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A stability estimate for data assimilation subject to the heat
equation with initial datum*

Erik Burman' Guillaume Delay* Alexandre Ern® Lauri Oksanen?

October 26, 2022

Abstract

This paper studies the unique continuation problem for the heat equation. We
prove a so-called conditional stability estimate for the solution. We are interested
in local estimates that are Holder stable with the weakest possible norms of data
on the right-hand side. Such an estimate is useful for the convergence analysis of
computational methods dealing with data assimilation. We focus on the case of a
known solution at initial time and in some subdomain but that is unknown on the
boundary. To the best of our knowledge, this situation has not yet been studied in
the literature.

1 Introduction

The goal of the present work is to derive a conditional stability estimate for the data
assimilation problem subject to the heat equation. This problem consists in finding the
solution to the heat equation in a target subdomain with the knowledge of its values in
another subdomain and of its initial datum. The main difficulty is that the boundary
conditions of the problem are not known. This situation frequently arises in variational
data assimilation, when a background state obtained from a previous assimilation cycle
is available as (approximate) initial condition. The conditional stability estimate derived
herein is useful, for instance, to establish the convergence of numerical methods approxi-
mating the solution to the data assimilation problem. Examples for the heat equation can
be found in [2, 3, 6].

More precisely, let @ C R™ (n € {1,2,3}) be an open bounded set, let w CC Q (i.e.,
w C Q) be the open and non-empty subset where the solution is known, and let 7 > 0. We
use the shorthand notation L := 0y — A for the space-time differential operator associated
with the heat equation, @ := dyu for the time derivative, and M := (0,7T) x 2 for the space-
time cylinder. We consider the following data assimilation problem: Find u : M — R such
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that
Llu) = f in M, (1)
u(0, ) = ug(+) in ©, (2)
u=g in (0,7) x w, (3)

where f € L%(0,T; L?(2)), up € HY(Q), and g € H*(0,T; (H(w))") N L?(0,T; H!(w)) are
given. Notice that no information is given on the boundary 0X2. We assume that f, ug
and g are chosen so that there exists a solution to the data assimilation problem (1)-(3).
Since this problem is ill-posed, however, one cannot hope for a stability estimate in the
usual form. Nevertheless, one can derive a so-called conditional stability estimate which
bounds the energy norm of the solution u in a target subdomain B CC Q using (i) the
measurements in (0,7") X wj; (ii) the initial datum wg; (iii) the source term f; and (iv) an a
priori bound on the solution under the form of its L?-norm over the whole domain . Our
main result establishes Holder stability of the solution to the data assimilation problem
in the interior of the target space-time subdomain.

Theorem 1 (Three-cylinders inequality). Let w CC Q be open and non-empty, and let
0<Ty <T. Let BCC Q be open and connected. Then there are C > 0 and x € (0,1)
such that any space-time function u in the space

HY0,T; HY(Q)) N L*(0,T; H(Q)) (4)
satisfies
lull 20,150 (B)) < CUlullz2(0,m)xw) + F ()" ([[ull L2¢0,7)x0) + F(u))'™", (5)
where
F(u) := [Juli=oll L2y + 1 L(w) | 200, 17; 51 (02)) - (6)

The proof of Theorem 1, which hinges on a suitable pointwise Carleman estimate, is
developed through the following two sections.

Carleman estimates for parabolic problems can be found in [8, 10, 15, 12, 1]. However,
most works in the literature are concerned with the initialization problem [12, 2, 3], where
boundary conditions are known, but not the initial condition. Here, we are instead inter-
ested in the opposite case, where the initialization problem has been solved and therefore
the initial data is known, but the boundary conditions are unknown. The estimate derived
in Theorem 1 uses the initial datum in the upper bound and bounds the solution up to
the initial time. Instead, in the usual setting in which the initial datum is unknown, the
solution is estimated only in a space-time subdomain that is kept away from the initial
time; see for instance [2, Thm. 1&2]. Furthermore, a similar control problem is considered
in [7] where well-posedness is proven using Carleman estimates. The main difference with
the present work is that the function that is estimated therein vanishes on the lateral
boundary instead of the initial time; consequently, the weight function that is used in the
proof is singular at the initial time.

The rest of this contribution is organized as follows. In Section 2, we prove a pointwise
Carleman estimate. In Section 3, this estimate is used to prove a preliminary three-
cylinders inequality. This result is then adapted to complete the proof of Theorem 1.



2 A pointwise Carleman estimate

The main result of this section is the pointwise Carleman estimate established in Lemma 2.
We consider two functions p € C3(M) and w € C?(M) and a real number 7 > 0. In
Section 3, the function w will be chosen in a specific way in terms of the function u in
Theorem 1, and the real number 7 will be chosen large enough. A specific choice for the
function p will be made as well.

In what follows, we suppose that Vp # 0 in M. We denote by A > 0 a bound on D?p
(uniformly in M) and by 6 > 0 a real number such that § < |[Vp[? < =1 (uniformly in
M). We fix a real number « such that a > 36073\, Here, the differential operators V
and D? act only on the space variables. Moreover, we use the shorthand notation Y < Z
with positive real numbers Y, Z for the inequality Y < CZ where the value of the generic
constant C can change at each occurrence provided it is independent of w and 7. The
value of C can depend on p since this function will be fixed once and for all in Section 3.

We introduce the following functions that are defined using p, w, and 7:

¢ = e, =T, v = e‘w. (7)
We also define the following auxiliary quantities:

a:=3\ar¢p, o:=a+Al q:=a+ |Vl b:=—0v—2Vv,V), c:=(Vv]*—q*VL,

(8a)

r:= (Vo,Vo)v + (div(aVl) — ao)v?, Q:=q+¢, B:=b—1, (8b)
1. . .

R:=r+ §QU2 + div(dVO)v? — alv?. (8c)

The main result of this section is that |Vw|? + |w|? (with weights depending on 7 and
p) can be upper bounded by |L(w)|? and additional terms subject to a divergence or a
time derivative. This result already contains the structure for Theorem 1. Indeed, the
divergence and time-derivative terms will disappear when an integration will be performed
over M.

Lemma 2 (Pointwise Carleman estimate). There is 79 > 0 such that for all T > 19 and
all w € C*(M), we have

: 1
e (1|Vw|? + 3|w|?) < ¥ | L(w)|? — div(bVv + ¢) + div(oVv 4+ v20V 1) — 58,5(|Vv|2 — Qv?).
(9)
The rest of this section is devoted to proving Lemma 2.

2.1 Preliminary results

The first step towards proving Lemma 2 is to upper bound €27 (7|Vw|?+73|w|?) as follows.

Lemma 3. For all 7 > 0 and all w € C*(M), we have

627‘1’(7'|Vw\2 + T3|w\2) < a|Vv\2 + 2D2€(Vv, Vu) + (—a!V€|2 + 2D2€(V€, V@))qu. (10)



Proof. We argue as in the proof of [5, Prop. 1]. For a vector X € R", we have

D%(X, X) = ag(a(Vp, X)? + D?p(X, X)). (11)
Since the first term is positive, this implies

D*$(X, X) > apD?*p(X, X) > —dao|X|%, (12)

where we recall that A > 0 is an upper bound on D?p (uniformly in M). Taking X :=
Vil = ar¢pVpin (11), we obtain

D2((VE, V) = tad(a(Vp, V)2 + D?*p(VL, V) > (are)(a| V| — A\[Vp|?).

Recalling the choice for the real number @, this gives

D20(VE, V) > ()3 (ah® — N7, (13)
We also have

Ve = 2|Vl = (a1¢)?|Vp|* < (a)?07". (14)
Using (12) with X := Vv, we get
2D%*(Vv, V) > =2 até|Vo|2.

Recalling that a := 3Aat¢, we obtain

a|Vv|? +2D%0(Vv, Vo) > Aaté|Vu|?. (15)
Combining (13) and (14), we get

(—a|VLe? +2D%0(VL, V)2 > (200% — 5007 (ar )30 (16)
—_——

=:c(a)
Summing (15) and (16), we see that

c(a)(are)3v® + Aato| Vol < a|Vu|? + 2D%((Vv, Vo) + (—a|VE|? + 2D*((VE, VE))v2.
(17)

Notice that the right-hand side of (17) is the one we have in the statement of Lemma 3.
To bound the left-hand side of (17) from below in terms of |Vw|? and w? we notice that

1
Vol = e2™|rwV ¢ + Vuw|? > 627¢§|Vw|2 — 2|V |22, (18)

where we used the Cauchy—Schwarz and Young inequalities. Owing to the choice a >
3073\, we infer that

c(a)(ag)® — Aag|Vo|? > (ag)3 (208 — 6X071) =: ¢, > 0, (19)



where the first inequality comes from the definition of ¢(a) and —Aap|Vé|? > A0~ La3¢?
(as a consequence of (14)) and the second inequality comes from a > 36073\. Multi-
plying (18) by Aat¢, multiplying (19) by 73v? = €2"*73w? and summing both equation
gives

AaTqﬁeZT‘%]VwF + coe? 3w < c(a)(aTd)3v* + AaTd| Vo2
Invoking (17), we get
€2 (7|Vw|* + 73|w|?) < a|Vu|? + 2D*(Vv, Vo) + (—a| Ve + 2D*((VL, V)2,
where ¢, = min(cq, Ao inf , yenr |p(x,t)|/2) > 0. This ends the proof. O
The next step is to observe that the terms on the right-hand side of (10) are equal to
a weighted square norm of the heat operator plus some more terms.
Lemma 4. For all 7 > 0 and all w € C*(M), we have
e*|L(w)*/2 = (Av + Qu)*/2 + B?/2
+ a|Vo|? + 2D*((Vv, Vo) + (—a|VE]? + 2D?*(VL, Vi) v?
+ div(bVu + ¢) — div(0Vv 4+ v20VE) + 9;(|Vv|? — Qu?) /2 + R.
Proof. We have
e |L(w) /2 = 2| Aw|?/2 + e*|w]? /2 — e wAw.

4

Moreover, © = d;(e‘w) = el +0v. Hence, —efi = —0+4v. Straightforward computations

give
" Aw = Av — ov — 2(Vu, V) + ov — (Al + |VI?v = Av + b+ qu.
Combining previous relations, we get
| L(w)2/2 = e¥|Aw|?/2 + |0 — v} /2 + (=0 + fv)(Av + b + qu).
We now invoke [4, Lemma 1] (setting k := 0 therein) to obtain
A Aw|? /2 = (Av + qu)?/2 + b%/2
+ a|Vv? +2D*((Vv, Vv) + (—a|V{|* + 2D*0(VL,VE)) v*
+div(bVov +¢) + 1.
Using this identity and recalling that @ := ¢ +/¢and B:=b— U, we get
X L(w) /2 = (Av + qv)?/2 + b2 /2 + (0% 4 ((v)?) /2 — 0lv + (fv — 0)(Av + b + qv)
(20)
+ a|Vo|? + 2D*((Vv, Vv) + (—a|V{|* 4+ 2D*¢(VE, VE)) v? + div(bVo + ¢) + 7
= (Av+ Qu)?/2 + B?/2 — tv(Av + qu) + bo — 0bv + (fv — D) (Av + b + qv)
+ a|Vv2 4+ 2D*((Vv, Vo) + (—a|V{|* + 2D*(VY, Vi) v? +div(bVuv +¢) + 7
= (Av+ Qu)?/2 + B?/2 — vlv + fvb — o(Av + qu)
+a| Vo> +2D*((Vv, Vo) + (—a|V{|* + 2D*(VL, V) v* + div(bVv + ¢) + 7.



It remains to rewrite —ofv + fvb — 0(Av + qv). We have
—0Av = — div(0Vv) + (Vv, Vi) = — div(dVv) + 0| Vu|? /2, (21)
—0lv — qui = —Quid = —Qy(v?/2) = =3 (Qv?)/2 + Qu?/2. (22)

Moreover, we have —2(Vo, V{)fv = —(V(v?), (V) = v? div(fV{) — div(v2¢V{) and recall-
ing that b := —ov — 2(Vv, V{), we obtain

lvb = fv(—ov — 2(Vu, VI)) = —olv? + v2 div({Ve) — div(v2V ). (23)

The claim follows by injecting (21), (22) and (23) into (20). O

2.2 Proof of Lemma 2

The proof of Lemma 2 combines the results of Lemmas 3 and 4. We still argue as the
proof of [5, Prop. 1]. Rewriting the result of Lemma 4 under the form

a|Vv|? + 2D*¢(Vv, Vo) + (—a|VE[* + 2D*(VL, V0)) v?
< e¥|L(w)|?/2 — div(bVv + ¢) + div(eVv + U2ZV€) — 0,(|Vv]* = Qv?)/2 — R,
and applying this bound to the right-hand side of (10), we infer that

¥ (r|Vw|? + 73|w|?) < e2(Lw)?/2 — div(bVv + ¢) 4 div(0Vv + v2VE) — 8,(|Vv|? — Quv?)/2 — R.
(24)

It only remains to bound R. We recall that
R = (Vo,Vo)v + (div(aVl) — ac) v® + Quv?/2 + div(IVL)v? — olv?.

For 7 > 0 large enough, we have (recall that the value of the hidden constant C' in any
inequality of the form X <Y can depend on p but is independent of 7 and w)

div(aVe) — ao = (Va, V) — a® = 3)ar?|Vé|> — (3har)?¢? < 72,
Q=a+2(VI, V) +1 =3 ard +272(Vo, V) + 76 < 72,
div(/Ve) = 2 div(eVe) < 72,
ol = 72(3\ap + Ap)d < 72,
and
(Va, Vo)v = 7(3aAV¢ + VAp, Vwe’ + Vietw)etw
S 7(IVwle! + Vel fw])e' fw| S e (r|Vwl|w| + 7% w[?) S 0 ([Vw]? + 72 [w]?).
Thus, for 7 > 0 large enough, we have
R < ™IVl + 72 w]?).

This shows that for 7 > 0 large enough, R can be absorbed in the left-hand side of (24).
The proof is complete.



3 Proof of Theorem 1

The goal of this section is to prove Theorem 1. First, using the pointwise Carleman
estimate from Section 2, we establish a preliminary three-cylinders inequality (Proposi-
tion 5). Then we conclude the proof of Theorem 1 by improving on the norms used on
the right-hand side of the preliminary three-cylinders inequality.

3.1 Preliminary three-cylinders inequality

Our first step is to establish a three-cylinders inequality similar to [2, Thm. 7]. The
difference is that we allow for a boundary term at ¢ = 0 on the right-hand side, and get
a bound also for small times. Note that the theorem by Isakov [9] that was used in [2],
cannot be used here since it applies only to compactly supported functions and we do not
want to use a cutoff near ¢ = 0 so as to allow the initial condition to come into play.

Proposition 5 (Preliminary three-cylinders inequality). Let g € Q and 0 < r1 < ry <

d(zo,0). Write Bj = B(xo,rj), j € {1,2}. Let 0 < e <T. Then there are C > 0 and

k€ (0,1) such that for all u € C?*(R x Q)

lull 20, 7= (o)) < CUlull 20,181 (1)) + 1Ll 20,7 02) + ||U|t=0||H1(Q))K||UH1L5£B,T;H1(Q))-
(25)

Proof. The idea is to integrate the pointwise Carleman estimate (9) using adequate func-
tions p and w.

(1) Choice of the function p. Let 0 < rg < 1 and rp < r3 < 14 < d(xg,09). Define
B; = B(zo,75), j € {0,3,4}. We choose a function p; € C®°(Q) such that —ro/2 >
p1 > —ro in By and that pi(x) = —d(z,x¢) outside By (notice that p; < 0). Setting
I:=(0,7), I :=(0,T —¢€), and Iy := (0,T — €/2), we choose a function ps € C*(R)
such that pa(s) < —rg for s > T —€/2 and p2 = 0 in I; (notice that py < 0). We define
p(t,x) = pi(x) + pa(t). Notice that |Vp| = 1 outside By. We use the notation (see
Figure 1)

Ql = IQX(Bl\BQ), Q2 = ((1\12)X(B4\BO))U(IX(B4\B3))7 Qd = I2X(BS\Bl)

We also define ®(r) := e~*". Recalling that ¢ = e*?, we observe that the following bounds
hold true:

¢ < ®(r3) in Qo
(25 > @(Tg) in I; X (B2 \ Bl)

Indeed, the first bound is a consequence of the fact that pa(s) < —r3 for s > T — €/2 and
p1(z) = —d(z, xg) outside By. The second bound comes from ps = 0in I and p1(z) > —7r9
in B2 \ Bl.

(2) Choice of the function w. We define a cutoff function x € C§°((—1,T) x (B4 \ By))
that satisfies x = 1in Q3 and 0 < x < 1 in (—1,7) x By; see Figure 1. We then set
w = xu.



x=0
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Figure 1: Choice of the cutoff function y.

(3) Integrating (9) over I x Q and observing that Vp does not vanish on I x (B4 \ By),
we get for all 7 > 0 large enough,

T T
/ /(T]Vw|2+73]w|2)62T¢dwdt:/ / (r[Vl? + 75 [w[2)e™® dadt
0 JQ 0 JB4\Bo

/ / |2 2T¢dl‘dt—|—/ (|Vw|2+T2\w|2)627¢dx|t=0' (26)
34\30 Ba\Bo

Indeed, the divergence terms on the right-hand side of (9) disappear since |’ Ba\Bo div(A4) =
fa(B4\Bo) An = 0 for any A that fulfills A = 0 on 0(B4 \ By). Moreover, concerning the
time-derivative on the right-hand side of (9), we used that for all 7 > 0 large enough,
Q=a+|V{?+¢ <72 so that

T
- / / Or(|IVoP—Qv?) = / (IVo2—Qu?)dzi—o < / (Vw2472 w]?) 2 d] o,
0 B4\Bo B4\Bo B4\BQ

where the hidden constant depends in particular on the first-order derivatives of p in time
and in space.
(4) The next step is to replace w by w in (26). To this end, we define the commutator

(L, x](u) :== L(xu) — xL(u) = (Orx — Ax)u — 2(Vu, V). (27)

Since L(w) = L(xu) = xL(u) + [L, x](u), we have |L(w)[* < [L(u)[* + [[L, x](u)[*. More-
over, the commutator [L, x| vanishes on @3 since x = 1 on Q3. Therefore, the first term
on the right-hand side of (26) satisfies

/ / w)[2e*™ drdt < / |L(u)>e* P dxdt +/ (L, X] (u)|?e*™ dxdt
34\30 (0,T)x By Q1UQ:2

N €2THL(U)H%2((O,T)XB4) + Tl G20 sy + T Nl T2 0 7 5y (28)

where we used ¢ < 1, ¢ < ®(r3) in Qa, and the fact that [L, x](u) can be bounded by L?-
and H'-norms of u owing to (27). (Notice that depends on the first-order derivatives in



time and first- and second-order derivatives in space of x. Therefore, the constant in (28)
blows up as € — 0, or if 74 — d(z¢, 02).) Consider now the second term on the right-hand
side of (26). First, we notice that |[|[Vwl|r2(p,\By) < Ul (B,\By)- For the low-order term,
we observe that p < —rg/2 implies ¢ < 1 and, therefore, 72¢27® < €27 for 7 > 0 large
enough. It follows that for 7 > 0 large enough,

/B (IVwl? + 7% |w|*)e* ™ dzli—o < €7 ||ul—ollF (q)- (29)
4 0

Furthermore, using x = 1, i.e. w = u, as well as ¢ > ®(rg) in I; x (B2 \ By), we infer that,
for 7 > 1, the left-hand side of (26) can be bounded from below by

/ (rIVul +7°ul?) 7 dudt > ™) |ul o g pp By (30)
IlX(BQ\Bl) ’ ’

Altogether, the inequalities (26) and (28)-(30) imply that, for 7 > 0 large enough,

lull 20—t (o)) S € (LWl L20,myx B2y + ull 20,081 (Br)) + NNuli=oll ()

+ e P |ull L2 0,111 (BY))

with p := ®(ry) — ®(r3) > 0. Here, we used that e27(1=2("2)) < €27 since ®(ry) > 0.
(5) Finally, the claim follows by a direct application of [11, Lemma 5.2], the idea being

to optimize in 7, under the constraint 7 > 79 for some 79 > 0 large enough (see also
[14]). O

3.2 End of the proof

In this last step of the proof of Theorem 1, we improve the norms on the right-hand side
of (25) to ||lult=ollL2(e)s I1L(w)l| 20,11 (02))s 1wl L2 ((0,7) x> a0 ([l L2 0,7y x)-

(1) We set T1 := T — € for some 0 < € < T. Upon replacing w by a smaller set, we may
assume without loss of generality that it is a ball of the form By := B(xg,71) for some
zo € Q. We will show the following local version of the conditional stability estimate (5)
where B is replaced by a ball of the form By := B(xg,r2) with 0 < r1 < ry < d(x9,00):
For all u € C*°(R x Q),

lull 20,10 (o)) S (el 2o,y 81y + W) ([ull 2 omxa) + Fw)' ™, (31)

where F(u) = |ule=ollr2() + [[L(u)|lz2(0,7;5-1(q))- The general case for B follows by
covering B by a finite chain of balls starting from w, and by iterating the local result (see
[13]). Since smooth functions are dense in the space defined in (4), it is sufficient to consider
the case where u € C°°(R x ). In the rest of this proof, we consider By := B(z, ro) and
B3 := B(xg,r3) with 0 < 79 <71 and ry < r3 < d(xg, ).

(2) Let us first weaken the norm of L(u) and ug. To this end, let w € L?(0,T; H'(Bs3))N
H(0,T; H~'(Bj3)) solve

L(w) = L(u) in (0,7T) x Bs,

w’z‘eaBg = 07 w|t:0 - u‘t:(b



10

and set v 1= u|(o1)xB, — W € L2(0,T; HY(B3)) N HY(0,T; H='(B3)). Since L(v) = 0 and
v|t=o = 0, Proposition 5 (with By instead of By and with Bs instead of ) implies that

vl £20,7y;01 (By)) < CHUHZZ(O,T;Hl(BO))HU”;(%,T;Hl(B?)))- (32)
Using the standard energy estimate for the heat equation to w, |w||r20,mm1(Bs) S F
with F' := |luli=ol|2(q) + [IL(w)[|L2(0,7;5-1()) together with the triangle inequality, we
infer that
vl 20,m:m50 By S lullp2om;m1 By + F5 1 €40,3}, (33)
and
||UHL2(0,T1;H1(BQ)) S ||UHL2(O,T1;H1(BQ)) + F. (34)

Applying (32) to the right-hand side of (34) and (33) to the right-hand side of (32) we
obtain

lull 20,1 (2)) S (lull 207,01 (Bo)) + F)*(ull 20711 (54)) + F)'

(3) Let us finally weaken the norms of u(o )x g, and u|,1)x B,- Choosing x € C§°(B1)
such that y =1 in By, we see that yu satisfies

L(xu) = xL(u) + [L, X](v),  (xu)|zeom, =0
Since [L, x](u) is of first-order in space and zeroth-order in time (with respect to ),
standard energy estimates yield the following bounds:
HUHL2(0,T;H1(BO)) = HXUHB(O,T;HI(BO)) < HX“”LQ(O,T;Hl(Bl))
S HXU|t:0HL2(B1) + HL(XU)HL2(0,T;H—1(31))
S F AL X251y S F + lullzzom)xsy)-

Reasoning analogously, we obtain

lull 20,1 (Bs)) S F + lull 20,1 %0)-

Putting everything together establishes (31). This ends the proof.
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