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An original short proof of the Fermat last conjecture

Ikorong Annouk
Research In Pure Mathematics.
ikorong@gmail.com

Abstract. The Fermat last conjecture (see [1] or [2]) states that when n is an integer > 3, the equation ™ + y™ = 2" has
no non-zero integer solutions for z, y and z (in other words, no three integers of the form x > 1, y > 1 and z > 1 can satisfy the
equation ™ + y™ = 2™, where n is an integer > 3). The first proof of the Fermat last conjecture was given by Wiles (see [1]) in
an article of at least 105 pages long. Now, in this paper, we give the direct short proof of the Fermat last conjecture by using
the immediate reformulation of this conjecture coupled with simple calculus on complex numbers (see [2] for simple calculus on
complex numbers), trivial computation, and by reducing the Fermat last conjecture into an equation of three unknowns via the
reasoning by reduction to absurd . This new proof is direct, short, very simple, and is different from the first one given in [1]. In
addition, this proof clearly shows that the Fermat last conjecture seemed extremely difficult because the parameters used to attack
this conjecture were not appropriate for such a discrete conjecture.

Keywords. fermat, fermatian, complex numbers, tackle.
AMS Classification 2000: 05zz and 1lzx.

Prologue. In Section.1l, we introduce definitions that are not standard and using these definitions,
we give the immediate reformulation of the Fermat last conjecture. Curiously, this immediate refor-
mulation is crucial for the direct proof of the Fermat last conjecture. In Section.2, we prove properties
linked to simple calculus on complex numbers and computation; and we reduce the Fermat last con-
jecture into an equation of three unknowns [in Section.2, we let one Proposition unproved and we
will prove this Proposition in Section.2’ (Epilogue)]. In Section.3, using the immediate reformulation
of the Fermat last conjecture given in Section.1l and some properties of Section.2, we give the direct
proof of the Fermat last conjecture . In Section.2’ (Epilogue), we end this paper by proving the only
Proposition we let unproved in Section.2.

1 Non-standard definitions, simple properties, and the immediate reformulation of the
Fermat last conjecture

Definition 1.0. We say that e is fermat, if e is an integer > 3 and if the equation z° 4+ ¢y = 2° has
no solution in integers > 1 [ notice (by using the previous Definition) that the Fermat last conjecture

asserts that every integer e > 3 is fermat }
Example 1.0.0. It is known many years ago that ife =3 orife=4 orife=5orife="06 orife =71,
then e is fermat; moreover, it is also known many years ago that if n = 3k [where k is an integer > 1],
then n is fermat .

That being so, let us define:

Definition 1.1. We say that e is fermatian, if e is an integer > 3 and if every integer v with 3 < v <e
is fermat [use Definition 1.0 for the meaning of fermat]; in other words, e is fermatian if e is an integer
> 3 and v is an integer of the form 3 < v < e implies that v is fermat [use Definition 1.0 for the
meaning of fermat]; in other terms again, e is fermatian, if e is an integer > 3 and if for every integer
v with 3 < v < e, the equation z¥ + y¥ = 2* has no solution in integers > 1.

Using the definition of fermatian [use Definition 1.1], then the following remarks are trivial.

Remark 1.1.0. 7 is fermatian. Proof. Indeed observe that every v € {3,4,5,6,7} is fermat [use Example 1.0.0 of
Definition 1.0]; so 7 is an integer > 3 and every integer v with 3 < v < 7 is fermat; therefore 7 is fermatian.O

Remark 1.1.1. If n+ 1 is fermatian and if ' is an integer of the form 3 < ' < n + 1, then 2’
s also fermatian. Proof. Immediate and is a trivial consequence of the definition of fermatian [use Definition 1.1 for the
meaning of fermatian]. D

Remark 1.1.2. If 2<n< 6, then n+1 is fermaticm. Proof. Immediate and is a trivial consequence of Remark
1.1.0 and Remark 1.1.1. O

Remark 1.1.3. If n is fermatian and n+1 = 0mod 3], then n+ 1 is fermalian. Proof. Clearly

n + lis fermat
[observe that n + 1 = 0mod[3] and use Example 1.0.0] and clearly

n + 1is fermatian



[observe that n + 1 is fermat (use the previous) and on notice (via the hypotheses) that n is fermatian; so n 4+ 1 isfermatian (use
the preceding and the meaning of fermatian introduced in Definition 1.1)]. O

Note that fermatian implies fermat; so there is no confusion between fermatian and fermat. Having
defined fermat and fermatian, then it comes:

Definitions 1.2. For every integer n > 3, we define W(n), wp, W(n + 1) and w1 as follows:
W(n) = {z;2 < x < n, andz is fermatian}, and w, = 2 max . Using the definitions of W(n) and

zEW(n)
wy, then it becomes trivial to deduce that for every integer n > 2, we clearly have
Wn+1) = {z;2 < z < n+ 1, andzis fermatian}, and wypy1 = 2 max z [It is immediate that

TEW(n+1)
W(n) C W(n + 1) for every integer n > 3, and therefore w, < w1 for every integer n > 3].
We will use wy11 to give the immediate reformulation of the Fermat last conjecture, from which
this conjecture will implicitly follow. Now using the definition of (W(n + 1), w,+1) [see Definitions
1.2], then we have the following simple Proposition.

Proposition 1.3. Let n be an integer > 2. We have the following seven properties.
(1.3.0.) wp4q is even and wpt1 < 2n + 2.

(1.3.1.) wpy1 =2n+2, if and only if, n+1is fermatian( in other words, wpy1 # 2n + 2, if and

only if, n+1 s not fermatian).
(1.3.2.) Ifn >3, then w, < wpy1.
(1.3.3.) If w1 < 2n+ 2, then n+ 1 is not fermatian.
(1.34.) If3<e<n+1 andif n+ 1 is fermatian, then e is fermatian.
(1.3.5) (An implicit using of the Fermat last conjecture). If wpi1 < 2n+2, then n+1 is not fermatian;
therefore, there exists an integer e such that 3 < e <n-+1 and the equation x°+ y°® = 2° has non-zero
integer solutions for x and y and z.
(1.3.6) (An explicit using of the Fermat last conjecture). If wypr1 = 2n+ 2, then n+ 1 is fermatian;
therefore, for every integer e such that 3 < e < m+ 1, the equation x° + y© = 2° has no non-zero
integer solutions for x and y and z. Proof. Properties (1.3.0) and (1.3.1) are immediate [it suffices to use the definition
of wp+1 and the definition of fermatian]. Property (1.3.2) is trivial [it suffices to use the definition of wy41 via the definition
of wy]; and property (1.3.3) is immediate [indeed observe that wp4+1 # 2n + 2 and use property (1.3.1)]. Property (1.3.4) is a
trivial consequence of Remark 1.1.1 of Definition 1.1. Now using the definition of fermatian [see Definition 1.1] and the definition
of wp41 [see Definitions 1.2], then it becomes immediate to see that property (1.3.5) is only the trivial reformulation of property
(1.3.3). Using again the definition of fermatian [use Definition 1.1] and the definition of wy 41 [use Definitions 1.2], then it becomes
immediate to see that property (1.3.6) is clearly the contrary of property (1.3.5).0

Now the following Theorem is the immediate reformulation of the Fermat last conjecture.

Theorem 1.4. (The immediate reformulation of the Fermat last conjecture). The following are
equivalent.

(1) The Fermat last conjecture is true [i.e. no three integers of the form z > 1, y > 1 and z > 1
can satisfy the equation ™ + y™ = 2", where n is an integer > 3].

(2) Every integer n > 3 is fermat.

(3)  For every integer n" > 3 and for every integer n' such that 3 < n' < n”, the equation
" +y" = 2" has no non-zero integer solutions for z, y and z.

(4) For every integer n > 2, n+ 1 is fermatian.

(5) For every integer n > 2, we have w41 = 2n + 2.

Proof. (1) = (2)]. Immediate [it suffices to use the definition of the Fermat last conjecture and the definition of fermat (use
Definition 1.0 for the meaning of fermat)]; (2) = (3)]. Immediate [it suffices to use the definition of fermat (see Definition 1.0)];
(3) = (4)]. Immediate [indeed observe that property (3) is an obvious reformulation of property (4) via the definition of fermatian

(see Definition 1.1 for the meaning of fermatian)]; (4) = (5)]. Immediate [indeed, it suffices to use the defintion of fermatian (use
Definition 1.1) and the definition of w,+1 (use Definitions 1.2)]; (5) = (1)]. Immediate [indeed

if for everyinteger n > 2, we havewn4+1 = 2n + 2 (1.0),
then clearly
for every integer n > 2, n+ 1 is fermatian (1.1),
( use (1.0) and the definition of wy, 41 ) So
every integer n > 31is fermatian (1.2)
( use (1.1) ) It is trivial [by using the definition of fermatian] that (1.2) clearly implies that

every integer n > 3 is fermat (1.8).



Now using the definition of fermat [see Definition 1.0], then it becomes trivial to deduce that (1.3) clearly says that the Fermat
last conjecture is true]. O

Theorem 1.4 is the immediate reformulation of the Fermat last conjecture; curiously, this trivial
Theorem is not related to all the investigations that have been done on the Fermat last conjecture
in the past (see [1]). Indeed, Theorem 1.4 clearly says that: if for every integer n > 2, we have
Wp+1 = 2n + 2, then the Fermat last conjecture immediately follows. This is what we will do, by
using only elementary combinatorics, simple calculus on complex numbers, trivial computation and
the reasoning by reduction to absurd via the reduction of the Fermat last conjecture into an equation
of three unknowns. Before, we need the following remark.

Remark 1.5.Let n be an integer > 3; consider W(n + 1) and wyy1 (use Definitions 1.2). We have
the following four properties.

(15.0.) 8 < wpi1 < 2n+2.

(1.51.) If3<n<6 then w1 =2n+2.

(1.52.) If wpi1 #2n+ 2, then: n > 6 and wpt1 = wy.

(1.5.3) (An implicit using of the Fermat last conjecture). If wni1 # 2n+ 2, then: n > 6 and
Wn41 = Wy, therefore there exists an integer e such that 3 < e < n+1 and the equation x° + y°® = 2°¢

has non-zero integer solutions for x and y and z. Proof. (1.5.0).4 is fermatian [ use Remark 1.1.2 of Definition

1.1] and 4 = (34 1), so 4 € W(n + 1) and therefore, wy41 > 8. It is trivial that wyp41 < 2n 42 [ use the definition of wn+1].

Now using the previous two inequalities, then it becomes immediate to deduce that 8 < w,41 < 2n + 2. Property (1.5.0) follows.
(1.5.1).If 3 < n < 6, then
n + 1is fermatian (1.4)

[use Remark 1.1.2 of Definition 1.1] and therefore wp4+1 = 2n + 2 [use (1.4) use the meaning of wy, 1 given in Definitions 1.2].
(1.5.2). Indeed, if wp41 # 2n + 2, clearly n > 6 [ use property (1.5.1)], and clearly

n+1gW(mn+1) (1.5)

[ use the meaning of W(n + 1) given in Definitions 1.2 and the fact that wp41 # 2n + 2]; consequently
W(n+1) = W(n) (1.6)

[ use (1.5) ] Now using (1.6), then it becomes trivial to deduce that wy,4+1 = wy; property (1.5.2) follows.
(1.5.3). Indeed using the meaning of wp4+1 and wy, [ use Definitions 1.2], then it becomes immediate to see that property (1.5.3)
is only the trivial reformulation of property (1.5.2). Remark 1.5 immediately follows. O

Remark 1.5 will help us in Section.2 and in Section.3 and in Section.2’ [Epilogue].

2 Properties linked to simple calculus on complex numbers and trivial computation;
the reduction of the Fermat last conjecture into an equation of three unknowns

In this section, we prove properties linked to simple calculus on complex numbers and trivial
computation; and we reduce the Fermat last conjecture into an equation of three unknowns [in this
Section, we let one Proposition unproved and we will prove this Proposition in Section.2’ (Epilogue)].
In this section, the definition of fermat [ use Definition 1.0 ], the definition of fermatian [ use Definition

1.1 ], the definitions of W(n + 1) and wy,1; [ use Definitions 1.2] are crucial.

Recalls 2.1 ( Real numbers, R, complex numbers and C ) Recall that R is the set all real num-
bers and 0 is a complex number if 0 = = + iy, where £ € R, y € R and i = —1; C is the set of all
complex numbers. That being said, let us define.

Definition 2.2 ( Fundamental). ( tackle ) Recall ( use Recalls 2.1 ) that R is the set all
real numbers and C is the set of all complex numbers. Clearly

C?={(z,y); x €Candy € C}and C* x R = {(x,y,k); (z,y) € C*andk € R}

and
C* = {(,y,2); (x,y) € C*and z € C}.



Now let n be an integer > 2 and look at wy, 11 [ use Definitions 1.2]; we say that (¢(n),v(n),e(n)) € C3
tackles (1, Siw;}rl) around 6wy — 19 — iwp4y + 110w | — 184, if there exists (z,y,k) € C? x R such
that

z+3iyw, L +k(6wn 41 —19—iwy, 11 +11iw] | —18i)+¢(n) = Owhere z4+y—v(n) = 0and z—y—e(n) = 0.

We will see that the definition of tackle introduced above helps to reduce the Fermat last conjec-
ture into an equation of three unknowns via the reasoning by reduction to absurd. Before, let us define:

Definitions 2.3 (Fundamental). Let n be an integer > 2 and let w,4; [ use Definitions 1.2];
now consider (¢y, Uy, €, ), where

4
j=1
and where
126301iw;, | + 2273418iw], || — 2383Twn 41 — 357566w), || + 2010800w, 7 | + 2399719w,} | — 757806w, %, (2.1)
n.l = <L)y

1331

-3

. _ _ . . R w —2n
bno=(2n+1)2 —1—wl = 2wup1)(16w, ) + 50w, 2, + 1liw, | — 13i + Siwy 1) + M(

Bwni1 —8i—16) (2.2),

2
o o . _ 289080

Pns = ((2n+1)? — 1 — w2 | + 2wyr1) (34iwy, 7| — T06w, ) — 116+ 5 + 6iwy1) + 331 (2.3),

and
. _ o _ 1003112i

Pna = ((2n+1)> =1 = w2 4 +Twpi1) (Lliwy 1 +7 50w, | +23iw, 2, — 54wy} )) ST (2.4);

Un = (iwp1 —4in —4i+1) =1+ w2, (2.5),
and

en=4(2n+ 1) —1—wl j +wpi1 )+ (iwnp1 — 2in + 1) (diwpq +4 — 8i) (2.6).

It is immediate that for every integer n > 2, (¢, Un, €, ) is well defined and gets sense. Now

using the notion of tackle [ use Definition 2.2 ], then the following Theorem immediately implies the
Fermat last conjecture.

Theorem.F. Let n be an integer > 2 and lel wp41 [use Definitions 1.2]; look at ( ¢p, vn, €, ) introduced
in Definitions 2.3. Then at least one of the following three properties is satisfied by n.

(A1). n+1 is fermatian and n + 2 = Omod|3].

(Ag). For every integer e such that 3 < e < n + 3, the equation z¢ + y° = 2° has no non-zero integer
solutions for x, y and z.

(A3). (Pn,vn,€n) tackles (1, 32'11);_11_1) around 6wp11 — 19 —dwy 1 + 11iw,%+1 — 181 [ use Definition 2.2

for the meaning of tackle ]
We will simply prove Theorem.F in Section.3 by reasoning by reduction to absurd using equation
2" +y™ = 2™ (where n is an integer > 3) . But before, let us remark.

Remark 2.4 (fundamental) . Let n be an integer > 2 and let wyp41 [ use Definitions 1.2]; now look
at (Puy Un, €n ) introduced in Definitions 2.3. If wy,1 = 2n + 2, then (¢n, Un, €, ) tackles (1, 3iw;i1)

around 6wpy1 — 19 — fwpq + lliwgﬂ — 184 [ use Definition 2.2 for the meaning of tackle ]
Proof. Indeed, observing (via the hypotheses) that wy,4+1 = 2n + 2 and using the preceding equality, we easily deduce that

Wptt1 — 20 = 25 fwp41 —din —4i+ 1 =1 —itwpg1; 2n+ 1 = wp41 — 15 and iwpg1 —2in+1 =25+ 1 (2.7).
Now look at (¢n,vn,€n ) introduced in Definitions 2.3 and let (¢n.2,¢n.3, dn.4) explicited in Definitions 2.3. Clearly

bn.2 = —dw, 11 (16w ) + 50w 2, + 1liw, 2} — 130 + Siwp 1) + 8wny1 — 8i — 16 (2.8)

4



[ use (2.2) of Definitions 2.3 and the third equality of (2.7) (observe [via the third equality of (2.7)] that (wy,4+1 — 1)2 =
w2 ) — 2wp41 + 1); and the first equality of (2.7) (observe [via the first equality of (2.7)] that M =1) ]7 and

289080
_ 2.9
3 = g (2:9)
[ use (2.3) of Definitions 2.3 and the third equality of {2.7) (observe [via the third equality of (2.7)] that (wp41 — 1)%2 =
wiJrl — 2wp41 + 1)], and
10031124
) -1 . -3 -3
#n.a = Swpt1(1liwnt1 + 7 — 50w, ;) + 23w, V) — 5dw, V1) — ~T331 (2.10)
[ use (2.4) of Definitions 2.3 and the third equality of (2.7) (observe [via the third equality of (2.7)] that (wy4+1 — 1)2 =
w‘fﬂrl — 2wp41 + 1)} That being said let (vp,€p) explicited in Definitions 2.3; clearly
Vn = (1= iwng1)? — L+w2 (2.11)
[ use (2.5) of Definitions 2.3 and the second equality of (2.7) ] and clearly
en =4( (Wng1 — )% =1 —wl ) +wng1 )+ (26 +1)(diwpy1 +4— 8 ) (2.12)
[ use (2.6) of Definitions 2.3 and the last two equalities of (2.7) ] That being so, let (x,y,k) such that
35 618w, i, 7494w, P,  12630lw, 7},
=10 — 6wp41 + wny1; y = —10 + 6wp41 — 3iwp41; andk = —— — + (2.13),

11 121 121 1331

and let (¢n,vn,€n,x,y,k) where (z,y,k) is explicited in (2.13) and where (¢n,vn,€n) is introduced in Definitions 2.3. Now
consider ( Vpn,€n,x,y); using (2.11) and (2.12) and the first two equalities of (2.13) , we easily check [by elementary computation
and the fact that 42 = —1] that

c+y—vnp=0andz —y—e€, =0 (2.14).

That being so, look again at ( ¢n,vn,€n,z,y, k) and let (¢n,x,y,k); using the three equalities of (2.13), it becomes very easy to
check (by elementary computation and the fact that 2 = —1) that

4
@+ Biyw, L)+ k(6wni1 — 19 — dwpp1 + 1wy — 180) + ¢ = 05 k € Rand g, = Z On.j (2.15)
j=1

[ use the three equalities of (2.13) (for x and y and k); and (2.1) for ¢y.1; and (2.j+6) for ¢y, ; (where2 < j < 4); and (2.0) for
q&n] Clearly ( ¢n,vn,€n ) tackles (1, 3iw;j_l) around 6wy,41 — 19 — dwy 41 + 11iwi+1 — 184 ( use (2.14) and (2.15) and the notion
of tackle introduced in Definition 2.2 [observe that (x,y) € C? and k € R; so (z,y,k) € C%2 x R] ) Remark 2.4 follows.

Remark 2.4 clearly says that, if wp41 = 2n + 2 [i.e. If for every integer e such that 3 <e<mn+1
the equation z¢ + y® = 2° has no non-zero integer solutions for z and y and z], we will have
a simple equation of three unknowns which implies that (¢p,vn,€,) tackles (1, 3iw,;_|1_1) around

bwp+1 — 19 — twpg1 + 11iw,21+1 — 18:. We will use Remark 2.4 in the Theorem which implies the
Fermat last conjecture.

Remark 2.5 (fundamental): reduction of the Fermat last conjecture into an equation of
three unknowns via the reasoning by reduction to absurd. Lefn be an integer > 3 and let
wn+1 [ use Definitions 1.2]; now look at (¢p, vy, €y ) introduced in Definitions 2.3. If w, 11 = 2n, then

ns Un, €n ) does not tackle (1, 3iw_ L) around 6wyiq — 19 — dwpiq + 11iw?_ | — 18i ( use Definition
n+1 + + n+1

2.2 for the meaning of tackle )
Proof. Indeed, observing (via the hypotheses) that w,4+1 = 2n and using the preceding equality, we easily deduce that

Wntl — 20 =05 twpy1 —4din —4i+1=1—4i —dwp41;2n+ 1 =wp41 + 1; and fwpq1 —2in+1=1 (2.16).
Now look at ( ¢n,vn,€n ) introduced in Definitions 2.3 and let (¢n.2, ¢n.3, Pn.4) explicited in Definitions 2.3. Clearly

$n.2 =0 (2.17)



[ use (2.2) of Definitions 2.3 and the third equality of (2.16) (observe [via the third equality of (2.16)] that (wnp4+1 + 1)2 =

w2y + 2wy 1 + 1); and the first equality of (2.16) (observe [via the first equality of (2.16)] that M =0) }, and

R Lo . . 289080
bn.3 = dwnp41 (347,wnj:1 — 701wni’1 —11i+ 5+ 6lwn41) + 1331

(2.18)

[ use (2.3) of Definitions 2.3 and the third equality of (2.16) (observe [via the third equality of (2.16)] that (wp41 + 1)2 =
w%_H + 2wp41 + 1)}, and

_5 . 1003112

) —— (2.19)

bn.a = Ywn 1 (1liwn g1 + 7 — 50w, || + 230w, 3, — 54w 331

[ use (2.4) of Definitions 2.3 and the third equality of (2.16) (observe [via the third equality of (2.16)] that (wp41 + 1)2 =
w%_H + 2wp41 + 1) } That being said, let (vy,,€,) explicited in Definitions 2.3; clearly
Un = (1 =46 —dwng1)? — 1+ wl,, (2.20)
[ use (2.5) of Definitions 2.3 and the second equality of (2.16) ] and clearly
en =4( (Wng1+1)2 — 1 — w2 | +wng1 ) + diwpqr +4— 80 (2.21)
[ use (2.6) of Definitions 2.3 and the last two equalities of (2.16) ] That being so, let (z,y) such that
T =2Wnp41 + iWnpt1 — 6 — 8 and y = —10 — 10wp4+1 — 3twn+1 (2.22),

and let (¢n,vn, €, 2,y ) where (z,y) is explicited in (2.22) and where (¢, vn,€,) is introduced in Definitions 2.3 [ use (2.0) for

¢n; and (2.5) for vp; and (2.6) for en; and (2.22) for (:U,y)] Using (2.20) and (2.21) and the two equalities of (2.22), then we
easily check [by elementary computation and the fact that 2 = —1] that

z4+y—vp=0andz —y—€, =0 (2.23).
That being said, we have this Fact.
Fact.0.
thereexistsnotk € R such thatx + 3iyw;_il_1 + k(6wp+1 — 19 — dwp 41 + 11iwi+l —18¢) + ¢ = 0.
Otherwise [ we reason by reduction to absurd]
Letk € R suchthatz + 3iyw;j_1 + k(6wn4+1 — 19 —dwp41 + 11iwfb+1 —18i) + ¢n =0 (2.24).
It is immediate to see that (2.24) says that

4
@+ 3iywy L, + ¢ = —k(6wns1 — 19 — iwny1 + 1iw? ) — 180); k € Rand ¢n = qun_j (2.25)
j=1

[ use (2.0) for ¢, } Now let ( ¢n,vn, €n,x,y ) explicited above; consider ( ¢n, z,y ) and look at (2.25), using elementary computation
and elementary divisibility coupled with the fact that i2 = —1 and k € R, it becomes very easy to check that (2.25) immediately
implies that

k=kni1 =kn.2 (2.26),
where
—23837Twy 11 — 357566w), |, + 2010800w, 7, +2399719w, {, — 757806w, %, + 289080 85wy 41 — 447 — 486w 7,
= 1331(19 — 6wnt1) 19 — 6wn 41

(2.27),

and .

| 2273418w;}, 4 126301w, {, — 1003112 123w? , + 106w |, — 38 — 43w,41 — 73w} },

n.2 = + (2.28)

1331 (wn 1 — 11w? | +18) Wyt — 1lw) |, +18

[ via (2.25), use the two equalities of (2.22) (for # and y); and (2.1) for ¢y.1; and (2.j+15) for ¢, ; (where2 < j < 4); and (2.0)

for ¢>n]. That being so, using (2.26) and (2.27) and (2.28), then we immediately deduce [via elementary computation and the

fact that kn.1 = kpn.2 | that

10996722w;, 7| — 11643588w,, 7, — 7115526 + 7762392w,, 1, =0 (2.29).



Equality (2.29) is clearly impossible [ since it is trivial to see that w,41 > 4 (use property (1.5.0) of Remark 1.5) and therefore

10996722w,, 7| — 11643588w,, % — 7115526 + 7762392w,, |, < 0

] .So assuming that

thereexists k € R suchthatx + Siyw;}rl + k(6wp41 — 19 — fwp41 + lliw;“)l_,_l —18i) + ¢ =0

gives rise to a serious contradiction; therefore

there existsnotk € R suchthatx + 3iyw;}r1 + k(6wpy1 — 19 —fwp41 + lliwi_,_l — 183) + ¢, = 0.
Fact.0. follows.

Clearly ( ¢, vn,€en ) does not tackle (1,36w

n+
the notion of tackle introduced in Definition 2.2}. Remark 2.5 follows.O

Remark 2.5 reduces the Fermat last conjecture into a simple equation of three unknowns (via the
reasoning by reduction to absurd) and is the heart of the Fermat last conjecture. Indeed Remark 2.5
clearly says that, if w, 11 = 2n [i.e. If the equation 2" T! 4 y"+1 = 2"*! has non-zero integer solutions
for £ and y and z, and if for every integer e such that 3 < e < n the equation z¢ 4 y°® = 2° has no
non-zero integer solutions for z and y and z], we will have a simple equation of three unknowns which
implies that ( ¢y, vy, €, ) does not tackle (1, 3z'w,;_|1_1) around 6w,4+1 — 19 — 1wy 41 + 11iw%+1 — 187, It is
also clear to see that Remark 2.5 says that: ” for the first n such that the equation z™t! ynt1 = znt!
has non-zero integer solutions for x and y and z, then we will have a simple equation of three unknowns
which implies that ( ¢n, v, €y ) does not tackle (1, 3iw;_|1_1) around 6wn 11 —19—iwp 1 +11liws | —184”.
We will use Remark 2.5 in Section.3 to immediately deduce the Fermat last conjecture. That being
said, the following remark is only an immediate reformulation of Remark 2.5.

1) around 6wn 41 — 19 — dwp 41 + 111'111;“’l_~_1 — 184 [ use (2.23) and Fact.0 and

Remark 2.5 (fundamental).  Let n be an integer > 3 and let wp+1 [ use Definitions 1.2]; now
look at (¢n,Vn,€n) introduced in Definitions 2.3. If the equation " + "t = 2" has non-zero
integer solutions for © and y and z, and if for every integer e such that 3 < e < n the equation
x€ + y© = 2° has no non-zero integer solutions for x and y and z, then (pn, vn, €, ) does not tackle

(1, 3iw;i1) around 6wn+1 — 19— iwn+1 + 117;w%+1 —18¢ (use Definition 2.2 for the meaning of tackle )

Proof. Indeed observing (via the hypotheses) that the equation 2?1 +y"+! = 27+ has non-zero integer solutions for x and
y and z, and for every integer e such that 3 < e < n the equation z° + y® = z° has no non-zero integer solutions for x and y and
z; then using the previous and the definition of wy 41, we immediately deduce that w,4+1 = 2n. So ( ¢n,vn,€n ) does not tackle

(1,3iw;}r1) around 6wp4+1 — 19 — jwp41 + 11iwi+1 — 184 (use the last equality and Remark 2.5). Remark 2.5 follows.O

Now using Definitions 2.3, then we have the following Proposition.

Proposition 2.6.Let n be an integer > 3 and let wyy1 ( use Definitions 1.2); now look at (¢p,vn, €n)
introduced in Definitions 2.3, and via ( ¢p,vn,€n ), consider ( pp_1,vVn—1,€n—1) ( this consideration gets

sense, since n > 3, and therefore n — 1 > 2 ) . If wp 1 < 2n, then we have the following two properties.

(2.6.0). wp+1 = wy;therefore there exists an integer e such that 3 < e < n + 1 and the equation

¢ + y® = 2¢ has non-zero integer solutions for z and y and z.

(2.6.1). (pn—1—bn, Vn—1—Vn, €n—1—€y ) tackles (1, 3iw;i1) around 6wn+1—19—iwn+1+11iw%+1—18i.
We will use Proposition 2.6 in the Theorem which implies the Fermat last conjecture. Proposition

2.6 is not very difficult to prove and we will prove Proposition 2.6 in Section.2’ (Epilogue). Now we

are ready to give the short complete proof the Fermat last conjecture.

3 The short proof of the Fermat last conjecture

In this Section, using the elementary reformulation of the Fermat last conjecture proved in Section.1
and simple properties of Section.2, we give the direct simple proof of the Fermat last conjecture. In
this section, the definition of fermatian [use Definition 1.1], the definitions of W(n + 1) and w4 [use
Definitions 1.2], the definition of tackle [use Definition 2.2] and the definition of (¢, v, €,) [ use
Definitions 2.3], are fundamental and crucial. Now the following Theorem immediately implies the
Fermat last conjecture.



Theorem 3.1.  Let n be an integer > 2 and let wpy1 [use Definitions 1.2]; look at (¢n,Vn,€n)
introduced in Definitions 2.3. Then at least one of the following three properties is satisfied by n.
(A1). n+1 is fermatian and n + 2 = Omod][3].

(Ag). For every integer e such that 3 < e < n + 3, the equation z¢ + y° = z° has no non-zero integer
solutions for x, y and z.

(A3). (Pp,vn,€n) tackles (1, 3iw;_|1_1) around 6wp+1 — 19 — w41 + 11iw,%+1 — 181 [ use Definition 2.2
for the meaning of tackle ]

It is immediate that Theorem 3.1 is exactly Theorem.F stated after Definitions 2.3. We are going
to prove simply Theorem 3.1. But before doing so, let us remark.

Remark 3.2. Let n be an integer > 2 and look at wp41 [use Definitions 1.2]. We have the fol-
lowing three properties.

(3.2.1.) If wpi1 = 2n+ 2, then Theorem 3.1 is satisfied.

(3.2.2.) If 2 < n < 6, then Theorem 3.1 is satisfied.

(3.2.3) [ The explicit using of the Fermat last conjecture]. If for every integer e with 3 < e <n+1,

the equation ¢ + y® = z° has no non-zero integer solutions for x and y and z, then Theorem 3.1 is
satisfied.

Proof. Property (3.2.1) is immediate [indeed, let n be an integer > 2; observing (by the hypotheses) that w,4+1 = 2n+42,
then

(Pn,n,€n) tackles (1,3iw;i1) around 6wp4+1 — 19 — fwn41 + lliw;‘)H_1 — 184 (3.1)
( use Remark 2.4). (3.1) clearly says that property (As) of Theorem 3.1 is satisfied by n; therefore Theorem 3.1 is satisfied.

Property (3.2.1) follows|.
Property (3.2.2.) is immediate [ indeed, observing (by the hyptheses) that 2 < n < 6, clearly

n + lis fermatian (3.2)
(use Remark 1.1.2 of Definition 1.1); consequently
Wpt1 = 2n + 2 (3.2")

(use (3.2) and the meaning of wy41 introduced in Definitions 1.2). Clearly Theorem 3.1 is satisfied (use equality (3.2’) and
property (3.2.1).

Property (323) is trivial [ indeed using the definition of w,4+1 and property (1.3.6) of Proposition 1.3, then it becomes
trivial to see that Property (3.2.3) is the immediate reformulation of Property (3.2.1); so Theorem 3.1 is satisfied (use the previous

and Property (3.2.1) )]D

Remark 3.3. Suppose that Theorem 3.1 is false. Then there exists an integer n which s a minimum
counter-example to Theorem 3.1.
Proof. Immediate.O

The previous simple remarks made, we now prove simply Theorem 3.1.
Proof of Theorem 3.1. Otherwise [ we reason by reduction to absurd], let n be a minimum counter-
example to Theorem 3.1 [ such a n exists, by using Remark 3.3]. We observe the following.
Observation.3.1.1. Look at n [recall n is a minimum counter-example to Theorem 3.1]. Then

(Pn, n, € ) does not tackle (1, 3iw;}r1) around 6wp+1 — 19 — fwp 1 + 1liw2 ;| — 18i.

Immediate, since in particular, n is a counter-example to Theorem 3.1.
Observation.3.1.41. Look at n [recall n is a minimum counter-example to Theorem 3.1]. Then for every integer
J € {1,2}, property (A;) of Theorem 3.1 is not satisfied by n.

Immediate , since in particular, n is a counter-example to Theorem 3.1.
Observation.3.1.141. Look at n [recall n is a minimum counter-example to Theorem 3.1]. Then n > 6.

Otherwise n < 6 and clearly Theorem 3.1 is satisfied [ use previous inequality and property (3.2.2) of Remark

3.2]; a contradiction, since in particular n is a counter-example to Theorem 3.1.
Observation.3.1.9v. Look at n [recall n is a minimum counter-example to Theorem 3.1]; then Wp+1 < 2n.



Otherwise,

Wnpt1 > 2n (3.3);

remarking that Wp 41 and 2n are even [ Wn41 Is even (use the definition of w,41) and 2n is trivially even], then
inequality (3.3) immediately implies that wp41 > 2n + 2. It is trivial [by the definition of w,11] that
Wnt1 < 2n 4+ 2. Now using the previous two inequalities, then it becomes trivial to deduce that
Wp41 = 2n + 2; so Theorem 3.1 is satisfied [use the preceding equality and property (3.2.1) of Remark 3.2]; we
have a contradiction, since in particular n is a counter-example to Theorem 3.1. So wy 1 < 2n and
Observation.3.1.5v follows.
Observation.3.1.v ( The implicit using of the Fermat last conjecture). Look at nfrecall n is a mini-
mum counter-example to Theorem 3.1]; then wyp41 = w, and therefore, there exists an integer e such that
3 <e <n+1 and the equation z® + y® = 2 has non-zero integer solutions for z and y and z.

Indeed, observing [by Observation.3.1.iv] that wp41 < 2n and noticing [by Observation.3.1.i4¢] that

n > 6, then using the previous two inequalities, it becomes trivial to deduce that all the hypotheses of
Proposition 2.6 are satisfied, therefore, all the conclusions of Proposition 2.6 are satisfied; in particular
property (2.6.0) of Proposition 2.6 is satisfied, and consequently w,4+1 = w, and there exists an integer
e such that 3 < e < n+ 1 and the equation z¢ + y® = 2° has non-zero integer solutions for z and y
and z. Observation.3.1.v follows.
Observation.3.1.vi. Let (¢n, vn, €n) [ use Definitions 2.3/, and via (¢pp, vp, €,), consider (¢n—1,vn—1, €n—1)
[ this consideration gets sense, since n > 6 (by Observation.3.1.44i), and son —1 > 5 > 2|. Then

(Pn-1— PnysVn—1 — Vn, €n—1 — €, ) tackles (1, Siw;_ll_l) around 6wnp+1 — 19 — twp4q + 11iw,21+1 — 18:.

Indeed, observing [by Observation.3.1.iv] that wp41 < 2n and noticing [by Observation.3.1.i4¢] that
n > 6, then using the previous two inequalities, it becomes trivial to deduce that all the hypotheses of
Proposition 2.6 are satisfied, therefore, all the conclusions of Proposition 2.6 are satisfied; in particular
property (2.6.1) of Proposition 2.6 is satisfied; consequently ( ¢p—1 — ¢, Vn—1 — Vn, €n—1 — € ) tackles
(1, 3iw;i1) around 6wy+1 — 19 — twpqq + 11iw2 | — 18i. Observation.3.1.vi follows.

Observation.3.1.vii. Look at n [recall n is a minimum counter-example to Theorem 3.1] and consider n — 1 [ this

consideration gets sense, since n > 6 (use Observation.3.1.4i1), and son —1 > 5 > 2] .

Then property (A1) of Theorem 3.1 is not satisfied by n — 1.

Otherwise [ we reason by reduction to absurd ]
(n—1) 4+ 1is fermatianand (n — 1) +2 = 0mod [3] (3.4)
[ since property (A1) of Theorem 3.1 is satisfied by n — 1 ] It trivial to see that (3.4) says that
nis fermatianandn + 1 = 0mod [3] (3.47).

Clearly

n+1is fermatian (3.5)
[ observe that n > 6 (use Observation.3.1.4i%) and (3.4’) and Remark 1.1.3 of Definition 1.1). Clearly Wpy1 = 2n+2 [ use
(3.5) and the meaning of wy 41 introduced in Definitions 1.2]; so Theorem 3.1 is satisfied by n [ use the previous equality

and property (3.2.1) of Remark 3.2], and we have a contradiction, since in particular n is a counter-example
to Theorem 3.1. Observation.3.1.vis follows.
Observation.3.1.vite. Look at n [recall n is a minimum counter-example to Theorem 3.1] and consider n — 1 [ this

consideration gets sense, since n > 6 (use Observation.3.1.4i7), and son —1 > 5 > 2] .

Then property (Az) of Theorem 3.1 is not satisfied by n — 1.



Otherwise [ (we reason by reduction to absurd).
For everyinteger e suchthat3 < e < (n — 1) + 3, the equation x° + y° = z° has no solution in integers > 1 (3.6)

[ since property (As) of Theorem 3.1 is satisfied by n — 1 ] It is immediate that (3.6) clearly says that
For every integer e suchthat3 < e < n + 2, the equation x° + y° = 2° hasno solution in integers > 1 (3.6").

It trivial to deduce that (3.6') implies that

For every integer e suchthat3 < e < n + 1, the equation z° + y® = 2° hasno solution in integers > 1 (3.7).

Clearly
n+11is fermatian (8.7").

[ use (3.7) and the meaning of fermatian introduced in Definition 1.1 ] So wp+1 = 2n + 2 [ use
(3.7") and the meaning of wy4; introduced in Definitions 1.2 ] Clearly Theorem 3.1 is satisfied [
use the previous equality and property (3.2.1) of Remark 3.2 ], and we have a contradiction, since in
particular n is a counter-example to Theorem 3.1. Observation.3.1.v44¢ follows.

Observation.3.1.1z. Look at (¢n7 Vp, Gn) ( use Definitions 2.3 and recall n is a minimum counter-example to The-

orem 3.1 ), and via ((ﬁn, Vp, En), consider (an—l, Vp—1, En_l) [ this consideration gets sense, since n > 6 (use

Observation.3.1.441), and son —1 > 5 > 2] . Then

(Pn—1,Vn—1,€n—1) tackles (1, 3iw;i1) around 6wy 1 — 19 — iwy1 + 1ldw2 ; — 18i.

Indeed look at n ( recall n is a minimum counter-example to Theorem 3.1 ), and via n, consider n — 1 (this

consideration gets sense, since n > 6 (use Observation.3.1.4i¢), and son — 1 > 5 > 2]; then, by the minimality of n, we
immediately deduce that n — 1 is not a counter-example to Theorem 3.1; so

atleast one of properties (A;) of Theorem 3.1 is satisfied by n —1; j € {1,2,3} (3.8).

Clearly
property (As) of Theorem 3.1 is satisfied by n — 1 (3.9)

[ use (3.8) and Observation.3.1.vi4i and Observation.3.1.vig } So
(bn—1,Vn—1, €n—1) tackles (1, 3iw, ') around 6w, — 19 — jw, + 11iw? — 18i (3.10)

( use (3.9) and property (As) of Theorem 3.1 for n — 1 ) Now observing [ by Observation.3.1.v ] that wp1 = wy and
using the preceding equality, then we easily deduce that (3.10) clearly says that

(Pn—1,Vn—1,€n—1) tackles (1, 3iw;}r1) around 6wy1 — 19 — dwn 41 + 1liw2, | — 18i.

Observation.3.1.4z follows.
Observation.3.1.z. Look at n and let (¢p, vy, €n) [ use Definitions 2.3 ] Then

(PnyVn,€n ) tackles (1, Siw;il) around 6wp1 — 19 — jwy, 1 + 11iw,21+1 — 184.
Indeed using Observation.3.1.v¢ and the definition of tackle [ use Definition 2.2 ], then we immediately
deduce that

there exists (z,y,k) € C? x R such that z + 3iyw_;_il_1 + k(6wn41 — 19 — dwp 41 + 11iwi+1 —188) + (pn—1 — ) =0  (3.11)
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where
T4+Y— Wn1—vp)=0and z—y — (€1 —€3) =0 (3.12).

That being so, using Observation.3.1.i2 and the definition of tackle [ use Definition 2.2 ], then we
immediately deduce that

there exists (z',y', k') € C® X R such thata' + 3iy'w;i1 + K (6wn41 — 19 — iwpq1 + 1”“’2-&-1 —181) + -1 =0 (3.1%)

where
2 4+y —v, 1=0and 2z’ —y —€, 1 =0 (3.14).

Now using equality of (3.13), then we immediately deduce that equality of (2.11) clearly says that
z— 2+ 3i(y — y)wy L+ (k= B) (6w sy — 19 — iwpy + Lliw?, | — 18) — ¢, =0 (3.15).
It is trivial to see that equality (8.15) clearly says that
g =z +3i(y —y)w, iy + (K — k) (6wp1 — 19 — dwn g1 + 1liws  — 18i) + ¢ = 0 (3.16).
Using the two equalities of (3.14), then we immediately deduce that the two equalities of (3.12) clearly
say that

(z—2)+w—y)+vpn=0and (zr—2')—(y—y)+€ =0 (3.17).
It is trivial to see that (3.17) clearly says that

(@ —)+ W —y)—vn=0and (' —2)—(y —y) — e =0 (3.18).

Now observing that (z,y,k) € C? xR ( use (3.11) ) and since (2,9 k') €C* xR ( use (3.13) ), then it
becomes trivial to deduce that (3.16) and (3.18) clearly say that

thereexists (z,y", k") € C* x R suchthatz” =2’ —zandy’ =y —yandk”" =k — k (3.19)
where

2ty —vn=0,2" —y"' — e, =0andz’ + 3iy”w;}r1 + k" (6wp41 — 19 — dwp41 + 11iw%+1 —18i) + ¢ =0 (3.19").

Clearly
(Pns Vn, €n ) tackles (1, 3iw;41_1) around 6w, 11 — 19 — dw,11 + lliw?H_l — 184

( use (8.19) and (3.19") and the definition of tackle introduced in Definition 2.2 ) Observation.3.1.z follows.
These simple observations made, then it becomes trivial to see that Observation.3.1.z clearly
contradicts Observation.3.1.4. Theorem 3.1 follows.O.

Theorem 3.1 and Remark 2.5 of Section.2 immediately imply the Fermat last conjecture.
Theorem 3.4 (The using of Remark 2.5 of Section.2). For every integer n > 2, we have wy41 = 2n+2
[i.e. For every integer n > 2, n+ 1 is fermatian/.

Proof. Otherwise, let n be a minimum counter-example; we have

Wit # 20+ 2 (3.20).

Then we observe the following.
Observation.3.4.1. wpy1 < 2n.
Otherwise, clearly wy1 > 2n; now observing that w, 1 and 2n are even [wn+1 is even (by the definition

of wp41) and 2n is trivially even ], then the previous inequality immediately implies that

Wit > 20+ 2 (3.21).
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Remarking that
Wpt1 < 21+ 2 (3.22)

[use the definition of wy, 41 explicited in Definitions 1.2]7 clearly
Wpt1 = 21+ 2 (3.23)

[use (2.21) and (3.22) | and equality (3.23) contradicts (3.20). Observation.3.4.1 follows.
Observation.3.4.2. n > 6.

Otherwise, clearly
2<n<6 (3.24).

So
n+ lis fermatian (3.25)

[use (3.24) and Remark 1.1.2 of Definition 1.1]7 clearly
W1 =21+ 2 (3.26)

[use (8.25) and the defintion of wy, 41 explicited in Definitions 1.2 ] Equality (326) contradicts (320) . Observation.3.4.2
follows.
Observation.3.4.3. [an implicit using of the Fermat last conjecture]. Wpt1 = wy; therefore there exists an
integer e such that 3 < e < n 4+ 1 and the equation z¢ + y¢ = z° has non-zero integer solutions for x
and y and z.

Immediate [use (3.20) and property (1.5.3) of Remark 1.5 ] Observation.3.4.3 follows.
Observation.3.4.4. Look at n; then wpy1 =2n and n+ 1 # 0[3].

Indeed, look at n [recall n is a minimum counter-example ], and via n, consider n — 1 [ this consideration
gets sense, since n > 6 (by Observation.3.4.2), and therefore n — 1 > 5 > 2 } Then, by the minimality of n, n — 1 is
not a counter-example; consequently w,_1)41 = 2(n—1)+2 and the previous equality clearly says that

wy, = 2n (3.27).

Clearly
nis fermatian (3.28)

[ use (3.27) and the meaning of wy, explicited in Definitions 1.2 ] Now notice that

Wpy1 = Wy (3.29)

[ use Observation.3.4.3] and clearly
Wil = 2N (3.30)

[use equalities (3.27) and (3.29) |. That being said, observe that

n+1% 03 (3.31)
[ otherwise
n+1= 03] (3.31").
Clearly
n + 1is fermatian (8.32)

(use congruence (8.31') and (8.28) and Remark 1.1.3 of Definition 1.1). So wp4+1 = 2n+2 ( use (3.32) and the definition of wy41)
and the preceding equality contradicts (3.20). Son+1 # 03] ] Observation.3.4.4 follows [use (3.30) and (3.31)].
Observation.3.4.5 [the using of Remark 2.5 of Section.2].

(Pny Un, €n ) doesnot tackle (1, 37jg7;11) around 6gn+1 — 19 — ign41 + 1ligZ | — 18i.
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Indeed, observing [by Observation.3.4.4] that w,+1 = 2n and using Remark 2.5 of Section.2 (notice
that n > 6, by Observation.3.4.2), then it becomes trivial to deduce that

(bnyVn, €n ) does not tackle (1, 32'97;1_1) around 6gn 11 — 19 — igp1 + 11’1;9721_1_1 — 18i.

Observation.3.4.5 follows.

These simple observations made, let n and look at ( ¢y, vy, €, ); remarking that n > 6 [use
Observation.3.4.2], then using the previous, it becomes immediate to deduce that all the hypotheses
of Theorem 3.1 are satisfied, therefore, the conclusion of Theorem 3.1 is satisfied; consequently

Atleastoneof properties (A;) of Theorem 3.1 is satisfied by n; j € {1,2,3} (3.33).

That being said, we have the following four Claims.
Claim.1. Property (4;) of Theorem 3.1 isnot satisfied by n.
Otherwise [ we reason by reduction to absurd ]

n + lis fermatianandn + 2 = 0mod [3] (3.33)
[ since property (A1) of Theorem 3.1 is satisfied by n ] It is immediate that (333,) implies that
n+ 1is fermatian (3.34).

Clearly Wp41 = 2n+2 [ use (3.34) and the meaning of w41 introduced in Definitions 1.2] and the preceding equality
contradicts (3.20). Claim.1 follows.
Claim.2. Property (43) of Theorem 3.1 isnot satisfied by n.

Otherwise [ (we reason by reduction to absurd).
For every integer e suchthat3 < e < n + 3, the equation x° + y° = 2° hasno solution in integers > 1 (3.35)

[ since property (Az) of Theorem 3.1 is satisfied by n ] It is immediate that (335) implies that

For everyinteger e suchthat3 < e < n + 1, the equation z° + y® = 2° has no solution in integers > 1 (8.36).

Now using the meaning of fermatian introduced in Definition 1.1, then it becomes trivial to deduce
that (3.36) clearly says that
n+1is fermatian (3.37).

So wpy1 = 2n + 2 ( use (3.37) and the meaning of wy41 introduced in Definitions 1.2 ) and the
preceding equality contradicts (3.20). Claim.2 follows.
Claim.3. Property (A;) of Theorem 3.1 is satisfied by n.
Immediate [use (3.3%) and Claim.1 and Claim.2 |. Claim.3 follows.
Claim.4. (¢n,vn,e,) tackles (1, 31'97;1_1) around 6g,1 — 19 — ign1 + 11ig2 ,, — 18i.
Immediate [use Claim.3 and the meaning of property (As) of Theorem 3.1 ]. Claim.4 follows.
The previous four Claims made, then it becomes trivial to deduce that Claim.4 contradicts
Observation.3.4.5. Theorem 3.4 follows.O

Theorem 3.5 (The Proof of the Fermat last conjecture). The Fermat last conjecture is true.
Proof. Observe [by using Theorem 3.4] that

For every integer n > 2 we have wy11 = 2n + 2 (3.38);

consequently, the Fermat last conjecture is true ( use (3.38) and Theorem 1.4). O
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2’ Epilogue

Qur article clearly shows that simple calculus on complex numbers coupled with trivial computation via
the reduction of the Fermat last conjecture into an equation of three unknowns and the trivial refor-
mulation of this conjecture, help to give the short complete simple proof of the Fermat last conjecture.
Now we end this article by proving the only Proposition that we let unproved in Section.2.
Proposition 2.6.Let n be an integer > 3 and let wy1 ( use Definitions 1.2); now look at ( ppn,vn, €n)
introduced in Definitions 2.3, and via ( ¢p,vp, €y ), consider ( pp_1,Vn—1,€n—1) ( this consideration gets
sense, since n > 3, and therefore n — 1 > 2 ) . If wyi1 < 2n, then we have the following two properties.

(2.6.0). wp+1 = wy;therefore there exists an integer e such that 3 < e < n + 1 and the equation
¢ 4+ y© = 2z° has non-zero integer solutions for = and y and z.

(2.6.1). (-1 — Py Vn—1—Vn, €n—1—€y ) tackles (1, 32’w;i1) around 6wy, 1 —19—iw, 11 +11iw721+1 —184.
To prove Proposition 2.6, we need the following elementary remarks.

Remark 2.7. Let n be an integer > 2 and let wp41 [ use Definitions 1.2]. If wp41 < 2n, then
Wp41 = Wy Proof. Indeed observing [via the hypotheses] that

wp+1 < 2n (2'.0)

clearly
Wpt1 7 20+ 2 (2'.1)

[use (2'.0) ] SO Wp41 = wn [use (2'.1) and property (1.5.2) of Remark 1.5 ].Remark 2.7 follows.O

Remark 2.8.Let n be an integer > 3 and let wp41 [ use Definitions 1.2 ]. Look at ( ¢n.1, dn.2, dn.3, Pn.a)
introduced in Definitions 2.3, and via (¢n.1, $n.2, B3 Pna ), consider (dn_1.1, $n1.2: bn—1.3, $n-1.4) |

this consideration gets sense, since n > 3, and therefore n — 1 > 2 ] If w1 < 2n, then we have the following four
properties.
(2.8.1) ¢n—11— ¢n1 =0.

(2.8.2) ¢p_1.2 — P2 = —8n(16w; 2, + 50w, 7| + Lliw, | — 13i + 5iwpi1) + Swpy1 — 8i — 16.
(2.8.3) ¢p-1.3 — Pn.3 = —8n(3diw, 2y — T0iw, 3| — 11i + 5 + 6iwp ).

(2.8.4) ¢p_1.4 — Pp.a = —8n(1liwy1 + 7 — 50w, 1 + 23iw, 2, — 5dw;?)).

Proof. (2.8.1) Indeed let ¢,,—1.1; clearly

1263015w;, ° + 2273418iw;,, * — 23837w, — 357566w;, |

(z)n—l.l = 1331 +¢{n,1_1 (2/2)
where 5
o _ 2010800w,,* + 2399719w;, * — 757806w,, > (2'.9)
n-1.l 1331 :
[ use (2.1) of Definitions 2.3 for n — 1 ] So
. -3 . —4 —1 -2 —4 -3
s 1263014w,, 3| + 2273418iw, || — 2383Tw, 11 — 357566w, |, + 2010800w; 2, + 2399719w |, — 757806w. ?, @
n—1.1 — .

1331
( use (2/.2) and (2'.8) and notice [ by observing that wp4+1 < 2n and by using Remark 2.7 ] that wp41 = wn). Clearly
Pn—1.1 = ¢n.1 (2.5)

[use (2.1) of Definitions 2.3 and (2'.4) ] and SO ¢rn—1.1 — Pn.1 =0 [use (2’.5)]. Property (2.8.1) immediately follows.
(2.8.2) Indeed let ¢, —1.2; clearly

dn-1.2=(2(n=1)+1)2 =1 — w2 — 2wy ) (16w > + 50w, 2 + 11iw;, > — 137 + 5iwy) + v (2'.6)

where
- W(Swn—&'—lﬁ) (2'.7)

[use (2.2) of Definitions 2.3 for n — 1]. So

Pn-1.2={((2(n—1)+ 1) =1 —wh ) — 2wny1)(16w), 3| + 50w 7, + 1w, {) — 130 + Siwn11) + 7, (2'.8)
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where ) .
o (Wnt1 = 2(n — 1)) _2 (n=1)) (8wnt1 — 8i — 16) (2'.8")

( use (2'.6) and (2'.7) and notice [ by observing that w,+1 < 2n and by using Remark 2.7 } that wp4+1 = wn). Clearly

Pn—1.2=(2n+1)> 1 —wl; — 2wny1)(16w, F) + 50w T + 1liw, }) — 13i + Siwnt1) + pn (2'.9)
where ( )
Wpi1 — 2N .
pn = S (Bwn g1 — 80— 16) + ¢, (2'.9")
and where
P10 = —8n(16w, 2| + 50w, 7| + 1liw,}| — 13i + Siwp41) + 8wy 1 — 8i — 16 (2'.10)

( use the first member of (2/.8) and observe [by elementary computation and by using the first member of (2’.8)] that
(2 =D+ 1)* —1—whyy —2wpt1) = (20 +1)* =1 - wh iy — 2wpt1) — 8n;
and remark [by elementary computation and by using (2'.8’) ] that

(Wng1 —2(n —1))  (wn41 —2n)
2 - 2 1

). so

Gn-1.2 = pn.2 —8n(16w, | + 50w, 2 + Lliw, 3| — 13i + Siwnq1) + Swny1 — 8i — 16 (2'.11)
[use (2.2) of Definitions 2.3 and (2'.9) and (2'.9’) and (2'.10) } Clearly
bn-1.2— dn.2 = —8n(16w | + 50w, 2, + 1liw, 3 — 130 + Siwpq1) + 8w 41 — 8i — 16

[ use (2'.11) ] Property (2.8.2) immediately follows.
(2.8.3) Indeed let ¢, —1.3; clearly

. . 289080
bn-1.3=((2(n = 1)+ 1)% =1 — w2 + 2wy ) (34iw, 2 — 70iw; 3 — 115 4 5 + 6wy, ) + 331 (2'.12)
[use (2.8) of Definitions 2.3 for n — 1]. So
‘ . o . A ) 289080
Pn—1.3=((2(n— 1)+ 1)> = 1~ w) | + 2wn1)(Bdiw, 7| — T0iw, }; — 110+ 5 + 6iwn1) + a1 (2'.13)
( use (2.12) and notice [ by observing that w,+1 < 2n and by using Remark 2.7 } that wp4+1 = wn). Clearly
: o o ) A 289080
bn-13=((2n+1)? — 1 —w} | + 2wpq1)(B4iw, , — T0iw, }) — 11i +5 + 6iwn 1) + TR # 1a (2'.14)
where .
By 1.3 = —8n(3diw T — T0iw, }) — 11i + 5+ 6iwp 1) (2'.15)

( use (2'.13) and observe [by elementary computation | that ((2(n—1)+1)2=1—w2 | +2wn+1) = ((2n4+1)*—1-w2 | +2w,41)—8n
]. So
bn-1.3 = bn.3 —8n(34iw, 7| — 700w, 3| — 11i + 5 + Giwn 1) (2'.16)

[use (2.14) and (2'.15) and (2.3) of Definitions 2.3] and clearly
bn-1.3 — Pn.3 = —8n(3diw, T — T0iw, P — 11i + 5+ 6iwp 1)

[ use (2'.16) ] Property (2.8.3) immediately follows.
(2.8.4) Indeed let ¢y, —1.4; clearly

10031124

dn—1.a=(2n—=1)+1)%2 =1 — w2 4+ 7w, ) (115w, + 7 — 50w} + 23iw;, > — 54w, %) — 331

(2.17)
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[use (2.4) of Definitions 2.3 for n — 1]. So

L5 . 1003112

: . —1 . -3
bn_1.a=(2n—1)+1)2 —1— w,zhLl + Twp41)(1liwp 1 + 7 — 50w, ) + 23iw, 7| — 54w, V) — a3 (2'.18)
( use (2'.17) and notice [ by observing that w,41 < 2n and by using Remark 2.7 ] that wp41 = wn). Clearly
, 1003112
2 . -1 -3 -3
dn-1a=(2n+1)2—-1- w;)l_,_l + Twn41)(1Liwn 41 + 7= 50w, ) + 23dw, 7, — 54w, 7)) — EETTT +¢h 14 (2'.19)
where
Gy 1.4 = =8n(1liwy 11 4+ 7 — 50w, || + 23iw ;- 54w, 7)) (2'.20)
( use (2’.18) and observe |by elementary computation and by using (2’.18)] that
(2n—D+1)° —1—wiyy +Twns1) ={(2n+1)> =1 —w) |y + Twnt1) — 80
). So
Gn—1.4 = Gn.a — 8n(1liwn 41 + 7 — 50w, || + 23iw, ) — 54w, })) (2'.21)

[use (2'.19) and (2'.20) and (2.4) of Definitions 2.3 } and clearly
On—1.4 — Pn.a = —8n(1liwpy1 +7 — 50w;.~1.1 + 23iw;.?-1 - 541“;-?-1)

[ use (2.21) ] Property (2.8.4) follows and Remark 2.8 immediately follows.O

Remark 2.9.Let n be an integer > 3 and let wyp41 [ use Definitions 1.2]. Look at (vy,€,) intro-
duced in Definitions 2.3, and via (vp, €, ), consider (vp—1,€n—1) [ this consideration gets sense, since

n > 3, and therefore n — 1 > 2]. If wp 1 < 2n, then we have the following two properties.
(2.9.1.) vp—1 —vp = 32n — 8wy + 81 + 16.

(2.9.2.) €n—1 — €y, = —32n — 8wp41 + 81 + 16.

Proof. Indeed let (vy_1,€n—1 ); clearly

vn—1 = (iwn —4i(n —1) —4i+1)> — 1+ w? (2'.22)
[ use (2.5) of Definitions 2.3 for n — 1} and
o1 =4 (2 -1+ 12 -1 — w2 +wn )+ (iwn — 2i(n — 1) +1)(diw, +4 —8i) (2'.23)
[ use (2.6) of Definitions 2.3 for n — 1] So
Vn-1 = (twWnt1 —4i(n —1) —4i+ 1) — 1+ w2, (2'.24)
( use (2.22) and notice [ by observing that w,+1 < 2n and by using Remark 2.7 ] that wp4+1 = wn) and
o1 =4 (2(n— 1) +1)? — 1 — w2 | + wpy1 ) + (iWng1 — 2i(n — 1) + 1)(diwpy1 +4 — 83 ) (2'.25)

( use (2'.23) and notice [ by observing that w,4+1 < 2n and by using Remark 2.7 } that wp41 = wn). That being said, we now
prove easily property (2.9.1) and property (2.9.2).

(2.9.1.) Indeed observing | by elementary computation and the fact that i2 = 71] that
(iwpg1 —4i(n—1) —4i+1)% =1+ w2 ) = (fwnt1 —4in —4i+1)% — L+ w2 | +32n — 8wpq1 + 8i + 16 (2'.26)

then clearly
Up—1 = (fWng1 —4in —4i+1)> =1+ w) || +32n — 8wyy1 + 8 + 16 (2'.27)

[use (2'.24) and (2'.26) ] So
VUn—1=Vn +32n — 8wpy1 + 81+ 16 (2'.28)

[ use (2'.27) and (2.5) of Definitions 2.3 ] and clearly

Vpn—1—Vp = 32n — 8wp41 + 8¢+ 16
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[ use (2'.28) } . Property (2.9.1.) follows.

(2.9.2.) Indeed observing [ by elementary computation and the fact that i2 = 71} that
42 -1)+1)?—1-w2  twnp1 ) =4 (2n+1)> — 1 —w2 4 +wpq1 ) — 32n (2'.29)
and
(iwn i1 — 2i(n — 1) + 1) (4iwp g1 +4 — 8i ) = (iwng1 — 2in + 1)(diwny1 +4 — 80 ) + 2i( diwy 11 + 4 — 8i ) (2'.30),

then clearly
en—1 =4 (2n+1)% — 1 — w2 || +Wny1 ) + ((Wnt1 — 2in + 1)} (4diwnq1 + 4 — 83 ) — 32n + 2i( diwn41 +4 — 84 ) (2'.81)
[ use (2/.25) and (2'.29) and (2".30) . So

en_1 = €n — 320 + 2i( diwn 41 + 4 — 8i) (2'.52)
[ use (2/.81) and (2.6) of Definitions 2.3 ] Clearly

€n—1—€n = —32n — 8wpy1 + 81+ 16
( use (2/.32) and observe [ by elementary computation and the fact that 2 = —1] that
—32n + 2i(diwn 1 +4— 8i ) = —32n — w41 + 8i + 16

). Property (2.9.2) follows and Remark 2.9 immediately follows. O

Remark 2.10.Let n be an integer > 3 and let wyy1 [ use Definitions 1.2]. Look at ¢, introduced
mn Deﬁnitions 2.3, and via ¢n; consider gbnfl [ this consideration gets sense, since n > 3, and therefore n —1 > 2 ]
Then

4
¢n—1 - ¢n = Z(an—l.j - anj)
j=1
Proof. Indeed let ¢p; clearly
4
Pn—1 = Z(z)n—l.j (2'.33)
j=1
[ use (2.0) of Definitions 2.3 for n — 1 ] So
4 4
¢n—l_¢nzz¢n—1.j _(Z(bn]) (2’.34)
Jj=1 Jj=1

[ use (2.33) and (2.0) of Definitions 2.3 ] and clearly

4

b1 — Pn = Z((z)nfl.j — On.j)

Jj=

[ use (2'.54) ] Remark 2.10 follows.O
Now using the previous four Remarks, then Proposition 2.6 becomes elementary to prove.

Proof of Proposition 2.6. Property (2.6.0) is immediate [use Remark 2.7 and property (1.5.3) of Remark 1.5]. Now to
prove Proposition 2.6, it suffices to prove property (2.6.1).
(2.6.1). Indeed look at ( ¢p—1 — Pn,Vn—1 — Un,€n—1 — € ). Clearly

4

Pn—1 — Pn = Z(%q.j — ¢nj) (2'.35)

=1
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[ use Remark 2.10] , where

On—1.1—¢n.1 =0 (2'.36)

[ use property (2.8.1) of Remark 2.8} , and
bn-1.2 — pn.2 = —8n(16w, | + 50w 7| + Lliw, }| — 13i + Siwpq1) + 8w g1 — 8i — 16 (2'.87)

[ use property (2.8.2) of Remark 2.8} , and
¢n-1.3 — ¢n.3 = —8n(34iw, 7| — T0iw, | — 11i+ 5+ Giw,11) (2'.38)

[ use property (2.8.3) of Remark 2.8} , and
bn-1.4 — $n.a = —8n(Lliwn 41 +7 — 50w, || + 23iw, }) — 5w, })) (2'.39)

[ use property (2.8.4) of Remark 2.8} , and
Un—1—Vn = 32n — 8wp41 + 81 + 16 (2'.40)

[ use property (2.9.1) of Remark 2.9} , and
€n—1 — €n = —32n — 8Wwp41 + 81+ 16 (2'.41)

[ use property (2.9.2) of Remark 2.9] . That being so, let (x,y, k) such that

@ = —8wny1 + 8i+ 16; y = 32n; andk = 16nw, | — 16nw, | + 16nw, |, (2'.42).

Now let (ppn—1 — ¢n,Vn—1 — Un,€n—1 — €n, T, y, k) where (z,y, k) is explicited in (2'.42) and where
(¢n—1 — ®n,Vn—1—Vn,€n—1 — fn)

is explicited above [ use (2/.85) for ¢p—1 — ¢n; and (2/.40) for vy—1 — vp; and (2'.41) for €1 — en]. Now consider
(Un—1—Vn,€n—1 — €n, 2,y ); using (2'.40) and (2'.41) and the first two equalities of (2’.42), then we easily check [by elementary
computation and the fact that 2 = —1] that

T4+ y— (Vno1—vn)=0andz —y— (en—1 —€n) =0 (2'.43).

That being so, look again at (dpn—1 — ¢n,Vn—1 —Vn, €n—1 — €n, T, Y, k) and consider ( pp—1 — Pn,,y, k ); using the three equalities
of (2'.42), then it becomes very easy to check [by elementary computation and the fact that i2 = —1] that

@+ 3iyw, L + k(6wni1 — 19 — iwng1 + 1liw? | —180) + ¢p1 —dn =0; kER (2" 44)

[ use the three equalities of (2’.42) for (z,y,k); and (2'.36) for ¢p—1.1 — ¢n.1; and (2'.37) for ¢p_1.2 — ¢n.2; and (2'.38) for
Pn—1.3 — ¢n.3; and (2'.39) for ¢n_1.4 — Pn.4; and (2'.35) for ¢p_1 — ¢n]. Clearly

(Pn—1 — Pny¥n—1 — Vn,€n—1 — € ) tackles (173iw;i1) around 6wp41 — 19 — dwp 41 + 111‘11},,21+1 — 18¢ ( use (2'.43) and (2'.44)
and the notion of tackle introduced in Definition 2.2 [observe that (z,3) € C? and k € R; so (x,y,k) € C2 X R] ) Property (2.6.1)

follows and Proposition 2.6 immediately follows. O
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