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SIMULTANEOUS OFF-THE-GRID LEARNING OF MIXTURES ISSUED FROM A
CONTINUOUS DICTIONARY

CRISTINA BUTUCEA, JEAN-FRANCOIS DELMAS, ANNE DUTFOY, AND CLEMENT HARDY

ABSTRACT. In this paper we observe a set, possibly a continuum, of signals corrupted by noise. Each
signal is a finite mixture of an unknown number of features belonging to a continuous dictionary. The
continuous dictionary is parametrized by a real non-linear parameter. We shall assume that the signals
share an underlying structure by saying that the union of active features in the whole dataset is finite.

We formulate regularized optimization problems to estimate simultaneously the linear coefficients in the
mixtures and the non-linear parameters of the features. The optimization problems are composed of a data
fidelity term and a (¢1, LP)-penalty. We prove high probability bounds on the prediction errors associated
to our estimators. The proof is based on the existence of certificate functions. Following recent works on the
geometry of off-the-grid methods, we show that such functions can be constructed provided the parameters
of the active features are pairwise separated by a constant with respect to a Riemannian metric. When the
number of signals is finite and the noise is assumed Gaussian, we give refinements of our results for p = 1
and p = 2 using tail bounds on suprema of Gaussian and x? random processes. When p = 2, our prediction
error reaches the rates obtained by the Group-Lasso estimator in the multi-task linear regression model.

MSC2020 subject classifictaion: Primary 62G08, secondary 62G05
Keywords: Continuous dictionary, Interpolating certificates, Mixture model, Multi-task learning, Non-
linear regression model, Off-the-grid methods, Simultaneous recovery, Sparse spike deconvolution.

1. INTRODUCTION

Observing repeatedly the same process is very frequent nowadays, due to the abundance of data in all fields.
Multi-task learning considers the simultaneous analysis of multiple datasets and produces an estimator for
each dataset. Datasets can be either discrete-time (e.g. regression models) or continuous-time in our context.
We assume that they bring information on the same underlying structure, but can also be contaminated at
some extent by outliers.

We assume each process has a signal-plus-noise structure and that the signal is a mixture of features
issued from a dictionary of smooth functions parametrized by some non-linear parameter (such as location,
scale, etc.). Such mixtures can be seen e.g. in spectroscopy where each feature corresponds to a chemical
component of the analyzed material, see [15].

We are interested in recovering simultaneously the signals, i.e. the linear weights in the mixture and the
non-linear parameters of the features, by minimizing a weighted prediction risk penalized by the sum of the
total energy of the weights that each feature has through the collection of all processes. The prediction risk
may put more weight on prescribed signals of interest. We give high probability bounds on the weighted
prediction risk that are analogous to the case of multi-task discrete linear regression models.

1.1. Model and method. Let (Z,F,v) be a measure space with v a finite positive non-zero measure and
let Hy be a Hilbert space where the parameter 7' € N accounts for the increasing asymptotic information in
the model. The Hilbert space Hr is endowed with the scalar product (-,-)r and the norm |[|-||. We shall
consider the space L7 = L?(v, Hr), the set of Hy-valued strong measurable functions f defined on (Z,F,v)
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T

such that || f[|,,. = \/fz ||f(z)||2T v(dz) is finite. We then endow Ly with a scalar product noted (-,-),
defined for any f,g € Ly by :

o g)ie = / (F(2), (=) v(d2).

The norm |||, is the natural norm associated with the scalar product and Lz is a Hilbert space, see [24,
Section IV]. For p € [1,+00), we write LP(v,RE) for the space of R¥-valued measurable function f defined
on (Z,F,v) such that

TP ( Lt u(dz))'l’

is finite, where [|-||,, is the usual Euclidean norm on R¥. We simply write L?(v) for L?(v, R).

We assume we observe a random element Y of the Hilbert space Ly. For any z € Z, the element
Y (z) € Hyr has a signal-plus-noise structure. The signal part is a mixture (linear combination) of smooth
features ¢7(6) belonging to Hy and continuously parametrized by a real parameter § € © C R. Let (Q, G, P)
be a probability space, we note Wr the additional noise process defined on this space and assumed to be
almost surely an element of Lp. We denote by (o7 (6),0 € O) the continuous dictionary formed by all the
features. For all z € Z, we note Q*(z) the finite set of the parameters of the active features appearing
in Y(z). We assume that the unknown number of active features s in the observation Y is bounded by a
constant K, that is:

(1) K > Card( U Q*(2)) :=s.
zEZ
In the following we make a slight abuse of notation by writing Q* instead of |,z Q*(2).
We consider features ¢r(6) that are non degenerate, i.e. for any 6 € ©, |lor(0)|, is finite and non-

zero. Let us define the normalized function ¢r(f) for § € © and its multivariate counterpart ®r(+}) for
9= (01, - ,0x) € OK by :

¢r(61)
_ or(0) _ .
S PO
g o1 (0x)
We consider the model with unknown parameters B* in L?(v,R¥) and ¥* in ©K:
(2) Y = B*®p(0*) + Wy in L.

In this work, we assume that the application B* : Z — R¥ is s— sparse that is,
1 < s < K with s = Card(S™) and S* = {k, || B{||2(,) # 0 }.

We remark that the model (2) is an extension of the model described in [14], as the latter amounts to taking
v as a Dirac measure. We gain in generality by letting the measure v be any finite positive non-zero measure
on Z. By doing so, we can consider multiple mixture models.

Ezample 1.1 (Z = {1,--- ,n}). The framework presented above covers a large variety of multiple non-linear
regression models. Assume we observe n € N random elements of a Hilbert space. Assume that each element
is a linear combination of features belonging to a continuous dictionary and is corrupted by a noise process.
We encompass this model by indexing the n random elements, setting Z as the set of indices {1,--- ,n} and
the measure v as the counting measure on this set. The n observations in H are then (Y (i),i=1,--- ,n).

We might be interested in associating to each observation Y (i) a score indicating, for example, the
reliability of the method of acquisition of the observed data. In this context, one can add the information
to the model by assigning weights v(4) to each process Y (i) and average the prediction risk accordingly.



SIMULTANEOUS OFF-THE-GRID LEARNING OF MIXTURES ISSUED FROM A CONTINUOUS DICTIONARY 3

Ezample 1.2 (Z is a continuum). By letting (Z,F,v) be any measure space such that v(Z) < 400, we
can take Z as a compact interval of R and v as the Lebesgue measure on Z. Hence, we generalize the
“Function-on-Scalar” models that have many applications including in genomics (see [4]) by allowing the
design matrix to be parametrized. The “Function-on-Scalar” models refer to regression models where the
linear coefficients depend on a time or spatial continuous parameter. Thus, the observation (Y (2),z € 2Z)
are longitudinal data.

In order to perform signal reconstruction, we are interested in recovering the application B* with unknown
sparsity s restricted to its support, that is B%., and the associated parameters 9. of the nonlinear parametric
functions involved in the mixture model.

In order to recover the sparse application B* as well as the associated parameters 9%, (up to a permutation)
we solve a regularized optimization problem with a real tuning parameter x > 0 and p € [1,2]:

A 1
(3) (B,9) € argmin
BeL?(v,RK),9c0K 2v(Z2)

where for z — B(z) = (B1(2),..., Bx(z)) in L?(v,R¥):

2
1Y = Bor (|7, + £lBlloy 1o

K
1Blle, zow) = D 1Bkl ogu-
k=1

The set ©1 on which the optimization of the non-linear parameters is performed is required to be a compact
interval and the function @7 is continuous. When Z is finite, the existence of at least a solution is therefore
guaranteed. When Z is infinite (and p € (1,2]), we may use the following result whose proof is given in
Section A.1.

Proposition 1.3. Letp € (1,2]. Assume that the function 6 — ¢1(0) is continuous. Then, the minimization
problem (3) over L*(Z,RE) x OK | where Or is a compact interval of R, admits at least one solution.

In the following, we shall assume that p € [1,2]. This will allow us to control norms of elements in the
dual space L1(v) of LP(v), where 1/p+ 1/q = 1, using that L(v) C LP(v) as p < q.

In this paper, we aim at quantifying the quality of the prediction of B*®(9*) by B@(ﬁ) for B and ¥ given
by (3), by providing an upper bound with high probability of the squared prediction error:

(4) R2 = ﬁHB@(W) — Ba()||

Ly
Ezample 1.4. Let us set as an example Z = {1,--- ,n} and v the counting measure Z?zl 0;. Assume the

n observations belong to the Hilbert space L?()\) for some measure \ (either discrete or continuous) on the
Borel sigma field of R. In this case, the squared prediction error becomes:

B= 1 |Bosw) - Boe)|,

L2\

1.2. Previous work. Reconstructing from observations (that are discrete or continuous-time processes)
signals that are linear combinations of features belonging to a continuous dictionary (¢(6), 8 € ©) has
applications in many fields such as spectrocopy ([15]), microscopy ([23]), super-resolution ([18]) or spike
deconvolution ([26]).

Most often, the Hilbert space Hr, to which the observations belong, is assumed to be of finite dimension
and the dictionary of features is assumed finite of size K. Over the past two decades, the problem of retrieving
a sparse vector in the framework of high dimensional regression models (K >> dim(Hry)) has generated a large
number of works ([37], [7], [13], [16], [12] and references therein). The celebrated Lasso estimator, popularized
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by [37] and defined by an optimization problem composed of a data fidelity term and a ¢; penalty, has been
extensively studied and has proven to be efficient. In addition, its convex formulation makes its resolution
easy to handle (see [5] for a resolution via fast iterative shrinkage-thresholding algorithms). Prediction
error bounds and estimation bounds with respect to the 5 norm have been established for the Lasso under
coherence assumptions on the finite dictionary. We refer to [38] for an overview of the coherence assumptions.
It turns out that these rates have been proven minimax optimal in [35]. This means that one cannot find
any estimator that achieves faster rates in expected value.

The prediction error bounds obtained for sparse high-dimensional linear models encompass the finite
dictionary setting. We consider in this paper continuous dictionaries. As a consequence, the problem of
recontruction is highly non-linear. It might be tempting to address this issue by discretizing the parameter
space © and getting back to a finite dictionary. However, recent papers have advocated that taking a
finite subfamily of a continuous dictionary and using a Lasso estimator to retrieve the linear coefficients of
the mixture lead to some issues. In particular, the number of active features in the mixture tends to be
overestimated, see [27].

A line of work has emerged around the reconstruction of signals that are mixtures of continuously
parametrized features by solving a regularized minimization problem over a space of measures. Indeed,
one can readily notice that a mixture of non-linear features ), _¢. fr#(05) can be written as the application
of the linear functional p — [ ¢(6)u(df) to the atomic measure p* = Y7, . Brdo;, where d, denotes a Dirac
measure located in 2. The Beurling Lasso (or BLasso) introduced in [22] has proven to be efficient to retrieve
a sparse measure from its images through linear functionals. We stress that when dim(Hr) < 400, there
exists a solution to the BLasso made up of at most dim(Hy) Dirac measures. We refer to [9] and [25] for
proofs of this result. For this reason, the BLasso has been used as a counterpart of the classical Lasso for
continuous dictionaries. We remark that when Hyp is infinite dimensional the BLasso may not have a priori
an atomic solution. It makes its solutions difficult to interpret in our context. That is why we prefer in this
paper to assume a bound K on the unknown number of features s in order to formulate (2). When only
one element of Hr is observed (i.e. Z is reduced to a singleton and v is a Dirac measure), this formulation
is equivalent to that of the BLasso restricted to the set of atomic measures of at most K atoms. Efficient
numerical methods to solve this problem are available such as modifications of the Frank-Wolfe algorithm
([23], [8]) or the Conic Gradient Particle Descent ([21]). We stress that these methods proceed by seeking a
solution that is atomic.

It has been shown that under the assumption of the existence of certificate functions, the BLasso retrieves
the exact number of features in a small noise regime ([18] for a specific dictionary and [26] in a more general
framework). Regarding prediction error bounds, the research has first focused on mixtures of features issued
from a dictionary of complex exponentials parametrized by their frequencies. Much progress has been done
in super-resolution using the BLasso with this specific dictionary, see [18], [17] in this direction. In [10], the
authors showed that the prediction error of the BLasso estimator in this specific case almost reached that
of the Lasso estimator provided the frequencies are well separated. They adapted previous results from [6]
and [36] for atomic norm denoising and they extended them to a more general case where the noise level
is unknown and needs to be estimated. The authors of the present paper considered in [14] the model (2)
when only one signal is considered (Z is a singleton and v is a Dirac measure) and showed that when the
one-dimensional parameters of the features are well separated, one can build estimators that lead to a nearly
optimal prediction error bound. By nearly optimal, we mean that the prediction error bound obtained in
[14] is of the same order (up to a logarithmic factor) as the minimax bounds obtained in the finite dictionary
setting where only linear coefficients are to be retrieved. The result covers a large variety of dictionaries and
noises. Let us specify that the separation is expressed with respect to a Riemannian metric following the
insightful work of [34].
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1.3. Contributions. We extend the work of [14] to encompass the case of multiple mixture models. Indeed,
we let v be any finite positive non-zero measure. In the framework of multiple high dimensional linear
regressions ({1, £,)-norm penalties have been used to retrieve sparsity patterns among the signals. These
penalties influence globally the estimations of the signals (B(i)®(¢*), i € Z). Let us mention the (¢1,¢3)
mixed norm, used to define the Group-Lasso estimator introduced in [39] and that has received significant
attention since then (see, [32], [3], [20],[29]). It was shown in [31] that the reconstruction of signals via
the Group-Lasso estimator outperfom the reconstruction using the Lasso estimator when the signals share
some sparsity pattern. Let us mention the work of [30] that provides consistency results and prediction
error convergence rates for the general case (¢1,¢,) with p € [1, +00]. Estimators obtained from regularized
problems via mixed norms have been studied in the context of high dimensional multiple linear regression
models but little has been done for the non-linear extension considered in (2). It is therefore natural to find
counterpart estimators for the setting of continuous dictionaries. Let us highlight the work of [28] in which
an extension of the BLasso has been proposed in order to address multiple mixture models. The authors
extended the result of [26] to show exact support recovery results in the small noise regime. They used a
penalty that is a convex combination of mixed norms on measures. We remark that when applied to atomic
measures these norms reduce to the (¢1,¢;) and (¢1,¢3) norms on the weights of the Dirac measures.

In this paper, we prove a high-probability upper bound on the prediction error for estimators issued
from an optimization problem regularized by a mixed norm ({1, LP(v)) with p € [1,2] for a wide variety of
dictionaries in the general framework where v can be any finite positive measure. We give refinements of
this result when the noise is assumed Gaussian and when the measure v is discrete. These refined bounds
on the prediction error use tail bounds on suprema of Gaussian and x? processes. Our results rely on the
existence of certificate functions, see Section 4. We also give sufficient conditions for their construction.

1.4. Organization of the paper. In Section 2, we formulate assumptions on the model and set some
definitions. Section 3 presents the main results of this paper. We start by giving a high probability upper
bound on the prediction error in the general case where the measure v can be any finite measure. Then,
we give refinements of this result when the measure v is a finite weighted sum of Dirac measures and the
noise process is assumed Gaussian. In Section 4, we present the assumptions on certificate functions that
are used to state the high probability upper bound on the prediction error in Section 4.1. We give in
Section 4.2 sufficient conditions to construct such functions. Section 5 is dedicated to the proof of the high
probability upper bound on the prediction error in the most general framework and Sections 6-7 give proofs
for refinements of this result when v is a finite sum of weighted Dirac measures and the noise is Gaussian.
Section 8 is dedicated to the proofs of the results stated in Section 4.2 on the existence of certificate functions.

1.5. Notation. We shall use for convenience the notation < and write for two real quantities a and b, a < b
if there exists a positive finite constant C' independent of the parameters s, K, T and the measure v such
that a < C'b.

We also write for two quantities a,b that a < b if a < b and b < a.

2. ASSUMPTIONS ON THE MODEL

In this section, we briefly set some definitions and assumptions that are presented and discussed in more
detail in [14, Sections 3, 4, 5].

2.1. Regularity and non-degeneracy assumptions on the features. Let be a fixed parameter 7' € N.
The features (o7 (0),0 € ©) that form a continuous dictionary are elements of the Hilbert space (Hr, (-,-)7)-
We shall integrate and differentiate those features with respect to their one-dimensional parameter belonging
to the interval © of R. To do so, we shall use the notions of Bochner integral and Fréchet derivative. We
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refer to [14, Section 3.1] for a short presentation of these objects. We recall that for any function f : © — Hrp
differentiable at 6 € O, we have for all g € Hp that:

(5) 9o (f(0);9) 1 = (90 (), 9)1 -
In addition, if f is Bochner integrable on O, then for all g € Hp, we have that:

(6) /@ (f(6), g)rd6 = ( /@ £(6)d6, g)r.

We shall require the features to satisfy the following regularity assumption.

Assumption 2.1 (Smoothness of ). We assume that the function o7 : © — Hr is of class C3 and
lez(O)llp >0 on ©.

Assume that Assumption 2.1 holds. Recall that ¢r(8) = or(0)/||or(8)|; for all § € ©. We define the
continuous function:

2
(7) gr(0) = 10697 (0)| 7
It will be convenient to assume the non-degeneracy of the function gr.
Assumption 2.2 (Positivity of gr). Assumption 2.1 holds and we have gr > 0 on ©.

One can easily show that features are non-degenerate by checking that for any 6 € © the elements pr(0)
and Oppr(6) of Hr are linearly independent, see [14, Lemma 3.1] in this direction.

2.2. The kernel and its Riemannian derivatives. In this section, we introduce a function on ©2, called
kernel, that will quantify the correlation between two features in the dictionary. We shall derive from this
kernel a Riemannian metric on the parameter space © following [34]. This metric will be in particular
invariant to a reparametrization of the parameter space.

2.2.1. Kernel space and associated Riemannian metric. We shall set a few bases on the notion of kernel and
refer to [14] for further details.

We call kernel a real-valued function defined on ©2. Let K be a symmetric kernel of class C? such that
the function gx defined on the one-dimensional and connected set © by:

(8) g (0) = 92 ,K(0,9)

is positive and locally bounded, where 9, (resp. 0,) denotes the usual derivative with respect to the first
(resp. second) variable.
We derive from the kernel I the metric 9 (6, 6’) between 0,6 € © by:

9) 0 (0,0") = |Gr(0) — G (0')),

where G is a primitive of ,/gc. We refer to [14, Remark 4.1] for details on the connection with Riemannian
metrics.

We shall need to differentiate the kernel X on the manifold (0, gx). We shall use the covariant derivatives
that generalize the classical directional derivative of vector fields on a manifold. Since we only consider the
case of a one-dimensional parameter space, the covariant derivatives reduce to simple expressions.

For a real-valued function F defined on ©2%, we say that F is of class C%° on ©2 if it is continuous on 62,
and of class C*/ on ©%, with i, j € N, as soon as: F is of class C%°, and if i > 1 then the function 6 — F(6,0")
is of class C* on © and its derivative 9, F is of class C*"1J on ©2, and if j > 1 the function ¢’ — F(6,6’)
is of class C7 on © and its derivative 9, F is of class C*7~! on ©2. For a real-valued symmetric function F
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defined on ©2 of class C*J, we define the covariant derivatives D; ;.x[F| of order (i,j) € N? recursively by

Do.o.xc[F] = F and for 4,5 € N, assuming that gx is of class C™**(49) and 0,6’ € ©:

Dijic[F](0,0')
9rc(0)

In particular, we have Dy o.c[F] = F, D1k = 0:F, Do1.x = 0,F and Dy, = 8gyF. We shall also

consider the following modification of the covariant derivative, for ¢, j € N:
D jx[F](6,0)
9K (0)"/2 gic (0)7/2

We have D1,0;)c o bo,mc = Do’l;jg o f?l,o;;g and for 4, € N, assuming that gi is of class C™ax(i-7).

ol

(10) Di+1,j;lC[F](070/) = g)C(G)%ae < ) and Di,j;)C[FK979/) = Dj,i;)C[FKGI’H)'

(11) Di,j;K[F](aaal) =

- - i . J
D; jixc = (Dl,O;IC> o <D0,1;ic) .

The definitions of covariant derivatives and their modifications cover the case of 1-dimensional functions
defined on ©. For any smooth function f defined on ©, we shall note D;.x[f] (resp. D;.[f]) for D; o.x[F]
(resp. D o.c[F]) where F: (0,0) — f(6).

For i,j € N, if K is of class C?V17V1, then we consider the real-valued function defined on ©2 by:
(12) Kb = D, i [K).
In particular, when K is of class C?, we have:

(13) KOO = and KMH(6,6) = 1.

2.2.2. The kernel associated to the dictionary of features. Let T' € N be fixed and assume that Assumption 2.2
holds. We associate to the dictionary of features (or(0),0 € ©) a kernel K7 on ©2? defined by:

no_ ’ o <90T(6)790T(91)>T .
14 Kor (0.0 = (@r(0). or O = 1o o Tor @),

In the following, for an expression A we will often replace the notation Ax, by A, where x is T or oo.
We remark that under Assumptions 2.1 and 2.2 the definitions (7) and (8) are consistent by Lemma [14,

Lemma 4.3]. Furthermore, we have that the kernel Kr is of class C>? on ©2 and for 7,5 € {0,...,3} and for
any 0,0 € ©:
(15) K57 (6.8) = (Disrlér](6). Dyrlor)(6)

16)  sup K2 <1, kB%,0) =1, kl%06,0)=0, K%0,0)=-1 and KZ'(6,0)=0.
@2

In practice, the kernel Cr may be difficult to handle. It might be convenient to approximate Kr by a
kernel Ko, for which some assumptions will be easier to check, see [14, Section 8] in this direction. We
shall give some properties that an approximating kernel K, must verify. Then we shall define a quantity
measuring the precision of the approximation of L by K., over some compact set O C O.

Let us first define for a kernel K of class C33 the function on O:

(17) hic(0) = K330, 6).

The following assumption gathers the properties that an approximating kernel K, must sastify.



8 CRISTINA BUTUCEA, JEAN-FRANGOIS DELMAS, ANNE DUTFOY, AND CLEMENT HARDY

Assumption 2.3 (Properties of the asymptotic kernel Ko,). The symmetric kernel Ko, defined on ©2 is of
class C>3, the function g.. defined by (8) on © is positive and locally bounded (as well as of class C?), and

we have K (0,0) = —ICLQO’O](H, 0) =1 for 6 € ©. The set O C O is an interval and we have:
(18) my := (ianf oo >0, L3:= sup heo < 400, and L;;:= %L}zp IKEI)| < 400 for all i,j € {0,1,2}.

We stress that the interval ©, is possibly unbounded contrary to the set ©1 which is compact.

Under assumption 2.3, we derive from the kernel K, the Riemannian metric 0, as in (9). One can show
that the metrics 07 and 0., are strongly equivalent on the compact set ©%. Indeed, we have:

1
(19) — 0o <07 < P71 000,
PT

where pr is a finite positive constant defined by:

(20) pr = max (sup A /g—T,sup1 /gm) .
@T gOO @T gT

We then give an assumption on the quality of approximation of K7 by K. We set:

(21) Vr = maX(V:(pl),Vé?)) with V:(Fl) = max _sup |IC¥’j] — K& and V:S?) = sup |hr — hool-
i,j€{0,1,2} ez or

Assumption 2.4 (Quality of the approximation). Let T € N be fized. Assumptions 2.2 and 2.3 hold, the

interval O C Oy is a compact interval, and we have:

VT < L2,2 AN Lg.

3. MaAIN RESULTS

3.1. General bound on the prediction error. The main goal of this paper is to bound the prediction
error (4) associated to the estimators defined in (3). We first give a bound that holds with a controled
probability in the general case where the penalty of the optimization problem (3) is the norm |||, Le(v) with
p € [1,2]. The bound will be expressed as a function of the tuning parameter k, the sparsity s, the mass of
the measure v and the parameter of the penalty p. It will stand on an event whose probability is bounded
from below by tails of distributions of random variables defined by taking the supremum over the compact
set O7 and the norm [|-|| 14(,, of real-valued processes indexed on Z x ©r of the form:

X(zv 0) = <WT(Z>7 g(e)>T )
for some smooth functions g : ©p — Hrp related to the dictionary of features and where ¢ is the conjugate
of p in the sense that 1/¢+ 1/p = 1.

The assumptions on the regularity of the dictionary, the regularity of the limit kernel and the proximity
to the limit kernel are the same as those from [14, Theorem 2.1]. Regarding the noise, we only require that
it belongs almost surely to L4(v, Hr). We highlight that the Theorem below is proven under the existence
of certificate functions. Those certificates generalize that of [14, Theorem 2.1]. (In particular, they reduce
to those in [14] when v is a Dirac measure.) A construction of certificates has been proposed in [28] for
the case where v is the counting measure. Our construction is slightly different and covers the general case
where v can be any finite positive measure, see Remark 8.4. We shall give in Section 4.2 sufficient conditions
for their existence. It turns out that we can construct such certificates provided the elements of the set O*
defined in (1) are pairwise separated with respect to a Riemannian metric. We remark that the separation
does not depend on the space (£, F,v). In particular, in the example where Z is a finite set of cardinal n,
increasing n does not improve or deteriorate the separation.

We state the main result of this paper that is proved in Section 5.
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Theorem 3.1. Let T € N. Let be p € [1,2] and q € [2,+00] such that 1/p+ 1/q = 1. When p = 1,
we assume that Z is finite. Assume we observe the random element Y of Lt under the regression model
(2) with a noise Wr belonging to L(v, Hr) almost surely and unknown parameters B* € L*(v,R¥) and
9 = (01, -+ ,0%) a vector with entries in ©p (compact interval of R). Let us suppose that the following
assumptions hold :

(i) Regularity of the dictionary or: The dictionary function pr satisfies the smoothness conditions

2.1 . The function gr satisfies the positivity condition 2.2.

(ii) Regularity of the limit kernel: The kernel Koo and the functions go, and heo, defined on an
interval O, C O, satisfy the smoothness conditions of Assumption 2.3.

(#ii) Proximity to the limit kernel: The kernel Kt defined from the dictionary is sufficiently close to
the limit kernel Ko in the sense that Assumption 2.4 holds.

(iv) Existence of certificates: The non-empty set of unknown parameters Q* = {65, k € S*}, with
S* = {k, ||B,:HL2(V) # 0 }, satisfies Assumptions 4.1 and 4.2 with the same r > 0.

Then, there exist finite positive constants C, Cy depending on v and on the kernel Ko defined on Oy such
that we have the prediction error bound of the estimators B and ¥ defined for a tuning parameter k > 0 (in

(3)) given by:

Bdg(9) — B*®p(9* < Cos5u(2)7 K,
(22) FH 7 )], <Cvir@)
with probability larger than

2
(23) 1-) P(M; >Crv(2)),

=0

where M; is defined by:

(24) M; = sup
feOr

fori=0,1,2.

)

(0|

T La(v)

Remark 3.2 (On the choice of k). We typically choose x in (22) as small as possible giving a global bound
on the prediction risk small, such that the event on which the bound stands occurs with a sufficiently large
probability.

Remark 3.3 (On the dimension K). The bound K on the sparsity s does not appear neither in the upper
bound on the prediction error (22) nor in the lower bound on the probability (23). Thus, it can be taken
arbitrarily large. This was already the case in [14] where Z is a singleton and v is a Dirac measure, see
Remark 2.4 therein.

3.2. Explicit bounds for Gaussian noise and finite number of signals. It is not straightforward to
establish tail bounds for the random variables M; defined in Theorem 3.1. However, if the noise process for
fixed z in Z is centered Gaussian, for the cases p = ¢ = 2 and p = 1 together with ¢ = 400, this can be
done using Rice formulae (see [2] for a complete overview of Rice formulae). We shall then deduce bounds
for arbitrary values of conjugate pairs (p,q) in [1,2] X [2, 0] using interpolation inequalities.

We will give an explicit lower bound for the probability (23). The lower bound will depend on the
parameter T and the number of signals n = Card(Z) assumed to be finite here. Thus, we will be able to
give a convergence rate towards zero for the prediction error with respect to these parameters.

In order to use tail bounds for the random variables M; from Theorem 3.1, we state additional assumptions
on the noise Wr. As in [14], we make the following assumption on the noise process Wr, where the decay
rate A > 0 controls the noise variance decay as the parameter T grows and ¢ > 0 is the intrinsic noise
level.
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Assumption 3.1 (Admissible noise). Let T € N. Assume that the set Z is finite. The processes (Wr(z), z €
Z) are independent copies of a noise process wr. The noise process wr belongs to Hy almost surely and,
there exist a moise level o > 0 and a decay rate Ar > 0 such that for all f € Hy the random wvariable
(f,wr)T is a centered Gaussian random variable satisfying:

(25) Var ((f,wr)r) < 0% A [|f]3-

3.2.1. The case p =2 and Z finite. We state a corollary of Theorem 3.1 for the specific case where v is an
atomic measure composed of n atoms and the penalty of the optimization problem (3) is a mixed (¢, L?(v))
norm. The proof is given in Section 6.

We denote by |Or|o,. the diameter of the interval O with respect to the Riemannian metric 97 associated
to the kernel K7 and defined in (9).

Corollary 3.4. Let T € N. We firp=q = 2. We assume that Card(Z) =n < 400 and that the measure v
sV = ZzeZ a9, where §, denotes a Dirac measure located in z € Z and (a,,z € Z) are non-negative real
numbers. Assume we observe the random element Y of Lt under the regression model (2) with unknown
parameters B* in L?(v,RE) (which can be identified with R"*X ) and 9* = (0%,--- ,0%) a vector with entries
in O, a compact interval of R, such that Points (i)-(iv) of Theorem 3.1 are satisfied and the noise process
Wr satisfies Assumption 3.1 for a noise level o > 0 and a decay rate for the noise variance Ap > 0.

Then, there exist finite positive constants Cy, C1, Co, depending on the kernel Ko defined on ©., and on
r such that for any 7 > 1 and a tuning parameter:

lall, Arn log(7)
k> Cio V(2 + + n ,

where ||all, = max.cz |a.|, we have the following prediction error bound of the estimators B and 0 defined
in (3):

! B® 1 (0) — B*®7(0%)

v(Z)

< Cosv(2)k,

T

(26)

1O7]ap F(n)
\/77_

Remark 3.5 (Comparison to the Group-Lasso estimator). Assume that the Hilbert space Hr = R is endowed
with the Euclidean scalar product and Euclidean norm ||-[|,,. Let Z = {1,--- ,n} and let v be the counting
measure on Z, i.e. v =y ,_, 0. Notice that in this setting Ly = L?(v, Hr) is of finite dimension and can
be identified with R"*T. Assume that the observation Y € Ly comes from the model (2) where for any
i€{l,---,n}, Wr(i) is a Gaussian vector in R” with independent entries of variance 0. Assume also that
the Gaussian vectors (Wr (i), 1 < ¢ < n) are independent. Thus, Assumption 3.1 holds with an equality in
(25) and

with probability larger than 1 — Cy (% + ) with a sequence F(n) < /ne ™/2.

Ar =1.

We first consider that the parameters ¥* are known. In this case, the model becomes the classical high-
dimensional multiple linear regression model and the Group-Lasso estimator By, can be used to estimate B*
under coherence assumptions on the finite dictionary made of the rows of the matrix ®* = &7 (9*) € REXT
(see [7]). The authors of [31] showed that the prediction error associated to the Group-Lasso estimator
satisfies the bound:

1 o%s

o —= 2 BLli) = B @) 7, £ (1 * logfzK)) ’
=1

with high probability, larger than 1—1/K" for some positive constant v > 0. Furthermore, in the case where
B* is an unknown s-sparse application, ¥* is known and ®* verifies a coherence property, then lower bounds
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of order 02 s(1 + log(K/s)/n)/T in expected value can be established. The non-asymptotic prediction lower
bounds for the prediction error given in [31] are for 2s < K:

n

1 ~
inf  su E|— B(i) — B*(i))®*||?
ol e B 2B - B,

2
>0 T (14 REER)),
T n

where the infinimum is taken over all the estimators B (measurable functions of the obervation Y taking
their values in L?(v,R¥)) and for some constant C' > 0 free of s, K, n and 7.

When the linear coefficients B* and the parameters ¥* are unknown, Corollary 3.4 gives an upper bound
for the prediction risk which is similar to that of the linear case. Consider the estimators from (3) with
p = 2. Assume that the Riemannian diameter of the set ©p is bounded by a constant free of T'. By squaring
(26) and then dividing it by T, we obtain from Corollary 3.4 with:

1 1
H—Clcr\/7 <1+ 1+0g(7)> and 7 =T7 for some given v > 0,
n n
that with high probability, larger than 1 — C’/TY — C" F(n)/T"/?:

n ) . 2 0-2 S O,
(25) w1 2 [Ber ) - 5 er[ < 7 (1457,

We identify two regimes depending on the ratio log(T)/n. Indeed, when log(T)/n > 1 the bound (28)

o2 slog

nT(T) and stands with probability that converges towards 1 at the rate F(n)/T7/2. On the

contrary, when log(7T)/n < 1 the bound (28) is of order ";S and stands with probality that converges
towards 1 at the rate 1/77.

behaves as

3.2.2. The case p =1 and Z finite. We apply Theorem 3.1 to the particular case p = 1. It turns out that
for ¢ = 400, tail bounds for the random variables M; with j7 = 0,1,2 can be established from Rice formulae
for smooth Gaussian processes. The following Corollary is proved in Section 7.

Corollary 3.6. Let T € N. We fitp = 1,q = +o0. We assume that Card(Z) = n < +o0o and that the
measure v is v = ZZGZ a,0, where 6, denotes a Dirac measure located in z € Z and (a,,z € Z) are non-
negative real numbers. Assume we observe the random element Y of Lt under the regression model (2) with
unknown parameters B* in L*(v,RE) (which can be identified with R"*X ) and 9* = (0%,--- ,0%) a vector
with entries in ©r, a compact interval of R, such that Points (i)-(iv) of Theorem 3.1 are satisfied and the
noise process Wr satisfies Assumption 3.1 for a noise level o > 0 and a decay rate for the noise variance
Ar > 0.

Then, there exist finite positive constants Cy, C3, Cyq, depending on the kernel Ko, defined on O and on
r such that for any 7 > 1 and a tuning parameter:

Kk > Csor/Arlog(T)/v(Z2),
we have the following prediction error bound of the estimators B and ¥ defined in (3):
1
v(Z)

Bd () — B*®p(9*)

(29)

L SCO\/EV(Z)KJ7

. 7. _ ‘QTIDT l)
with probability larger than 1 —Cyn (T@ V).

Remark 3.7. When the measure v is composed of one atom, that is n = 1. This result covers that of [14,
Theorem 2.1].
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Remark 3.8 (Comparison to other estimators). Let us set Hr = RT, Z = {1,--- ,n}, v the counting measure
and Wr as in Remark 3.5 and assume that the Riemannian diameter of the set ©1 is bounded by a constant
free of T. We recall that in this case Ar = 1. By considering the estimators built from the optimization
problem (3) with p = 1 and applying Corollary 3.6, we get with:

k =Cso\/ArlogT/n and T = T7/2  for some given v >1,
that, with probability, larger than 1 — C’n/TV/z:

2 2
<0 slog(T).
2% T

(30) S| Biyert) - B @@

We note that this simultaneous estimation procedure gives the same result as estimating separately n signals
as in [14] under the assumption that each signal has sparsity s. Individual estimation can be better for those
signals with smaller sparsity than the global one we use here.

In Remark 3.5, we showed that by taking p = 2 in the optimization problem (3) defining the estimators B
and 1§, we obtain the bound (28) for a well chosen tuning parameter k. When n and T are sufficiently large,
we remark that the bound (30) is larger than the bound (28) established for the estimators from Corollary
3.4 and stands with a smaller probability.

3.2.3. Arbitrary value of p in [1,2]. For the cases p = 2 and p = 1 we established tail bounds for the random
variables M; for i = 0,1,2 in Corollaries 3.4 and 3.6, respectively. We recall that these random variables are
obtained by taking the supremum over the set O and the L4(v) norm of real-valued processes indexed on
Z x Op. For the case p=1,q = +00 we used a Rice formula for suprema of smooth Gaussian processes, see
[14, Lemma A.2]. For the case p = ¢ = 2 we used a Rice formula for suprema of chi-squared processes; see
Lemma A.1. Unfortunately, in the more general case where p € [1,2] and ¢ € [2,400], such formulae seem
out of reach. However, we may use the log-convexity of L%-norms and use the controls we obtained for the
cases p =1 and p = 2. Indeed for any f € L>°(v) and ¢ € [2, +0o0], we have the inequality:

2 9=2
[ llea < NAIZ AN L5 -

Hence, we readily deduce the following inclusion for any bound M > 0:

Ufllpe > M}y C I fllpee > My UL fllL2 > M}

4. CERTIFICATES

We present the certificate functions whose existence is required in Theorem 3.1. Such functions were
introduced for exact reconstruction of signals, see [19], [18], [26]. Exact recovery results for the simultaneous
reconstruction of signals via the Group-BLasso were proved in [28] using an extension of the certificates from
[26]. In [34], sufficient conditions for the existence of certificate functions were proved for a wide variety of
dictionaries. The authors showed that certificates can be built provided the parameters of the features to be
retrieved are well separated with respect to a Riemannian metric. This result requires some assumptions on
the kernel associated to the dictionary. In particular, the kernel must be local concave on its diagonal, strictly
inferior to 1 outside the diagonal and smooth. Their construction was used in [14] to establish prediction
error bounds under similar assumptions on the dictionary but for a one-dimensional parameter space ©.

In this paper, we extend the notion of certificates for our context of multiple reconstructions of signals,
following the work of [28]. Let us emphasize that we use a different contruction than [28], see Remark 8.4.
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4.1. Assumptions on the certificates. In this section, we introduce the assumptions on the certificates.

We will give later in Section 4.2 an explicit construction and sufficient conditions for these assumptions to
hold.
Let T' € N. We denote the closed ball centered at 8 € ©p with radius r by:

BT(G,T) = {9/ €07, : DT(G,OI) < ’I"} C Or.

Let » > 0 and let Q* be a subset of ©1 of cardinal s. We call near region of Q* the union of balls
U Br(8*,r) and far region the set ©7 minus the near region: O\ | Br(6*,r).

0*cQ* 0*cQ*
Assumption 4.1 (Interpolating certificate). Let p,q € [1, +o0] such thatp < q and 1/p+1/qg=1, letT € N,
s € N*, r > 0 and Q* be a subset of O of cardinal s. Suppose Assumptions 2.1 and 2.2 on the dictionary
(pr(0), 0 € ©) and Assumption 2.3 on Ko hold. Suppose that o7(0,6") > 2r for all 6,6/ € Q* C Orp.
There ezist finite positive constants Cn,Cly,Cr, Cp with Cp < 1, depending on r and Koo, such that for
any measurable application V : Z x Q* — R such that for any 6* € Q*, |V (, 9*)HL(,(V) =1, there exists an
element P € L (v, Hr) satisfying:

(i) For all 0* € Q* and 0 € Br(0*,r), we have |[{¢7(0), P)rl 14y <1 —Cn 7 (0%,0)2.

(it) For all 6* € Q* and 0 € Br(6*,r), we have [{¢7(0), P)r =V (-,6")|| 14y < Ci o7 (0%,6)2.

(iti) For all0 in ©7, 0 ¢ |J Br(0*,r) (far region), we have |[(¢7(0), P)7| 14y <1 - Cr.
G*GQ*
(iv) We have ||P||; < Cp\/sv(Z)% 2.
We call “interpolating certificate” the real-valued functions defined on Z x © by (z,68) — (¢7(0), P(2))r
where P is an element of L9(v, Hr) satisfying Points () — (iv) from 4.1.

We emphazise the interpolating properties of those certificates by noticing that for any 6* € O* we have
from Point (i7) for v-almost every z € Z that:

(60(07), P(2))p = V(2,07).
In order to establish prediction error bounds another type of certificate functions having different inter-
polating properties will be needed, see [17], [36], [10] in this direction.

Assumption 4.2 (Interpolating derivative certificate). Let p,q € [1,+00] such thatp < q and 1/p+1/q =1,
let T ¢ N, s € N, r > 0 and Q* be a subset of O of cardinal s. Suppose Assumption 2.1 and 2.2
on the dictionary (pr(0), 0 € ©) and Assumption 2.3 on Ko hold. Suppose that or(0,6") > 2r for all
0,0’ € Q* C Or. There exist finite positive constants cy,cr, cg depending on v and Koo such that for any
measurable application V : Z x Q° — R such that for any 0* € Q*, [|V(-,6%)||pq(,) = 1, there exists an
element Q € Li(v, Hr) satisfying:

(i) For all 0* € Q* and 0 € Br(0*,r), we have:

(¢ (), Q) — V(-,0%) sign(f — 0*) 07(0,0%)l| o) < e 0 (607,0)%.

(it) For all§ in ©r and 6 ¢ |J Br(0*,r) (far region), we have |[(¢1(0), Q)1 14(,) < cF-
G*EQ*
(iii) We have ||Q||L, < cp/sv(Z)? .
We call “interpolating derivative certificate” the real-valued functions defined on Z x © by (z,0) —
(67 (0), Q(2)) where @ is an element of L?(v, Hr) satisfying Points (i) — (i4i) from 4.2.
We remark that for any 6* € Q* we deduce from Point (7) for v-almost every z € Z:

(p7(0),Q(2))p = 0.

Let us remark that when v is a Dirac measure, the norm ||-[|;,,) reduces to an absolute value and
Assumptions 4.1 and 4.2 correspond to Assumptions 6.1 and 6.2 of [14].



14 CRISTINA BUTUCEA, JEAN-FRANGOIS DELMAS, ANNE DUTFOY, AND CLEMENT HARDY

In the following, we shall often write by a slight abuse of notation f(6) for f(-,0) when considering a
function f from Z x © to R.

4.2. Construction of the certificates. We give in this section sufficient conditions for Assumptions 4.1
and 4.2 to hold. These assumptions rely on the existence of real-valued functions defined on Z x © called
certificates and of the form:

(2,0) = (¢1(0), P(2))r
where P is an element of L?(v, Hr) satisfying some properties.

We shall follow the construction from [34, Theorem 2] for interpolating certificates and generalize the
contruction of [17, Lemma 2.7] for interpolating derivative certificates. In [17, Lemma 2.7], the authors
consider certificates that are trigonometric polynomials whereas we are interested here in a more general
framework. Furthermore, we remark that the constructions aforementioned only cover the case where v is a
Dirac measure whereas v can be any finite positive measure in our framework.

Once built, we will then show that our certificates satisfy the properties required in Assumptions 4.1 and
4.2. The proofs of the results of this section will closely follow the proofs of [14, Propositions 7.4 and 7.5]
that cover the case where v is a Dirac measure (i.e. only one signal is considered).

Similarly to [14], we shall consider bounded kernels locally concave on the diagonal. We shall also require
the kernels to be strictly less than 1 outside their diagonal. In order to state these properties clearly, we
define for T' € N=NU {co} and r > 0:

(31) er(r) =1—sup{|Kr(0,0")]; 6,0 € Or such that 0(¢',0) >},
(32) vr(r) = —sup {/C[TO’Q} 0,0"); 0,0' € O such that 07(¢',0) < r} .

The quantities er(r) and vr(r) defined from the considered kernel Kr and the set O will have to be positive
for some r > 0. The positivity may be difficult to show when T' € N. In order to show the positivity of e (r)
and vr(r), one can rather show the positivity of o (r) and ve(r) derived from an approximating kernel
easier to handle and use [14, Lemma 7.1].

We define the set ©F 5 C ©7 of vector of parameters of dimension s € N* and separation 6 > 0 as:

(33) ST {(91,... ,0,) € ©% 1 01(6y,6),) > 0 for all distinct k, ¢ € {1,...,5}}.

Let us define for 4,j = 0,1,2 (assuming the kernel Kr is smooth enough) and 9 = (64, ...,05) € ©% the
s X s matrix:

(34) K 9y = (/cgi’ﬂ (9,@,9@))

1<k,(<s

Let I be the identity matrix of size s X s.
Using the convention inf ) = +oo, We define:

(35) br(u,s) =inf {8> 01 Ape_(9) < u,0 € OF1,
where:
(36) Ay (9) = max (HI o ) IR (eSO Vs ) N 1+ S ) (.
op,foc op,foc op,foc op,foc
v, e, ).
op,foo op, oo
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and ||| denotes the operator norm associated to the sup-norm ||-[|,_, that is for a matrix A € R***,

op,fec

sup HA33||¢OO~

(Al =
op,foo IGRSaHxH(wgl

We define quantities which depend on K, ©. and on real parameters » > 0 and p > 1:

1
Hgé) (T’, p) = — /\LQ,O N L271 A VOO('DT) A\ 600(7”/,0)’
(37) 2 10 10
H(2)(’I“ P) — 1 A SEOO(T/p) A SVOO(/)T)
oo 6 10(5+2L10) 9(2Log + 2Ly +4)

where the constants L, ; are defined in (18).
We give sufficient conditions for Assumption 4.1 to hold. The proof of the following result is given in

Section 8.1.
Proposition 4.1 (Interpolating certificate). Let T € N, s € N*, p > 1, r > 0 and p,q € [1,400] such that
p<qandl/p+1/g=1. We assume that:

(i) Regularity of the dictionary orp: Assumptions 2.1 and 2.2 hold.

(ii) Regularity of the limit kernel K. : Assumption 2.3 holds, we have r € (0, 1/\/2L270), and also

Eoo(T/p) > 0 and v (pr) > 0.
(iii) Separation of the non-linear parameters: There exists U, € (O,Hég)(r, p)) such that:
000 (Uoo, §) < 400.

(iv) Closeness of the metrics 0p and 0..: We have pr < p.
(v) Proximity of the kernels Kt and K :

Ve <HY(r,p) and (s —1)Vp < HA(r, p) — tioo.

Then, with the positive constants:

Voo (p1) / 5 1 1 €s0(r/pP)
= = — — — = = — 1K
(38) Cn 180 Cy 8L2,0 + 8L2,1 + 5’ Cp=2 and Cp 0 = 1,

Assumption 4.1 holds (with the same r) for any subset Q* = {0, 1 < i < s} such that for all 6 # ¢’ € Q*:
07(0,0") > 2 max(r, pr 0oo (Uso, 8))-

We state a second result that gives sufficient conditions for Assumption 4.2 to hold. The proof is given in
Section 8.2.

Proposition 4.2 (Interpolating derivative certificate). Let T € N, s € N* and p,q € [1,+00] such that
p<gqandl/p+1/q=1. We assume that:
(i) Regularity of the dictionary or: Assumptions 2.1 and 2.2 hold.
(ii) Regularity of the limit kernel K : Assumption 2.3 holds.
(iii) Separation of the non-linear parameters: There exists ul, € (0,1/6), such that:

oo (Ul 8) < +00.
(iv) Proxzimity of the kernels Kt and K..: We have:
Vr <1 and (s—1)Vr+ul, <1/6.

Then, with the positive constants:

1 5 7 5 7
(39) CN = §L270 + §L2’1 + g, cg =2 and cp= 1[1170 + Z,
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Assumption 4.2 holds for any r > 0 and any subset Q* = {0F, 1 <i < s} such that for all  # 6 € Q*:
07(0,0") > 2 max(r, pr 000 (uly,, 5)).

The assumptions of Proposition 4.1 (resp. 4.2) are identical to those of [14, Proposition 7.4 | (resp. [14,
Proposition 7.5]). It is not surprising since those results are based on the same construction of certificates.
In order to build a certificate n : (z,0) — R satisfying Assumption 4.1 or 4.2, we shall build for every element
z € Z certificate functions 7, () — R following the same construction as in [14] and set 7(z,0) = n,(0). The
functions 7, will be coupled through interpolated values on Q*.

5. PROOF OF THEOREM 3.1

In this section, we shall prove Theorem 3.1. We closely follow the proof of [14, Theorem 2.1] and extend
it to the case of a measure v that is not necessarily a Dirac measure. We decompose the risk over values of
estimated non-linear parameters 0, in a neighborhood of the true values 0} and those which are far away.
Linear functionals of the noise depending on some # € Op appear in the bounds and we use tail bounds on
the suprema of these functionals over all possible values of 6.

Let us bound the prediction error

Ry = \/7‘

The predicition error corresponds to the integration on Z of the prediction error studied in [14, Theorem
2.1].
By definition (3) of B and 9 for the tuning parameter x, we have:

‘B(I)T — B* o (0%)

Lt

1 > 9 * * *
(10) 5|y - Ber@) IY = B o), + KB 010

2 B 1
oy Bl o) < 3

We define the application Y from Ly to R by:
T(F) = <B<I>T(1§) - B*<I>T(q9*),F>
Lt

This gives, by rearranging terms and using the equation of the model Y = B*®1(¢*) + W, that:

(41) R3 <

1 . N .
52 T+ 5 (1B e ) = 1Bl v )

N | =

Next, we shall expand the two terms on the right-hand side of (41). In the rest of the proof, we fix
r > 0 so that Assumptions 4.1 and 4.2 are verified for Q*. In particular, for all k£ # k' in the support
S* ={k, 1Bl p2(,) # 0 } we have dp (65, 05,) > 2r.

We give the definitions of the sets of indices S, Si(r) and S(r) for k € S*:

-8= {E : HégHL » #* O} the support set of B given by the optimization problem (3);

- Sp(r) = {E € S:op(f,0F) < r} the set of indices ¢ in the support of B associated to the active

parametric functions having 6, close to the true parameter §;, for a fixed k£ in S™;
- S(r) = Upeg Sk(r) the set of indices £ in the support of B associated to the active parametric
functions having 6, close to any true parameter 05, for some £k in S*.
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Since the closed balls By (05, ) with k € S* are pairwise disjoint, the sets gk(r), for k € S*, are also pairwise
disjoint and one can write the following decomposition with S(r)¢ = {1,--- , K} \ S(r):

K
Bdp(0) — B*®p(9*) = Z Bior(0r) — Z Bior(0F)

— kes*
= > > Bepr(B)+ > Bror(x) — > Bior(6;).
keS*, S (r)#0 L€ Sk (r) keS(r)e kes*

This decomposition groups the elements of the predicted mixture according to the proximity of the
estimated parameter 6, to a true underlying parameter 6} to be estimated. We use a Taylor-type expansion
with the Riemannian distance 07 for the function ¢r(#) around the elements of Q*. By Assumption, the
function ¢r is twice continuously differentiable with respect to the variable 8 and the function g is positive
on ©7. We recall that Dy.p[ér] = ¢[7€] for i = 0,1,2. According to [14, Lemma 4.2], we have for any 60} and
ég in @T:

1
or(6e) = or(07) + sign(Be — 6}) 0r (6, 07) oy (07) + 0r (B, 07)* / (1= )97 (1)) ds,
0

where 7(*9) is a distance realizing geodesic path belonging to ©7 such that ’y(ke) = 05, (u) = 6, and

or(00,07) = [ |3 ke)l\/ gr(v¥F)ds.

Hence we obtain:

(42) Bor()) - B*or(0*) = > Ion(r) or(65) + > Lia(r) 69 (05) + Y Buor(dy)
kes* kesS* kES(T‘)C

1
X X Boornon? [ - 96000 as

keS* \redy(r) 0

with

(43) Iok(r)=|{ > Be|—-B; and ©Lx(r)= Y_ Besign(d; — 05)or(be,0;).
(€5 (r) (€5)(r)

The functions Io (r) and I (r) belong to L?(v). We shall omit the dependence in r when there is no
ambiguity. In particular, we write Iy ;(z) for Iy x(r)(2). Let us introduce some notations in order to bound
the different terms of the expansion above:

(44) L) = 3 ok,  and L) = 3 1kl

keS* keS*

4 - : )0, 0%)2 -

(45) L(r) Z Bg’ 1o 2 00260) and  L(r)= Y Ly(r)
0€8,(r) kes*

46 I = B ’ - B c )

(46) st = 2. |[P Lr(v) S ey, prw)
LeS(r)e

where BS‘(T)C denotes the restriction of the vector-valued application B to its components in the set of

indices S(r)¢. We recall that we omit the dependence in 7 when there is no ambiguity. These quantities are
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generalizations of the real numbers I;, where ¢ = 0, - , 3, defined in the proof of [14, Theorem 2.1] as they
correspond here to sums of L?(v) norms instead of sums of absolute values.

We bound the difference || B*(|;, 1., — HBH by noticing that:

£1,LP(v)
v = 3 (1Bl = 3 [ ,,,) = 3 [

€es* £€8Sk () keS(r)e

< Iy.

(47) 1B* M4y, 20 0) Lr(v)

In the next lemma, we give an upper bound of Iy. Recall the constants Cy and Cr from Assumption 4.1.

Let f € L?(v), we define the application v : L?(v) — L?(v) such that for any z € Z:

i Lf()P~! .

sign(f(z )l il > 0,

“3) o)) =40 ( (1 N i 11l )
v(Z) 4  otherwise,

so that Hv(f)HLa(u) =1

Lemma 5.1. Under the assumptions of Theorem 3.1 and with the element Py € Hp from Assumption 4.1
associated to the function V : Z x Q* — R defined by:

(49) V(z,05) = v(lok)(2),
we get that:
(50) Ip < CNIr + (1 — Cp)I3 + |T(P1)).

Proof. We have ||k

1oy = Mok l1% oy /I 0 k175 () and therefore:

b= 3 Mol = 3 [V [ | 2 B | - i) | va),
kes* keS* 28, (r)

Let P; be an element of Ly from Assumption 4.1 associated to the function V such that properties (i) —(iv)

therein hold. By adding and substracting . §5¢T(é4),P1>L to Iy and using the property (i7)
keS* EeS‘k (r) T

satisfied by the element Py, that is, (¢7(0F), P1(2)) = V(z,0;) for all k € S* and v-almost every z € Z, we

obtain:

=Y % [ B0 (Ve - (62600, Pi) ) i) + TP = 3 (Bror (B, Pr),

~ ~ T
keS* e Sy (r) LeS(r)e

We deduce, using Holder’s inequality, that:

<Y X B, [vEn - (er@o.m) |

keS* ¢S (r)

La(v)

)+|Y(P1)|+ > HBz’ T’

EES_'(T)C

)H<¢T(él)v P1>

Li(v Lr(v

Notice that 6, ¢ | Br(0,7) for £ € S(r)¢. Then, by using the properties (ii) and (iii) from Assumption
keS*
4.1, we get that (50) holds with the constants C'y and Cp from Assumption 4.1. g

In the next lemma, we give an upper bound of I;. Recall the constants ¢y and cp from Assumption 4.2.
Recall the application v defined in (48).
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Lemma 5.2. Under the assumptions of Theorem 3.1 and with the element Qo € L1 from Assumption 4.2
associated to the function V : Z x @* — R defined by:

(51) V(z,07) = v(I1k)(2),
we get that:
(52) I < enly + cpls + [T(Qo)l-

Proof. We have writing I j(z) for Iy ;(r)(2):

h= Y Il = 3 [ VEohamds).

keS* keS*
Let Qo be an element of Ly from Assumption 4.2 associated to the function V such that proper-
ties (i) — (zit) therein hold. By adding and substracting . <B£¢T(é£),Q0>L = <B<I>T(1§),Q0>L -
2eS(r) T T

> <Bg¢T(ég), Q0>L to I; and using the triangle inequality, we obtain:
e8(r)e T

n<Y Y /|B@(z)| |V (267) sign(0 — 07) 00(01,07) ~ <¢T(ég),Qo(z)>T‘ v(dz)

keS* peSy(r)
p>
LeS(r)e
The property (i) of Assumption 4.2 gives that (¢7(0;), Qo(2))p = 0 for all k& € S* and v—almost every
z € Z. This implies that (B*®7(9*),Qo), = 0. Then, by using the definition of I3 and I3 from (45)-(46)
and the properties (i) and (iz) of Assumption 4.2, we obtain:

<Bz¢T (6e) Q0>LT‘ + '<B@T(1§)aQ0>L

T

I <enly+cpls + ‘<B@T(1§)7 Q0>L =cnla +cpls + [ T(Qo)l,

T

with the constants ¢y and cp from Assumption 4.2. O

We consider the following random variables for j = 0,1, 2:
(53) M; = sup |[(Wr,07(6))

0eOr
By using the expansion (42), Holder’s inequality and the bounds (52) and (50) for the second inequality,
we obtain:

(54) IT(Wr)| < (To + I3)Mo + I, My + 1,27 My
(55) < (OnL+ (2= Cr)I3 + [T(P) )Mo + (enIo + cpls + [T(Qo)|) M + I 271 M.

T‘ La(w)

At this point, one needs to bound Is and I3. In order to do so, we bound from above and from below the
Bregman divergence Dp defined by:

(56) Dp = |Blley,o6) = 1B ey, o) — T(Po),
where Py is the element given by Assumption 4.1 associated to the function V' given by:
o ey BEGE)PT x
(57) V(z,0r) = sign(B;, (Z))W for all k € S™.
Ly,(v)

The next lemma gives a lower bound of the Bregman divergence.
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Lemma 5.3. Under the assumptions of Theorem 3.1 and with the constants Cn and Cg of Assumption 4.1,
we get that:
(58) Dp > CyIs + Crls.
Proof. By definition (56) of Dp we have:
Dy =Y. (Hék ~ (Bior(Bu), Po) | ) = > (IBl o) — (Bior(0). Po)y, ) -
A T
kesS

keS*

Lr(v)

By using the interpolating properties of Py from Assumption 4.1 associated to V defined in (57), we have
> HB,’;HLP(V) — (Byor(05), Po) . = 0. Hence, we deduce that:
keS*

Dp = Z By ey <Bk¢T(ék)7PO>LT
kes
> 2 By, iy ’<Bk¢T(ék)aP0>LT
€
Z Z Bk Lr(v) B k Lr(v) <¢T(9k)7PO>T’ La(v)

SO L Gl (RN I R ol L o (o (RN )
LeS(r) keS

Thanks to properties (i) and (ii7) of Assumption 4.1 and the deﬁnltlons (45) and (46) of I and I3, we obtain:

Dp>> > CNHBeHL oo )DT 00,60+ > CFHBkH > CnIz + Cpls,
kES* ey (r) keS(r)e
where the constants Cy and Cf are that of Assumption 4.1. O

We now give an upper bound of the Bregman divergence.
Lemma 5.4. Under the assumptions of Theorem 3.1, we have:
(59) kv(Z2)Dp < I (CyMo+ enMy + 27 'My) 4+ I3 ((2 — Cp) Mo + cp M)
+[T(P1)[Mo + [T (Qo)| My + £ v(2) [T (Py)].

Proof. Recall that Q* C ©7. We deduce from (41) that:

1 1

N N A 1 o -
H(HB”h,LP(y) - ||B HZl,LP(V)) S Z/(Z)T(WT) - iRT S I/(Z)T(WT)
Together with (56), we obtain:
1 A A
< — .
kDp < (2) T(Wr)| + &[T (Fo)l
Then, use (55) to get (59). O
By combining the upper and lower bounds (58) and (59), we deduce that:
1
(60) I <C’N e (Cn Mo + en My + 271 M) > I3 <CF (2 —Cp)My + CFM1)>
1 A 1 . .
< |T(P1)\M + —— [T(Qo)|M1 + [T (Fo)l.

~ kv(2) kV(Z)



SIMULTANEOUS OFF-THE-GRID LEARNING OF MIXTURES ISSUED FROM A CONTINUOUS DICTIONARY 21

We define the events:

(61) Ai ={M; <Ckv(Z)}, forie{0,1,2} and A=AyN.A N A,
where:
C= Cr A Cn :
C22-Cp+tcrp) 2(Ch+en+271)

We get from Inequality (60), that on the event A:
(62) Cnly+ Cpls < 2C' (|Y(P1)| +1T(Qo)| + |T(p0)|) with €' =CV 1
By reinjecting (47), (55), (50) and (52) in (41) one gets:

1 ~o C;VM0+CNM1—|—2_1M2 p (Q—CF)M0+CFM1
— < I. I 1-—
pftr = I ( /(Z) ROy ) s N(Z) (L= CF)
. My o M,
T (P, T .
Using (62), we obtain an upper bound for the prediction error on the event A:
(63) RE < Cr(IT(Po)| + IT(Py)] + [ T(Qo)]),
with

! /!

C =4 1+C—(2C§V+CN+1)+C—(3—20F+cF) .
CN CF

Using the Cauchy-Schwarz inequality and the definition of T, we get that for f € Ly:

(64) TS < Re V() £l -
Using Assumption 4.1 (iv) for Py and P;, and Assumption 4.2 (iii) for Qq, we get:
(65)
HPOHLT SOB\/EV(Z)l/prl/Qq, ||P1||LT SCB\/EV(Z)l/Qp—l/zq and ”QO”LT SCB\/EV(Z)l/Qp—l/Zq.

Plugging this in (63), we get that on the event A:
(66) R% < CorRrsv(2)r with Co= (cp +2C5)C.
We obtain (22) on the event A defined in (61).

6. PROOF OF COROLLARY 3.4

This section is dedicated to the proof of Corollary 3.4. We shall apply Theorem 3.1 in the particular case
p = 2 and ¢ = 2. Recall that the measure v is a sum of n weighted Dirac measures. All the assumptions
of Theorem 3.1 are in force. We shall only give tail bounds for the quantities M; with j = 0,1, 2 defined in
(24).

For j =0,1,2 and 0 € O, we set X;(0) = H<WT7 L}](G)> . Notice that M; = supg,. X; and that

THLQ(D)
the process ij is a x? process.

We first consider j = 0. Using (13) and (15), we have that:
2
lor@)If =1 and ||oif @) =KiV0,0)=1.
We define two functions f,, and g, on R by:

(67) fol2) =02V and g, (2) = =
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where T' denotes the gamma function. Notice that both functions are decreasing on [n, +00).
We set:
_ C*w(2)?
o?|lall, Ar
Recall Assumption 3.1 on the noise holds. We deduce from Lemma A.2 with C; = C; = 1 and u =

C?Kk?v(Z2)?, that for k > \/(n +1)/A:

4|®T|DT

(68) P (Mg > C*k*v(2)%) < fo (K*A) + /3

gn (K*A),
where |Orlo,. denotes the diameter of the set ©p with respect to the metric dp.

We consider j = 1. We have by (13) and (15) that:
2 . 2 2
@) =1 and |Diclo10)| =] @) =K 0.0).
Recall Ly 2 and Vr are defined in (18) and (21). Since Assumptions 2.3 and 2.4 hold, we get that for 6 € Op:
K?’Q] (0,0) < Loo+ Vp <2Lgs.
We deduce from Lemma A.2 with C; = 1, Cy = \/2Ls 5 and u = C? k? v(Z)?, that for £ > \/(n + 1)/A:

4,/2L
(69) P (M7 > C?Kk*v(2)?) < fo (K®A) + %gn (k*A).

We consider j = 2. We have by (15) that:
[ @) =xE2w.0) ama |Dirlolio] = [0 = xi¥w.0)

Recall the definition of the function ho from (17) and the constants Ly o, Ls, Vr defined in (18) and (21).
Using also Assumption 2.4 so that Vr < Lo A L3, we get that for all § € O7:

K22(0,0) < Lys 4+ Vr <2Lps and KE®(6,6) < Ly + Vp < 2Ls.
We deduce from Lemma A.2 with Cy = \/2Ls 5, C2 = v/2L3 and u = C? k? v(Z)?, that for

:‘{2 \/2L2’2 (n+1)/A,
we have:

ZA 4/ L3 |O7| K2 A
P (M2 2 2 2 < ¢ K 319Tlor . '
(70) (M3 > C*K*v(Z2)?) _f’(2L272 + NP In TP

Wet set:

cry(z)? c2
71 B=_t = ith P = .
(1) o2[la]l,_Ar with €, 2Ly, V1

We deduce from (68), (69) and (70) that for k > /(n+1)/B:

(72) ZP(Mj >Crr(Z2))<3 <fn (*B) + %gn (HZB)) ,

Jj=0
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where the constant C} is finite positive and defined by:

VL
C§:4<1v 2022V 3).

v/ L2

Recall that the functions f,, and g, are decreasing on [n,+00). We get the following asymptotically-
equivalent functions (up to a multiplicative constant) for f,(cn) and g,(c¢n) and some positive constant
c:

fulen) = e n(e—2Ve)

73
( ) gn(cn)/Z% - e_%(c_IOg(C)_l)+% log(n) 5 e—%(c—log(c)—ﬁl/?) )

n n 1

Indeed, we use that T'(n/2) =< e% 1°8(3)=3~3108(n)  Thus, the constant ¢ determines which of the two terms
fn(cn) and g, (cn)/2% is dominant.

By solving a second order inequality, we give a lower bound on the tuning parameter x so that the first
right hand term of (72) is bounded by 1/7 for some 7 > 1.

Indeed for 7 > 1 and k > /(n+1)/B <1 +4/1+ logp) we have:

We also have:

gn(K?B) < g, n<1+ 1+10g7‘1(7)> < gn(n)e ™2 /T,

where we used that g, is decreasing on [n, +00) for the first inequality and that log(1+x) < « for the second.
So that, we get:

2
3 . 3CyOr)or
. < — s - -
(74) ;_O]P’(MJ >Cru(2)) < =+ NCoE

Then, by using (73), we deduce an asymptotical equivalence up to a multiplicative constant: F(n) :=
gn(n) efn/2 /2n/2 — efn/2+log(n)/2.

Finally, using the definition of B given in (71), when

A
o> Cro [Jalle Arn <1+ Hlog(7)>

gn (n) e /2,

v(Z)? n

we get by Theorem 3.1 that the bound (22) stands with probability larger than 1 — Cy (% + @Tb%(n)),

where:

Ci=+2/C, and Co=3(1VC).
This completes the proof of the corollary.

7. PROOF OF COROLLARY 3.6

In this section, we prove Corollary 3.6. We shall apply Theorem 3.1 in the particular case p = 1 and
q = +oo. Recall that the measure v is a sum of n weighted Dirac measures. All the assumptions of
Theorem 3.1 are in force. We shall only give tail bounds for the quantities M; with j = 0,1,2 defined by

M; = supg,. X; where X;(0) = H<WT’¢¥](9)>THL°°(V).
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Using Assumption 3.1, we get for any j = 0,1, 2 that:

P(M; >Ckv(Z Z P (sup <WT( ), ¥1(9)>T > CI{V(Z)) <nP <sup <wT,¢¥](9)>T > CKV(Z)) .

2€Z O
We use [14, Lemma A.2] that establishes a tail bound for suprema of smooth Gaussian processes and similar

arguments as those developed in the proof of [14, Theorem 2.1] to get tail bounds on sup@T <wT, g](9)>T
for j =0,1,2. We obtain for any 7 > 1 and k > C3o0v/Arlog7/v(Z) with C3 = 5 2L2,2):

1) Olor |, 1
P(s Z)) < —
(b(—l)lf <wT, 7 (9)>T > Cru( )) <C) (T logT -

where C) is a positive constant dependmg on r and Ko defined in [14, Eq. (84)]. We get:

Orls 1
P(M; Z)) < ' | T — 1.
jgzo (M; >Ckrr(Z2)) <3Cyn <T\/@\/T)

Therefore, we obtain by Theorem 3.1 that (22) stands with probability larger than 1 —Cyn (L@\/Th‘)% v %)
with C4 = 3C} provided the tuning parameter in (3) satisfies K > Csov/Arlog7/v(Z).

8. PROOFS FOR THE CONSTRUCTION OF CERTIFICATES

This section is devoted to the proof of Propositions 4.1 and 4.2. We shall first introduce norms that will
be useful later in the proof. Then, we shall closely follow the proofs of [14, Propositions 7.4 and 7.5].

Let p,q € [1,4+00] such that p < g and 1/p+1/g =1, let m,n € N. We define a norm ||H*q on Li(v,R"™)
by:

1 llq = max [1fill ou)

We shall also define a norm on any matrix A € R™*™ by:
||A||0p7*’q = Sup ||A-f||*7q
feLi(v, Rm)
1f1lq <
Recall the definition of the operator norm associated to the /., sup-norm defined for any matrix A € R®*™
by:
HAHop,Zoo = max Z |Ak,e|'

1<k<n
1<e<m

We have the following elementary result.
Lemma 8.1. We have the equality on matriz norms on R™*™:
H.||0P7eoo = ||.||0p,*,q‘
Proof. Let be A € R"*™. We have by definition and the triangle inequality for any f € LI(v, R™):

m
[Afll.q = max > Axcke
- = =1 La(v)

Hence for any f € L4(v,R™) such that | f[|, , <1, we have:

HAfH*,q < 1I§nka§n Z |Ak,£| = ||A||op,f(x,
1<e<m

1<k<n

< max Z|Ak,é‘||f4”L4(y)'
=1

Therefore, we have the bound [[Al|,, . , < [[ Ao/
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Let us show that, in fact, we have an equality between those two norms. We set
m
k* = arg max Ay
glﬁkgn;_l | A,

and we define f* so that for almost every z € Z, f*(z) = v(Z)~/4(sign(Ag+ 1), ,sign(Ag« 4)). We have
[fll., =1and [Af]l, , = Al . Thus, we have [|A[,, .. > [A] . Therefore we obtain the equality

op, Lo op,loo

llop.ese = I-llop s q- O
Since the norm ||-|[,, . , does not depend on ¢, we note ||-[|,, . instead of |||, . ,-
Lemma 8.2. Let x € R™, A € R"™™ and f € L4(v,R™). We have the following inequalities:
o™ Fll gy < Il Iy and  [AFlL, < Al f]L
Proof. This is clear since HmTfHLq(V) < iy el fell pagy < lllle, 1111 g
(]

For a function f : Z x © — R, we note for any z € Z, f(z) (resp. any 6 € O, f(0)) the function
f(z,2): 0 f(2,0) (vesp. f(-,0) : z— f(z,0)). The context in which we shall use this notation will be clear
so that there is no confusion.

8.1. Proof of Proposition 4.1(Construction of an interpolating certificate). Let T € N and s € N*.
Recall Assumptions 2.2 (and thus 2.1 on the regularity of ¢r) and 2.3 on the regularity of the asymptotic
kernel Ko are in force. Let p > 1, let 7 € (0,1/1/2Lo2) and us € (O,Hég) (r, p)) such that (i7), (iii), (iv)
and (v) of Proposition 4.1 hold. Recall the definitions (33) and (35) of ©% 5 and . By assumption
Joo (Uoo, 8) is finite. Let 0% = (6F,...,607) € OF 5, 5 (. s)v(zr) Wenote Q° = {607, 1 <i < s} the set of
cardinal s. Let V' : Z x Q* — R such that for any 6* € Q*, |[V(0%)|[14(,, = 1. Let a,{ € LI(v,R*). We
define the function P, ¢ on Z as:

(75) Pag(2) =Y ar(2)or(0) + Y &(2) D1 rlér](67),
k=1

k=1
which belongs to Hy. Recall the definition (14) of the kernel Kr. Using (15), we define the corresponding
certificate function on Z x © by:

(76) Mg (2,60) = (67(0), Pag(2))r = D aw(2) Kr(0,67) + > &(2) K10, 65).
k=1 k=1

Notice that the function 7 is twice continuously differentiable on © with respect to its second variable 6 due
to Assumption 2.1. By Assumption 2.2 on the regularity of ¢r and the positivity of gr and (15), we get
that for almost every z € Z the function 6 — 1, ¢(2, 0) is of class C* on O, and that:

(77) Drir[nae(2))0) = 3" an(2) KE0,00) + 3~ €ulz) KV (0, 6).
k=1 k=1

We give a preliminary technical lemma. Set:

0,0 10T
(78) _ <F Tr

rio  piy ) o for T = K 07).

As we have V(T') < infg__ goo, by Lemma 7.3 of [14] we have that:

(79) 317/7T5oc>(uoo>3) g (—);—'ﬁT(uT(S),S)
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where ur(s) = uso + (s — 1)V1(T). Hence we have:

(80) (07,1 <i<8) €OF 5 (ur(s),)°
We deduce from (35), (36), (80) and Lemma 8.1 that:
(81)
HI — ol < ur(s), HI — it < wur(s H <wur(s) and HF[LO]T < ur(s).
op,* Oop,* op,* op,*

We shall write for any z € Z:
(82) V(z) = (V(2,607),---,V(z,00)".
Lemma 8.3. Let be 1 < p < ¢ < 400 such that 1/p+1/¢g =1. Let V : Z x Q* — R be a measurable

application such that for any 0* € Q*, [|[V(-,6*)|pq(,y) = 1. Assume that (81) holds. Assume also that
ur(s) < 1/2. Then, there exist a,& € Li(v,R?®) such that:

(83) Nae(2,05) =V (2,05) for 1<k<s, forv— almost every z,
(84) Dir[ae(2)](05) =0 for 1<k<s, forv— almost every z,
and we have also that:
1—ur(s) urp(s) — ur(s)
T o /7 \ 77 - V S T o, /7 \
ol € Al < 2 T <
and
<u(Z 1/p-1/q L = ur(s) 1p-1/q__Ur(8) -V < y(2)/P=1/a ur(s)
lall., < (@1t = L e, < w2y e M o= T, < w2t

Remark 8.4. The construction of interpolating certificates is different from the one introduced in [28] where
v is the counting measure and ¢ = 2. Indeed, in [28] the application ¢ is constant and « and & solve (83)
and v||77a,£("61:)||2L2(V) =0 for 1<k <sinstead of (84).
Proof. Let z € Z such that (83) and (84) are satisfied. By [14, Lemma 10.1], we obtain that:

a(z) =TgtV(2) and &(z) = —[CBUIPIOPCLY ().
where I'go = T'[0:0) — PLOT [P0l apd:

_ _ 1-
(85) ||I - FSC”op * ||I FSC”opf —= :lUT()(S)7 H]‘—‘SéHop7* = HFSéHOp,eoo S 1_2U;T’1"<&93))

We recall that if M is a matrix such that, || — M]|| < 1, then M is non-singular, M ! = 3" (I — M)’

op,*
P i>0

and ||M*1H opr = (1 — 1= M],, ) . Using (81), (85), the fact that ||VH*7q =1 and Lemma 8.2, we get:

_ = 1—ur(s)
||a||*,q < HFSéHop,*HVH*,q 1— 2U (S)

mséll,,. < %

UT( ) .
op,e = 1 —2urp(s)

||£||*7q < ”[I‘[l,l]rlr[l,O]Fg

v, < ey

|la =V

—1 7
o S @se = DI, NV
Then use that for any f € L%(v), we have

(86) £l oy < PPV Fll o
by Holder’s inequality as p < g, to obtain the upper bound on the norm ||H*p This finishes the proof. [

g S Tsc =1y, *HFSCH
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We fix V' : Z x Q@ — R such that for any 0* € Q* we have |[V(6%)| 14, = 1 and we consider Py ¢ and
Na,e With o and & characterized by (83) and (84) from Lemma 8.3. Let e, € R® be the vector with all the
entries equal to zero but the ¢-th which is equal to 1.

Proof of (iii) from Assumption 4.1 with Cp = eo(r/p)/10. Let 6 € O such that d7(0, Q%) > r (far
region). It is enough to prove that ||7q,¢ (9)||Lq(y) <1—Cp. Let 87 be one of the elements of Q* closest to ¢

in terms of the metric 0p. Since J* € @"}72 16 (tse )7 W have, by the triangle inequality that for any k # ¢:

2PT (500(11,00,8) < DT(QZ(,G;) < DT(QE,Q) -I-OT(@,@]:) < 2DT(9792).

S

Hence, we have U7, € ©3. s (), where 0j, denotes the vector 9* whose (-th coordinate has been

replaced by 6. Then, we obtain from Lemma 7.3 of [14] that ©F. s (, - C

(87) ZH € @%,6T(uT(s),s)'

We denote by I'y g (resp. FE’eﬂ) the matrix T' (resp. T'[%7]) in (78) where ¥* has been replaced by U} ¢ Notice
the upper bounds (81) also hold for I'y ¢ because of (87). Recall we have that for any 6 € ©, Kr(0,0) =1
and /dﬁ’l](e, ) = 0. Elementary calculations give with 7, ¢ from Lemma 8.3 that:

(88)  mae(2,0) = ef (TU" = 1) alz) + Kn(0,07)ael=) + e/ T €(2) + kP10, 07)6(2).

@%:5T(UT(S)7S) and thus:

By taking the norm H-||Lq(y) in (88) and using the triangle inequality we get:

0,0 1,0]T 0,1
(89) 1meg @)y < [TE57 = 2] Nl g+l gl (0. 09) 4 [T T]| el + IR @01l

Since 6 belongs to the “far region”, we have by definition of er(r) given in (31) that:

(90) IKr(0,07)] <1 —er(r).
The triangle inequality and the definitions (21) of Vr and (18) of Ly o give:
(91) K21(0,65)] < Lio + Vr.
Then, using (81) (which holds for I'y y thanks to (87)), we get that:
I 6Oy < 1 ex(r) + T Fomrs (24 Lno + Vi),
Notice that the function r — e (r) is increasing. Since pr < p, we get by Lemma 7.1 of [14] that:
(92) er(r) > eco(r/pr) — Vr > €0o(r/p) — Vo

By assumption, we have ur(s) < H(g)(r, p) < 1/4. Hence, we have
Vr < Héé)(r, p). Therefore, we get:
e O sy < 1= 2oc(r/0) + Vi +ur(s) (54 2Lo)

#T(s) < 2. We also have Vp < 1/2 as

The assumption up(s) < Héz)(r, p) gives:

(93) ur(s) j e (r/p)-

<8
=100+ 2L1,
The assumption Vr < H(()i)(r, p) gives Vr < e5(r/p)/10. Hence, we have ||77a,§(0)||Lq(V) <1- %.
Thus, Property (iii) from Assumption 4.1 holds with Cr = e (r/p)/10.

Proof of (i) from Assumption 4.1 with Cny = v (pr)/180. Let 8 € O such that 070 (0, Q*) < r. Let
¢ e {l,---,s} such that § € Bp(6;,r) (“near region”). Thus, it is enough to prove that ||77a7£(9)||m(y) <
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1—Cno7(0},0)2. This will be done by using Lemma A.3 to obtain a quadratic decay on 7,,¢ from a bound
on its second Riemannian derivative.

Recall that the function 74, is twice continuously differentiable with respect to its second variable.

Differentiating (77) and using that /C[TQ’O](Q, f) = —1 and IC?’” (0,0) = 0, we deduce that for almost every
z € Z:

(94)  Darlnae(2)](8) = ef (L +TEMalz) + KF0,605)e] alz) + e[ T e(z) + K51 (0,67)e] €(2).
We get:
(95)  Dorliae(2)](8) = V(2. 65)K5(8,67) = ef (1 + TP a(z) + KF%6,6)e] (a(z) — V(=)

+ e Tle(z) + KB (0,07)ef €(2).
The triangle inequality and the definition of Vr give:
(96) K29%0,05)) < Loo+Vr and  [K2Y(0,07)] < Ly + Vi,
where Ly o and Lq 2 are defined in (18). We deduce from (87), the definition of 7 in (35) and (36) that:
(97) HI T

<wur(s) and HF[21

< up(s).

op,* op,*

We deduce from (95) that:

| Datlina.cl(0) — Vi) 0, 6)

< el

20] e
La(v) H + Ha VH*,q(LZO + VT)

+ el (HFL%”HO a4
P,*

ur(s)
———(1+1L L 2Vr).
< 1—2uT(s)( + Loo+ Loy +2Vr)
By assumption, we have up(s) < <HY (r,p) < 1/6. Hence, we have #T(S) < 2. Furthermore, we have
by assumption that Vy < HS )(r p) <1/2 and ur(s) < Hcg)(r, p). In particular, we have:
8
< .
ur(s) < 9(2La0 1 2Las + 1) Voo (pr)
Therefore, we obtain:
- 8
(98) | Dacelne () = Vi 00K 0 01| < Grlor)

We now check that the hypotheses of Lemma A.3-(i7) hold in order to obtain a quadratic decay on
0 — ||na75(0)\|Lq(V) from the bound (98). First recall that for almost every z € Z, 6 > 14.¢(2,0) is twice

continuously differentiable and have the interpolation properties (83). By the triangle inequality and since
by assumption Vr < La g, we have:

sup|IC[7?’O]| < Loo+Vr <2Ly,.
o7
Then, Lemma 7.1 of [14] ensures that for any 6,6’ in O such that 97(6,60") < r we have:

9
—ICLA,%’O] (0,0") > voo(rp1) = Vr > Voo (pr) =V > Eyw(pr)
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where we used that the function r — vy (r) is decreasing and pr < p for the second inequality and that
Vr < H(l)(r p) < Voo(pr)/10 for the last inequality.

Set & = Sveo(pr), € = Fvo(pr), L=2Ly0. Asr < L2 and § < &, we apply Lemma A.3-(ii) and get for
0 € Br(0;, r)

Voo (p7) 2
”770475(9)HLq(,,) <1l- 130 0 (6,07)”.

Proof of (ii) from Assumption 4.1 with C, = (5L2,0+L21+4)/8. Let 8 € Op such that 27(0, Q%) <.
Let £ € {1,---,s} such that 8 € Br(67,7) (“near region”). We shall prove that ||nq.¢(0) — V(O;)HLQ(V) <

Cl or (0%, 60)>.

Let us consider the function f : (2,6) — 7a¢(2,0) — V(2,0;). We will bound HDzT[f](H)’

on
La(v)

Br(6;,r) and apply Lemma A.3-(7) on f to prove the the inequality of property (i:). Notice that for almost
every z € Z, the map 0 — f(z,0) is twice continuously differentiable. By construction, see (83), we have for
almost every z € Z that Dao.r[f(2)] = Dar[nae(2)], f(2,0F) = 0 and D1.7[f(2)](6}) = 0. We deduce from
(94) and the bounds (96) that:

~ 2,0 2,1]
|Daetrio)],,, < Nl 7+TE| 4l g(Zao+ Vo) el U5+ el g(Lan +Vr).
Using (97), and the bounds on « and £ from Lemma 8.3, we get:
5 1—up(s) ur(s)
Do. ’ — (L ——(L .
H 27 [f](0) La) S 1= 2uT(s)( 2,0 + Vr +ur(s)) + 1= 2uT(s)( 2,1 + Vr +ur(s))

Since ur(s) < HZ (r, p) < 1/6 and Vp < HY (r, p) < 1/2, we get:

5 1
—Loog+ —Lyq1+ 1.

| D2rl10)] oy = 1 Z

We get thanks to Lemma A.3-(7) on the function f that for any 6 € Br (6}, r):
. 1
1M, (0) = VOl 1y < g (BL20+ L2 +4) 07 (0, 0;)°.

Proof of (iv) from Assumption 4.1 with Cp = 2. Recall the definition of P, ¢ in (75). Elementary
calculations give using the definitions of T1%% and T'[*1 in (78):

2 2

1Paell?, < 2Der(0p)|  +2 Zsk ) 6 (07)
LT LT
=2 Z r03.05) [an(lantvds) +2 30 K050 [ lemd:)
1<k,t<s 1<k, l<s
* L] px px

<ljall, Jall, > 1Kr@ 00 +20ell. gl Do K6

1<k, 0<s 1<k, 0<s
< 2sfall gl , [P0 +2s el gl )|

Using that [|]|,, . =1 and (81), we get that:
H <14 wur(s) and HF[M] <14 ur(s).
op,* op,*
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By assumption we have ur(s) < Hég)(r, p) < ¢. Using (86), we deduce that:

(1 —ur(s))® +ur(s)?
(1 —2ur(s))?

| Paell?,. <2(1+uz(s)) v(Z)Vr1ag < 4 5p(2) /P,

This gives:
(99) 1Pagll,, <2vsv(2)t2r1/2,

We proved that (i)-(iv) from Assumption 4.1 stand. By assumption we also have that for all § # ¢’ €
Q*:07(0,0") > 2r, therefore Assumption 4.1 holds. This finishes the proof of Proposition 4.1.

8.2. Proof of Proposition 4.2 (Construction of an interpolating derivative certificate). This sec-
tion is devoted to the proof of Proposition 4.2. We shall closely follow the proof of [14, Proposition 7.5].

Let T' € N and s € N*. Recall Assumptions 2.2 (and thus 2.1 on the regularity of pr) and 2.3 on the
regularity of the asymptotic kernel K, are in force. Let r > 0 and u., € (0,1/6) such that (i7i) and (iv)
of Proposition 4.2 hold. Recall the definitions (33) and (35) of ©7 5 and do. By assumption dec(ul, 8) is
finite. Let 9* = (07,...,6%) € O 21 60 (ur_ ) v(2r) We note QF = {07, 1 <i < s} the set of cardinal s.

Let V' : Z x Q* — R be such that ||V(6*) 14, =1 for any 6* € Q*. Recall the notation V defined in
(82). Let o, & € LY(v,R®). We consider the real-valued function 7, ¢ defined on Z x © by (76).

Recall the definition of V¢ from (21) and define u/-(s) = ul, + (s — 1)Vr. Thanks to (79) and (80), we
get that (81) holds with ur(s) replaced by w/(s).

Lemma 8.5. Let be 1 < p < ¢ < 400 such that 1/p+1/¢g =1. Let V : Z x Q* — R be a measurable
application such that for any 0* € Q*, [[V(-,6)||pq(,) = 1. Assume that we have (81) with ur(s) replaced
by ulr(s) < 1/2. Then, there exist a,& € LI(v,R®) such that:

(100) Nae(2,05) =0 for 1<k<s, forv— almost every z,
(101) Dy 7[Nae(2)](05) = V(2,05) for 1<k<s, forv— almost every z,
and we also have:

up(s) 1—uh(s)
102 < TT\% < - T\°J
(102) loll € T2y 16l < T5 s
and

/ 1 —ulp(s)

1 < p(2)V/r-1/9 ur () < p(2)\V/P-1/9 T2/,
(103) Jall. < w2 o LG el < oo gt CL

Proof. Let z € Z such that (100) and (101) are satisfied. Using the notations from Section 8.1, we obtain
by [14, Lemma 10.2] that:

a(z) = —Fgcljl"[l’o]—r[F[l’l]]_lv(z) and &(z) = (I + [F[l’l]]_1F[1’0]F§é1"[1’0]—r) [F[l’l]]_lv(z).

Using (81), (85) and the fact that ||VH* , = 1, we readily obtain (102). We then obtain the controls (103)
using (86).
[

We fix V' : Z x Q° — R such that for any §* € Q* we have [[V(6")];(,) = 1 and we consider Py ¢ and
Na,e given by (75) and (76), with o and £ given by Lemma 8.5.

Proof of (i) from Assumption 4.2 with ¢y = (Lg,2 + L2 + 7)/8. We define the function f : (z,0) —
Na,e(2,0)=V (2,07) sign(0—07)dr(60,0;) on Zx©O. To prove the Property (i), we will bound HDQ;T[f}(G) o)
on © and apply Lemma A.3-(7). Recall 07(0,6;) = |G1(0) — Gr(6;)| with G7 a primitive of \/g7, and thus
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f(2,0) =nae(2,0) — V(2,0;)(Gr(0) — Gr(6})). We deduce that for v-almost every z € Z the function f is
twice continuously differentiable with respect to its second variable on ©; and elementary calculations give
that Do.7[f(2)](0) = Dar[na.e(2)](0) for any § € © and for v-almost every z € Z as Dy,7[Gr] = 1 and
DQ;T[GT] =0.

Let 0 € ©r and let 6] be one of the elements of Q* closest to ¢ in terms of the metric 37. Recall
the notations I'yg (resp. szj]) and U7, defined after (87). Since for v-almost every z € Z we have

Do.7[f(2)] = Dar[nac(2)], we deduce from (94) that:
~ 2,0 2,0 *
|Darini@] ., < [1+TE] el + ol K5 0,001+ el

Notice that (87) holds with ur(s) replaced by u/.(s). Using (96) and (97) and the bounds (102) on « and &
from Lemma 8.5, we get:

[GI0]

2,1 2,1
| el kB e, 07

)

La(v

un(s) 1 —ulp(s)
< T L / T
Law) — 1— 2ui‘p(s)( 20+ Vr+ur(s) + 1 —2ulL(s)

By assumption, we have u/»(s) < 1/6 and Vp < 1. Hence, we obtain:

|Darlrio)] TLaat g

(Lo + Vr + up(s)).

1
< =L —-L —.
=1 2,0+4 2,1+ 1

Since we have for almost every z € Z, f(z,0;) = 0 and D1.7[f(2)](0}) = D1.r[0a.c(2)](0F) — V(2,0F) =0,
using Lemma A.3 (i), we get, with ¢y = (Lo +5L21 + 7)/8:

170, (8) = V(67) sign(0 — 67) 070, 67)l| oy = 1F (O)l| gy < e 07 (6, 67)*.

La(v)

Proof of (ii) from Assumption 4.2 with ¢p = (5L10 + 7)/4. Let § € Op, we shall prove that
Hnmg(@)HLq(u) < cp. Let 0 be one of the elements of Q* closest to 6 in terms of the metric 07. We

deduce from (89) on the upper bound of [[7a,¢(0)(,4(,), using (81), the inequality from (16), (91) and the
bounds (102) on « and £ from Lemma 8.5 that:

ur(s)
Na, D Lq n S L
|| 5( )HL (v) 172“&“(5)

Since u/p(s) < 1/6 and Vp < 1, we obtain:

(1 +ur(s)) + T=2u(s) (L1 + Vr + up(s)).

5
||770£,E(9)||Lq(1,) < ZLI’O + 1

Proof of (iii) from Assumption 4.2 with cg = 2. Using very similar arguments as in the proof of (99)
(taking care that the upper bound of the norms ||-[|, , and |||, , of @ and § are given by (102) and (103))

we also get || Paglly, < 2/5v(Z)\/2P=1/2a,

We proved that (i)-(i¢) from Assumption 4.2 stand for any § € ©p. Hence Assumption 4.2 holds for any
positive r such that for all § # ¢’ € Q* : 07(6,6’) > 2r. This finishes the proof of Proposition 4.2.
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APPENDIX A. AUXILIARY LEMMAS
In this section, we provide the proofs of the intermediate results.

A.1. Proof of Proposition 1.3. We prove the optimization problem (3) is well posed. Denote the objective
function of (3) by F(B, ), that is the penalized risk. Then, we have:
1 2
inf F(B,9) < F(0,9") = ——||Y|? .
s FBO)SFO0) = VI,

By Minkowski inequality, we have that ||| ., zx) < ||'ll;, 1s(,)- Indeed, we have for any B € L*(v, R¥):
1
2

K : K
1Bl o ricy = Bj, < | By < |IBll¢, 1r)-
( ) (v)
k=1 Lo(v) k=1 L?(v)

Therefore, the minimization of F over B can be restricted to the centered closed ball By in LP (v, RX) of radius
HYH%T/(KQV(Z)). We recall that the space LP(v,R¥) is a reflexive Banach space whose dual is L4 (v, R¥)
with 1/p + 1/q = 1, see [24, Theorem 1 p.98]. By Kakutani Theorem, the closed balls of LP(v,RX) are
therefore compact with respect to the weak topology, see [11, Theorem 3.17]. In particular (3) amounts to
minimizing F over the compact set By x OX.

We show that the objective function is lower semi-continuous (Isc). Recall that a convex strongly continu-
ous (that is, continuous with respect to the strong topology) real valued function defined on a Banach space
is weakly lsc (that is, Isc with respect to the weak topology), see [11, Corollary 3.9]. For any B € L?(v, RX),

we have:
Ki(/ﬂB@)@VM@>;

1
1 i 3
< it [IBOIEA) = K2 1BlLgme,

where we used Holder’s inequality. We deduce that the function B +— || B]| 0L (v) is strongly continuous.
Since it is also convex, we get it is weakly Isc.

Recall the space (Lr,|-||;,) is a Hilbert space, see [24, Section IV]. The function X ~ [|Y — X[
defined on Ly is weakly Isc as it is strongly continuous and convex. Then, since the function ¥ — ®(¥9) is
continuous, we deduce that the function (B,d) — B®(¥J) is continuous from LP(v,R¥) x RE to Ly with
respect to the product topology of the weak topology on LP(v,RX) and the usual topology on R¥. Since
the composition of a continuous function by a lsc function is a Isc function, we deduce that the function

1
K P
1
HB||(17LP(V) < K Z HBk”iI’(y)
(104) st
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(B,9) = Y — B®(0)||,, is lsc (with respect to product topology of the weak topology on LP(v,R¥) and
the usual topology on R¥).

In conclusion, the objective function (B, 4) — F(B,4) is 1sc (with respect to the product topology of the
weak topology on LP(v,R¥) and the usual topology on R¥). Then, we conclude using that a lsc function
on a compact set attains a minimum value, see [1, Theorem 2.43].

A.2. Tail bound for suprema of x? processes. We give a tail bound for suprema of weighted x? processes
indexed on an interval I C R.

Lemma A.1. Let I C R be a bounded interval. Assume that X (X(0), 0 € 1) is a real centered Gaussian

process with Lipschitz sample paths. Consider the process Y = Z X2 where (X;, 1 <1i < n) are independent
copies of X. Then, for an arbitrary 0y € I and for all u > n SUPaeI Var(X(0)), we have:
(105)

_ w nVarX(OO) \/T
P (sup Y > u) <e VarX (6¢) ( +4/ Var
I

(n+1)/2
u o u
e 2var(x(®) d6.
27/2T (n/2) \/u (var(X(o))>

Proof. Recall that I is a bounded interval. Hence, the process Y defined on I has Lipschitz sample paths.
Then, applying Inequality (122) from [14] to the process Y and taking the expectation, we get, with M =
sup;Y,a=u>0,b=u+¢e, >0 and zo = b:

u+te
(106) / P(M >t)dt <eP(Y(0y) > u) + /E [|Y/<9)|1{u<y(9)<u+€}] de.
u 1

The random variable Y () is a standard x? variable of degree n and therefore we have by [33, Lemma
11] for u > nVar(X (6o)):

(107) ]P)(Y(QO) > U) < ei Var(;(eon (172%@) .

Notice that (107) trivially holds if Var(X(6y)) = 0 as u > 0.
We now give a bound of the second term in the right-hand side of (106). Since (X!, X;) are independent
Gaussian processes for i = 1,--- ,n, we can write for a given 6 € I:
X[(0) = ag X;(0) + BoGi,

where (G;, 1 < i < n) are independent standard Gaussian random variables independent of the variables
(Xi(0),1<4i<n)and:

E[X'(0)X(0)]

Var(x (@) M4 P = Var(X'(0)) — agVar(X(6)),

Qg —

with the convention that ap = 0 if Var(X()) =0. Since Y’ =2 > X/X, a.e., we get that:
i=1

n

> Xi(0)G;

i=1

E [[Y(0)|1{ucy (0)<uter] < 2la0lE [Y(0)1ucy@)<ute}] +2/60|E l

1{u<Y(0)<u+e}‘| .

Since the variables (G;, 1 <4 < n) and (X;(0), 1 < i < n) are independent, the variable Z = >~ X;(0)G;

i=1
contidionally to the variables (X;(0), 1 < i < n) is a standard Gaussian random variable of variance Y (9).
This implies that:

2
G; 1{u<Y(0)<u+6}‘| = \/;E {\/ Y(0)1{ucy (9)<ute} | -
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We deduce that:
2
E[[Y'(0)1{ucy (0)<ute}] <2 <|a9|(u +e)+4/ - |Bo|vV/u + 5) Plu<Y(0) <u+e),

The random variable Y (6) is distributed as a x? variable and has a density:

un/2-1 1 n/2 .
_ T 2Var(X(0))
py (o) (v) 27/2T (n/2) (Var(X(G))> ’ ’

where by convention py-(g)(u) is taken equal to 0 if Var(X(6)) = 0 and where I" denotes the gamma function.
Letting € goes to 0 in (106), using (107), the right continuity of the cdf of M and the monotonicity of the
density py gy (u) of Y/(0) on [nVarX(6), +oo[, we deduce that for u > n supyc; Var(X(0)):

_ u _9 /nVar?((eo) 2
(108) b 20y <o T ( “ >+?/me+vﬁwwﬁ9pmeM&
I T

We now bound the second term of the right-hand side of (108) in two steps. Using that 33 < Var(X'(6)),
we get that:

2 1 Var(X'(6)) u M
(109) \/;|59| Vupy o) (u) < N =B YN <Var(X(9))) e~ V(X

Thanks to the Cauchy-Schwarz inequality, we get || < /Var(X'(6))/+/Var(X(0)). We get that:

Var(X'(6)) u (ntD)/2
110 < 2Var(X(9)) |
(110) folury @) = 50n(2) i \ Var(X(8) ‘
Notice that (109) and (110) hold also if Var(X(0)) = 0. Using that \/g +1 ~ 1.8 < 2 and that
u > supyc; Var(X(6)), we deduce (105) from (108), (109) and (110). O

Recall the functions f, and g, defined by (67).

Lemma A.2. Let T € N and n € N* be fized. Let be Z = {1,--- ,n}. Suppose that Assumptions 2.1 and
2.2 hold. Let h be a function of class C' from ©¢ to Hry, with ©1 a sub-interval of ©. Assume there exist
finite constants Cy and Cs such that for all 8 € Op:

(1) @)l < €1 and [ Dirl)®)]|, < Co

Let (Wr(z),z € Z) be Hr-valued noise processes such that Assumption 3.1 holds. Let a = (a1,--- ,an) be a

sequence of nonnegative real numbers.

Set for any z in the set Z of cardinal n, X (z) = (X(z,0) = (h(0), Wr(2))r, 0 €0O) and Y = Y a,X(2)%
z€EZ

Then, we have for u > (n+1) |lal|,_o*ArCF:

u 4C5|O7]s u
112 Pl sup YO)>u)] <[y + ~gn )
(112) <0€@pT (6) )f <02a||ZOOATC%> cranr I\ o2, ArC?

where |Orlo, denotes the diameter of the interval O with respect to the metric dr, ||al|, = max.ez |a.|
and I' denotes the classical gamma function.

Proof. First we notice that:

(113) P (sup Y > u) <P <SHP Z > u/||a||£m> ’
@T @T
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where Z = 5 X(z)2. We shall apply Lemma A.1 to the process Z.
z2€EZ
Recall that the Gaussian processes X (z) with z € Z are independent with the same distribution as a

process denoted X = (X(6), 0 € Or). The process X has Lipschitz sample paths on ©7 and X'(0) =
(Ogh(0), wr)r for a.e. 8 € Or. By Assumption 3.1, we have for all § € O and z € Z:

(114) Var(X (0)) < o*Aq|[h(0)[|7 < 0*ArCE.

We first consider the case where ©1 = [Oin, Omax] is a compact interval with 0i, < Omax. Then, according
to Lemma A.1, Inequality (105) holds with Y replaced by Z for u > no?ArC?%.

Notice that the function  — z"3 e~%/2 is decreasing on [n + 1,400) and that the function z —

e (172V3) s decreasing on [n,+o00). Then, plugging (114) in Inequality (105), we obtain for u >

(n+1)02ArC%:

“ 19 no2ApCy
TEapez \ 1TV T
P{supZ >u | <e

(115) Or

(n+1)/2
4 u 3oTA; 02/
20°ATCY Var(X'(0)) dé.
T AT (n)2) v (GQATC%> © o, VVarX'(©)

There exists a geodesic 7y : [0, 1] — O such that Y9 = Omin, 71 = Omax and 07 (Omin, Omax) = fol |5el /g1 () dt.
Hence, a change of variable gives:

(116) /@ Var(X'(9)) d6 = / el gz (ye) - YEX Q) g,

gr(Vt)

By Assumption 3.1, we have for all § € Op:
Var(X'(9)))
gr(0)
Using this bound in (116), we get:

(117) /@ VVar(X'(0))d8 < Co 0 v/Ar [O7oy,

where |Orlq,. is the diameter of the interval O with respect to the metric d7.
Combining (115), (117) and (113), we finally obtain (112) for ©7 a bounded closed interval. Then, use
monotone convergence and the continuity of Z to get (112) for any interval O. (]

< JQATHDl;T[h](H)H; < o2 ArC2.

A.3. Technical lemma. We consider functions 7 : Z x © — R and bound the quantities [|n(6)||.,, on
some regions of © under some assumptions on the second covariant derivative of 1 with respect to 6. The
following Lemma extends [34, Lemma 2]. The proof is similar, as the latter covers the case where v is a
Dirac measure and ||| 1q(,,, reduces to |- |.

Lemma A.3. Let g € [1,400]. Suppose Assumption 2.2 holds. Consider a function n: Z x © twice contin-
uously differentiable with respect to its second variable and 6y € Or.

(i) Assume that for v-almost every z € Z we have n(2,00) = 0 and Dy.7[n(2)](6o) = 0, and that there
exist 6 > 0 and r > 0 such that for any 6 € Br(0y,r) we have:

<9

(118) |Dactmi@)] <
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Then, we have |[n(0)|1q(,) < (6/2) 07(0,00)%, for any 0 € Br (6o, 7).

(ii) Assume now that for v-almost every z € Z, 1(z,00) = V(2) and Dy.7[n(2)](6) = 0 where V € L4(v)

with ||V pa(,) = 1. Assume there exists a finite positive constant L such that sup |IC[79’2] (00,0)| < L
60,0€0

and there exist € > 0 and r € (0, Lié) such that for any 6 € Br(0y, 1), fIng’Q] (60,0) > €. Suppose

that for any 6 € Br(6p,r) and § < e:

(119) | Do) ~vip2@o 0, <6

Then, we have |[n(6)||paq,) <1 — (Egé)DT(Q,QO)Q, for any 6 € Br(0o, 7).
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