N

HAL

open science

Modeling questions for quantum permutations

Teodor Banica, Amaury Freslon

» To cite this version:

Teodor Banica, Amaury Freslon. Modeling questions for quantum permutations. Infinite Dimensional Anal-
ysis, Quantum Probability and Related Topics, 2018, 21 (02), pp.1850009. <10.1142/50219025718500091). <hal-

03828255)

HAL Id: hal-03828255
https://hal.science/hal-03828255v1

Submitted on 25 Oct 2022

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':izition
HAL Authorization


https://hal.science/hal-03828255v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

MODELLING QUESTIONS FOR QUANTUM PERMUTATIONS
TEODOR BANICA AND AMAURY FRESLON

ABSTRACT. Given a quantum permutation group G C Sj\',, with orbits having the same
size K, we construct a universal matrix model 7 : C(G) — Mg (C(X)), having the
property that the images of the standard coordinates u;; € C(G) are projections of
rank < 1. Our conjecture is that this model is inner faithful under suitable algebraic
assumptions, and is in addition stationary under suitable analytic assumptions. We fully
discuss this conjecture for classical groups and prove it for several families of duals of
discrete groups.

INTRODUCTION

The present paper is motivated by some questions in quantum algebra. Wang intro-
duced in [21] the free analogue S}, of the quantum permutation group Sy. While many
things are known about S}, the analytic structure of the algebra C'(S};) is still subject
to investigation. One key open problem, slightly stronger than the Connes embedding
property, is whether C(S5;) has an inner faithful matrix model. See [5], [8], [10].

A Grassmannian model approach to this question was proposed in [6]. The idea is that
the magic bases of C form a real algebraic manifold Xy, and the problem is whether
the corresponding representation 7y : C(Sy) — My(C(Xy)) is inner faithful or not. In
order to solve this question, some methods are available from [5], [22], but their application
would require the construction of a measure on Xy. An idea here, proposed in [6], is that
of using the push-forward of the Haar measure on U, via a Sinkhorn type algorithm [18].
But the convergence of the algorithm is not established yet.

A perhaps simpler question, with many degrees of freedom, is that of looking first at the
various quantum subgroups G C S¥;. As explained in [1], the matrix model construction is
available in this setting, with the model space X C X being obtained by imposing the
abstract Tannakian conditions which define G. However, in the non-transitive case the
model space collapses to the null space. We will fix here this issue with a new construction,
the idea being to allow 0 entries in our magic basis when the orbits of G are non-trivial.
To be more precise, we will assume that G is quasi-transitive, in the sense that its orbits
have the same size K € N, with K|N, and we will construct a universal matrix model
7m: C(G) - Mg(C(X)), having the property that the images of the standard coordinates
u;; € C(G) are projections of rank < 1.
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2 TEODOR BANICA AND AMAURY FRESLON

One important source of examples when trying to understand properties of compact
quantum groups are duals of discrete groups. This is where our construction is interesting.
Indeed, the only transitive group duals are cyclic groups, while there are plenty of quasi-
transitive examples coming from free products of cyclic groups. We can therefore do
computations and give explicit examples of inner faithful matrix models in this enlarged
setting.

Our conjecture is that the quasi-flat model is inner faithful under suitable uniformity
assumptions on G, and is in addition stationary under suitable analytic assumptions on
G. We will discuss this conjecture for the classical groups G C Sy, and we will investigate
it as well for the group duals T c S%. The general case, including that of G = S}, itself,
and of other transitive subgroups G C Sy, remains an open problem.

The paper is organized as follows: 1-2 contain preliminaries on quasi-transitive quantum
groups, in 3-4 we construct the universal models and we formulate the conjectures, in 5-6
we perform some basic work on these conjectures, in the classical group and in the group
dual cases, and in 7-8 we discuss in detail the group dual case.

Acknowledgments. We would like to thank A. Chirvasitu for useful discussions.

1. QUANTUM PERMUTATIONS

We are interested in the quantum analogues of the permutation groups G C Sy. In
order to introduce these objects, let us recall that a magic unitary is a square matrix over
a C*-algebra, u € My(A), whose entries are projections (p? = p* = p), summing up to 1
on each row and each column. The following key definition is due to Wang [21]:

Definition 1.1. C(S},) is the universal C*-algebra generated by the entries of a N x N
magic unitary matriz u = (u;j), with the morphisms given by

A(ugj) = Zuzk Qug; , e(uy) =06y , Suy)=1uy
k

as comultiplication, counit and antipode.

This algebra satisfies Woronowicz’ axioms in [24], [25], and the underlying space S} is
therefore a compact quantum group, called quantum permutation group.

Observe that any magic unitary v € My (A) produces a representation m : C(Sy%) — A,
given by 7(u;;) = v;;. In particular, we have a representation as follows:

m:CO(S%) = C(Sy)  + iy — x (0 € Sy|o(j) =)

The corresponding embedding Sy C S3; is an isomorphism at N = 2,3, but not at
N > 4, where S}, is infinite. Moreover, it is known that we have S; ~ SOy ! and that
any Sy with N > 4 has the same fusion semiring as SO3. See [4], [21].

The orbit decomposition theory for the subgroups G C S5 was developed in [7]. We
present here an alternative approach, based on the following simple fact:
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Proposition 1.2. Given a quantum group G C S¥, with standard coordinates denoted
u;; € C(G), the following defines an equivalence relation on {1,...,N}:

i ~ 7 when u;; # 0
In the classical case, G C Sy, this is the orbit equivalence coming from the action of G.

Proof. We first check the fact that we have indeed an equivalence relation:

(1) i ~ i follows from e(u;;) = 0,5, which gives e(u;;) = 1, and so w;; # 0, for any i.

(2) i ~j = j ~ i follows from S(u;;) = w;;, which gives u;; # 0 = wu;; # 0.

(3)ir~j,j~k = i~ kfollows from A(uy) = Zj u;; @ u;p,. Indeed, in this formula,
the right-hand side is a sum of projections, so assuming wu;; # 0,u;; # 0 for a certain
index j, we have u;; ® ujp > 0, and so A(u;) > 0, which gives u;, # 0, as desired.

In the classical case now, G C Sy, the standard coordinates are the characteristic
functions w;; = x(0 € Glo(j) = i). Thus the condition w;; # 0 is equivalent to the
existence of an element o € G such that o(j) = ¢, and this means precisely that 7, j must
be in the same orbit under the action of (G, as claimed. O

Summarizing, we have a quantum analogue of the orbit decomposition from the classical
case. It is convenient to introduce a few more related objects, as follows:

Definition 1.3. Associated to a quantum group G C S¥, producing as above the equiva-
lence relation on {1,..., N} given by i ~ j when u;; # 0, are as well:

(1) The partition m € P(N) having as blocks the equivalence classes under ~.

(2) The binary matriz e € My(0,1) given by ;5 = by, 0.

Observe that each of the objects ~, 7, determines the other two ones. We will often
assume, without mentioning it, that the orbits of G C S} come in increasing order, in
the sense that the corresponding partition is as follows:

7T:{1,...,K1},...,{K1—|—...+KM_1—|—1,...,K1—|—...—|—KM}
Indeed, at least for the questions that we are interested in here, we can always assume
that it is so, simply by conjugating everything by a suitable permutation o € Sy.
In analogy with the classical case, we have as well the following notion:
Definition 1.4. We call G C S§; transitive when u;; # 0 for any i, j. Equivalently:
(1) ~ must be trivial, i ~ j for anyi,j.
(2) ™ must be the 1-block partition.
(3) € must be the all-1 matriz.

Let us discuss now the quantum analogue of the fact that given a subgroup G C S,
with orbits of lenghts K71, ..., K}, we have an inclusion as follows:

GCSle...XSKM

Given two quantum permutation groups G C S}, H C S}, with magic corepresenta-
tions denoted u, v, we can consider the algebra A = C(G)+«C(H), together with the magic
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matrix w = diag(u,v). The pair (A, w) satisfies Woronowicz’s axioms, and we therefore
obtain a quantum permutation group, denoted G H C S} - See [20].
With this notion in hand, we have the following result:

Proposition 1.5. Given a quantum group G C S¥, with associated orbit decomposition
partition m € P(N), having blocks of length K, ..., Ky, we have an inclusion

GCS;;I@ %S}M
where the product on the right is constructed with respect to the blocks of w. In the classical

case, G C Sy, we obtain in this way the usual inclusion G C Sk, X ... X Sk,,.

Proof. Since the standard coordinates w;; € C(G) satisfy u;; = 0 for i o j, the algebra
C(G) appears as quotient of the following algebra:

C(SE) [ iy =0.i b ) = CSf) ...+ C(SE,,)
= C(S;gl ... %S}M)
Thus, we have an inclusion of quantum groups, as in the statement. Finally, observe
that the classical version of the quantum group S;gl ...k S};M is given by:

(S;l * >T<'S’I—;M)Class = (SKl XX SKM)class
= Sk, X ... xS8ky,
Thus in the classical case we obtain G C Sk, X ... x Sk,,, as claimed. g

Let us discuss now what happens in the group dual case, where the situation is non-
trivial. Following the work of Bichon in [7], we have the following result:

Proposition 1.6. Given a decomposition N = K1 + ...+ Ky, and a quotient group
Lg, *...%x Lk, — I, we have an embedding, as follows:

[ CZyg % ... %L, CSE % ... %St C S5
Moreover, modulo the action of Sy X Sy on the magic unitaries, obtained by permuting
the rows and columns, we obtain in this way all the group dual subgroups T' C Sy.

Proof. Given a quotient group I' as in the statement, by composing a number of standard
embeddings and identifications, we obtain indeed an embedding, as follows:

~

T C Zy 5. %L, =Lw, % ... 305, ~ L, % ... % Lg,,
C Sk ¥ ... %Sk, CSg* ... %Sk, C Skt 1k
Regarding now the last assertion, this basically follows by letting N = K; + ... 4+ Ky
be the decomposition coming from the orbit structure of I' C Sy. See [7]. g

Let us now consider the case where the decmposition N = K;+...4 Kj; is “minimal”,
in the sense that the quotient map Zg, * ... * Zg,, — I' is faithful on each Zg,. With
this assumption made, we have:
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Theorem 1.7. Assume that I C SY% comes from a quotient group Zy, * ... x Ly, — T’
with K + ...+ Ky = N, such that the quotient map is faithful on each Z, .

(1) The associated orbit decomposition is N = Ky + ...+ Kyy.
(2) The inclusions I' C S % ... % Si  from Propositions 1.5 and 1.6 coincide.

Proof. We recall from Proposition 1.6 that the subgroup I c S appears as follows:
U CZg %... %0, CSE %...%SF CSF

(1) By construction of T c S, the orbit decomposition for this quantum group must
appear via a refinement of N = K;+...4+ K. On the other hand, since Zg, *. . ¥Zg,, — T’
is faithful on each Zg,, the elements (K; + ...+ K; 1)+ 1,...,(Ky + ... + K;_1) + K;
must belong to the same orbit under the action of f, and we are done.

(2) This is just an observation, which is clear from (1) above. d

For more on the group duals I c S, we refer to [7]. We will back later on to these
quantum groups, under the extra assumption K; = ... = K.

2. QUASI-TRANSITIVITY

We discuss now an extension of the notion of transitivity, that we call quasi-transitivity.
We will see later on that the universal flat matrix model construction from [1], [6], which
works well in the transitive case, adapts to the quasi-transitive case.

In terms of the objects ~, 7, ¢ introduced above, we have:

Definition 2.1. A quantum permutation group G C Sy, is called quasi-transitive when
all its orbits have the same size. Equivalently:

(1) ~ has equivalence classes of same size.
(2) 7 has all the blocks of equal length.
(3) € is block-diagonal with blocks the flat matriz of size K.

As a first example, if G is transitive then it is quasi-transitive. In general now, if we
denote by K € N the common size of the blocks, and by M € N their multiplicity, then
we must have N = K M. We have the following result:

Proposition 2.2. Assuming that G C Sy is quasi-transitive, we must have
GCSEx. ... %Sk
—_——
M terms

where K € N is the common size of the orbits, and M € N is their number.

Proof. This simply follows from Proposition 1.5 above, because, with the notations there,

in the quasi-transitive case we must have K; = ... = Kj; = K. Observe that in the
classical case, we obtain in this way the usual embedding G C Sk X ... X Sk. O
—_——

M terms
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Let us discuss now the examples. Assume that G C St % ... %Sk, If u,v are the
fundamental corepresentations of C'(S5), C(S}), consider the quotient map m; : C(Sy) —
C(S}) constructed as follows:

quiag(lK,...,lK, v 71K7~--71K)

i—th term

and set C(G;) = m;(C(G)). This should be thought of as the intersection of G with the
i-th component. Assume that G; is transitive for all 7.

Proposition 2.3. If G; is transitive for all i, then G is quasi-transitive.

Proof. Because
Gix..xGyCGCSE*...%5%,
—_——

M terms
the size of any orbit of G is at least K (it contains G; X ... X Gy) and at most K (it is
contained in SF % ... % S%). Thus, G is quasi-transitive. O

We call the quasi-transitive subgroups appearing as above “of product type”. Observe
that there are quasi-transitive groups which are not of product type, as for instance the
group G = Sy C Sy X Sy C Sy obtained by using the embedding ¢ — (0, 0). Indeed, the
quasi-transitivity is clear, say by letting G act on the vertices of a square. On the other
hand, since we have G; = G5 = {1}, this group is not of product type.

In general, we can construct examples by using various product operations:

Proposition 2.4. Given transitive subgroups Gy, ...,Gy C Si, the following construc-
tions produce quasi-transitive subgroups G C S}t % ... % Si, of product type:
—_—

M terms

(1) The usual product: G = Gy x ... X Gy.
(2) The dual free product: G = Gy % ... ¥G .

Proof. All these assertions are clear from definitions, because in each case, the quantum
groups G; C S} constructed in Proposition 2.3 are those in the statement. Il

In the group dual case, we have the following result:

Proposition 2.5. The group duals T c Stk ... xSt which are of product type are
—_——

M terms
precisely those appearing from intermediate groups of the following type:

ZK**ZK—)F—)ZKXXZK
%ﬁ NS ~~ >
M terms M terms

Proof. 1t is clear that any intermediate quotient I' as in the statement produces a quantum
permutation group I' C S5 which is of product type. Conversely, given a group dual
[' C Sy, coming from a quotient group Z3? — T, the subgroups G; C I' constructed in
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Proposition 2.3 must be group duals as well, G; = FZ, for certain quotient groups I' — I%.
Now if T is of product type F C S} must be transitive, and hence equal to Z k- We then

conclude that we have ZM C F and so I' — Z% as in the proof of Proposition 2.3. [

In order to give now some other classes of examples, we use the notion of normality for
compact quantum groups, from [11], [22]. This notion is introduced as follows:

Definition 2.6. Given a quantum subgroup H C G, coming from a quotient map m :
C(G) — C(H), the following are equivalent:

(1) A={a e C(G)|(id® m)A(a) = a ® 1} satisfies A(A) C AR A.
(2) B={a € C(G)|(r®id)A(a) =1® a} satisfies A(B) C B® B.
(3) We have A = B, as subalgebras of C(Q).

If these conditions are satisfied, we say that H C G is a normal subgroup.
As explained in [11], in the classical case we obtain the usual normality notion for the

subgroups. Also, in the group dual case the normality of any subgroup, which must be a
group dual subgroup, is automatic. Now with this notion in hand, we have:

Theorem 2.7. Assuming that G C Sy is transitive, and that H C G is normal, H C Sy
follows to be quasi-transitive.

Proof. Consider the quotient map 7 : C(G) — C(H), as in Definition 2.6, given at the
level of standard coordinates by u;; — v;;. Consider two orbits O, Oy of H and set:

%ZE Uij yi:E Uy j
Jj€O01 j€O02

These two elements are orthogonal projections in C'(G) and they are nonzero, because
they are sums of nonzero projections by transitivity of G. We have:

(id@m)A(x;) = Z Z Uk @ Vg

k jeO1

= Z Zuik@)vk]’

keOq jEOl

= Zuik®1

keO,

Thus by normality of H we have (7 ® id)A(x;) = 1 ® z;. On the other hand, assuming
that we have i € Oy, we obtain:

( ®Zd szzk(g)uk] Zvlk®xk

k ]601 keOo
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Multiplying this by v;, ® 1 with k € O, yields v, ® x, = v ® x;, that is to say xp = x;.
In other words, z; only depends on the orbit of i. The same is of course true for y;.
By using this observation, we can compute the following element:

=Y Yuy= Y w0
keO2 j€O1 keOs
On the other hand, by applying the antipode, we have as well:
S(z) = Z Z Ujk = Z y; = |O1ly;
k€02 j€O1 J€O1

We therefore obtain the following formula:

|04
S(zi) = =Y,
( ) |02| J
Now since both z; and y; have norm one, we conclude that the two orbits have the
same size, and this finishes the proof. Il

If Geass is the Gelfand spectrum of the maximal abelian quotient of C(G), it is easy
to see that G is transitive as soon as G is. However, this is not clear anymore for
quasi-transitivity. Note that the converse statement has recently been shown to be false
[14].

3. MATRIX MODELS

Given a quantum permutation group G' C Sj;, we will be interested in what follows in
the matrix models of type 7 : C(G) — Mg (C(X)), with X being a compact space. There
are many examples of such models, and the “simplest” ones are as follows:

Definition 3.1. Given a subgroup G C S};, a random matriz model of type
m: C(G) = Mkg(C(X))
is called quasi-flat when the fibers P = m(ui;)(z) all have rank < 1.

)

As a first observation, the functions x — r{; = rank(P};) are locally constant over X,
so they are constant over the connected components of X. Thus, when X is connected,
our assumption is that we have rj; = r;; € {0,1}, for any x € X, and any 1, j.

Observe that in the case K = N these questions disappear, because we must have
ri; =1 for any 4, j, and any x € X. In this case the model is called flat. See [6].

Proposition 3.2. Assume that we have a quasi-flat model m : C(G) — Mk (C(X)),
mapping u;; — P, and consider the matriz r;; = rank(P;).

(1) r is bistochastic, with sums K.

(2) We have 1;; < g5, for any 1, j.

(3) If G is quasi-transitive, with orbits of size K, then r;; = e;; for any i, j.
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(4) If m is assumed to be flat, then G must be transitive.

Proof. These results are all elementary, the proof being as follows:

(1) This is clear from the fact that each P* = (P}) is bistochastic, with sums 1.

(2) This simply comes from u;; =0 = P,; = 0.

(3) The matrices r = (r;;) and € = (g;;) are both bistochastic, with sums K, and they
satisfy r;; < €;;, for any 4, j. Thus, these matrices must be equal, as stated.

(4) This is clear, because rank(FP;;) = 1 implies w;; # 0, for any ¢, j. O

In order to construct now universal quasi-flat models, we use the following standard
result from [1], which is a reformulation of Woronowicz’s Tannakian duality [25]:

Proposition 3.3. Given an inclusion G C S, with the corresponding fundamental corep-
resentations denoted w +— u, we have the following formula:

C(G) = C’(S;{,)/(T € Hom(w®", w®),Vk,l € NVT € Hom(u®k,u®l)>
with the Hom-spaces at left being taken in a formal sense.

Proof. We recall that for a Hopf algebra corepresentation v = (v;;), the intertwining
condition 7' € Hom(v®* v®') means by definition that we have Tv®* = v®!T the tensor
powers of v = (v;;) being the corepresentations v®" = (vi, i, . j.)-

We can formally use these notions for any square matrix over any C*-algebra, and
in particular, for the fundamental corepresentation of C'(Sy%). Thus, the collection of
relations T € Hom(w®* w®'), one for each choice of an intertwiner T € Hom(u®* u®'),
produce an ideal of C(Sy), and the algebra in the statement is well-defined.

This latter algebra is isomorphic to C(G), due to Woronowicz’s Tannakian results in
[25]. For a short, recent proof here, using basic Hopf algebra theory, see [15]. O

Now back to our modelling questions, it is convenient to identify the rank one projec-
tions in My (C) with the elements of the complex projective space P(év -1
We first have the following observation, which goes back to [6]:

Proposition 3.4. The algebra C(S5;) has a universal flat model, given by
m: C(SY) = My(C(Xw))  7n(uiy) = [P Pyl
where Xy is the set of matrices P € My(PY™) which are bistochastic with sums 1.

Proof. This is clear from definitions, because any flat model C(S};) — My(C) must map
the magic corepresentation u = (u;;) into a matrix P = (P;;) belonging to Xy. O

Regarding now the general quasi-transitive case, we have here:

Theorem 3.5. Given a quasi-transitive subgroup G C Sy, with orbits of size K, we have
a universal quasi-flat model 7 : C(G) — My (C(X)), constructed as follows:
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(1) ForG = Skt ... %Sk with N = KM, the model space is Xy x = X X ... x Xk,
\ / N e

~
M terms M terms

and with uw = diag(u', ..., u™) the map is my x(ul;) = [(P',..., PM) = P]].
(2) In general, the model space is the submanifold X¢ C Xy i obtained via the Tan-
nakian relations defining G.

Proof. This result is known since [1], [6] in the flat case, the idea being to use Proposition
3.3 and Proposition 3.4. In general, the proof is similar:
(1) This follows from Proposition 3.4, by using Proposition 3.2 (3) above, which tells
us that the 0 entries of the model must appear exactly where v = (u;;) has 0 entries.
(2) Assume that G C Sy is quasi-transitive, with orbits of size K. We have then an
inclusion G C Sjt % ... %S}, and in order to construct the universal quasi-flat model for
—_——

M terms
C(G), we need a universal solution to the following factorization problem:

—_——

M terms

3 \

C(G) - Mg(C(Xg))

But, the solution to this latter question is given by the following construction, with the
Hom-spaces at left being taken as usual in a formal sense:

C(Xe) = C(Xwi) [ (T € Hom(P**, P),k,1 € N.VT € Hom(u®, u®"))

With this result in hand, the Gelfand spectrum of the algebra on the left is then an
algebraic submanifold Xo C Xy x, having the desired universality property. O

Observe that talking about quasi-flat models for quantum groups which are not nec-
essarily quasi-transitive perfectly makes sense. The universal model spaces can be con-
structed as above, and this was in fact already discussed in [1], but no one guarantees
that in the non-quasi-flat case, the model spaces are non-empty. So, we prefer to restrict
the attention to the quasi-transitive case, and state Theorem 3.5 as it is.

4. INNER FAITHFULNESS

We formulate in what follows a number of conjectures. We first review the notions of
inner faithfulness and stationarity, from [1], [2], [5]. Following [2], we first have:

Definition 4.1. Let 7 : C(G) - Mg(C(X)) be a matriz model.

(1) The Hopf image of 7 is the smallest quotient Hopf C*-algebra C(G) — C(H)
producing a factorization of type m: C(G) — C(H) — Mg(C(X)).
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(2) When the inclusion H C G is an isomorphism, i.e. when there is no non-trivial
factorization as above, we say that 7 is inner faithful.

Observe that when G = T is a group dual, 7 must come from a group representation
p: T — C(X,Ug), and the above factorization is the one obtained by taking the image,
p:I' = 1" C C(X,Uk). Thus 7 is inner faithful when I' C C(X, Uk).

Also, given a compact group GG, and elements g1, ..., gx € GG, we have a representation
7:C(G) — CK, given by f — (f(g1),- .-, f(9x)). The minimal factorization of 7 is then
via C(G"), with G' =< g1, ..., 9k >, and 7 is inner faithful when G = G'.

In practice, X is often a compact Lie group, or a compact homogeneous space, or a
more general compact probability space. And here, we have the following result:

Proposition 4.2. Given an inner faithful model m : C(G) — Mg (C(X)), with X being
assumed to be a compact probability space, we have

1o [T
= lim =

, with p =tr® | « being the random matrix trace.

*7

where [, = (o)

Proof. This was proved in [5] in the case X = {-}, using idempotent state theory from
[13]. The general case was recently established in [23]. O

The above result can be used as a criterion for detecting the inner faithfulness. To be
more precise, 7 is inner faithful precisely when the above formula holds. See [5].

Following [1], we call a matrix model stationary when the Cesaro limiting convergence
in Proposition 4.2 is stationary. In other words, we have the following definition:

Definition 4.3. A matriz model 7 : C(G) — Mg(C(X)), with X assumed to be a
compact probability space, is called stationary when:

f= (e )

In the general case, where X 1is only assumed to be a compact space, ™ will be called
stationary if it is stationary with respect to some probability measure on X.

There are many interesting examples of such models, see [1]. However, the stationarity
condition is a very strong assumption, and we have the following result, from [1]:
Proposition 4.4. Let 7 : C(G) — Mg (C(X)) be a stationary model. Then,

(1) m is faithful.
(2) C(G) is a type I C*-algebra, hence the discrete dual I' = G is amenable.
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Proof. We use the basic theory of amenability for discrete quantum groups, from [16].
Assuming that 7 is stationary, for any x € C(G) we have:

/Gx:O — (tr@/}()w(x):o

In particular, with = = yy* we obtain that for any y € C(G) we have:
/yy*:() — 7(yy") =0 = 7(y) =0
G

Now since the elements satisfying fG yy* = 0 are precisely those in the kernel of the
quotient map A : C(G) — C(G),eq, we obtain a factorization of 7, as follows:

7: C(G) = C(GQ)rea — Mg (C(X))

Our claim now is that the map on the right, say p, is an inclusion. Indeed, let = € ker(p),
and let us pick a lift y € C(G) of this element € C(G),eq. We have then:

plx)=0 = 7(y) =0 = 7(yy") =0 = /ny*:o — My)=0 = =0

Thus we have an inclusion C(G),.q C Mg (C (X)), and so 7 factorizes as follows:
7:C(GQ) = C(G)rea C Mg (C(X))

Now since C(G),q must be of type I, and therefore nuclear, the quantum group G' must
be co-amenable, and so 7 must be faithful, and we are done with both (1,2). U

We refer to [1], [2], [5], [10], [13], [23] for more theory and examples, of algebraic and
analytic nature, regarding the notions of inner faithfulness and stationarity.

We recall from [24] that any finitely generated group I' =< g¢q,...,gny > produces
a closed subgroup T c Uy, with fundamental corepresentation w;; = d;;¢;, and that
the group dual subgroups T c Uy all appear in this way, modulo a conjugation of the
fundamental corepresentation u = (u;;) by a unitary U € Uy. Here is now a first result
about stationarity, which is essentially a reformulation of Thoma’s theorem [19]:

Theorem 4.5 (Thoma). Given a group dual G = Ic Uy, the following are equivalent:
(1) C(GQ) is of type I.
(2) C(G) has a stationary model.
(3) C(G) has a stationary model, over an homogeneous space.
(4) T is virtually abelian.

Proof. Here (1) = (4) is Thoma’s theorem [19] and (3) = (2) == (1) are trivial
implications. We therefore only have to prove (4) = (3).
Let A < T" be an abelian subgroup of finite index and let K = [A : T']. We define a

-~

matrix model 7 : C*(I') — Mg (C(A)) by
(1) (x) = Indj (x)(+)
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To see that this model is faithful, take v € T and recall that the character  of Ind} ()
is given by
Y(y) = TT(IHdR(X)) = Z 5x_1'yx€AX(m717$)
z€l'/A
where T'r is the usual (non-normalized) trace on Mg (C). Thus,

(tr@ [ ) m(v) :% I - /x x(a ™ yx)dy

A zel'/A

Since the integral over all characters is the indicator function of the trivial element, the
expression above equals d, . and the model is stationary. Il

Let us formulate now our main two conjectures, regarding the universal quasi-flat mod-
els for the quantum permutation groups. We first have:

Conjecture 4.6. Assuming that G C Sy is quasi-transitive, with orbits of size K, and
that I' = G satisfies a suitable “virtual abelianity” condition, we have:

(1) The universal quasi-flat model space X¢ is an homogeneous space.
(2) The corresponding model m : C(G) — Mk (C(X¢)) is stationary.

The evidence here comes from Thoma’s theorem, in its conjectural stronger form pre-
sented above, as well from a number of explicit verifications, to be performed below, and
notably from a verification in the case where G is classical.

We do not know yet what the “virtual abelianity” condition should mean. When I’
is classical, as in Thoma’s theorem, this condition states that we must have an abelian
subgroup A < I' such that F' =TI'/A is finite.

Regarding now the notion of inner faithfulness, we have here:

Conjecture 4.7. Assuming that G C Sy is quasi-transitive, and satisfies in addition a
suitable “uniformity” condition, the universal quasi-flat model is inner faithful.

We do not know yet what the precise “uniformity” condition should be. We believe
that all this is related to the notion of easiness [12], [17], and this will be confirmed by
some of the verifications performed below, but in general, we have no results.

Finally, let us mention that in the transitive case, the very first question here concerns
G = S} itself, and the problem here is difficult, and open. Indeed, assuming that the
conjecture holds, Sy, would follow to be inner linear (in a parametric sense) and we would
therefore obtain that L>(S}) has the Connes embedding property. Thus, we will have
here a solution to an old open problem. For some comments here, see [5], [6], [8].

5. THE CLASSICAL CASE

In this section we discuss the classical case, G C Sy. First note that the identity map
C(G) — C(G) = Mi(C(GQ)) is always a stationary matrix model. Our question here is
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the following one: assume that G is quasi-transitive with orbits of size K, under which
condition is there is a stationary model 7 : C(G) — Mg (C(X))?
We will use the following notion:

Definition 5.1. A “sparse Latin square” is a square matrix L € My (x,1,..., K) having
the property that each of its rows and columns consists of a permutation of the numbers
1,..., K, completed with * entries.

In the case K = N, where there are no * symbols, we recover the usual Latin squares.
In general, however, the combinatorics of these matrices seems to be more complicated
than that of the usual Latin squares. Here are a few examples of such matrices:

1 2 % *x x
1 2 % % 1 2 % %

1 2 % 2 x 1 * %
2 % 1 =% 2 1 % %

2 x 1] , , I x 1 2 x x
* 1 x 2 * *x 1 2

* 1 2 * % x 1 2
* % 2 1 * % 2 1

* *x x 2 1

With this notion in hand, the result that we need is as follows:

Proposition 5.2. The quasi-flat representations m : C(Sy) — Mg (C) appear as

U5 — PLij
where Py, ..., Px € Mg(C) are rank 1 projections, summing up to 1, and where L €
My(*,1,...,K) is a sparse Latin square, with the convention P, = 0.

Proof. Assuming that 7 : C(Sy) — Mg(C) is quasi-flat, the elements P;; = m(u;;) are
projections of rank < 1, which pairwise commute, and form a magic unitary.

Let Py,...,Px € Mg(C) be the rank one projections appearing in the first row of
P = (P;;). Since these projections form a partition of unity with rank one projections, any
rank one projection Q € Mg (C) commuting with all of them satisfies @ € {Py,..., Px}.
In particular we have P;; € {Py, ..., Pk} for any i, j such that P;; # 0. Thus we can write
ug; — P, for a certain matrix L € My(x,1,..., K), with the convention P, = 0.

In order to finish, the remark is that u;; + P, defines a representation m : C'(Sy) —
Mg (C) precisely when the matrix P = (Pr,;);; is magic. But this condition tells us
precisely that L must be a sparse Latin square, in the sense of Definition 5.1. U

Our task now is to compute the associated Hopf image. We have here:

Proposition 5.3. Given a sparse Latin square L € My(x,1,...,K), consider the per-
mutations oy, ...,0x € Sy given by:

The Hopf image associated to a representation w : C(Sy) — Mg(C), uy; — Pr,; as above
is then the algebra C(Gp), where G, =< 01,...,0 >C Sn.
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Proof. We use a method from [3]. The image of 7 being generated by Py, ..., Pk, we have
an isomorphism of algebras « : Im(m) ~ C(1,...,K) given by P, — ¢;. Consider the
following diagram:

C(Sy) —— Im(r) My (C)

where the map on the right is the canonical inclusion and ¢ = am. Since the Hopf image
of 7 coincides with the one of ¢, it is enough to compute the latter. We know that ¢
is given by ¢(u;) = dr,;, with the convention 6, = 0. By Gelfand duality, ¢ must come
from a certain map o : {1,..., K} — Sy, via the transposition formula ¢(f)(z) = f(0.).
With the choice f = w;;, we obtain:

Or,; () = uij(0g)
Now observe that these two quantities are by definition given by:

50, () = {1 if Lijj =x | iy (00) = {1 if 0,(5) =1

0 otherwise 0 otherwise

We conclude that o, is the permutation in the statement. Summarizing, we have shown
that ¢ comes by transposing the map *r — o,, with o, being as in the statement. By
using now the general theory in [2], the Hopf image of ¢ is the algebra C(Gp), with
G =< o0y,...,0x >, and this finishes the proof. O

Let us discuss the construction of the universal model space, and then Conjecture 4.6,
in the classical case. We agree to identify the rank one projections in Mg (C) with the
corresponding elements of the projective space Pg -1

With these conventions, we first have the following result:

Proposition 5.4. Assuming that G C Sy is quasi-transitive, with orbits of size K, the
universal quasi-flat model space for G is given by Xq = Fg X L%}K, where:

Ey = {(Pl,...,PK) € (PE-1)K

P L P Vi # j}

L%K = {L € My(x,1,...,K) sparse Latin square

GLCG}

In particular, Xq has a canonical probability measure, obtained as the homogeneous space
measure on Ex times the the normalized counting measure on LS .

Proof. The first assertion follows by combining Proposition 5.2 and Proposition 5.3 above,
and the second assertion is clear from the definitions. U
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Note that the model above is empty if there is no sparse Latin square L such that
G, C G. The existence of such a sparse Latin square is a strong condition on G, and here
is an intrinsic characterization of the groups satisfying this condition:

Proposition 5.5. Let G C Sy be a classical group. The following are equivalent:

(1) LF x # 0.
(2) There exist K elements oy,...,0x € G such that o1(i),...,0x(1) are pairwise
distinct for all 1 <1 < N.
Proof. (1) = (2) lf 04, ..., 0k are the permutations associated to L, then o, (i) = o, (i)
means by definition that x = Lis, iy = Lio, i) = ¥-
(2) = (1) Consider such permutations oy,...,0x. If i is fixed then for each j

there is at most one index x such that o,(i) = j. We set L;; = z in that case and
L;; = * otherwise. Then, L is a sparse Latin square and the associated permutations are
ot ,U;{l, which belong to G. U

It turns out that as soon as Lﬁ’ i 7 0, the universal quasi-flat model is stationary. To
prove this, let us first give another basic observation:

Proposition 5.6. Given G C Sy, we have an action G ™~ L%K, given by
(L7)ij = Lr=1(2);
Proof. Given a sparse Latin square L € My(x,1,..., K), thematrix L™ € My(x,1,..., K)
constructed in the statement is a sparse Latin square too and 7 — (L — L7) is a group
morphism, so it remains to check that Gy C G implies G- C G.
To do this, let us write G, =< 01,...,0x > and G- =< 0},...,0% >. Then,

o(j)=1 <= (L)yj=2 < Ly, =2

= 0,(j))=74) = T0,(j) =1

/!
Thus, o, = 70, and

GrCcG <— o,...,0k€G
<~ 7101,...,70 € G
<~ o),...,0 €G
— Gi-rCG
Thus G, C G implies G- C G, and this finishes the proof. O

We can now verify Conjecture 4.6 in the classical group case:

Theorem 5.7. If LS - is not empty, then the universal flat model for a quasi-transitive
subgroup G C Sy, ’

T C(G) — MK(C(X(;))
is stationary with respect to v @ m where m is the normalized counting measure on LS 4
and v is any probability measure on Ey. ’
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Proof. Write Mk (C(X¢)) = Mk(C) ® C(Ek) ® C(L§ k) and consider, for P € Ef, the

map
' = (id® evp ®id) : C(G) — MK(C(L%,K))

Recall that for 7 € G and f € C(G), 7.f denotes the map h — f(7'h). This corresponds
to the regular action of G on itself. Moreover,

7 (ugg) (77 L) = 70 (uray;) = 7" (Tougg)

Since the normalized counting measure m on L j is G-invariant, it follows (writing again
m for the integration with respect to m on C(L§ x)) that (tr ® m)z” is a G-invariant
state on C(G), i.e. it is [,. Summarizing, we have proved that (ir ® id ® m)w is the
constant function equal to [ o and the result follows. U

6. GROUP DUALS

In what follows we discuss universal quasi-flat models in the group dual case. Let us
start with I' = Zy, where the class of 1 will be denoted by ¢, and called the canonical
generator.

Proposition 6.1. We have an isomorphism of Hopf algebras
C*(Zy) = O(va)/ <u] - ukl‘j —i=1—k (mod N)>

which is such that g = Z;\le wi "y, for any i, where w = >/,

Proof. The quotient algebra A in the statement being generated by the entries of the first
row of u = (u;;), it is commutative. If we identify the elements of Zy with the powers
of w, and the elements of Zy with the functions w + w*, then 7(u;;) = §,-+ defines an

isomorphism between A and the algebra C*(Zy) = C(Zy). Moreover,
(7 @ m)A(uis) =D Guhes @ Sii = Az (Ss—+)
k
so that we have an isomorphism of Hopf algebras, as stated. The formula for ¢ in the
statement then follows from the formula for 7. O
This translates into a convenient description of the universal flat matrix model.
Proposition 6.2. The universal flat model space for C*(Zy) is the space

By = {(PI;...,PN) S (P(évfl)N P, 1 P;,Yi #3}

with the model map given by w(g)(Pi, ..., Py) = Zjvzl w’ P;.
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Proof. According to Proposition 6.1 above, m(u;;)(Py,...,Py) = Pj—; is a flat matrix
model map, which gives the formula in the statement for 7(g).

Let X be a flat matrix model space for C*(Zy), with model map 7x. For each x € X
the matrix mx(¢)(x) is circulant, so this matrix is completely determined by its first row,
which is an element of E. Let us set P = Py, and let P be the circulant matrix with
first row (P7,...,P%). The map ® : X — Ey given by ®(z) = P* being a continuous
embedding, we get a surjective x-homomorphism ¥ : My (C(Ey)) — My(C(X)) through
which 7 factors by construction. Thus, we obtain the universality of Ey, as claimed. [J

Regarding now the general group dual case, we have here the following result:

Theorem 6.3. Given a quotient group Z3M — T, the universal quasi-flat model 7 :
C*(I') = Mg (C(Yr)) appears as follows:
(1) ForT' = Z3M, the model space is Yy = Yy i = Ex x ... x Ex, and the model map

~
M terms

1s given by the formula in Proposition 6.2, on each of the components.
(2) In general, the model space is the subspace Yr C Yn x consisting of the elements
x such that w(v)(z) = Id for any v € ker(Z;} — T).

Proof. The first assertion is clear from Proposition 6.2. Regarding now the second asser-
tion, let us go back to Theorem 3.5 (2) above. The statement there tells us that the model

space for I appears from the model space for Sj % ... % S} via the Tannakian conditions
—_—

M terms

defining . But these Tannakian conditions, when expressed in terms of the generators
of ZM are precisely the relations v = 1 with v € ker(Z3¥ — T), as stated. O

7. MAXIMAL TORI

We will now prove Conjecture 4.7 for several families of duals of discrete groups. The
proofs will be more convenient to write by using a lift of the quasi-flat models in the
following sense :

Proposition 7.1. The affine lift of the universal quasi-flat model for C*(Z3M) is 7 :
CHZM) — My (C(UM)) given on the canonical generator g; of the i-th factor by

r(g)(U",....UM) = S wiBy,
J

where U; is the j-th column of U' and P denotes the orthogonal projection onto CE.

Proof. There is indeed a canonical quotient map Ux — FEj, obtained by parametrizing
the orthonormal bases of C¥ by the unitary group Uy, and this gives the result. U

According to the results of [7] explained in section 1 above, the maximal group dual
subgroups I' C S};, which can be regarded as being “maximal tori”, are the free products



MODELLING QUESTIONS FOR QUANTUM PERMUTATIONS 19

of type Zg, * ... x Zk,, with K; + ...+ Ky = N. In the quasi-transitive case, where
K, =...= Ky = K with K|N, we have the following result:

Theorem 7.2. The universal quasi-flat model for Z:M is inner faithful.

Proof. 1t is enough to prove that the affine lift of the model is inner faithful. Let us
consider a reduced word v € Z3M | and write it as v = gfll e gf:, with i; # 7,1, and with
1<k <K —1. Then:

K
ut,...,u"y = MIp ki P,
RO UMY =Y WhRB iRy,
Ji---gn=1
K
= Z w<k’J>PU¢1 c. PUin
.= 7 Jn
Ji..gn=1
Our aim is to prove that there is at least one tuple (U%,...,UM) for which the matrix

above is not the identity. Recall the following formula valid for any vectors in a Hilbert
space &1, ...,& € H, with the scalar product being linear on the left:

Pﬁlpﬁl(x) =< xaé—l >< flaglfl > <€27£1 >§1

To compute the trace of this operator, one can consider any orthonormal basis containing
&, yielding < §1,§ >< §,§-1> ... < &,& >. Applying this to 7(y) and using the
equality < U;,V; >= >, Uy Vij = (V*U);;, we get:

K
1 . )
trom(y) = 174 E w<kI> < U

U >< U U > L < U2 U >
Ji-.gn=1
1 K
= = Z Wk (U (U U (UU2) 505,
Jijn=1

Denoting by W the diagonal matrix given by W;; = d;;w’, we have:
kij * kipr= ki77r*
> WUy U =Y U WU, = (UWRU?);, 5,
J Jal
Applying this n times in the above formula for ¢r o w(7) yields:
trom(y) = tr (U™UWRUWURWR . Wy i)
= tr (UTWhU U W )
Assume now that 7(y)(U',...,UM) = Id for all tuples of unitary matrices. The trace of
a unitary matrix can only be equal to 1 if it is the identity, hence

ﬁ UrWh U = Id

p=1
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for all (U, ..., UM). In other words, the noncommutative polynomial

P=][xrwhxo -1
p=1
vanishes on all of U¥. But this is impossible if k; #£ 0 mod K for all ¢, hence 7(7) is not
always the identity and 7 is inner faithful. U

The above result can be extended by allowing arbitrary direct products as components

of the free product. More precisely, assume that M = M; + ... + M,. Then, the free

product Z%l X ...k ZAK/[” is a quotient of Z which is still quasi-transitive with orbits of

size K and we prove that its universal quasi-flat matrix model is still inner faithful.
Proposition 7.3. The universal quasi-flat model for T' = Z]\K/[1 *. . .*Z%n is inner faithful.

Proof. We first need a picture of the affine lift of the model for the direct product Z.
Note that if two complete families of rank one orthogonal projections commute, then they
are a permutation of one another. We may therefore consider the space Uy x S¥ as the
affine lift of our model. If gy,..., g)s are the canonical generators of the direct product,
their action is then given by:

K K
ﬂ-(gl)<U70-1770-M> :ijPUgrl(]) :Zwaz(.])PU]
Jj=1 j=1
This yields the following formula for a general element:

K
m(gF . g U, 0q,... 00) = Z wklc’l(j)+“'+kM"M(j)PUj

J=1

Let g1(i), ..., g, (i) be the generators of Zy.*, and let consider a reduced word:

Y= (gl (il)kl(l) c. gMil (il)kMil (1)> . (gl(ln)kl(n) c. ng (in>kMin (n))

The computation of ¢r o w(7y) is similar to the one in the proof of Theorem 7.2 until the
introduction of the matrices W. Here we have to replace W*t by Hﬁtl ng (t), where
(U', 0%, ..., 0%, )1<t<n is the element to which we are applying 7(v) and (W,);; = 6;;w”.

Assuming that 7(7) = 1, we can apply the same strategy as before: we have a polyno-
mial which must vanish on all tuples of unitary matrices and this is impossible unless all
the matrices appearing in the polynomial are the identity. We therefore get the condition
I ng ) = Id for all ¢, which translates into

My
w0 =1
s=1
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forall 1 <i < N and all (of,...,0%;,). To derive a contradiction, we will simply sum the
above equation over all permutations, getting
1 1 T
k1 ()01 () 4.k, (D)oar, (1) _ ks(t)os ()
w2 " o _(K!)MH<Zw )
O'1,...,O'MZ.€SK s=1 0sESK

For any i’, there are (K — 1)! permutations ¢ such that o4(i) = ’. This leads to:

K
Z wks(t)as(i) _ Z(K . 1)!wk‘s(t)i/
0sESK i’=1
= K!(Sks(t),o

Gathering everything yields

M;
H 5ks(t),0 =1
s=1

so that ks(t) = 0 for all ¢ and all s, a contradiction. O

8. FURTHER RESULTS

In this section we give two other extensions of Theorem 7.2. Before that, let us give an
example showing that the universal model is not always inner faithful for duals of discrete
groups.

Proposition 8.1. The group I' = (Zk x Zk) X Zx has no inner faifhtul quasi-flat model.

Proof. Let

m: C*(I') = Mg(C(X))
be a matrix model. For all z, 7(g;)(z) and 7(g3)(z) are commuting diagonalizable opera-
tors with all eigenvalues of multiplicity one. The same holds for m(g2)(x) and 7(g3)(x) so

that 7(g1)(z) and 7(g2)(z) must commute. Since this holds for any x € X, we conclude
that 7 factors through the quotient Z3;, so that the model is not inner faithful. O

The “uniformity assumption” of Conjecture 4.7 should enable to distinguish between
the groups in Proposition 7.3 and the example above. It is not clear however what the
precise statement should be. We now extend Theorem 7.2 by allowing the free product to
be amalgamated over a subgroup isomorphic to Zj;. Assume that we have N = KM as
before, and assume in addition that we have K = LR. We can then consider the following

quotient:
r= Z*KM/ <gf =gJ W,j>

It is enough for our purpose to provide an explicit model which is inner faithful and we
define it through its affine lift. Let (e;)1<;<ny be the canonical basis of C* and consider
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for 1 <t < L the subspace V; C CX spanned by the vectors e; with (t—1)R+1<i<IR,
so that

Ck=Vi@p...0V,

This gives a block-diagonal embedding U5 C Uy, which is the affine lift of the model
space. However, for computations it is simpler to use a permutation of this model:

Definition 8.2. We denote by Xi 1 the set of unitary matrices U C Uk such that
(U, Uiy - - - Uigr—1)1) is a basis of V; for all 1 <t < L.

Defining 7(g;) by the usual formula, we see that the following element does not depend
on %:

L R—-1 L
SOLCIRNUEES TR oI (X ) -
t=1 s=0 t=1

Thus, we get a representation m : C*(I') — My (C(X¥/,)). We have:

Theorem 8.3. The quasi-flat model = : C*(T') — Mg (C(X}'})) for the amalgamated
free product I' = Z3; /<g1 = gj ‘Vz j> 1s inner faithful.

Proof. As usual, we consider an arbitrary element v € I'. Writing h = g, we can assume
that v = hlg* ... g/" with 0 <1< L and 0 < k; < R for all 4. Thus:

2

r(y)(UY, ..., UM) = =(R)(U',.. (Z w<ri> P IR PUM>

Ji---Jn
L
= (D w™py ) | D wP i P
In
t=1 J1--Jn
L
_ § : § :wthw<k,J>PVtPUz‘1 ...PUin
. X J1 Jn
t=1 J1--Jn

Let us consider the term corresponding to a fixed ¢. The product of projections vanishes
unless U;, € V;. This forces U;, € V; and by induction all the terms must be in V;. This

means that there are sq,...,s, such that j,, =t + s,,L for all 1 <m < n. Thus:
R-1
tR,, t(k1+..Ahn) L<k,s>
(N, Zw D, W R Py

815380 =0

Let us denote by U(t) the unitary operator on V; obtained from the appropriate columns
of U'. The trace of () can be expressed using these operators. To do this, simply note



MODELLING QUESTIONS FOR QUANTUM PERMUTATIONS 23

that the normalized trace tr can be written as L~'trp, where trp is the normalized trace
on Ug. A computation similar to that of Theorem 7.2 then yields:

L n
1 . ,
trom(y) = 7 E wt(lR+k1+-..+kn)tTR (l |(UZP (t)WLk‘pUZp*(t))>

t=1 p=1

Assuming that 7(y) = Id, we can now derive a contradiction. Indeed, this forces

t(IR+k kn i Lkyri _
sz thit.t >H (U ()WH U™ (1)) = Id
p=1
Because U'(t) only acts on V; and the decomposition is orthogonal, this equation is equiv-
alent to the system formed by the equations for each fixed ¢t. As before, this system cannot

always be satisfied unless k, = 0 for all p. In that case, we are left with w'? =1 for all
t, implying [ = 0 and the proof is complete. Il

We end with another construction. This time, we do not identify the copies of Z; but
simply make them commute. More precisely, we set

I =7/ (gfqf = gFgf|Vi, j)

This is in a sense a mix between the free product of direct products and the amalga-
mated free products. Thus, the model space is Xp = X M KL X SM understood as tu-

ples (U',...,UM oy,...,0un) where U’ satisfies that (U}, Ut , .. .,UfHT_l)L) is a basis of

Vo1 for all t. Still using the usual formula for the canonical generators, we see that
L
7T(g7ﬁ>R(U’1’ R UM7 015 -+ - 7UM) = Z wai(t)RPVt
commutes with 7(g;)® so that we indeed have a universal representation m : C*(I') —

Mg (C(Xr)).

Proposition 8. 4 The quasi-flat model @ : C*(I') — Mg(C(Xr)) for the group I' =
Z}(M/ <gZ gj = g] g; |Vz ]> 15 inner faithful.

Proof. As usual, we consider a non-trivial word v = gfll . .gf: in a particular form. For
each i, let k; = k. + a; R be the euclidean division of k; by R. Then:

n L
7T(”)/)(U1,...,UM,01,...,UM) = H(Zw%(t)ast )(Zwus ;S)

Js=1

L K
_ R<o(t),a>,, <k',j> 91 i
= Y wheWeyKamp, Pl Py B

t1,tn=1j1,...,js=1
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For the product to be nonzero we need all the V,’s to be the same so that the first sum
reduces to only one index. Moreover, this forces as before j,, =t + s,,L, so that we get:

L R-1
. . / / /
2 : E : wR(alazl(t)“ru.‘i’anG'zn (t))wt(k1+~~-+kn)w[/<k $> P " o PUin

Ut+le t+snL

t=1 s1,...,5n=0

Using the same argument as in the proof of Theorem 8.1, we conclude that k), = 0 for all

p and that

wR(alail O+ tanoi, (1) 1

for all £. Summing over SM then yields [] 84,0 = 1 and the proof is complete. O

It is very likely that similar computations yield inner faithfulness results for free prod-
ucts of amalgamated free products or similar constructions. One may even expect a
general stability result under free products. As for the uniformity assumption in Conjec-
ture 4.7, it is still unclear but must include strong conditions on commuting elements in
order to avoid the counter-example given at the beginning of this section.
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