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INTERPOLATION INEQUALITIES ON THE SPHERE: RIGIDITY, BRANCHES OF
SOLUTIONS, AND SYMMETRY BREAKING

ESTHER BOU DAGHER AND JEAN DOLBEAULT

ABSTRACT. This paper is devoted to three Gagliardo-Nirenberg-Sobolev interpolation in-
equalities on the sphere. We are interested in branches of optimal functions when a scale
parameter varies and investigate whether optimal functions are constant, or not. In the
latter case, a symmetry breaking phenomenon occurs and our goal is to decide whether
the threshold between symmetry and symmetry breaking is determined by a spectral cri-
terion or not, that is, whether it appears as a perturbation of the constants or not. The first
inequality is classical while the two other inequalities are variants which reproduce pat-
terns similar to those observed in Caffarelli-Kohn-Nirenberg inequalities, for weighted
inequalities on the Euclidean space. In the simpler setting of the sphere, it is possible to
implement a parabolic version of the entropy methods associated to nonlinear diffusion
equations, which is so far an open question on weighted Euclidean spaces.

1. INTRODUCTION

In this paper we consider some interpolation inequalities on the sphere which can be
written in generic form as

F(IVUlZ, go Nl g0 ) 2 1012, 0 VueH' (S, do) ()

where p > 2 has to be specified. Here the function F: (R*)?2 — R is a two-homogeneous
function, i.e.,
F(ha,hb)=h*F(a,b) V¥ (hab)e ®R")?,

and we assume that F(0,1) = 1. We will not give general assumptions of regularity on F as
we shall rather focus on three particular cases that illustrate the variety of possible cases.
With standard notations, do = |§d|_1 dvg denotes the uniform probability measure on
the unit sphere s « R4*! induced by Lebesgue’s measure on R4*! The space LS4, do)
with g € [1, +00) is the standard Lebesgue space with norm ||-||; 4 (s4) defined by

1/q
o— q
u = ul’do .
el g s (Ld| | )

The fact that do is a probability measure means that || Ullpgsay =1 if u=1a.e. onS%and
we also have |lull{q ) = lullya sa for any u € L% (S9 do) as soon as 1 < g1 < q2. The
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space H'(S%, do) is obtained by completion of smooth functions on $¢ with respect to
the norm u— (IVul2, o +lul?, o))"

If (1) is an optimal inequality, and if there is some u, € H!(S%, do) such that equal-
ity holds in (1), the question that we address is the symmetry versus symmetry breaking
issue: is u, necessarily a constant function (symmetry) or not (symmetry breaking). In
this last case, there is a manifold of non-constant optimal functions generated by all pos-
sible rotations. We also consider limit cases for which compactness is lost and there is
no optimal function (or a sequence of functions approximating the equality case is not
compact even after normalization): there is symmetry breaking if the optimality case is
not achieved by constant functions.

As a side question, let us mention the question of the rigidity in related elliptic equa-
tions: up to a normalization by a multiplicative constant, is there at most one nonnega-
tive solution to the Euler-Lagrange equation

—0,F(a,b)Au+0pF(a,b)u= ||u|| uP™l with a=|Vul?

LP(S”’) and b= |ul?

L2(S9) L2(S%)
or not. Here A denotes the Laplace-Beltrami operator on $¢ with the convention that
—A is anonnegative operator. In case of uniqueness and compactness (normalized min-
imizing sequences for (1) are relatively compact and the limits after extraction of a sub-
sequence solves the equation), then symmetryholds and u = 1 a.e. is the unique solution,
while in the symmetry breaking case, there is no rigidity (notice that if u is optimal for (1),
then |u] is also optimal).

In order to study the symmetry breaking phenomenon, we shall introduce a bifurca-
tion parameter A > 0 and families of functions (F,) 1~¢ depending continuously on A with
F;(0,1) = A. Our goal is to characterize the optimal constant (1) in the inequality

Fa(IVull? HO Nl g YueH' (7, do) @

so that symmetry means p(A) = A while symmetry breaking is characterized by p(A1) < A.
On $%, there is an intrinsic length scale, which compares with A. The three families of
Gagliardo-Nirenberg-Sobolev inequalities on S¢ studied in this paper are

LP(S9)

2 m(p,6,4) o 2(1-0)
”vu”LZ(gd) m ” u”LZ(gd) = W ” ”Lp(§d) ” u||L2(§d) ) (4)
0
21-0) _ [H2(p,0,A)
IVl ga, + FErL u||L2(§d)) lullfign = (W 1l ga» (5)

for any u € H' (S, do), where A > 0 is a parameter while po(p, A) and p(0,A) with k =1, 2
are the optimal constants. Although the case p € [1,2) makes sense, we shall for simplicity
restrict our purpose to p € (2,00) ifd =1, 2 and p € (2,2*] if d = 3, with 2* =2d/(d - 2).
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By convention, we take 2* = +ooif d = 1, 2. The exponent

-2
0,:=d2—= 6)
2p
is the exponent in the Euclidean Gagliardo-Nirenberg-Sobolev inequalities
IIVullLZ([Rd) | ulle(Rd) 266Ns ullfp ey YueH (R ,dx) (7)

and induces the limitation 6 = 0, in (5). As we shall see later, the regime for A small
corresponds to symmetry while the asymptotic regime as A — +oois related with optimal
functions for (7) on the tangent Euclidean space R?, which induce symmetry breaking.

Let us give a brief account of the literature. M.-E Bidault-Véron and L. Véron proved
Inequality (3) in [5, Corollary 6.1] as a consequence of a rigidity result. Another proof by
W. Beckner in [4] relies on spectral methods, the Funk-Hecke formula and a duality re-
sult introduced by E. Lieb in [27]. An earlier version corresponding to the range p € (2,2")
with 2% = (2d? +1)/(d —1)? if d = 2 and 2" = +o0 if d = 1 was established by D. Bakry and
M. Emery in [1, 2], using the carré du champ method and the heat flow. We refer to [3]
for a general overview of the carré du champ method in the context of Markov processes
or linear diffusion equations, and to [9, 17] for the extension to nonlinear diffusion equa-
tions. Also see Appendix A for further references in the case of the sphere.

Inequalities (4) and (5) are less standard than (3) and we are not aware of specific ref-
erences. The case 0 =1 in (4) and (5) corresponds to the classical interpolation inequal-
ity (3). Inequality (5) appears (with optimal constant) for a special value of 8 in [12, In-
equality (2.4)] as a consequence of improvements of (3) based on the carré du champ
method. For a presentation of entropy methods and improved interpolation inequalities,
see [12] and references therein.

An important motivation for (5) arises from pure states in Lieb-Thirring estimates and
interpolation inequalities for systems studied in [8]. We refer to [22] for an overview
of functional inequalities and branches of solutions in various frameworks, including
the quite similar problem of symmetry breaking in some of the (CKN) Caffarelli-Kohn-
Nirenberg inequalities. The sharp threshold for the symmetry range of the parameters
in such inequalities is established in [25, 19] in the critical case and in [7, 23] in the sub-
critical case. A complete parabolic proof based on entropy methods is so far missing
and results rely on rigidity methods: see [18, 24] for partial results based on flows. In
the case of the sphere, Inequalities (3), (4) and (5) have similar properties but by many
aspects symmetry versus symmetry breaking issues are simpler. For instance, the regu-
larity of the solution of the nonlinear flow on S4 raises no difficulty: see for instance [28]
for some comments in this direction. Branches of optimizers associated with Inequali-
ties (4) and (5) for 8 < 1 have qualitative features which are reminiscent of those corre-
sponding to similar (CKN) inequalities (with also some 6 < 1) observed in [11, 10, 13].
Beyond numerical observations and a few estimates, these branches for (CKN) are not
well understood. Our goal is to state the corresponding properties on the sphere.



4 E. BOU DAGHER AND J. DOLBEAULT

This paper is organized as follows. In Section 2, we expose results and strategies of
proof for Inequality (3). Sections 3 and 4 are devoted to similar properties for Inequal-
ities (4) and (5) with a special emphasis on symmetry and symmetry breaking. In the
Appendix A, for completeness, we provide some computations based on the carré du
champ method applied with a nonlinear flow in the case of the sphere and further bibli-
ographical references for this technique.

2. CLASSICAL GAGLIARDO-NIRENBERG-SOBOLEV INEQUALITIES ON 54

In this preliminary section, we review some known results for Inequality (3) and give
some hints for the proofs which will guide us in the study of the two other inequalities.

Theorem 1. Letd =1, p € (2,2%) or p =2* ifd = 3. Inequality (3) holds with py(p,A) = A
if A <d (symmetry case) and uy(p,A) < A if A > d (symmetry breaking case).

A standard observation is that A — p(p, 1) is a concave increasing function as a con-

sequence of
(P-2)IVul? +Allul?

, 12(s9) 12(s%
MO(p) A) = inf 2
ueH! (54, do)\ (0} 1eelly ) e,
and that the symmetry breaking point d = inf{1 > 0 : uo(p, 1) < A} is such that
(=2 IVull?, g,
d= inf 2 2 ’
ueHl ST do)\R U, o0 = 1017, a)

where H! (S$%, do) \ R denotes the set of non-constant functions in H' ($%, do).

Let us sketch the proof of Theorem 1.
o Symmetry breaking. Let us consider the functional

A
Falul = IVl 0y~ - (112, g0, = N1l ) (®)

A Taylor expansion of %, [1 + ¢ ¢] at order two in ¢ for a function ¢ such that f. @ do =0

shows that )
. _ 2 _ 2
21?1_1,%8_29/1[14_8(’0] - ||V(p”L2(§d) /1||(p”L2(§d)'

Taking for ¢ an eigenfunction of the Laplace-Beltrami operator on $¢ associated with its
lowest positive eigenvalue, i.e., such that —A¢ = d ¢, we find that

IVQIT: g0y = AN PN 2 gay = (A= D 9l52ga) <O
for any A > d, which shows that yy(p, 1) < A.
o Symmetry. Let us consider the fast diffusion equation

d0p

=Ap™, t=0,) =ulf 9
5, =8p", p(t=0,9=ul 9)
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for some parameter m € [m_(d, p), m.(d, p)| where

1
mi(d,p).—m(dp+2i\/d(p—l)(zd—(d—Z)p) ) (10)

A computation based on a nonlinear extension of the carré du champ method shows that

d
a . o p2q_ 1/B12
dt,/«,l[v(t, N<-2p°(d A)LdWU | do

where 8:=2/(2- p (1-m)). References are given in Appendix A and the key computation
is detailed in Appendix A.1. Hence

d
— % lv(t,)]<0 and tlirp Flv(t,)] =0

dt
if A < d. This proves that %, [u] = 0 for an arbitrary u € H!(S%, do). See Lemma 14 and
final comments at the end of Section A.2 for further justifications. U

e Rigidity. Asin [5, 6, 17], a remarkable consequence of the proof is the following result.

Corollary 2. Letd=1,pe (2,2*) orp=2%ifd = 3. If0 < A < d, the equation

—Au+ u=uP! (11)

p—2
admits a unique nonnegative solution, which is constant.

The proof is consequence of the carré du champ method based on an idea that goes
back to [26].
o Asymptotics. Another piece of information is the asymptotic behavior of the branch
A — po(p, A). The following result is taken from [16, Proposition 10].

Proposition 3. Letd =1 and p € (2,2%). The optimal constant in (3) is such that

d —p__z

i P _ S
im =5 .
A—+oo  AYx 05 (1-0,)1-0+

6GNS -

Ifd =3 and p = 2%, then py(p,A) = min{A, d} is not achieved in H!(S%, do) forany A >d.

As A — +o0, the corresponding optimal functions concentrate on points of the sphere.
A blow-up analysis shows that the projection on the tangent Euclidean space at a blow-
up point can be estimated by (7), and optimal functions for (7) are good test functions,
which allows to identify the limit. Notice that concentration is incompatible with sym-
metry, so that we recover symmetry breaking in the limit as A — 4+o00. In the case d = 3
and p = 2%, loss of compactness occurs and a minimizing sequence behave like concen-
trating Aubin-Talenti bubbles.
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e Reparametrization. The following observation is elementary. Let us consider the
optimal constants for Inequalities (4) and (5) seen as variational problems, namely

(P=2IVul?, 4+ Allul?

2ad 2(gd
w1 (p,0,A) = . Siglfd . 29L (S9) — 12(S49) (12)
ueH! (54,do)\{0} ”u”Lp(Sd) ”u”LZ(Sd)
2_o -2
U, = inf ( -2 v 2 + . ) 4 ) . !
Hz(p.0, 1) ueH! (54,do)\ (0} (P =2V ullizgay + AUl ga | 1l 2ga) 11l iy (13)

As already noted in Section 1, we know for free that

H1 (P» 171) = MZ(p) ]-y/l) = ,UO(P; /1)

for any A > 0. The parameter 6 is subject to admissibility conditions that will be specified
in Sections 3 and 4. Even for 6 # 1, Inequalities (4) and (5) are related with Inequality (3)
as follows.

Proposition 4. Letd =1, p € (2,2%) and A > 0, given. If for some admissible 0 and either
k=1 ork =2, U is a non-trivial minimizer for (0, ), then for an appropriate choice
of x > 0, the function u = x U solves (11) for some A > 0. The two parameters x and A are
explicitly given in terms of ui (0, A), || Ull2sa and || Ullypsay-

Proof. Letus consider the case k = 1. The function U solves the Euler-Lagrange equation
_w(p,6,N) X302

(p-2 1017, 0

1
—AU+—2(A—(l—@)ul(p,H,A)Xze)U ur!

p—
with X = ||U ILrsay/ NU I 2(sdy- The proof is complete with the choice

m(p6,A) x20-2
(-2,

A similar reparametrization holds for k = 2. ([l

A
A=——=1-0)mp0,A) Xx?% and «*7P
p_

3. A FIRST FAMILY OF REFINED INTERPOLATION INEQUALITIES ON §d

Let us define

(p-2IVulZ, oo + AUl oo

e8] .
2, palul= 2(1-0)

12(S4)

20

20 lul

Il el

o Admissible parameters. We establish the validity range of the parameters in (4).

Lemma 5. Inequality (4) holds foranyd =1,0€[0,1], p€ (2,2*) or p=2" ifd = 3, with
to(p,A) = u1(p,8,0) <A VA>0.
Moreover, equality holds and p1, (p,0,A) = A if A <d.
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Proof. By Holder’s inequality;, || ullizgay < llullppsa because do is a probability measure.
Using (12), we learn that
(P, A) = inf 20 (u< inf 2% [ul=wmp,o,1 <2,
Holp ueH (s, donjoy . PbA ueH (S, donjo) PO Hip
where the upper bound is obtained by testing Q% o with u=1ae. If A =d, there is
equality because py(p, 1) = A (symmetry case) according to Theorem 1. U

We read from Lemma 5 that (4) is stronger than (3) and this is why we call Inequal-
ity (4) a refined Gagliardo-Nirenberg-Sobolev inequality. Inequality (4) can also be seen
as an improved inequality compared to (3) or a stability result for (3): see [12] for further
considerations on these issues and an example corresponding to a special choice of 6
in (4).

As in Section 2, let us consider

F V)= |Vul?

L2(§d) + p _2

A
2 B 20 2(1-0)
I8 gy == (11 i)

o Symmetry breaking. As in the case of (3), we obtain an estimate of the symmetry
breaking range by Taylor expanding around a constant with a perturbation by a spherical
harmonic function.

Lemma6. Letd =1,0¢€[0,1], p€ (2,2%) or p =2* ifd = 3. There is symmetry breaking
in(4), thatis, 11 (p,0,1) < A, if A > d/0.

Proof. Let us consider ¢ € H'(S¢, do) such that Jsapdo =0, us =1+¢ ¢, and compute

2_ .2 2 2
IVuellz = e~ IVl ga) + 0(€7),

2 _ 2 2 2
lutelly = 1+ €@l ga) + 07,

2 2 2 2
laelly, = 1+ &= (p =D}z ga) + 07

As a consequence, we obtain that

1
lim — 730 (el = IV g0 = A0 NP2 g0y = (A = A0 1PNz g0 <O

if we take a non-trivial function ¢ such that —Ap =d ¢ and 1 > d/6. UJ

o Symmetry. Up to a change in the range of A, the result and its proof are similar to the
case studied in Section 2.

Lemma?7. Letd=1,0€[0,1], pe (2,2*) or p=2" ifd = 3. There is symmetry in (4), that
is, 1 (p,6,1) = A, if A< d/6.

Proof. If d = 1, one can consider a periodic interval identified with S! and refer to [2] for
applying the carré du champ method in this elementary setting. Assume that d = 2 and
let us consider again the fast diffusion equation (9) with m € [m_ (d,p),m.(d, p)] where
m.(d, p) is defined by (10). The same computation as in the proof of Theorem 1 shows
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that
d _a 1612 171750,
—g;i)[v(t,-)]5—2,62(d+ﬂt((1—9)x—1))f Vo'Pfdo with x:= —2
dt s [l

By a Holder inequality, we learn that x = 1 and are then back to the same arguments as in
the case 6 = 1, but now under the condition A < d/6. O

» Asymptotics. Heuristically, large values of A correspond to highly concentrated optimal
functions, which behave like the functions obtained by a stereographic projection on the
tangent Euclidean space at the point of concentration. Let us explain how we define and
use the stereographic projection. On R? 3 x, let r = |x| and w = x/|x| denote spherical
coordinates. On the unit sphere $% c R%*!, we consider cylindrical coordinates (p w, z) €
R? x (—1,1) with p? + z? = 1. The stereographic projection’S : 5% \ {N} — R?, where N € $¢
is the North Pole defined by z = +1, is such that S(p w, z) = r w = x where

r’—1 2r
z= = )
r2+1 p 1472

If v is a function on RY, let us consider its counterpart u := S~' v on S obtained using
the inverse stereographic projection as

(uoS™H () =m?2v(x) VxeR? with m(r)=v(1+r?)/2.
For any g =1, with 6(q) :=2d — q (d — 2), we obtain

q — dl—1 |v|q
deIul do =S| fu@d @ dx,
1 _
f |Vu|2d0+—d(d—2)f |u|2d0:|§d| 1[ IVul>dx.
sd 4 sd R4

Notice that 6(2) = 4. We refer to [12, Theorem 2.1] for a statement concerning the in-
equality obtained from (3) and a special case of (4) by the stereographic projection.

As another observation, we shall use the optimal constant %}, 4 in the Gagliardo-Ni-
renberg-Sobolev inequality on R¥

IVl gy + Ul gy = Hpa Ul oy ¥V ue H ®?, dx). (14)

An optimization under scaling (apply the inequality to uy(x) = h4'P (hx) and optimize
its left-hand side with respect to h > 0) shows that this inequality is equivalent to (7) and,
with 04 as in (6),
93* (1- 9*)1_9*%,9,(1 = 6GNS -
After these preliminaries, we can state the following result, which extends the results
for (3) of [16, Proposition 9 and 10] to Inequality (4).

Lemma8. Letd=1,0¢€10,1], pe (2,2%) or p=2" ifd = 3. There is an explicit constant
u3°(p,0) > 0 such that

t(p,0,0) =uP(p,O A (1+0(1)) as A— +oo
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wherey=1-d(p—-2)0/2p=1-00,.

An explicit expression of u{° can be deduced from the proof.

Proof. We do a blow-up analysis based on a change of variables depending on A — +o0.

Let uy := S~ ! v) where
vp(x):= v(z\/%x) VxeRe.

We take A4 := id(d —2)(p—2) and v as an optimal function for (14). With r = |x|, we
compute

(p=2) IV, gy + 3 A (=2 Tl g ) + A= As) a2

L2(S9) L2(S9)
2(1-6)
LP(S9) 12(S9)

+ (A=A Im() = )12

L2 (gd)

Q(l) A[u 1=

lup 129 o Ny |

(P=2)1VValZ, g

d|0(1-2/p) 5(p)lp 20
ISP 2P m(n)OPIP o 20

L2(R4)
2(1-6)
L2(R4)

Im(r)=2 vyl

dP=2p
A=A (M) T (419 g + I vl

|§d|0(1 2/p) Im(er)~ 8(pip v||

LZ([R"’))
2(1-0)
L2(R4)

L2(R4)

-2
Lr@a) IMEN= VI

with € =4/ Mf{f_i”. By taking the limit as A — +oo and using Lebesgue’s theorem of dom-
inated convergence with m(er) — 1/v/2 a.e., and by using the fact that the quotient is
proportional to the Gagliardo-Nirenberg-Sobolev inequality up to a numerical constant,

we conclude that

205 il = (A= 21.0"1P(p,6) (1 + 0(1)

as A — +oo, for a constant u{°(p,0) that can be computed explicitly, up to tedious but
elementary considerations. This proves that

lim A7 (p,6,4) < p(p,0).

We have now to prove the reverse inequality. As in [16, Proposition 10], we argue by
contradiction. Let (1,,) nery and (u4,,) neny be such that u,, € H(S4, do) with || Unllppsay =1
forany neN, lim,_. oA, = +00,

for some 1 > 0. We learn from the expression of QS that A, || u, ”L2(§d) u3°(p,0) A,Yl
as n — +oo so that lim,,_. , o | 4y, 24y = 0. Concentratlon occurs: there exists an even-
tually finite sequence (y;);en of points in s4, sequences of positive numbers ((;);eny and
(ri.n)inen and functions u; , € HY(S, do) with

Ujp=Up ON §de(yi,ri,n) and supp u,-,,,CSde(yi,Zri,n)
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such that, as n — +oo0,
2 IVUinlfo gy~ IVUnllfrgay and Y ltinlfsgay ~ 1unllfsga»
1 1
with, for all i,

lim r;,=0, Zjen¢{;=1 and lim lui nlP do =(;.
n—+oo n—+oo Sde(yirri,n)

With a blow up argument applied to (u; ;) nen, We prove for all i that

. -y 2 2 —2(1-6) _ , oo 20/p
lim A7 (0 =2 1Vl g0y + A 02 g | Nt 2007 = 52 (0, )27

We may notice that

(p 2) ”vul n||L2(§d) + /1 “ Uj n”Lg Sd) (p 2) ”vul I’l”LZ §d) + A/ “ Ui n||L2 gd)
_2(1-6) 2(1-6) ’
| uz,n||L2(§d) [l un”LZ(Sd)
Let us choose an integer N such that
N 20/ N 201p n -1
=G P2 (ELG)T > 5 (kT (p,0))
For n large enough, by writing
N (p—-2)[IVujl? + Anlluinll? N
- L2(s4 12(S4 20/
Ay ( 2)(1 0) = 2 p°(p,0) )_¢; p(1+0(1))2ﬂc1>0(p’9)_g»
i=1 ll2e; n”Lg (s9) i=1
we obtain a contradiction with (15). This concludes the proof. ([

We collect our results on inequality (4) with optimal constant u; (p, 0, A1) as follows.

Theorem 9. Letd = 1,0 € [0,1], p € (2,2%) or p = 2" ifd = 3. Inequality (3) holds with
to(p,A) = A if A < d/0 (symmetry case) and puy(p,A) < A if A > d/0 (symmetry breaking
case). The function A — p,(p,0, 1) is monotone increasing, concave and such that for some
explicit u°(p,0) > 0, we have py (p,0,A) ~ u°(p,0) AY as A — +oo withy =1-200.

4. A SECOND FAMILY OF REFINED INTERPOLATION INEQUALITIES ON §d

In this section, we consider (5). Let us define

(I a2 Jul

A u||L2(§d))

Lz(sd) L2(§d)
2@ [u] :=
p,0,A

[ i, g

o Admissible parameters. We establish the validity range of the parameters in (5). We

recall that 0, = d (p —2)/(2 p) according to the definition (6). Let us define
2po
[ S — 16
q9:=5_ p(1-0) (16)

sothatg=2"if6 =0, and g=pifo=1.
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Lemma 10. Inequality (5) holds for any d, 0 and p such that
d=1, 0€[0,,11n(1-2/p,1], pe2,2") or p=2" if d=3 (17)
with an optimal constant u»(p, 0, A) such that
po(@ A 45) < pa(p,6, ) <A ¥A>0
where q is given in terms of p and 6 by (16). Moreover, p(p,0,A1) = A ifA<d (1-(1-6) g)

Proof. By Holder’s inequality, | ulli2gay < llullypsay because do is a probability measure.
Using (12), we learn that

7 . 6)) . @ 1/0
Ho (q’ /1) - ueH! (;},fda)\{ }qul i[u] ueHl(éE},EZU)\{O} (QP'H,A[M]) =A
with
i=2972
p- 2

The upper bound is obtained by testing Q;ﬂ, ywithu=1ae. If A < d, there is equality

because (g, ;l) = 1 (symmetry case) according to Theorem 1, which gives us a symmetry
case. Noticethat1 —(1-0) g is positive if 0 > 1-2/p. U

As above, let us consider

FP ) = IVul? ultyis "’(

o Symmetry breaking. Again symmetry breaking is obtained by perturbation.

Lemma 11. Assume that d, 0 and p satisfy (17). There is symmetry breaking in (5), that
is, u2(p,0,1) < A, ifA>0d.

Proof. With the same computations as in the proof of Lemma 11 and a non-trivial spher-
ical harmonic function ¢, we obtain that

e—0 52

1 \¢
lim — 7 ] = (ﬁ) (019012, g0 = M@l g0 ) = (@0 = V) 91, ) <O,
which concludes the proof. 0
o Symmetry. We apply the same methods as in Sections 2 and 3.

Lemma 12. Assume that d, 0 and p satisfy (17). If0 < 1/2, there is symmetry in (5), i.e.,
w2 (p,0,A)=A,ifA<0d.

It is important to notice that the compatibility of the condition 6 < 1/2 with (17) in-
duces restrictions notonlyon 6 butalsoon pifd 22: p<2ifd=2and p<2d/(d-1) if
d=3.

Proof. Let us consider an optimal function u € H'(S¢, do) for (5) such that || Ullppgay =1

andleta:=||Vul? and b := || u||? We assume that u is not a constant so thatb < 1

12(S9) L2(S9)°
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by Hélder’s inequality. By optimality, we have that
(p-2)a+Ab=pa(p,0,A)bo < Abo 1,

Let us consider the same flow as in Lemma 12. At ¢ = 0, we know that %Qf) [v(t,)] =0
because u is a critical point, and the computation shows that this amounts to
0(A-d) N 1-60
(p—2)a+Ab b
By Lemma 10 symmetry eventually holds only if A <0 d < d. Let us assume that our non
symmetric minimizer corresponds to the range A <6 d. Hence 1 —d < 0 and

A-0d>0A—d)+(1-0)AbI2>0

0.

if 0 < 1/2 because ba~2 < 1. This is obviously a contradiction. We conclude that there is
no non-symmetric optimizer if 6 <1/2and A <6 d.

So far, this proofis formal as we assume that a minimizer exists. By standard compact-
ness results, this is always true, except for some limiting values of 6 or p. However, one
can always approximate an inequality like (5) by another inequality in the same family,
with slightly different exponents and pass to the limit. This concludes the proof. 0

Let us conclude by a few remarks. The issue of symmetry versus symmetry breaking
is far from fully answered in case of inequality (5), which is not unexpected in view
of similar difficulties in corresponding Caffarelli-Kohn-Nirenberg inequalities. This is
clearly an open and interesting direction of research. A good point is that the carré
du champ method at least provides some partial answers, which are not available in
similar inequalities on the Euclidean space with weights. There are many other ques-
tions which are pending and will be the subject of future work: asymptotics as A — +oo
for (5), reparametrization and numerical computation of the branches, expansion of the
branches near the bifurcation point, energy estimates in relation with symmetry break-
ing in the asymptotic regime corresponding to p —2 > 0, small, etc.

APPENDIX A. NONLINEAR CARRE DU CHAMP METHOD ON THE SPHERE

For completeness, we give a summary of the carré du champ method in integral form
applied to the sphere with entropy methods and a nonlinear diffusion equation of fast
diffusion or porous medium type. More details can be found in a series of earlier papers
on manifolds (see [9, 17], [20, Section 5.2] or [23]) with similar computations done in the
perspective of uniqueness for positive solutions of elliptic equations (rigidity) that can be
found in [26, 5]. In the specific case of the sphere, it is possible to reduce the problem to a
computation based on the ultraspherical operator (see [14, 15, 21, 12, 24]). The method
in the d =1 case is slightly different (see for instance [20, Section 5.3]) and results do not
require the use of nonlinear diffusion equations as it is known for a long time from [1, 2],
so this will not be discussed here. There are exceptional values of the exponent (p = 6 if
d =3, or p =3 if d = 4) which require a specific treatment that will not be detailed here,
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but the result can easily be recovered by considering the limitas p — 6ifd =3 and p — 3
if d = 4 in the inequalities: see for instance [21]. Here we adopt the presentation of [17]
and go along the lines of the proof of [23, Lemma 4.3]. We adopt simplified notations
and write Id instead of using the standard metric, or simply write the Laplace-Beltrami
operator as —A. We split the method in two steps, with a first algebraic part closely related
with the computations of [5] and entropy methods applied to a parabolic equation in
order to establish the inequalities. Because of the regularizing effects of the parabolic
equation, there is no regularity issue in considering positive solutions and solutions will
be considered as smooth without further notice. An approximation scheme has of course
to be done for initial data in H(S%, do): see for instance [24] for details in the case of the
ultraspherical operator.

A.1. A purely algebraic computation. Let Hu denote the Hessian of a C? function u
on $¢ and define the trace free Hessian by

1
Lu:=Hu-——(AwId.
u u d—l( u)

We also consider the following trace free tensor

VueVu 1 |Vul?
- Id
u d-1 u

Mu:=

)
where

Vu®Vu::(6iu6ju)ij and ||Vu®Vu||2:|Vu|4:Z(0iu)2(6ju)2.
ij
UsingL:Id=M:1d =0 and
1
ILull® = IHul® - p (Auw)?,

VueVu|? 1|Vu* d-1|Vul*

d w  d  u’

||Mu||2='

we deduce from

Vul? Vul* VuevVu
f Aul | dO':f | 2' do—-2 Hu:—do
sd u sd U sd u

d-1 VueVv 2 Vul?
Z—f |||\/|u||2d0—2f Lu:uda—— Aul ul do
d—-2Jsd sd u d Jsa u

Vul? d d VueVv
f Aul ul do= ( f IIMuIIZdU—Zf Lu:uda).
sd u d+2\d-1 Jsd sd u

This provides us with a first identity,

v 2
[ 2 a0 = - (—d | o -z [ Lu:MudU)- as)
IR d+2\d—1Jsa s

The Bochner-Lichnerowicz-Weitzenbdck formula on S$¢ takes the simple form

that

TA(VUP) = Hul* +V(Aw) - Vu+(d -1 |Vul®
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where the last term, i.e., Ric(Vu, Vu) = (d — 1) |Vu|?, accounts for the Ricci curvature ten-
sor contracted with Vu ® Vu. An integration of this formula on S$¢ shows a second iden-

tity,
d
f(Au) do=—— fIILu||2d0+df Vul®do. (19)
d— §d

Hence for some parameters 8 and « to be fixed later, the functional

2 2
k[u] ::f (Au+1<|vu| )( + (- 1) vl )
sd u

(20)
f(Au)2d0+(1<+ﬁ 1)[ Au
can be rewritten using (18) and (19) as
k[u]:f q[u]da+df \Vul®do
sd sd
where
] = =2 (a||Lu||2—2bLu-Mu+c|||\/|u||2)
= :
and 1 y
a=1, =x+p- l)ﬂ c=k+p- l)ﬂﬂ((ﬁ 1). (21)
Let us consider the choice of the parameters
2(1
k=pB(p-2)+1 and m:1+—(——1) (22)
p\p

and recall that by definition (10), we have

(dp+2i\/d(p—l)(Zd—(d—Z)p)).

1

d,p) =
M P =
Lemma 13. Letd =2, p=1ifd=2,andpe[l,2*]ifd=3. Ifm_(d,p) < m< my(d,p),
then q is a positive quadratic form if x and [ are given in terms m and p by (22). Asa
consequence, we have

klu] = dfd Vulldo YueC3(S9.
S

Proof. 1t follows from the reduced discriminant condition b? —ac < 0 by tedious but ele-
mentary computations. In the cases p =6 if d = 3 and p =3 if d = 4, computations have
to be done directly with m, without using the parameter f (see below). O

In dimension d = 1, we have a similar result with m = § = 1 using the Poincaré inequal-
ity on the circle S'.

A.2. Entropy methods and nonlinear flows. Let us introduce the parabolic evolution
setting corresponding to the nonlinear diffusion equation

ow 2-28
ar W

IVw|?
Aw +x ) (23)
w
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The function
p(t,x) = (wim6,x)PP v (1,x) eR* xs¢

with x and f as in (22) solves the standard fast-diffusion equation (9). From this obser-

vation, it is clear that p p
— Pr g :—f do =0.
dtfgdw g dt §dp g

Lemmal4. letd=2,p=1ifd=2,m>0andpec[1,2*] ifd =3. Withx and 3 as in (22),
any smooth positive solution of (23) is such that

d 2 _oR2 2
afgdw do=2p (p—Z)LdIle do

and, with k defined by (20),
d
dt
As a consequence, if m_(d, p) < m < m.(d, p), then we have

d
dtLd|Vwﬁ| do<-2p8° df IVw|® do

Proof. These results are easily proved using a few integrations by parts and Lemma 13.
O

f |Vwﬁ| do =-2B%k[w].

A standard consequence is, for instance, the fact that
d
df“[wﬁ] <-2p%(d- A)f \Vw|?do

if w solves (23) and % is defined by (8). Hence if A < d and (23) is supplemented with
the initial datum w(0,-) = u!’#, then

Falulz F[w (1)) = lim Fy[wl(s)]=0 Vrzo.

The limit as t — +oo can be identified by analyzing k[w] = 0 and proving that this means
that w is then a constant if p < 2*. In the case p = 2%, identifying w as a constant can be
done only by considering w as a limit as ¢ — +oo of a solution of (23).
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