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ABSTRACT: We lift the recently proposed theories of higher-spin self-dual Yang-Mills
(SDYM) and gravity (SDGR) to the twistor space. We find that the most natural room for
their twistor formulation is not in the projective, but in the full twistor space, which is the
total space of the spinor bundle over the 4-dimensional manifold. In the case of higher-spin
extension of the SDYM we prove an analogue of the Ward theorem, and show that there is
a one-to-one correspondence between the solutions of the field equations and holomorphic
vector bundles over the twistor space. In the case of the higher-spin extension of SDGR we
show show that there is a one-to-one correspondence between solutions of the field equa-
tions and Ehresmann connections on the twistor space whose horizontal distributions are
Poisson, and whose curvature is decomposable. These data then define an almost complex
structure on the twistor space that is integrable.
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1 Introduction

Despite the abundance of no-go theorems against theories with massless higher-spin fields
(Higher spin gravities or HISGRA) there are several examples that bypass these pitfalls:
3d models with topological (partially-)massless and conformal higher-spin fields [1-8]; Chi-
ral HISGRA [9-13]; higher-spin extensions of 4d conformal gravity [14-16]; IKKT-based
theories [17-19]; collective dipole [20, 21].! Chiral HISGRA can be of interest as the only
perturbatively local field theory with propagating massless fields, which makes it an inter-
esting playground where the usual QFT and AdS/CFT methods apply. This is especially
in view of the recent developments such as one-loop UV-finiteness [12, 13, 22] as well as
fully covariant equations of motion of Chiral HiSGRA [23-26]. However, as is customary
for self-dual theories, the interactions are complex in Minkowski signature. Nevertheless,
Chiral HiISGRA should be a consistent truncation of the holographic dual of Chern-Simons
matter theories [25]. Therefore, all solutions and amplitudes of Chiral theory should carry
over to the complete theory.

IThe latter two are strictly speaking not local field theories. Nevertheless, they come equipped with
well-defined prescriptions to compute e.g. holographic correlators.



Chiral HISGRA admits two simple consistent truncations where either Yang-Mills or
gravitational interactions are retained and the scalar field is dropped, which was shown
in [27] in the light-cone gauge. These two truncations can be thought of as higher-spin
extensions of the self-dual Yang-Mills (SDYM) and self-dual Gravity (SDGR) theories, HS-
SDYM and HS-SDGR, respectively. In [28] two of the present authors have constructed the
covariant formulations of these HS-SDYM and HS-SDGR. The question left unanswered
was whether there exist a twistor space description of these theories. An attempt in this
direction using the standard projective twistor space was made in [18]. Another attempt
at a twistor description of higher spins is a recent paper [29], where a twistor description of
the full chiral higher-spin gravity is contemplated. For applications of twistor techniques
to conformal HISGRA see [30, 31].

This work is a natural continuation of [28] in that it gives an answer to the question of
the twistor space description of self-dual higher-spin theories. Our main new insight is that
the appropriate room for the higher-spin (self-dual) theories is not in the projective twistor
space, but rather in the full spinor bundle over the four-dimensional manifold in question.
The usual SDYM and SDGR then arise as the subsectors of the higher-spin extensions that
descend to the projective twistor space.

In the case of HS-SDYM we provide both a description of the twistor space lift of the
theory, as well as a statement in the opposite direction, i.e. an analog of the Ward theorem.
Our main statement can be formulated as the following theorem.

Let S’ = S* be the bundle of (primed) spinors on %, the twistor space T = (C*)* % $*
is obtained by deleting from S’ the zero section. Let U be an open set of S* and let
V = 7*(U) be the corresponding open set of T.

Theorem A. There is a one-to-one correspondence between solutions of the higher-spin
self-dual Yang-Mills equations on U C S* (up to a gauge) and holomorphic bundles & — V
such that the restriction of £ along each of the fibres of V. — U is trivial.

This theorem can be viewed as the higher-spin analogue of the Ward theorem.

In the case of HS-SDGR we have the following statement. Let S’ 5> M* be the
bundle of (primed) 2-component spinors on a 4-manifold M*, the twistor space 7 —+ M* is
obtained by deleting from S’ the zero section. Let V C T'T be the vertical distribution. Let
U be an open set of M* and let V = 7*(U) be the corresponding open set of 7. We define
the horizontal distributions on TV to be those in the kernel of the projection P: TT — V

! 8 ! 8 / ! !
_ A ~A A A A A
P=r 87TA'+T SAAT 4 i=dn” + A (z, 7, 7).
These are parametrised by the Ehresmann connection AN (x,m, ). Here A’ is the 2-
A/

component spinor index, 7 is the fibre coordinate and #4" is constructed by o using
the hat operation that is available in the Euclidean signature and squares to minus the
identity (see section 2 for more details). The connection A% (z, 7, #) is a one-form on M?*.

The twistor space naturally is a Poisson manifold with Poisson structure

1 Al 8 8 ! Al a a
B'A B'A
oA orB ¢ 9rA 9FB (L1)

is the inverse of the volume form on the (C?)* fibres.

! !
where ¢4'B



Theorem B. For horizontal distributions that are infinitesimal symmetries of the Pois-
son structure (1.1) the Ehresmann connection A% has a potential: AY = —eA'P'op A,
where A = A(z,m). In particular, the Ehresmann connection AY of Poisson horizontal
distributions is independent of . Furthermore, its curvature 2-form has also a potential
FA = —eYB'Op F, where F = F(z,7) = dA+(1/2){A, A} and {-,-} is the Poisson bracket
given by (1.1). There is a one-to-one correspondence (up to a gauge) between solutions of
the higher-spin self-dual gravity equations on U and Poisson horizontal distributions on
TV whose curvature potential F' is decomposable FNF = 0. What is more, the two simple
factors of F define, together with the 1-forms ', an almost complex structure on V that
is integrable.

In both the cases of HS-SDYM and HS-SDGR we explain the geometric origin of
the subtle invariances that the field equations possess. These are seen to come from the
diffeomorphisms of the twistor space.

The organisation of this paper is very simple: in sections 2 and 3 we discuss (higher-spin
extensions) of self-dual Yang-Mills theory and self-dual gravity, respectively.

2 Higher-spin self-dual Yang-Mills in twistor space
Let P — S* be a GL(N, C)-principal bundle and let £ — S* be some associated bundle.

2.1 HS-SDYM equations: spacetime equations

We follow [28] in this subsection. The “Higher-spin YM potential” is a (formal) sum of Lie
algebra-valued one-forms with different numbers of primed spinor indices

A= i AN 2572 = Ay AN AN (2.1)

s=1

where all fields take values in the Lie algebra of GL(NV,C) and are also one-forms. The
first term in the sum on the right-hand side is the usual Yang-Mills gauge potential — a
Lie algebra-valued one-form. The notation A’(n) is standard in the higher-spin literature,
and denotes n different primed indices that are symmetrized. Thus,

An)= (4. A).

For any

£ = i gAY — g ¢ A LA (2.2)

s=1

taking values in gl(N, C), the “higher-spin gauge transformations” are
6§A _ Z de/@S_Q) + Z Z([A7 é—])A’(23+2§—4) ) (23)
s=1 s=13=1
It is useful to write the first couple of terms in this series explicitly
O¢A = (d€ +[A,€]) + (&M + [4,6M P+ (AP ) + (2.4)
(dgh® 4 [A, €MD) + [AYW, g 4 (4T 1O 4



The first term in this sum is the usual gauge transformation of Yang-Mills field. It is
important to note that in the last term in the second line the spinor indices of AY @) and
€42 are assumed to be symmetrized, so that only the terms with totally symmetric spinor
indices arise. This can easily be implemented by defining generating functions

) = ZAA/(23—2) A ... TA, £(m) = Zé—A’(QS—Q)ﬂ-A/ T
s=1 s=1
with the help of an auxiliary commuting variable 7 4.
The corresponding “field strength” is defined as
F = ZdAA (25—2) +ZZ A/\A 28+28 4) . (25)

slsl

Again, the spinor indices in a product expression are always symmetrized to produce only
the terms with totally symmetric spinor indices. Restricting to the first terms in the above
sum we recover the usual Yang-Mills curvature.

The higher-spin self-dual Yang-Mills equations are

Fl,p=0 (2.6)

where “ASD” stands means that the curvature is restricted to its anti self dual part. To
give this more concrete meaning we recall that the anti self dual (ASD in what follows)
projection of a 2-form is computed by converting the spacetime indices into the spinor ones
pw— MM'. A 2-form B is then split into its SD and ASD parts as follows

Byynn = %B(ME’N)EIEM’N’ + %BE(M’EN’)EMN : (2.7)
(By convention the primed indices cannot be mixed with the unprimed ones. This has the
effect that their relative positions are irrelevant. For example, it does not matter whether
or not the parenthesis denoting the symmetrization encompass a single primed index). The
second terms is the ASD part of the 2-form B. Thus, in (2.6) there is a pair of primed
spinor indices coming from the projection of the 2-form onto its ASD part, as well as the
primed spinor indices that are labels of the different summands in F'. It is assumed that
all the primed spinor indices are symmetrized in (2.6). Let us write down the first few
equations contained in (2.6) explicitly. Thus,

dp5 AP 1 L1404 AP = g (28)

is the usual SDYM equation. The next equation has four free primed spinor indices
and reads

A ABAAAY | [ApAL ABAAAD] = . (2.9)

Because the spinor index that comes from the one-form index is always symmetrized
with the other primed spinor indices in the above equations, the arising equations enjoy
an extra gauge invariance under shift symmetry:

A = daxPB S A et ) = gp B g (2.10)
s=2



As opposed to the “higher-spin gauge transformations”, which reduce to usual gauge
transformations when restricted to the s = 1 terms, the shift invariance is a genuine
new feature of the higher-spin equations and is another type of gauge symmetry that the
equations enjoy.

2.2 Geometrical realisation in twistor space

Let S’ 5 S* be the bundle of (primed) spinors on S*. We will denote the primed spinor
that is a coordinate along the fibre by m4. The twistor space T = (C*)* is obtained by
deleting from S’ the zero section. The Euclidean spinors admit a hat operator. This is an
anti-linear operator that maps primed spinors to primed spinors and squares to minus the
identity. The existence of this operator follows from the fact that Euclidean spinors are
SU(2) spinors and therefore posses both an invariant hermitian inner product h 4 ; and
an invariant volume form e4/g/. The hat operator is then simply obtained by

/

74 o 74 = P hg ()P (2.11)
(where the star indicates the usual complex conjugation). We will make extensive use of

the following identities:

!

it —aprd = (mr) (531’4/, (2.12)
where we introduced
(WD/frD/> = (7). (2.13)

The complex structure on T that we use is as follows. The basis of (0, 1) 1-forms is given by

dfrA/, ﬁA/dznAA/ , (2.14)
with dual vector fields
8 7TA/ aAA’
.- —— a4 2.15
orA () (2.15)
Altogether the corresponding Dolbeault operator is
= ! 8 ! Bl@ /
= di? dgAC'T_FAB (2.16)

oA ¢ (x7)

Making use of the identity (2.12), the projection of A4 dzA4" on its (1,0) and (0,1)
parts are

AAAI’]/%AI ! ’ AAAI’]TAI /
= d.fL'AB TB, AAA/CZIL‘AA |0 = dZEAB

Agpda™ = .
Andat o == ! () w



2.2.1 Higher-spin Yang-Mills fields on twistor space

The higher-spin Yang-Mills potential (2.1) that was introduced as a formal sum of Lie
algebra-valued one-forms with a different number of spinor indices naturally arises from
the following field on the twistor space,

Az, m) =3 A@@)Y P D405 9. (2.17)
s=1

This reinterprets the connection as a gauge potential in the pullback bundle 7*E — T,
which is a gauge bundle where the base is now the full twistor space T, and not just
its projectivised version as in the standard construction. One can then readily see that,
modulo the terms involving dm 4/, the higher-spin gauge transformations (2.3) coincide with
the usual gauge transformations in the twistor space

0eA =ds+[A ¢,

and the higher-spin field strength (2.5) coincides with the usual curvature 2-form
1
F=dA+ §[A,.A],

again modulo the terms involving dm 4/. In turn, the HS-SDYM field equations are clearly
related to
Floo =0,

again modulo the terms along the fibre direction. We now develop a holomorphic bundle
interpretation that clarifies all these issues.

2.2.2 Holomorphic bundle interpretation

Just as in the usual Ward correspondence one can introduce the (0,1) part of the gauge
field

e /(25— d%AB/fT ’ e /(25—
e I )| Wi == 2 A G ey (218)

s=1
Note that 2s —2 of the primed indices on A4 (2*=1) are those that existed already in (2.1),
while an additional primed index arises when the one-form index of the gauge potential is
converted into a pair of unprimed and primed spinors.

Note that the projection onto the part of the higher-spin gauge potential (2.1) that
is invariant under (2.10) has already occurred here, because the primed spinor index that
came from the one-form index became symmetrized with the other primed indices of the
gauge potentials. Indeed, under the shift symmetry (2.10) the higher-spin potential (2.17)
is shifted by a (1,0) term and therefore (2.18) is invariant.

Recall that A is a connection on the associated bundle E — S*. Then (2.18) defines a
differential operator on the pull-back bundle 7*E — T via

_ | T[»*E] —» QY (T, n*E)
DZ =~ 9
o (04 a) )



which maps sections of the bundle 7* E into (0, 1) forms on T valued in the space of sections.
The HS-SDYM field equations are then the conditions for 7*E — T to be holomorphic:

da + %[a, a] =0. (2.19)

Seeing this is an exercise. Some key steps of this computation, which illustrate how it
works, are as follows. First, we have

p (dxAB'frB/> _ dzAB' A dip dzAB % g (2.20)

(R way WA

We need to project it onto the (0,2) part. This is done by inserting the identity (2.12) in
the first term, and then keeping only the wd7@ part in the second term. This gives

dAB’A, dAB’A,/\ C/dA/
d<w> T T LT ATe =0. (221

dl’ABIfTB/
= — medi® N ——
(ny ) 102 (why? reen (w7)?

Thus, applying the exterior derivative to the potential (2.18) and keeping the projection
onto the (0,2) part gives

S R piter o o D gax @2s-1)
<7Tﬁ'>2 Z 8,4 A 7TA’(25—1)7TD/ (222)
s=1
where we used
! ’ el Fall ]_ / !

(dzP'2p) A (daB 7)) = ABRP Capie,  BPC = ng;AB AdzAY . (2.23)

Similarly, taking the [a, a] we get

SEC kgt S & (25— (25—
[(1, (I} = <7T’fr>2 Z Z[AAA (2s l)a AAA (25 1)]7TA’(25—1)7TA’(2§—1) . (224)
s=135=1

Making use of this and of the explicit form (2.16) of the Dolbeault operator, one gets
that (2.19) coincides with the higher-spin SDYM equations

/ / 1 > i / ’ =
Al JAA (251 Al(2s—1) 4AA'(25-1
Ou AN ET 2 BTSN B, A <0, (2.25)
s=135=1
Let us make a final important remark: while (2.17) clearly receives the interpretation
of a connection on the whole of 7*FE — S’ (not just on 7*E — T), one however sees
from (2.18) that, for every fixed z, a(z, Am) does not have a well defined limit as |[A\| — 0
and thus does not continuously extend on S’. This stems from the fact that there is no
complex structure defined along the zero section of S’ — S%: the projection
’ AAA/TFA, ’
Agpdzr®™| = 28 2B Ry
can only be continuous at 7 = 0 if A44 = 0. So, it is important to remove the zero section
from the total bundle of spinors to be able to give the twistor interpretation to the whole
construction.



2.3 A higher-spin Ward correspondence

2.3.1 Correspondence

™

Let S’ 5 S* be the bundle of spinors on S, the twistor space T = (C*)* 5 S* is obtained
by deleting from S’ the zero section. Let U be an open set of S and let V = 7*(U) be the
corresponding open set of T.

Theorem 2.1. There is a one-to-one correspondence between solutions of the higher-spin
self-dual Yang-Mills equations on U C S* (up to a gauge) and holomorphic bundles & — V
such that the restriction of £ along each of the fibres of V. — U is trivial.

This theorem should be understood as a “higher-spin Ward theorem”, generalizing the
classical work [32] to higher spins: Holomorphic bundles on twistor space T correspond to
higher-spin self-dual Yang-Mills solutions. The geometrical restriction to bundles which
descend to projective twistor space PT amounts to restricting the higher-spin fields to the
usual self-dual Yang-Mills.

2.3.2 Proof

Let £ — V be a holomorphic bundle satisfying the requirements of the theorem. It can
equivalently be represented by a differential operator

_ |T[E] = Q%L g
D: ’ D <5+a><b

with vanishing “curvature”

In a local patch, we can write
/A - ~ A
a=ap dzAB T+ ap dz ,

and the curvature then is

e~ 8 / !
D2 = (&ﬁ'A,ELBI + é[&A’y&B’]) dﬁ'A A dﬁ'B (226)
8 Y 7TC, - - ~A’ PN
" (a Ty oy D0 ““) e

C/
7T N PN
+ (—8,40/@3 + %[CLA, CLB]> dzA4 A N dzBB TR .

Sy

The vanishing of the first line means that the restriction of £ — V along each of the (C?)*
fibres is holomorphic. This is because the restriction of D to the fibres is

a
i ((%A, + aA,> :



By hypothesis this bundle is trivial, therefore one can choose? a trivialisation such that
a4 = 0. Within this assumption, and introducing

Ag (z,7) = (17t)aa,

the second line of the curvature (2.26) is found to be equivalent to

9

aﬁA'AA =0.

Therefore A4 is a holomorphic function along the (C?)* fibres of V' — U. However, by
Hartogs’s extension theorem there do not exist isolated singularities in complex dimension
n > 2 and therefore for every z € U, As(x,7) can be holomorphically extended to the
whole of the C? fibres. In particular we must have

Ax (‘T7 T, fr) = Z AAA/(2S_1) (x)ﬂ-A’(Qs—l)'
s=1

Strictly speaking, we should sum over all spins in the above sum, both integers and half-
integers. However, one can easily restrict the sum to integer spins only by requiring A to
be invariant under parity on C2. This reproduces the ansatz for the connection (2.17). The
vanishing of the third line (2.26) is then equivalent to the higher-spin self-dual Yang-Mills
equations. ]

3 Higher-spin self-dual gravity in twistor space

™

Let P — M* be a SU(2)-principal bundle on M*. Let S’ > M be the bundle of spinors,
defined as the associated bundle for the fundamental representation of SU(2). The twistor
space T is obtained by deleting from S’ the zero section.

3.1 HS-SDGR equations: spacetime equations

3.1.1 HS-SDGR equations A # 0

The “Higher-spin gravity potential” is best described using its generating functional, as
in [28]. We define

oo
I
A:ZEA (")7?14/1...7@4;1, (3.1)
n=2
where every term is one-form valued. It is assumed that the sum here is taken over
even spins only, which is easily imposed by requiring the potential to be invariant under

TA —r —TA.
The “field strength” is defined by

F=dA+ %{A, A}, (3.2)

2Note that as opposed to the usual SDYM correspondence where one can always make this choice of
gauge, this here really makes use of the first of the field equations (2.26).



where we introduced the Poisson bracket of functions of w4/

(o) = s =T 8 g O o
o (3.3)
The higher-spin self-dual gravity equations are
FANF=0. (3.4)

This, in particular, implies that F' is a decomposable 2-form, fact which will be of impor-
tance below. Restricting to the first terms in the above sums we recover respectively, an
su(2)-valued connection 445’ FA'B

, its curvature and A # 0 self-dual gravity equations

FAB A pC'DY) — (0. For more information about the spin-2 case we refer the reader to [33],

see also [34] for a thorough discussion on how the field equations F (A'B" A FCD') = ( relate

to the Mason-Wolf twistor action [35].
3.1.2 (Gauge invariance

These equations enjoy several gauge symmetries. First, for any
€= i lgf"wm T
o n! 1 n
we have the “higher-spin gauge transformations”

SeA = de + {A, €} (3.5)

and for any
oo
1

B = A (n)
n —Zn!n TAr - TAL

n=0

the “higher-spin generalised diffeomorphisms”
oA =dx" n'E,, . (3.6)

The first terms in these sums (i.e. the terms corresponding to the spin two case) respectively
give standard su(2) gauge transformations 0¢A = da& and Lie derivatives (up to a gauge
transformation): 0,4 = 1, F' = L, A — da (1yA).

3.2 Geometrical realisation in twistor space
3.2.1 Higher-spin fields as a connection on the twistor space

Let (ﬂ?,ﬂ'A/) be local coordinates on 7 — M. It will here be crucial that the fibers
are equipped with a preferred volume form €4/g and that the twistor space is therefore
equipped with the Poisson structure

BIA/ 8 a EB/A, a 8
orA onB’ ord' orB'”

(3.7)

~10 -



We will start by considering the following 1-form on the twistor space

9
orA"

This object receives the following geometric interpretation: at every point p € T

0 a0
T
87‘&',4/ 37AFA/

TA/aA/ = (d?TA/ + A(ﬂ?ﬂ'&',ﬁ')A/)

p=7

defines a projector P,: 1,7 — V, on the vertical tangent bundle. This splits the tangent
bundle as
T,T=V,+H,

where H), is the kernel of P,. The corresponding “horizontal” distribution H on T'S" — M
is a connection in the sense of Ehresmann. A general horizontal vector field is one of the
form £ = V#(x,m, 71)D,, with

Dy =8, — AN (v, 7, 7)0a — AY (2,7, 7). (3.9)
We have the following proposition:

Proposition 3.1. A general horizontal vector field & is an infinitesimal symmetry of the
Poisson structure

/ / a 8 ' R/ 8 8
A'B A'B
) = 1
Le (6 orA" onB’ te orA’ 87?3’> 0 (3.10)

if and only if 04 VH = AaVH =0 and
O AN, =0, dprAan, = 0. (3.11)

(together with the corresponding equations for the “hatted” connection field). These can
always be solved locally as

Az, ™) = —eVP o Az, ), (3.12)
for some A(x, ).

Proof is by a computation. We have

I ! 8 a ! ! a 6 ! / a a
A'B A'B A'B
[15 (6 87rA'87TB'> =€ |:£a 877‘4'] X aﬂ'B/ + € @77‘4/ & |:€7 8%3'}’ (313)
and
8 ’ A A ’ PSTIN
{g, S| = —(Oa V") (0~ AT 0cr — AT 0cr) + VI Ou AT e + 00 AT D). (3.14)

The absence of the 9, ® 04+ terms in the Lie derivative implies 04/V# = 0, and the similar
reasoning for the 0, ® D4 terms implies D4 VP = 0. On the other hand, the 04 ® Op:
terms in the Lie derivative are

VI AT 00 @ Opr + P M 04 @ VIO A Dor = VIOV AL ) (04 ® O — 0 @ D),
(3.15)

- 11 -



and so indeed the absence of such terms in the Lie derivative implies d/4Ap) = 0. The
absence of the 04 ® 0g/ terms directly implies 4/ Ap: = 0, which is equivalent to 04 Ap =
0. Thus (3.12) is a necessary and sufficient condition for the horizontal vector field to be
a Poisson symmetry. [

/ . . .
A" given by a derivative

We are thus led to consider Ehresmann connections A(x, )
of the higher-spin field (3.1) (just as for the Yang-Mills case, this is really making use of
Hartogs’s extension theorem which allows to extend the holomorphicity from (C?)* to the
whole of C?). Explicitly, in terms of the higher-spin fields

1

Az, m)Y = Z 714(30)‘4%/("_1)%14/1 Y
n=2

TES . (3.16)

In particular, restricting oneself to the case of linear connections (and thus to a con-
nection in the more usual sense of principal bundles),

0
ond

0 = (dTI‘AI + A($)A,B/7TB/)

amounts to going from higher spins to the spin-2 field.
At every point p € T, curvature of this connection is given by the 2-form

HyxH, —» V,

Tr (X,Y) = P([X,Y))

where [,] is the usual Lie Bracket on vector fields, and P is the above projector on the
vertical vector fields. This definition makes manifest the fact that curvature of a connection
is the obstruction to the integrability of the corresponding horizontal distribution.

It is clear that the required projection on the vertical distribution can be computed as

AT AFY = YA ndrt =7 AT A (8A/dzA + de’aB/aA’A) (3.17)
=AY A (0% dp A+ (7 + 07 A)0p 0" A)
=1YA 7Y (8A'dzA + 05 A aA’aB/A) i (dxA + %8B'A 8B/A)
=AYV

Here we denoted by d, the exterior derivative with respect to the coordinates on the base.
We thus see the appearance of the field strength (3.2). Here, to pass to the last line we used
the fact that dr?’ can be replaced by 84" A on the kernel of 74", Thus the “higher-spin
field strength” (3.2) genuinely is the curvature of the “higher-spin potential” (3.1) when
the later is properly understood as an Ehresmann connection (3.8).

3.2.2 Field equations

The field equations (3.4) imply that the 2-form F' is decomposable, and thus of the form
F =0° A 0'. We now define the following 4-form

Q:=7 A1 AF. (3.18)
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This form is factorisable
Q=2 A7V NGO B (3.19)
We can now define an almost complex structure by requiring (7’0’,7'1/,90,01) to be the
basis of (1,0)-forms. Thus, we define T(*1 o)T := Span (TOI,TII, 69, 91). The next step is to
see whether the HS-SDGR field equations make the almost complex structures defined in
this way integrable.
Let J be an almost complex structure, let (ei)ie{l..A} be a basis of (1,0)-forms and
let Q be the (4,0)-form given by Q = ' A §% A 3 A 6*. The Nijenhuis tensor is defined as
N = df'|

0.2)° It can be computed as

GAIY =N AQ,
however, we shall evaluate the components of this tensor directly, in order to better under-

stand the meaning of the equations arising.
Let us start by computing dr4". We have

dr = d(dr? — 0V A) = d 0N A+ dxB N 00N A = (3.20)

= 0V d A+ (78 + 0% A) A0 dN A= 0V F + 75 A 0ot A.
A piece of the Nijenhuis tensor of the almost complex structure is obtained by taking the
(0,2) component in dr4’. The last term in (3.20) has a (1,0) 75 factor, and so does not

survive the projection to (0,2). Therefore, a necessary condition for the almost complex
structure to be integrable is

aA'F‘(O , =0 (3.21)

This equation indeed follows by differentiating (3.4). Indeed, we get
(BYF)ANF =0, (3.22)

which is equivalent to (3.21): From the definition (3.18) of the almost complex structure,
equation (3.21) is equivalent to 79 A 7Y A F A (94 F) = 0 but since ' F is “horizontal”
(as can be seen e.g. from (3.17)) this is equivalent to (3.22). Thus, there is no obstruction
to integrability from dr’.

To compute the other components of the Nijenhuis tensor we need to compute the
exterior derivative of the decomposable 2-form F. We have

dF = d,F + dn® 0p F. (3.23)
The first term here can be simplified

d.F = dy (dgEA + %{A, A}) — {d,A, A} = {F, A}, (3.24)

which is effectively the Bianchi identity for F'. The second term can be transformed by
replacing dr? = 78" + 98" A. We get
dF = {F, A} + (%" + 8% A)op F
={F, A +{A F}+ 80 F =% 0 F (3.25)
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We want to show that there is no (1,2) component here. However, given that 5 s (1,0),
this is equivalent to showing that OB F does not have the (0,2) part. As we know from
the discussion following (3.21), this follows from the field equations by differentiation with
respect to m. Thus, the almost complex structure is integrable, in exact parallel with the
spin-2 case.

3.2.3 Gauge transformations

As we will see, the invariance of the HS-SDGR equations under “higher-spin gauge trans-
formations” (3.5) is essentially equivalent to their invariance under diffeomorphisms of the
twistor space.

Higher-spin gauge transformations infinitesimally. Let & = fA/ (x, 7, 7)0a +
éA/(x, , ﬁ)éAI be a real vector field along the fibres of 7. The action of the Lie derivative
on the Ehresmann connection is

Le (r70n) = (A& — €' 0p 0% A)o0 — Y[, O] (3.26)
= (do? + a2 D6 + 0% A0pe® — P 00" A) Ot (77 0uEC") o
(3.27)

Now, £ is a symmetry of the Poisson structure if and only if
eV (2, m, %) = 0V e(a, m) (3.28)
i.e. if and only if it is hamiltonian and holomorphic. We get in this case
Le (TA’aA,) — (dxaA’g 1+ 9P AR 0 e — 83'583/6A'A) O = 0V (do€ + {A,€}) Dur.

This last expression corresponds to the “higher-spin gauge transformations” (3.5) which
therefore correspond to infinitesimal vertical (Poisson) diffeomorphisms in twistor space.

Non-linear realisation of higher-spin gauge transformations. As we just saw,
higher-spin gauge transformations can be interpreted as the action of the Lie derivative
along the fibres. This suggests to consider the non-linear action of vertical automorphisms

of the bundle
T — T

(xt mar) = (zh, far(z, 7))

which are Poisson symmetries
[+ (eA'B’8A/8B/ + eA'B'éAléB/) = EA,B/aA/agl + eA'BléA/GAB/ (3.29)

We now want to show that these vertical Poisson diffeomorphisms act on the space of
connections (3.8) satisfying (3.12) and thus provide a non-linear realisation of the “higher-
spin gauge transformations”.

In order to prove this let us consider the horizontal distribution D,, given by (3.9) and
its push-forward f.(D,) under a vertical Poisson diffecomorphism. As we know from (3.1),
f«(D,,) defines a connection satisfying (3.12) if and only if

[f+(Dy), ¥ P 0u0p + e 0005 =0.
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We then have

(D) 4P 000 + AP 000] = (£ (D), £ (AP 00 + X D)
= fu ([DM’ €A’B/8A/53/ + EA/B,éA/éB/]) (3.30)
=0,

where the first equality uses that f is a Poisson symmetry, the second follows from the
identity f.[X,Y] = [f.X, f.Y] and the third from our assumptions on D,,. Thus, indeed
vertical Poisson diffeomorphisms act on the space of connections satisfying (3.12) and
provide the non-linear realisation of the higher-spin gauge symmetry.

In order to see the action of these diffeomorphisms on the field equations we need to
see how it acts on the curvature. However FA = 04 F = £, I 1s the curvature of A
and thus a tensorial object. It follows that F'is simply a 2-form.

The invariance of the field equations under the higher-spin gauge transformations di-
rectly follows from their invariance under the vertical Poisson diffeomorphisms.

Generalised diffeomorphisms. The situation with generalised diffeomorphisms is more
subtle, as it is not easy to provide them with a clear geometrical interpretation. In fact, we
shall see that these transformations are in general not diffeomorphisms, and so it would be
better to call the symmetry of the field equations that they generate “the shift symmetry”
rather than “generalised diffeomorphisms”.

We start by verifying that these transformations are indeed a symmetry of the field
equations. Let us consider horizontal vector fields of the form n = 7 (x, 7)" 9, and the shift
symmetry

§A =nJF. (3.31)

In order to prove the (on-shell) invariance of the field equation
Oy (FANF)=26,FNF =0 (3.32)
we will need to rewrite the variation as

5y F = dp(naF) + {naF, A}
= d(naF) — dn 84 (noF) + 04 (noF)y A
= d(naF) — 7Ly, (nJF) (3.33)
= L,F —nadF — 1Y ((Ly,,m)2F) + (no(Lo,, F))
=L, F — TA/([,aA,T])JF + 1 (—dF + TA/8A1F>
= L,F — 1Y (Lo, m)F

where to get to the line before last we exchanged the insertion of n with 4" and thus got
an additional minus sign, and to get to the last line we used the identity (3.25). It follows
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that

6y F NF = (LyF =% (Lo, m)oF) A F
1 1 4
= 5Ly (FAF) - iTA (Lo,m)o(FAF) (3.34)
=0.

Where in the last step we used the field equation.
However, as noted already in [28], generalised diffeomorphisms do not coincide with
the Lie derivative in the direction of the vector field 1. The disagreement is by terms

containing the derivative of n#(x, 7) with respect to . Indeed, we consider the vector field
D, = (0 + 3A,AH8A/). We have

Loy (74 0a) = —1(0,0™ A)o — (0 4,) (00" A)o
+d( 0N A0 — (dn*) (0N A0 + 7V [ Dy, D) (3.35)
= — (N0 F)da — 7Y (0a") D,
= —0% (naF)0u + (9Yn)2F0u — 7 (9am") Dy,

where we have used
(n202 F), = nt0,0% A, — 10,0% A, + 0P 0N A, 0p A, — P07 0N A0 A, . (3.36)
The first term in (3.35) is the desired generalised diffeomorphism
5 (T4 0ar) = =04 (naF)dur .

The remaining terms all contain d4/n*. So, in general the generalised diffeomorphism
does not coincide with the Lie derivative by terms containing d4/n*. A similar type of
an obstruction appeared in [28], cf. (3.39) in [28] with (3.35). Therefore, as we already
anticipated, the generalised diffeomorphisms represent a gauge symmetry of the equations,
but they cannot in general be identified with genuine diffeomorphisms.

3.3 A higher-spin non-linear graviton correspondence

The discussion above can be summarised as the following theorem.
™

Let S’ 5 M* be the bundle of spinors on M*, the twistor space T = M* is obtained
by deleting from S’ the zero section. Let U be an open set of M* and let V = 7*(U) be
the corresponding open set of 7. We define the horizontal distributions on TV to be those

in the kernel of the projection P: T — V

A/ a ~ A/ a

P=r" e 7" Gz

A= dr? + .AA/(.%',W, 7).

They are parametrised by Ehresmann connection A4 (z, 7, 7).
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Theorem 3.1. For horizontal distributions that are infinitesimal symmetries of the Pois-
son structure (3.7) the Ehresmann connection A% is potential: AY = —eA'P'op A,
where A = A(z,w). In particular, the Ehresmann connection AY of Poisson horizon-
tal distributions is independent of . Furthermore, its curvature 2-form is also potential
FA = —eAB'op F, where F = F(x,7) = dA + (1/2){A, A}. There is a one-to-one corre-
spondence (up to a gauge) between solutions of the higher-spin self-dual gravity equations
on U, with A(x, ) as the generating function (3.1), and Poisson horizontal distributions
on TV that have decomposable FF N F = 0 curvature potential F'. Together with TA,, the
two simple factors of F' define an almost complex structure on V' that is integrable.
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