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We discuss the influence of compressibility effects including time delays on the dy-
namics of acoustically excited bubbly screens. In the linear regime we show that
the proposed model for the infinite bubbly screen recovers the results predicted by
the effective medium theory up to the second order without introducing any fit-
ting parameter when the wavelength is large compared to the inter-bubble distance.
However, the effect of boundaries on finite bubbly screens is shown to lead to the
appearance of multiple local resonances and characteristic periodic structures that
limit the applicability of the effective medium theory. In addition a local resonance
phenomenon in the liquid spacings between bubbles is observed for both infinite and
finite bubbly screens with crystal structures, these effects vanishing as the crystal
structure is perturbed. In the non-linear regime, we treat the current model with
time-delay effects as a delay differential equation that is directly solved numerically.
We show the appearance of an optimal distance for subharmonic emission for crystal
structures and discuss the accuracy of effective medium theory in the strong non-

linear regime.
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I. INTRODUCTION

The dynamics of cavities in liquids has attracted a lot of interest over the past few decades
(Fuster, 2019; Lohse, 2018). The oscillation of an isolated bubble is well described by the
Rayleigh-Plesset (RP) like equation that accounts for compressibility effects (Gilmore, 1952;
Keller and Miksis, 1980; Lauterborn and Kurz, 2010; Prosperetti et al., 1986). However,
bubbles often appear in ensembles, and bubble-bubble interactions need to be accounted as
the bubble interface acceleration influences the pressure distribution in the bubble surround-
ings. One traditional way to account for the influence of interactions is to use the effective
medium method. Foldy (1945), Caflisch et al. (1985), and Commander and Prosperetti
(1989) consider the influence that the dynamic bubble response have on the effective prop-
erties of a wave propagating in a bubbly liquid. The multiple interactions among bubbles are
described by the interaction between each bubble and the averaged pressure field. However
these models are limited to diluted systems and frequencies for which the wavelength is

larger than the characteristic bubble radius and the inter-bubble distance.

In an attempt to generalize the range of applicability of these theories to shorter wave-
lengths and capture more accurately the interaction mechanisms among bubbles, some
authors propose to solve a coupled system of RP like equations (Fan et al., 2020b; Fuster
and Colonius, 2011; Ilinskii et al., 2007; Mettin et al., 1997). These approaches can be even-
tually coupled with an Eulerian-Lagrangian approach (Fuster and Colonius, 2011; Maeda
and Colonius, 2019) to capture both short and long wave range interactions and can be
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considered as two-way coupled model, where bubbles can directly feel the acoustic field
emitted by each other. An intrinsic difficulty in these models is how to account for the
influence of the liquid compressibility on the multiple interactions among bubbles. Indeed
one of the most frequently-used assumption is to resort to the incompressible limit, where
we neglects any time-delay effect due to liquid compressibility and the interactions among
bubbles take place instantaneously . Although this assumption is certainly valid when the
wavelength of the excitation pressure wave is much larger than the characteristic size of the
bubble cluster, the accuracy of applicability of these models in systems with many bubbles

has not been discussed in detail.

Some numerical studies applied to medical related research such as high-intensity fo-
cused ultrasound (Okita et al., 2013), ultrasound contrast agent (Faez et al., 2012), and
drug delivery (Coussios and Roy, 2008) point out the importance of compressibility effects,
in particular time-delay effects in real applications (Sujarittam and Choi, 2020). More
fundamental studies including experimental works studying the acoustic propagation in the
vicinity of a bubble chain (Manasseh et al., 2004) have shown that the time-delay effects
considerably change the resonance frequencies and the damping factors of the effective
medium (Doinikov et al., 2005; Ooi et al., 2008), so does bubble near boundaries (Dahl and
Kapodistrias, 2003; van’t Wout and Feuillade, 2021; Ye and Feuillade, 1997). In the context
of the development of acoustic metamaterials, two-dimensional bubble layers also known
as bubbly screens have also became a widely investigated system since 2009 in a series of
papers published by Leroy and coworkers (Leroy et al., 2015, 2009; Lombard et al., 2015).
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Using the self-consistent approach based on the effective medium theory, the transmission
and reflection coefficient measured experimentally in the linear regime can be well captured
by accounting for the influence of time-delay effects on the interaction term among bubbles.
In the non-linear regime, the asymptotic analysis based on effective medium theory (Miksis
and Ting, 1989; Pham et al., 2021) have shed light into the role of compressibility on the
mechanisms of multiple interactions among bubbles. However, these models still face some
challenges. For example, it is known that, even in the dilute limit, crystal configuration
has special acoustic properties (Devaud et al., 2010), but the capability of effective medium
theory to distinguish between the properties of specific configurations (e.g. crystals) and
the ensemble average of randomly distributed systems has not been clarified . Also, it is
not clear how well averaged models capture the influence of boundary effects as well as

polydispersity effects.

In this work we discuss the applicability and the accuracy of models based on a coupled
system of RP like equations to capture the response of bubbly screens (Figure 1). Section
IT presents a particularization of the system of Rayleigh-Plesset like equations proposed in
Fuster and Colonius (2011) to solve for the dynamic response of the bubbles. In SectionlII
, we show that, without the need of introducing any fitting parameter, this model is able
to recover the second order solution predicted by the effective medium theory in the linear
oscillating regime for a monodisperse bubbly screen in crystal configuration when the acous-
tic excitation wavelength is much larger than both the bubble radius and the inter-bubble

distance. Then, we discuss the influence of boundary effects and randomness on the accu-
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racy of the predictions in comparison with the effective medium theory in the linear regime.
Finally, in Section IV, we present numerical results obtained in the non-linear regime using
a delay differential equation solver. These examples reveal the importance of compressibility

effects to correctly predict the non-linear bubble dynamic response.

II. BUBBLY SCREEN MODEL

The dynamics of an oscillating spherical bubble is described using the Keller-Miksis like
equation (Keller and Miksis, 1980) which is a differential equation for the bubble radius of
the ith bubble in a weakly compressible liquid characterized by its speed of sound ¢ and

density p

. .92 . .
. R; 3R; R; R, R;d
Ri[1-= -2 = [ 1+ 2+ 22 ) (pip —peo) = pLi. (1
P (Rsz ( c > + 2 ( 36)) ( + c + c dt) (pz,B poo) pL; ( )

In the equation above, pw(t) = po+ f(t) is the pressure excitation; p; g is the liquid pressure

at the interface of the ith bubble, which we describe using a simple polytropic law p; p =

(po + 1%)) (%’f)k — QR% — 4‘;71?, where x is the polytropic index; pg is the static pressure;
R, o is the ith bubble radius at equilibrium; o is the surface tension; p is the liquid viscosity.
The interaction term pl; represents the pressure fluctuation induced by the presence of the
surrounding bubbles, which has to be evaluated at the deferred time ¢4, =t — d;;/c, where

d;; = |%; — Z;| represents the distance from the ith bubble located at Z; to the jth bubble

located at Z;. Following Fuster and Colonius (2011), it can be readily shown that

Ii =1+ I, (2)
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% where both terms have to be evaluated at the deferred time ¢4,

N Ry(ta,,) ) . )
[i70 == - <Rj(tdij)Rj (tdij) + 2Rj (tdij) ) )
j#i K
N .
1 Ri(tq,.) - 3 R;(ty..)* B(ta.) — Poo(ta,.
Li=—=1{) Bylta,) d”)Rj(tdij) Rj(ta,)Ri(ta;) + ](Qd”) _ (prltay) = Poltay))
C |~ ij P
J#i
N
Ri(ta,)? d (pjp(ta;) — Poo(tay)) = -
_ AN S e S ] i(ta. ) Lo -
2, ; + Ruta,) g 3)

o In the equations above, we only keep first order compressibility correction terms in the

o intensity of the collapse of bubbles, which scale as a function of the Mach number Ma = }%,
w1 and time-delay effects. Neglecting time-delay effects (e.g. t4,, = t) leads to a coupled system
w2 of ordinary differential equations that need to be solved. In the limit of ¢ — oo, we recover
103 the classical form of the interaction term I; = I, evaluated at ¢ (Bremond et al., 2006; Ida
we et al., 2007; Yasui et al., 2008). Otherwise, as explained in Section IV, it is required to solve
s a differential equation with time delays.

106

107 For monodisperse bubbles, where ;o = R;( = Ry, the development of liquid compress-

ws ibility corrections is typically discussed in terms of the nondimensional wavenumber kR,

1w where k = w/c. For air/water systems at constant reference pressure, kR, = w%%, /3“%

no depends on the frequency ratio between the excitation frequency, w, and the resonance

m  frequency of single isolated oscillating bubble, wy = ?;’%"Tpﬁ. For air bubbles in water at
0

1

12 atmospheric conditions, ?% ~ 1072 (this parameter will be held constant in the follow-

1z ing solution for particular configurations of the bubbly screen), and, therefore, kRy is small

us except for very high frequencies. However, in addition to kR, it is useful to introduce an al-

D wil 3“:00)
w p

s ternative dimensionless wavenumber using the inter-bubble distance D ( kD =

2y
)
S
o



116

117

1

jany

8

119

120

121

122

123

124

125

126

which is not always small in diluted systems. kD, kR, and P% construct the ratio of the
three relevant spatial scales (the wavelength, the inter-bubble distance, and the bubble

equilibrium radius) considered in this work to characterize the bubble screen.

\\x

V

The incident plane
wave along x-axis ® ¢

FIG. 1. A typical crystal distributed bubbly screen located at = = 0 plane.

The particular arrangement of bubbles considered in this work is that of a finite/infinite
bubbly screen (Figure 1) in which bubbles are located in the z = 0 plane, perpendicular
to the incident wave, in layers around a central bubble. Any bubble under consideration
will always be labelled with subscript ¢. In the [th layer, bubbles are equally spaced with
a given inter-bubble distance D along a square of size 2[D centered at the bubble under
consideration. The position and the dispersity of the bubbles will be eventually perturbed

when discussing randomization effects in the linear regime.



17 III. COMPRESSIBILITY EFFECTS IN THE LINEAR OSCILLATION REGIME

128 A. General case

129 We start considering the dynamics of a finite bubbly screen with monodisperse bubbles
130 excited by a weak perturbation, where R;o = R;o = Ry. For a system with N bubbles,

11 Eq. 1 reduces to

N 2 N
X R; d Pi,B — Poo Rj (tdi') - Rj (tdij) Rj(tdij) d (pj7B<tdij) - poo(tdij))
R"R"‘(l * m) T Ty, Ml SR : |
J#i Y J#i Y

(4)
12 Note that in the linear regime, the influence of the compressibility correction term in the
133 interaction is not null, and it is not sufficient to retain the classical interaction term I; o only.
134 For a general case where the pressure at the location of the ith bubble is presented as
135 Poo(Xiy ) = po(1 + pie™'), the solution of the equation for the ith bubble can be expressed
i3 in the form of R;(t) = Ro(1 +r}e™"). Taking R;(t4,) = Ro(1+rje(=%/<)) the values of r/
137 are obtained from the solution of a linear system, which in indicial notation can be written

138 aAS

(AZ(-?) + szoAZ(-jl-)> r; = _pl%owgp;' (5)
13 The coefficients of the matrices A(®) and A are given in Appendix A neglecting viscous,
w thermal, mass transfer and surface tension terms as well as terms of order (kRg)? during
w1 linear analysis. The first choice is justified by the fact that the influence of interactions on
12 the bubble dynamics can be discussed as a correction of the resonance frequency and the
13 radiative damping introduced by compressibility effects (Leroy et al., 2009; Pham et al.,

e 2021). For a particular application, it would be straightforward to extrapolate the results
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to situations where the influence of the effects neglected are relevant using corrected lin-

ear expressions to express the bubble pressure (Bergamasco , 2017; Fuster and Montel,

2015). Neglecting (kRo)* terms is justified by the fact that kR = 1072 is usually small,

and ignoring higher order terms is a valid assumption except for extremely high frequen-

cies. In this simplified case, matrices A® and A®™ only depend on the local variable
kD

R = % Zj\;l & A which represents the strength of the interaction term and depend on

the nondimensional distance d;; = |7; — 7;|/D.

For a planar wave, the linear set of equations in Eq. 5 can be numerically solved for an
arbitrary constant value of p; = p’; = p’ for all bubbles to find all 7{. Once these values are

obtained, we can re-express any equation in the system as

2 x 2 2\ 1 bPo
—w? — K*u? 4+ =7, 6
( w Tw wo)rz pR%p (6)

where, for any arbitrary ith bubble under consideration, we have

2
K= &(1—QY) —1kRy |(1+ &) — KQ: (1+&+%)], (7a)
N / 1y ek Ddi
i\ — 1) =7
Q: _ Z];ﬁz( _]) dij . (7b)

e—lk)Ddij

N
/
i J# T d

Equation 6 is similar to the harmonic form of single bubble situation

(_w2 + ZQWQ + Wires)T; - = pozp/’ (8>
0

pR2
where the local bubble resonance frequency and the local damping factors can be readily

obtained as
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Function K gathers both interaction and compressibility effects in the bubble resonance
and the damping of the bubble and depends on the quantity ()7 which provides a measure
of the correlation between the radial bubble motion of the :th bubble and that of the sur-
rounding bubbles. @7 becomes zero in the limiting case of synchronous motion. It is also
easy to verify that in the limit of an isolated bubble, &; — 0, we recover the well known

2
i,res

result, w = w? and ¢; = ¢ = kR, representing the harmonic oscillation of a single bubble
in a slightly compressible liquid. For systems where K is not uniform for all the bubbles,

multiple local resonances appear.

To characterize the global response of the screen, it is useful to express the averaged gas

volume evolution as a function of the amplitude of the driving pressure

(W’ + e +wl) = Y T = —pp—}%p’- (10)

Using Eq. 6, the global resonance and damping factor can be readily found as a function of

the complex averaged function K* as

2 * ./
w K*r!
Wi, =wd <1—%(K*)—2); (=—-SQ(K"); K*= < - ’>. (11)
Wo ri)
where the symbol (-) denotes the average over all the bubbles in the screen.
B. Synchronous solution for an infinite bubbly screen with crystal configuration

We start considering the synchronous solution for an infinite bubbly screen with equal

amplitude for the radial motion of all bubbles. In this limit, v} = 7 =1/, & = & = &,

11
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FIG. 2. Real and imaginary part of the function f(kD). For reference we include the predictions
of the effective medium theory. The solid line is corresponding to the f(kD) and the dashed line
is corresponding to EMT. The blue line is the real part, and the red line is the imaginary part.

N; = 12000 is used to keep f(kD) converge.

Q7 =0, and the solution of the system is thus given by the simplified expression

K = K* = & —1kRy(1 + 8)?, (12)

7

where R = % f(kD) is a function that is proportional to the bubble inter-spacing parameter

Ry/D and function

> o—tkDd;;
J(kD) =)  — (13)
j#i g

depends on the dimensionless wavenumber kD and the particular geometry considered only.
Notice that, so far, the subscript ¢ is still hold here to represent the bubble inside the infinite
bubbly screen under consideration, but that f(kD) doesn’t change with respect to the choice
of the bubble . Taking advantage of rotation invariance of the system, the value of this
function can be obtained from a double sum over the layers surrounding an arbitrary bubble

12
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Eq. 14 can be evaluated numerically except in very particular cases. For instance, if kD =
2mn with n being an integer, the first term will be a diverging harmonic series implying zero
resonance frequency and infinite attenuation.We identify this phenomenon with a resonance
phenomenon in the spacing within the bubbles. The convergence properties of this series in
a general case are discussed in Appendix B. It is interesting to note that the results obtained
are in agreement with the expression proposed by Leroy et al. (2009) who, taking advantage
of an homogeneization approach and introducing a cuttoff length b = D//7, obtain £ using

the bubble density ng = 1/D? (number of bubbles per unit area in the screen) as

R ~ R R
REMT = FOfEMT(kD) =~ / —OG_ZkTQTF’I"TdeT' = —OfEMT(ICD), (15)
b T D

2
fenr (kD) = —k—g (sin (kb) + 2 cos (kb)) . (16)

As shown by Pham et al. (2021), this expression is similar to the extension of the asymptotic
analyses proposed by Caflisch et al. (1985) and later extended by Miksis and Ting (1989)
to the second order, where the correction due to the collective effects of the bubbly screen

s (Pham et al., 2021)

fEMT(kD> =-39-— Z;—g (17)

Using the small angle approximation, it is straightforward to see that Eqgs. 17 and 16 are
equivalent and, as shown in Figure 2, reproduce well the values of the series for kD < 3
without the need of introducing any fitting parameter. In what follows we denote the pre-
dictions of this model as effective medium theory (EMT). Note that although the function

13
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FIG. 3. Non-dimensional amplitude of the bubble oscillation in an infinite bubbly screen |r/| as
a function of w/wg for three different concentrations. The series are evaluated using N; = 12000
layers. The curves predicted by EMT and the current model fit well with each other when B% =50
and gradually trend to the isolated bubble situation when R% = 200. For 1% = 400, EMT recovers

the solution of the single bubble case missing the resonance phenomenon captured by the current

model.

f(kD) is correctly predicted, EMT still neglect the correction of order (kRy - ) in the

bubble dynamic motion.

Figure 3 represents the nondimensional amplitude of the bubble oscillation |r/| as a func-

tion of the frequency for three different concentrations for - }%)wg = 0.25 and |p/| = 107 3py.
For high concentrations (D/Ry = 50) the resonance peak is damped, this effect being well
captured by the EMT. As the bubble concentration is decreased, EMT recovers the solution
of the single bubble case missing the resonance phenomenon captured by the current model.
Remarkably, the intensity of the peak at resonance becomes much more important than the

one predicted by the EMT with the increasing of £D. To gain further insight, Figure 4 shows

14
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FIG. 4. (Left) Concentration effects on wyes/wo and (right) on ¢/{p. Solid lines are used for the
approximated exact solution (N; = 12000). Dashed lines represent the solution provided by the
effective medium theory. The frequencies used are w/wy = 0.5,1,2 for blue, red and green line

respectively.

the influence of D/Ry at constant forcing frequency on the global resonance and the global
damping factor. By changing the inter-bubble distance, the proposed model recovers well
the predictions of the effective medium approximation for kD < 3, while for large values of
kD both models give different predictions. This discrepancy is attributed to the difference
between crystal structure and the random bubble distribution as discussed later on for a
finite bubbly screen. In the effective medium approximation, bubbles are continuously and
homogeneously distributed in the space, and the oscillating term e~Ddij i thus smoothed
out. The current model is able to capture the resonance effects originated for particular

configurations. In the particular example shown here, it is expected to find a first resonance

for kD = 27, corresponding to the appearance of the resonance induced by the inter-bubble
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bubbly screens
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In many applications, the size of the bubbly screens is limited to few tens or hundreds

225

Figure 5 shows examples

and the infinite screen limit may not be applicable.

Y

of bubbles

226

77| for a 51 x 51

227 of the distribution of the nondimensional bubble oscillation amplitude

for two different values of the

28 bubbly screen excited at the single bubble resonance frequency

0.67 < 1 and kD = 5.4. Characteristic spatial patterns

dimensionless wavenumber: kD

229

20 are easily identified at resonance conditions but also become visible for other specific values

2 of the forcing frequency. This phenomenon is related to the appearance of multiple resonance
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FIG. 6. (a) Averaged amplitude of the bubble oscillation | (r]) | (errorbar represents the standard

deviation of | (r) |) and (b) | (QF) | of a 51 x 51 bubbly screen as a function of frequency.

frequencies in the system. Figure 6a shows that, as in the infinite case, the intensity of the
mean value of r; becomes maximum at resonance, fitting the infinite bubbly screen well. The
distribution of local resonance frequencies is represented using the intensity of the standard
deviation of 7} (errorbars in Figure 6a) and the averaged value of Qf (Figure 6b) which tends

to a plateau at larger frequencies and quickly decays for low frequencies.

The role of the concentration on | (QF) | is shown in Figure 7. At resonance (Figure 7b),
we observe a sharp transition between kD < 2, where the fluctuations of | (QF) | become of
order unity, and kD > 2, where | (Q7) | takes significantly smaller values. Remarkably, in
the regime of kD < 2, we do not see any clear asymptotic convergence to | (QF)| — 0 as
we increase the number of bubbles in the screen. Below resonance (Figure 7a), the value of
| (@) | is small and slow convergence to zero is observed for the screens considered. One of
the reasons for the slow convergence may be the excitation of non-uniform modes induced
by boundary effects. The consequences of perturbation on the plane containing the bubbles

17
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FIG. 7. Influence of concentration on | (Q}) | for various finite size bubbly screens and two different
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FIG. 8. Global resonance frequency and the global acoustical damping factor of finite bubbly
screen with different screen sizes for w/wy = 1. 21 x 21 (blue circle), 51 x 51 (red cross sign) and
101 x 101 (green square). The theoretical curves calculated for an infinite system (black solid line,

N; =12000) and effective medium theory are included for reference (dashed line).

18



246

247

248

249

250

251

252

253

254

255

256

257

259

261

262

263

264

265

in the infinite case (we have imposed an unperturbed planar wave in the y-z plane) is left

for future works.

The effect of finite size effects on the global resonance frequency and the global damping
factor can be seen in Figure 8 for w/wy = 1. The infinite bubbly screen limit captures
accurately the averaged bubble response of the screen, only showing some small disagreement
for very concentrated systems, where we have seen the non-uniformity on the bubble response

is important.

D. Randomization

We further discuss the influence of the randomness on the position and on the polydisper-
sity of the bubbles separately. To that end, we firstly perturb the position of each bubble
by a random number —Op < 0,,, < ©p with respect to the crystal configuration so that ith
bubble is located at #; = (O,yi(c) +0,,D, zl-(c) +6.,D), where the superscript () stands for
variables corresponding to the crystal configuration. Figure 9(a,b) shows the global factors
defined in Eq. 11 averaged over 100 realizations for w/wy = 1 using a finite screen with
51 x 51 bubbles with different ©p. As expected, the resonance effects observed at kD = 27
quickly vanish as the randomization parameter increases. Remarkably, the results obtained
differ from the effective medium theory for large values of the randomization parameter
and intermediate values of kD, the effect of randomization being especially visible on the
effective damping coefficient.
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FIG. 9. Influence of (top) spatial randomness and (bottom) polydispersity for (left) the global
resonance and (right) the global damping coefficient for a 51 x 51 finite bubbly screen using w/wy =
1. An example of the spatial distribution of the bubble positions is given in the inset of (a). For
reference we include curves calculated for an infinite system (black solid line, N; = 12000) and

effective medium theory (dashed line).

266 In this case, both matrix A® and A® can be further decomposed as a globally uniform
7 value given by the crystal structure and a correction directly attributed to randomization

s (see Appendix A). While the expectation of A"® is zero, the non-linear term in the A’
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0 matrix with respect to the position perturbation amplitude makes the averaged response
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of the system to be different from the crystal situation for small perturbations. For large
perturbations, the expectation of both A’® and A’™ are a-priori different from zero and
depend on the value of ©p. In such a situation, the difference between the fluctuation
around the crystal configuration and the completely random distribution also makes the
averaged response of the system to be different from EMT. In Figures 9(a,b) we see that the

randomization intensity parameter ©p mainly increases the effective damping for kD > 1.

The influence of polydispersity is depicted in Figure 9(c,d). The equilibrium bubble
radius of each bubble is perturbed with a random number —Or < 0rp < O with respect
to Ry, such that R; o = (1 + 0g;)Ro. The same averaging process is repeated to obtain the
global factors. As it occurs in the problem of linear wave propagation in bubbly liquids, the
influence of polydispersity is mainly visible in the damping coefficients, playing a minor role
on the shift of the resonance frequency. Notice that, different from the spatial randomness
which is unavoidable restricted by the current technology, the polydisperse randomness plays
a minor role in the experimental environments (Leroy et al., 2009), and a detailed theoretical

analysis is left for future publications.

IV. COMPRESSIBILITY EFFECTS IN THE NON-LINEAR REGIME

A. Numerical methods for differential equations with time delays

In the non-linear regime, it is no longer possible to find analytical solutions and one needs
to solve the set of ODEs numerically. The differential equations considered can be written
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as

y<t) = f(t>y(t)>y(t - 7—1)? ) y(t - Tn)ay(t - 7—1)7 "'>g(t - Tn))? (18)

where y is called state variable representing bubble radius or bubble wall velocity in our
case. Traditionally, Eq. 18 is usually solved as ordinary differential equations, and the
time-delay effect thus has to be ignored (7,...,7, = 0). In this work, when non-linear
effects become important, Eq. 18 is directly solved, treated as neutral delay differential
equation (NDDE), which will reduce to general delay differential equation (DDE) if ¢(t) =
f(t,y(t),y(t — 71),...,y(t — 7,)) and extend to state dependent NDDE if any of (71, ...,7,)
is a function of state variable (Bellen and Zennaro, 2013). Integration of DDEs cannot be
based on the mere adaption of some standard ODE code to the presence of delayed terms,
which may dramatically modify the accuracy and stability of the underlying ODE method.

To deal with NDDE, we first rewrite the Eq. 18 as:

yit—m) —ylt—7m—6) ylt—m) -yt -7 -4 )
6t 9 ey 5t \J.!J/

y(t) = f(y(t)7y(t - Tl)? ) y(t - Tn)7

which is the dissipative approximation of the NDDE and named as retarded DDE. For small
enough d;, the retarded DDE solver will be stable as long as the neutral DDE is stable.
Based on Eq. 19, implicit Runge-Kutta formulas taking advantage of continuous extensions
is used, and the retarded DDE is solved accordingly with residual control. The works of

Shampine (2005, 2008) are recommended for detailed mathematical principles.

For simulations in temporal domain, delays needed to be considered should always be
finite. Notice that, for any simulations with finite duration, e.g.,[0, T, we only need to con-
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sider the interactions from the bubbles with a distance from the bubble under consideration

less than d;; <= cT'.

B. Numerical results
1. Weakly non-linear regime

One important aspect on the dynamic response of bubbly liquids is the appearance of
subharmonics, which ultimately indicates the first transition route to the chaotic response
obtained for large enough amplitude of excitation (Lauterborn and Cramer, 1981; Lauter-
born and Koch, 1987). The harmonic components of the acoustic wave scattered by bubbles
or ultrasound contrast agents are also important in medical applications (Halldorsdottir
et al., 2011; Nio et al., 2019). The harmonics emitted by bubbles has been described by
many authors (see Lauterborn and Kurz (2010) for a review), including studies for contrast
agents in a free field (Andersen and Jensen, 2009; Katiyar and Sarkar, 2011). More recently
Fan et al. (2020a) has revealed the impact of compressibility and bubble-wall interaction
effects on the subharmonic emission of a bubble in a rigid tube. However, the influence of

collective effects on the subharmonic emission has not been investigated in detail yet.

In this section, we compare the results obtained from the model presented for infinite
bubbly screens imposing synchronous motion (R; = R; = R) with the results obtained from

the EMT in non-linear regimes (Pham et al., 2021) where

2

"R R, ., =
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fext = 2fo = 1.409M H z, and Ry = 5um.

To that end, we excite the bubbly screen with an incident pulse of the form

1 Weg .
Poo (1) = po — Pa= |1 — cos b Sin(Wegt), (21)

2 N,

where N, = 20, and w.; = 2wy in order to favor the appearance of a stable subharmonic
response. For simplicity, in this subsection we will only consider the response of an infinite

bubble screen.
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FIG. 12. The frequency spectrum of the present model and EMT using p,/po = 3.5. The energy
is calculated by F = 20log10(%), where |§(Prad)maz| is highest energy observed among all
simulations.

In Figures 10-11, we can see the influence of concentration on the dynamic response of
an infinite bubbly screen for two different excitation amplitudes. Consistent with the results
in the linear regime, the effective medium model converges to the present model when the
value of D/Ry, and therefore, k.,;D is small. The differences between two models become
significant with the increase of p,/py and ke, D. Even in the case, where the differences
between the two models are important (Figure 11c¢), both models fit relatively well for small
times, and gradually become different only after some time. One explanation could be that
in-phase and out-phase interactions coming from different layers at different time cancel
each other and increase oscillatingly. Besides, the fact that the differences between models

become visible after some time seem to indicate the differences of the EMT and the current

model on the bifurcation diagrams (Lauterborn and Kurz, 2010).
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FIG. 13. Energy of the subharmonic emission as a function of concentration for a constant excita-

tion frequency in a crystal structure.

Figure 12 shows the energy in the frequency spectrum of the infinite bubbly screen as a

function of the bubble concentration from the radiated pressure (Pham et al., 2021):

’R
Prad = 27TPC D2 (22)
The energy is calculated as E = 20l0910(%), where §F(-) is the Fourier transform,

and |§(Prad)mae| 1S highest energy observed among all simulations. Because the frequency
of the subharmonics slightly shifts from “¢* with the increasing of the amplitude of the
driving pressure wave, the corresponding energy is chosen according to the peak amplitude
rather than energy at . As expected the energy on the fundamental component increases
as D/Ry decreases due to the increase of bubble concentration (Figure 12). The overall
spectrum is well reproduced by the EMT except for kD = 27, where we clearly see how the
spectrum predicted by the EMT contains a significantly higher level of energy mainly con-
centrated at the subharmonics. In Figure 13, we show that optimal subharmonic emission
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conditions appears for k.., D = [0.65,0.75]7 as a consequence of the crystal configuration.

This effect is not captured by the EMT.

2. Strongly non-linear regime

Infinite bubbly screen
—— Finite bubbly screen
8+ PN Finite bubbly screen, Ijg, tq, =t o ™, B
/ | —EMT S

R An isolated bubble P S

FIG. 14. Radius versus time curves predicted by different models for D/Ry = 134 for an
infinite bubbly screen oscillating synchronously and a 11 x 11 bubbly screen. p, = 2pg = 2bar,
feat = 0.1f9 = 70.461kH z, and Ry = 5um. EMT and the infinite bubbly screen fit each other well
up to the first rebound. In the later case, we show the averaged and the standard deviation of
the bubble radius using the full model (red line) and the incompressible model wtih I; = I; o and

tq,; =t (yellow line).

When the excitation frequency is decreased (wez¢/wo = 0.1), the response of the bubbles
become highly non-linear with a clear distinction between the expansion phase and the
collapse and rebound region. In order to reduce the simulation time and transient effects, in

this section we excite a bubbly screen with a perfect crystal configuration with an incident
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FIG. 15.  Comparison of the trajectory of the averaged bubble radius versus Ma = R/ ¢ for the

current model and the EMT.

planar wave represented by

P (t) = DPo — Pa Sin(wextt)-

The predictions of the temporal evolution of the bubble radius predicted by different models
are given in Figure 14 for both infinite bubbly screens and finite bubbly screens. The am-
plitude of the initial expansion in all cases is decreased compared to the isolating oscillating
bubble. The results from the EMT fit well the results of the infinite bubbly screen in the
first expansion. The difference of the radial dynamics between different models appear in
the rebound stage (Figure 15), when the Mach number(R/c) becomes important, so does

the first order compressibility correction terms.

For completeness, in Figure 14 we also include the full simulation of a 11 x 11 bubbly

screens. Because in this case bubble motion is no longer assumed to be synchronous, we
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represent the averaged bubble radius among all bubbles in the screen as well as the standard
deviation in one realization. The influence of the interactions on the finite screen is reduced
in the expansion and is less strong comparing to the infinite case. Compressible effects play a
visible role despite the long wavelength of the incident wave, and the classical incompressible

bubble interaction model tends to over-predict the collapse time.

V. CONCLUSION

In this work, the compressibility effect on the bubble-bubble interaction is discussed. The
model proposed in Fuster and Colonius (2011) is particularized to explicitely write a system
of equations that account for first order correction compressibility effects. These effects are
shown to be important compared with the classical incompressible interaction mechanism

in Rayleigh—Plesset models.

In the linear regime, time-delay effects are always critical to capture the overall system
response of large bubble screens. We show that the current model recovers the effective
medium theory results up to second order for infinite crystal structures at large wavelengths
(kD < 3). In addition, the model is able to capture resonant conditions in diluted systems
due to crystal configurations that are not captured by averaged models. Randomization
on the bubble position and boundary effects on bubbly screens of finite size are shown to
be responsible to the appearance of characteristic periodic structures in the screen. These

effects can modify the global damping measured under some conditions.
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In the non-linear oscillating regime, we numerically solve the proposed model as a neutral
delay differential set of equations (NDDE). The fully incompressible model seems to be only
suitable to predict the expansion phase and loses its accuracy during the strong collapse
where compressibility effects play a major role and need to be included. Boundary size
effects are shown to limit the applicability of the effective medium theory valid only for

infinite systems.
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APPENDIX A:

P 1%’%% P’ with

When p; < 1, the system of Eq. 4 can be written in matrix form Ar = —

A = (A© 4k RyAW), where

. —1kDd,;; N
with Sij:%e a. Y andﬁizzj#&j.
ij

In general cases using finite bubbly screen, bubbles may be not spatially arranged per-
fectly, and it is possible to rewrite this system by separating variables S;; and &; into a
crystal contribution and a spatially fluctuating part attributed to the perturbation of bub-
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406
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408

409

bles position

Sij - SZ(C) + S/

K

R = +§’ ZS +Z s

JF#i JFi

where the superscript () stands for variables corresponding to the crystal configuration, and
the distances between bubbles is written as Jij = dﬁj) + ci;] In this case, matrix A can be
further decomposed as A ~ A©) + A’ where A©) represents the value of A obtained with

the values of a crystal structure and A’ is the fluctuating part

ifi =7,
A0 _ g
ij

2
—<i) S;; otherwise,

wo

((w%)?—l) f iti=j,

((%)2 + 1) S 4 (f@) (RLS! + ﬁ(c Si; + RS c)) otherwise.

Y] 1~4]

j(e)
- Ry e DA
/ !
ij

In such a situation, the expectation of A;go) is zero as long as the expectation of J;j is zero.

However the expectation of the ﬁ;Sl{ term appearing in A which acts like a variance

’l,] 7
term, is different from zero even for the small perturbations. Obviously when the amplitude
of perturbation d~;j is large, the expectation of both A/igo) and Agg.l) are a-priori different from

Zero.
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APPENDIX B:

The convergence of the infinite series

- % —1kDI ok DI(1=/1+(a/D)?)
g ! (1 ! Z 7 V1 Q/ 1)? q

is discussed as follows. For sufficiently large value of [, because quantity p = /1 + (¢/1)? is
bounded between 1 and v/2, we can approximate the series as

l

q:zl V1 q/l

where E(z) is the exponential integral function. Taking the limit for | — oo, we readily find

that

lim (El/g(szl) _olAp, /2(\/§sz1)> _
—00
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implying that this term always converges. The convergence of the series is then discussed

in terms of the convergence of

o0

4w _ N2 1
—e " =% 4— =41
e

=1

where z = e7*P_ For kD = 27n the series diverges and it converges otherwise. The influ-
ence of the number of layers considered on the series is reported in Figure 16 for different
values of kD. In general, a very large value of the number of layers is required to accurately

represent the infinity limit.
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