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Sharp pressure estimates for the Navier-Stokes system
in thin porous media

Marfa ANGUTIANO! and Francisco J. SUAREZ-GRAU?2

Abstract

A relevant problem for applications is to model the behavior of Newtonian fluids through thin porous
media, which is a domain with small thickness e and perforated by periodically distributed cylinders of size
and period €, with § > 0. Depending on the relation between thickness and the size of the cylinders, it was
introduced in (Fabricius et al., Transp. Porous Media, 115, 473-493, 2016), (Anguiano and Sudrez-Grau, Z.
Angew. Math. Phys., 68:45, 2017) and (Anguiano and Sudrez-Grau, Mediterr. J. Math., 15:45, 2018) that
there exist three regimes depending on the value of §: § € (0,1), § = 1 and § > 1. In each regime, the
asymptotic behavior of the fluid is governed by a lower-dimensional Darcy’s law.

In previous studies, the Reynolds number is considered to be of order one and so, the question that arises
is for what range of values of the Reynolds number the lower-dimensional Darcy laws are still valid in each
regime, which represents the main the goal of this paper. In this sense, considering a fluid governed by the
Navier-Stokes system and assuming the Reynolds number written in terms of the thickness €, we prove that,
for each regime, there exists a critical Reynolds number Re. such that for every Reynolds number Re with
order smaller or equal than Re., the lower-dimensional Darcy law is still valid. On the contrary, for Reynolds
numbers Re greater than Re., the inertial term of the Navier-Stokes system has to be taken into account in
the asymptotic behavior and so, the Darcy law is not valid.

AMS classification numbers: 35Q30, 35B27, 74K35, 76505, 76F06.

Keywords: Navier-Stokes, critical Reynolds number, sharp estimates, thin porous media.

1 Introduction

Theoretical research concerning thin porous media (TPM) is of great importance to application in various
industries, see for instance Prat and Agaésse [28] and Yeghiazarian et al. [34]. The definition of thin porous
media is a domain whose thickness is small compared to the rest of the dimensions and which is heterogeneous,
that is, it is perforated by periodically arranged cylindrical obstacles. If we denote the order of the thickness of
the domain by the parameter € and the order of the period and size of the diameter of the cylinders by €’, with
d > 0, Fabricius et al. [24] introduced that for a Newtonian fluid flow through a thin porous media that there is
three different regimes depending on the relation of the thickness and the size of the cylinders:

e The homogeneously thin porous media (HTPM), corresponding to the case when the cylinder height is
much larger than interspatial distance, i.e. €® < ¢, which is equivalent to § > 1. See Figure 1 (left).

e The proportionally thin porous media (PTPM), corresponding to the critical case when the cylinder
height is proportional to the interspatial distance, i.e. € ~ €, which is equivalent to § = 1. See Figure 1
(right).

e The very thin porous media (VITPM), corresponding to the case when the cylinder height is much smaller
than the interspatial distance, i.e. € > €, which is equivalent to 0 < § < 1. See Figure 2.
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Figure 1: View of HTPM (6 > 1) (left) and PTPM (§ = 1) (right)

Figure 2: View of VIPM (0 < 0 < 1)

Starting from the 3D Newtonian Stokes or Navier-Stokes system, it is deduced that the flow is governed by
a 2D Darcy equation, different in each regime, see Fabricius et al. [24] for the proof by using the asymptotic
expansion method and see Anguiano and Sudrez-Grau [10, 13] for a rigorous proof by using a version of the
unfolding method. We remark that in previous papers the Reynolds number is considered of order one and, since
the thickness of the domain is small, the inertial term of the Navier-Stokes vanishes after the homogenization
process when € tends to zero, which allows to derive the different 2D Darcy laws.

In applications, it is important to know for what values of the Reynolds number the Darcy law models
Newtonian fluid flows through a thin porous media. This issue is widely studied in porous media, where criti-
cal Reynolds numbers are obtained above which Darcy’s laws are no longer valid, because the inertial term of
the Navier-Stokes system must be taken into account, see for instance Dybbs and Edwards [23], Bourgeat and
Mikelié [20], Boettcher et al. [18] or Zeng and Grigg [35]. In this sense, the only study related to this question
in thin porous media is recently obtained by Jouybari and Lundstréom [25], where they present direct numerical
simulations of post-Darcy flow in thin porous media. However, as far as the authors are aware, there are no
theoretical studies where a critical Reynolds number is obtained below which Darcy’s law is valid for each type
of thin porous media described above, which is the goal and main novelty of this paper.

Thus, in this paper we consider a Newtonian fluid flow governed by the Navier-Stokes system in a thin porous
media €. Assuming that the Reynolds number is proportional to the thickness of the domain and denoted by
Re€ = €77, with v € R, we consider the following system

—neV Ave 4+ Vpt + (v¢ - Vot = f  in Q°,
dive* =0 in Q€, (1)
v* =0 on J0N°,

where v¢ is the velocity field, p¢ is the pressure, n > 0 is the viscosity and f is the external body force.

We prove that, for each regime of TPM, there exists a critical value 7., i.e. a critical Reynolds number
Re. = €77, such that for every v < ~., the fluid can be modeled by the corresponding Darcy law and above
this quantity the inertial term has to be taken into account in the limit model. Observe that condition v < ~,
means that the Re is of order smaller or equal than e~7¢. Thus, we obtain the following result:

e In the case HTPM (6 > 1), the critical value is 7. = 6, i.e. the critical Reynolds number Re, = €.
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e In the case PTPM (§ = 1), the critical value is 7. = 1, i.e. the critical Reynolds number Re, = ¢~ 1.

e In the case VIPM (0 < § < 1), the critical value is 7. = 1, i.e. the critical Reynolds number Re. = ¢~ *.

We remark that in Bourgeat and Mikeli¢ [20], they obtained a critical Reynolds number corresponding to
e = 3/2 for Newtonian fluids through porous media with characteristic size €, and Boughanim and Tapiéro [19]
obtained the same critical value for Newtonian fluids through a thin slab of thickness €. In this work, we consider
a thin heterogeneous media, which generalizes both studies. We summarize the order of the critical Reynolds
numbers in the following table:

’ Thin Slab ‘ Porous media ‘ Homogeneously TPM ‘ Proportionally TPM ‘ Very TPM ‘

T e A s R R S

Table 1: Critical Reynold number for Newtonian fluids depending on the type of TPM.

To prove this result, we first apply a dilatation in the vertical variable z3, i.e. we introduce z3 = x3/¢€, which
let us to introduce the unknowns (0¢, p¢) defined in a perforated domain with fixed thickness and denoted by
Qe. Next, we need to prove that there exists an extension of the pressure, denoted by 1567 to the whole domain
without obstacles 2. This will be done by duality arguments by means of a restriction operator introduced in
Anguiano and Sudrez-Grau [10]. Next, we have to prove that this extension is bounded in suitable Sobolev spaces
(not only in L? as usual) depending on the TPM considered. It happens that estimating the extension of the
pressure reduces to obtain sharp estimates for the inertial term of the dilated Navier-Stokes system depending
on § and . This will be made by using advanced interpolation techniques, which allow us to find the critical
value v for each TPM. We remark that using standard arguments, we would obtain that the extension of the
pressure is bounded in the space L? and the critical Reynolds numbers would correspond to 7. = 36/4 for the
HTMP and v. = 3/4 for the PTPM and VTPM. However, thanks to the sharp estimates obtained for the
inertial term, we get a wider range of values of the Reynolds number for which the Darcy laws are valid, see
Theorem 3.1 and its proof for more details.

On the other hand, we complete the paper by obtaining the 2D Darcy laws for each TPM. We obtain that the
averaged velocity V¢ = fol v¢ dz3 and the extension of the pressure P€ satisfy the following approximations:

o (e¥=7V,P) for HTPM,
(VE,PS) ~ o
(e277V,P) for PTPM and VIPM,

where (V, P), with V3 = 0, is the solution of a 2D Darcy law depending on the TPM (see Theorems 4.1, 4.2
and 4.3 for more details):

V'(z') = 1IC (f'(x’) - Vz/p(x’)) , Va(@')=0 inw,

3

dive V'(2)=0 inw, V'(z')-n=0 on duw,

where n is the outer normal vector to dw. We remark that in the HTPM the permeability tensor K € R?*?2
is calculated by solving 2D Stokes local problems, in the PTPM by solving 3D Stokes local problems, and
in the VIPM by solving 2D Hele-Shaw local problems. We also remark that the approximations depend on
the Reynolds parameter vy and the type of TPM. The proof of this result follows the proof of Anguiano and
Sudrez-Grau [10, 13] by taking the Reynolds number e~7 into account in the estimates of the velocity. Since
the novelty of this paper is the introduction of the Reynolds number and the inertial term in the Navier-Stokes
system, in the homogenization process when e tends to zero we focus our attention in proving that the inertial
term vanishes in the limit by using the sharp estimates of the pressure obtained previously for each type of
TPM. In order to have a self contained study, we also give details of how obtaining the corresponding 2D Darcy
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laws.

As far as the authors know, this is the first attempt to carry out such a theoretical analysis for Newtonian
fluids in TPM, which could be instrumental for understanding the effects of the Reynolds number on the be-
havior of Newtonian fluid flows in each type of TPM. In view of that, more efficient numerical algorithms could
be developed improving, hopefully, the known engineering practice.

To finish the introduction, we give a list of recent references concerning studies of partial differential equations
in TPM. Studies related to Newtonian fluids through TPM can be found in Anguiano and Sudrez-Grau [11, 14],
Armiti-Juber [16], Bayada and et al. [17], Larsson et al. [26], Sudrez-Grau [31], Valizadeh and Rudman [32],
Wagner et al. [33] and Zhengan and Hongxing [36]. Concerning generalized Newtonian fluids see Anguiano and
Suérez-Grau [7, 12, 15], for Bingham fluids see Anguiano and Bunoiu [8, 9], for compressible and piezo-viscous
flow see Pérez-Rafols et al. [27], and for micropolar fluids see Sudrez-Grau [30] and for diffusion problems see
Anguiano [5, 6] and Bunoiu and Timofte [21].

The paper is organized as follows. In Section 2, we introduce the description of the TPM considered in this
paper. In Section 3, we introduce the problem under consideration and we obtain the first main result concerning
the sharp estimates for the extension of the pressure, see Theorem 3.1. In Section 4, we give describe the Darcy
laws for each type of TPM, see Theorems 4.1, 4.2 and 4.3. We give the proof of previous results in Section 5
and we finish the paper with a list of references.

2 Description of the TPM

Let us introduce some notation that will be useful in the rest of the paper. The points € R3 will be decomposed
as x = (7', x3) with 2’ = (x1,22) € R?, 23 € R. We also use the notation 2’ to denote a generic vector of R2.

Description of the TPM. The periodic porous medium is defined by a domain w and an associated mi-
crostructure, or periodic cell Z’' = (—1/2,1/2)2, which is made of two complementary parts: the fluid part Z},
and the solid part S" (Z}JS" = Z" and Z} (1 S" = (). More precisely, we assume that w is a smooth, bounded,

connected set in R?, and that S’ is an open connected subset of Z’ with a smooth boundary 95’, such that S’
is strictly included in Z’.

The microscale of a porous medium is denoted by €, with § € R. The domain w is covered by a regular mesh
of square of size €’: for k' € Z2, each cell Zy 5= k' + €97’ is divided in a fluid part Z}k/ s and a solid part
Sy, s, 1.e. is similar to the unit cell Z’ rescaled to size 9. We define Z = Z' x (0,1) C R3, which is divided in a
fluid part Zy = Z} x (0,1) and a solid part S = S’ x (0,1), and consequently Zp s = Z;, 5 x (0,1) C R3, which
is also divided in a fluid part Zy, , s and a solid part S/ s.

We denote by T(?;/765) the set of all translated images of ?;,765. The set 7'(?;%65) represents the obstacles in
R2.

The fluid part of the bottom w® C R? of a porous medium is defined by w® = w\ Uy cxc s S, s, where
Ke={k €Z?:Z, s Nw+#0}. The whole fluid part Q¢ C R? in the thin porous medium is defined by
Q= {(2/,23) Ew xR:0 < 23 < €}. (2)

We assume that the obstacles 7(52/765) do not intersect the boundary dw and we denote by S¢ the set of the
solid cylinders contained in ¢, i.e. §° = Jcxs S s X (0, €).
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We define the following sets:

e Dilated TPM: B
Qf =w x (0,1), (3)

e Defining T¢ = Uk/elce T} s as the set of the solid cylinders contained in QE, it holds
Q. = Q\Te.

e Domains without perforations:
Q=wx(0,1), Q°=wx(0,¢). (4)

3 Sharp pressure estimates in TPM

In this section, we give the main result concerning the sharp pressure estimates in TPM and the critical Reynolds
number in each type of TPM. To do this, we consider a Newtonian fluid flow governed by the Navier-Stokes
system (1) in the thin porous media ¢. Assuming that the second member f of (1) is of the form

fl@) = (f'(2"),0) with f" € L*(w)?, (5)

it is known that there exists at least one weak solution (v¢,p¢) € Hg(2¢) x LZ(Q°) of (1), where L2 is the space
of functions of L? with null mean value.

In order to work in a domain with fixed height, we use the dilatation in the variable x3 as follows
z3

23 = c’ (6)

to have the functions defined in Q€. This leads to define ¢ and p¢ by
5(a' | z5) = v (2’ ez3), PC(a', 23) = p(a', €z3), a.e. (2, 23) € Q°.
Then, applying this change of variables to the system (1), we consider the following dilated Navier-Stokes system
—NETAD + Ve p + (06 V)i = [ in QF,

div. 5 =0 in O, (7)

=0 on 8?25,

where A0 = A5 + € 202,75, V¢ = (Voo e 19,597, and div, ¢ = divy (7€) + e 45,

Below, we give the main result concerning the existence of an extension of the pressure p¢ and the sharp
estimates of the pressure depending on § and -y, which will give the existence of critical Reynolds number in each
type of TPM. To prove this, we take into account the estimates of the velocity and we prove that there exists
an extension P¢ of the pressure ¢ bounded in a Sobolev space LE@) (not only in L? as usual) for C(8) € (1,2
being the conjugate of a certain r, r > 2. The existence of an extension of the pressure is proved by means of
duality argument by using a restriction operator RS acting from I/VO1 ()3 into I/VO1 (£2¢)3, which is introduced
in [10, 13]. In order to prove that the extension of the pressure is bounded and that inertial term of the dilated
Navier-Stokes system (7) vanishes in the limit, we have to prove that

/ﬁ(ﬁe-ve)veﬁi(@dw’dzs < O Gl B € WaT (),

with o > 0. This inequality will provide the sharp estimates of the extension of the pressure and the range of
values of ~ for which the inertial term will vanish in the limit.
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Theorem 3.1 (Sharp pressure estimates). Consider any weak solution p¢ of (7) and C(0) defined by

1)
2 i VS%,
C(0) = (8)
3—5 if 3—5< <4
2 1 1 v <o.

Then, depending on the type of TPM:

(i) In the case HTPM (§ > 1) and v < 8, there exist an extension P¢ € LOC(5)(Q) of the pressure p¢ satisfying
(7) and a positive constant C, independent of €, such that

1Pl pew @) < Cr IVP lw-1.00) () < C. (9)

(ii) In the case PTPM (6 = 1) and y < 1, there exist an extension P € Lg(l)(Q) of the pressure p¢ and a

positive constant C, independent of €, such that

||PE||LC(1)(Q) S C7 “v5ﬁ€||w—1,0(1)(9)3 S C (10)

(ii) In the case VIPM (0 < § < 1) and v < 1, there exist an extension P€ € Lg(l)(ﬂ) of the pressure p° and
a positive constant C, independent of €, such that

”PE”LC(U(Q) < 07 Hvepénw—l,cu)(ms <C. (11)

4 Darcy’s laws for each type of thin porous media

In this section, we take advantage of the results of Theorem 3.1 to show that the inertial term disappears in the
limit and we obtain the lower-dimensional Darcy laws for each type of TPM. This will be done by means of an
adaptation (see [10, 13]) of the unfolding method [22].

Theorem 4.1 (Darcy’s law for HTPM). Consider 6 > 1, v < 6 and C(6) defined by (8). Then, there exists
o€ L2(Q)® with 93 = 0 and P € LOC(‘;) (w), such that the extension (¢, P¢) of a solution of (7) satisfies the
convergences

25 ~ 5 in L2(Q)}, PC = P in LCO(Q).
Moreover, defining V(z') = fol o(2', z3) dzz, we have that (V,P) € L*(w)® x (L2(w) x HY(w)) is the unique
solution of the linear Darcy law

V@) = 2K (£() - VuP@)), Vala) =0 ine,

(12)
divy V(') =0 inw, V'(z')-n=0 ondw.
Here, K € R?%2 s the permeability tensor, which is symmetric and positive definite, defined by
(Ku)ij = / wi(2')dz', ij=1,2, (13)

f
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with w* € Hy(Z})?, i = 1,2, the unique solution of the local 2D Stokes problem defined by
—Aw+Vyrt=e; in Z}-,
divyw' =0 in Z},
w=0 in 9,

w', m* Z' — periodic.

Theorem 4.2 (Darcy’s law for PTPM). Consider 6 =1, v < 1 and C(0) defined by (8). Then, there exists
o e HY(0,1; L*(w)?) with 53 = 0 and & = 0 on z3 = {0,1}, and P € Loc(l)(w), such that the extension (o€, P°)
of a solution of (7) satisfies the convergences

725¢ =0 in HY(0,1; L% (w)?), P —= P in LD(w).

Moreover, defining V (x fo ¥',23) dzs, we have that (V,P) € L*(w)?® x (Li(w) x H'(w)) is the unique
solution of the linear Darcy law

V’(w@:%/cp (Fa) = VuP@)), W) =0 inw,

(15)
dive V' (2) =0 inw, V'(2)-n=0 ondw.
Here, Kp € R?*2 s the permeability tensor, which is symmetric and positive definite, defined by
(Kp)ij = / wi(z)dz, 0,5 =1,2, (16)
Zs
with w* € H;&(Zf){ 1= 1,2, the unique solution of the local 3D Stokes problem defined by
AW+ V,mt=¢; in Zs,
div,w' =0 in Zy,
(17)

wt=0 in S,
w'=0 on 23 ={0,1}.

Theorem 4.3 (Darcy’s law for VIPM). Consider 6 € (0,1), v <1 and C(6) defined by (8). Then, there exists
o€ HY(0,1; L*(w)?) with 53 = 0 and © = 0 on z3 = {0,1}, and P € Loc(l)(w), such that the extension (o€, P°)
of a solution of (7) satisfies the convergences

725¢ =0 in HY(0,1; L% (w)?), P*— P in LD(w).

Moreover, defining V (x fo o(2', 23) dzs, we have that (V,P) € L*(w)? x (L3(w) x HY(w)) is the unique
solution of the linear Darcy law

V/(xl):%/ﬁ/ (£~ T P()), Vo) =0 inw,

(18)
dive V'(2) =0 inw, V'(z)-n=0 ondw.
Here, Ky € R?*2 is the permeability tensor, which is symmetric and positive definite, defined by
(K:V)ij = / (szﬂi(z’) + ei) €; dz’, i,j = 1, 2, (19)

I
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with © € H#(Z}), 1 = 1,2, the unique solution of the local Hele-Shaw problem defined by

7Az/7'(i =0 n Z},
(Vori+e) -n=0 ondsS'.

5 Proof of the results

In this section we provide the proof of Theorems 3.1, 4.1, 4.2 and 4.3. In Subsection 5.1, we give the estimates
of the velocity and the extension of the velocity. In Subsection 5.2, we introduce the restriction operator to
extend the pressure to the whole domain and we give the proof of Theorem 3.1. We introduce the adaptation of
the unfolding method in Subsection 5.3 and we give the variational formulation in Subsection 5.4. The proof of
Theorem 4.1 is given in Subsection 5.5, the proof of Theorem 4.2 in Subsection 5.6, and the proof of Theorem
4.3 in Subsection 5.7.

5.1 Velocity estimates

First, we deduce the velocity estimates. To do this, let us first recall the Poincaré inequality in ?257 see [10,
Lemma 4.2 and Remark 4.3] for more details.

Lemma 5.1 (Poincaré’s inequality). There exists a positive constant C, independent of €, such that

e In the case HTPM (0 > 1), it holds

1602 @ < CENDBl ooy ¥ € HYE)P. (21)
e In the case PTPM (§ = 1), it holds

||§5HL2(§e)3 < C€||De¢||L2(§e)3x3a Vo e H&(ﬁe)g- (22)
o In the case VIPM (0 < § < 1), it holds

||95HL2(65)3 < C€||D5¢||L2(§e)3><3, Vo e H&(ﬁe)d (23)
By using the previous lemma and taking into account that it appears the Reynolds number € in system (7),

the following velocity estimates depending on the type of the thin porous media are straightforward obtained by
following the steps of the proof of [10, Lemma 4.4].

Lemma 5.2 (Velocity estimates). Let 0¢ a weak solution of (7). Then:

(i) In the case HTPM (6 > 1), there exists a positive constant C, independent of €, such that we have
150 2 @eys < C* 77, DD o ggeysns < O (24)
(i) In the case PTPM (6 = 1), there exists a positive constant C, independent of €, such that we have
150 ey < O 1D | gaqgpyons < O (25)
(iii) In the case VIPM (0 < 6 < 1), there exists a positive constant C, independent of €, such that we have

15N L gggeys < O, 1Dt || ageyses < Ce ™7 (26)
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Remark 5.3 (Extension of velocity to Q). We make the following remarks:

— The velocity v¢ will be extended by zero in Q0 \ §~26, which is compatible with the zero boundary condition on
the boundary of the obstacles and the exterior boundary of §2.

— We will denote the extension of the velocity by same symbol.
— The extended velocity is divergence free.

— The estimates given in Lemma 5.2 are still valid for the extended velocity.

5.2 Extension of pressure and proof of Theorem 3.1
To extend the pressure to the whole domain (2, we use the mapping Rf, 1 < ¢ < 400, defined in [10, Lemma

4.5], which allows us to extend the pressure p¢ from Q€ to Q°.

Lemma 5.4 (Lemma 4.5-(i) in [10]). There emists a (restriction) operator RS acting from Wy (Q%)? into
Wy (293, 1 <7 < +o0, such that

1. Ri(p) = @, if o € Wy ()3 (elements of Wy (Q€) are extended by 0 to Q°).

2. divRS(p) =0 in QF, if divp =0 on Q°.

3. For every ¢ € WOI’T(QE)‘?, there exists a positive constant C, independent of ¢ and €, such that
e In the case HTPH (6 > 1), it holds

HRi(Lp)HLr‘(Qe)S + €5||DR§,((p)||LT(Qe)3><3 <C (HLp||Lr(Qe)3 + 66HD(,0||LT(Q<)3><3) . (27)
o In the case PTPM (§ = 1), it holds

| RL(©)]|Lr(ae)s + €| DRL(9)]

L7(Qe)3x3 <C (HL)OHLT(Qe)B + 6||D(p| L7'(Qe)3><3) . (28)

e In the case VIPM (0 < § < 1), it holds

IR ()l L) + €l DR(9)]

L7 (Qe)3x3 < C (H(pHLr(Qs)S + €5||Dﬁp| L'r'(QE)BXS) . (29)

Now, we are able to prove the main result concerning the extension of the pressure and the derivation of sharp
estimates.

Proof of Theorem 3.1. We divide the proof in four steps. In the first step, we extend the pressure by duality
arguments and in the rest of steps, we obtain the estimates of the pressure in the case of HTPM, PTPM and
VTPM, respectively.

Step 1. Extension of the pressure. In this step, we use the restriction operator given in Lemma 5.4, i.e. RS, with
r > 2 where r will be determined in the following steps (depending on the case of TPM).

We introduce F€¢ in W~1C¢0)(Q¢)3, where C(6) is the conjugate of r, in the following way

<F6a $0>W—1,C<6)(Qe)B,W(})T(Qe)B = <Vp€7 R;(‘P»Wﬂ.cm(Qe)a,w(}'r(gep ) (30)



Marfa Anguiano and Francisco J. Suédrez-Grau

for every ¢ € W, (Q%)®. By using the variational formulation of problem (1), we get

<F6, S0>Wf1,0(6)(Q5)31W0177<(Q5)3
(31)

= o [ Dv:DRp)dzt [ f-(R(p)) du — / (v° - V)o* R () da.
QE Qe

€

By using Lemma 5.2 for fixed €, we will prove that it is a bounded functional on VVO1 T(Q°) (see following steps

depending on the TPM), and so F¢ € W~1C@)(Q€)3. Moreover, if div ¢ = 0, then it holds (F,, ) = 0, and so,

the DeRham theorem gives the existence of P¢ in Lg(‘s)(Qe) with F¢ = VP,

Now, for all ¢ € W, " (Q) with #(z’, z3) = v(z/, e23), by using (6), we deduce
<V6P€, ¢>W*11C(5)(Q)3,W01’T(Q)3 = — /Q PE diV6 gZJdg;/dZ3

=—¢! Pedivedx = 6_1<VPE, <,D>W_1,c(a)(Qe)s)W(ler(Qe)s .
Qe
Taking into account (31), we get

(VP @) y—1.c0 ()3, whm (@)

€

—t (~em [ Do ipmioaes [ £ a- [ o0 R ).
QE Qi
and after applying (6), we deduce

(VeP*, @)y —1.06) @y wim ()

=—€'n . D : D Ri.($) da'dzs + /~ [ (Ry(2)) da'dzs (32)
o CR AL AC TR

with RS(@) = R () for all g € Wy (Q)3.

Step 2. FEstimates of the extended pressure in the case HTPM. Assume 6 > 1 and we consider an exponent

r > 2 and we denote its conjugate by C(8) € (1,2]. Due to the L2-estimates for velocity, given in (24), the value
of r must be as close as possible to 2. Its value will be deduced when we estimate the intertial term.

Estimate (27) can be rewritten, after applying the change of variables (6), as
1RSI L cieys + €1 DREBN o eysxs < C (I Bllzr@ys + € | Dellreysxs) . (33)
and then, as ¢/ < 1 and €9 > 1 because § > 1, we get
e = ~ € = ..
||RT<P||Lr(ﬁe)3 < C”(AOHWJ’T(Q)«?? HDeRr@HLr(ﬁe)sm < GT;HQOHW[}W(Q)& (34)

Since L" < L? — L) estimates (24) and (34), we deduce the estimates for the two first terms of the
right-hand side of (32)

€'n S Def)e:DeR;(@)dx/dZB < CEV”De@E”LC(é)(ﬁe)axaHDeR;(@)”LT(Qe)st

IN

CEPYHDe'Delle(ﬁe)zxs ”DER:(SZ))HLr(ﬁe)zxs (35)

IN

C||95||W01»T(Q)37

10
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- (RA(9)) da'dzs
Qe

< IR B 1o ey < Cllllgarays - (36)
To finish, we must estimate the inertial term. Observe that the inertial term can be written as

/~ (9° - V)& RE(p) da'dzs
Q

= —/~ 7°@0¢ : Dy RE(P) da’ dzs (37)
Qe
1 ~ -
+- (/ 0., 050°RS(@) dx'dz3 +/ 050,,0° RL(@) dx’dzg) ,
€ \Joe Oe
where (p&1))i; = pithj, i=1,2,j=1,2,3.

We will prove that for the values of C(d) given in (8) in terms of § and +, the inertial term will vanish in the
limit when e tends to zero. To do this, it is enough to prove that the inertial term (37) satisfies

< Ce|@llwarys: V& €W (). (38)

/ (0¢ - V)T RE(P) da'dzs
Q

where a > 0. Below, we estimate each term of the right-hand side of (37).

o First term in the second member of (37). From Hoélder’s inequality and the second estimate of (34), we

have
[ 50 s DR ddial < 512 g Do R ey
Q (39)
< C€_§|‘56”2w(§e)s||95||W(}”(Q)3>
where r and 7’ satisfy
% + % <1 (40)

We need to estimate ||175||L,r,( )» taking into account estimates (24). For that reason, our objetive is

e
to consider r as near as possible to 2. Thus, considering an interpolation between L2(Q¢) and H&((NZE)
introducing the parameter 6 € [0, 1] such that

1

1 1
=-0+-(1-9 41
=50+ 50-0), (41)
we deduce
||’L~)€HLT,(§€)3 < ||7~}€Hi2(§e)3”776| 1Lg(0§e)3'

From HL(QF) < L5(Q€) and estimates (24), we get

~ = ~c1—0
10 @ye < 151 ey 1D

L2(Q¢ L2(Qe)3x%3
5<% 5L 6(26-7)+(1-6)(5-7) (42)
0N gy I D5y € G ",
Taking into account (42) in (39), we deduce
e e e/~ —a41) -
/@ F@T : Dy RE() da'dzg| < Ce® O3 |1]| v g (43)
Thus, we must choose 0 satisfying 6 —v/d + 1/2 > 0, i.e.
1
9290max{o,g2}. (44)

11
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From the inequality (40) and the equation (41), we deduce that

3
r>

= m, (45)

and from (44) and (45), we get
30

> —.

T . 27

Observe that if we consider r = 2 in (46), we get that v < (36)/4. For v > (39)/4, we consider (46) taking
into account that v/6 —1/2 <6 <1, i.e. we consider (46) for (36)/4 < v < (36)/2. Therefore, we obtain

(46)

r=2 for VS%(S,
(47)
30 or 3—6< <3—6
=352y 7=

Second and third terms in the second member of (37). By using Holder’s inequality, the second and third
terms are estimated by

et ( /N 0., D50 RE(@) da'dzs + [ 556235€R§(¢)d1‘/dz3>’
. o

(48)
< Ce_lHazsﬁenp(ﬁs)sHﬁCHLr’(ﬁe)SHRf«@HLn (€2¢)37
where v’ and rq satisfy
1 1 1
-+ -+ —<1 49
2 * r! + ry (49)

Interpolating between L2(Q¢) and HE(Q€) with 6 € [0, 1], we have again relation (41) and estimate (42) of
5 in L™ ie.
1 1 1 e

L@y S CEEIVH=OG),

Taking into account this and the second estimate in (24), then (48) satisty

et ( /N 0., 050° R () dar’ dzg + /N @gaZ35€R§(¢)dx’dz3>’
. o

< CEG5+2672’Y ||Ri(<,5) ||L7‘1 (5e)3 .

(50)

Finally, it remains estimate |R&(@)||z~. To do this, we use the Sobolev-Gagliardo-Nirenberg theorem,
which states that if 1 < r < 3, then we have W < L" with 1/r* = 1/r — 1/3. As our goal is to have

@ € WHr(Q)? with r > 2 as close as possible to 2, we choose r1 = 2= which satisfies (49).

Then, by using the Sobolev-Gagliardo-Nirenberg theorem and the second estimate given in (34) imply that

(=)

L (65)3 S OHDR;(QZ” L’r'(ﬁe)3x3
< CIDRLP) 1 reysxs < C€ N Bllypar apos

and so, (50) reads as follow

e_1< [ 0,055 RE(&) da’dzs + /~ 50,5 B () dx/dz3>’
Qe Qe (51)
< 066(94_1_%7)||55||W01=T(Q)3-

12
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Thus, 6 has to satisfy § —2v/5 +1 >0, i.e.

2
HzmaX{O, 67—1}. (52)

The inequality (49) with r; = 5%~ together with the equation (41) imply that

r

9<min{1,2—3}. (53)

Then, since 2v/0 —1 <0 <2 —3/r, then we deduce (46).

Assuming r = 2 in (46), we deduce that v < 3§/4. For v > 30/4, we consider (46) taking into account that
2v/6 —1 <6 <1, then v < § and so, we consider (46) for 36/4 < v < . Therefore, we finally get

r=2 for ’yggzé,

(54)
T>i for 3—5< <4
=352y g ST

Then, considering the weaker condition between (47) and (54), we have that the desired estimate (38) holds by
considering > 1 and r as follows

30
= < —
r=2 for 774, -
55
30 30
> — < 4.
T_35—2'7 for 4<’y_5

To finish, denoting C'(J) the conjugate of r, defined by (8), and taking into account estimates (35), (36) and
(38) in (32), we get the estimate for V. P€ given in (9). Taking into account the Necas inequality, there exists a

representative P¢ € LOC(‘S)(Q) such that

1P| e o) < CIVP w-rco@p < CIIVP lw-1.em @
which gives the first estimate in (9).
Step 8. Estimates of the extended pressure in the case PTPM. Assume § = 1. As the previous case, we have to
consider an exponent r > 2. Due to the L%-estimates for velocity, given in (25), the value of r must be as close

as possible to 2. Its value can be deduced after estimating the intertial term. In this case, the dilated restricted
operator satisfies the following estimates

||R;95HLT(§€)3 + 6||DER;<,5||LT(§<)3X3 <C (||95| Lr(Q)3 + 6HD695||LT(Q)3X3) ) (56)

and then, as € < 1, it holds
De ~ ~ ne ~ .
||Rr80||Lr(§e)3 < C”‘P”W(}»T(Q)sv HDeRMPHLr(ﬁe)sz < ?||@||W01>T(Q)3' (57)
The proof follows the lines of Step 2 by taking into account estimates of the velocity (25), estimates of the

restricted operator (57) and just changing the value of § by 1, so we omit it. As a result, we can deduce that for
r satisfying (55) imposing ¢ = 1, it holds

' | D" : D.RL(P)da'dzs| < Cllllwr oy (58)
Qe

13
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(R o'z

< Clgllwpr s » (59)

and
< CeaH@HW&‘T(Q)% a>0. (60)

/N (- V)5 RE() da'dz
Q

Then, considering C'(d) given by (8), it holds that C(1) is the conjugate of 7 in this case. Taking into account
estimates (58), (59) and (60) in (32), we get the estimate for V. P¢ given in (10). Taking into account the Necas

inequality, there exists a representative Pce Lg(l)(Q) such that
1PN ey ay < CIVPlw-1em @y < CIIVP w-1ewm gy,

which gives the first estimate in (10).

Step 4. Estimates of the extended pressure in the case VITPM. Assume § € (0,1). The velocity estimates in this
case are given by (26) and the dilated restricted operator satisfies the following estimates

IR @y + €IDREBN e @eysxs < C (I Bllzr@ys + €1 De@llr@ysxs) (61)
and then, as ¢ < 1 and €9~! < e~ ! because § € (0,1), it holds
DeE ~ ~ e ~ c, .
IRl @)z < Cll@llwrryars  IDeRGl L (deysxs < —I@llwar s (62)
() 0 () () € 0 (Q)

Since the velocity estimates and the restriced estimates are the same as in the case PTPM, respectively, the
proof follows the lines of Step 2 with § = 1, so we omit it. Thus, we get the estimate for V. P€ given in (11) and

so, taking into account the Necas inequality, there exists a representative Pc e Lg (1)(9) such that
1P| Lea ) < CIVP lw-rcm @y < ClIVP w1009y

which gives the first estimate in (11).

5.3 Unfolded functions

Following [10, 13], to have information about the microstructure of the domain (NZE, we introduce the adaptation
of the unfolding method from [22]. This adaptation divides the domain Q¢ in rectangular parallelepipeds of
lateral length €’ and vertical length 1. Thus, given ($¢, 1) € HL(Q)3 x Ly(2), 1 < r < +oo, we define (B, 1)

by
i ~e 8 ' S/ et Te § ' S5/
@(Iaz)ZQO € R 676 +ez,23 ], ¢(I7Z):¢ €R 675 +e2,23), (63)

ae. (¢/,2) € w x Z, assuming ¢¢ and 1)¢ are extended by zero outside w, where the function s : R? — Z2 is
defined by
k(@) =k < €Z,,, VK el

Remark 5.5. The function k is well defined up to a set of zero measure in R? (the set Uk/€Z2az;c/71). Moreover,
for every e > 0, we have

/
€T gt ’ /
K (66> = k T € Zk’,sé'

We have the following estimates relating (@€, 1[)6) and (¢, 1/76), see the proof of [10, Lemma 4.9] for more details.

14
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Lemma 5.6. The sequence (¢, 1°) defined by (63) satisfies
16N L2 (wx 2)3 < 1912 ()3
1D ¢\l L2(wn zy3x2 < €| Dar@ |l r2yoxa, 1028 L2wxz)z < 110258 L2002, (64)

10N £rwx 2y < 19€] Lr@)-

Definition 5.7 (Unfolded velocity and pressure). Consider § > 0 and the function C () given by (8). We define
the unfolded velocity and pressure (0, P€) from (0¢, P€) depending on the type of TPM:

~ In the case HTPM (6 > 1) and v < 6, from (o€, P) € H{(Q)? x Lg(é)(Q), we define (0¢, P€) by using
(63) with 3¢ = o¢ and ¢ = P*.

~ In the case PTPM (6 = 1) and v < 1, from (¢, P¢) € H{(Q)? x Lg(l)(ﬂ), we define (0, P€) by using
(63) with ¢¢ = 0¢ and ¢° = P*.

~ In the case VIPM (0 <0 < 1) andy < 1, from (7, P) € H}(Q)3 x Lg(l)(Q), we define (9¢, P€) by using

(63) with @€ = ¢ and ¢ = P*.

Remark 5.8. For k' € K, the restrictions of (¢, ]56) to Z;, s x Z does not depend on x', whereas as a function

/_eék,/

of z it is obtained from (176,156) by using the change of variables z' = xia, which transforms Zy s into Z.
€

From the estimates of the extension of the velocity given in Lemma 5.2, the estimates of the extension of the
pressure given in Theorem 3.1 and the estimates given in Lemma 5.6, we deduce the following estimates for
(0, P¢) in each TMP.

Lemma 5.9 (Estimates of the unfolded functions). Consider v € R, § > 0 and C(d) given by (8). Depending
on the type of TPM, we have the following estimates:

(i) In the case HTPM (6 > 1) and v < §, there exists a constant C > 0, independent of €, such that

”ﬁeHLz(wa)?' < 0626777 (65)
D25 2 (wx zy2xz < C€ 77, 0245 2(wxz)s < CeT17,
||pe||LC<5>(wa) <C. (66)
(ii) In the case PTPM (0 =1) and vy < 1, there exists a constant C > 0, independent of €, such that
||1A1€HL2(UJ><Z)3 < 062_7, HDZ@E||L2(¢0><Z)3><3 < 062_7, (67)
||P€||LC(1)(w><Z) <C. (68)
(iii) In the case VIPM (0 < 6 < 1) and v < 1, there exists a constant C > 0, independent of €, such that
9] L2 zy2 < Ce*7, (69)
HDZ/’lAfHLz(sz)sz < C€5+1_’Y, ||623@E||L2(MXZ)3 < 062_7,
1PN e wxz) < C. (70)
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5.4 Variational formulation of the unfolded functions

Below, we derive the variational formulation of the unfolded functions, which will be useful to pass to the limit
later. We will give more in detail the inertial term, which is the novelty in this paper. For more information
concerning the derivation, see [10, Theorem 6.1].

We consider ¢(2/, z) € D(w; C’%O(Z)“) with ¢(2/,2) = 0 in w x S. Considering p°(2’, 23) = (2,2 /€°, 23) as
test function in (7), integrating by parts and taking into account the extension of ¢ and }56, we have

€' | Dyt : (Dpo+ e_‘sDzmp) dx'dzs + 6"/_2’(]/ 0.,0 - Oy, dx’dzs
Q Q

—|—/ (0 - V)0 pda'dzg — / pe (divyr e’ + e Odivy + 6_16Z3<p3) dz'dzs (71)
Q Q
= / ¢ da'dzs.
Q
The inertial term can be rewritten as

/ (0°-Ve) 0 pda'dzs = — / @0 (Dyrp + € °Dargp) da’dzs
0 Q (72)

+e ! (/ 32317§ﬂé<pda:’d23+/ f)§6z3664pdx'dz3> :
Q Q

Applying the unfolding change of variables (see Remark 5.8) in (72), we get

=—¢? @0 : Dyda’dz (73)

et ( / 0., 050 dx'dz + / 050,,0° ¢ dcc’dz) + O,
wXZ wXZ
where O, tends to zero and can change from line to line.

With this and by applying the unfolding change of variables to the rest of the terms in (71), we get

2y D% : D, pda'dz + €’Y72’I7/ 0.,0°: 0,0 dx'dz

wXZ wXZ

—e? / 0°®0¢ : Do da'dz
wXZ

et (/ 05,050 p da’dz + / 050,,0° ¢ d:v’dz) (74)
wxZ wxZ

Pediv, ¢ da'dz

— / Pedivy ¢ da'dz — 0
wXZ XZ

e

—e ! PO, s dx’dz = f - dx'dz + O..

wXZ wXZ

Now, we are ready to pass to the limit in the variational formulation depending on the TPM. This will be given
in the next subsections.
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5.5 Darcy’ law for the HTPM

Next, we give some compactness results about the behavior of the extended sequences (v°, P¢) and the unfolded
functions (9¢, P¢) by using the a priori estimates given in Lemma 5.2-(%), Theorem 3.1-(i) and Lemma 5.9-(7),
respectively.

Lemma 5.10. Consider § > 1, v < ¢ and C(6) defined by (8). Then, there exists:

® a subsequence, still denoted by (o€, P€), chosen from a sequence of (0¢, P€) of solutions of (7) (we also
denote by (0¢, P€) the subsequence of the corresponding unfolded functions),

o (0,P) € L2(Q)3) x LOC(6)(w), where © =0 on z3 = {0,1}, @3 = 0 and P independent of zs,

o 0 € L*(HL(Z')?), with® =0 on w x T, 03 independent of z3, and satisfying the relation

1
/ﬁ(x’,z)dz:/ (2, z3) dzg  with /ﬁg(x’,z)dZZO, (75)
z 0 z

such that
TH5¢ —~ (¥,0) weakly in L*(Q)3,

(76)

V7295¢ b weakly in L3(Q; HY (Z')?), (77)
P¢ — P strongly in L€ (Q), (78)

P — P strongly in L9 (w x Z). (79)

Moreover, v and ¥ satisfy the following divergence conditions

1 1
div, (/ o' (2!, 23) d23> =0 inw, (/ o' (2!, 23) d23) ‘n=0 on dw, (80)
0 0

div, o' (2',2) =0 inw X Z,

81
div, (/ o'(2', 2) dz) =0 inw, (/ o'(2', 2) dz) ‘n=0 on dw. (&
z z

Proof. The proof of this result is obtained by arguing similarly to [10, Section 5] for the case a. < € (see also
[13] for more details), by taking into account that in this case a, = ¢’ with § > 1 and that ~ is included in the
estimates of velocity (24), so we omit it.

O

Following the proof of Theorem 3.1-(i7) and taking into account the estimates for 9¢ given in Lemma 5.9-(i),
we prove that the inertial terms given in the variational formulation (74) vanish when € tends to zero.

Proposition 5.11. Consider § > 1 and v < §. Then, the inertial term satisfies
‘65 / V@0 : D.pda'dz
w
et (/ 0., 050 dz'dz —|—/ 050,,0° @dx'dz) ’ < Ce¥=27 50,
wXZ wXZ

when € tends to zero, where p € D(w;C’;"(Z)‘?) and (9°®0);; = o505, i =1,2, j =1,2,3.
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Proof. We begin estimating the term in the left-hand side of (82). By using Holder’s inequality and estimates
of ¥¢ given in Lemma 5.9-(7), we get

675/ @0 : Dypda'dz

< 676||@E||%2(w><2)3||DZ’<)OHL°°(W><Z)3X2 (83)

< 0635_2’Y.

Next, we estimate the rest of the terms of the left-hand side of (82). By using Hélder’s inequality and estimates
of ¥¢ given in Lemma 5.9-(7), we obtain

et ( / 0., 0500 dx'dz + / @gaZS@wdx’dz)’
wXZ wXZ

1A R 84
< €0 22 2919291l 2 25 Nl o o 230 (84)
< 0636—27.
Since we have assumed v < §, then 36 — 2y > § > 1, and so, €3°~27 — 0 when € tends to zero.
O

Now, by using Lemma 5.10 and Proposition 5.11, we will give some details of the proof of Theorem 4.1.

Proof of Theorem 4.1. Consider § > 1 and v < §. First, we pass to the limit in (74) to obtain a two pressure
homogenized problem. To do this, we choose ¢ € D(w; C3°(Z)?) with div.r¢’ = 0in wx Z, dive ([, ¢' dz) = 0 in
w and ¢3 independent of y3 in (74). Taking into account that thanks to div, ¢’ = 0 in wx Zy and g3 independent
of y3, we have

e? Pediv, @' dae'dz=0 and e ! / 0., P8, 05 da’dz = 0.

wXZ wXZ

Thus, passing to the limit using convergences given in Lemma 5.10, taking into account that

<Ce =0,

67_277/ 0,0 Oy pda’dz
wxZ

that the inertial terms tend to zero thanks to (82), that

Pedivy ¢ da'dz — / Pdiv, ¢ da'dz,

wXZ wXZ

and that P does not depend on z and div, ([, ¥'dz) = 0, we obtain

n D,b:D,pda'dz = f o da'dz. (85)

wXZ wXZ
If we focus in the third component, taking ¢ - e3 in the previous variational formulation, since the boundary
condition ¥ = 0 on S, we deduce that 3 = 0. Now, we take into account that there is no z3-dependence
in the obtained variational formulation. For that, we can consider ¢ independent of z3, which implies that
Vi, 2) = fol o(a,z)dzs a.e. (2',2') € wx Z', with V3 = 0, satisfies the same variational formulation with
integral in w x Z’. By density arguments, see [10], we can deduce that there exists ¢ € L?(w)/R (which coincides
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with P) and ¢'(2/, 2') € L?(w; L%,(Z})) such that the variational formulation for V is equivalent to problem
AV +Vug=f(2') =V P(a') inwxZj,
div V' =0 inwx Z},

V' =0 inwx9,

. 86

div, (fZ,fV’(x’,z’)dz’) =0 inw, (86)

(ol ol L —
(fZ}V(:v,z)dz) n=0 on dw,

V'(x',2"), §(«',2") Z' — periodic.

Next, taking into account the local problems (14), we eliminate the microscopic variable 2z’ in the effective
problem (86). To do this, by using standard arguments of linearity, we consider the following identification

with (w’,7"), i = 1,2, the unique solution of cell problems (14). Thanks to the identities (75), we deduce that
V is given by the first line of (12).

Finally, the divergence condition with respect to the variable 2’ together with the expression of V gives the
second line of (12), which has a unique solution P € H*(2) N L(w) since K is positive definite (see [13, Theorem
2.1]).

O

5.6 Darcy’ law for the PTPM

Next, we give some compactness results about the behavior of the extended sequences (v¢, 155) and the unfolded
functions (0¢, P¢) by using the a priori estimates given in Lemma 5.2- (%), Theorem 3.1- (%) and Lemma 5.9- (73),
respectively.

Lemma 5.12. Consider 6 =1, v <1 and C(8) defined by (8). Then, there exists:

e a subsequence, still denoted by (176,1—:’6), chosen from a sequence of (176,]56) of solutions of (7) (we also
denote by (0¢, P¢) the subsequence of the corresponding unfolded functions),

o (3,P) € H'(0,1; L2 (w)?) x LY (w), where & =0 on z3 = {0,1}, &3 = 0 and P independent of s,
o b€ L*(w; Hy(Z)?), with © =0 on w x S and on z3 = {0,1}, and satisfying the relation

1
/ o(z',2)dz = / 0(z', 23) dzg  with / t3(z’,2)dz = 0, (87)
z 0 z
such that

20 — (¥',0) weakly in H'(0,1; L*(w)?), (

€ 726¢ — & weakly in L?(w; H(Z)?), (
P — P strongly in LM (), (90

P — P strongly in LM (w x Z). (
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Moreover, v and v satisfy the following divergence conditions

1 1
div, </ o'(2, 23) dz;;) =0 inw, </ o' (2, z3) d23) ‘n=0 on dw, (92)
0 0

div, 9(z',2) =0 inw X Z,

(93)
div, </ o' (2, 2) dz) =0 inw, </ o' (2, 2) dz) ‘n=0 on dw.
z z

Proof. The proof of this result is obtained by arguing similarly to [10, Section 5] for the case a. = € (see also
[13] for more details), by taking into account that in this case a. = € and A = 1, and that v is included in the
estimates of velocity (25), so we omit it.

O

Following the proof of Theorem 3.1-(4¢) and taking into account the estimates for o¢ given in Lemma 5.9-(i3), we
have the following result.

Proposition 5.13. Consider § =1 and v < 1. Then, the inertial term satisfies

’—61 </ ‘@0 : Dypdr'dz + 0,050 p da'dz —|—/ 050, 0° cpda:’dz) ‘

XZ wXZ XZ (94)

< Ce™ 50,
when € tends to zero, where ¢ € D(w;C;f(Z)S) and (0°®0);; = 0505, 1=1,2,j=1,2,3.

Proof. The proof follows the lines of Proposition 5.11 by taking into account that the estimates of v¢ and D, v¢
given in Lemma 5.9-(i4) and that 6 = 1, so we omit it.

O
Proof of Theorem 4.2. Consider § = 1 and v < 1. First, we pass to the limit in (74) to obtain a two pressure

homogenized problem. To do this, we choose ¢ € D(w; C;;O(Z)B) with div.¢ = 0in w x Z, divy ([, ¢’ dz) =0in
w in (74). Taking into account that thanks to div,o =0 in w X Z, we have

et / Pediv.pda'dz = 0.
wXZ

Thus, passing to the limit using convergences given in Lemma 5.12, taking into account that the inertial terms
tend to zero thanks to (94), that

/ Pedivy ¢ da'dz — / Pdiv, ¢ da'dz,
wXZ wXZ

and that P does not depend on z and div, ([, ¥'dz) = 0, we obtain

n D,t: D,pdz'dz = ¢ da'dz. (95)

wXZ wXZ
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By density arguments, see [10], we can deduce that there exist q(z’) € L?(w)/R (which coincides with P) and
q(a',2) € L, (w x Zy) such that the variational formulation (95) for © is equivalent to problem

~A0+ V.= f'(2') — VuP(z') inwx Zy,

div,?' =0 inw x Zy,
=0 inwx.®S,
div, (fo (2!, 2) dz) =0 inw, (96)

(fo (2, 2) dz) n=0 on dw,

o(a’, z), ¢(a’,z) Z' — periodic.

Next, we take into account the local problems (17) for ¢ = 1,2,3 with e¢; = (81, d2;,0)" with §;; is the Kronecker
delta. Observe that w? = 0 and 73 is constant since for 4 = 3 the force term is absent. Next, we eliminate the
microscopic variable in the effective problem (96). To do this, we consider the following identification

2

o(z',2) = = Z (fl(a:’) — 8@?(37')) w'(2'),

N i=1

(', 2) = Z (£i@") = 0, Pa")) 7'(2),

i=1
and thanks to the identities (87), we deduce that V is given by
Viz') = %ICP (f’(x’) - Vw/ﬁ(:c’)) , with Kp = /Z wi(z)dz e R*?, i,j=1,2,3.
f
Observe that (Kp)is = (Kp)s,; =0, 4,5 = 1,2,3, so that V can be rewritten to have (15) with Kp given by (16).
Finally, the divergence condition with respect to the variable 2’ together with the expression of vV gives the

second line of (15), which has a unique solution P € H'(Q)NLZ(w) since Kp is positive definite (see [13, Theorem
2.1]).

O

5.7 Darcy’ law for the VITPM

We give some compactness results about the behavior of the extended sequences (0, ]56) and the unfolded func-
tions (0¢, P¢) by using the a priori estimates given in Lemma 5.2-(7i), Theorem 3.1-(iii) and Lemma 5.9- (i),
respectively.

Lemma 5.14. Consider § € (0,1), v <1 and C(9) defined by (8). Then, there exists:

® a subsequence, still denoted by (o€, P€), chosen from a sequence of (0¢, P€) of solutions of (7) (we also
denote by (0¢, P¢) the subsequence of the corresponding unfolded functions),

o (3,P) € H'(0,1; L% (w)?) x LY (w), where 5 =0 on z3 = {0,1}, &3 = 0 and P independent of z3,

e o € HY0, l;Li(w x Z')3), with © = 0 on w x S and on z3 = {0,1}, 03 independent of z3, and satisfying
the relation

1
/ﬁ(m',z)dz:/ 0(z', 23) dzg  with /ﬁg(ac’,z)dz:& (97)
z 0 z
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such that
1725 — (¥,0) in HY(0,1; L?(w)?), (98)
720 — b in HY(0,1; L2 (w x Z')%), (99)
" HDH— 0 in L (w x Z')3%2, (100)
P — P in L°D(0Q), (101)
P¢— P in LD (w x 2). (102)

Moreover, v and v satisfy the following divergence conditions

1 1
div, </ o'(2, z3) d23> =0 inw, (/ o' (2, z3) d23> ‘n=0 on dw, (103)
0 0

div, 9'(2',2) =0 inwx Z,

(104)
div, </ o' (2, 2) dz> =0 inw, (/ o' (2, 2) dz) ‘n=0 on dw.
z z

Proof. The proof of this result is obtained by arguing similarly to [10, Section 5] for the case a. > € (see also
[13] for more details), by taking into account that in this case a. = €’ with § € (0,1) and that and that v is
included in the estimates of velocity (26), so we omit it.

O

Following the proof of Theorem 3.1-(4i%) and taking into account the estimates for 9¢ given in Lemma 5.9-(iii),
we have the following result.

Proposition 5.15. Consider § € (0,1) and v < 1. Then, the inertial term satisfies

‘—e‘;/ @0 : Dypda’dz
“ (105)
et ( / 0., 050 dx'dz + / @gazsﬁggodx’dzﬂ <CeETH 0,
wXZ wXZ

when € tends to zero, where ¢ € D(w; CF(Z)%) and (0°@0°)i; = 0505, i = 1,2, j = 1,2,3.

Proof. The proof follows the lines of Proposition 5.11 taking into account that § € (0,1) and estimates of ¢ and
0,,0° given in Lemma 5.9-(#4%), so we omit it.

O
Proof of Theorem 4.3. Consider § € (0,1) and v < 1. First, we pass to the limit in (74) to obtain a
two pressure homogenized problem. To do this, we choose ¢ € D(w;C¥(Z)?) with div.¢’ = 0 in w x Z,

dive/(f, ¢ dz) = 0 in w and 3 independent of z3 in (74). Taking into account that thanks to div..¢’ = 0 in
w X Z and 3 independent of z3, we have that

6_5/ Pediv, o' da’'dz=0 and e ! / PO, psda’dz = 0.
wXZ wXZ
Thus, passing to the limit using convergences given in Lemma 5.14, taking into account that

2y D9 : D,pdx'dz — 0,

wXZ
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that the inertial terms tend to zero thanks to (105), that
/ Pedivy ¢ da'dz — / Pdiv, ¢ da'dz,
wxZ wxZ
and that P does not depend on z and div, ([, ¥'dz) = 0, we obtain
77/ 0,0 Oy pda’dz = [ dd'dz. (106)
wXxZ wXZ

By density arguments, see [10], we can deduce that there exist g(z’) € L2(w) (which coincides with P) and
q(a',2") € L% (w x Z'), such that the variational formulation (106) for ¢ is equivalent to problem

—nd2 0+ V.g=f'(2') = Vo P(z') inwx Zy,
div, o' =0 inwXx Zy,
=0 inwx.,
' =0 inz3={0,1}, (107)
div, (fo v'(2',2)dz) =0 inw,
(fzf ﬁ’(x’,z)dz) -n=0 on dw,
o(2’, 2), ¢(o’,2") Z' — periodic.

We just remark that since o5 is independent of z3 and due to the boundary conditions ¢35 = 0 on z3 = {0,1},
then 93 = 0.

Next, we consider (w',7") € Hy(Zs)* x Hy(Z}), i = 1,2, which is the unique solution of
fﬁfswi + V7t =—e; in Zy,
divyw' =0 in Zy,
w'=0 inS,

w'=0 on z3=1{0,1}.

(108)

By using now the identities

we can obtain that the average velocity V is given by

V() = —%’Cv(f'(ff/) ~ VL P@'), V() =0,

with K is given by
(’CV)’ij :/ w; dZ, Z7.] = 172
Zy

Then, by the divergence condition in the variable 2/, we get the Darcy equation

divy/ V'(z') =0inw, V'(z')-n=0on duw.
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However, we can obtain a simpler formula for y. We observe that (108) can be viewed as a system of ordinary
differential equations with constant coefficient, with respect to the variable z3 and unknowns functions z3 —
wh,w, i = 1,2, where 2’ is a parameter, 2’ € Z'. Thus, we can give an explicit expressions for w’ given in terms
of ¥ as follows

. 1 .
w'(z) = §(z§ —z3) (Vor' () +e), i=1,2,
and imposing the divergence condition in (108), then 7%, i = 1,2, satisfies the Hele-Shaw problem
—A,7(2)=0 inZ;, (Vor'(z')+e) n=0 onds

Integrating w® with respect to z3, we get

1
/ w;(z) dz = -3 (Vzmrz(z/) + 6i) ej, i,5=12,
0

so we get that the averaged velocity V is given by (18). Moreover, it holds that there is a unique solution
P e H'(Q) N L3(w) of (18) because Ky is definite positive, see [13, Theorem 2.1], which finishes the proof.

O
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