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THE RADIAL MASA IN FREE ORTHOGONAL QUANTUM GROUPS

AMAURY FRESLON AND ROLAND VERGNIOUX

ABsTRACT. We prove that the radial subalgebra in free orthogonal quantum group factors is maximal abelian
and mixing, and we compute the associated bimodule. The proof relies on new properties of the Jones-Wenzl
projections and on an estimate of certain scalar products of coefficients of irreducible representations.

1. INTRODUCTION

Discrete groups have been an important part of the theory of von Neumann algebras since its very be-
ginning. Taking advantage of their algebraic or geometric properties, one can build interesting families of
examples and counter-examples of von Neumann algebras, and get some insight into crucial structural prop-
erties like property (T) or approximation properties. In the last ten years, there has been an increasing
number of results showing that discrete quantum groups can also produce interesting examples of von Neu-
mann algebras. In this work, we continue this program by initiating the study of abelian subalgebras in von
Neumann algebras of discrete quantum groups.

The importance of abelian subalgebras in the study of von Neumann algebras has been long known and, as
already mentioned, group von Neumann algebras have played an important role in that history. For instance,
the subalgebra generated by one of the generating copies of Z inside the von Neumann algebra of the free
group Fy was proved by J. Dixmier to be maximal abelian [§], and by S. Popa to be maximal injective [15],
thus answering a long-standing question of R.V. Kadison. The fact that the subalgebra comes from a group
inclusion was crucial there.

Another example of abelian subalgebra in free group factors is the so-called radial (or laplacian) subalgebra,
which is the one generated by the sum of the generators and their inverses. This subalgebra does not come
from a subgroup, hence the aforementioned techniques do not apply. S. Radulescu introduced in [17] tools
to prove that this subalgebra, which was already known to be maximal abelian by work of S. Pytlik [16], is
singular. His techniques were later used again to prove that the radial subalgebra is maximal amenable [7].
For more background on maximal abelian subalgebras we refer to the book [19].

In this paper, we study the analogue of the radial subalgebra in free quantum group factors. More
precisely, we consider the free orthogonal quantum group of Kac type O]\L, and, inside its von Neumann
algebra LO"(OX,)7 the subalgebra generated by the characters of irreducible representations. Recall that OX,
is a compact quantum group introduced in [23], whose discrete dual is a quantum analogue of a free group.
In particular L>(O7%;) plays the role of a free group factor £(Fx). This analogy, dating back to the seminal
works of T. Banica [1, [2], has been supported since then by further work of several authors who proved
that the von Neumann algebra LOO(O]'\F]), for N > 3, indeed shares many properties with free group factors:

it is a full factor with the Akemann-Ostrand property [20],

it has the Haagerup property [4] and the completely contractive approximation property [12],
it is strongly solid [13] and has property strong HH [10],

it satisfies the Connes embedding conjecture [5].

As far as the radial subalgebra is concerned, the techniques of S. Radulescu do not apply in the quantum
case, because there is no clear way to mimic the construction of the so-called Radulescu basis. However, the
properties of the radial algebra mentioned previously can all be proved using another tool which we briefly
explain. Consider, for n € N, the element w, € L(Fy) which is the sum of all words of length n. Then, if
x, 2’ are two words of length k and y,y’ are two other words of length n, we have

{(x — 2w, wy(y — ') <2min(k + 1,n + 1).
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2 AMAURY FRESLON AND ROLAND VERGNIOUX

This estimate can be proved by elementary counting arguments, similar to the ones in [I8, Sec 4]. It can
then be used to prove maximal abelianness and singularity in one shot. We will use the same strategy here.

Elements of the form z — 2/ with = and 2/ of the same length k form a basis of the orthogonal of
the radial subalgebra in £(Fy), in the quantum case their role will be played by the coefficients u’gn of an

irreducible representation u* with respect to vectors &, n such that € is orthogonal to 1. As already mentioned,
the role of w; will be played by the character x; of the irreducible representation u! — note however that
wi||> = 2N(2N — 1)'=1 in L?(Fy), whereas ||x;||> = 1 in L2(O%). The estimate analogous to that we
will prove and use in the present article is then stated as follows (see Theorem [4.3]):

<Xlulg”q7’7 U/anl'> g quaX(lJ )7

with ¢ €]0, 1[. From this we will deduce all the results announced in the abstract.

Let us now outline the content of the paper. In Section [2| we recall some facts on compact quantum groups
and in particular on free orthogonal quantum groups. Since the geometry of their representation theory will
be crucial in the computations, we have to make some conventional choices and give the corresponding
explicit formula for several related objects.

Section [3| and [4] form the core of the paper. There we prove the announced estimate for scalar products
of coefficients and characters. The proof, presented in Section [d] is quite technical and relies on properties
of the so-called Jones-Wenzl projections which are of independent interest and are established in Section [3]

Eventually, we prove in Section [5| all our structural results on the radial subalgebra, namely that it is
maximal abelian, mixing and has spectral measure equivalent to the Lebesgue measure. The proofs here are
very simple using the main estimate and the arguments are certainly well-known to experts in von Neumann
algebras. Since however people interested in discrete quantum groups may not be so familiar with it, we give
full proofs. The paper ends with some remarks on the results of this work.

Acknowledgments. The first author was partially supported by the ERC advanced grant "Noncommuta-
tive distributions in free probability".

2. PRELIMINARIES

In this section we give the basic definitions and results needed in the paper. All scalar products will be
left-linear and we will denote by B(H) the algebra of all bounded operators on a Hilbert space H. When
considering an operator X € B(H; ® Hj), we will use the leg-numbering notations,

Xio=X®1,X93:=1® X and X3 := (E & 1)(1 ®X)(2 & 1),
where ¥ : Hy ® Hy — Hy ® H;p is the flip map. For any two vectors &, € H, we define a linear form
Wen - B(H) — C by Wén(T> = <T(£)777>~

2.1. Compact quantum groups. We briefly review the theory of compact quantum groups as introduced
by S.L. Woronowicz in [25]. In the sequel, all tensor products of C*-algebras are spatial and we denote ®
the tensor product of von Neumann algebras.

Definition 2.1. A compact quantum group G is a pair (C(G),A) where C(G) is a unital C*-algebra and
A:C(G) = C(G) ® C(G) is a unital x-homomorphism such that

(A®id)o A = (id®A) o A
and the spaces span{A(C(G))(1 ® C(G))} and span{A(C(G))(C(G) ® 1)} are both dense in C(G) ® C(G).
According to |25, Thm 1.3], any compact quantum group G has a unique Haar state h € C(G)*, satisfying
(id ®h) o A(a) = h(a).1
(h®id) o A(a) = h(a).1

forall a € C(G). Let (L*(G), 7, ) be the associated GNS construction and let Cyeq(G) be the image of C(G)
under the GNS representation 7. It is called the reduced C*-algebra of G and its bicommutant in B(L?(G))
is the von Neumann algebra of G, denoted by L>°(G). To study this object, we will use representations of
compact quantum groups.
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Definition 2.2. A representation of a compact quantum group G on a Hilbert space H is an operator
u € L*®(G)®B(H) such that (A ® id)(u) = u13ugs. It is said to be wnitary if the operator u is unitary.

Definition 2.3. Let G be a compact quantum group and let u and v be two representations of G on Hilbert
spaces H, and H, respectively. An intertwiner (or morphism) between u and v is a map T € B(H,, H,)
such that v(id ®T') = (id ®T)u. The set of intertwiners between u and v will be denoted by Hom(u, v).

A representation wu is said to be irreducible if Hom(u,u) = C.id and it is said to be contained in v if
there is an injective intertwiner between u and v. We will say that two representations are equivalent (resp.
unitarily equivalent) if there is an intertwiner between them which is an isomorphism (resp. a unitary). Let
us define two fundamental operations on representations.

Definition 2.4. Let G be a compact quantum group and let u and v be two representations of G on Hilbert
spaces H, and H, respectively. The direct sum of u and v is the diagonal sum of the operators v and v seen
as an element of L>°(G) ® B(H, ® H,). Tt is a representation denoted by u@® v. The tensor product of u and
v is the element ujov13 € L*°(G) ® B(H, ® H,). It is a representation denoted by u ® v.

The theory of representations of compact groups can be generalized to this setting (see [25] Section 6]).
If u is a representation of G on a Hilbert space H and if {,n € H, then ug,;, = (id ®wey,)(u) € C(G) is called
a coefficient of u.

Theorem 2.5 (Woronowicz). Fvery representation of a compact quantum group is equivalent to a unitary
one. FEvery irreducible representation of a compact quantum group s finite-dimensional and every unitary
representation is unitarily equivalent to a sum of irreducible ones. Moreover, the linear span of the coefficients
of all irreducible representations is a dense Hopf x-subalgebra of C(G) denoted by Pol(G).

2.2. Irreducible representations. Let Irr(G) be the set of equivalence classes of irreducible unitary rep-
resentations of G. For a € Irr(G), we will denote by u® a representative of the class o and by H, the
finite-dimensional Hilbert space on which u® acts. The scalar product induced by the Haar state can be
easily computed on coefficients of irreducible representations by [25] Eq. 6.7]:

a £, Qa
<usnau§'n'>:5a,ﬁ< ><;7a )

where @, is a positive matrix determined by the representation o and do, = Tr(Q,) = Tr(Q5') > 0 is called
the quantum dimension of a. Note that in general, d, is greater than dim(H,). However, it is easy to see
that the two dimensions agree if and only if @, = id. When this is the case for all a € Irr(G) we say that
G is of Kac type.

Because the coefficients of irreducible representations are demse in C(G), it is enough to understand
products of those coefficients to describe the whole C*-algebra structure of C(G). For simplicity, we will
assume from now on that for any two irreducible representations « and 3, every irreducible subrepresentation
appears with multiplicity one (this assumption will always be satisfied when considering free orthogonal
quantum groups). For such a subrepresentation v of a ® 3, let vy ¥ be an isometric intertwiner from H, to
H, ® Hg. Then,

1 u b, = u’ )
@ it = D 57)" (€0€", (057 (nem')
YCa®pB
Note that even though vy g only defined up to a complex number of modulus one, the sesquilinearity of the
scalar product ensures that the expression above is independent of this phase. We will also use the projection

a76 a)lg*
v Uy

Py = B(H, ® Hg) onto the y-homogeneous component, Py’ ! , which is again independent of

the choice of vi‘,"ﬂ.

For any a € Irr(G), there is a unique (up to unitary equivalence) irreducible representation, called the
contragredient representation of o and denoted by @, such that Hom(e,a ® @) # {0} # Hom(s,@ ® «),
¢ denoting the trivial representation (i.e. the element 1 ® 1 € L*°(G) ® C). We choose morphisms ¢, €

Hom(e,a @ @) and s, € Hom(e,@ ® o) connected by the conjugate equation

(idy ®55) (ta ® 1dg) = ida,
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and normalized so that ||s4| = ||ta]l = V/da. Then, t, is unique up to a phase and s, is determined by t.
The morphism ¢, induces a conjugate-linear isomorphism j, : H, — Hg such that, setting j,(§) = &,
dim(Ha)
ta= Y €06
i=1

for any orthonormal basis (e;); of H,. Note that j, need not be a multiple of a conjugate-linear isometry
in general — this is however the case if G is of Kac type. Let us also record the general fact that the map
757 . Hy — H5 ® Hz defined by

£ 7€)
is an isometric morphism from % to B ® @. In particular, when there is no multiplicity in the fusion rules

—a, . . . ,Q
Uy P coincides with v up to a complex number of modulus one.

2.3. Free orthogonal quantum groups. We will be concerned in the sequel with the free orthogonal
quantum groups introduced by S. Wang and A. van Daele in [23] and [2I]. This subsection is devoted to
briefly recalling their definition and main properties.

Definition 2.6. For N € N, we denote by C(OY;) the universal unital C*-algebra generated by N? self-
adjoint elements (u;j)1<ij<n such that the matrix v = (us5) is unitary. For Q € GLN(C), we denote by
C(O*(Q)) the unital C*-algebra generated by N? elements (u;j)1<; j<n such that the matrix u = (u;;) is

unitary and QuQ ' = u, where 7@ = (ujj)

One can check that there is a unique *homomorphism A : C(OT(Q)) — C(O1(Q)) ® C(OT(Q)) such
that for all 4, 7,

N
A(UU) = Z Uik @ Uy -
i,j=0
Definition 2.7. The pair O% = (C(O}),A) is called the free orthogonal quantum group of size N.The pair
O1(Q) = (C(OT(Q)),A) is called the free orthogonal quantum group of parameter Q.

One can show that the compact quantum group O™ (Q) is of Kac type if and only if @ is a scalar multiple
of a unitary matrix. Although all results of this article apply to general free orthogonal quantum groups of
Kac type with N > 3, we will restrict for simplicity to the case of O]J\r, — see Section for comments about the
non-Kac type. The representation theory of free orthogonal quantum groups was computed by T. Banica in

[1]:
Theorem 2.8 (Banica). The equivalence classes of irreducible representations of O]J\r, are indexed by the set

of integers (u° being the trivial representation and u' = u the fundamental one), each one is isomorphic to

1ts contragredient and the tensor product is given inductively by
ul ® u® = un+1 D un—l.
If N =2, then d, = n+ 1. Otherwise,
qn—i-l _ q—n—l
dn =

qg—qt

where ¢+ q~' = N and 0 < g < 1. Moreover, O} is of Kac type, hence d, = dim(H,,).

Remark 2.9. There is an elementary estimate on d,, given by ¢~ (1 — ¢?) < d, < ¢ /(1 — ¢*) . We will use
it several times in the sequel without refering to it explicitly.

To be able to do computations, we will use a particular set of representatives of the irreducible represen-
tations. More precisely, let H; = CV be the carrier space of the fundamental representation v = u'. Then,
for each n € N, we let H,, be the unique subspace of H?” on which the restriction of u®" is equivalent to
u"™. We denote by id,, the identity of H,.

It is easy to check that the map t; = Zf\i 1 €i ®e; satisfies the requirements for the distinguished morphism
t, € Hom(e,u ® u) as defined in the previous subsection, with 4 = u and s; = ;. We fix this choice in the
rest of the article and we set

tn == (Pn & Pn)(tl)l,Qn(tl)Q,Qn—l cee (tl)n,n-‘,-l S Hn ® Hn
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We then have s, = ty, jn © jn = idy, and j, is a conjugate linear unitary. The standard trace on B(H,,) is
given by
Trn(f) = 6,(f @ id)tn
and the normalized trace by tr,(f) = d,; ! Tr,(f). Moreover, writing again ¢ = j,(¢) for ¢ € H, we have
ta(C @idy) = ¢ and £,(id, ®C) = 57,(idn @) = (-

We will denote by P, the orthogonal projection from H?" onto H,,, sometimes called the Jones- Wenzl
projection. Note that if a +b = n, then P,(P, ® P,) = P,, so that we may also see P, as an element of
B(H, ® Hp). In other words we have, with the notation of the previous subsection, P, = P& for any a, b

such that a4+ b = n. The sequence of projections (P, ),cn satisfies the so-called Wenzl recursion relation (see
for instance [11, Eq 3.8] or [20, Eq 7.4]):

n—1
d - - n—i— * .
2) Py = (Poo1 ®idy) + Y (—1)" 1S (id;@(l ot @ 1d?rD ®t1) (Po_1 @ idy).
=1 dnfl

We also record the following obvious fact, which will be used frequently in the sequel without explicit
reference: for any a, b we have (id, ®t; ® idp)* P, yp+2 = 0. Indeed the image of (id, ®t; ® idp)* is contained
in H, ® Hp which has no component equivalent to H,yp1o. A first application is the following reduced form
of the Wenzl relation above, which is actually the original relation presented in [24]:

dp—
(3) Py = (Poy ®idy) —

(Pn,1 X ldl) (ld?(nim ®t1t>{) (Pn,1 ® ldl)

n—1

We also have a reflected version as follows:

o
(4) Py = (id1 ®Py1) — 2
n—1

(id; ®P,_1) (tlt; ® id?m—”) (id; ®Py_1).

3. MANIPULATING THE JONES-WENZL PROJECTIONS

In this section we establish two results concerning the sequence of projections P, in the representation
category of O]J\“,. The first one studies partial traces of these projections, while the second one is a kind of
generalization of Wenzl’s recursion relation.

3.1. Partial traces of projections. The first result we need concerns projections onto irreducible repre-
sentations that are cut down by a trace. To explain what is going on, let us first consider two integers
a,b € N. Then, the operator

Tap = (ida ®trb>(Pa+b) = db_1<ida ®t2)(Pa+b ® idb)(ida ®tb) € B(Ha)

is a scalar multiple of the identity because it is an intertwiner and u® is irreducible. Of course, the same
holds for (trp ®id.)(Pytc) € B(H:). However in general z,5. = (idq ® trp ® ide)(Pytptc) is not a scalar
multiple of the identity. In fact, an easy explicit computation already shows that z111 € B(H1 ® Hi) is a
non-trivial linear combination of the identity and the flip map, in particular it is not even an intertwiner.
Proposition which is the main result of this subsection, shows that when b tends to +oo, the partially
traced projection x4 . becomes asymptotically scalar.

To prove this, we need a lemma concerning the following construction: for a linear map f € B(Hy), we
define its rotated version p(f) by

p(f) = (P @ t7)(idy @ f @ id1)(t1 ® Py) € B(Hy,).

Diagrammatically, this transformation is represented as follows:

In the sequel, |.|lus will denote the non-normalized Hilbert-Schmidt norm, i.e. || f||%¢ = Tr(f*f).
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Lemma 3.1. For any f € B(Hy), Tr(p(f)) = (=1)* L Te(f)/dr_1. Moreover, we have ||p(f)||us < || f]lus-
Proof. For k =1 we have

Tr(p(f)) = £;(1dF? @) (1dF? @ f @ id; ) (id; ®t @ idy)t
t1(f ®@idy) (¢ ®id$?) (id; @t @ idy)t
G (f @idi)ty = Tr(f).

On diagrams, computing the trace correspond to connecting upper and lower points pairwise by non-crossing
lines on the left or on the right. Representing this by dotted lines for clarity, the computation above can be

pictured as follows:

When k > 2, we first perform the transformation
Tr(p(f)) = Tr((Pr ® 1) (id1 @ f @ idy) (11 ® idFF))
= Tr((IdPF ! @) (P @ idy)(idy @ f) (1 ® 1dPF))

which can be diagrammatically represented as follows:

-
|
|
\

Then, we use the adjoint of Wenzl’s formula (2)). The term with Py ® idy yields

Tr ((id?“*” D) ( Py ®idP2)(idy @ f)(t ® id;@(’“*”)) — Tr <(Pk._1 ® t1)(id; @ f) (1 ® id?““*”)) :
This vanishes because the range of f is contained in Hj and id?(kd) ®t] is an intertwiner to Hl®(k72),
which contains no subrepresentation equivalent to Hi. The terms from with [ > 1 also vanish because

(id?(l_l) Rt ® id?(k_l_l) ®t1 ®1idy)(id; ® f) = 0 for the same reason as before. Hence, we are left with

_1\k—1
Tr(p(f)) = ( di)l Tr ((P,H o)t ©id®% D gty @ idy)(idy @ F) (1 @ id?(kz—l))>
~D! _1\k—1
- di)l Tr (P (t @ a7 iy @) (0 @ iaP 7)) = (di)l (/)

Here is the diagrammatic computation:

For the Hilbert-Schmidt norm, we have
Tr(p(f)*p(f)) = Tr (1] ® Pr)(id1 @ f* ®id1) (P ®@ t117)(id1 ® f ® id1) (11 @ Py)
<Tr ((t; ® idPF) (idy @ f* @ idy) ((dE* @t1£) (id1 @ f @ id1)(t @ id;@f))
~ Ty ((t’{ ®1dP 1 @) (id; ®f* ® idP2)(dPF ot} @ idy)(id; ® f ® idP?)(t, ® idPr ®t1)>
=T (1] @ 147" (idy @f ) (ids @) (11 @ 1dF* )
= Te(f*f).
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Proposition 3.2. Assume that N > 2. Let a,b,c € N and consider the operator
Zape = (idg @ try ®ide) (Patpte) : Ho ® He — H, ® H,.
Then, there exist two constants A\qc > 0 and D, . > 0 depending only on N, a and c such that
[Zape — Aaclide ®ide) || < Dacq”.
In particular xqp e — Aac(ide ®ide) as b — oo.

Proof. For convenience, the proof will be done with the non-normalized trace, and hence we consider the
non-normalized operator X, ;. = (idy ® Trp ® ide) (Patptc) = dpZape. We first observe that

(Tra X Trc)(Xa,b,c) = Tr(Pa+b+c) = da+b+c = dbq_a_c + O(q )

and accordingly set

Aae=q 7¢)dade and Xpp, . = Xape — dpra,c(ida @1de).
With this notation, we have Tr(X , ) = O(q%) and we want to show that || X/ ibell S Dae. We will prove
that

|(Trg @ Tre)( abcf)| < Da,CHfHHS

for any f € B(H, ® H.). Moreover any such f can be decomposed into a multiple of the identity and a
map with zero trace, and since the estimate is satisfied for f = id by our choice of \,. we can assume
(Tro ® Tre)(f) = 0. Eventually, we note that in this case (Trq ® Tre) (X[}, .f) = (Tra @ Tre)(Xap.ef)-

Now we observe that (Trq ® Tre)(Xapcf) = Tr(Patprcfiz) where Tr is the trace of H®(a+b+c) and we use
Wenzl’s formula (2 to write

( abcf) (( a+b+c— 1®1d1)f13)

a+b+c—1
d - atbte—I— * .
Do (et (0P @ P ) (Page @11 fia)
l:1 a CcC—

Moreover, one can factor P, ® P, ® P, out of the right side of (P,1p+c—1 ®1idy)f13. Since Py (id ®t; ®id) =0

on H1®( ), we see that (P, ® P, ® P.)(i d?(l Vet d?(ﬁbﬂ = 1)) =01ifl # a and | # a+b. Hence there
are only three terms to bound in the expression above.
The first term is equal to

Tr((Pospies ®id1) f13) = Tr(Xape1f),

where f’ = (id, ®id._1 @ Try)(f) satisfies Tr(f*) = 0 and || f°||gs < V/d1 || f|lus. For I = a, we use the trivial
bound

3/2 )
da—1 . dy 1Vd
——— x || fusllus x [[t1]]* X || Paspte—1 ®@id1 |lus = da- 2V flns
da+b+c— \/ da+b+c 1

For | = a+b, if we denote the term we are interested in by Y, we have, with f = Y f1y® f(2) € B(Ha)®B(H.),

T (i}
_Tr(
—Tr(

—Tr ( A2 oy ((Pospre—t ® 1) (f1s @ idy) (1d T @t ® id99)] @ idy ) (id @ H0Te? ®t1)>
=> Tr ( wtbre—t ® ) (f1) ® idyo1 @ o) @ 1d1) (idS TV oty © id?c))

= Tr(Pa+(b_1)+cf13) = TI"<Xa,b71,cfﬁ)

D=1 o) @ 1d7C Y @) (Pagpre ®id1)f13>

AP oy (P et ® idy) f13(idT TV ot @ id?(““))

(id]
(
(7 91 (P © (1 @ 1) (i1 ©11)) s (77 w11 @17 ) )
(
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where f¥ = (id, ®p)(f) satisfies Tr(f*) = 0 and || f*||us < ||f|lus by Lemma Here is the diagrammatic

version of the previous computation,

We recognize indeed p(f(9)) in the last diagram. The projections P included in the definition of p(f2)) do
not appear on the diagram since they are absorbed by P,ipic—1 (through the trace for one of them), but
they must be taken into account. Summing up, we have

M‘Tr(Xa,b—l,cfﬁ” d da WV
dgtbte—1 V datbte—1

We will now proceed by induction on ¢ with the following induction hypothesis

() | Tr(Xape) < I Tr(Xaper )] + ——|fllus-

H(c): "for all a € N there exists a constant D, . such that for all b € N and all f € B(H, ® H,) satisfying
Tr(f) = 0 we have | Tr(Xqp,cf)| < Dacll flns"-

Recall that H(0) holds with Dg . = 0 because X, is an intertwiner, hence a multiple of the identity.
Now we take ¢ > 0, we assume that H(c— 1) holds and we apply it to the first term in the right-hand side
of Equation (5)). Notice that

dafl db
eV S el < KAy /e
Vdatbice—1 ' !

for some constant K depending only on ¢. Since moreover ||f*||gs < v/dq||f|lus, this yields

Aoy
| TI' abcf \/ Dac 1+ d3/2 V da—l)”f”HS + #’ Tr(Xa,b—l,cfﬂ)"

a+b+c—1

We set D' = max(y/d1Dgc—1+ d?/Q\/da_l, \/da+c) and we iterate the inequality above over b. Noticing that
| Tr(Xa,0.f)| < \/datel f*llus < D'||f*|lus this yields, with the convention that the product equals 1 for

[=0:
b b d
a+t—1
|Tr<Xa7b,cf>|<D’Z|fﬁl||< 11 d”)

1=0 t=b—iq1 OFtFe—l

Using the inequality ||f*|lus < ||f|lus , as well as the estimate d,/d, < ¢~ for x < y and the fact that
lg| < 1if N > 2, we see that H(c) holds :

b 00
T (X)) < D' llis 0 < D' fllis S .
=0 =0

O

It is clear from the beginning of the proof that the Proposition [3.2 has the following equivalent formulation,
which we will use for the proof of Theorem [4.3}
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Corollary 3.3. Assume that N > 2. For any a, b € N and any f € B(H, ® H.) such that Tr(f) =0, there
exists a constant D, . such that we have, for any b € N:

| Tr(Patotcf13)] < Daell flms-
3.2. A variation on Wenzl’s recursion formula. The second result can be called a "higher weight"
version of Wenzl!’s recursion formula . As a matter of fact, let { = > (M @¢@ be avectorin Hy € HiQH;.
Then, the map f = ZC(Q)Z(I)* € B(Hp) has trace 0, so that applying Tri(f-) ® id,—1 to both sides of
Equation vields

dn— —x .
—J i > Po1(C)Clay @ idn—2) Po1.

D (Cly @idn1)Pu((e) ®idp-1) =

What we are going to prove is a similar equality but with ¢ being any highest weight vector, i.e. ¢ € Hpq4 C
H, ® H, for arbitrary p and q.

Lemma 3.4. Let ¢ € Hyy, be decomposed as ¢ =3 (M @ ¢? € H,® H, and ¢ = > C1) ® () € Hy @ H,y.
For alln > p+ q, there exist oy , € C such that
—=(1)* .
(6) Z(C( : ®1dn—p)Pn(<( )®1dn ) quP” —-p )®ldn —p—a)Pn—q
(7) > (idnp ¢ Po(idng ©C7) = a2y 37 Paspliduep-g ©C (1)) P
Moreover, there exist constants Cp 4 > 0 such that for alln € N, Cp 4 < oy | < 1.

Proof. Let us first note that the second equality follows from the first one by conjugation, hence we will only
focus on the first one. If p = 0, then

Pn(<(2) ® idn—q) = Pn(c(z) ® idn—q)Pn—q = Pn(C( 1) X Idn q) n—q

and the result is proved with af , = 1 for all n. Similarly, the result holds for ¢ = 0 with a;;; = 1. We will
proceed by induction on p and ¢ with the induction hypothesis

Hpy : "For any p,q with p+ ¢ < NV, there exists a constant C, ; > 0 such that for all n € N, there is a

constant ayy  such that Equations @ and . ) hold and Cp 4 < [aj | < 1."

As we have seen, Hy and H;i hold, so let us assume Hpy and consider p,q > 1 such that p+¢= N+ 1. In
order to use the induction hypothesis, we refine the decompositions of ¢ in the following way:

=> (We C(”) € Hy 1 @ Hy,
ZC)) EH1®HP 1,
ZCH ®C22>€H1®Hq—1

- ZC(l) ® C((22)) S qul ® Hl'

Applying the map Z(Z(l)* ®idn—p)(-)(¢® ®idy—q) to Wenzl's formula (@), the first term on the right-hand
side reads

3" 0" @idyy)(idi ©Pu-1) (¢ © ¢ @ idyy)
=3 () @ idaop) Pt (€72 ® idg)-

Consider the linear map 7" : H, 1®Hy—1 — B(Hy—q, Hy—p) defined by T'(z®y) = (T*®idp—p) Pr—1(y®idy—q).
Then, the term above equals

T (3TN @ (D)) = T (1dy1 @8 @idy-1)(Q)).
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The argument of 7" in the right-hand side vanishes because ¢ is a highest weight vector, so that the whole
term vanishes. Coming back to and setting L = Z(Z ®idy_p)Po(¢? ®id,_,), we thus have

dn— —| * . . « . . )
L= g j Z(C(l) ® idp—p)(idi ®Pp—1)(t1t] @ idp—2)(ids ®pn_1)(<=(2) @ idn_g)
=7 X @i )P (@ @i (141} © i) (€D © i) Paca (P @ i)
dn— — * . — % . )
= =2 M @ida ) Paca (I @ i) Pt ((P) @ iy
n—1

Now we apply Hy to (1) (with p’ =p—1, ¢’ = 1) and to (@ (with p/ =1, ¢ = ¢ — 1) to get
dn 2 o n 1)=(1)x* . 72)*
L= =020 1000y 3 (Pucp G0 © idupm)Pacs) (Paa((CE)

The last step is to apply again the induction hypothesis. To do this, we need to refine once more our
decomposition by setting

@ idng-1)Pag) -

(= Zn(l) ® 77(2) Q 77(3) €H ®@Hy 4 o®H
2 — Zn(ﬂ) = H, 1 ®H, 1
2 2
D=3 ") @) € Hy1 @ Hy 1.
Note that in the above computations we can replace everywhere C((ll)) ) C(( C and ¢ (22)) respectively by n(),

7Y n(2) and »®). Thus, applying Hy to n® (with p’ =p—1, ¢ =q— 1) ylelds

dn2

_ n—1 nl

L———d 1ap11 Lg— 1ap 1q1§ P _p(n ®1dnp1)
i

Pn_p_1(77((f))ﬁ8;* ® idn—p—q)Pn—q—l(ﬁ(S)* ®idn—g-1)Pn—g

et A p<n< o oot

dn 2
dn 1
dn 2

_ n—1

__dnilap 11a1q 1% 1q 1 E :Pn —p ®1dn —p—q)Pn—g-

This proves Equation @ for p and ¢ and as mentioned in the beginning of the proof, Equation follows
by conjugation. Moreover, we see that

dp—9 1
oy | = ——Cp-1,1C1,4-1Cp—1,9-1 = —
’ p,q‘ dn—l p q p q dl

hence Hpy 41 holds and the proof is complete. ([

Cp-1,1C1,4-1Cp—1,4-1 >0

4. THE KEY ESTIMATE

We now turn to the main technical result of this article, Theorem which concerns the behaviour of
the scalar product <Xlu’g,n,, Uanl’> as [, I’ tend to +o0. Its proof will span the whole of this section.

We start by recalling two technical lemmata from the literature on free orthogonal quantum groups. The
first one gives a norm estimate for some explicit intertwiners in tensor products of irreducible representations.
For any four integers I, k, m and a such that k 4+ [ = m + 2a, the map

(ti;’“)* = P (id)_q @t ® idj_q)

is an intertwiner from H; ® Hy to H,,, hence there is a scalar /ﬁ;%f such that v,lf = K,m Vm 1s an isometric

intertwiner. The scalar k" can be explicitly computed, see [22]. However, we will only need the following
consequence of this computation.

Lemma 4.1. There exists a constant B,, depending only on a and N, such that for allk, | and m = k+1—2a

we have fi;n’ < B,.
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Proof. This is a consequence of the estimates given in [22, Lem 4.8|, see also [10]. The sequence (Bg)q

diverges exponentially as q~%2. O
We will also need the following estimates which were already used in [20] and [10].

Lemma 4.2. Let z, y and z be integers and let i # x +y + z be a subrepresentation of both * @ (y + z) and
(x +y) ® z. Then, there exists a constant A > 0 depending only on N such that

[ (ids ®Py+z)(P:E+y ®1id;) — a:+y+zH Ag¥ and pr y+sz+y < AgY.
Proof. The first inequation is [20, Lem A.4]. For the second one, note that P,gfy “Priy+.=0= Pz+y+zP;f+y’z
because p is not the highest weight. Thus, we have
HP/f’y+ZP/:f+y’ZH = Hp;f’lﬁz ((idm ®Py+2)(Px+y ®id ) - Pa:—f—y-i-Z) PHy’ZH
IPTY 2| (ide @ Pys2) (Poty ®ids) — Pogy ||| PE )]

[(ide ®Py+2) (Prty ®idz) — Prjy2||
AgY.

NN N

O

We now state and prove an estimate, as [, I tend to 400, about the scalar product between products of
the characters x;, x with coefficients of fixed representations. Since x;, xr have norm 1 in the GNS space
L?(G), it is clear that these scalar products are bounded when I, I’ tend to 4+o0o. However one can do much
better:

Theorem 4.3. Assume that N > 2. Let k, n be integers, let £, € H, be orthogonal unit vectors and let
&', n' € Hy, be arbitrary unit vectors. Then, there exists K > 0 such that we have, for all integers [, I':

‘<Xlulg,n,, u?nxl/>‘ < quax(l,l )
In particular ‘<Xlu’§,n,,u?nxl/>‘ — 0 when [ or I’ tends to +oo.

Proof. The proof will consist in the following steps:

computation of the scalar product as a sum S = ) S,, in the category of representations,
simplification of S, into T,,,

expression of T, as a trace,

application of Lemma to reduce the trace,

application of Proposition to estimate the trace,

backtracking of all approximations.

STk W=

Step 1. We compute the products and the scalar product using the formula given in Subsection

d dy
k l ll
S = <Xlu5'77”u?77Xl/> - Z Z <u€i€iu§/77 ’u@? €J€J>
i=1 j=1
dl dl/ —+o0
o ;;n; <uv£nk* (ei®E") v (e;@n’ )’ nl *(E®e;) v ol (17®ej)>
dl dl’ -‘rOO
_ZZZ < lk* 6@@5) nl*(§®6])>< nl*(77®ej)’ fvlk*(el®n/)>
i=1 j=1m= O
d; dp +
B l 1 oo lk* nl* k’l* _ l/,n* _ _
—Y 3 (e ) € e)) (i o e, e o)
i=1 j=1m= O
+o00
1 * , , *
(8) = Z i <<U£nk ® v,k,;l) oY) (¢etan), (v;‘;l ® vﬁn”) (ot ®ﬁ)> )

m=0 "
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Let us denote by S™ the m-th term in brackets in and note that it can only be non-zero if v is a
subrepresentation of both u* @ u! and u™ ® u!. This means that there are integers a and b such that

l+k=m+2aand n+1 =m+ 2b.

Note that I —n+b—a =1"—k+ a—b and let us denote by ¢ this number. To estimate S™, we will use the
explicit formula for the intertwiners given in Subsection [2.3}

(vi;f“) = kM P (idy_q @t @ idy_y), (vﬁ;l> = & P (idy_ ®tF @ id;_y),
(v,@’;n) — k™ P (idy_py O © idn_y), @;@”) = K Py (idn_y @ @ idy_y).
so that becomes:

2 N2
s = (k)" () (P @ Pan) (-0 08 0 152, @85 2 1d1-0) (@ D)(E @4 @7) |
(P @ Poy) (idyp ©tf @152, @t @ id,_p) (€ @ty @77)) .

Step 2. Let us set, for 0 < pu, u/ < m,

Sm, = <( plrok=ag phrol=e) (iq,_, o) @ dY?, ot: ©idi_,) (S D)€ @ 60 7)

(P00 @ PLTOMY) (i, 0t @ 14572, @t @id, ) (€ @ty ©7))

so that S™ = (n%)Q(m%/)QS}g,m. If por p is strictly less than m, then we know by Lemma that there is

a constant A depending only on N such that either

)‘Pli—a,k—apﬁ—b,l’—b" < Aql—a—(n—b) or

k—a,l—a pl'—bn—b l—a—(n—b)
)Pﬂ, P, H < Ag .

This gives the bound S} ,| < Al[ti|[[tv]lq® = AvV/div/dyg° which will be used in the end to estimate S™. Let
us expand back the vectors t; = Y. el ® e and ty = elsl ® Elsl, and we introduce

d; dl/

™=% > <(idlfa @t @1dP? @t ®idi_,) (el @& @7 ®e) ,
t=1 s=1

(s 015 1452, 013 @ id, ) (@ ) © 2 @7))

so that 8™ = (kF\)2(k2)2(T™ — 3 Sit ), where the sum rune over all (u, 1) # (m,m).

Step 3. The problem is now to estimate 7", using the following tensor decomposition of the vectors &,
n, & and 7 in Sweedler’s notation:

£= Zf(l) ® (o) € Hp—p @ Hy,
n= Z"(l) ® M2y € Hp—p @ Hop,
&= &) @&y € Ha® Hyq,
W= ) ®nfy € Ho @ Hy_q.
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Because t}(z ® §) = y*(x), we get
d, dy

g < (idlfa ®?&)) (€) © Efa) @ Tz © (7725 ® idm) @),

=1 s—1
£n) ® (5?2) ® idl’—b) ()@ (idl'—b ®772‘2)> () ®ﬁ(1)>

l dl/
=333 (g @ idia oy €0
s=1

t=1

( M) @ idi—a(n-t) ®77<1))( )

dy

_ZZZ< & ®idc®3'{1)) (e1), (5( ) @ide ®§’*)< ,>>

t=1 s=1
< { () @ ide 07y ) (@), () @ ide @y, ) (@)
The properties of conjugate vectors imply that
((nts) @ idewmty ) @), () @ ide @y ) @) = (A @ idenfy) ) (e, () @ ide @7y ) (€h)) -

Making this change in the last expression of 7" and using the fact that S (z, Sel (Tel,y) = (x, SPy/T*y)
enables to simplify the sum over s, yielding

ZZ<( ® ide ®EG )( t); (Z}"z) ® id, ®§E§)) Py (ﬁ@) ® id, ®77(2)) ("7?1) ® id, ®ﬁ’(*1)) (e§)>

=32 [P (Saoly @ e ity ) P (T @ e Sty )|

where Trg; denotes the non-normalized trace on H 1®l.

( ) ()
< §2) @idy_p—(k—a) ®§l* ) (77(2) ® idy _p—(k—a) ®77(2)> (e l,)>
(

Step 4. We cannot apply Corollary to T™ because there are two highest weight projections instead of
one. We will therefore use Lemma [3.4] to reduce the problem to a case where Corollary [3.3] applies. Let us
first simplify the notation by setting

=Y ¢nép : Ho— Hus,
9= TNy : Hob — H,
F=> €05  Hia — Ha,
g = 277(2)7/* :Hq — Hy—q.

By Lemma 2} ||(idy ®Pr ) (Pr ks @ idg_a) — Pol| < Ag® and [[(Pr_a @ ida)(idy_p @P_nys) — Pl < A
so that it is enough to study

Y™ =Trg [(P—q ®ida)
idy ®Py_yp)
= Tray [(P—q ® ida) (f ® id1—p4p) (idp @ P i) (idi—nt25—a @)

( n—b ®Pinip)(f ®idc @)

(

(

(idy @ Py—p) (idyr —pta @9") (Pr—kta @ ida) (9 @ id1_p1s)]
(

(

(

(id
(Py—pta @ idg—q) (g ® id. ®g")]

= Trgy [(idy @P—ppp) (idi—pt2p—a @ F) (idp @ Py _p) (idy_ 10 ®9)
Py —kta @ id )(g ® ldl—n—l—b)(Pl—a ®id )(f ® idl—n-i—b)] :
We now apply Lemma [3.4]to f’ (with p=k —a and ¢ = a) and g (with p=n —b and ¢ = b):
. “ 2)
Pionas(ide ® ) Pr_y = 3 (ah 00 7 (i pip ©€'D*) Pr oy (idy—p 0 2)
Prpra(9 ®ide)Proa = Y (@) ) 1P @ idyiya) Pryp—a(@ @idi)
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where ¢ =3 ¢W @ ¢® e H,_, ® Hy and n = > 71" @ n® e Hy, ® H,_;. This yields
=8 Tra [(idlfnJrQb D€' ") (idy @ Prsa-p) (idy 98 ) (idy 1.0 @)
(1" @ idypy20)(Piyp-a @ ida) () @ id)) (f @ idl—n—l—b)}
=B Tre [ " @ idy k120 R M) (idy ©Prras)
(Prpa ®ide) 70 @ f @id;_pyp 29 @€ )]
= B Trg [(idn Py 1a4—b)(Piap—q ®idg)(§ @ f ®id. ®¢' @ f’)}
where 5 = (Osz"’gab()zf1 Cfbb) and

fl = ZE/(Q)fl(l)* c Hy_q — Hg,
g=> 1P Hy oy — Hy,

To conclude the computation, we use again Lemma to get the following bound:

||(idr, @ Py 4q—p)(Pryp—q @ idg) — Piygtv—all < Ag,

enabling us to eventually reduce the problem to the study of

Z" = BTrgitktb—a [PlJrk+bfa(§ ® f®id.®g¢ @ f’)} .

Step 5. We will now apply Corollary The orthogonality assumption in the statement of the present
theorem can by rephrased as the vanishing of trace required for Corollary We have indeed

Tr(Pr(g ® f)) = (Trp—p ® Trp) [Pa((idp @1") (t @ idp—p) @ (idp—p @t;)(§ @ idy))]
= Trp—p [(idy—p @15) (Pn @ idy)
((idp @) (tp @ idy—p) ® (idp—p Rt} (€ ® idp) ® idp) (idy—p Rtp)]
Ty (s ©8)(Pa © ids)(idy ©1°) (t @ ida_s) © €)]
= (ty—p @ ) (idp—p @ P @ idy) (idy—p @(idp @0") (ty @ idy—p) @ &)ty
= (t:_, @t5)(idp—_p @ P, @ idy) ((id,, @0 )ty @ &)
= (thp @ ;) (idn—p ®P, @ idy) () @ £).

Since the only intertwiner from H,, ® H, to C, up to a scalar, is 1 ® £ = t% (7 ® &) = (&,7n), this shows that
Tr(P,(g ® f)) = 0. Besides, we have the estimate

1Pn(g @ f)Pallus < 119 @ fllus = llinll =1

and similarly |Py(¢' ® f/)Py|lus < 1. Thus, Corollaryapphes to F = Py(§ ® f)P, ® Pi(¢d @ f')Ps, and
yields |Z™] < 8Dy, k.

AA,—\A

Step 6. Now we can rewind the successive approximations to bound S™. In the remainder of this proof, the
symbols K; will denote numbers possibly depending on n and k, but not on m, [ and I’. Recall that a, b, ¢
are defined in terms of m, [ and I’. To bound T™ — Z™, we use the rough estimate | Try (X)| < dim(H)| X||
which holds for any Hilbert space H and any X € B(H). Let us note that the operator norms of f, g, f,
¢’ are dominated by their Hilbert-Schmidt norms, which are equal to 1. However, the space over which we
take the trace is H1®l , which is too big. We therefore take advantage of the projections inside the trace to
restrict to Hy ® Hy_p and H;_, ® H, when passing from 7™ to Y™ and to H,, ® Hy 4 when passing from
Y™ to Z™. This yields:

[T < |T™ = Y™+ Y™ = Z™ + |27 < A(dpdy—p + dadj—q + Bdndyya—p)q° + BDp k.
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By the second part of Lemma , BD,, ), is bounded by Ckf_la aC;_lb pDn k. Because a < k and b < n take
only a finite number of values when n and k are fixed, all these constants can be bounded by a constant K.

We can also bound the coefficient of ¢¢ by
A(dpdy + dydy + Bdndy ) < Kpg~ ™G0,

Secondly, we have to consider the sum of the |S" ,|'s for (1, ') # (m, m). Note that this term is non-zero
only if u and ' are subrepresentations respectively of (I —a) ® (k—a) and (n —b) ® (I’ —b). Thus, there are
at most min(k — a,! — a) x min(n — b,I’ — b) < kn such terms and each of them is bounded by A+v/d;\/dyq°,
as explained in the beginning of the proof. Also recall from Lemma that s and /{?,f/ are respectively
bounded by B, and By, and since a, b take only a finite number of values (determined by k and n), they are
bounded by a constant K. Summing up, we have

|S™ < K3|T™| + KyknAy/diy/dig®
< KéKlqcfmax(l,l/) +K§KO + K3qcfmax(l,l/).

Let t = min(n+a — b,k +b—a). Then, ¢ > max(l,!") — t and thus we have proved that |S™] is bounded by
a constant K independent of m, [ and I’

To obtain our estimate for S, we now have to sum the S™’s. Note that for S™ to be non-zero, m =
k+1—2a=mn+1 —2bmust be a subrepresentation of both | ® k and n ® I’. There are at most min(k,n)
such m’s and they moreover satisfy m > max(l — k,l’ — n), so that d,,, > K5q~ max (1)

= 1 m : max(l,l")
1S1< > 2|51 < min(k, n) Ksg™> D K.

m=0

and we can write

5. THE RADIAL SUBALGEBRA

We are now ready to prove the announced results on the radial subalgebra. Before going into the proofs,
we recall the definition of this subalgebra as well as some of its basic properties.

Definition 5.1. For any representation v of a compact quantum group G, the character of v is the element
Xv = (id®Tr)(v) € C(G). This element depends only on the equivalence class of v.

The radial subalgebra A C L*°(O};) is the von Neumann subalgebra generated by the fundamental char-
acter x1 = Xu, where u is the matrix of generators.

Note that the radial subalgebra was also used as a sub-C*-algebra Ay of the full C*-algebra C(O%;) by
M. Brannan in [4]. The spectrum of x1 in C(OF) is [N, N], whereas it is [—2,2] in Cyea(O%;) and L>®(0F).
In the full case, the evaluation functionals ev; : Ay — C at ¢t € [-N, N| induce completely positive maps
T, : L>(0%) — L>(O}) which approximate the identity as ¢t — N. This allowed M. Brannan to prove that
LOO(O]'\F]) has the Haagerup approximation property.

The terminology is justified by the following analogy with the "classical case" of the free group factors
L(Fx). More precisely, denote the standard generators of F by a; and consider

u = diag(ai,...,an,a; ', ... ay') € L(Fy) @ B(CH).

This is indeed a representation of the compact quantum group dual to Fy, we put x1 = xou = Ef\il (aﬁra;l) €
L(Fy) and we define the radial subalgebra A C L(Fy) as the von Neumann subalgebra generated by yi. If
we consider, for z € L(Fy) and g € Fy, the coefficient z, = (z,g) = 7(g*x) with respect to the standard
trace 7, then = belongs to A if and only if the function (g — x4) is radial, i.e. x4 only depends on the word
length of g.

The fusion rules of OX] imply that x1xn = XaX1 = Xn+1 + On>0Xn—1, SO that the radial subalgebra is
abelian and generated as a weakly closed subspace by the characters (xp)nen. Moreover, it was proved in [1]
that the spectrum of x1 in L>(0%) is [—2, 2] and that the restriction of the Haar state is the semi-circle law.
More precisely, one can identify A with L°°([—2,2]) via the functional calculus f — f(x1) and the scalar
product induced by the Haar state is computed via

2 -
(f(xa),9(x1)) = 217r/2 f(s)g(s)@ds.
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In particular, the radial subalgebra is diffuse. The characters x,, correspond to dilated Chebyshev polynomials
of the second kind: x,(X) = T (X) = Up(X/2) where Tp = 1, T1 = X and 1T, = Tp1 + Ty if
n > 1. It is known from the classical theory of Chebyshev polynomials that when restricted to [—2,2],
|Tnlloo = |Unlls = n+ 1. Since L°(OY) is a finite von Neumann algebra, there is a unique h-preserving
conditional expectation E : M — A, which is explicitly given by

(9 By, = &y,

n
We shall denote by A+ = {z € M,E(z) = 0}, which by Equation (9) is the weak closure of the linear span
of coefficients ug, with ({,n) = 0.

As mentioned in the preliminaries, all the results of this article apply in fact to general free orthogonal
quantum groups O (Q) of Kac type, i.e. such that Q is a scalar multiple of a unitary matrix. The situation
for non-Kac type free orthogonal quantum groups is however quite different. First recall that L> (07 (Q)) is
in that case a type I1I factor, at least for some values of the parameter @ (see [20]). More precisely the Haar
state has then a non-trivial modular group, which is given on the generating matrix u € L>(G) @ B(CV) by

(or ®@id)(u) = ([d@"(Q*Q) ™" )u(id ®"(Q*Q)™),

where we assume @ to be normalized so that Tr(Q*Q) = Tr((Q*Q)~!). In particular, it is clear that o;(x1)
does not belong to A for all ¢t unless Q@*Q € Cly, and this implies that there exists no h-invariant conditional
expectation onto A in the non-Kac case. It might even be that there exist no normal conditional expectation
onto A at all. On the other hand, as far as we know all the available tools for the study of abelian subalgebras
require the presence of a conditional expectation. Let us also comment on the N = 2 case, where the tools
developed in the previous section break down. If we restrict to Kac type free orthogonal quantum groups,
there are only two examples at N = 2 up to isomorphism, namely SU(2) and SU_1(2). In the first case
C(SU(2)) is commutative so that A is clearly not maximal abelian, and in fact A is not maximal abelian
either in the second case — this is easily seen by embedding C(SU-_1(2)) into C(S3, M3(C)) by [26].

With the estimate of Theorem we can investigate the structure of the radial subalgebra. In fact,
all the proofs are quite straightforward using techniques which are well-known to experts in von Neumann
algebras. We however chose to give detailed proof both for convenience of the reader and for the sake of
completeness. From now on, we will write M = L>(0%;) and A = {x1}".

5.1. Maximal abelianness. We first prove that A is maximal abelian. This will follow from the following
lemma concerning unitary sequences in A, which relies itself on Theorem [£.3] In fact here we only use the
fact that ](Xlulg,n,, Uanl’H —0asl, l! = oo if £ is orthogonal to 7.

Lemma 5.2. Let N > 3. Let (u;); be a sequence of unitaries in A weakly converging to 0 and let z € A+,
Then, u;zu; converges x-weakly to 0.

Proof. For any i, let us decompose u; as u; = Y, aix; and note that by unitarity, ||(a});[2 = 1. Assume
for the moment that z is of the form ug, for some integer n and two orthogonal unit vectors &,n € H,,.
Considering another integer k and two arbitrary unit vectors ¢, 1’ € Hy, we will first prove that

“+oo
ok P ii gk n N
Sr*K%%u%u@W>L* E:%W&%W”Mu@MOia+m0
1,I'=0

Let € > 0 and note that <u§,n,,xlu?nxl/> = <Xlulg,n,,ug7xp>. By Theorem there exists L € N such that
\(Xlulg,n,, ug, xr)| < €/2 as soon as I, > L. Thus,

L ¢ +o0
Sio< 3 lafal (b x|+ 5 lafal
1,I'=0 LI/=L+1

L

- € .
<D laiai {ugng xeugyxan) | + Sl (apll3
1,I'=0
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Now, because u; — 0 in the weak topology, ai = h(xju;) — 0 for all fixed | € N as i — +oo. In particular,
there exists ig € N such that for all 7 > ig and all [,I’ < L,

-1
L

|ajay| < % D (U xuugx)
1LI'=0
Thus, for ¢ > i, |<u'§,n,, uiug,ui)| < € and S; — 0.

Making finite linear combinations in the left-hand side, we see that <t,uiu?nu;k> tends to 0 as ¢ — oo for
any t € Pol(O},). Since Pol(O}) is dense in L?(O%;) and (uiug,ui)i is bounded L%(0F), this is also true for
any t € L>(0}) C L?(0%;). Then, we can write (Z, uiug,u;) = (ujtu;, ug,) and use similarly the density of
A+ NPol(OF) in AL for the norm of L2(0%;). This shows that (¢, u;zu}) = (uftu;, z) — 0 as i — oo for any
t € M and z € AL, Since h is a faithful trace and (u;zu}); is bounded in L*°(0O};), this shows the stated
x-weak convergence. ]

Theorem 5.3. Let N > 3. Then, the radial subalgebra A is mazimal abelian in M.
Proof. Let x € A’ M and consider the decomposition z = y 4+ z with y € A and z € A+. Note that

T = uxu; = YU 4 uizu; =y + uizu;
so that Lemma [5.2] yields x = y + lim; u;zu} = y. O

The argument above also proves that the C*-algebra generated by xi is maximal abelian in the reduced
C*-algebra Creq(OF). From the theorem, one can also recover the factoriality of L>(O%,;) established in [20]
and also in [10] (as a byproduct of non-inner amenability).

Corollary 5.4. For N > 2, the von Neumann algebra L>(O},) is a factor.

Proof. We exploit the natural action of the classical group On on M given by the following formula, for
g€ Oy and x € C’red(O;{[):
ay(z) = (evgr @ id)A'(z),

where 7 : C(O3;) — C(Oy) is the canonical quotient map, evy : C(On) — C is the evaluation map at g, and
A i Crea(O%) = C(O%) ® Crea(OF;) is induced from the coproduct of C(O%;) thanks to Fell’s absorption
principle. The x-automorphism of Cred(OX,) defined in this way leaves the Haar state h invariant, and thus
it extends to M. The action of a4 on coefficients of an irreducible representation u™ of OX, is given by the
following expression, where v" = (7 ® id)(u") is the restriction of u™ to Oy:

(09 1) (u") = (ev @ id @ id) (vfyuly) = (1© 0" (g))u"
In particular we have ay(xn) = >, , 0" (9)rsuy, where r, s are indices corresponding to an orthonormal basis
of H,. Note that o, leaves the subspace of coefficients of any fixed representation of O]\L, invariant.

Since A is maximal abelian in M, ay4(A) is maximal abelian in M for every g € Oy, and so the center of
M is contained in oy(A) for every g € On. Hence it suffices to show that the intersection of the subalgebras
ag(A) reduces to C1. Equivalently, we take ¢ € A such that a4(c) € A for all g € Oy, and we want to prove
that ¢ = A1. For this we write ¢ = Y ¢, X5 in L2(O%;). The orthogonal projection of ay(c) onto the subspace
generated by the coefficients of u™ is c,a4(xn), whereas the projection of A is Cx,,. Hence, if ¢, # 0 then
we must have ay(xn) € Cxy, for all g € Oy. By the computation above and the fact that the coefficients
ul’s are linearly independent, this happens if and only if v"(g) is scalar for all g, i.e. v™ is a multiple of a
one-dimensional representation. But then v?® C v™ ® v™ would be trivial, and if n > 0 this would imply that
On has only finitely many irreducible representations up to equivalence, since any of them is contained in
one of the v* and v+ ¢ v* ® v!. Hence ¢,, = 0 for all n > 0. O

5.2. Singularity and the mixing property. Now that we know that the radial subalgebra is a MASA,
we can investigate further properties. By [I3], we now that A cannot be a regular MASA (also called Cartan
subalgebra) because M is strongly solid. In view of this result and of the case of the radial MASA in free
group factors treated in [I7], it is natural to conjecture that A is singular. Recall that for a von Neumann
algebra N, we denote by U(N) the group of unitary elements of N.

Definition 5.5. A MASA A C M is said to be singular if {u € U(M),uAu* C A} =U(A).
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There are several ways of proving that a MASA is singular. One way goes through a von Neumann
algebraic analogue of the mixing property for group actions, called weak mixing, which eventually turns out
to be equivalent to singularity. In our case, we can prove a stronger statement than singularity, namely that
A is mizing in the following sense:

Definition 5.6. A subalgebra A of a von Neumann algebra M is said to be mixing if for any sequence (uy,)n
of unitaries in A converging weakly to 0 and any elements x,y € AL,

[EA(zuny)l2 — 0.
Again, the proof is an easy application of Theorem [£.3]
Theorem 5.7. The radial MASA is mizing.

Proof. Let k,n € N and consider two pairs of orthogonal unit vectors &, € H,, and &,n' € Hj. We first
estimate, for [ € N,
. k 2
Xn k(i) = \\E(uguiuéln,)\b.
To compute the square norm, we can use the orthonormal basis given by the characters to get

+0o0
. * k
Xn7k(z) = Z ‘<E(ugnuiug’n’)7 Xl/>‘2
I'=0
+o0
= > ugrusugn,, xi)l?

I'=0
= 3 Ky gyl
I'=0

We can now decompose the unitaries u; according to the basis of characters: w; = :FOS al xi- We have
||(al)l\|2 = 1 for all i, and in particular |a!| < 1 for all ¢ and I. Moreover since u; — 0 weakly we have
= h(xqu;) — 0 as i — oo for each [. Then, Theorem 4.3 . yields

—+00 400
ZZW [Oxaugny, ugyx)
=0 1=0
“+o00 400
< KZZMZ’Q max(l,l")
X
=0 [=0

We have Z qmax(” ) < 400, hence the dominated convergence theorem applies and we have X, (i) — 0
as i — oo. Slnce elements of the form ugln/ (resp. uén) with & L n/ (resp. £ L n) span a dense subspace of
Al c L2(03)), the proof is complete. O

Corollary 5.8. The radial MASA is singular.

Proof. This is a direct consequence of 6, Thm 4.1]. O

5.3. The spectral measure. Another very natural problem for a given MASA is to study the A-A-bimodule
structure of H = L?(M) © L?(A). This can be done through the associated spectral measure. Because the
representations of A on H on the left and on the right commute, their images generate an abelian von
Neumann subalgebra of B(H) isomorphic to L>([—2,2] x [-2,2]). Thus, disintegrating H with respect to
this subalgebra yields a measure class [v] on [—2,2] x [—2,2] which encapsulates some properties of the
bimodule.

Theorem 5.9. The measure v is Lebesque equivalent to A @ X, where A denotes the Lebesque measure on

-2,2].
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Proof. We will follow the strategy of [9]. Let us look at some "projections" of v in the following sense: for
two integers k and n and two pairs of orthogonal unit vectors &,n € H, and &,n' € Hj, there exists a
measure p on [—2,2] x [—2,2] such that for any a,b € A,

aul, b, ul :// a(s)b(t)du(s,t).
b= [ apans

We will compute the Radon-Nikodym derivative of p with respect to A ® A. To do this, let us set
Dy = (XtUgry Xt U )

+oo
A(t) = ZTl’ (t) Dy
=0

Recall that if k, n and [ are fixed, then there are at most max(k, n) integers I such that D; s is non-zero and
that they are all smaller than [ 4+ k 4+ n. Thus, by Theorem {.3[and the fact that ||xy|| = [|Ty]|lcc =1 + 1 we
have

14 loe < max(k, n)(l + k4 n + 1)K gmaxGiFen) g/l

for some constant K’ depending only on N, k and n. This implies that the series of functions

“+oo
F(s,t) =3 Tils) Ault)
=0

is normally convergent and since all summands are polynomials, f is analytic in s and ¢. This function is
linked to the measure u by the following computation:

+00 +o00
<aulgl77/b’ u?v"]> = Z <a7 Xl> <b7 Xl’> <Xlu’g’n’Xl’ ) u?}7]> = Z <a, Xl> <b, Xl’>Dl,l’
1LI'=0 LI'=0
1 +oo 2 2
=1 Z Dy </ a(s)’l}(s)@ds) </ b(ﬂﬂ(ﬂﬂdt)
T 9 .
1,I'=0
-5 // a(s)b(t) f(s,t)V/4 — s2v/4 — 2d(A @ \) (s, ).
42 [—2,2]x[-2,2]

Hence, f(s,t)v4 — s2v/4 — t? is the Radon-Nikodym derivative of p with respect to A ® A and all we need
to conclude in that case is to prove that the zeros of f are contained in a set of Lebesgue measure 0.

To do this, first observe that if z € C and w + w™! = 2z satisfies |w| > 1, then the usual Tchebyshev
polynomials of the second kind satisfy

Un(z) = Zw”_%.
k=0

In particular, if z € C\ R, then
Un()] < 3 02| < 0+ Dol < (0 + 1)(202] +1)"
k=0

Using this estimate, we see that for any z in the open disc of diameter [—2, 2],
|Ay(2)| < max(k,n)({+k+n+1) ‘Ul/ <§> ’ KqU72 < Kg2 P ( + 1) max(l' +1,3").

Using again the same estimate for Tchebyshev polynomials, we see that the series of functions

+oo
flz1,20) = Y Ti(z1) Ail(z2)
=0

is normally convergent as soon as 3¢Y2 < 1,1e ¢g< 1/9. Because all the summands are polynomials, hence

holomorphic, the sum is also holomorphic. Since moreover f does not always vanish, its zeros are contained
in a set of Lebesgue measure 0, hence p is equivalent to A ® .
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Consider now an arbitrary element ¢ in Pol(O}) N AL, It can be written as a finite linear combination of
coefficients corresponding to orthogonal vectors, hence the measure p¢ defined by

(aCb,¢) = //[272]”2’2] a(s)b(t)dpc(s,t).

is equivalent to A® A. Because Pol(O}) N At is dense in L?(M) & L?(A), this implies that [v] = A® . O

Note that as a consequence, the A — A-bimodule L?(M) © L?(A) is contained in a multiple of the coarse
bimodule, see [14, Section 2]. Since the coarse bimodule is mixing, we can also recover Theorem in this
way.

5.4. Concluding remarks. We would like to briefly discuss some possible extensions of this work. First
consider the quantum automorphism group G(My(C),tr) of My(C) endowed with the canonical trace. It
is known that the von Neumann algebra L>°(G(My(C),tr)) of this quantum group embeds into L>(O})
as the subalgebra generated by all u?;? for n € N and &, € Ha,. Let us set v® = u?". Then, the v™’s
form a complete family of representatives of irreducible representations of G(My(C), tr) with corresponding
characters v, = x2,. In particular, for any orthogonal unit vectors £,n € Ha, and &', 7' € Hyy,

(rof s vE gty < K g2

by Theorem [£.3] From this we see that the radial subalgebra in L>(G(My(C),tr)) is maximal abelian and
mixing and that its associated bimodule is a direct sum of coarse bimodules. This is an interesting example
because G(My(C), tr) has SO(3)-type fusion rules, like another important family of discrete quantum groups
called the quantum permutation groups Sj{,. This of course suggests that our result extends to S;{,. One way
to prove this may be through monoidal equivalence [3].

Another possible extension of our work would be to the non-Kac case. It is possible that the estimate
of Theorem still holds with appropriate modification for an arbitrary free orthogonal quantum group.
However, the proofs of Section [p| all break down if the von Neumann algebra is type III, because the radial
MASA has no h-invariant conditional expectation in that case. There is therefore an additional von Neumann
algebraic problem to solve in that case, but this could yield very explicit examples of singular MASAs in
type III factors.
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