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Maxwell stress-induced flow control of a free surface
electro-osmotic flow in a rectangular microchannel

Manik Mayur - Sakir Amiroudine -
Didier Lasseux - Suman Chakraborty

Abstract Multiphase flow control is a challenging task in
microfluidic systems. Application of such ideas in electro-
osmotic actuation of multiphase flows, which involves a
complex convolution of phenomena ranging from electro-
chemistry to hydrodynamics, is even more tricky. Most of
the existing studies in the field have limited their scope to
the thin electric double layer (EDL) limit, where the role of
ionic space charge distribution in the EDL is simplified to
provide a slip velocity boundary condition at the substrate,
and the role of the fluid—fluid interface is limited to con-
tinuity of velocity and hydrodynamic shear stress. In this
study, electro-osmotic flow of two immiscible fluids, an
electrolytic solution and an inert gas, are studied in a
rectangular microchannel and the role of interfacial
potential and Maxwell stress-generated dynamics is
explored in a wide range of EDL thicknesses. A net stress
term is used in the transport equations which includes the
electric effects by Maxwell stress as well as the hydrody-
namic stress. It is observed that the free surface, depending
upon its potential may enhance the fluid velocity or act as a
rigid wall. With the help of two-dimensional velocity
contour plots, the role of various flow parameters on flow
profile is discussed. Further, a parametric analysis of flow
rate gives interesting insights into the flow rate reversal and
control in such microfluidic devices.
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1 Introduction

Electro-osmotic flows have a characteristic advantage over
classical pressure-driven flows such as, uniform and non-
dispersive velocity profile, easier flow control, no physical
moving parts etc. However, the flow rates achieved in
microdevices are limited by the device geometry through
micro-fabrication constraints and magnitude of the actuating
field. In addition, electro-osmotic transport induces flow rate
fluctuations due to localized changes in the ionic concen-
trations and pH. To have a better control over such a flow,
one must have a better understanding of convoluted
dependence of flow parameters on the fluid, substrate and the
electric field interactions. Over the past few years, rigorous
studies have attempted to delineate the detailed physics of
single and multiphase systems which include various ranges
of ionic concentration, dielectric properties along with
constant and modulated electric fields (Ramos 2011; Chang
et al. 2012; Lin 2009). Most of the previous studies have
limited their scope to thin EDL where the role of space
charge distribution in EDL is limited to provide a slip
velocity in the bulk dynamics. However, when the extent of
such a space charge distribution is significant as compared to
the characteristic length scales, there is a significant alter-
ation in the velocity distribution (Bhattacharyya et al. 2005).
Also, the behavior of such a system when it encounters a
material discontinuity in the form of a charge storing inter-
face is still under-explored. Specially, the behavior of air—
liquid interface and the associated surface charge is not
clearly understood and various models explaining the same
are available in the literature (Levin et al. 2009). The



Microfluid Nanofluid (2014) 16:721-728

existence of air-liquid interfacial flows in confined micro-
scale geometries is commonly observed in a wide range of
applied systems such as liquid—gas displacement in porous
structures (Churaev 2000), microstructure controlled wet-
tability (Lotus effect) (Marmur 2004), controlled biological
cell growth systems (Bose et al. 2012), air bubbles trapped in
micro-capillaries (Schoch et al. 2008) etc. The recent study
of two-phase electro-osmotic systems such as air—water
systems has highlighted the role of interfacial charges on the
velocity profile (Gao et al. 2005a, b) such as different
interfacial and bulk velocities, a feature that is unexpected in
aclassical EOF. Such a highly dispersive velocity profile can
affect the species transport (Griffiths and Nilson 2006) using
EOF. In addition to electro-chemical properties of the sys-
tem, which determine the liquid—gas and liquid—solid
interfacial zeta potentials and charge distribution, the role of
confining walls on the velocity distribution cannot be
ignored. The common approach of two-dimensional EOF
models predicts the velocity profiles by ignoring the con-
finement effects which are useful when channel aspect ratios
are significantly larger than the EDL thickness. However,
due to various micro-fabrication limitations and practical
aspects of microfluidic devices, large aspect ratio micro-
channels are not very common. This requires a three-
dimensional analysis of the flow to understand the flow
profiles especially when the channel dimensions are com-
parable to the EDL thickness. In the present study, electro-
osmotic flow of two immiscible fluids with a flat interface is
studied in a rectangular microchannel and the role of inter-
facial potential and Maxwell stress-generated dynamics is
explored. Such a system represents basic state of a gen-
eralized stability analysis problem which is important for
flow control and mixing in microdevices. The two-fluid
system consists of an inert gas that, due to viscosity and
permittivity contrasts with underlying liquid, is considered
to remain at constant pressure and an electrolytic solution
which is actuated electro-osmotically. Such a system high-
lights the role of interfacial Maxwell stress-generated
dynamics on a free surface where the classical condition is
limited to the continuity of shear stress. Such flows have also
found many applications in microfluidic devices such as
biological cell culture experiments (Bose et al. 2012). A net
stress term is used in the equations which includes the
electric effects by Maxwell stress as well as the hydrody-
namic stress. This approach is different from the classical
approach of using an electrical body force term in the
momentum equations and facilitates the demonstration that
stress jump condition on an interface is not limited to the
classical condition on the net hydrodynamic shear stress for
a flat interface (Lee and Li 2006; Choi et al. 2010; Mayur
etal. 2012; Ozen et al. 2006). The interfacial potential can be
attributed to the electro-chemistry of the interacting system.
The electrostatic potential distribution is obtained by solving

the linearized Poisson—-Boltzmann equation for low zeta
potential systems while assuming that the external field does
not affect the space charge distribution in the fluid. The fluid
velocity is obtained from the Stokes equation while using the
mentioned modified stress term. The flow rate variation for
the system is studied for a wide range of parameters
exhibiting interesting phenomena like flow rate enhance-
ment and reversal in such systems.

2 Mathematical modelling

The system under consideration consists of two fluids
having a planar interface in a microchannel with a rect-
angular cross section. A Cartesian coordinate system is
chosen to describe the channel geometry where the origin
is set at the intersection of the bottom wall and the trans-
verse line of symmetry (see Fig. 1). The width of the
channel is taken as 2/. The height of the bottom fluid (Fluid
1) is taken as & and the top fluid is taken as /,. The bottom
fluid is considered to be a low-concentration symmetrical
electrolytic solution with constant permittivity (¢;). The top
fluid (Fluid 2) is considered to be a low permittivity
(&2 ~ 1), low viscosity (¢, ~0) and inert gas phase that
remains hence unaffected by the flow and is kept at con-
stant pressure. Henceforth, only the dynamics of Fluid 1
will be explored. Electrical double layers form at the
interface between the electrolyte and the bounding walls as
well as at the liquid—gas interface. All the interfaces with
the electrolytic solution develop zeta potentials, the mag-
nitude of which depends upon the electro-chemistry of
liquid—gas and solid-liquid interactions. The bottom wall
zeta potential is taken as (j,, the side wall zeta potential is

& /Q/)@Q

e

& =z

21

Fig. 1 Schematic representation of the system. Fluid 1 is an ionic
solution with constant properties. Fluid 2 is a low permittivity, low
viscosity inert gas at a constant pressure
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taken as (;and the liquid—gas interfacial zeta potential is
taken as {;. It is assumed that the external electric field has
no effect on the substrate and interfacial zeta potentials.
The bounding walls are considered to be rigid and a con-
stant electric field is applied along the channel length (x-
direction). Due to the symmetry of the system along z = O,
the governing equations will be solved for 0 < z <[ and
0<y<=<h.

2.1 Electrostatic potential distribution

The electrostatic potential distribution in Fluid 1 due to the
space charge distribution (¢, ) can be expressed by Gauss
law as,

-V- (616%50) =p, = ZeziCi (1)

where p, is the net charge density, e is the electronic
charge, z; is the valence of the ions, Cj is the ionic
concentration of the ith ionic species and ¢; is the
permittivity of fluid 1. The charge transport equation in
fluid 1 can be modeled using the Poisson—Nernst—Planck
equation as,

¢ = =

5 TV (@G)=V (Dﬁq) | e

kg0

V. (Dici€¢l7sc)
(2)

where i; is the convective velocity field of fluid 1, D; is the
diffusivity of the ith ionic species, kg is the Boltzmann
constant and 6 is the liquid temperature. In constricted
geometries having the characteristic length scales of the
order of micro and nanometers along with a weaker
advective transport in a viscosity dominated regime, the
ionic Peclet number is low regardless of small ionic
diffusivity (D; ~ 10~ m/s?). In such cases, the advective
transport of ionic species can be neglected as compared to
the diffusive transport. Along with a steady flow
assumption, the resulting quasi-equilibrium system gives
from Eq. (2) a Boltzmann distribution of ionic species in
the solution as,

Zie(i) sc
G = C(),i exp <— Tg) (3)

where Cy; is the bulk concentration of ith ionic species.
Considering the electrolyte to be symmetrical (|z.|=
|z—| = z0) with constant permittivity, one can obtain the
classical Poisson—Boltzmann equation (PBE) from Egs. (1)
and (3) as,

(4)

20ed 4
8V o = ZZOeCOSinh< e, )

kg0

Upon using the scaling parameters as, X =x/D;,Y =
y/Dh,Z:Z/Dh,(Dl,sc = d)l,sc/va where Dy, :4lh1/(l+h1)
is the hydraulic diameter of an open rectangular duct, and
using Debye—Huckel linearization for small wall potentials
(~25 mV), the governing equation for the electrostatic
potential distribution in the EDL can be obtained as,

62(Dl,sc az(Dl,sc o (Dl,sc (5)
oy? 0Z2  De?

where, De = 1p /D), is the Debye number which represents
the relative extent of the EDL as compared to the
geometric length scale with Ap = \/ekg0/(2pyz2€?). The
electrostatic potential distribution satisfies the following
boundary conditions,

6(I)l sc 7
’ Y = ® sc Ya L)= Cp)
oz ( 70) O_v 1, ( ) C i
(DI.SC(07 Z) = Cb, q)l,sc(Hlvz) = Cl (6)

where L =1/Dy,Hy = h/Dy,{ = (/8,0 =1 and {=
{1/Cp. The solution of Egs. (5) and (6) can be obtained by
separation of variables as,

21y {f,smh(, / 1/De2+/:ﬁ,y> +Gsinh ( 4/ 1/De2+;.3,(m4))}0»(;.,,,@

Li,Sinh 1/D€2 i Hy >

R

M2

m=1

q)].sc(YvZ) =

ikl

o 2(1+(4)"")&mh( 1/De2+;.f,z>sm(;.,,y)
+2
n=1 Hy ;,,,smh< l/Dez+;.§L>

:

(7)

where 4,, = (2m — 1)n/(2L) and A4, = nn/H,. The electric
potential due to the external field can be calculated as,

Qrapp(X) =— [ —/—dX =—— (8)
where Ex = (, / E.ppDy, is the ratio of the electric potential
due to charge polarization in the electrolyte over the

electric potential due to the externally applied electric field.
Hence, the net electric potential field in the fluid 1 is

DO1(X,Y,Z) = Dy app(X) + D1 5(Y,2) 9)

2.2 Velocity distribution

Since fluid 2 is considered to be a low permittivity, low
viscosity inert gas at a constant pressure, it can be con-

sidered at rest, i.e. Ui, = 0. The external electric field along
with the presence of space charge distribution in fluid 1
generates a Maxwell stress distribution in the fluid, which
in the absence of magnetic field can be expressed as,

2
alE|

v [+ E®E (10)

[\
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The Maxwell stress along with the hydrodynamic stress
results into a net stress distribution in the fluid which can

be expressed as,
=3t M

2
&1 ’ E ‘ T
1

——|p+ 1+u1(§’71+5’7 )+sli’®f

(11)

where, X7 is the total stress tensor, p; is the hydrostatic

—

pressure field in the liquid, w,is the dynamic viscosity, I is

the unit tensor and E = —ﬁqbl is the total electric field in
the fluid. For a Newtonian fluid under incompressible flow,

At the liquid—gas interface (y = h,)

[7-x".5] =0, [@-="-7]=0 (13b)
At the symmetry plane (z = 0):

ou, =

=0 13
0z (13¢)

The flow is considered to be laminar (#; = (u1,0,0)),
steady and fully developed (u; = u1(y,z)) and no external
pressure gradient is applied. Upon rescaling the velocity as
U, = u1 /Uy, the governing equation reduces to,

o°U; N cu (P N G
oz~ x oz

oY? oY?
where, yp = (leappCb)/(,ulUref) is the electro-viscous

(14)

the conservation of mass and momentum equations can be | umber. The corresponding  dimensionless boundary
written, respectively, as, conditions are
V.w =0 (12a) ,
U= a ou o
. U1(0.2) =0, o (H1.2) = 15y (H1,2),
u = = =
o 1+<7 'V)W =v.z! U, 13)
P ! 1= Ui(Y.L) =0, H(1.0)=0,
— —Vpi+ V2T V2 - -
=Vt uViur+ Ve The solution to the Egs. (14) and (15) can be obtained by
(12b)  using separation of variables as,
o 2(=1)" g [E,Sinh(, /1/De* + iiY) + {,Sinh( 1/ 1/De? + 2% (H, — Y))] Cos(AnZ)
Ul (Yv Z) = Z

=1 Loy Sinh( \/Yp2 + 1an,>
L2 (1 + (—1)”*1)yRZSCOsh (\ /1/De? + zﬁz) Sin(/,Y)

n=1 H,},Cosh (\ [Vpe2 + A,EL)

2. 2(=1)"yrlyCosh(m(Hy — Y))Cos(AnZ)
* Z LA,,Cosh(,H)

% 2(1 + (—1)’H)yRZSCosh(A,lZ)Sin(inY)
H,,Cosh(/,L)

n=1

While assuming no-slip and no-penetration at the walls
and continuity of stress at the liquid—gas interface for a
flat interface, the resulting boundary conditions can be
written as,

Atthe walls (y=0,z=10):d,-A=0, @ -1=0 (13a)

The corresponding flow rate in the rectangular channel
can be obtained by,

L H,

0 =2 U, (Y,Z)dYdZ (17)
/]
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Fig. 2 Velocity profiles for
cases with and without
interfacial Maxwell stress at the
symmetry axis of the channel
(Z = 0). The case without
Maxwell stress was taken from
a study by Gao et al. (2005a, b).
The values of fixed parameters
are Y = 1, {,=1,{=0,and
a De =0.01, b De =0.1. The |
free surface is at Y = H, 0.2
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3 Results and discussions

Using a modified stress term which includes the effects of
both hydrodynamic- and electric field-generated stresses,
one obtains a body force term in the momentum equations
and a modified free surface shear stress jump condition. To
observe the effect of Maxwell stress in a free surface
electro-osmotic flow, a comparison of velocity profiles
with and without modified stress term is presented where
the case without interfacial Maxwell stress is taken from
Gao et al. (2005a, b) (see Fig. 2). The classical hydrody-
namic stress-free condition at the free surface enforces a
zero velocity gradient in the direction normal to the free
surface. It can be seen that the presence of interfacial
Maxwell stress significantly affects the velocity distribu-
tion in the fluid. This can result into a dispersive flow
which is not observed in a classical EOF. It can also be
observed that the effect of Maxwell stress on velocity
distribution is greatly enhanced when the channel aspect
ratio (H,/2L) is small and the EDL thickness is compa-
rable to the characteristic length scale.

From the velocity solution as obtained in Eq. (16), it can
be seen that the fluid velocity distribution is directly pro-
portional to the electro-viscous number, yr which repre-
sents the ratio of externally applied coulombic forces to the
viscous forces. This expected dependence is also evident in
classical electro-osmotic flow models where the effect of
EDL dynamics is simplified by using a Helmholtz—
Smoluchowsky slip velocity (Uns = —&1{,Eapp / ). How-
ever, the dependence of fluid velocity on other flow
parameters like EDL thickness, wall and interfacial zeta
potential and channel geometry is not obvious. The role of
each individual parameter on the velocity distribution in the
rectangular channel is discussed below.

3.1 Effect of EDL thickness
The thickness of EDL is usually expressed as the Debye

length (/p) as compared to the flow length scale which in
this study is the hydraulic diameter (D;) represented by the

Gaoet. al. (H,/2L=1/2)
(] Present study (H,/2L=1/2) +
° Present Study (H,/2L=1/10) 0.2

(b) 1p

0.8

YH,

—H8—— Gaoet. al. (H/2L=1/2)
—©6— Gaoet. al. (H,/2L=1/10)
—A—— Present Study (H,/2L=1/10)
—&—— Present Study (H,/2L=1/2)

041

Debye number (De). The extent of the EDL defines the
extent of electrical field-generated body force on the fluid.
When the EDL is thin, the charge polarization occurs over
a short distance and hence results into very high velocity
gradients. This results into large values of the velocity as
compared to the case of a thicker EDL where the velocity
gradients are smaller. The above observation is evident
from Fig. 3 where velocity contours are presented for two
different values of the Debye number, namely 0.1 and 0.01
where values of channel aspect ratio, electric field strength,
and wall and interfacial zeta potential are fixed.

3.2 Effect of the channel aspect ratio

The channel aspect ratio (H; /2L) determines the effect of
channel confinement on the flow characteristics. As com-
pared to the EDL thickness which is determined by the
electro-chemistry of the system, the channel geometry is
controlled by the limitations of the manufacturing process
involved and the physical properties of the material used.
From Fig. 4, it is seen that the channel aspect ratio controls
the effect of side wall-generated flow on the overall
velocity distribution and in some cases on the centerline
velocity profile. If the channel aspect ratio is small, the side
wall-generated dynamics have a strong effect on the overall
velocity profile, whereas if the channel has a larger aspect
ratio, the dynamics at the top and bottom boundaries
dominate the flow profile. In Fig. 4, the Debye number is
taken as 0.1 so that the side wall-generated EOF is more
apparent.

3.3 Effect of wall and interfacial zeta potential

The magnitude and polarity of wall and interfacial zeta
potential dictate the dominating polarity of charge dis-
tribution near the wall or the interface over which the
fluid actuating electric field acts. From the Helmholtz—
Smoluchowsky relation, one can see that for a positive
value of the electric field, the direction of the near wall
velocity is opposite to that of the wall zeta potential (see
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Fig. 3 Velocity contours in the

Y-Z plane for different

Debye numbers where

YR = 17 C.\ = _17 CI: 17
H,/2L =1, and a De = 0.1,
b De = 0.01. Solid lines show
positive velocity and dashed
lines show negative velocity
values. The free surface is at
Y=H,

Fig. 4 Velocity contours in the
Y-Z plane for different aspect
ratios where De = 0.1, y; =

17 C_: = _17 Z[ = _17 and a
H\/2L=1,b H,/2L=1/3.
Solid lines show positive
velocity and dashed lines show
negative velocity values. The
free surface is at Y = H;

Z/L

Figs. 4a, 5a). However, the direction of the interfacial
velocity follows that of the polarity of the interfacial zeta
potential. This interesting observation can be attributed
to the basic structure of the EDL where the ions con-
tributing to the zeta potential of the substrate are
strongly bonded to the surface. For a rigid and sta-
tionary substrate, this layer of immobile ions is fol-
lowed by a layer of mobile oppositely charged ions.
For example, if the surface has a negative zeta poten-
tial, the mobile ionic layer will be positively charged
and under a positive electric field will produce a
positive velocity. If the surface is positively charged,
the mobile ionic layer will be negatively charged and
will produce a negative velocity field under a positive
electric field. However, at the interface, there is no
rigid and immobile layer of ions and hence the velocity
direction is the same as the polarity of the interfacial
potential under a positive electric field. This observa-
tion is evident in all the velocity field plots. From
Fig. 5b, one can see that the polarity of the interfacial
potential has a strong influence on the centerline
velocity profile and can be controlled to produce
desired flow rates in microdevices.

3.4 Flow rate

The net flow rate variation over a range of De manifests
various regimes observed in such systems (see Fig. 6). It is
remarkable to observe that upon changing the Debye
length, which is a function of the salt concentration of the
system, one can enhance, diminish, or in some cases,
reverse the flow rate in microdevices. The flow reversal
observed can be attributed to the combined effects of
interfacial zeta potential ¢ ;) and Debye length. It can be
seen from Fig. 3 that a positive {; induces a positive
interfacial velocity. However, the strength of the extent of
this positive velocity in the bulk is delimited by the Debye
length, which represents the extent of the polarized cloud
of mobile ions. Moreover, for large Debye lengths
(De >0.1), the positive velocity induced by a positively
charged free surface has greater influence over bulk
dynamics as compared to the electro-osmotic velocities
induced near the walls. This is also evident from Fig. 6a
where for a positive {; and sufficiently large Debye length
(De>0.4), the flow rate is positive irrespective of the
polarity of the side walls. It is also observed that the
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Fig. 5 a Velocity contours on
the Y-Z plane where De =

0.1, TR = 1, é: =1, Cl =
—1,andH, /2L = 1/2.

b Centerline velocity profile (at
Z = 0) where De = 0.1, y, = 1,
¢ =1,and H, /2L = 12 for
different values of {;

(a) 1

Fig. 6 Dimensionless flow rate
variation with a Debye number,
De for a fixed aspect ratio,
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asymptotic nature of the flow rate dependence helps to
identify the regions of maximum and minimum variation of
the magnitude of flow rate. This asymptotic variation of
flow rate can be attributed to the two prominent opposing
mechanisms viz. electro-osmotic actuation and viscous
dissipation due to the wall confinements. Such a study
helps to control the fluctuations in the electro-osmotically
generated flow rates which occur due to the changes in
ionic concentrations and pH variations which further cul-
minates into Debye length or zeta potential variations.
From Fig. 6b, it is observed that a reversed polarity of
interfacial zeta potential has little effect on the flow rate
variation when the Debye layer is thin (De = 0.01).
However, the reversed polarity of side wall zeta potential
changes the flow rate significantly for thin Debye layers
(see Fig. 6a). The thin Debye layer case is special as it is
the most commonly observed phenomena in experimental
microfluidics. Moreover, recent advances allow specific
treatment of channel walls to alter their electro-chemical
properties, so that one can modulate the substrate zeta

Tr

potential to overcome the limitations posed on flow rate by
channel geometry through micro-fabrication constraints or
the magnitude of the actuating field.

4 Conclusions

The solution of a free surface EOF in a microchannel of
rectangular cross section was achieved analytically by
taking into account a complete expression of the boundary
condition at the free surface that includes the Maxwell
stress at this interface. A parametric analysis of the flow in
terms of the EDL thickness, channel aspect ratio and dif-
ferent fluid—fluid and solid—fluid interfacial zeta potential
was carried out. With the help of two-dimensional velocity
contours, it has been shown that the bounding walls have a
significant effect on the velocity distribution in a rectan-
gular microchannel. The flow-controlling parameters in an
EOF are not only the electro-chemical properties of the
involved fluid and electrolytes which control the EDL
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thickness and wall and interfacial zeta potentials but also
the geometry of the channel through the channel aspect
ratio. Moreover, it is observed that by carefully controlling
the fluid electro-chemistry for a given geometry of the
system and a fixed magnitude of the actuating field, one
can enhance or reverse the flow rate. This study also helps
to identify the flow control parameters for which the fluc-
tuations in flow rate due to the change in ionic concen-
tration and pH are very low, so that one can achieve the
desired flow rate and velocity distribution in a microdevice.
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