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Abstract

In this work, following the discrete de Rham (DDR) approach, we develop a discrete counterpart of
a two-dimensional de Rham complex with enhanced regularity. The proposed construction supports
general polygonal meshes and arbitrary approximation orders. We establish exactness on a contractible
domain for both the versions of the complex with and without boundary conditions and, for the former,
prove a complete set of Poincaré-type inequalities. The discrete complex is then used to derive a
novel discretisation method for a quad-rot problem which, unlike other schemes in the literature, does
not require the forcing term to be prepared. We carry out complete stability and convergence analyses
for the proposed scheme and provide numerical validation of the results.
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1 Introduction

Denote by Q c R? a bounded connected polygonal set, which we assume contractible and of unit diameter
for the sake of simplicity. Following the discrete de Rham (DDR) approach of [10, 13], we develop a
discrete counterpart of the following exact complex:

rad TO
R 3 HY(Q) ——3 H(rotrot; Q) —=s H(Q) —— 0, (1)

where H'(Q) denotes the space of scalar-valued functions that are square-integrable along with their
gradient, while H(rotrot; Q) = {v € L*(Q;R?) : rotv € L?(Q) and rot rot v € L*(Q;R?)}; see (2)
below for a definition of the scalar and vector two-dimensional rotors. The complex (1) is relevant in the
design of numerical schemes for quad-rot problems which arise in applications related to electromag-
netism; see, e.g., [17, 19, 23]. A particularly delicate issue in the context of finite element approximations
is the design of H(rot rot; Q)-conforming spaces. Two families of rot-rot-conforming finite elements
that are among the first of this kind have been recently developed in [20, 21]. In [16], these families,
along with new ones, have been unified, fitted into complexes, and extended to the lowest-order case.
The above-cited constructions are based on conforming meshes composed of triangles or rectangles.
The possibility to support more general element shapes can be, however, a crucial advantage in the
presence of singularities or complicated domain geometries, as it can be exploited to perform non-
conforming mesh refinement or coarsening [1, 3, 4]. General polygonal elements are supported by the
virtual elements of [22], which hinge on standard differential operators and spaces of functions that are
only partially computable. In the present work, we follow instead a fully discrete approach that consists
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in replacing both the spaces and differential operators by discrete, entirely computable counterparts (see
[5] for an in-depth study of the relations between the virtual and fully discrete approaches). The discrete
complex proposed here is built starting from the two-dimensional DDR complex of [10] and has degrees
of freedom (DOFs) that coincide with those of the most efficient complex in [22] for the lowest-order
version (corresponding, in the present context, to k = 0), but differ at higher-orders. Efficiency of the
present complex can be enhanced using the serendipity techniques of [11], resulting in most situations
in a slighly lower DOF count with respect to [22] as far as the discrete H' () space at the head of the
complex and the H(rot rot; Q) space are concerned. The discrete H'(Q) space at the tail of the present
complex, on the other hand, is smaller for k¥ < 2 or when elements with a sufficient number of sides
are considered. Another important difference is that the present construction is based on Koszul rather
than orthogonal complements. As noted in [10], Koszul complements are usually easier to construct in
practice and are hierarchical, a property which simplifies several arguments in the analysis.

We present a full set of Poincaré inequalities for the version of the complex with boundary conditions.
Such inequalities lie at the core of the stability analysis of a novel numerical scheme for quad-rot problems
based on our fully discrete complex. We perform a complete study of this scheme, proving convergence
in h**! (with h denoting, as usual, the meshsize) for the graph norm of the error when the complex
of polynomial degree k > 0 is used as a starting point. Convergence is numerically demonstrated to
be in #**2 when only the L2-like norms of the errors are considered. Crucially, unlike other results in
the literature [19, 22], our scheme, and the corresponding analysis, do not require the forcing term to
be prepared (i.e., either divergence-free or expressed in terms of a potential). Working under the more
realistic assumption that a potential for the forcing term is not available has deep implications in the
analysis and requires, in particular, to prove an adjoint consistency result for rot-rot, which appears to be
the first of this kind for polygonal methods. Finally, it is also worth noting that, while we assume mesh
elements to be contractible in order to ensure the exactness of the local complex, our analysis hinges
on the results of [12, Chapter 1] and therefore covers also non-star-shaped elements; see, in particular,
Section 1.4 therein. The theoretical results described above are corroborated by numerical evidence.

The rest of this work is organised as follows. In Section 2 we briefly outline the setting and recall
the main notations. Section 3 contains the definition of the discrete complex and of its variants with
boundary conditions and with serendipity-based DOFs reduction. A detailed proof of the exactness for
the complexes with and without boundary conditions is also provided. In Section 4 we prove a complete
set of Poincaré inequalities for the complex with boundary conditions, which is used as a starting point
in Section 5 to design a stable and optimally convergent numerical scheme for a quad-rot problem.

2 Setting
2.1 Two-dimensional vector calculus operators

Consider the real plane R2 endowed with the Cartesian coordinate system (x1,x3), and denote by 0;
the weak partial derivative with respect to the ith coordinate. We need the following two-dimensional

differential operators acting on smooth enough scalar-valued fields g or vector-valued fields v = (:1):
2

grad g = (g;i]]) , rotg:= (_32qq) , TOtv:i=01vy—dovy, divv :i=01vy+ dava. )

2.2 Mesh and notation for inequalities up to a constant

We denote by My, = 7, U &, U V}, a polygonal mesh of Q in the usual sense of [12], with 7j,, &y,
and V}, collecting, respectively, the elements, edges, and vertices and A denoting the meshsize. For all
Y € M, we let hy denote its diameter so that, in particular, 7 = maxr eq;, hr. My, is assumed to belong
to a refined mesh sequence with regularity parameter bounded away from zero. We additionally assume



that each element 7' € 7}, is contractible, and denote by x7 a point inside 7" such that there exists a disk
contained in T centered in x7 and of diameter comparable to sy uniformly in 4. The sets of edges and
vertices of T are denoted by &r and Vr, respectively. By mesh regularity, the number of edges (and
vertices) of mesh elements are bounded uniformly in 4. For each edge £ € &, we denote by Vg the
set of vertices corresponding to its endpoints and fix an orientation by prescribing a unit tangent vector
tg. The corresponding unit normal vector ng is selected so that (¢g, ng) forms a right-handed system
of coordinates, and, for each T € 7}, such that E € Er, we denote by wrg € {—1, +1} the orientation of
E relative to T, defined so that wrgnrg points out of 7'.

From this point on, a < b means a < Cb with C only depending on €2, the mesh regularity parameter,
and the polynomial degree k of the discrete complex (see Section 3). We also write a =~ b as a shorthand
for“a < band b < a”.

2.3 Polynomial spaces

Given Y € 7, U &, and an integer m > 0, we denote by £ (Y) the space spanned by the restriction to ¥
of two-variate polynomials of total degree < m, with the additional convention that P~ (Y) := {0}. The
symbol P (Y;R?) denotes the set of vector-valued functions over ¥ whose components are in P (Y).
Finally we denote by ™ (&) the space of broken polynomials of total degree < m on &, and, for all
T € Ty, by P™(Er) its restriction to Er. Vector versions of this space are denoted in boldface and the
codomain is specified. We will need the following direct decompositions of ™ (T; R?) (see, e.g., [2,
Corollary 7.4]):

P"(T;R?) = R™(T) & R™"(T) = 6" (T) & G“"(T).. 3)

where
R™(T) = rot P"™(T), RE™(T) = (x —x7)P™ N(T),

G"(T) =gradP™(T),  G“"(T):= (x —x7) P"U(T),

where, for all v = (:;) e RZ, v = (_‘/\;21) € R? is the vector obtained rotating v by an angle of —%
radians. Given a polynomial (sub)space X"(Y) on Y € T}, U &}, the corresponding L2-orthogonal
projector is denoted by 7’y ;. Boldface fonts will be used when the elements of X™ (Y) are vector-valued,
and we additionally denote by 71'(;(’.’?;,, X € {R, G}, the L%-orthogonal projector on X" (T). The set of
broken polynomials of total degree < m on the mesh is denoted by " (7},), and its vector version by
P™(T: R?). The L2-orthogonal projector on P (7}) is denoted by 7117‘)’ e

3 Discrete complex

Given a polygonal mesh M}, of Q and a polynomial degree k > 0, the discrete version of (1) reads

k k k
LV Jh Qh Bh

R > vk > LF > Wi > 0, “4)

where Zfl denotes the standard two-dimensional counterpart of the H' () space in the DDR construction,
;’;l is a novel H(rot rot; Q2)-like space that constitutes the main novelty of this paper, E],; is similar to
K’;l but with element polynomial components one degree higher, and the operators I¥, ., G ’h‘, and Bﬁ are

Lv.n
respectively defined by (7a), (13), and (14) below.



3.1 Discrete spaces

The discrete spaces in (4) are defined as follows (see Remark 3 below for further insight into the choice
of the degree for element unknowns in W¥ w):

k ._ yvk-1,k
Zh T —grad,h’

;Z = {Kh = ((V‘R,T’ v;z,T)T €T (an Cv,E)EeSh, (Cv,v)ve(Vh) :
vrr € R¥Y(T) and Ve € REK(T) for all T € T,

’ 5

vig € PY(E) and C, g € P*Y(E) forall E € &, )

Cy. € R forall v € V, }

k ._ yk.k
Kh T Xgrad,h’

where, form > —1,

&gaﬁ n = {Qh = ((gr)rem» (@E)ECcE, (@v)ven,) :
gr € P™(T) forall T € Ty,

ge € P*L(F) forall E € &,
gy € Rforall v € V), }

We denote the restrictions of the above spaces and of the operators mapping on themto Y € 7, U &, by
replacing the subscript “A” with “Y”. Such restrictions are obtained collecting the components on Y and
its boundary.

Remark 1 (Comparison between )Zk and XX Xiot. ). Recall the definition of the standard two-dimensional
DDR counterpart of the space H(rot; Q) := {v € L>(Q;R?) : rotv e LQ(Q)}:

Xfot,h = {Kh = ((VR,T’V;?,T)TEWN (VE)EESh) :
VRT € R*=1(T) and VerT € REK(T) for all T € T,

ve € PK(E) forall E € &, }

This space injects into gﬁ through the mapping
Sk Xk sy, e (VRS 1) (ve,0) (0)yey,) € ZX
Srot,h - Arot,h 2 Y RT>VR )T T VE,V)EEE,, UveV,,) © &y
For future use, we also define the restriction
k
Srotn :Zp 59, = (VRT VR )T emi (VE)Ees,) € Xig - (6)

The meaning of the polynomial components in the spaces (5) is provided by the interpolators.
Specifically, letting, for 6 > 0,

V=W:=H"(Q)and X = {v € H**°(Q) : rotv € H**(Q)},

we define !"‘, piV—o Zﬁ and llgl,h X — ;;‘l such that, for all (g,v,r) e VXX XV,

Ly 4 = (71 @1 e (xf, Eq>Eeah,(q(xv))verv,,) (7a)
IIZC‘, h ((ﬂR Tv ﬂR Tv)TEﬁ’ (7T7> E(v tE) ﬂ- (I‘Ot v))EESh’ (rOtv(xV))VE(Vh) (7b)
llév,hr = ((ﬂgD,T”)TeTh, (T[—P,Er)EESh’ ("(xv))ve(vh), (7c)

where it is understood that local projectors are applied to restrictions or traces of their argument as needed.

4



3.2 Discrete differential operators and potentials
3.2.1 Local gradients and scalar potentials
For all E € &, we let Py : Vi — P*I(E) be such that, for all q, . PV Ra o is the unique
polynomial that satisfies P"Jrl £y (xy) =g, forallv € Vg and 7r (P"Jr1 4, ) =gE. The edge gradient
Gk : Vi — PK(E) is then snnply defined setting Ggg = (P"Jrl q,)"

Let next T € 7, and 4, € Z;. The element gradient G : K; — Pk(T;R2) and potential
P'\‘f% : Z;i — P*I(T) are obtained mimicking integration by parts formulas. Specifically, given
q, € Vk, GigT and Pk+Tq are uniquely defined by the following conditions:

/TG§QT -v:—/TqT divy + Z wTE/EPy q,(v-ng) Vv e PNTR?), ®)

EGST

and

‘/TPI‘</+Tq dlvv——/FG§gT

3.2.2 Local scalar rotor and vector potential

+ Z CUTE/P]\(/-'-EQ (V nE) VVERC’k+2(T).
Ec&r E

Let again T € 7, and take v, € §§. We define the element scalar rotor R; : 25‘- — P¥(T) such that
‘/R;EKT‘I:/VR,T'I'O‘:C]_ Z wTE/VEq Vg € PX(T). )
T T Feer E

As for the the element gradient, this definition mimics an integration by parts formula. We have the
following commutation property, which can be proved reasoning as in [13, Proposition 4.3]:

R{IS ;v =mp p(votv) ¥y e H(T;R?). (10)
At the global level, we let Rk Xfot = P*(74) be such that, for all v, € XIOt B
(Rfy,)ir = Ryv, VT €7, (11)

The vector potential P;T : §§ — PX(T; R?) is obtained, for a given v, € )2 , taking Pz 7V as the
unique element of P*(T; R2) such that, for all (g, w) € P**10(T) x RK(T) (with P*+1- O(T) spanned
by the functions of P**1(T") with zero mean value over T),

‘/Pg,TXT‘(I'OtCI‘*‘W):/R;ZT q+ wTE/vK+/vRT w. (12)
T r Eeér

3.2.3 Global gradient and rotor

The global gradient G G Vk — Zk and scalar rotor Rk Z‘.k - Wk acting between spaces of the
discrete complex (4), are deﬁned setting, for all (q v,) € V" X Zk

Qﬁgh = ((”R%GTCI ﬂCk Grq )Te‘ﬁ,,(GEq ,0)Eee,, (0)yew, ), (13)
Ry, = (REv )reds (Co.E)Ecens (Cor)vers,)- (14)



3.3 Exactness
The goal of this section is to prove the following result:

Theorem 2 (Exactness). The sequence (4) with spaces defined by (5) and operators given by (7a), (13),
and (14) is an exact complex.

Proof. 1. Proof of Ker Q’;l =ImR. This is an immediate consequence of the exactness of the global

two-dimensional DDR complex (which follows from its local counterpart in [10, Remark 10] proceeding
along the lines of the proof of [10, Theorem 3] since € is contractible).

2. Proof of Im Qlfl = Ker Eﬁ. We start by proving that Im Qlfl c Ker Bfl. To this purpose, it suffices to

notice that, for all ¢, € vk, RkGE g, = 0forall T € 7, by [10, Proposition 2], since Rk only depends
on the polynomial components shared by 2’} and X fot’T; see Remark 1. The fact that the edge and

vertex components of Efl G ';th are zero is an immediate consequence of the definition (13) of the global
gradient.
Let us now prove the converse inclusion Ker Bfl C Im Qﬁ Lety, € ;’,; be such that Bﬁg =0, 1e,

R;EKT =0forallT € 7;,,Cy g =0forall E € &, and C,,,, =0 for all v € V. (15)

Recalling again Remark 1, this means that there exists w, € X fot ,, With vanishing standard discrete DDR
scalar rotor such thaty, = §f0t »W,,- The exactness of the standard two-dimensional discrete de Rham

: : -1k ko qk
complex then yields the existence of g, € VEsuchthatw, = ((n’,‘e} G4, TR G14,)r ;s (GZQE)E c&n)-
Recalling that v, = 3¢

—rot,
the desired inclusion.

»W,, and using the definition (13) of Qﬁ proves that y, = Qﬁgh, which yields

3. Proof of the surjectivity of Bﬁ. By the exactness of the two-dimensional discrete de Rham complex,

the global scalar rotor Rﬁ defined by (11) is surjective in P*(7};). To conclude the proof, it suffices to
notice that the edge and vertex components of R fl span, respectively, P*~1(&;,) and Red (Vi) O

Remark 3 (Degree of the element components in Eﬁ). Taking element components of degree k in Eﬁ is
crucial to have the first relation in (15), which is in turn needed to leverage the exactness of the standard
two-dimensional de Rham complex.

3.4 Cochain map property of the interpolators

Lemma 4 (Cochain map property of the interpolators). Denoting by V, X, and W subspaces of the spaces
appearing in the continuous complex (1) in which the interpolators (7) are well defined, the last two rows
of the following picture form a commuting diagram:

rad ro
R 3 H'(Q) s H(rotrot; Q) —s HI(Q) —25 0

J d Y r J
R < v ) * sw—"139p (16)
Ll‘c/,h L)’E,h Ll\;V,h
L{c/h v Qk N Ek N 0
R > VE ——— zk s Wk > 0.
Proof. The commutation property Q’Z! "‘, nd=1 g n(grad q) for all g € V is a consequence of Point 1. in
the proof of [10, Lemma 4] along with the fact that the components of Q;‘l! ’f, pq and I g ,(grad g) that



are not in X fot ,, are zero (the former by definition (13) of the discrete gradient, the latter by definition

(7Tb) of 1 }’E ,, along with the fact that rot grad = 0).

To prove the commutation property Eﬁ 1 }’5 =1 "iv ,(rotv) for all v € X, we write

(14), (7b) _
REIE v =" (RIS e, (nh (ot v))Eeg, . (10t v (x,))ye,)

(l=0) ( (7¢)

(1§ 7 (x0t V)7 e7;, (Mo £ (10 V) ety (106 ¥ (Xy))ye,) = Iy ,(totv). O

3.5 Discrete complex with boundary conditions

In the application of Section 5 below, we will use a variant of the complex (4) with boundary conditions.
To this purpose, denoting by SE and (V)lo the sets of boundary edges and vertices, we let

Vio=1{q, €V} : qe=0forall E € & and g, = 0 forall v €V},

Lo ={r,€Z; :ve=Cp=0forallE € & and Gy, =0forallv € V}, (17)
Wyo={r,€Vy :rg=0forall E € & andr, =0 forall v € V]}.

Theorem 5 (Exactness of the complex with boundary conditions). The following sequence defines an

exact complex:
k k k
LVJ! =h k Bh
> X
7 Zh,0

0
0 —= V§, > Wi — 0. (18)

Proof. 1. Complex property. Let’s start to prove that (18) is a complex. Clearly, / "‘/ ,0=0¢€ K;,O' Next,

forallg €V} . itholds by definition that G}.q . = 0 forall E € &} which, combined with the definition

(13) of the global discrete gradient, proves that Q’,‘lgh € gfl’o. Finally, forally, € gﬁso, by definition (17)

of this space, the components on boundary edges and vertices of Bﬁg ,, defined by (14) vanish, proving
that Bﬁgh € wﬁ o

2. Exactness. We next prove that the complex (18) is exact. Let q, € ZIZ o be such that Qﬁqh = 0. By
exactness of the complex (4) without boundary conditions, there is C € R such that q, = I "‘, , C» and the
only possibility compatible with the fact that the boundary components of q, vanish 1s C = 0.

Letnow vy, € g,’; o be such that E’,‘ZK » = 0. By exactness of the discrete complex without boundary
conditions, there is g, € Z’;l (defined up to an element of [ "‘, »R) such thaty, = Ql,‘lgh. Sincey,, € ;ﬁ’o,
the boundary condition implies G’}ng =0 forall £ € 82 so that, by single-valuedness of vertex
unknowns, there is C € R such that g, = C for all v € (V;f and gg = n’;,‘]{:C forall E € 8}3. Upon the

substitution q, - ["‘, ,C> we have thus found q, € Kfl o such thaty, = Qﬁqh.

To conclude, it only remains to prove that B;‘l : ;’,;,O - Ez,o is surjective. Letr, € K’;l’o. By
surjectivity of R¥ : £¥ — WK, there exists v, € Ef (defined up to an element of G;V¥) such that
r, = Eﬁgh. By definition (14) of the global scalar rotor, it holds C,, g = 0 for all E € 8};’ and Gy, =0
forallv € ‘V,'l[’. It only remains to make sure that we can take vg = 0 for all £ € 82. To this purpose, we
start by noticing that the zero rotor condition implies

0= Z‘/TR;EKh(g)_Z Z wTELVE:_ Z a)TEE‘/EVE,

TeT TeT, E€Er Eeg;:

where the conclusion follows observing that, by definition, wr, g + wr,g = 0 forall E € &, \ 82 shared
by the mesh elements 77 and 75 (for all E € EP T € 71 denotes the unique mesh element such that



E € &r,.). This condition implies the existence of ggq € P**1 (82) N C%(4Q) (with Pk+1 (8};’) spanned
by broken polynomials of total degree < k + 1 on SE) such that wr,gvE = (qag)l’ g foral E € 8};.

Substituting v, < v, - Q’;lgh with q, lifting of gsq such that ¢, = gga(x,) for all v € (VAD and
qe = 7y 1 (qae) e forall E € &), we have thus found v, € X}  such that r,, = Rjv, and concluded the
proof. O
3.6 Serendipity complex and comparison

A leaner version of the discrete complex can be obtained using serendipity techniques as in [11]. Specif-
ically, for all T € 7;, denote by n7 > 2 the number of not pairwise aligned edges selected to satisfy
Assumption 11 therein, and set

fr =max(k+1-np,-1) <k-1.

Then, the spaces Kft and g’,; can be replaced with the following serendipity versions:

k tr .k Skl
Vk =X r 2]1 = {Kh = ((VR,T’V;Q,T)TE(H,, (vE,CV,E)EESh’ (CV,V)VE(Vh) :

—_ ~—grad,h’
vrr € REHT) and Var € RECH(T) for all T € T,

ve € PX(E) and Cy g € P*Y(E) forall E € &,

—~

Cy, eRforally € V), }

Introducing extension and reduction operators similar to those described in [11, Section 5.3], and using
them to define interpolators and discrete gradient and rotor operators mapping on the serendipity spaces,
one obtains again an exact complex. For k > 1, and provided ¢y > 2 for at least some T € 7,
such complex has fewer unknowns than the one in (4) owing to the reduction in the degree of element
polynomial components. The DOF count for both the full and serendipity DDR complexes is provided in
Table 1, where we also include a comparison with the most efficient construction in [22] (corresponding
to the choice r = k — 1 therein). Notice that a different convention is used here, so the polynomial degree
with respect to the above reference is shifted by —2.

4 Poincaré inequalities on the discrete complex with boundary conditions

The stability of the scheme for the quad-rot problem considered in Section 5 below hinges on Poincaré
inequalities on the discrete gradient and rot-rot operators proved in this section.

4.1 Norms

We equip the spaces VX, X fot o gﬁ, and K’;l with the standard L2-like DDR component norms such that,
forall (g, w,,.v,.r,) € Vi X X\, x T X Wi,

2 . 2 2 . 2
g, I = D> M, 7 Ml = > lwgliZ,
TeT, TeT,

2 . 2 2 . 2
o2, = > Mgl e el = D) gl o
T eTy, TeT,

where, forall T € 73,

N, 13 7 = lar ey + b Y NaelZaie + 22 D lawl®

Ec&r veVr
2 . 2 2 2
M o = 1R 132 gy + W5 222 gy + B D IWEN )0 (19)
E€5T



2 3 2 4 2
v I3 7 = NSk 727 Wt 7 + 5 E ICv Ellz2 ) + r E 1Cy 7, (20)
EEST veVr

N Wy 7 = Mer i3y + b D Irellfa e + 57 D) Il 1)
EEST VE(VT

with Gfot T ;; 3y, — (VR,T, V%,T’ (vE)EE(gT) € Xfotj local counterpart of the restriction (6).
Above, the factors involving powers of Ay ensure that all the terms have the same scaling.

On Ek we will also need the operator norm induced by the following discrete L?-product: For all
(w,.v,) € Zf XN,

Wy vz = ). Wy vp)er, (22)
T €Ty,
where, for all T € 73,

(KT’KT)Z,T ::/P)IE,TKT'P)]E,TKT'FhT /(PZTWT tgp — WE) (PZTVT tE—VE)
T

Eecér
3 k k-1 k
+hy Z /”P E(Rrwy = Cuw.p) mp g (Ryvy = o) (23)
EEST
4 k k
+ hT Z (RTET (xv) - Cw,v) (RTKT (xv) - Cv,v)-
VG(VT

The induced local and global norms are, for all @ € 7, U {h} and all v, € 2’:,
allze = (v (24)
Lemma 6 (Equivalence of norms in gi and ;’,;). It holds, for e € T, U {h},
eulze = 2 llze Vo, € ZL. (25)

Proof. It suffices to prove the result for a generic e =T € 7}, as the result for e = /4 follows squaring the
latter, summing over T € 7}, and taking the square root of the resulting equivalence. The two-dimensional
counterpart of the norm equivalence in [10, Lemma 5] gives, for all v, € 2?,

~ k 2
1%, 72 Wiz = WPE 720 172 gy + e D WY vyt = VNG (o) = 18K 2 o (26)
Ec&r

Moreover, for all T € 7, taking g = R% v in the definition (9) of the element scalar rotor, using triangle,
inverse, and trace inequalities in the right-hand side, and simplifying, we obtain

(26)
1 -1 k
”R Yr ||L2(T) < h ”|—rot nyrr ”Irot T < h ”—rot hir ”rot,T VKT € ET' (27)

(i) Proof of lv;llz,r < vy llz,r- For all E € &r, inserting +RXy.. into the norm, and using a triangle

inequality followed by the continuity of n’;"}; and a discrete trace inequality, we obtain

_ -1
ICy.EllL2(e) < 7l EREV, = Co e lli2 gy + by PIRE Y, 2r)
@7 (28)

k-1 pk., —3/2
< ”71' R Cv E”LQ(E) +h H—roth T”rotT

Proceeding similarly, for all v € Vr we get

|Cv,v| < |R§KT (xv) - v vl + hr 2”6rot h_T”rot,T- (29)

9



Plugging (28) and (29) into the definition (20) of |y, [lx,7, using the fact that the number of edges and
vertices of T is bounded uniformly in & by mesh regularity, and recalling (26), the conclusion follows.

(ii) Proof of lvylls,r < vy llg,r. Forall E € Er, using a triangle inequality followed by the continuity
of 717, T, a discrete trace inequality, and (27), we obtain
Ingg Rivy = Cokllz ey < G, Ell2 () + by 18k 2 ot (30)
In a similar way, for all v € Vr we get
IR7¥r (23) = Coo| S |Gyl + B2 NS, 27 llror.t - (31)

Plugging (30) and (31) into the definition of ||y, ||z 7, using the fact that the number of edges and vertices
of T is bounded uniformly in /2 by mesh regularity, and recalling (26), the conclusion follows. O

4.2 Poincaré inequality in Vk

Lemma 7 (Poincaré inequality in Vh o). Forall q, € Vh o it holds
g, llv.n s Gk, lz.n- (32
Proof. Let E] ((P Tq )T 75,5 (P Eq )Eee,) and notice that its boundary components are zero

since q, € Zfl o- By the discrete Poincar€ inequality for HHO methods [12, Lemma 2.15], it holds

D PV a iy s D) (Ierad P g 7o oy + 17 D IPYTa, = PV, N7
= TeT, Ecér (33)

k k 2
S W85 1Gid, eoi s < NG, IZ s

where we have used [10, Eq. (5.5)] to pass to the second line and observed that |||Grot willrotn < vy llls,n
(cf. (20)) to conclude. Noticing that iy < 1 < th (since the diameter of Q is equal to 1 by assumption
and hr is bounded by the latter quantity), and using the (33), we moreover have

D NP a, - PY a2 s < I1GEG, I3, (34)
TeT, Eecé&r

Summing (33) and (34), and using a norm equivalence which is the two-dimensional counterpart of [10,
Lemma 5] to bound the term in the left-hand side of the resulting inequality from below, we finally get

O

< 1G4, lIZ -

g, 12, < (IIP’” @ oy i S I g~ Pha 12, | <
T €T}, Eeé&r

4.3 Poincaré inequality in X* KXot 1.0

As an intermediate step to prove a Poincaré inequality in £¥ ., we need a similar result on the standard

DDR space with boundary conditions

=h,0’

Xfotho —{ EXroth : VE=0fora11E682}.

The interpolator I fot, ,  HY(QR?Y) - X fot’ , on this space is obtained, as usual, taking L?-orthogonal
projections component-wise: For all v € H'(Q;R?),

k-1 k k
Irot RV = ((WR,TV,ECR’TV)T@T,,, (mp (v tE))Eece,)-

10



Using trace inequalities, one can prove the following boundedness property:

1L pvlrotn S IVIgiopey Vv € H(R?). (35)
Observing that the local scalar rotor defined by (9) only depends on the unknowns in X* Xior < ;; 0
(see Remark 1), with a little abuse of notation we use the same symbol for R . ¢ fot T = Pk(T)

throughout this subsection. A similar abuse of notation is commited for Rk X © — PK(Th) (cf.

=rot,h
(11)). The following commutation property is a consequence of (10):

k yk
R Iroth

v=np ,(rotv) Vv e H'(Q;R?). (36)

Lemma 8 (Poincaré inequality in X ffot’ n.o)- Denote by [+, -]rot,n an inner product in X fot’ n.o With induced
norm equivalent to ||-||lrot,n uniformly in h. Then, for all vy, € Xfot n.o Such that

[Kh’Kh]rot,h =0 V Ker Ri = {mh € Xllr(ot,h,() : Rﬁﬁh = 0}, 37

it holds,
”lvh”lrot hS HR Vh”L2(Q)

Proof. Lety, € (Ker R;{l)L, where (Ker R;‘l)L denotes the orthogonal complement of Ker Rk in X fot 1.0
with respect to the inner product [-, -],ot,5. Owing to the surjectivity of rot : H(l)(Q; R?) — L2 5(€2) (the
proof of which is the same as for the divergence acting between the same spaces cf.,,e.g., [6, 14, 15, 18]),
to the commutation property (36), and to the uniform boundedness (35) of I* we infer the existence

of v € H}(Q; R?) such that

—rot,h’

Ryv, =rotv =RyIN vand 115 vilotn S IVIlgraze) < IRV, lI12q)- (38)

We therefore have that v, — I fot nv € Ker Rk, so that v , can be regarded as the [-, *]yot,,-orthogonal
projection of I ffot ,v on the space (Ker Rﬁ)l. Thus, by continuity of the L?-orthogonal projector, the

norm induced by [+, -];o0t,n Of ¥, is bounded by that of I fot ,V up to a multiplicative constant independent
of h. The assumed uniform equivalence between this induced norm and |||-|||0t,» along with the inequality
in (38) yields the result. O

. P egs e k
4.4 Poincaré inequalities in X}
4.4.1 Poincaré inequality for the scalar rotor

Lemma 9 (Poincaré inequality for the scalar rotor). Denote by |-, -|vor., an inner product for X
in Lemma 8. Then, for all v n € ;lh‘ 0 such that §f0t wh satisfies (37), it holds,

rot,h,0 as

N, len S WIRKY, lw a- (39)

Proof. By Lemma 8, |||C‘E'>rOt wYnlllrot.n ||R£K wll2(q)- The result follows recalling the definition of
v, ls.n (see, in particular, (20)) and noticing that the norms of the edge and vertex components that
are not contained in |||6]r otV v, |llrot,» can be bounded by the norms of the corresponding components in
|RK wYullw . n after recalling the definition (14) of BI;,K ,, and noticing that A7 < 1 forall T € 7j. O

11



4.4.2 Poincaré inequality for rot-rot

To state the second relevant Poincaré inequality in ;ﬁ o> We need a discrete vector rotor and a scalar
potential acting on the image space of R¥, namely K’;l o- The construction presented below is similar to

the one for VX given in Section 3.2.1. Specifically, we let Rk : WX — P*(T;R?) be such that, for all
r € Eéﬂ’

'/R;[T-v:'/rT rotv + Z wTE‘/P(};'lE[E (v-tg) VvePk(T;Rz), (40)
T T E ’

Ecér
where, forall E € &,
P"ﬁ‘f}EKE is such that P"}f’lEKE(xV) =r, forall v € Vg and ﬂ’;)_’éPl‘;’lEzE =TrE. (41)

A global discrete vector rotor Rﬁ : Efl — P*(75: R?) is obtained setting, for all r n € Kﬁ,
(Ryr))ir = Rkry, VT €7,

Remark 10 (Link between the vector rotor and the discrete gradient). The vector rotor defined by (40)
formally coincides with the usual DDR element gradient (8) rotated by an angle of —#/2 radians, the sole
difference lying in the the degree of the element component r7.

We next introduce the element scalar potential P&t%. : Wk — PX+1(T) such that, for all r,. € Wk,

/T Py 1y T0ty = /T Rirp-v— ), wre /E Pilry (vote)  WweGOFAT).  (42)

Ee&Er

Remark 11 (Validity of (42)). Taking v € gk(T) in (42) and using the fact that rot grad = 0 along
with the definition (40) of RX . it can be checked that both sides vanish, showing that (42) holds in fact
for all v € GX(T) + G“**(T) (hence, recalling the second decomposition in (3) and the fact that the
complements are hierarchical, for all v € P*(T; R2)).

Remark 12 (Control of the vector rotor of the element component and of the scalar potential). Integrating
by parts the first term in the right-hand side of (40), we obtain

/rotrr-v:‘/RigT Y+ Z wTE/(rT—P"};’lE[E) (v-tg) VvePk(T;RQ).
T T E ’

EEST

Taking v = rot r7, using Cauchy—Schwarz and trace inequalities, and simplifying, we infer

-1
Ivot rrll 2z < IRErp ey + He ™ D7 lirr = P arpllia e (43)
Ec&Er

In a similar way, writing (42) for v € P*(T;R?) (recall Remark 11) and integrating by parts the
left-hand side, we get

k+1 _ k k+1 k+1
/rotPW’TKT v = / Riry v+ Z (UTE‘/‘(PW’TET - Py pre) (v -tg).
T T Ecer E

Taking v = rot P’v“f lT oy, using Cauchy—Schwarz and trace inequalities, and simplifying, we get

k+1 k —-1/2 k+1 k+1
|| rot PV\;,TETHL%T;W) < ||RTCT||L2(T;R2) + hT/ Z “PV‘-/F,TKT - PVI;-,EKEHL?(E)- (44)
EGST

12



Lemma 13 (Poincar€ inequality for rot-rot). Let v, € 2’;1 o be such that §fot WY, satisfies (37). Then, it
holds,
k
IHKh”IZ,h < ”lBhKhl”W,h < ”KhHrotrot,h, (45)

where ”KhHIQ‘OtI‘Ot,h = ZT €Tn ”KT ||12'ot rot, T with, fOF alT € Tn»

2 — IRk pky, 112 -2\ k pk+l pk ko2
lvr lzotrot,r = ||RT£TKT”L2(T;R2) +hp’lmp 1 Py 1w Ryvy = Rpvellpe o
-1 k+1 pk k+1 pk 2
+hy Z IPw rRyvy — PW,EBEKE”LQ(E)' (46)

EcéEr

Proof. By (39), it holds

2 k 2 @D nk 2 2 2 2
2,125 < IR 12, Z IRE 2o+ D (e D NG elPagsy + 13 D 1Cw 2| x (47)
T <, Ecér veVr

3:1 ZQ
We next proceed to bound T; and Tz by [|v,, [lrot rot, -

(1) Estimate of ¥1. Applying the discrete Poincaré inequality in HHO spaces [12, Lemma 2.15] to the

k k+l pk : s ohi . k
vector ((RTXT )T 75, (PW,EBEKE)E egh) (which has vanishing boundary components since v, € ;h’o,

as can be checked writing (41) with r . = ng £)» We get

k 2 k 2 -1 k k+1 pk 2
IRK 1220y S D (||rotRTzT||L2(T;R2)+hT > ||RTzT—PW,E£EzE||L2(E)),
TeT, Eeé&r

where we have additionally used the fact that
I grad-lle(T;Rg) = ||0=n/2 grad-||L2(T;R2) = || rot '||L2(T;R2) (43)
for the first term in the right-hand side. The estimate on ¥; follows provided we show that
> (n rot REv 7o ey + 7' D IIRE Yy — P’;V*}EB’,;KE||§2(E)) S, Btrorn 49
T Ty, Ecé&r

Writing (43) with r, = Bi v, squaring, and using the fact that card(&Er) < 1 by mesh regularity, we get
ko112 -1 k k+1 pk 2
Z (” rot Ryvy ||L2(T;R2) + hy Z IRz v ~ PVJ,EBEKE”L%E))

TeT, EcéEr
< 2

TeT,

IR R vy g2 (rzey + h' ) IRFvy = PI;J}EBZKE”iQ(E))‘ (50)
Ec&Er

It only remains to estimate the boundary term. To this end, for a given E € &7, we insert i(P"j;’ }T 5; Vo -

k k+1 k . . . .o, .
g Py Ry v) into the norm and use triangle and trace inequalities to write

k k+1 k -1/2 k k+1 k k
||RTKT - PV\-/‘-,EBEKE”LQ(E) < hT/ ||771>,TPW+,T§TKT - RTKT“L2(T)
—1/2 k+1 k k k+1 k
+ hT/ ”PV;,TBTKT - ”P,TPVJ,TBTKT”LQ(T)

k+l pk K+l pk
+ ||PVJ,T£TKT - PVJ,EBEKEHLQ(E)'

13



Using the approximation properties of n’;)’T (cf. [8] and [12, Chapter 1] concerning the extension to
non-star-shaped elements), we next write

K+l pk kK pk+l pk
I1Pw rRrvy — 7p 7 Py Ryvyllez(r)

k+l pk (48 k+l pk
< hr| gradPVi;r,TBTKT”LQ(T;RQ) = hr| rot PW+,TETKT“L2(T;R2)

(44)
k pk 1/2 k+1 pk k+1 pk
< hTHRTBTKT”L?(T;R?) + hT/ § ||PVJ,TBTKT - PV;,FEFKF”LQ(F)’
FGST

so that
-1
IR vy = PV leREy pllie e < b il P Rivy = Rivylliar
1/2 k pk
+hT ||RTBTKT“L2(T;R2) (51)

k+1 k k+1 k
+ Z “PVJ,TKTZT - PVJ—,FEFKF”LQ(F)'
FEST

Plugging (51) into (50) and using the fact that card(Er) < 1, it follows that

I < ||Kh||r0tr0t,h- (52)

(i) Estimate of To. We start by recalling the following norm equivalence, valid for all £ € &, all
polynomial degrees m > 0, and all ¢ € P"(E):

1122 ) = TR el2a sy +hE D @(xy)? (53)

VG(VE

The proof of this equivalence follows recalling the estimate of the L2-norm of functions on the unit
segment [0, 1] corresponding to the first display equation in the proof in Eq. (58) of [7, Proposition 10]
and using the isomorphism [0, 1] 3 s > xy, + shg(x — xy,) (with V; denoting the first vertex of E in
the direction of ¢z). Using (53) with (¢, m) = (PX*1_RXv ., k + 1) and recalling that, by (41) written for

w.EREYE>
_ Rk k-1 pk+l pk o _ k+1 pk —
rp=Rpve, mg p Py pRevy = Gy g and Py Rpv . (xy) = Gy forall v € Vi, we get

K+l pk o (12
T < Z hr Z ||P‘J,E§EKE”L2(E)
T €T, Eec&r

k+1 pk 2 k+1 pk k+1 pk 2 .
< D P REv ey + D b ) IIPE Y REv, = P REY 112, ) = Ton + T,
TeT, TeT Ee&r

where, to pass to the second line, we have inserted -_n-P"‘; 1T E; v into the norm and used triangle and dis-
crete trace inequalities. Applying again [12, Lemma 2.15], this time to ((P]‘;'IT B; V)T e (P]‘;'IEEZKE)E c&n)s
and using (48), we get

k+1 pk 2 -1 k+1 pk k+1 pk 2
T21 3 Z || rot PW,TETKT”[P(T;R% +hy Z ”Pw,TBTKT - PW,EBEKE”LQ(E) ’
T €T, Ecér

hence Ty 1 < ||gh||]%0t rot,n DY (44) with g = BﬁKT forall T € 7. On the other hand, using 77 < 1 along
2

with the definition (46) of ||-||rot rot,n, We also have To 2 < [lv, |Iz; rot.h" Combining these estimates gives

IQ < th”?otrot,h‘ (54)

(iii) Conclusion. Plug (52) and (54) into (50) and take the square root of the resulting inequality. O
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5 Application to a quad-rot problem

Denote by n the unit outward normal vector field on the boundary dQ of Q, and set Hy(rot rot; Q) :=
{v € H(rotrot; Q) : n Xxv =0androtu = 0on dQ}. As customary, we also denote by Hé (Q) the
subspace of H'(Q) spanned by functions with vanishing scalar trace on dQ. We use the discrete
complex developed in the previous sections to discretise the following problem: Given f € L?(Q), find
u € Hy(rotrot; Q) and p € Hé () such that

a(u,v)+b(v,p) = / f-v Vv € Hy(rot rot; Q),
Q

~b(u,q) =0 Vg € Hy(Q),

(35

with bilinear forms a : [Ho(rot rot; Q)]> — R and b : Ho(rot rot; Q) x Hé () — R such that, for all
(w,v,q) € Hy(rot rot; Q) X Hy(rot rot; Q) X H(l) (Q),

a(w,v) = /rotrotw -rotrotv, b(v,q) = / v-gradg.
Q Q

The solution to this problem satisfies almost everywhere

(rotrot)’u + gradp = f in Q,
divu =0 in Q,
uxn=0 on 0Q,
rotu =0 on 0Q.

Remark 14 (Forcing term). Notice that we consider here a more realistic formulation with respect to other
works in the literature, since the forcing term is not prepared, i.e., it is not divergence-free nor expressed
as rot ¢ in terms of a scalar potential ¢. This implies, in particular, that the Lagrange multiplier p can
be non-zero. Moreover, the fact that we do not assume ¢ available prevents us from discretising the
right-hand based on the form fQ ¢ rotv (as done, e.g., in [22]) instead of fF f-v. As aresult, an adjoint
consistency property for rot-rot is required, which makes the object of Lemma 19 below. This result
appears to be the first of this kind for polygonal methods.

5.1 Discrete problem and main results

We define the global discrete bilinear forms ay, Zk X Zk — R, by : Ek X Vﬁ — R, and ¢, :

L*(Q;R%) x X — R such that, for all W)Yy 4, g) € zk ka x VK x L2(Q R2),

an(w,,v,) = D arwp,vp),  bu(v,,q,) = (2,,Gkq, )z,

T<T,
(56)
th(g,v,) = Z /f PETvT’
TeTy,
where, for all T € 7}, the local discrete bilinear form ar : gﬂ X g;z — R is such that
ar (Wy.vy) = / RYRyw, - RERyvy + s (Riwp, Ryvy), (57)
with stabilisation bilinear form st : Wk X Wk — R such that, for all (rT, ) € Wk X Wk,
k+1 k+1
ST(rT9 )—h /( ¢)TP ’”T)(NPTPWTCI -qr)
(58)
DY / (Plfhery - Piere) (Pilra, - Phsa,).
EcéEr
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The discrete problem reads: Find (u,,, ph) € ;';l o X Z’Z o such that

an(,,v,) +bn(vyp) = Gi(f.v,) Vv, € X5,

. (59)
~bn(u.q,) =0 Va, €V o
The variational formulation corresponding to (59) is: Find (u,,, Bh) € ;ﬁ’o X Kﬁ,o such that
ﬂh((!hallh)’(zh’gh)) = fh(f,Kh) V(Kh’gh) egl}{l,(] xZﬁ’O’ (60)
with bilinear form A, : [;ﬁ X Zfl]Q — R such that, for all (w,,r,) and all (Kh,gh) in 2;‘1 X Zﬁ,
AWy 14)s (v)59,)) = an(Wy,,v,) + bu(vy. 1) = bn(w,. q,). (61)

Remark 15 (Serendipity version of the scheme). A serendipity version of the above scheme is obtained in
the spirit of [11, Section 6.6] substituting the spaces gfl o and Zfl o With the serendipity versions defined

in Section 3.6. The analysis remains unchanged.
We equip ;’;l 0 X Z;‘l o With the following graph norm: For all (v, qh) € ;ﬁ’o X th o

2 . 2 2 2 k 2
1V g ) sy i = W2ulls 12, ot vot,n + g, Iy 5 + 1G4, s - (62)
—h ’ 4 ’ —h ’ —h "=

The main results for the numerical scheme (59) (or, equivalently, (60)) are stated below.

Lemma 16 (Inf-sup stability). It holds, for all (w,,r,) € ;,’;’0 X Zlfl,o’

ﬂh((ﬂh’ Kh), (Kh’ gh))

N(w,,, r)llexv.n < sup (63)

(K/z’ﬁh)EEIf;,oXKﬁ,o\{o} ”(Kh’gh)”f.xv,h
Proof. See Section 5.3. O

In what follows, we denote by H*(75) and H*(7,;R?) the scalar-valued and vector-valued broken
Hilbert spaces on the mesh.

Theorem 17 (Error estimate). Denote by (u, p) € Hy(rot rot; Q) X Hé (Q) the unique solution to (55)
and define the seminorm |-|H<k+1,2>(7]-1_R2) such that, for all v € H™>(k+1.2) (.. R2),

2 2 2 . _

v[2 27, (|V|H1(T;R2) * hT|v|H2(T;]R2)) ifk =0,
(k+1,2) . .

H (7n;R?) IV|12qk+1(Th,R2) ifk > 1.

Recalling the second complex of (16), assume the following additional regularity: u € ENH™>**+1.2) (.. R2),
rotu € H*2(7y,), rotrotu € H'(Q;R?) N H*'(7,:R?), rot(rotrotu) € H'(Q) N H**2(7}), and

p € H*%(T},). Then, denoting by (l_lh,ph) € gﬁ’o X Zz70 the unique solution to (59) (or, equivalently,
(60)) it holds

Ny = 25 e, = 15 )iy < B (N (@) + g gm0 + Pl ) (64)

with
N(u) = |rot u|grez (g, + | rotrot u|grs g g2y + | rot(rot rot u)|grez ;). (65)
Proof. See Section 5.4. O
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Remark 18 (Error estimate in double-bar norms). Starting from (64) and using the norm equivalence (25)
for |||-|llz.» and those resulting from [ 10, Proposition 6] for |||-|||v .5, one can easily infer the following error
estimate where (triple-bar) component norms are replaced by the corresponding (double-bar) operator
norms:

ey, = I3 iz + Ny, = I pttllsot ot + 1, = Iy pllv i + 1G5 (P, = Iy D)l
< B (N @) + o 02 + Pl ) (66)
where ||-||5.1, is defined by (24), while ||-||v_ is the standard DDR component norm for the H-like space
defined in [10, Section 4.4].
5.2 Numerical results
To validate numerically the error estimates of the previous section, we solve on the unit square domain
Q = (0, 1)? the problem corresponding to the analytical solution such that, for all x = (i;) €Q,

u(x) = (_s?rilrzfr@(jl:xz;;)) , rot u(x) = 2 cos(m(x1 + x2)), p(x) = sin(mxy) sin(mxs),
B —Ar* sin(7(x1 +x2)) + 7 cos(mxy) sin(mxz)
fix) = 4t sin(m(xy + x2)) + wsin(mxy) cos(mxg) |

We display in Figures 1-3 the convergence of each term in the left-hand side of the estimate (66)
with respect to the meshsize / on refined sequences of Cartesian orthogonal, matching triangular, and
(predominantly) hexagonal meshes. It can be observed that the error estimate is sharp for the second and
fourth component, while convergence in #5*? is observed for the L2-like norms of the errors on u and p.
A full theoretical justification of this improved L?-convergence can be obtained using standard arguments
based on the Aubin—Nitsche trick; for the sake of brevity, the details are omitted. It is also worth noticing
that saturation of the pressure errors is observed in Figure 2 for the finest triangular mesh and k& = 2.
This can be justified observing that the last refinement of the triangular mesh sequence corresponds to
the finest mesh among the ones considered in the tests.

5.3 Stability analysis

Proof of Lemma 16. Denote by $ the supremum in the right-hand side of (63). Taking (v,,, gh) =
(w,, +Q’;l£h, r,) in (61), noticing thata, (w,,w,) = [lw, ||fot N (compare (57) with (46)), and recalling
that Bz G fl r,, = 0 by the complex property proved in Theorem 5, we have

2 k. |2 k
1w, 12 o + an (Wi GRT ) 411G T, 1R, = AR((W), 1), (W), + Glryry)
k

< $||(ﬁh +thh7fh)||2><v,h

< 81wy, ) llexv s
where we have used the definition of the supremum to pass to the second line and concluded using a
triangle inequality followed by the definition (62) of ||-||zxv » along with ”Ql}iﬁh”rot rot,h = 0 (again
consequence of REGEr, = 0) to infer [[(GEr,,, 0)llzxv i = IGEr, s < (W), 7 lzxv s Recalling
the norm equivalence (25), this yields

2 k. 2
“mh”rotrot,h + |||Qh£h|”2‘.,h < $||(£h’ Kh)”EXV,h- (67)

The Poincaré inequality (32) in Zﬁ o followed by (67) gives
Nrall? < NGEr 2, < S v, r) ey e (68)
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. . . . _ k . k
It only remains to estimate |||w, |||z, ». To this purpose, we write w, = Vool +thw’h with 4, ., € Vio

and vy, € [Ker Eﬁ]l = [Im Qﬁ]l (recall Theorem 5), with orthogonal taken with respect to the
(-, -)z.n product. Notice that, since edge and vertex components of Gk not contained in X k n.,o vVanish by

definition (13), Gr ot hVw h satisfies (37) with [, -]yot,» equal to the standard DDR L2-product of Xk Xiotn
(the local version of which corresponds to the first two terms in the right-hand side of (23)). We can then
write

2
2 2
1Py wlizn s vy, ulliz s IIKW (1779 - $|I(mh,£h)||2xv,h, (69)

where the equality follows observing that Rkv woh = R w,, (since RkGﬁq = 0) and recalling that, by

definition, [y, h”rot rot,n only depends on v, woh through this quantity (see (46)) Taking now (v, q, ) =
(0, -4, ., ) in the expression (61) of Ay, we get

A0y ). =g, ) = buwyq,, ) = (0 . Gra e+ 1Ghg, I

where the last equality is a consequence of the definition (56) of by, while the cancellation follows from
the (-, -)x,-orthogonality of the decomposition of w, . Hence,

1GEa, 25 < 810, g, lsxv.n < S10w ) lsxv i (70)

where the last equality follows observing that

: cta. s 2 6!
10.q, lsxva < llg, lva+lGia, llen < Gk, llsn
)k (25) (62)
S NGy, Nezn < lwyllen s lw,llzn < 1w, 2)llzxv s
the inequality || th‘qw N llz.» < llw, llz,» being a consequence of the (-, -)x,,-orthogonality of the decom-
positionw, =y, + Qﬁqw W We can then write

9 9 9 k 69), (70)
”lmh”l):,h < ”Eh”E,h = ”Kw,h”}:,h + ||thw h”z’h < 8w, r;,)”):xV h- (71)

Summing (67), (68), (71) and simplifying, (63) follows. O
5.4 Convergence analysis

5.4.1 Dual consistency for rot-rot

Given w € X (with £ denoting the domain of I§ ;) such that (rotrot)*w € L?(Q;R?), we define the

rot-rot adjoint consistency error linear form (?jfot rot. (w;-): ;ﬁ’ — R such that, forall v, € xk X0

Sk

Lemma 19 (Adjoint consistency for rot-rot). Recall the second complex of (16) and let w € X be such
that rotw € H*2(T}), rotrotw € H'(Q;R?) n H*'(7;:R?), rot(rotrot w) € HY(Q) N H*2(Ty),
and (rotrot)?w € L?(Q;R?). Then, it holds

|gfotrot’h(w;zh)| < hk+1N(w) (l”Khl”Z,h + ”Kh“rotrot,h) Vzh € ZZ 0’ (72)

with N (w) defined by (65).
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Proof. Expanding first (-, -)z ., apn, and € according to the respective definitions (22) and (56), then
inserting =+ fT rot(rot rot w) R; v inside the sum over T' € 7j,, we obtain the following decomposition:

Sfotrot,h(”’;zh) = Z [-/T (rot I‘Ot)zw : PI{;,TKT - L rot(rot rot w) R;KT
TeT,

3

TeT,

k yk k
+ Z ST(ET!):,TW,BTVT)-
TeT,

(73)

/rot(rotrotw) R;?KT —/RiﬁilgTw -RiﬁigT
T T ’

Denote by T, To, and T3 the terms in the first, second, and third line, respectively.

(i) Estimate of T1. We set, for the sake of brevity, ¢ := rot(rotrot w) and notice that, for all g7 €
PR+1(T), it holds by (12) with (g, w) = (g7, 0),

/TRhT qr + Z wTE/EVE QT—/FP;E’TKT-I‘thT =0.

Ec&Er

k+1
P.T

I = Z [M"’/mt(‘%’_QT)‘PQTKT*' Z wTE/vE(go—qT)],
TeTy, T Ecér E

where the cancellation is a consequence of the definition of the L?-orthogonal projector along with
R;i vy € PK(T) ¢ PKI(T) for all T € T;, and we have used the continuity of ¢ across internal edges
along with vg = 0 for all £ € 8}; to insert ¢|g into the boundary term. Using Cauchy—Schwarz
inequalities on the integrals and sums, we get

Taking g7 = m"7. ¢ and inserting the above quantity inside the sum over mesh elements, we get

1/2
Tl < | D (Ilvotle = ar) 2 g e, +h;1||<p—qf||;(m)]
TeT,
1/2
X Z ||P§:,TKT||i2(T;R2)+hT Z IIVEIIiQ(E))] :
Te<T, Ecér

k+1
P.T’

On the other hand, by the continuity property ||P§,T Vrllezer g2y < vy llz,r (which follows from the
first relation in [10, Eq. (4.23)]) and the definition of ||-||x.» (see (20) and (19)), the second factor is

< llv,, lls,»- Hence, we have proved that

Using the approximation properties of 7 it is readily inferred that the first factor is < 751 || e (77)-

|T1l < 1 rot(rot rot w)l ez (75 1y, .- (74)
(ii) Estimate of T». Set, for the sake of brevity ¢ = rot rot w. Letting, for all T € T, zr € P*(T;R?)

and writing the definition (40) of R; with (r,,v) = (Bi V,.Zr), we infer

[ REREy2r = [ Rhvy sotzr = 3 wre [ PiRE, Gt =0
T T Ecér E

Adding this quantity to T and using the continuity of the tangential trance of { at interfaces along with
the fact that P’CJ}EEZKE =0 forall £ € 8}2 (since y, € ;ﬁ’o) to insert {|g - £ it into the boundary
integral, we get
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T = Z [/T (ZT —R?l’&,j rotw)-RiEiKT

+/rot({—zT) R§3T+ Z CUTE/(g_zT)'tE Pl‘;,lEEfEKE )
T E

EEST

where we have additionally used the commutation property expressed by the rightmost portion of (16) to
replace R; 1 )’E rw with [ "jv o rot w in the first term. Take z7 = n’;, ¢ forall T € 7y. Integrating by parts
the second term in square brackets, we obtain

To= Z [/ (ZT —R?!"},,T rotw)-R%E?KT
Tep LYT

+ [ (&= St Rjv, + ) wre / (¢ -zr) te <P’;;}E£’ng—R§zT)],
Ec&r E

where the cancellation follows by definition of 71'];)  after observing that rot R;ﬁ v, € PL(T:R?)
P*(T;R?). Using Cauchy—Schwarz inequalities on the integrals and the sums, we obtain

1/2
Z (“zT - R;("!(C)V’T rOtw”iQ(T;RQ) + hT“g - zT||iQ(6T;R2))]

1Tal <
TeT,
1/2
Kk pk o 112 -1 k k1l pk o 12
X Z 1R Ry llp2 7 g2y + i Z IRz vy _PW,EBEKE||L2(E))] :
T €T, Ee&r

Using the approximation properties of R§ 1 Iv<v 7 (which can be proved using similar arguments as for [10,

Eq. (6.5)]) and JTI;) - it can be checked that the first factor in the right-hand side is < hk+1 || e (7R2)-
By definition of [|-[|rotrot,» along with (49), the second factor is < |[v, [lrotrot,n- Plugging the above

estimates into the bound of |Ts|, we arrive at
[Tal < hk+1| rotrot w lH"”(’E;RQ) th Ilrot rot. n- (75)

(iii) Estimate of ¥3. Moving to the third and last term, we use again the fact that Bi 1 g w=1 ]Cv o rotw
by the rightmost commutative diagram of (16), then use Cauchy—Schwarz inequalities to write

1/2

1/2
T, < W< Z sT(ll‘ﬁv’T rotw,!lv‘v’T rotw)) (Z sT(BigT,B’;gT)
TeT, TeT,

Comparing (46) and (58), it is clear that the second factor is < ||v}, llrot rot,»- In order to estimate the first

factor, we start by recalling the following boundedness property for (‘,V’T , which is the two-dimensional

counterpart of [10, Eq. (4.26)] and can be proved using trace inequalities: For all r € H?(T),
WLy 77wz < lIrllzzery + brirlas oy + BFrlazer)- (76)
Assuming that we can prove, forall 7 € 7, and all r € wi, that

1 -2 k k+1 2
ST (KT’KT) & < hy ”uw,TPV[;r,TKT _KT”lw,T’ (77
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we can then write

1/2

st (Iyy 7 rotw, Iy, 7 Tot w) W2 Ly, 7 (Py Y Iy 7 ot w —rot w)lw 7

(76 2||Pk+1 Ik w. Yot w — ot wll 2(7)
+h; 1|Pk+1 Iy, w. TOtW = 1Ot W1 (1)
+ hT|Pk+1 I w. TOtW — 1ot W2 (1)
< Wit rot wlgre 7y,
where we have used the approximation properties of P"‘Jr (which are the two-dimensional counterpart
of [10, Eq. (6.2)]) to conclude. This estimate leads to

1Ts] < hk+1| 1“Otle"‘JrQ(?;,)“KTHrotrot,h- (78)

It only remains to prove (77). Expanding st (7, ;) according to its definition (58), we have

=211,k k+1 - k+1 k+1
st(rgorp) = hilah 2 (P Yy =)o + A Y IPE ey = PR er el )
Ec&r

2 k+1 2
Pl 7 (P =)y

1 § k-1 pk+1 k 1 pk+1
+h || PWT T P _E ”L2(E)
EcéEr %,—/

whit Y he Y (PR () - PR re(x,))?

Eecér veVi —/—/

(41)
= rV

-2 k+1 2
20y 7 Pw ey = rrliy 7

where the conclusion follows using mesh regularity to write A, 'hg < 1andnoticing that " c&p Dvey Ay =
2 Y ey @, for all families (@), eqy € RV for the last term This concludes the proof of (77).

(iv) Conclusion. Plugging (74), (75), and (78) into (73) yields the conclusion. O

5.4.2 Proof of Theorem 17

Proof of Theorem 17. We use the abstract framework of [9]. The consistency error is

& ((w,p); (v),,4,)) = u(f,v) = An (g 0, 1Y, ,p)s (v,,54,)

Sk k Sk (79)
= Srot rot,h (u ) Zh) + 8grad,h (P; Kh) + Sgrad,h (u ) Zh)’

where we have used the fact that f = (rot rot)2u + grad p almost everywhere in € and introduced the
primal and adjoint gradient error linear forms 8§ra 4 MIZDE ;’Z’O — R and 8§ra an (U ) Zi,o - R

such that, for all (v,,, ¢ ) € ): o X V’;l 0

Sgrad’h(P§Kh) = Z /gradp Z‘.TvT bh(Kh’ll\c/,hp),
T <7

ggrad’h(u;gh) = Z /dwu P"‘,‘LTq +bh(12 W q, ).

T €Ty,
h -0
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Using arguments analogous to the ones of [10, Corollary 2 and Theorem 9], it can be proved that

k k+1
1Egead.n (P32)1 S AP gz oy vy e s

_ (80)
|Egrad.n (#34,)1 $ W Ul g2 .50 1G4, Nz n-
Plugging (72) with w = u and (80) into (79) and recalling (62), we obtain
5 (. p)s (2 g D S W (N @) + [0l g0, + IPlios o)) 100, s
Recalling [9, Theorem 10] concludes the proof. O
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Figure 1: Convergence of the error components for the numerical test of Section 5.2 on the Cartesian
orthogonal mesh family.
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Discretespace‘ k=0 k=1 k=2 k=3 k=4
Triangle, nr = 3

HY(T) (head) 336 Te610 121015 181521 252128

H(rotrot;T) 6°6°6 151413 2692323 393435 544749

HY(T) (tail) 4edet 0¢9e¢10 151515 222221 303028
Quadrangle, nr =4

HY(T) (head) 4e4e8 9e8e13 151219 221726 302334

H(rot rot; T) 8e8e8 191817 322929 474143 645559

HY(T) (tail) 558 111113 181819 262626 353534
Pentagon, n =5

HY(T) (head) | 5510 11+10+16 18+1523 26+20+31 35+26+40

H(rotrot;T) | 1021010 232221 383535 5594951 746469

HY(T) (tail) 62610 1321316 212123 303031 40°+40°40
Hexagon, nr = 6

HY(T) (head) | 626212 1312219 2121827 3024236 403046

H(rotrot;T) | 121212 272625 444141 6325759 847479

HY(T) (tail) TeTel2 151519 242427 343436 4545446

Table 1: Number of DOFs for the full ¢ serendipity ¢ virtual [22] (with k shifted by —2) discrete
counterparts of the spaces H'(T) (head of the complex), H (rot rot; T), and H'(T) (tail of the complex)
on a triangle, quadrangle, pentagon, and hexagon element 7 for polynomial degrees k ranging from O to
4. The relative DOFs reduction is in parenthesis. The parameter 7 is defined in Section 3.6. The cases
in which the serendipity DDR space is smaller (resp. smaller or equal) than the other two are highlighted

in dark gray (resp. light gray).
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