ 1 is an integer, dσ= ∣∣Sd
∣∣−1 d vg denotes

the uniform probability measure on the unit sphere Sd , and d vg can be seen as the measure induced on

Sd ⊂Rd+1 by Lebesgue’s measure on Rd+1. The space Lq (Sd ,dσ) with q ∈ [1,+∞) is the standard Lebesgue

space with norm

‖u‖Lq (Sd ) :=
(∫
Sd

|u|q dσ

)1/q

.

The fact that dσ is a probability measure means that ‖u‖Lq (Sd ) = 1 if u = 1 a.e. on Sd and we also

have ‖u‖Lq1 (Sd ) ≤ ‖u‖Lq2 (Sd ) for any u ∈ Lq2 (Sd ,dσ) as soon as 1 ≤ q1 ≤ q2. The space H1(Sd ,dσ) is ob-

tained by completion of the space of smooth functions on Sd with respect to the norm u 7→ (‖∇u‖2
L2(Sd )

+
‖u‖2

L2(Sd )

)1/2. Inequality (GNS) holds in the range

p ∈ [1,2)∪ (2,∞) if d = 1, 2 and p ∈ [1,2)∪ (2,2∗] if d ≥ 3, with 2∗ := 2d

d −2
.

https://zbmath.org/classification/?q=cc:58J05
https://zbmath.org/classification/?q=cc:35B06
https://zbmath.org/classification/?q=cc:26D10
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By convention, we take 2∗ = +∞ if d = 1, 2. The carré du champ method has been extended to nonlinear

diffusion flows 13,24 in order to cover the whole range of admissible exponents on manifolds with positive

curvature, with applications to the sphere 20,21,22. Inequality (GNS) can be considered as a special case of

the family of interpolation inequalities in H1(Sd ,dσ)

‖∇u‖2
L2(Sd )

+ λ

p −2
‖u‖2

L2(Sd )
≥ µ(p,λ)

p −2
‖u‖2

Lp (Sd )
(1.1)

which depends on a positive parameter λ, with optimal constant µ(p,λ). One can indeed check that

d = max
{
λ> 0 : µ(p,λ) =λ}

.

By construction, the function λ 7→ µ(p,λ) is monotone non-decreasing and concave. Branches of critical

functions, parametrized by λ, which realize the equality case in (1.1), have been characterized by the carré

du champ method 22,27,18. In this paper, we investigate the larger family of inequalities(
‖∇u‖2

L2(Sd )
+ λ

p −2
‖u‖2

L2(Sd )

)θ (
‖u‖2

L2(Sd )

)1−θ
≥

(
µ(p,θ,λ)

p −2

)θ
‖u‖2

Lp (Sd )
, (1.2)

for any u ∈ H1(Sd ,dσ), where θ > 0 and λ> 0 are two parameters and µ(p,θ,λ) is the corresponding opti-

mal constant. Depending on the value of θ, we observe several scenarios of phase transition. The case θ = 1

corresponds to (1.1) and the range θ > 1 is admissible. The range θ < 1 deserves some additional care, as

there is another limitation, θ ≥ θ?, where

θ? := d
p −2

2 p

is the exponent in the Euclidean Gagliardo-Nirenberg-Sobolev inequality

‖∇ f ‖θ?
L2(Rd )

‖ f ‖1−θ?
L2(Rd )

≥CGNS(p)‖ f ‖Lp (Rd ) ∀ f ∈ H1(Rd ,d x) . (1.3)

Our purpose is to study λ 7→ µ(p,θ,λ) and characterize whenever possible the optimal functions. Let us

define the Bakry-Emery exponent 2#, the parameters γ# and θ#, such that 2 < 2# ≤ 2∗ and θ? < θ# < 1, by

2# := 2d 2 +1

(d −1)2 , γ# :=
(

d −1

d +2

)2

(p −1)(2# −p) and θ# :=
(
γ#

p −2
+1

)−1

if d ≥ 2,

2# =+∞ , γ# = p −1

3
and θ# := 3

p −2

4 p −7
if d = 1.

Inequality (1.2) is known, for any p ∈ (2,2#) but only for θ = θ#, from Inequality (2.4) of 18. This inequality

arises as a consequence of improvements of (1.1) based on the carré du champ method, written in the form

‖∇u‖2
L2(Sd )

≥ d θ#

p −2

(
‖u‖2/θ#

Lp (Sd )
‖u‖2(θ#−1)/θ#

L2(Sd )
−‖u‖2

L2(Sd )

)
(1.4)

for any u ∈ H1(Sd ,dσ). Our first result deals with Inequality (1.2) and properties of µ(p,θ,λ).

Theorem 1.1. Let d ≥ 1, p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3, and θ ≥ θ?. Inequality (1.2) holds for some

optimal µ(p,θ,λ) > 0, for any λ> 0 and equality is achieved if p < 2∗ and θ > θ?. The function λ 7→µ(p,θ,λ)

is monotone non-decreasing, monotone increasing if θ > θ?, concave and such that, for any λ> 0,

µ(p,θ,λ) ≤λ and µ(p,θ,λ) <λ if λ> d θ ,

µ(p,θ,λ) =λ if λ≤ d θ , θ ≥ θ# and p ∈ (2,2#] if d ≥ 2 or p > 2 if d = 1.

Moreover, for any θ ≥ θ?, there is some explicit κ> 0 such that

µ(p,θ,λ) ∼ κλ1−θ?/θ as λ→+∞ . (1.5)



3

Whenever µ(p,θ,λ) = λ, constant functions realize the equality case in (1.2). If these constant functions

are the only optimal functions, we shall say that there is symmetry because none of the optimal functions

points in a privileged direction. The equality case is achieved by non-constant functions if µ(p,θ,λ) <λ, in

which case rotations and multiplications by a constant generate a d-dimensional set of optimal functions.

In that case, we shall say that there is symmetry breaking. The key issue is to understand for which value

of λ the phase transition from a regime with symmetry to a regime of symmetry breaking occurs, that is, to

determine

λT(p,θ) := inf
{
λ> 0 : µ(p,θ,λ) <λ}

.

We read from Theorem 1.1 that λT(p,θ) ≤ d θ, and λT(p,θ) = d θ if θ ≥ θ# and p ∈ (2,2#). Our second state-

ment goes as follows. Explicit estimates of λT will be given later, but the general picture goes as follows.

Theorem 1.2. Let d ≥ 1, p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3 and θ ≥ θ?. Then λT(p,θ) is positive and

λT(p,θ) < d θ if θ−θ? ≥ 0 is taken small enough and p < p∗ for some p∗ > 2.

Inequalities (1.2) provide us with a simple model of nonlinear phase transition, which fits into the

Ehrenfest classification 36. For given values of p and θ, the transition from a regime with symmetry to a

regime of symmetry breaking is driven by the parameter λ. The curve λ 7→ µ(p,θ,λ) can either be smooth

(second order phase transition), or give rise to a jump in the derivative with respect to λ (first order phase

transition). It turns out that a detailed description can be obtained in the simplest case, d = 1, which is

particularly enlightening: see Section 5 for details and also Section 6 for various numerical illustrations. As

we shall see with less details, similar patterns are also present in higher dimensions.

A key tool for the analysis of (1.1) is a generalized carré du champ method which amounts to evolve the

deficit in (1.1), that is, the difference of the two sides of the inequality, by a nonlinear diffusion equation.

This allows us to reduce the issue of the optimality from a global nonlinear variational problem to a local

problem that can be studied with spectral tools. Such a strategy enters in the class of the entropy methods.

From the point of view of physics, the evolution equation that we use is a diffusion at fixed temperature

and the notion of (generalized) entropy is in fact a free energy.

The symmetry versus symmetry breaking issue in (1.2) provides us with a rather simple mathemati-

cal model, in which both types of phase transition occur depending on the choice of the parameter θ.

Similar results on phase transitions have been observed in Caffarelli-Kohn-Nirenberg inequalities 9,11, a

well known example of functional inequalities in which symmetry breaking plays an important role, but

which also raises various technical difficulties and is for this reason less understood 25,7. The sharp thresh-

old for the symmetry range of the parameters in such inequalities is known in the critical case 34,26 and

in the subcritical case 6,29, under a condition which corresponds to θ = 1 in (1.2). However, a complete

parabolic proof based on entropy methods is so far missing and results rely on rigidity results: see 25,33,7

for partial results based on flows. The analogy between our interpolation inequalities on the sphere and

Caffarelli-Kohn-Nirenberg inequalities can be pushed further, as one can study branches of critical func-

tions as in (1.1), see for instance 11,30,15. There is also a family of inequalities involving a parameter θ < 1

as in (1.2) which has several qualitative properties 12,31,16,17,19 that are similar to the properties that we

can observe on the sphere. However Inequality (1.2) provides us with a much more detailed example of

the phenomenon of phase transition, especially in dimension d = 1, in a simple functional framework.

Moreover, the regularity of the solution of the nonlinear flow on Sd raises no difficulty 39 (to be compared

with 25,33,7).

Let us quote some additional entry points in the literature. M.-F. Bidaut-Véron and L. Véron proved 5

Inequality (1.1) as a consequence of a rigidity result, i.e., the property that there is no other positive criti-
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cal point than the constant functions. This strategy goes back to the work of B. Gidas and J. Spruck 35. The

proof of (1.1) by W. Beckner 4 relies on spectral methods, the Funk-Hecke formula and a duality result intro-

duced by E. Lieb 37. An earlier version corresponding to the range p ∈ (2,2#) was established by D. Bakry and

M. Emery 1,2, using the carré du champ method and the heat flow. We refer to the book of D. Bakry, I. Gentil

and M. Ledoux 3 for a general overview of the carré du champ method in the context of Markov processes or

linear diffusion equations, and to several papers 13,24,27 for the extension to nonlinear diffusion equations.

Inequality (1.2) is less standard than (1.1) and we are not aware of any specific reference, except for θ = θ#,

as a consequence of improvements of (1.1) based on the carré du champ method 18. We also refer to a

presentation 18 of entropy methods based on nonlinear flows and improved interpolation inequalities, with

further references therein. An important motivation for (1.2) arises from pure states in Lieb-Thirring esti-

mates and interpolation inequalities for systems 8. We finally refer to review papers 28,14 on, respectively,

functional inequalities and branches of solutions in various frameworks, and entropy methods associated

with nonlinear diffusion equations.

This paper is organized as follows. In Section 2, we state various preliminary results, give some explicit

lower bounds on µ(p,θ,λ) and obtain estimates for the symmetry range. In Section 3, we establish the

asymptotics of µ(p,θ,λ) as λ→+∞ and reparametrize the set of solutions with θ 6= 1 by the solutions of

the problem with θ = 1. How solutions behave near the bifurcation point is studied at formal level in Sec-

tion 4. Section 5 is devoted to the case of dimension d = 1. All non-constant solutions of the Euler-Lagrange

equations can be parametrized by an energy, which provides us with various estimates. In Section 6, we col-

lect numerical results which illustrate our main results and explain why phase transitions are of particular

interest in the study of Inequality (1.2).

2. Preliminary results

Let us consider the optimal constant for (1.2), which is given by the variational problem

µ(p,θ,λ) = inf
u∈H1(Sd ,dσ)\{0}

Qp,θ,λ[u] with Qp,θ,λ[u] :=
(p −2)‖∇u‖2

L2(Sd )
+λ‖u‖2

L2(Sd )

‖u‖2/θ
Lp (Sd )

‖u‖2−2/θ
L2(Sd )

. (2.1)

2.1. Some simple estimates

By using u ≡ 1 as test function in (2.1), we have an easy upper bound on µ(p,θ,λ).

Lemma 2.1. Let d ≥ 1, p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3 and θ ≥ θ?. For all λ> 0, we have

µ(p,θ,λ) ≤λ .

Lower bounds are not as simple.

Lemma 2.2. Let d ≥ 1, p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3. Assume that θ? ≤ θ1 < θ2. Then we have

µ(p,θ?,λ) ≤µ(p,θ1,λ) ≤µ(p,θ2,λ) . (2.2)

Additionally, if θ? ≤ θ1 < θ2 < p θ1/(p −2) and θ2 ≤ θ1/θ? if d ≥ 3, then we have

µ(p,θ1,λ) ≥ 1

2θ2

(
p θ1 − (p −2)θ2

)
µ

(
2 p θ1

p θ1 − (p −2)θ2
,θ2,

2λθ2

p θ1 − (p −2)θ2

)
. (2.3)
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Proof. Since dσ is a probability measure, we have ‖u‖2
L2(Sd )

≤ ‖u‖2
Lp (Sd )

by Hölder’s inequality so that

Qp,θ1,λ[u] =
(

(p −2)
‖∇u‖2

L2(Sd )

‖u‖2
L2(Sd )

+λ
)( ‖u‖2

L2(Sd )

‖u‖2
Lp (Sd )

)1/θ1

≤
(

(p −2)
‖∇u‖2

L2(Sd )

‖u‖2
L2(Sd )

+λ
)( ‖u‖2

L2(Sd )

‖u‖2
Lp (Sd )

)1/θ2

=Qp,θ2,λ[u]

which proves (2.2). Concerning (2.2), we may use Hölder’s inequality ‖u‖Lp (Sd ) ≤ ‖u‖θ
Lq (Sd )

‖u‖1−θ
L2(Sd )

, that is,

‖u‖2
L2(Sd )

‖u‖2
Lp (Sd )

≥
( ‖u‖2

L2(Sd )

‖u‖2
Lq (Sd )

)θ
where θ = q (p −2)

p (q −2)
. (2.4)

If θ > (p −2)/p, this determines q = q(p,θ) given by

q(p,θ) := 2 p θ

2−p (1−θ)
. (2.5)

in the range (p,2∗) with q = 2∗ in the limit case θ = θ? = d (p −2)/(2 p), whenever d ≥ 3, and q in the range

(p,∞) if d = 1 or d = 2. Let

Λ(p,θ,λ) := q(p,θ)−2

p −2
λ= 2λ

2−p (1−θ)
. (2.6)

Altogether, with q(p,θ) = q(p,θ) and Λ=Λ(p,θ,λ), we can then write that

Qp,θ1,λ[u] ≥ p −2

q −2

(
(q −2)

‖∇u‖2
L2(Sd )

‖u‖2
L2(Sd )

+Λ
)( ‖u‖2

L2(Sd )

‖u‖2
Lq (Sd )

)θ/θ1

=
(
1− p

2
(1−θ)

)
Qq,θ1/θ,Λ[u] .

If d ≥ 3, the condition q(p,θ) ≤ 2d/(d −2) amounts to θ ≥ θ?, which proves (2.3) using θ = θ1/θ2.

Corollary 2.1. Let d ≥ 1 and p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3.

If θ ≥ 1, then

µ(p,λ) ≤µ(p,θ,λ) ≤λ ∀λ> 0. (2.7)

If θ ∈ (θ?,1), with q(p,θ) and Λ(p,θ,λ) given respectively by (2.5) and (2.6), then(
1− p

2 (1−θ)
)
µ

(
q(p,θ),Λ(p,θ,λ)

)≤µ(p,θ,λ) ≤λ ∀λ> 0 (2.8)

under the condition

d = 1, p ∈ (2,∞) and θ ∈ (2θ?,1) ,

d = 2, p ∈ (2,∞) and θ ∈ (θ?,1) ,

d ≥ 3, p ∈ (2,2∗] and θ ∈ [θ?,1) .

(2.9)

If θ ∈ (θ?,1] and θ < d/2, then for any λ> 0, we have

λ

Λ
µ

(
2d

d −2θ
,θ,Λ

)
≤µ(p,θ?,λ) ≤λ with Λ=Λ

(
p,
θ?

θ
,λ

)
= 4θλ

(p −2)(d −2θ)
. (2.10)

If d ≥ 3, the lower estimate in (2.10) is remarkable because µ(2∗,1,Λ) =µ(2∗,Λ) = min{Λ,d} according,

for instance, to Lemma 5 in 22, so that, using the monotonicity of λ 7→µ(p,θ?,λ), we obtain

µ(p,θ?,λ) ≥ min
{
λ, (p −2)A

}
with A := 1

4
d (d −2) . (2.11)

Proof of Corollary 2.1. The upper bounds follow from Lemma 2.1, while the lower bounds are conse-

quences of (2.3) with 1 = θ1 ≤ θ2 = θ in (2.7), θ = θ1 < θ2 → 1 in (2.8), and θ? = θ1 < θ2 = θ < 1 in (2.10).

In (2.10), the case θ = 1 is covered if d ≥ 3 by taking the limit as θ→ 1−.
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As a consequence, we obtain a rigidity range.

Lemma 2.3. Let d ≥ 3. Under Condition (2.9) and with the above notation, we have

µ(p,θ,λ) =λ if λ≤λ0 and µ(p,θ,λ) ≥λ0 if λ≥λ0 (2.12)

for some λ0 ≥ d (2−p (1−θ))/2 ≥ (p −2)A. Moreover, there is an explicit constant κ1(p,θ) > 0 such that

µ(p,θ,λ) ≥ max

{
λ0,κ1(p,θ)

(
λ

(p−2)A −1
)1−θ?/θ

}
if λ≥λ0 .

Proof. It is known 5,21,22 that µ(q,Λ) = Λ if Λ ≤ d and µ(q,Λ) ≥ d if Λ ≥ d . Under Condition (2.9), we

deduce (2.12) from the lower estimate on µ(p,θ,λ) in (2.8) withΛ=Λ(p,θ,λ) defined by (2.6). Assume that

d ≥ 3 so that A> 0, and let x := ‖u‖2
L2∗ (Sd )

/‖u‖2
L2(Sd )

. Using (GNS) in the critical case and (2.4) with q = 2∗,

we find that

Qp,θ,λ[u] ≥ (
(p −2)Ax+λ− (p −2)A

)
x−θ?/θ .

Assume that θ > θ?. An optimization with respect to x> 0 shows that

Qp,θ,λ[u] ≥ κ1(p,θ)

(
λ

(p −2)A
−1

)1−θ?/θ

where κ1(p,θ) := θ (p −2)A

θ
θ?/θ
? (θ−θ?)1−θ?/θ

.

The case θ = θ? is obtained by observing that limθ→θ? κ1(p,θ) = (p −2)A> 0.

If d ≥ 3, Lemma 2.3 holds with λ0 = (p −2)A. The case d = 2, θ = θ? and the case d = 1, θ? ≤ θ ≤ 2θ?
are not covered by Condition (2.9). In these cases, lower estimates require a more sophisticated approach

that we describe next.

2.2. Stereographic projection, scalings and interpolation inequalities

Let us explain how we define and use the stereographic projection. On Rd 3 x, let r = |x| and ω = x/|x|
denote spherical coordinates. On the unit sphere Sd ⊂Rd+1, we consider cylindrical coordinates (ρω, z) ∈
Rd × (−1,1) with ρ2 + z2 = 1. The stereographic projection S :Sd \ {N} → Rd , where N ∈Sd is the North Pole

defined by z =+1, is such that S(ρω, z) = r ω= x where

z = r 2 −1

r 2 +1
and ρ = 2r

1+ r 2 .

If v is a function on Rd , let us consider its counterpart u := S−1 v on Sd obtained using the inverse stereo-

graphic projection as(
u ◦S−1) (x) =m(r )d−2 v(x) ∀x ∈Rd with m(r ) =

√
(1+ r 2)/2.

For any q ≥ 1, with δ(q) := 2d −q (d −2), we obtain∫
Sd

|u|q dσ= ∣∣Sd ∣∣−1
∫
Rd

|v |q
m(r )δ(q)

d x ,∫
Sd

|∇u|2 dσ+ 1

4
d (d −2)

∫
Sd

|u|2 dσ= ∣∣Sd ∣∣−1
∫
Rd

|∇v |2 d x .

Notice that δ(2) = 4, and δ(2∗) = 0 if d ≥ 3. We refer to Theorem 2.1 of 18 for a statement concerning the

inequality obtained from (1.1) and a special case of (1.2) by the stereographic projection.
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Using the stereographic projection, we learn that

µ(p,θ,λ) = |Sd |−
p−2
p θ inf

(p −2)‖∇v‖2
L2(Rd )

+4(λ−A)
∫
Rd

|v |2
(1+|x|2)2 d x(∫

Rd

( 2
1+|x|2

)δ/2 |v |p d x
)2/(p θ) (∫

Rd
4 |v |2

(1+|x|2)2 d x
)1−1/θ

where the infimum is taken on
{

v ∈ L2
(
Rd , (1+|x|2)−2 d x

)
\ {0} : ∇v ∈ L2(Rd ,d x)

}
and δ = δ(p). Either v is

constant, in which case Qp,θ,λ[u] =λ, or ‖∇v‖L2(Rd ) > 0, which we assume from now on. With the rescaling

v(x) = w
( x

τ

)
∀x ∈Rd , τ= 1p

λ−A

for any λ>A, we find that

Qp,θ,λ[u] := |Sd |− 2θ?
d θ

(p −2)‖∇v‖2
L2(Rd )

+4(λ−A)
∫
Rd

|v |2
(1+|x|2)2 d x(∫

Rd

( 2
1+|x|2

)δ/2 |v |p d x
)2/(p θ) (∫

Rd
4 |v |2

(1+|x|2)2 d x
)1−1/θ

=
(

τ

|Sd |1/d

) 2θ?
θ τ−2 (p −2)‖∇w‖2

L2(Rd )
+4(λ−A)

∫
Rd

|w |2
(1+τ2 |x|2)2 d x(∫

Rd

( 2
1+τ2 |x|2

)δ/2 |w |p d x
)2/(p θ) (∫

Rd
4 |w |2

(1+τ2 |x|2)2 d x
)1−1/θ

= (λ−A)1−θ?/θ

|Sd |2θ?/(d θ)

(p −2)‖∇w‖2
L2(Rd )

+4
∫
Rd

|w |2
(1+τ2 |x|2)2 d x(∫

Rd

( 2
1+τ2 |x|2

)δ/2 |w |p d x
)2/(p θ) (∫

Rd
4 |w |2

(1+τ2 |x|2)2 d x
)1−1/θ

.

Assuming that X and Y are positive numbers and using the identity(
X +Y

Y 1−1/θ

)θ
≥ cθ X θ? Y 1−θ? where cθ := θθ

θ
θ?
? (θ−θ?)θ−θ?

(2.13)

with X = (p −2)‖∇w‖2
L2(Rd )

and Y = 4
∫
Rd

|w |2
(1+τ2 |x|2)2 d x, we obtain

Qp,θ,λ[u] ≥ (p −2)θ?/θ (λ−A)1−θ?/θ

|Sd |2θ?/(d θ)

cθ

(∫
Rd |∇w |2 d x

)θ? (∫
Rd

|w |2
(1+τ2 |x|2)2 d x

)1−θ?

(∫
Rd

( |w |p
(1+τ2 |x|2)δ/2 d x

)2/p


1/θ

.

By yet another scaling, we can get rid of (1+τ2 |x|2) and find that, after minimization,

Qp,θ,λ[u] ≥ κ2(p,θ) (λ−A)1−θ?/θ with κ2(p,θ) := (p −2)θ?/θ c1/θ
θ

(
CGNS(p)
|Sd |θ?/d

)2/θ
, (2.14)

where CGNS(p) is the optimal constant in (1.3).

Proposition 2.1. Let d ≥ 1. If p > 2, p ≤ 2∗ if d ≥ 3, and θ ≥ θ?, with κ2(p,θ) defined by (2.14), we have

µ(p,θ,λ) ≥ min
{
λ,κ2(p,θ) (λ−A)1−θ?/θ

}
∀λ>A .

Moreover, if d ≤ 2, there is some λ0 > 0 such that µ(p,θ,λ) =λ if λ≤λ0.

Proof. Either the optimal function is a constant, in which case µ(p,θ,λ) =λ, or (2.14) applies. If d ≤ 2, we

have A≤ 0 which gives an explicit λ0 > 0, obtained by solving λ0 = κ2(p,θ) (λ0 −A)1−θ?/θ . As a special case,

we have λ0 = (κ2(p,θ))θ/θ? if d = 2.

2.3. Existence of an optimal function

Lemma 2.4. Let d ≥ 1, p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3, and θ > θ?. For any λ > 0, there is an

optimal function for (1.2) if either d ≤ 2, or d ≥ 3 and p < 2∗.
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Proof. If d ≥ 3, Hölder’s inequality (2.4) applies with θ = θ? and q(p,θ?) = 2∗. Combined with (GNS) writ-

ten with p = 2∗, we obtain

‖u‖Lp (Sd ) ≤ ‖u‖θ?
L2∗ (Sd )

‖u‖1−θ?
L2(Sd )

≤
(

4

d (d −2)
‖∇u‖2

L2(Sd )
+‖u‖2

L2(Sd )

)θ?/2

‖u‖1−θ?
L2(Sd )

,

and, as a consequence, using (2.1),

Qp,θ,λ[u] ≥ (p −2)ν+λ(
4

d (d−2) ν+1
)θ?/θ

=: qp,θ,λ[ν] with ν= ν[u] :=
‖∇u‖2

L2(Sd )

‖u‖2
L2(Sd )

.

The existence of an optimal function follows by a standard minimization argument. If (un)n∈N is a mini-

mizing sequence for Qp,θ,λ, we can assume without loss of generality that ‖un‖L2(Sd ) = 1 by homogeneity

of Qp,θ,λ. Using θ > θ?, it follows from the above estimate that ν[un] is bounded, thus proving that (un)n∈N
weakly converges in H1(Sd ) up to the extraction of a subsequence to some u ∈ H1(Sd ). From the com-

pactness of the embedding H1(Sd ) ,→ Lp (Sd ), we conclude that u is a minimizer of Qp,θ,λ. In dimension

d = 1 and d = 2, a similar method applies except that one has to interpolate with an Lq (Sd ) norm for some

q ∈ (p,2∗) = (p,+∞) instead of picking q = 2∗.

Notice that an optimization of ν 7→ qp,θ,λ[ν] with respect to ν ∈ R+ gives an explicit lower estimate of

Qp,θ,λ[u] which is similar to the optimization on x in the proof of Lemma 2.3.

2.4. Symmetry breaking

We obtain an estimate of the symmetry breaking range by Taylor expanding around a constant perturbed

by a spherical harmonic function.

Lemma 2.5. Let d ≥ 1, p ∈ (2,2∗) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3 and θ > θ?. There is symmetry breaking

in (1.2), that is, µ(p,θ,λ) <λ, if λ> d θ.

Proof. Let us consider uε = 1+εϕ with ϕ ∈ H1(Sd ,dσ) such that
∫
Sd ϕdσ= 0 as a test function:

‖∇uε‖2
2 = ε2 ‖∇ϕ‖2

L2(Sd )
,

‖uε‖2
2 = 1+ε2 ‖ϕ‖2

L2(Sd )
,

‖uε‖2
p = 1+ε2 (p −1)‖ϕ‖2

L2(Sd )
+o(ε2) .

As a consequence, we obtain that

lim
ε→0

1

ε2

Qp,θ,λ[uε]−λ
p −2

= ‖∇ϕ‖2
L2(Sd )

− λ

θ
‖ϕ‖2

L2(Sd )
=

(
d − λ

θ

)
‖ϕ‖2

L2(Sd )
< 0

if we take a non-trivial spherical harmonic function ϕ such that −∆ϕ= dϕ and λ> d θ.

2.5. Simple symmetry results

Using a simple monotonicity observation, we obtain the following result.

Lemma 2.6. Let d ≥ 1, p ∈ (2,2#). If θ ≥ θ#, there is symmetry in (1.2), that is, µ(p,θ,λ) =λ, if λ≤ d θ.

Proof. We start by the following observation. Let X > 0 be a given real number and consider the function f

on R+ defined by

f(θ) := θ
(

X
1
θ −1

)
.



9

It is elementary to compute − f ′(θ) = X
1
θ log(X

1
θ )+1−X

1
θ ≥ 0.

Let X := ‖u‖2
Lp (Sd )

/‖u‖2
L2(Sd )

. If λ= d θ, we consider two cases:

(1) Either θ ≥ 1 and we read from (GNS) that

‖∇u‖2
L2(Sd )

≥ d

p −2

(
‖u‖2

Lp (Sd )
−‖u‖2

L2(Sd )

)
= d

p −2
‖u‖2

L2(Sd )
f(1)

≥ d

p −2
‖u‖2

L2(Sd )
f(θ) = d θ

p −2

(
‖u‖

2
θ

Lp (Sd )
‖u‖−2 1−θ

θ

L2(Sd )
−‖u‖2

L2(Sd )

)
.

(2) Or θ ∈ (θ#,1) and we know from (1.4) that

‖∇u‖2
L2(Sd )

≥ d

p −2
‖u‖2

L2(Sd )
f(θ#)

≥ d

p −2
‖u‖2

L2(Sd )
f(θ) = d θ

p −2

(
‖u‖

2
θ

Lp (Sd )
‖u‖−2 1−θ

θ

L2(Sd )
−‖u‖2

L2(Sd )

)
.

If λ< d θ, the result follows from

‖∇u‖2
L2(Sd )

≥ d θ

p −2

(
‖u‖

2
θ

Lp (Sd )
‖u‖−2 1−θ

θ

L2(Sd )
−‖u‖2

L2(Sd )

)
= λ

p −2

(
‖u‖

2
θ

Lp (Sd )
‖u‖−2 1−θ

θ

L2(Sd )
−‖u‖2

L2(Sd )

)
+ d θ−λ

p −2

(
‖u‖

2
θ

Lp (Sd )
‖u‖−2 1−θ

θ

L2(Sd )
−‖u‖2

L2(Sd )

)
≥ λ

p −2

(
‖u‖

2
θ

Lp (Sd )
‖u‖−2 1−θ

θ

L2(Sd )
−‖u‖2

L2(Sd )

)
,

as a consequence of ‖u‖2/θ
Lp (Sd )

‖u‖−2(1−θ)/θ
L2(Sd )

≥ ‖u‖2
L2(Sd )

, i.e., of Hölder’s inequality ‖u‖L2(Sd ) ≤ ‖u‖Lp (Sd ). The

equality case means that u is a constant.

2.6. Consequences for the main results

Let us collect the consequences of the above estimates for Theorems 1.1 and 1.2. The proofs (part 2/2) will

be completed in Section 3.4.

Proof of Theorem 1.1, part 1/2. Inequality (1.2) holds as a consequence of Corollary 2.1 if θ > (p −2)/p or

equivalently Condition (2.9), and of Proposition 2.1 if either d = 2 and θ = θ?, or d = 1 and θ ∈ [θ?,2θ?].

The existence of optimal functions in the equality cases of (1.2) is established in Lemma 2.4 while the

monotonicity and the concavity of λ 7→ µ(p,θ,λ) is a straightforward consequence of the expression of

Qp,θ,λ given by (2.1). The upper bound µ ≤ λ and the symmetry breaking property meaning µ < λ are

the result of Lemma 2.1 and Lemma 2.5 respectively. The symmetry result valid for p < 2# and θ ≥ θ#

corresponds to Lemma (2.6). As a consequence, the proof is complete except for the proof of (1.5). ä

Proof of Theorem 1.2, part 1/2. We deduce that λT is positive from Lemma 2.3 if d ≥ 3 and from Proposi-

tion 2.1 if d = 1 or d = 2. The fact that λT(p,θ) ≤ d θ is a consequence of Theorem 1.1 (or Lemma 2.5) but

the strict inequality for θ−θ? ≥ 0 small enough and p in the appropriate range is still to be proved. ä

3. Asymptotics, reparametrization and further estimates

3.1. Asymptotics ofµ(p,θ,λ) asλ→+∞
Heuristically, large values of λ correspond to highly concentrated optimal functions, which behave like the

functions obtained by a stereographic projection on the tangent Euclidean space at the point of concentra-

tion as in Section 2.2. Here we shall use the optimal constant Kp,d ,θ in the Gagliardo-Nirenberg-Sobolev
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inequality (
‖∇v‖2

L2(Rd )
+‖v‖2

L2(Rd )

)
‖v‖

2
θ
−2

L2(Rd )
≥Kp,d ,θ ‖v‖

2
θ

Lp (Rd )
∀v ∈ H1(Rd ,d x) . (3.1)

Lemma 3.1. Let d ≥ 1, p > 2, p ≤ 2∗ if d ≥ 3, and θ ≥ θ?. With cθ as in (2.13), we have

Kp,d ,θ =
(
cθC 2

GNS(p)

)1/θ .

Inequality (3.1) is equivalent to (1.3), as will be made clear in the proof.

Proof. Assume that θ > θ? and let us consider uε(x) := ε−d/p u(x/ε) for any x ∈Rd , so that∫
Rd

|uε|p d x =
∫
Rd

|u|p d x ,
∫
Rd

|uε|2 d x = ε2θ?
∫
Rd

|u|2 d x and
∫
Rd

|∇uε|2 d x = ε−2(1−θ?)
∫
Rd

|∇u|2 d x .

For an arbitrary λ> 0, we compute(
‖∇uε‖2

L2(Rd )
+ λ

p −2
‖uε‖2

L2(Rd )

)θ (
‖uε‖2

L2(Rd )

)1−θ

=
(
ε−2(1−θ?) ‖∇u‖2

L2(Rd )
+ λ

p −2
ε2θ? ‖u‖2

L2(Rd )

)θ (
ε2θ? ‖u‖2

L2(Rd )

)1−θ
=

(
Aε−a+ λB

p −2
εb

)θ
where A := ‖∇u‖2

L2(Rd )
‖u‖2(1−θ)/θ

L2(Rd )
, B := ‖u‖2/θ

L2(Rd )
, a := 2−b and b := 2θ?/θ. With cθ defined as in (2.13), an

optimization on ε> 0 shows that(
Aε−a+ λB

p −2
εb

)θ
= cθ

(
λ

p −2

)θ−θ?
‖∇u‖2θ?

L2(Rd )
‖u‖2(1−θ?)

L2(Rd )
≥ cθ

(
λ

p −2

)θ−θ?
CGNS(p)2 ‖u‖2

Lp (Rd )
(3.2)

using (1.3). Taking λ = p − 2, we find that Kp,d ,θ ≥ c1/θ
θ

C 2/θ
GNS(p). There is in fact equality because we can

choose for u an optimal function for (1.3). The case θ = θ? is obtained as a limit case using lim
θ→θ?

cθ = 1.

The above computation is also interesting if λ 6= p − 2. On Sd , in the limit as λ → +∞, so that

ε→ 0, heuristics are simple as soon as we know that optimal functions concentrate: the behaviour of

λ 7→ µ(p,θ,λ) as λ→ +∞ is determined by the interpolation problem on the tangent hyperplane to the

sphere at the point of concentration, i.e., by (3.1), up to the normalization factor in the definition of dσ.

This was proved for θ = 1 in 22. By taking for u an approximation of the optimal function for (1.3) with

compact support in a small ball, which can be done because of the scaling invariance of (1.3), we can

guess from (3.2) that µ(p,θ,λ) = O(λθ−θ? ) as λ→+∞. The purpose of the following result is to extend the

results for (1.1) of Proposition 9 and 10 of 22 to Inequality (1.2) with θ 6= 1.

Lemma 3.2. Under the assumptions of Theorem 1.1 on d, p and θ ≥ θ?, we have

µ(p,θ,λ) = κ(p,θ)λ1−θ?/θ (
1+o(1)

)
as λ→+∞ where κ(p,θ) =

(
p−2

|Sd |2/d

)θ?/θ
Kp,d ,θ .

Proof. We do a blow-up analysis based on a change of variables depending on λ→+∞. As in Section 2.2,

let m(r ) =
√

(1+ r 2)/2, δ(p) = 2d −p (d −2) and uλ := S−1 vλ where

vλ(x) := v
( x

τ

)
with τ= 1

2

√
p −2

λ−λ
and λ := (p −2)A= 1

4
d (d −2)(p −2) .
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We take v as an optimal function for (3.1). With r = |x| and Qp,θ,λ defined in (2.1), we compute

Qp,θ,λ[uλ] =
(p −2)

(
‖∇uλ‖2

L2(Sd )
+ 1

4 d (d −2)‖uλ‖2
L2(Sd )

)
+ (λ−λ)‖uλ‖2

L2(Sd )

‖uλ‖
2
θ

Lp (Sd )
‖uλ‖2− 2

θ

L2(Sd )

=
(p −2)‖∇vλ‖2

L2(Rd )
+ (λ−λ)‖m(r )−2 vλ‖2

L2(Rd )

|Sd |
1
θ

(
1− 2

p

)
‖m(r )−

δ(p)
p vλ‖

2
θ

Lp (Rd )
‖m(r )−2 vλ‖2− 2

θ

L2(Rd )

=
(λ−λ)1− θ?

θ (p −2)
θ?
θ

(
‖∇v‖2

L2(Rd )
+ 1

4 ‖m(τr )−2 v‖2
L2(Rd )

)
|Sd |

1
θ

(
1− 2

p

)
2−

δ(p)
p θ −2

(
1− 1

θ

)
‖m(τr )−

δ(p)
p v‖

2
θ

Lp (Rd )
‖m(τr )−2 v‖2− 2

θ

L2(Rd )

.

By taking the limit as λ→ +∞ and using Lebesgue’s theorem of dominated convergence with m(τr ) →
1/
p

2 a.e., and using the fact that the quotient becomes proportional to the quotient that defines the con-

stant in the Gagliardo-Nirenberg-Sobolev inequality up to a numerical constant, we conclude that

Qp,θ,λ[uλ] = (λ−λ)1−θ?/θκ(p,θ)
(
1+o(1)

)
as λ→+∞, for a constant κ(p,θ) that can be computed explicitly, up to tedious but elementary consider-

ations. Consistently with Proposition 2.1 (we notice that κ(p,θ) = κ2(p,θ) in (2.14)), this proves that

lim
λ→+∞

λθ?/θ−1µ(p,θ,λ) ≤ κ(p,θ).

We have now to prove the reverse inequality. As in Proposition 10 of 22, we argue by contradiction. Let

(λn)n∈N and (un)n∈N be such that un ∈ H1(Sd ,dσ) with ‖un‖Lp (Sd ) = 1 for any n ∈N, limn→+∞λn =+∞,

Qp,θ,λn [un] =µ(p,θ,λn) and lim
n→+∞λ

θ?/θ−1
n µ(p,θ,λn) ≤ κ(p,θ)−η (3.3)

for some η > 0. We learn from the expression of Qp,θ,λ that λn ‖un‖2/θ
L2(Sd )

≤ κ(p,θ)λ1−θ?/θ
n as n →+∞ so

that limn→+∞ ‖un‖L2(Sd ) = 0. Concentration occurs: there exists a sequence (yi )i∈N of points in Sd with

i ∈ I ⊂N, sequences of positive numbers (ζi )i∈N and (ri ,n)i ,n∈I×N and functions ui ,n ∈ H1(Sd ,dσ) with

ui ,n = un on Sd ∩B(yi ,ri ,n) and supp ui ,n ⊂Sd ∩B(yi ,2ri ,n)

such that, as n →+∞,∑
i∈I

‖∇ui ,n‖2
L2(Sd )

∼ ‖∇un‖2
L2(Sd )

and
∑
i∈I

‖ui ,n‖2
L2(Sd )

∼ ‖un‖2
L2(Sd )

with, for all i ∈ I ,

lim
n→+∞ri ,n = 0,

∑
i∈N

ζi = 1 and lim
n→+∞

∫
Sd∩B(yi ,ri ,n )

|ui ,n |p dσ= ζi .

With a blow up argument applied to (ui ,n)n∈N, we prove for all i ∈ I that

lim
n→+∞λ

θ?
θ
−1

n

(
(p −2)‖∇ui ,n‖2

L2(Sd )
+λn ‖ui ,n‖2

L2(Sd )

)
‖ui ,n‖−2− 2

θ

L2(Sd )
≥ κ(p,θ)ζ

2
p θ

i .

We may notice that

(p −2)‖∇ui ,n‖2
L2(Sd )

+λn ‖ui ,n‖2
L2(Sd )

‖ui ,n‖2− 2
θ

L2(Sd )

≥
(p −2)‖∇ui ,n‖2

L2(Sd )
+λn ‖ui ,n‖2

L2(Sd )

‖un‖2− 2
θ

L2(Sd )

.



12

Let us choose an integer N such that

N∑
i=1

ζ
2

p θ

i ≥
(

N∑
i=1

ζi

) 2
p θ

> 1− η

2κ(p,θ)
.

For n large enough, by writing

λ
θ?
θ
−1

n

N∑
i=1

(p −2)‖∇ui ,n‖2
L2(Sd )

+λn ‖ui ,n‖2
L2(Sd )

‖ui ,n‖2− 2
θ

L2(Sd )

≥ κ(p,θ)
N∑

i=1
ζ

2
p θ

i

(
1+o(1)

)≥ κ(p,θ)− η

2
,

we obtain a contradiction with (3.3). This concludes the proof.

We learn from Lemma 3.1 and Lemma 3.2 that

µ(p,θ?,λ) ≤ κ(p,θ?) = p−2
|Sd |2/d CGNS(p)2/θ? ∀λ> 0. (3.4)

This estimate is very useful. Taking into account various other results, here is one of the consequences.

Corollary 3.1. With the notation of Theorem 1.2, we have λT(p,θ) ≥λT(p,θ?) for any θ ≥ θ? and

(p −2)A≤λT(p,θ?) ≤ κ(p,θ?) if d ≥ 3,

λT(p,θ?) = κ(p,θ?) if d = 1 or d = 2.

Proof. By Lemma 2.1 and Lemma 2.2, using the monotonicity of θ 7→ µ(p,θ,λ), we know that µ(p,θ?,λ) ≤
µ(p,θ,λ) ≤ λ if θ ≥ θ?. This proves λT(p,θ) ≥ λT(p,θ?). If d ≥ 3, the lower estimate on λT(p,θ?) follows

from (2.11), while the upper estimate λT(p,θ?) ≤ κ(p,θ?) is a consequence of (3.4). If d = 1 or d = 2,

λT(p,θ?) = κ(p,θ?) is deduced from Proposition 2.1.

Remark 3.1. In view of Corollary 3.1, one can conjecture that λT(p,θ?) = κ(p,θ?) if d ≥ 3, as it is the case

if d = 1 or d = 2. One the other hand, one may wonder if Lemma 3.2 is compatible with (2.10), because for

a given p and a given θ, λ/Λ= (p −2)(d −2θ)/4θ is independent of Λ> 0. We know by (3.4) that µ(p,θ?,λ)

is bounded uniformly with respect to λ > 0, while µ
(
q,θ,Λ

) ∼ 4θκ(q,θ)
(p−2)(d−2θ) λ

1−θ?(q)/θ → +∞ as λ→ +∞ if

θ?(q) = d (q −2)/(2 q) > θ. There is no paradox because we obtain θ?(q) = θ if we take q = 2d/(d −2θ).

3.2. Reparametrization

As in 9,12,31,16,17,19, the set of optimal functions for (2.1) for θ 6= 1 can be parametrized by the critical points

of the problem corresponding to θ = 1. The precise statement goes as follows.

Proposition 3.1. Let d ≥ 1, p ∈ (2,2∗), θ ≥ θ? and Λ> 0, given. If u is an optimal function for (2.1), then, up

to a multiplicative constant, the function u solves

− ∆u + λ

p −2
u = up−1 (3.5)

with

λ= 1

θ

(
Λ+ (1−θ) (p −2)

‖∇u‖2
L2(Sd )

‖u‖2
L2(Sd )

)
and ‖u‖p

Lp (Sd )
= 1

θ

(
‖∇u‖2

L2(Sd )
+ Λ

p −2
‖u‖2

L2(Sd )

)
. (3.6)

Proof. Any optimal function u for (2.1) is such that(
‖∇u‖2

L2(Sd )
+ Λ

p −2
‖u‖2

L2(Sd )

)θ (
‖u‖2

L2(Sd )

)1−θ
=

(
µ(p,θ,Λ)

p −2

)θ
‖u‖2

Lp (Sd )
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solves the Euler-Lagrange equation

θ
(− ∆u + Λ

p−2 u
)

‖∇u‖2
L2(Sd )

+ Λ
p−2 ‖u‖2

L2(Sd )

+ (1−θ)u

‖u‖2
L2(Sd )

= up−1

‖u‖p

Lp (Sd )

, (3.7)

that is, Equation (3.5) with λ and the multiplicative constant given by (3.6).

An interesting consequence is the fact that the curve Λ 7→µ(p,θ,Λ) can be parametrized by λ using

Λ= θλ− (1−θ) (p −2)
‖∇u‖2

L2(Sd )

‖u‖2
L2(Sd )

and µ(p,θ,Λ) = θ
(
λ+ (p −2)

‖∇u‖2
L2(Sd )

‖u‖2
L2(Sd )

)( ‖u‖L2(Sd )

‖u‖Lp (Sd )

)2/θ

,

where u is as in the above proof, because(
(p −2)

‖∇u‖2
L2(Sd )

‖u‖2
L2(Sd )

+Λ
)θ ‖u‖2

L2(Sd )

‖u‖2
Lp (Sd )

= (
µ(p,θ,Λ)

)θ and (p −2)
‖∇u‖2

L2(Sd )

‖u‖2
L2(Sd )

+Λ= θ
(
λ+ (p −2)

‖∇u‖2
L2(Sd )

‖u‖2
L2(Sd )

)
.

However, it is not a priori granted that any positive non-constant solution to (3.5) gives rise to an optimal

function for (2.1). We recall that µ(p,λ) = µ(p,1,λ). Since Proposition 3.1 applies to θ = 1, in that case an

optimal function solves (3.5), up to a multiplicative constant. Let us assume that there is some continuous

branch λ 7→ uλ of optimal functions in the case θ = 1, which solve (3.5). Assume moreover that there is no

other non-constant solution of (3.5). Then

µ(p,λ) = (p −2)‖uλ‖p−2

Lp (Sd )

and we can introduce

ν(p,λ) :=
‖∇uλ‖2

L2(Sd )

‖uλ‖2
L2(Sd )

.

Here we assume that λ is in some interval I . By testing (3.5) with uλ, we know that

λ+ (p −2)ν(p,λ) =µ(p,λ)
‖uλ‖2

Lp (Sd )

‖uλ‖2
L2(Sd )

and learn that the curve Λ 7→µ(p,θ,Λ) is contained in the set

{(
Λ(p,θ,λ), M(p,θ,λ)

)
: λ ∈I

}
where

Λ(p,θ,λ) := θλ− (1−θ) (p −2)ν(p,λ) ,

M(p,θ,λ) := θµ(p,λ)1/θ
(
λ+ (p −2)ν(p,λ)

)1−1/θ .
(3.8)

Remark 3.2. If we consider the bifurcation from constant functions, which occurs for θ = 1 at λ = µ = d ,

then by considering the corresponding branch λ 7→ uλ of positive non-constant solutions to (3.5), we may

notice that limλ→d+ µ(p,λ) = d , limλ→d+ ν(p,λ) = 0 and, as a consequence

lim
λ→d+

Λ(p,θ,λ) = lim
λ→d+

M(p,θ,λ) = d θ . (3.9)

The reparametrization (3.8) is also consistent with Lemma 3.2 as λ → +∞. From the case θ = 1, we

know that µ(p,λ) ∼ κ(p,1)λ1−θ? so that ν(p,λ) ∼ cλ for some c > 0 and recover that Λ(p,θ,λ) ∼
κ(p,θ) M(p,θ,λ)1−θ?/θ as λ→+∞ using

(
κ(p,θ)

)θ = κ(p,1)θθ/(θ−θ?)θ−θ? .

The case d = 1 is of particular interest as all positive non-constant solutions of (3.5) are known, ex-

ist only in I = (d ,+∞) and are uniquely for any given λ ∈ I . However, for a given value of Λ, (3.7)

may have several non-constant solutions, even if d = 1 or up to a rotation in dimension d ≥ 1. Hence
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the reparametrization in terms of λ has to be reserved for numerical computations or a local analysis of

the branches and µ(p,θ,Λ) can be estimated only after optimizing Qp,θ,λ[u] on all admissible solutions u

of (3.5).

3.3. Comparison with inequalities on the Euclidean space

We investigate the regime of θ close to θ? and prove that for p > 2 but not too large, symmetry breaking

occurs for λ< d θ.

Proposition 3.2. Let d ≥ 1. There is some p∗ ∈ (2,2∗) such that for any p ∈ (2, p∗) and any θ ∈ (θ?,θ?+ε) for

some ε(p) > 0, we have

µ(p,θ,d θ)

d θ
< 1.

Proof. Taking the logarithm of both sides in (1.3), we have

θ?

2
log

(∥∥∇ f
∥∥2

L2(Rd )

)
+ 1−θ?

2
log

(∥∥ f
∥∥2

L2(Rd )

)
≥ log

(
CGNS(p)

)+ 1

p
log

(∫
Rd

| f |p d x

)
.

This inequality for p > 2 becomes an equality at p = 2, with CGNS(2) = 1. Using θ′?(2) = d/4 where ′ denotes

the derivative with respect to p, we obtain

‖ f ‖2
L2(Rd )

log

(‖∇ f ‖2
L2(Rd )

‖ f ‖2
L2(Rd )

)
≥ 2

d

∫
Rd

| f |2 log

(
| f |2

‖ f ‖2
L2(Rd )

)
d x + 8

d
C ′

GNS(2)‖ f ‖2
L2(Rd )

by taking the derivative with respect to p at p = 2, which the logarithmic Sobolev in scale invariant form

with optimal constant: see for instance Theorem 2 of 40, Inequality (2.3) of 38 or Inequality (26) of 10. Hence

we deduce that C ′
GNS(2) = d

8 log(πd e/2). Altogether, this means that

lim
λ→+∞

µ(p,θ?,λ)

d θ?
∼ 2πe

d |Sd |2/d
= 2e

d

(
Γ
( d+1

2

)
2
p
π

)2/d

.

As a function of d , the right-hand side is increasing with limit 1 as d →+∞ according to Stirling’s formula,

which proves that

lim
p→2+

µ(p,θ?,λ)

d θ?
< 1 ∀ (d ,λ) ∈N× (0,+∞) . (3.10)

We apply (3.10) with λ = d θ and use the continuity of µ(p,θ,λ) first with respect to p and then with

respect to θ, as a consequence of the reparametrization.

To get an upper estimate of CGNS(p) in an arbitrary dimension d ≥ 1, we can use concentrating Gaus-

sian test functions. Using (3.4), we obtain

µ(p,θ?,λ) ≤ κ(p,θ?) = p−2
|Sd |2/d CGNS(p)2/θ? ≤ g(p,d) := d (p−2) p

2
p−2

2
(d+2) p−4

d (p−2) π
1
d

Γ
(

d+1
2

)2/d
(3.11)

for any λ > 0. The condition g(p,d) < d θ? shows that for θ−θ? > 0 small, symmetry breaking occurs for

λ < d θ. Checking the condition g(p,d) < d θ? is easy to implement numerically. Solving g(p,d) = d θ?
gives a lower estimate on p∗. See Section 6.6 for more details.

3.4. Consequences for the main results

With the estimates of Section 3, we can complete the proofs of Section 2.6.
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Proof of Theorem 1.1, part (2/2). For large values of λ, the estimate of µ(p,θ,λ) given by (1.5) is the result

of Lemma 3.2 with κ= κ(p,θ). ä

Proof of Theorem 1.2, part (2/2). It is easy to rephrase the result of Proposition 3.2 as the fact thatλT(p,θ) <
d θ if θ−θ? ≥ 0 is taken small enough and p is in the appropriate range. ä

4. A formal Taylor expansion near the bifurcation point

We consider the minimization problem (2.1) and investigate as in 17 the behaviour of the branch that bi-

furcates from the constant functions by formally expanding Qp,θ,λ on the lowest spherical harmonics in a

neighbourhood of λ = d θ. The reader who is not interested in the discussion for an arbitrary dimension

d ≥ 1 will find in Section 6.3 a shorter version specific to the case d = 1.

In order to avoid heavy notations, assume that p and θ are given, let us write Λ(λ) = Λ(p,θ,λ)

and M(λ) = M(p,θ,λ) for the reparametrization of (3.8), and consider the parametric curve C : λ 7→(
Λ(λ), M(λ)

)
. If ′ denotes the derivative with respect to λ, let

s(λ) := M ′(λ)

Λ′(λ)
. (4.1)

We shall also need

θ0 := (d +2)(d +3)(p −2)

2(p2 +2 p −6)+d (p2 +6 p −12)−d 2 (p −2)2 . (4.2)

Proposition 4.1. Let d ≥ 1, p ∈ (2,+∞) if d = 1, 2, p ∈ (2,2∗] if d ≥ 3 and θ ≥ θ?. Assuming that C is analytic,

there is some ε> 0 such that the parametric curve C : [d ,d +ε) → (R+)2 has the following properties:

(1) If θ 6= θ0, the curve C bifurcates from (d θ,d θ) tangentially to µ=λ, i.e., M(d) =Λ(d) = d θ and s(d) = 1,

(2) The curve C is concave and below the line µ= λ on a right neighbourhood of the bifurcation point, i.e.,

Λ′(λ) > 0, M ′(λ) > 0 and s′(λ) < 0 for any λ ∈ (d ,d +ε) if θ > θ0.

(3) The curve C is convex and above the line µ = λ on a left neighbourhood of the bifurcation point, i.e.,

Λ′(λ) < 0, M ′(λ) < 0 and s′(λ) > 0 for any λ ∈ (d ,d +ε) if θ < θ0.

Proof. The proof relies on a formal Taylor expansion in which we neglect higher order terms without jus-

tification, based on our analyticity assumption. Let us start by introducing the lowest spherical harmonic

function that are needed to obtain the leading order terms.

On the sphere Sd , we consider the Laplace-Beltrami operator restricted to the functions depending

only on the azimuthal angle ζ ∈ [0,π]

L f := (sinζ)1−d d

dζ

(
(sinζ)d−1 d f

dζ

)
.

On [0,π], we consider the probability measure

dσζ =
1

Zd
(sinζ)d−1 dζ where Zd :=

∫ π

0
(sinζ)d−1 dζ=

p
π Γ( d

2 )

Γ( d+1
2 )

.

The spherical harmonic functions

ϕ0(ζ) := 1, ϕ1(ζ) =
p

d +1 cosζ , ϕ2 =
√

d +3

2d
(d +1)

(
(cosζ)2 −1

)
,
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are normalised eigenfunctions in L2([0,π],dσζ) of L with eigenvalues λ0 = 0, λ1 = d , λ2 = 2d +2 such that∫
Sd

|ϕ1|4 dσ= 3
d +1

d +3
,

∫
Sd

|ϕ1|2ϕ2 dσ=
√

2d

d +3
,

∫
Sd

|ϕi |2 dσ= 1 ∀ i = 0, 1, 2 ,∫
Sd
ϕ1 dσ=

∫
Sd
ϕ2 dσ=

∫
Sd
ϕ1ϕ2 dσ=

∫
Sd

|ϕ2|2ϕ1 dσ=
∫
Sd
ϕ3

1 dσ= 0.

According to Section 2.4, the Taylor expansion of Qp,θ,Λ[1+ εϕ1] at order ε2 shows that µ(p,θ,Λ) < Λ if

Λ > d θ, while Qp,θ,Λ[u] is linearly stable at u = 1 if Λ < d θ. Moreover, we know from (3.9) that Λ(d) =
M(d) = d θ, so that µ(p,θ,d θ) = d θ. In order to understand the bifurcation of Λ 7→µ(p,θ,Λ) at Λ= d θ, we

have to perform a Taylor expansion at higher order. The unique positive solution of (3.5) which is constant

is u = (
λ/(p −2)

)1/(p−2) and we consider the expansion with respect to λ in a neighbourhood of λ= d . Let

uε =
( d

p−2

) 1
p−2

(
1+εaϕ1 +ε2bϕ2

)
. (4.3)

A direct computation shows that( d
p−2

)− 2
p−2 ‖∇uε‖2

L2(Sd )
= d a2 +2(d +1)b2 ,( d

p−2

)− 2
p−2 ‖uε‖2

L2(Sd )
= 1+a2 +b2 ,( d

p−2

)− 2
p−2 ‖uε‖2

Lp (Sd )
= 1+ (p −1)

(
a2 ε2 +cε4) with c := b2 + (p −2)

√
2d

d+3 a
2b− (p−2)(d+p)

2(d+3) a4 .

With these preliminaries in hand, our strategy can be decomposed into three steps and goes as follows.
(1) If θ = 1, we know that the curve C bifurcates from (λ,µ) = (d ,d) as a concave function λ 7→µ(λ), to the

right and below the line µ = λ. We can compute an approximation on the lowest spherical harmonic

function by minimizing Qp,1,λ with respect to the corresponding coefficients.

(2) We use the reparametrization of Section 3.2 to obtain a curve which bifurcates from (λ,µ) = (d θ,d θ).

(3) We discuss the behaviour of C in the neighbourhood of the bifurcation point depending on θ.

Step 1: the case θ = 1. In view of the Taylor expansion of Section 2.4, let us take λ = λ(ε) := d + ε2 and

consider uε given by (4.3). A minimization of Qp,1,λ(ε)[uε] with respect to a and b shows that

Qp,1,λ(ε)[uε] =λ(ε)− (d +2)(d +3)(p −2)

2d (d +1)(p −1)(2d −p (d −2))
ε4 +o(ε4)

for the optimal choice of a and b given by

a=
√

(d +2)(d +3)

d (d +1)(p −1)(2d −p (d −2))
and b=

p
d (d +3)p

2(d +1)(2d −p (d −2))
.

Step 2: the reparametrization, the case θ 6= 1. According to Section 3.2 and with the simplified notation

µ(λ) =µ(p,λ) and ν(λ) = ν(p,λ), we have

ν
(
λ(ε)

)= ‖∇uε‖2
L2(Sd )

‖uε‖2
L2(Sd )

+o(ε4) =αε2 + 1

2
βε4 +o(ε4) (4.4)

where

α= (d +2)(d +3)

(d +1)(p −1)(2d −p (d −2))
and β= (d +3)

(
d 2 (d +1)(p −1)2 − (d +2)2 (d +3)

)
d (d +1)2 (p −1)2 (2d −p (d −2))2 ,

and µ
(
λ(ε)

)=Qp,1,λ(ε)[uε], that is,

µ
(
λ(ε)

)= d +ε2 −γε4 +o(ε4) where γ= (d +2)(d +3)(p −2)

2d (d +1)(p −1)(2d −p (d −2))
. (4.5)
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Step 3: discussion. In our simplified notation, the reparametrization (3.8) can be rewritten as

Λ(λ) = θλ− (1−θ) (p −2)ν(λ) and M(λ) = θµ(λ)1/θ (
λ+ (p −2)ν(λ)

)1−1/θ .

From the analyticity assumption, the derivatives can be computed order by order in terms of ε2 and we

obtain that

Λ′(d) = θ− (1−θ) (p −2)α> 0

if and only if θ > θ0. By direct computation, we have

M ′(λ) =µ′(λ)

(
λ+ (p −2)ν(λ)

µ(λ)

)1−1/θ

+ (θ−1)

(
µ(λ)

λ+ (p −2)ν(λ)

)1/θ (
1+ (p −2)ν′(λ)

)
and for λ = d , µ(d) = d , while we learn that ν(d) = 0 and µ′(d) = 1 from (4.4) and (4.5) respectively. Alto-

gether, we obtain

M ′(d) = θ− (1−θ) (p −2)α=Λ′(d) .

As a consequence, the slope s of the curve C defined by (4.1) satisfies

s(d) = 1 if θ 6= θ0 .

If θ 6= θ0, let us observe that

s′(d) = s′(d)

s(d)
= M ′′(d)

M ′(d)
− Λ′′(d)

Λ′(d)
= M ′′(d)−Λ′′(d)

Λ′(d)

where

Λ′′(d) =−(1−θ) (p −2)β and M ′′(d) =−µ′′(d)+ (p −2)
1−θ
d θ

(
(p −2)α2 −d θβ

)
.

Altogether, we have the identity

s′(d)Λ′(d) =− (p −2)2 1−θ
d θ

α2

from which we deduce the concavity (resp. convexity) property of C if θ > θ0 (resp. θ < θ0).

5. The one-dimensional case

5.1. Computation of the branch with θ = 1

Let us consider the solution of (3.5), up to a multiplication by
(
λ/(p −2)

) 1
p−2 . The 2π-periodic solution of

− u′′+ λ

p −2

(
u −up−1)= 0 on R (5.1)

is changed into the T -periodic solution of

− v ′′+ v = v p−1 on R (5.2)

with T = 2π
√
λ/(p −2) if u(x) = v

(√
λ/(p −2) x

)
. Since

E = 1

2
|v ′|2 −V (v) where V (v) := 1

2 |v |2 − 1
p |v |p

is constant, we learn that

|v ′| =
√

2(E +V (v))
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and can compute the period of a periodic positive function as

T (E) = 2
∫ T (E)/2

0
d x = 2

∫
I (E)

d wp
2(E +V (w))

where

I (E) := {
w > 0 : E +V (w) > 0

} ∀E ∈ (−θ?,0)

and θ? = (p −2)/(2 p) = minw>0 V (w). Changing variables with λ=λ(E), we can compute∫ 2π

0
|u|q dσ=

√
p −2

2π
p
λ

∫ T (E)

0
|v |q d x =

√
p −2

π
p
λ

Jq (E) , (5.3)∫ 2π

0
|u′|2 dσ=

p
λ

2π
√

p −2

∫ T (E)

0
|v ′|2 d x =

p
λ

π
√

p −2
K (E) , (5.4)

with

Jq (E) :=
∫

I (E)

w q

p
2(E +V (w))

d w and K (E) :=
∫

I (E)

√
2(E +V (w))d w .

According to 32 (also see earlier references therein), the function T : [−θ?,0) →R+ is monotone increasing

with

lim
E→(−θ?)+

T (E) = 2π and lim
E→0−

T (E) =+∞ .

The concave curve λ 7→µ(p,λ) can be parametrized by E . With a slight abuse of notations, we can consider

λ and µ as functions of E and write

λ(E) = (p −2)

(
T (E)

2π

)2

,

µ(E) = (p −2)
∫ 2π

0 |u′|2 dσ+λ(E)
∫ 2π

0 |u|2 dσ(∫ 2π
0 |u|p dσ

)2/p
=λ(E)

 √
p −2

π

√
λ(E)


1− 2

p

K (E)+ J2(E)

Jp (E)2/p
,

For later purpose, it is also convenient to define

ν(E) :=
‖u′‖2

L2(S1)

‖u‖2
L2(S1)

= λ(E)

p −2

K (E)

J2(E)
.

Altogether, we have

λ(E) = (p −2)

(
T (E)

2π

)2

,

µ(E) = (p −2)

(
T (E)

2π

)2 (
T (E)

2

)− p−2
p K (E)+ J2(E)

Jp (E)2/p
,

ν(E) =
(

T (E)

2π

)2 K (E)

J2(E)
.

(5.5)

Remark 5.1. Notice that

µ(E) = (
λ(E)

)1−θ?
(

p −2

π2

)θ? K (E)+ J2(E)

Jp (E)2/p
. (5.6)
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Since limE→0− T (E) =+∞ and J2(E), Jp (E) and K (E) converge as E → 0+ respectively to

J2(0) = 1

4

p +2

p −2

( p

2

) 2
p−2

p
π Γ

( p
p−2

)
Γ
( p

p−2 + 1
2

) , Jp (0) = 2 p

p +2
J2(0) , K (0) = p −2

p +2
J2(0) , (5.7)

we recover the result of Lemma 3.2 in dimension d = 1 if θ = 1. For details on this computation, see for

instance the proof of Lemma 3 in 12.

5.2. Computation of the branch with θ < 1: reparametrization

If θ ∈ (θ?,1), we know from Section 3.2 that any optimal function for (2.1) is, up to a multiplication by a

constant, a solution of (5.1) with

λ= 1

θ

(
Λ+ (1−θ) (p −2)

‖u′‖2
L2(S1)

‖u‖2
L2(S1)

)

which provides us with the reparametrization
(
Λ,µ(p,θ,Λ)

)
by E 7→ (

λ(θ,E),µ(θ,E)
)

λ(θ,E) := θλ(E)− (1−θ) (p −2)ν(E) =
(
θ− (1−θ)

K (E)

J2(E)

)
λ(E) ,

µ(θ,E) := (
λ(θ,E)+ (p −2)ν(E)

)( ‖uE‖2
L2(S1)

‖uE‖2
Lp (S1)

) 1
θ

=
(
λ(θ,E)+λ(E)

K (E)

J2(E)

)  √
p −2

π

√
λ(E)


p−2
p θ (

J2(E)

Jp (E)2/p

) 1
θ

,

(5.8)

where uE denotes the solution of (5.1) corresponding to λ = λ(E) and J2 and K are defined respectively

in (5.3) and (5.4). Using the computations of Section 5.1, we obtain

λ(θ,E) = (p −2)

(
θ− (1−θ)

K (E)

J2(E)

)(
T (E)

2π

)2

,

µ(θ,E) = θ (p −2)

(
1+ K (E)

J2(E)

)(
T (E)

2π

)2 (
T (E)

2

)− p−2
p θ

(
J2(E)

Jp (E)2/p

) 1
θ

.

(5.9)

Remark 5.2. As a limit case corresponding to θ = θ?, we read from (5.9) that

µ(θ?,E) = θ? (p −2)
K (E)+ J2(E)

J2(E)

(
J2(E)

Jp (E)2/p

) 1
θ?

.

Using (5.7), we obtain

κ(p,θ?) = lim
E→0−

µ(θ?,E) = (p −2)2

p +2

(
p +2

2 p

) 4
p−2 J2(0)2

π2

with J2(0) given by (5.6). Taking into account (3.4), this allows us to check that

(
CGNS(p)

)2/θ? =
(

p+2
4

) p+2
p−2

π Γ
(

p
p−2

)2

(p −2) Γ
(

p
p−2 + 1

2

)2 . (5.10)

By testing (5.2) with v , we learn that
∫ T (E)

0

(|v ′|2 +|v |2 −|v |p)
d x = 0 and

K (E)+ J2(E)− Jp (E) = 0

using the change of variables x 7→ w = v(x) as in Section 5.1. Similarly an integration on (0,T (E)) of the
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identity 0 = 2(E +V (v))−|v ′|2 gives the relation

E T (E)−K (E)+ J2(E)− 2
p Jp (E) = 0.

As a consequence, we learn that Jp (E) = K (E)+ J2(E),

T (E) = (p −2) J2(E)− (p +2)K (E)

p |E | = 2
J2(E)

|E |
(
θ?− (1−θ?)

K (E)

J2(E)

)
so thatλ(θ?,E) ≥ 0 andλ(θ,E) = 1

1−θ?
(
(p−2)(θ−θ?)+(1−θ)λ(θ?,E)

)( T (E)
2π

)2 ≥ (p−2) θ−θ?1−θ? using T (E) ≥ 2π,

and

λ(θ?,E) = (p −2)
(
(p +2)K (E)− (p −2) J2(E)

)3

8 p3π2 J2(E)E 2 .

A lengthy computation in the spirit of the method of Section 4 of 32 shows that K ′(E) and J ′2(E) admit finite

limits as E → 0− so that (p +2)K (E)− (p −2) J2(E) =O(E). As a consequence we know that

lim
E→0−

λ(θ?,E) = 0.

5.3. Comparison with the Gagliardo-Nirenberg constant

In the d = 1 case, it is known that equality in the Euclidean Gagliardo-Nirenberg-Sobolev inequality (1.3)

is achieved by the function u(x) = (cosh x)−2/(p−2), x ∈R. See for instance 23 and earlier references therein.

As a consequence, we recover (5.10). We know from (3.4) that µ(p,θ?,λ) ≤ κ(p,θ?). Using the concavity of

λ 7→µ(p,θ,λ) and its continuity with respect to θ for θ−θ? > 0, small, we conclude that symmetry breaking

occurs for λ< d θ with d = 1 if

κ(p,θ?) = p −2

4π2 CGNS(p)2/θ? < θ? = p −2

2 p
.

One can show that this occurs if p ∈ (2, p?) for some p? > 2. See Section 6.4 for a numerical result.

6. Some numerical results

In this section, we collect various plots which illustrate our results. Except in Sections 6.1 and 6.6, we focus

on the case d = 1 and use the representation of Section 5.1 of the solutions by elliptic integrals. In higher

dimensions, more robust numerical methods would be needed for detailed results, which are out of the

scope of the present paper, but at least we present evidences that some properties are qualitatively similar

to the case d = 1.

6.1. Inequalities, symmetry and phase transition

The family of inequalities (1.2) holds for any u ∈ H1(Sd ,dσ) and λ> 0, for some positive optimal constant

µ(p,θ,λ), if θ ≥ θ? = d (p −2)/(2 p), p ∈ (2,+∞) if d = 1 or d = 2, and p ∈ (2,2∗] with 2∗ = 2d/(d −2) if d ≥ 3.

We have the estimates µ(p,θ,λ) ≤λ for any λ> 0, µ(p,θ,λ) <λ if λ> d θ and µ(p,θ,λ) =λ if λ≤ d θ, θ ≥ θ#

and p ∈ (2,2#), where 2# is the Bakry-Emery exponent and θ# is the corresponding exponent. If d = 1, then

2# =+∞ and θ# = 3(p −2)/(4 p −7). If d ≥ 2, we also have µ(2#,θ,λ) = λ if λ≤ d θ and θ ≥ θ#. If p ∈ (2#,2∗

and d ≥ 3, or p ∈ (2#,+∞) if d = 2, we also have µ(p,θ,λ) =λ if λ≤ d θ, θ ≥ 1. See Fig. 1.

The function λ 7→µ(p,θ,λ) is monotone non-decreasing and concave. We distinguish two regimes:

• Symmetry: µ(p,θ,λ) =λ, the equality case in (1.2) is achieved only by constant functions,

• Symmetry breaking: µ(p,θ,λ) <λ, the equality case in (1.2) is not achieved by constant functions.

Our goal is to understand whether the phase transition from symmetry to symmetry breaking occurs at
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Fig. 1. The range of the admissible parameters θ as a function of p in (from left to right) dimensions d = 1, d = 2 and
d = 3 corresponds to the gray area θ ≥ θ? for any p > 2 if d = 1 or d = 2 and p ∈ (2,2∗] is d ≥ 3. The dark gray subdomain
is the region θ ≥ θ# with p ∈ (2,+∞) if d = 1, 2 < p ≤ 2# if d ≥ 2 or θ ≥ 1 if d ≥ 2 with 2# ≤ p <∞ if d = 2 and 2# ≤ p ≤ 2∗ if
d ≥ 3. In dimensions d ≥ 3, the admissible range is limited to the interval (2,2∗] with 2∗ → 2 as d →+∞ but otherwise
the picture is qualitatively the same as in the case d = 3.

λ = d θ and determines a second order phase transition, or for some λ < d θ, which corresponds to a first

order phase transition. Notice that a first order phase transition can occur also at λ = d θ. In Fig. 1, dark

grey regions correspond to θ ≥ min
{
1,θ#

}
in which we have a second order phase transition.

6.2. The branch of positive non-constant solutions for d = 1

In dimension d = 1, obtaining all positive non-constant solutions to (5.1) can be done by solving this

Hamiltonian ODE using elliptic integrals involving the Hamiltonian energy E as a parameter, which

parametrizes monotonically λ = λ(E) while µ(E) = µ
(
p,1,λ(θ,E)

)
is obtained by computing µ(E) =

λ(E)‖uE‖p−2
Lp (S1)

where uE denotes the 2π-periodic solution of energy E . The curve E 7→ (
λ(E),µ(E)

)
given

by (5.5) represents all solutions corresponding to the Euler-Lagrange equations associated with (1.2) for

θ = 1. If d = 1 but θ 6= 1, all solutions corresponding to the Euler-Lagrange equations associated with (1.2)

can be represented by a curve E 7→ (
λ(θ,E),µ(θ,E)

)
given by (5.9). Typical patterns are shown in Fig. 2. De-

pending on the values of θ, the bifurcating curve goes either to the right (higher values of λ) or to the right.

This first qualitative property is explained next.
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Fig. 2. In dimension d = 1, with p = 5, the set of non-constant positive solutions is represented in (λ,µ) coordinates
(blue curve) for θ = 2, θ = 0.8, θ = 0.32 and θ = θ? = 0.3, from left to right, while constant solutions are represented by
the brown half-line µ = λ. The bifurcation point is at λ = µ = d θ (with d = 1) in all cases. In the case θ = θ?, we have
already seen in Remark 5.2 that limE→0− λ(θ?,E) = 0 and limE→0− µ(θ?,E) = κ(p,θ?) > 0.

Coming back to (1.1) and (1.2), we may notice that µ
(
p,λ(1,E)

)=µ(1,E) for any E > 0 and

µ
(
p,θ,Λ

)= min
{
µ∗(θ,E ,Λ)

}
: E > 0

}
where µ∗(θ,E ,Λ) := min{Λ,µ(θ,E)} .

6.3. The first bifurcation from constant solutions for d = 1

The deficit associated with (1.2) is linearly stable if λ < d θ, and linearly unstable if λ > d θ. As a conse-

quence, a branch of non-constant solutions of the Euler equation bifurcates at λ= d θ. The case of dimen-
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sion d = 1 enters in the general setting of Section 4, but one can give a simpler analysis in that case. Let us

start with the case θ = 1. The simple ansatz

uε(ζ) = 1+aε
p

2 cosζ+bε2
p

2 cos(2ζ) ∀ζ ∈ [0,2π) ≈S1

allows us to describe the branch of positive non-constant solutions to (3.5) near the bifurcation point, at

leading order for ε> 0 small, as a parametric curve in (λ,µ) coordinates parametrized by ε> 0 such that

λ(ε) = 1+ε2 .

This ansatz has been justified in Section 4. Here we only collect the observations needed for numerical

computations in dimension d = 1. At formal level, we do the expansion of

µ(ε) :=
(p −2)‖u′

ε‖2
L2(S1)

+λ(ε)‖uε‖2
L2(S1)

‖uε‖2
Lp (S1)

and simply observe that λ(ε)−µ(ε) achieves its maximum for

a= 6

(p −1)(p +2)
and b= 1p

2(p +2)
,

in which case we obtain

µ(ε) = 1+ε2 −γε4 +o
(
ε4) with γ= 3(p −2)

(p −1)(p +2)
.

Notice that we can eliminate ε2 = λ−1 and find that µ(p,λ) = λ−γ (λ−1)2 +o
(
(λ−1)2

)
, i.e., the parabola

which interpolates λ 7→µ(p,λ) at the bifurcation point. With a similar computation, we can compute

ν(ε) :=
‖u′

ε‖2
L2(S1)

‖uε‖2
L2(S1)

=αε2 +βε4 +o
(
ε4) where α= 6

(p −1)(p +2)
and β= 2(p2 −2 p −17)

(p −1)2 (p +2)2 .

So far, these computations are done in the case θ = 1. If θ 6= 1, we can use them to get an approximation of

λ(θ,E) and µ(θ,E) using (5.9). For ε> 0 small, we obtain the reparametrization

λ= θ (1+ε2)− (1−θ) (p −2)
(
αε2 +βε4)+o

(
ε4) ,

µ= θ (
(p −2)

(
αε2 +βε4)+1+ε2)1− 1

θ
(
1+ε2 −γ(p)ε4) 1

θ +o
(
ε4) .

Expanding again around ε= 0, we notice that

λ= θ+ A(θ, p)ε2 +B(θ, p)ε4 +o
(
ε4)

µ= θ+ A(θ, p)ε2 +C (θ, p)ε4 +o
(
ε4) with


A(θ, p) = θ− (1−θ) (p −2)α= θ− (1−θ) 6(p−2)

(p−1)(p+2) ,

B(θ, p) =− (1−θ) (p −2)β ,

C (θ, p) = 1−θ
2θ (p −2)2α2 − (1−θ) (p −2)β−γ .

To understand the behaviour of the branch in the (λ,µ) representation, it is interesting to compute the sign

of A(θ, p). An elementary computation shows that A(θ, p) is negative if and only if

θ < θ0(p) := 6(p −2)

p2 +7 p −14
< θ? .

This is consistent with (4.2). As in Section 4, we obtain that s′(λ) < 0 for λ> d , close enough to d if θ < θ0,

so that bifurcations always take place to the left in that case. This happens if 2 < p < p0 = 7. See Fig. 3.

Bifurcations taking place to the left only if 2 < p < p0 could sound like a paradox in view of Fig. 2 (cases

θ = 0.32 and θ = 0.3) as it seems that bifurcations might take place to the left also if 7 = p0 < p . 9.91109

(see Section 6.4 below), but a detailed numerical analysis shows that there is in fact a double turning point

in that case. An enlightening example is shown in Fig. 4.
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Fig. 3. In dimension d = 1, plot of p 7→ θ?(p) (blue) and p 7→ θ0(p) (black, dotted).
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Fig. 4. In dimension d = 1, for p = 9 and θ?(9) = 7
18 < θ ≈ 0.398889, we observe a double turning point in the (λ,µ)

representation of the critical points. The right plot is an enlargement of the left plot near the bifurcation point.

6.4. The critical and slightly sub-critical cases for d = 1

For θ > θ?, close enough to θ?, symmetry breaking occurs for λ < d θ (first order phase transition) if

κ(p,θ?) ≤ d θ? = (p −2)/(2 p). Numerically, this occurs for any p ∈ (2, p?) with p? ≈ 9.91109.

0.1 0.2 0.3 0.4

0.1

0.2

0.3

0.4

Fig. 5. In dimension d = 1, with p = 5 and θ = θ? = 0.3 as in Fig. 2, we obtain numerically that µ(p,θ?,λ) =
min

{
λ,κ(p,θ?)

}
. Proving that either E 7→ λ(θ?,E) or E 7→ µ(θ?,E) are monotone functions are open questions. At

the level µ= κ(p,θ?), there is a loss of compactness in the variational problem associated with (1.2).

As in Section 3.3, an almost explicit range is given by taking Gaussian test functions. With the notation

of (3.11), this amounts to the estimate κ(p,θ?) ≤ g(p,1) = p−2
8π

( p
2

)2/(p−2)
, which is not as good as the previ-

ous one, but one can check that g(p,1) < θ? holds if and only if p ∈ (2, p?) where p? = 2 log(2π)/`≈ 7.8834

where ` is the unique real number larger than 1 such that 2π`e−` = log(2π). See Figs. 5 and 6.

6.5. A summary for d = 1

Our symmetry breaking results are summarized in Fig. 7. A numerical estimate of the range in which a first

order phase transition holds is obtained, in terms of θ by finding, for each value of p, for which E ∈ (−θ?,0)

we can solve

λ(θ,E) =µ(θ,E) = θ (6.1)
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Fig. 6. In dimension d = 1 and θ = θ?, the critical cases are shown (from left to right) for p = 9.0, 9.7, 10.1 and 10.8. Even
in the cases of a first order transition corresponding to θ−θ? > 0, small, and p = 9.0 or 9.7 the branch bifurcates to the
right at (λ,µ) = (θ,θ).

where λ(θ,E) and µ(θ,E) are defined by (5.8). As in Section 5.2, since the solution uE of (5.1) corresponding

to λ=λ(E) is optimal for (1.1), we know that

‖uE‖2
Lp (S1)

‖uE‖2
L2(S1)

= (p −2)ν(E)+λ(E)

µ(E)

Altogether, we obtain

λ(θ,E) = θλ(E)− (1−θ) (p −2)ν(E) and µ(θ,E) = θ (
(p −2)ν(E)+λ(E)

)1− 1
θ µ(E)

1
θ .

Solving (6.1) amounts to θ = θ̃(E) := (p−2)ν(E)

(p−2)ν(E)+λ(E)−1
while E is obtained as the solution of

(λ(E)−1) log
(
(p −2)ν(E)+λ(E)

)= (
(p −2)ν(E)+λ(E)−1

)
logµ(E) .

We denote by Ẽ the numerical solution. It turns out that this problem is rather stiff and would require

0 2 4 6 8 10 12
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0.8

Fig. 7. Range of θ (vertical axis) in terms of p (horizontal axis): the admissible range is the grey area θ ≥ θ?(p) where p 7→ θ?(p)
corresponds to the blue curve. The yellow curve represents p 7→ θ#(p) above which the phase transition is of second order. The green
curve is p 7→ κ(p,θ?), such that symmetry breaking occurs for λ < θ if θ−θ?(p) > 0 is small enough and κ(p,θ?) < θ?(p), that is,
in an upper neighbourhood of the bold part of the blue curve. The intersection of the red curve given by Gaussian test functions
with p 7→ θ?(p) determines the range 2 < p < p∗ in Proposition 3.2, which is a more explicit interval in p for symmetry breaking,
for θ−θ? > 0, small enough. The black, dotted curve is p 7→ θ0(p) as in Fig. 3. The (brown, thick) curve p 7→ θ•(p) is a numerical
approximation of the threshold between first and second order phase transitions for a subinterval of the admissible values of p.

a more detailed numerical analysis but one can expect that θ̃(Ẽ) is the threshold value of θ below which

a first order transition occurs. This value of course depends on p and a portion of the curve, denoted by

p 7→ θ•(p) is shown on Fig. 7.

6.6. Some numerical results in higher dimensions

The condition (3.11) can be implemented numerically to give a range of values of p > 2 for which a first

order phase transition occurs for some θ > θ?, close enough to θ?. See Fig. 8.
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Fig. 8. Plot (orange curve) of d 7→ p∗(d) where p = p∗ solves g(p,d) = d (p −2)/(2 p), where d is considered here as a real parameter.
For integer values of d ≥ 1, a first order phase transition occurs if p ∈ (2, p∗(d)).
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