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Abstract

In this article, thrusters embedded on a cable-driven parallel robot (CDPR) platform are proposed to improve

the CDPR dynamics and trajectory tracking performance. On-board thrusters with their short response time can

compensate for the reduced bandwidth of the winch actuation due to winding speed limit and low cable stiffness.

To compute and allocate control signals to winches and thrusters, a nonlinear model predictive controller (NMPC)

is designed. A model of a CDPR with its hybrid actuation dynamics and saturation is introduced, including an

alternative model of the thrust actuation that removes the need of thrust sensors and reduces the size of the NMPC

optimization problem. To achieve a zero steady-state error with the NMPC, which becomes offset-free, an augmented

model including additional disturbance states is proposed. The theoretical conditions to achieve offset-free control

are checked. The proposed NMPC scheme is validated experimentally on a planar CDPR with three cables and four

propeller-based thrusters. Results show that onboard thrusters contribute to a tracking error reduction along complex

trajectories and an efficient damping of the platform vibration.

Keywords: Cable-driven parallel robot, Propeller-based thruster, Cable elasticity, Control allocation, Model

Predictive Control

Notation

The following notations are used: scalar values are

written with a normal font, lowercase (λ, n,. . . ), vectors

with a bold font, lowercase (xxx, f, . . . ) and matrices with

a bold font, uppercase (M, Wf ,. . . ). The projection of

a vector v in a reference frame Fg is denoted by gv.

The symbols In and 0m×n represent the identity matrix

and a null matrix of dimension (n×n) and (m×n) respec-

tively. The notation M+ is used for the Moore–Penrose

inverse of a non-square matrix M. The notations diag(v)

and blkdiag(A,B,C) denote a diagonal matrix with the

entries of vector v on its diagonal and a block diago-

nal matrix composed of the matrices A, B, and C on its

diagonal, respectively.
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1. Introduction

Cable-driven parallel robots (CDPRs) have received

a growing interest since the beginning of the century.

They have been proposed for numerous applications [1]:

heavy load manipulation, rehabilitation, 3D printing,

radio-telescope antenna positioning,. . .

One specificity of CDPRs is that the rigid linkages of

common parallel robots are replaced by cables. Using

cables, CDPRs can achieve a high payload to robot mass

ratio, large workspace, high-speed motion and cost ef-

fectiveness. However, the drawbacks inherent to cables

are unilateral force –a cable can only pull and not push–

and elasticity.

To cope with the unilateral force of cables, redundant

antagonist cables are used to ensure the existence of a

sufficient large wrench feasible workspace, which is the

space where a set of wrenches (force and moment) can

be applied on the platform without violating the tension

limits of the cables [2]. In the case of suspended CD-

PRs, where all cables are above the platform, the gravity

acts as an antagonist cable of constant direction. Be-
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sides, a tension distribution or tension allocation algo-

rithm has to be implemented to ensure the positive ten-

sion of all the cables during the motion [3, 4].

The cable elasticity impairs the CDPR dynamics

and performance. The settling time of the platform

is increased due to its low stiffness, resulting in low

damped and low frequency oscillation modes of the

platform [5, 6]. In addition, the force bandwidth of

the cable actuation [7] is limited by the winch speed

saturation: according to Hooke’s law, the higher the

cable elasticity (i.e. the lower the stiffness), the longer

the length of cable to wind for a desired force on the

platform. These performance issues are especially rele-

vant for applications involving very long cables related

to a large workspace, or applications using synthetic

ropes of low weight and low stiffness. Some examples

of such CDPR applications are facade cleaning [8],

facade construction [9] or sports event broadcasting

with an on-board camera (CableCam, SkyCam [10]).

Several approaches have been proposed to reject the

low-damped vibration of the platform. The first propo-

sition has been to increase the platform stiffness by

increasing its antagonist stiffness part, i.e. increasing

the tension of antagonist cables without modifying the

wrench exerted on the platform [5]. However, this ap-

proach may yield in high tensions for some cable con-

figurations and is simply inapplicable to suspended CD-

PRs which have no antagonist cables in the vertical di-

rection. Winch torque control [11, 12] and winch po-

sition control [6, 8, 13] have been proposed for active

vibration compensation. However, the efficiency and ro-

bustness of these approaches may be limited by the re-

duced force bandwidth of the winch, as mentioned ear-

lier, and by the non-collocated way of controlling the

CDPR platform [14]: the measurement of the vibration

on the platform and actuation through the winches are

separated by an elastic transmission.

Therefore, embedding additional actuators on the

platform has been proposed to further improve vibration

rejection. Inertia-based actuators have been proposed

with reaction wheels [15], pendulum or balancing arms

[16, 17, 18]. However, inertia-based actuators are usu-

ally bulky, they modify the platform inertia when active,

and they can only exert a transient wrench on the plat-

form until they reach their maximum velocity or maxi-

mum motion range.

To overcome some of these limitations, cold gas or

propeller-based thrusters have been lastly proposed as

embedded actuators. They can generate a permanent

wrench, have short response time and do not modify the

platform inertia when active. Cold-gas thrusters [19]

and propeller-based thrusters from unmanned aerial ve-

hicles (UAV) [20, 21, 22] have already been evaluated

and have proved their efficiency to actively damp the

vibration of CDPR platforms.

Association of cable winch and thruster has been

proposed for other purposes than vibration dampening.

Earlier in [23], a thruster has been used on a facade-

cleaning planar robot to generate a constant out-of-

plane force with the aim to keep adhesion of the robot to

the wall. More recently, suspended aerial manipulators

have been introduced in [21, 24]. The aerial manipula-

tor is suspended by one cable to a crane or flying carrier

in order to compensate for the gravity and to coarsely

position the aerial manipulator. Actuated rigging cables

are used to regulate the position of the platform center of

gravity during the motion of an on-board industrial ma-

nipulator. Lastly, a concept similar to an aerial CDPR

has been developed in [25], where UAVs carry the ca-

ble winches and act as movable anchoring points for the

cables.

However, the concept of Hybrid Cable-Thruster

actuated (HCT-actuated) system seems to have been

first introduced in [26]. In this work, cable actuation is

added to an underwater vehicle working under a vessel

or an offshore platform. The aim is to increase the

wrench feasible workspace with the combined action

of cables and thrusters, such that heavier loads can

be lifted and a steadier pose achieved. More recently,

propeller-based thrusters have been considered in [27]

with the same objective of extending the workspace and

increasing the payload of CDPRs. The arrangement

of the thrusters on the CDPR platform is optimized

in order to deliver a desired set of wrenches over the

whole workspace.

The works mentioned above have considered ad-

ditional thrusters either to improve vibration rejec-

tion or to increase the CDPR workspace in a quasi-

static scenario. Except for our preliminary work [22],

none has yet explicitly tackled the simultaneous con-

trol of actuators with different bandwidths to improve

the performance of a CDPR pose trajectory tracking.

The fast response of the thrusters and their additional

wrench could improve the tracking of high-speed tra-

jectories with sudden change of direction. In particular,

high-bandwidth thrusters can compensate for the low-

bandwidth winches when using long or elastic cables.

For suspended CDPR, the thrusters could increase the

downward acceleration to overcome the limit of gravity.

To exploit the over-actuated hybrid cable-thruster

system, an optimal distribution of the control signals

between the actuators is required. The different band-
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widths of the actuator dynamics and their different sat-

uration limits have to be taken into account. This distri-

bution problem is known as control allocation. Control

allocation [28] has been studied in the past for aircraft,

spacecraft, water surface, underwater or electric vehi-

cles.

Among the techniques to solve the control allocation

problem (see the survey paper [28]), model predictive

control (MPC) allocation has been evaluated [29, 30].

MPC uses a model of the system dynamics to predict

its temporal behavior on a horizon and explicitly takes

into account constraints on the system states and input

control signals. Thus, the determination of the control

wrench and its allocation to the actuators can be han-

dled simultaneously within the MPC constrained opti-

mization. In [29], model predictive control allocation is

applied to the guidance of a re-entry vehicle. Actuator

dynamics of the vehicle are modeled as a second-order

system in the MPC prediction model. The tracking ac-

curacy of the vehicle attitude is improved compared to

a classic static allocation that neglects the actuator dy-

namics.

MPC has been applied with success to CDPRs in

order to control the platform pose and solve the tension

distribution problem [17, 31, 32]. In [32], a nonlinear

model predictive control (NMPC) is designed based

on the nonlinear equations of motion of a CDPR with

cable-only actuation. A dynamically computed tension

target is introduced in the NMPC cost function to solve

the tension distribution problem and minimize the norm

of the cable tensions. However, like in other predictive

controls of CDPRs, the actuator dynamics are not

considered.

In our previous work [22], a CDPR with redun-

dant actuation using high-bandwidth propeller-based

thrusters was studied. It was experimentally demon-

strated that thrusters can improve the tracking of step

trajectories and the rejection of disturbances. The

CDPR was a simple 2 degrees-of-freedom (DoF) robot

suspended by one elastic cable. Based on a linearized

model of this CDPR, a linear MPC was designed but

its validity was restricted to the vicinity of an operating

point.

In this paper, a NMPC is proposed to extend the con-

trol over the whole workspace of a CDPR with n DoFs,

taking into account the CDPR nonlinear dynamics and

the dynamics of the hybrid actuators. Particularly, the

NMPC is tailored for CDPRs whose cable elasticity

cannot be neglected. While this elasticity impairs the

platform dynamics and stiffness, there is a benefit: the

cable tension can be finely monitored through the cable
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Fig. 1: Cable-driven parallel robot with nτ cables and nf on-board

thrusters.

elongation and the tension can be controlled with a po-

sition or velocity controlled winch [13]. Thus, a CDPR

with a hybrid thruster and velocity-controlled winch ac-

tuation is considered in this work.

The NMPC objective is to improve the CDPR dy-

namics and trajectory tracking performance. Moreover,

to ensure zero steady-state error, an offset-free NMPC

formulation is proposed based on a model of the sys-

tem augmented with constant disturbances [33]. The

sufficient condition on the system, the controller and

the state observer to achieve a zero steady-state error

are verified for the proposed NMPC. The control law is

assessed experimentally on a 3-DoF planar suspended

CDPR with three cables and four propellers.

The remainder of the paper is organized as follows.

Section II describes the system and dynamic equations

of a CDPR with on-board actuators. Section III in-

troduces the predictive control strategy with offset-free

steady state. The robot prototype and the experimental

results are presented in Section IV. Section V concludes

the paper.

2. System Modeling

A CDPR with nτ cables and nf on-board thrusters is

considered (Fig. 1). Thrusters can be mounted on the

platform for various reasons depending on the applica-

tion. For example, it is possible to substitute a thruster

for a cable in order to remove a winch or avoid interfer-

ence between the cables as proposed in [27]. It is also
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possible to complement the cables instead of replacing

them. The objective is to improve the damping of the

platform vibration and improve the tracking of trajecto-

ries as studied in this paper. To control the n DoFs of

a CDPR with hybrid actuation, the design constraint is

nτ + nf ≥ n. Moreover, if a static pose of the CDPR

platform has to be maintained with only the cables, the

additional design constraint on the number of cables is

nτ ≥ n for a suspended CDPR or nτ ≥ n + 1 for a fully-

constrained CDPR [5].

2.1. Platform Dynamics

Let xxx = [p(t)T, θθθ(t)T]T ∈ Rn be the pose of the CDPR

platform with respect to an inertial reference frame Fg.

The vector p gives the coordinates of the platform center

of gravity G. The vector θθθ is a vector of Euler angles de-

scribing its orientation, i.e. the rotation between Fg and

a frame Fb of origin G attached to the platform body.

The vectors of cable tensions τττ and thruster forces (or

thrusts) f model the forces acting on the platform. Based

on the Newton-Euler formulation [13, 32], the equation

of the platform motion is (cable mass is neglected):

[

m I 0

0 Ig

] [

p̈

ω̇ωω

]

+

[

0

ωωω × Igωωω

]

+

[

−mg

0

]

=Wτττ τττ+Wf f (1)

withωωω the angular velocity of the platform with respect

to the frame Fg, g the gravity vector, m the platform

mass and Ig(xxx) its inertia matrix expressed in the inertial

frame.

The matrices Wτττ and Wf are wrench matrices map-

ping the cable tensions τττ and the thrusts f to the resulting

wrenches exerted on the platform. The wrench matrix

Wτττ ∈ R
n×nτ maps the cable tensions τττ to the force Fτττ

and moment Nτττ applied to the platform:

[
gFτττ
gNτττ

]

=Wτττ(xxx) τττ (2)

= −

[
guτττ1

... guτττnτ
gbτττ1
×g uτττ1

... gbτττnτ
×g uτττnτ

]

τττ (3)

with guτττi
(xxx), the ith cable unit direction vector, and

gbτττi
(xxx), the position of the cable attachment point Bi ex-

pressed in Fg (see Fig. 1). The rotation matrix between

Fg and Fb is denoted by Rgb. The vector guτττi
(xxx) is de-

fined by
gbτττi (xxx)−gaτττi
||bτττi−aτττi ||2

with gaτττi
, the position of the winch

cable output Ai and gbτττi
(xxx) = p + Rgb(θθθ) bbτττi

.

Similarly to the cable actuation, the resulting wrench

wf from the thruster forces on the platform is given by:

bwf =

[
bFf
bNf

]

=

[
buf1

... buf nf
bbf1
×b uf1

... bbf nf
×b uf nf

]

f (4)

= bWf f (5)

where buf j
is the thrust direction, bbf j

the thruster po-

sition (see Fig. 1) and bWf the resulting configuration

matrix, all expressed in the platform body frame Fb. If

propeller-based thrusters are used, the motor torque and

gyroscopic torque due to the spinning of the propeller

can be added to wf or neglected considering them as

unmodeled disturbances. Since non-orientable thrusters

are considered, bWf is constant when expressed in Fb.

Projecting the resulting wrench wf in the inertial frame

Fg yields the wrench matrix Wf ∈ R
n×nf :

gwf =Wf(θθθ) f (6)

with Wf(θθθ) =

[

Rgb(θθθ) 0

0 Rgb(θθθ)

]

bWf (7)

Let S(θθθ) be the matrix that maps the time derivative

of the Euler angles θθθ to the angular velocityωωω (see Ana-

lytical Jacobian definition in [34]), such thatωωω = S(θθθ)θ̇θθ.

By substituting this expression of ωωω in (1), the CDPR

model in the Cartesian/task space becomes:

M(xxx)ẍxx + C(xxx, ẋxx)ẋxx +Gg =
[

Wτττ(xxx) Wf(θθθ)
]
[

τττ

f

]

(8)

where the inertia matrix M, the Coriolis and centrifugal

wrench matrix C, the gravity force Gg are given by:

M(xxx) =

[

mI 0

0 IgS

]

, Gg =

[

−mg

0

]

(9a)

C(xxx, ẋxx)ẋxx =

[

0

IgṠθ̇θθ + S θ̇θθ × IgS θ̇θθ

]

(9b)

2.2. Thruster Dynamics

To enhance the dynamic behavior of the CDPR, nf ad-

ditional thrusters are embedded in the platform. Cold-

gas thrusters or air propellers could be used among oth-

ers. The thruster is selected such that its thrust band-

width is larger than the force bandwidth of the cable

actuation. The thrust limits are modeled as input satura-

tion with fmin ≤ f∗ ≤ fmax, where f∗ is the thruster force

control input. In the case of a unidirectional thruster, the

lower bound on the thrust becomes fmin = 0 N instead of

fmin = −fmax.

A transfer function of the thrust dynamics can be ob-

tained through the identification process of one thruster
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on a test bench. Consider Gf(s) the minimal realization

of the transfer function between the control signal f∗ and

output f:

Gf(s) =
f(s)

f∗(s)
=

bmf−1smf−1 + · · · + b1s + b0

smf + · · · + a1s + a0

(10)

with mf , the order of the transfer function, and s, the

Laplace variable. It is assumed that all the poles are dis-

tinct and stable, and b0 , 0 such that the static gain is

finite and non-zero. A model of the thruster dynamics

in the time domain can be derived from the coefficients

of the polynomial fraction Gf(s) in the form of a state-

space representation [35]. The state-space model of the

thruster dynamics is a differential equation of the fol-

lowing form:

ẋf = Af xf + bf f∗ (11)

f = cT
f xf (12)

with xf ∈ Rmf , the state vector which uniquely defines

the system state at instant t; Af , the state matrix describ-

ing the unforced evolution of the system over time; bf ,

the input matrix describing the influence of the input on

the system state; and cT
f
, the output matrix providing the

system output.

Let f = [f1, . . . , fnf
]T be the thrust vector of the nf

identical and independent thrusters. Then, the wrench

wf (6) exerted by the thrusters on the platform is gov-

erned by the state-space model (Fig. 2a):

ẋf = Af xf + Bf f∗ (13)

wf =Wf(θθθ) Cf xf (14)

fmin ≤ f∗ ≤ fmax (input constraints) (15)

with xf ∈ R
nf m f the thruster actuation state vector, and

the following expressions of the matrices :

Af =blkdiag(Af , . . . ,Af) ∈ Rnf mf×nf mf (16)

Bf =blkdiag(bf , . . . ,bf) ∈ Rnf mf×nf (17)

Cf =blkdiag(cT
f , . . . , c

T
f ) ∈ Rnf×nf mf (18)

For some geometric configuration of the thrusters and

notably all the configurations with a redundant number

of thrusters nf > n, the wrench matrix Wf ∈ R
n×nf is

not full column rank. If the wrench matrix Wf is not

full column rank, then a linearized model of the Hybrid

CDPR around a steady state is not observable without

the measurement of the thrusts f. Indeed, since the di-

mension of the nullspace of Wf is not zero, there exist

thrust state−space model

. . .

. . .

. . .

cT
f

cT
f

bf

bf

0

Wf(θθθ)
Af

Af

wf
f
∗

f

(a) Model with thrust dynamics.

thruster wrench state−space model

. . .

. . .

. . .

cT
f

cT
f

bf

bf

0

Wf(θθθ)
Af

Af

f
∗

wfwf
∗

(b) Alternative model with wrench dynamics.

Fig. 2: Alternatives for the thruster actuation model.

infinitely many thrust vectors f (i.e. states xf) that match

a wrench w
f

observed on the platform:

f =W+
f w

f
+ fnull (19)

with fnull, any thrust vector in Null(Wf), the nullspace

of Wf defined by Wf fnull = 0.

However, the measurement of f requires to embed

thrust sensors on the platform. Besides, adding these

measurements to the CDPR model will increase the

number of state variables in the NMPC offset-free prob-

lem. Increasing the number of states results in increas-

ing the computational time to solve the NMPC opti-

mization problem.

To overcome these issues, an alternative model of the

thruster actuation is proposed (Fig. 2b):

ẋwf
= Af xwf

+ Bf Wf(θθθ) f∗ (20)

wf = Cf xwf
(21)

fmin ≤ f∗ ≤ fmax (input constraints) (22)

with xwf
∈ Rn mf the wrench state vector, and the follow-

ing redefinition of the matrix dimensions:

Af =blkdiag(Af , . . . ,Af) ∈ Rn mf×n mf (23)

Bf =blkdiag(bf , . . . ,bf) ∈ Rn mf×n (24)

Cf =blkdiag(cT
f , . . . , c

T
f ) ∈ Rn×n mf (25)

Providing that all the actuators have the same linear dy-

namics, this actuation model is derived from (13)-(14)

through a change of state variables (see Appendix A).

While the previous model (13)-(14) uses state variables

describing thrust dynamics, the alternative model uses

state variables describing the wrench dynamics. This

alternative model is observable from the wrench wf ex-
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erted on the platform without requiring additional mea-

surements. Since a minimal representation of the trans-

fer function Gf is observable [35], the pair {Af , cT
f
} is

observable. Thus the pair {Af , Cf} of the alternative

model is observable, independently of the column rank

of Wf .

Considering the exact state-space model (A.6) that

describes the wrench dynamics, its state-space matrix

is a function of the thruster dynamics (− 1
Tf
In = Af

in (A.6)) and a function of the angular velocity ωωω of

the platform. In this model, the wrench resulting from

the thrust references f∗ is first projected into the iner-

tial frame with Wf(θθθ(t)) (7). As a consequence, during

the settling time of the wrench, the wrench direction is

modified. This effect is taken into account in the wrench

dynamics (A.6) with its dependence onωωω.

Thereby, the proposed alternative model (20)-(21) ne-

glects the effect of the platform rotation. The alternative

model is exact only if ωωω = 0 during the settling of the

thrust, i.e. if the platform orientation remains constant.

If ωωω , 0, based on the equation (A.6), the alternative

model is still a good approximation of the wrench dy-

namics if:

∀i, ‖ωωω‖
2
≪

∥
∥
∥
∥
∥
∥

1

Tfi

∥
∥
∥
∥
∥
∥

2

(26)

with Tfi
= − 1

λfi

, the time constant associated with the

eigenvalue λfi
of Af (or equivalently the pole λfi

of Gf).

In other words, the alternative model is valid if the set-

tling time of the thruster is short enough with respect to

the angular velocity, such that the rotation of the plat-

form during the settling of the thrust f is negligible. If

the condition (26) does not hold, the model (13)-(14)

can be used despite its drawbacks, or the exact model of

the wrench dynamics (A.6) can be used assuming that a

measurement ofωωω is available.

2.3. Winch Actuator Dynamics

If the cable stiffness is low due to its length or mate-

rial, the cable tension can be measured and controlled

through the cable elongation [36, 13]. In this context,

a cable is modeled as a linear spring with a negligible

mass. Under tension, its straight length between its at-

tachment points Ai and Bi (see Fig. 1) is its geometric

length l1i
(xxx) = ||gbτττi

(xxx) − gaτττi
||

2
. The cable unstretched

length, i.e. the cable length when its tension is zero, is

denoted l2i
.

The axial stiffness of the cable i is kai
= ea/l2i

, where

e is the Young modulus of the cable and a its cross-

sectional area as in [11, 14]. Let l2 = [l21
, . . . , l2nτ ]

T be

the vector of the nτ unstretched lengths of the cables.

Then, the vector of the cable tensions τττ ∈ R
nτ is given

by:

τττ =Ka(l2) [l1(xxx) − l2] (27)

0 < τττ(xxx, l2) ≤ τττmax (algebraic constraints) (28)

with Ka = diag(ka1
, . . . , kanτ

), the diagonal matrix of the

cable stiffness and (l1 − l2) the vector of cable elonga-

tions. As the cables can only pull and not push, the pos-

itivity constraint on each tension 0 ≤ τi translates into

the constraint (28), where τττmax = [τmax1
, . . . , τmaxnτ

]T is

the upper-bound vector of the admissible tensions.

The cable tensions τττ are controlled by modifying the

cable unstretched lengths l2, also called free lengths,

with the winches. Assuming that the tension of the ca-

ble stored in the winch spool is zero, the cable lengths l2
are linked to the angular positionsααα of the winch motors

by l2 = rααα where r is the radius of the winch spool.

The control input of the winch motor drive is assumed

to be a velocity reference, i.e. a winding velocity refer-

ence l̇∗
2
. If the inner loop gains of the motor controller

are high, the dynamics of the winch can be considered

decoupled from the platform dynamics [13]. However,

the actuator performance is limited by its maximum ca-

ble winding velocity l̇2 max. Similarly to the thruster dy-

namic model (10), consider a minimal transfer function

Gl2 (s) identified on a winch between the winding veloc-

ity reference l̇∗
2

and cable length l2:

Gl2 (s) =
l2(s)

l̇∗
2
(s)
=

bmτ−1smτ−1 + · · · + b1s + b0

smτ + · · · + a1s + a0

·
1

s

=Gl̇2
(s) ·

1

s
(29)

with the same assumption on Gl̇2
(s) as on Gf(s). Let

{

Al2 ,bl2 , c
T
l2

}

be the state, input and output matrices of a

state-space representation of Gl̇2
(s), the velocity dynam-

ics of the winch. The state vector of this representation

is denoted by xl̇2
∈ Rmτ .

A state-space representation of the nτ winch actuators

dynamics is given by:

ẋl2 =

[

0 0

Bl2 Al2

]

xl2 +

[

I

0

]

l̇∗2 (30)

l2 =
[

0 Cl2

]

xl2 (31)

−l̇2max ≤ l̇∗2 ≤ l̇2max (input constraints) (32)

with l̇∗
2
= [l̇∗

21
, . . . , l̇∗

2nτ
]T the winding velocity control
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Fig. 3: Model of CDPR with its hybrid cable-thruster actuation dy-

namics.

inputs, and the matrices:

Al2 =blkdiag(Al2 , . . . ,Al2 ) Al2 ∈ R
nτmτ×nτmτ (33)

Bl2 =blkdiag(bl2 , . . . ,bl2 ) (34)

Cl2 =blkdiag(cT
l2
, . . . , cT

l2
) (35)

The cable actuation state vector is xl2 = [l∗
2

T xl̇2
T]T ∈

R
nτ(mτ+1), where l∗

2
= [l∗

21
, . . . , l∗

2nτ
]T is the integral of the

control input l̇∗
2
. For clarity of presentation, the integra-

tion of the velocity signal is considered at the input of

the actuation model instead of the output as visible in

the winch actuation block of Fig. 3. This reverse order

does not modify the input-output behavior of the winch

actuation model.

2.4. CDPR with Hybrid Actuation Dynamics

The full model is obtained by connecting the actua-

tion models (20) and (30) to the CDPR platform model

(8), as presented in Fig. 3. The state vector of the hy-

brid actuation is denoted by xu = [xl2
T xwf

T]T, and its

state-space matrices by:

Au =





0 0 0

Bl2 Al2 0

0 0 Af




, Bu =





I 0

0 0

0 Bf Wf(θθθ)





(36)

It yields the following nonlinear model of the CDPR:





ẍxx

ẋxx

ẋu




=





φφφ(ẋxx, xxx, xu)

ẋxx

Auxu




+





0

0

Bu




u (37)

s.t.

[

−l̇2max

fmin

]

≤ u ≤

[

l̇2max

fmax

]

(input constraint) (38)

0 ≤ τττ(xxx, l2) ≤ τττmax (algebraic constraint) (39)

with u = [l̇∗
2

T f∗T]T, the control input, and φφφ, the func-

tion:

φφφ(ẋxx, xxx, xu) =(M(xxx))
−1

[

− C(xxx, ẋxx)ẋxx −Gg

+ [Wτττ(xxx) In]

[

Ka[l1(xxx) − Cl2 xl̇2
]

Cfxwf

] ] (40)

The system output y ∈ R
ny is composed of the pose

of the platform xxx and the cable tensions τττ, such that:

y =

[

xxx

τττ

]

= ggg(x) =

[

xxx

Ka(Cl2 xl̇2
)[l1(xxx) − Cl2 xl̇2

]

]

(41)

where x = [ẋxxT xxxT xl2
T xwf

T]T ∈ Rnx is the state vector of

the CDPR with its hybrid actuator dynamics.

3. Control

Efficient control of the pose of the hybrid CDPR re-

quires to solve the control allocation problem to cope

with the different force bandwidths and constraints of

the two actuation systems. Model predictive control

(MPC) can intrinsically take into account constraints

and has been successfully used to solve redundancy or

control allocation problem [30, 22, 32]. Moreover, if

a preview of the reference trajectory is available, MPC

control signals can anticipate the reference changes to

further improve the tracking accuracy.

3.1. Prediction Model and Augmented Model

Based on a prediction model of the system output, the

MPC selects the sequence of control signal samples that

minimizes an objective function on a finite time horizon.

Since, in general, no discrete-time closed-form model

can be derived from a nonlinear continuous-time model,

a numerical integration of the differential equation is

used to predict the system output at the sampling in-

stants. A discrete-time model of the system dynamics

can be derived using a Runge-Kutta (RK) integration

method. For the sake of simplicity, a low order Euler in-

tegration method is considered for the prediction model

as in [32]:

x(tk + ∆t) = x(tk) + ∆t ẋ(tk,u(tk)) (42)

where ∆t is the sampling period, tk = k∆t, k ∈ N, and

ẋ(tk,u(tk)) is provided by the system dynamics model.

A state-space representation of the CDPR with a hy-

brid actuation is given by:

ẋ = fff (x) + Fu(x) u (43)

y = ggg(x) (44)
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where fff and Fu are the appropriate functions defined

by model (37). Using Euler integration, a discrete-time

state-space model of the system is:

xk+1 = xk + ∆t
[

fff (xk) + Fu(xk) uk

]

(45)

yk = ggg(xk) (46)

To achieve an offset-free MPC, i.e. with no steady-

state error, the requirements are (section 4.2.6 in [37]):

• the minimum of the cost function must correspond

to zero tracking error;

• the prediction must be unbiased at steady state, i.e.

the output yk of the model has to match the output

ymk
measured on the system.

A relevant approach for unbiased prediction and thus for

offset-free control is to augment the model with a distur-

bance model [33, 38]. Constant disturbances are intro-

duced in the model to capture any output bias due to

model uncertainties or external disturbances. The vec-

tor of the disturbances, d, is then estimated simultane-

ously with the system state x by a state observer. Under

certain conditions [33] verified in Section 3.4, the es-

timate d̂k converges towards a steady state and ensures

there is no mismatch between the model output yk and

the measured plant output ymk.

Therefore, the following augmented model is pro-

posed as the prediction model of the offset-free NMPC:

xk+1 = fff aug(xk,dk,uk)

= xk + ∆t
[

fff (xk) + Fu(xk) uk + Fd(xk) dk

]

(47)

dk+1 = dk (48)

yk = ggg(xk) (49)

where fff aug is the augmented state function and Fd(xk) =

[(M−1(xxx))T 0T]T such that the disturbance dk ∈ R
n is

equivalent to a wrench disturbance on the CDPR plat-

form.

3.2. Offset-free NMPC

Thrusters are embedded on the CDPR platform to im-

prove the tracking performance of a pose trajectory xxxr.

To reduce energy consumption and noise level of the

thrusters, it is desirable that the thrusters are off (f = 0)

at steady state. Thus, the following definition of the

static workspace [39] is given:

Definition 1. The static workspace W of the CDPR is

defined by the set of the poses x̄xx, where Wτττ ∈ R
n×nτ is

full row rank and x̄xx is a static pose of the platform that

can be maintained using exclusively the cable tensions.

A consequence of this definition is that the number

nτ of cables has to be equal to or greater than the

number of DoFs: nτ ≥ n.

The NMPC is achieved by solving an optimal con-

trol problem (OCP) to determine the first sample u0 of

a control signal sequence [u0, . . . ,uN−1] that minimizes

an objective function on a receding time horizon of N

samples. The OCP is solved at each sample time k

and its solution u∗
0

is applied to the system, such that

uk = u∗
0
.

To track the reference trajectory xxxrk
, the OCP to solve

at each sample time k is:

minimize
u0, . . . ,uN−1

N−1∑

j=0

∥
∥
∥y

j
− yr j

∥
∥
∥

2

Qy
+
∥
∥
∥u

j

∥
∥
∥

2

Qu

subject to x j+1 = fff aug(x j,d0,u j),

y j = ggg(x j),

x0 = x̂k, d0 = d̂k,

hl ≤ h(x j,u j) ≤ hh

(50)

where yr j = [xxxr
T
k+ j
τ̄ττk

T]T is the reference for the sys-

tem output y j, and τ̄ττk is a target for the cable tensions at

steady state. The function fff aug in the OCP is the non-

linear augmented model (47) of the CDPR plant. To

initialize the problem, the vectors x0 and d0 are set to

x̂k and d̂k, the current estimates of the state and con-

stant disturbance. The operator ‖·‖P is defined such that

‖v‖2P = vTPv, and the weighting matrices are Qy > 0

and Qu > 0, positive definite. The output weights are

tuned such that the pose trajectory tracking is a primary

objective, while the steady-state tension distribution is a

secondary objective.

The constraints (39) on the cable tensions and (38)

on the actuator inputs are gathered into one constraint

function:

h(x j,u j) =
[

τττ(xxx j, l2 j
)T l̇∗

2 j

T f∗
j
T
]T

(51)

with the following lower and upper bounds:

hl =
[

0nτ×1
T −l̇2max

T fmin
T
]T

(52)

hh =
[

τττmax
T l̇2max

T fmax
T
]T

(53)

These constraints ensure that the cable tensions and

the control inputs of the actuators are admissible along

the trajectory.

If the cables are redundant (nτ > n), multiple tension

distributions τττ or equivalently cable lengths l2 are con-

sistent with a given pose trajectory. Thus, the target τ̄ττ in

the OCP cost function allows for selecting a particular

cable tension distribution when the trajectory reaches a

8



steady-state pose x̄xx.

3.3. Tension Target at Steady State

For a desired steady-state pose xxxrk
= x̄xx, let us define

the corresponding targets τ̄ττk for the cable tensions and

ūk for the control signals. These targets are solutions of

the equilibrium system:

x̄k = fff aug(x̄k, d̂k, ūk) (54)

ȳk =

[

x̄xx

τ̄ττk

]

= ggg(x̄k) (55)

with x̄k, the state vector at steady state.

For any steady-state pose x̄xx ∈ W, an optimal control

target is ū = [l̇
∗

2
T f̄∗T]T = 0:

– the steady-state condition (54) with definition (47)

of fff aug enforces l̇
∗

2 = 0;

– f̄∗ = 0 is an admissible solution from Definition 1

that minimizes the thrust at steady state.

Solving the system (54)-(55) for ū = 0 yields the kineto-

static equation:

Gg − d̂k =Wτττ(xxxrk
) Ka(l̄2k

)
[

l1(xxxrk
) − l̄2k

]

(56)

=Wτττ(xxxrk
) τ̄ττk (57)

with the expression of τττ given by (27).

The tension τ̄ττk, solution of this equation, is given by:

τ̄ττk = τ̄ττdk
+ τττNull

= τ̄ττdk
+ Nτττ(xxxrk

) ηηη (58)

with τ̄ττdk
= (Wτττ(xxxrk

))+[Gg − d̂k] and τττNull ∈ Null(Wτττ),

any vector in the nullspace of the cable wrench matrix.

Let r = nτ − n be the degree of redundancy of the

cable actuation. The columns of matrix Nτττ ∈ R
nτ×r

form an orthonormal basis of Null(Wτττ), such that

NT
τττNτττ = Ir. Thereby, τττNull = Nτττ ηηη, where ηηη is an

arbitrary vector of dimension r, is a tension vector

belonging to Null(Wτττ). The vector τ̄ττdk
is the minimal-

norm solution of Wτττ(xxxrk
) τ̄ττk = Gg − d̂k, which verifies

NT
τττ τ̄ττdk

= 0 [3].

To minimize energy consumption at steady state, var-

ious optimization algorithms [4, 3] can be used to search

for a vector ηηη that minimizes a norm of the tension vec-

tor ||τ̄ττk || under the constraint of positive tensions. This

tension optimization problem is solved at each time step

to update the target τ̄ττk in the OCP (50) cost function.

If the cables are not redundant (nτ = n), Wτττ is square

and full rank on W and only one tension τττ matches the

wrench exerted on the platform. Thus, if the cables are

not redundant, the tension target can be removed from

the OCP problem. The reference and control variables

are then redefined by: yr j = xxxrk+ j and y j = xxx j.

The OCP problem can be implemented and solved

with the acados framework [40], which proposes

a Runge-Kutta RK4 integration method of the

continuous-time nonlinear CDPR dynamics. Consider-

ing an exteroceptive sensor to measure the pose xxxk and

an extended Kalman filter (EKF) to observe the CDPR

states and disturbances, a block diagram of the NMPC

control is presented in Fig. 4.

3.4. Conditions for Offset-free Control

A MPC is said to be offset-free if its steady-state

tracking error converges to zero. In this section, the

offset-free conditions are verified for the NMPC de-

scribed by (50). The proof of offset-free tracking is

based on the theorem in [33]. The theorem states that

the number ndist of constant disturbances in the aug-

mented model has to be equal to the number ny of mea-

surements (ndist = ny) [33, 38].

The cable actuation model (30) with the control sig-

nal l̇∗
2

as input and the state l2 ∈ R
nτ as output (Fig. 3)

contains a number nτ of integrators. These integrators

behave as an input disturbance model when coupled

with a state observer: the input signal integration and

the mismatches between plant and model are combined

by the observer in an estimate l̂∗
2

of the integrator outputs

(see the δu-formulation section in [38]). In addition,

a number n of disturbances have been explicitly intro-

duced in the CDPR augmented model (47)-(49) through

the wrench disturbance vector d ∈ Rn, such that the total

number of disturbances is ndist = nτ + n. As the number

of measurements is ny = n + nτ, with y = [xxxT τττT]T, the

initial assumption ndist = ny is verified.

In the case of non-redundant cables (nτ = n), the sys-

tem output is just y = xxx and thus ny = n = nτ. With

the nτ disturbances lumped into the estimates l̂∗
2

of the

cable free length, the initial assumption ndist = nτ = ny

is verified. Thereby, the model (45)-(46) is used in this

case without the addition of a disturbance d.

The other assumptions that need to be tested for an

offset-free control are [33]:

1) Observability . For any admissible (y∗,u∗), there ex-

ist a unique (x,d) such that:

x = fff aug(x,d,u∗) (59)

y∗ = ggg(x) (60)
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Fig. 4: NMPC scheme for CDPRs with on-board thrusters. The block in dotted lines are removed from the scheme if the cables are not redundant

(nτ = n).

This assumption ensures that the disturbance model

has been adequately chosen, i.e. that any system output

y for a given u can be the outcome of a specific distur-

bance d on the system. This assumption can be tested

with Theorem 2 in [33]. Based on the implicit function

theorem, this theorem converts the unique solution of

(59)-(60) condition into a rank condition on a matrix of

the functions fff aug and ggg Jacobians. With d ∈ R
n and

the remaining nτ disturbances included in the state l∗
2

of

vector x, the rank condition to verify is:

rank

[

Fx − Inx
Fd

Gx Gd

]

= nx + n (61)

with the Jacobians, evaluated at a steady state (x̄, ū, d̄):

∂

∂x
fff aug(x̄, ū, d̄) = Fx,

∂

∂d
fff aug(x̄, ū, d̄) = Fd (62)

∂

∂x
ggg(x̄) = Gx,

∂

∂d
ggg(x̄) = Gd = 0 (63)

Based on the linearized model (B.11)-(B.12) of the

augmented system derived in Appendix B, the matrix

of condition (61) becomes (with ∆t = 1):





0 −M−1Kxxx 0 M−1WτττTl2 Cl2 M−1Cf M−1

In 0 0 0 0 0

0 0 0 0 0 0

0 0 Bl2 Al2 0 0

0 0 0 0 Af 0

0 In 0 0 0 0

0 Txxx 0 Tl2 Cl2 0 0





(64)

Omitting the line of null matrices irrelevant for the

rank, the matrix can be transformed through row and

column exchanges in the upper triangular block matrix:





In 0 0 0 0 0

0 M−1 M−1WτττTl2 Cl2 0 M−1Cf −M−1Kxxx

0 0 Al2 Bl2 0 0

0 0 Tl2 Cl2 0 0 Txxx

0 0 0 0 Af 0

0 0 0 0 0 In





(65)

The square matrix (65) is full rank, if the matrix Af

and the following block matrix on its diagonal are full

rank:

[

Al2 Bl2

Tl2 Cl2 0

]

=

[

Inτmτ 0

0 Tl2

] [

Al2 Bl2

Cl2 0

]

(66)

Since Gf(s) (Section 2.2) is supposed to have only stable

poles, there is no zero eigenvalue; thus matrix Af is full

rank. Since Tl2 ∈ R
nτ×nτ is full rank from expression

(B.5), the block matrix is full rank if the right matrix in

the product (66) is full rank. According to the definition

(33) of Al2 , Bl2 and Cl2 , elementary column and row

exchanges show that:

rank

[

Al2 Bl2

Cl2 0

]

= nτ. rank

[

Al2 bl2

cT
l2

0

]

(67)

Assuming that Al2 , bl2 and cl2 are in an observable

canonical form [35], it yields through elementary col-

umn exchanges:

rank

[

Al2 bl2

cT
l2

0

]

= rank





1 . . . 0 0 bml2
−aml2

... . . .
...
...
...

...

0 . . . 0 1 b1 −a1

0 . . . 0 0 b0 −a0

0 . . . 0 0 0 1





(68)

The triangular matrix in (68) is full rank, since b0 ,

0 from the assumption that Gl̇2
(s) has a non-zero gain
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(Section 2.3). Thereby, the matrix (65) is full column

rank and the observability assumption holds.

2) Controllability. The vector ȳ = [x̄xxT τ̄ττ(x̄)T]T repre-

sents a pose and a corresponding tension among all the

admissible tensions at steady state. However, ȳ is not an

unconstrained, nor a minimal representation: the vector

τ̄ττ has to verify to the kineto-static equation (56), while

all the admissible τ̄ττ ∈ Rnτ can be described uniquely by

the pose x̄xx and the free parameter ηηη ∈ Rr (r ≤ nτ) based

on (58).

For a well-posed definition of the controllability as-

sumption, let us define the minimal representation yc =

[xxxT ηηηT]T ∈ Rnyc of the controlled variables y = [xxxT τττT]T,

where ηηη is the parameter characterizing a steady-state

tension distribution among all the admissible distribu-

tions. From properties of the unique decomposition (58)

of the tension vector τττ, the output ηηη is obtained from:

ηηη = NT
τττ (xxx) τττ(x) (69)

Controllability assumption. For all (y∗c,d
∗), there exist a

unique (x,u) with u = [l̇∗
2

T 0T]T such that:

x = fff aug(x,u,d∗) (70)

y∗c =

[

xxx∗

ηηη∗

]

=

[

xxx∗

NT
τττ τττ(x)

]

(71)

This controllability assumption ensures the existence

of a control signal u and state x compatible with the

steady-state output y∗c = [xxx∗T ηηη∗T]T, for any constant

disturbance d∗. The controllability is assessed for the

restrictive case where only the cable actuation (f∗ = 0)

is used to maintain the steady state, as explained in Sec-

tion 3.2.

Similarly to the observability, the controllability con-

dition can be converted into a rank condition using The-

orem 3 in [33]. This yields the condition:

rank

[

Fx − Inx
Fl̇∗

2

Gcx
0

]

= nx + nτ (72)

with the Jacobians:

Fl̇∗
2
=
∂

∂l̇∗
2

fff aug(x̄, ū, d̄), Gcx
=
∂

∂x

[

x̄xx

NT
τττ (x̄xx) τττ(x̄)

]

(73)

Based on the linearized model (B.11)-(B.12) of the

augmented system, the matrix in (72) becomes:





0 −M−1Kxxx 0 M−1WτττTl2 Cl2 M−1Cf 0

In 0 0 0 0 0

0 0 0 0 0 Inτ

0 0 Bl2 Al2 0 0

0 0 0 0 Af 0

0 In 0 0 0 0

0 Nxxx 0 NT
τττTl2 Cl2 0 0





(74)

where Nxxx(x̄xx, l̄2) = ∂
∂xxx
ηηη(x̄).

Column and row exchanges yield the following upper

triangular block matrix:





Inτ 0 0 0 0 0

0 In 0 0 0 0

0 0 Al2 Bl2 0 0

0 0 M−1WτττTl2 Cl2 0 M−1Cf −M−1Kxxx

0 0 NT
τττTl2 Cl2 0 0 Nxxx

0 0 0 0 Af 0

0 0 0 0 0 In





(75)

This matrix is full rank if the following block matrix on

the diagonal is full rank:





Al2 Bl2

M−1WτττTl2 Cl2 0

NT
τττTl2 Cl2 0




=





I 0 0

0 M−1 0

0 0 I









I 0

0 Wτττ

0 NT
τττ





[

Al2 Bl2

Tl2 Cl2 0

]

(76)

Since Null(Wτττ) is the orthogonal complement of the

column space of WT
τττ (xxx) [41], the matrix [Nτττ Wτττ

T] is

square and full rank for any xxx ∈ W. It results that the

matrix in the middle of the product (76) is full rank. As

the other matrices of the product are full rank, the re-

sult is full rank. Thereby, the controllability assumption

holds.

3) Nominally error-free observer. Let us partition the

state vector x into the two subsets: l∗
2

and x− =

[ẋxxT xxxT xl̇2
T xwf

T]T. Consider the following form of an

observer of the augmented system (47)-(49):

x̂−k+1 = fff −aug(x̂k, d̂k, f
∗
k ) + lllx− (ymk − ggg(x̂k)) (77)

[

l̂∗
2k+1

d̂k+1

]

=

[

l̂∗
2k

d̂k

]

+ ∆t

[

I

0

]

l̇∗2k
+ llldist(ymk − ggg(x̂k)) (78)

where ym is the plant measurement vector and fff −aug is

the vector function of output x−
k+1

. The functions lllx− and

llldist are the two state update functions, which have to be

designed such that the observer is stable.

The observer is defined as nominally error-free at
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steady state, if it satisfies [33]:

∀e, llldist(e) = 0 =⇒ e = 0 (79)

This assumption ensures that at steady state, the

model output ggg(x̂) estimated by a nominally error-free

observer matches the plant measurement ym. The proof

begins with the steady-state conditions: l̂∗
2k+1
= l̂∗

2k
and

d̂k+1 = d̂k with a velocity control l̇∗
2
= 0. Based on (78),

these conditions impose llldist(ymk
−ggg(x̂k)) = 0. Then, the

condition (79) yields at steady state:

ym = ggg(x̂) (80)

With the EKF proposed as a state observer, the func-

tion llldist is replaced here by the submatrix Ldist of the

Kalman filter gain. Due to the initial assumption ndist =

ny, the matrix Ldist is square. Besides, this matrix is not

singular if the filter is stable, as demonstrated in [38].

Thus the condition (79) is verified for Ldist and the EKF

is a nominally error-free observer of the augmented sys-

tem.

4) Nominally error-free controller. Let us define the

NMPC by the function c0: u0
∗
k
= c0(x̂k, d̂k, yrk). The

NMPC is nominally error-free at steady state, if for all

admissible yr and d, yielding a feasible target τ̄ττ:

x − fff aug(x,d, c0(x,d, yr)) = 0 =⇒ ggg(x) = yr (81)

holds for all steady-state vector x.

This assumption ensures that, when a steady state is

reached, the output y of the nominal closed-loop sys-

tem matches the reference yr. It is worth emphasizing

that this error-free property applies only to the nomi-

nal closed loop [33], i.e. the closed loop composed of

the augmented system and the NMPC using the same

augmented model as its prediction model. This prop-

erty alone does not result in an error-free control for the

closed loop composed of the previous NMPC and the

real plant (due to the mismatch between the model and

the plant).

This nominal error-free assumption requires that

the minimum of the cost function corresponds to a

steady state with zero error with respect to the reference

yr. Assuming closed-loop asymptotic stability of

the equilibrium (81), the minimum of the positive

definite cost function (50) implies [42]: u0
∗ = 0 and

y = [xxxr
T τ̄ττT]T = yr at steady state, where τ̄ττ(xxxr,d) is a

solution of the CDPR kineto-static equation (56).

Finally, let us consider the closed loop composed of

the real plant, the previous NMPC and previous EKF

observer. It is assumed (Assumption 1 in [33]) that,

for an asymptotically constant reference (yrk → yr∞

when k → ∞) and constant external disturbance, all the

states of this closed loop converge to steady values with

ymk → ym∞ and uk → u∞.

The offset-free property of the controller can be

proved with Theorem 4 in [33], which is restated as:

a) the observability assumption holds with ndist = ny.

It is tested locally for the cable-thruster actuated

CDPR with Theorem 2 from [33].

b) the controllability assumption holds for the cable

actuation with nyc
= nτ, as tested locally via the

Theorem 3 from [33].

c) the error-free observer assumption holds for the

proposed EKF filter. (Because of a), it is possible

to design such an observer.)

d) the assumption of a nominally error-free NMPC

holds. (Because of b), it is possible to design such

a controller).
therefore ymk → yrk when k → ∞, i.e. the control is

offset-free.

Let us summarize the outline of the theorem proof:

with the closed-loop convergence to a steady state

assumption, it is sufficient to prove that ym∞ = yr∞

[33]. First, from the output u0
∗
∞ = c0(x̂∞, d̂∞, yr∞)

of the NMPC at steady state and from d), it comes

ggg(x̂∞) = yr∞ (81). Then, from c) comes ym∞ = ggg(x̂∞)

(80). These last two equalities result in ym∞ = yr∞.

The offset-free control and control allocation are val-

idated in the next section through simulations and ex-

periments on a planar cable-thruster actuated CDPR.

4. Experimental Validation

4.1. Experimental Setup

4.1.1. PiSaRo4 Robot

A planar suspended CDPR robot with 3 cables and

4 onboard propeller-based thrusters (Fig. 5) is consid-

ered to validate the proposed control. The platform of

this robot, called PiSaRo4, is composed of a square alu-

minum frame on which all the actuators, electronics and

power sources are embedded.

This robot is designed to perform tasks on vertical

surfaces like maintenance and painting on the exterior

walls of buildings. The winches and actuators are em-

bedded on the platform similarly to CDPRs used for so-

lar panel [43] or facade cleaning [44], [8]. This design

simplifies the installation and disassembly of the sys-

tem: it avoids having to attach and to power winches

that are scattered on the edges of the workspace. The
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Fig. 6: Font and side CAD views of the PiSaRo4. The dimensions

with respect to the centre of gravity G specify the positions of the

thrusters and the cable outputs on the idler pulleys. All dimensions

are given in mm.

drawback of this design is an additional weight on the

moving platform. The actuators and the cable stored

in the winches are the main sources of the weight in-

crease, especially if the cable is made of steel [44]. To

reduce this weight, lightweight but elastic cables made

of polyamide are considered in [44] as well as here for

the PiSaRo4.

With a suspended configuration, only three cables

are required to control the 3 DoFs of this planar robot

(the gravity acts as a fourth cable). The out-of-plane

motion of the platform is constrained by the contacts

between the wall and the four legs on the back of the

PiSaRo4 robot (see the CAD side view in Fig. 6). The

arrangement of the three cables on the PiSaRo4 is

based on the 3-DoF planar kinematics proposed in [45].

Regarding the onboard thrusters, their initial purpose

was to efficiently damp the vibration of the platform

along all the DoFs. To generate a wrench along n = 3

DoFs, at least n+ 1 = 4 unidirectional thrusters are nec-

essary. This condition is identical to the condition on

the number of cables for a fully-constrained CDPR [5].

The symmetric configuration of the four thrusters

and their position on each corner of the platform are

shown in Fig. 6. This configuration maximizes the

thruster-feasible wrench in all the directions. It is

directly inspired from the configuration commonly

used to control the motion of unmanned underwater

vehicles in the horizontal plane [46].

To drive the three winches of radius 51 mm, three DY-

NAMIXEL XM540-W150 servomotors are attached to

the platform frame. Inside the DYNAMIXEL, a dig-

ital velocity control loop regulates the winding speed

of the cable. The maximum winding speed is l̇2 max =

0.26 m.s−1 based on the winch radius and servomotor

speed limit. A settling time of 100 ms has been mea-

sured for this velocity loop. A second-order transfer

function Gl̇2
(s) is identified as the winch velocity dy-

namics. Its damping ξ and natural pulsation ωn are

given in Table 1 with the other parameters of the model.

Three polymer cables (Reactive Tackle Hi Vis Yel-

low 300LB) run from their winding winch to a pulley

on top of the platform, such that the exit point of each

cable stays constant with respect to the platform frame.

From these pulleys, the cables run to their anchoring

points on the supporting structure (Fig. 5). The PiS-

aRo4 kinematics is defined by its anchoring point co-

ordinates gaτ1τ1τ1
= [−1.55 0]T, gaτ2τ2τ2

= [1.55 0]T, gaτ3τ3τ3
=

[1.77 0]T and pulley outputs bbτ1τ1τ1
= [0.02 0.187]T,

bbτ2τ2τ2
= [−0.09 0.187]T, bbτ3τ3τ3

= [0.07 0.187]Tm.

To emulate the low stiffness of long cables in the re-

stricted space of a laboratory room, a spring is inserted
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Parameter Description Value Unit

mb Robot mass 2.58 kg

Ib Robot inertia along x 0.058 kg.m2

ka1 Spring stiffness 27 N.m−1

ka2 Spring stiffness 13.5 N.m−1

ka3 Spring stiffness 13.5 N.m−1

ξ Winch damping coefficient 0.78 -

ωn Winch natural pulsation 32.4 rad.s−1

Tf Thruster time constant 0.035 s

Table 1: PiSaRo4 parameters.

between the anchoring points and the cable ends. The

stiffness of the cable+spring assembly is approximated

by the stiffness of the spring alone. Indeed, the stiffness

of springs in series, where one spring has a significant

lower stiffness than all other springs, is approximately

equal to this lowest stiffness. By solving the PiSaRo4

kineto-static problem (57) at the nominal pose of the

platform x̄xx = [y z θ]T = [0 −1.7 0]T, it appears that the

tension of the cable 1 (18.8 N) is twice the tension of the

other cables (10.3 N and 7.9 N). To avoid exceeding its

elastic range, the stiffness ka1
of the spring 1 is doubled

(by an assembly of two springs in parallel).

The four embedded thrusters generate unidirectional

thrusts and are driven by electronic speed controllers

(ESC). Since a standard ESC does not accurately reg-

ulate the rotational velocity of the propeller and since

the propeller thrust is proportional to the square of

this velocity, a fast speed regulation is implemented:

a digital PID regulation of the propeller speed us-

ing the ESC real-time telemetry data is implemented

on a Teensy3.5 microcontroller (source code available

at https://github.com/jacqu/teensyshot). The

PID parameters are tuned to achieve a step response to

a thrust reference as close as possible to a first order re-

sponse of time constant Tf = 0.035 s. The maximum

thrust of one propeller is 6.7 N at full speed, limited to

fmax = 3.8 N for the experiments due to safety concerns.

Based on the time constant, the force bandwidth of the

thruster is 4.5 Hz. By comparison, the bandwidth of the

cable actuation for a nominal 3 N tension is 0.33 Hz con-

sidering the stiffness ka2, the winch dynamics and its

velocity saturation. Note that the bandwidth of cable

actuation depends on the desired force amplitude due to

the nonlinear effect of the saturation.

The pose xxx = [y, z, θ]T of the CDPR is measured by an

exteroceptive sensor: a distant Ximea xiQ USB camera

running at 500 Hz and subsampled to 100 Hz by the con-

troller. By detecting the 4 red LEDs (Fig. 5) mounted

on the CDPR platform, the pose is extracted from the

camera image. A remote computer handles the image

processing as well as the NMPC computation.

The onboard Raspberry Pi 4 computer acts mainly as

a communication hub. It manages data exchange be-

tween the remote computer connected over WiFi and

the actuators (winches and thrusters) connected to the

Raspberry Pi through USB. Finally, a 3S Lipo battery

(11,1V) provides power to the winch servomotors and

thrusters. The Raspberry Pi board is powered by a 5V

power bank battery. The total mass of the PiSaRo4 robot

is 2.58 kg.

4.1.2. Controller Implementation

To evaluate the benefit of a hybrid actuation, two

NMPC are designed for the PiSaRo4: one NMPC with

cable actuation only and a second NMPC with hybrid

cable-thruster actuation. The prediction model is de-

rived from continuous-time dynamic model (37) consid-

ering a 3-DoF CDPR with 3 cables for the first NMPC

and 3 cables with 4 additional thrusters for the sec-

ond. The actuator models are the second-order model

for the winch actuators and the first-order model for

the thrusters described in the previous subsection 4.1.1.

The dynamic model with the cable-only actuation has

15 states, while the model with the additional thrusters

has 19 states.

The PiSaRo4 CDPR has no redundant cable (n =

nτ = 3). Thereby, according to Section 3.3, the cable

tension can be removed from the OCP cost function (50)

and the measurement vector y is only composed of the

pose xxx. Furthermore, augmenting the model of the PiS-

aRo4 with a constant disturbance d is not required to

satisfy the offset-free initial assumption: ndist = ny. In-

deed, the estimate l̂∗
2

of the nτ cable free lengths is suf-

ficient to gather any model uncertainties or unmodeled

disturbances, as detailed in the beginning of section 3.4.

The rank conditions for the offset-free observability (61)

and controllability (72) assumptions are readily adapted

and verified for the non-redundant case: the tension (Tx

and Tl2 ) and disturbance (Fd) Jacobians are removed

from the matrices while the matrix Wτττ becomes square

and full rank.

An EKF provides the full state estimate x0 = x̂k,

which includes the estimate l̂∗
2
. The block diagram of

the corresponding NMPC closed loop is depicted in

Fig. 7.

The NMPC is implemented using the open-source

toolkit acados [40]. This software allows for a high-

level description of an OCP and generation of self-

contained C code to solve the problem efficiently. With
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control signal.

Parameter Value Unit

T , Horizon time length 1 s

N, Horizon steps 50 -

Qy, Pose error penalty diag([1, 1, 0.3]) -

Ql̇2
, Winch velocity penalty 2.10−4

I3 -

Qf , Thrust penalty 2.10−5
I4 -

l̇2 max, max. winding speed 0.26 m.s−1

τmax, max. cable tension 202 N

fmin, minimum thrust 0.0 N

fmax, maximum thrust 3.8 N

Table 2: NMPC parameters.

a warm startup scheme and a state-of-the-art quadratic

programming solver (HPIPM [40]) embedded in the

generated C-code, computation of the NMPC solution

can be achieved in real time.

Within acados, the continuous-time plant model (37)

is discretized using a multiple shooting method and

a Runge-Kutta integration [40] to solve the nonlinear

differential equations of the PiSaRo4 dynamics. For

a deterministic runtime, fixed order and step Runge-

Kutta methods are preferred in acados and are cur-

rently the only ones available. The tuning parameters

of the NMPC are summarized in Table 2.

The penalty weights Qy and Qu = blkdiag(Ql̇2
,Qf)

of the OCP cost function (50) are initially tuned in sim-

ulations. The tuning starts with the cable-only NMPC.

The tuning criterion is the minimization of the 5% set-

tling times, when tracking the reference steps in Fig. 9.

The weight on each DoF position is first normalized

to 1, such that Qy = I3. Next, a weight Ql̇2
on the

winch control signals of the form Ql̇2
= ql̇2

I3 that min-

imizes the sum of the settling times is searched. Us-

ing an interval halving (bisection) method, a shared

weight ql̇2
= 4.10−4 is found that does not favor a winch

over another. Freezing the previous weights, a weight

Qf = 7.10−5
I3 on the thruster control signals is found

for the NMPC with hybrid actuation by considering the

same criterion. Finally, using these weights as an initial

guess, they are finely tuned on the experimental robot

(see Table 2) with an interval halving method requiring

several trials.

The length of the prediction horizon is T = 1s, long

enough to span the closed-loop response observed dur-

ing the experiments. To reduce the size and compu-

tation time of the optimization problem, the sampling

time on the prediction horizon is set to 20 ms resulting

in N = 50 horizon steps. However, the OCP is solved

at the closed-loop sampling period of Ts =10 ms, such

that x0, the initial state of the OCP, is updated with the

latest pose measurement feedback from the camera.

The NMPC generated C-code runs on a remote

PC with an i5-9500 processor. At each period Ts,

the OCP solution u∗
0
= [l̇∗

2
T, f∗T]T is sent over WiFi

(5 GHz channel to minimize the delays) to the winch

servomotors and propeller ESCs as the reference of

their inner velocity loops. The computation time to

solve the OCP for the model with hybrid cable-thruster

actuation is measured during the experiments. Its mean

value is 2.35 ms with a peak at 5.4 ms.

A one-period delay is introduced in the control loop

by the computation time and the latency of the wireless

transfer of the optimal control solution between the re-

mote PC and the CDPR. As a consequence, the control

signal sample is applied on the system at the beginning

of the next time step.

If this delay is not taken into account, the robust-

ness of the control might decrease as noticed during

simulations and the experiments (see section 4.3.1). A

common approach to compensate for this delay is to

use a one-step predictor in the control loop [47]. As
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Fig. 8: On the left, step responses of the nominal NMPC and offset-

free NMPC for an inaccurate value of the CDPR mass. On the right,

corresponding cable free lengths l2 (solid lines) versus the estimated

lengths l̂∗
2

(dashed lines).

illustrated in the diagram of Fig. 7, using a predictor

(forward RK4 integration), the state estimate x̂k+1 can

be used as the initial state for the OCP problem. The

output of the NMPC is thus the control signal uk+1, one

step ahead of the current sample time. By predicting the

state x̂k+1 outside of the NMPC, the OCP formulation

does not change between the delayed and undelayed

cases [47] and a delay-free model can still be used.

4.2. Offset-free Steady State and Model Validation

To validate the offset-free control, a simulation is car-

ried out introducing a 2.5 % error (64.5 g) on the plat-

form mass in the PiSaRo4 dynamic model.

The proposed offset-free NMPC is compared to a

nominal NMPC. The nominal NMPC uses the measure-

ment of the cable free lengths l2 from the plant to ini-

tialize the OCP. However, the offset-free NMPC uses

the estimate l̂∗
2

from the EKF observer.

The results of step response simulations along the

z axis are given in Fig. 8, where δz represents the

robot displacement relative to the equilibrium pose x̄xx =

[0 −1.7 0]T. It confirms that the offset-free NMPC

achieves a zero steady-state error, while the nominal

NMPC does not. The constant disturbance due to the

mass error is identified and included in the estimate l̂∗
2

by

the EKF. It is visible in the difference between the cable

free lengths l2 (solid lines) and its estimates l̂∗
2

(dashed

lines in the right plot of Fig. 8).

The cable length difference is l̂∗
2
− l2 =

[0.018 0.02 0.015]Tm at the final steady state.

Considering the cable directions at the steady-state

pose xxx = [0 − 1.6 0]T and the cable stiffnesses from

Table 1, the disturbance force is 0.633 N, corresponding

to 64.5 g, matching the error on the platform mass.

To validate the PiSaRo4 model accuracy, simulation

and experimental step responses are compared for each

Fig. 9: Simulated and experimental step responses on each DoF.

DoF of the robot. The comparison can be seen in Fig. 9

where both experimental and simulation plots fit well,

thus validating the dynamic model. However, the simu-

lation exhibits greater overshoots than the experiments.

This slight discrepancy is likely due to frictions ne-

glected in the model and an inaccurately identified cable

stiffness. The cable stiffness is a sensitive parameter: its

value directly impacts the magnitude of the tensile force

exerted on the platform.

4.3. Experimental Results

Several experiments were conducted using the PiS-

aRo4 robot without (denoted as ‘cable only’ hereafter)

and with the thruster actuation (’cable + thruster’) to

assess the impact of thrusters on the robot performance.

All the experiments use a preview of the CDPR pose

reference signal on the prediction horizon. The preview

improves the tracking with NMPC control signals antic-

ipating the change of reference.

4.3.1. Step Responses

The performance of hybrid cable-thruster actuation is

first assessed with step responses on each DoF.

As shown in Fig. 10, the robot dynamics are im-

proved by the use of thrusters. Thanks to their additional

wrench and the higher bandwidth, the rise and settling

times are improved with thrusters (Table 3). The 5%

settling time is improved in a range going from 7% for

the orientation θ to 29% for the horizontal translation

y. The rise time, defined by the time from 10% to 90%

of the final value, is also improved from 28% for the

vertical translation z to 68% for the orientation θ.

The rise-time discrepancy between the DoFs is due to

the speed saturation of the winch actuators. When the

length of cables to be wound is significant, the winch

16



Fig. 10: Step responses on each DoF with and without thrusters. On top right, zoom on the step response along y axis.

Cable only Cable + Thruster

y z θ y z θ

Overshoot [%] 5 .9 7.6 - 5.9 6.5 -

Settling Time [s] 0.92 0.61 0.55 0.65 0.45 0.51

Rise Time [s] 0.65 0.40 0.37 0.31 0.29 0.12

Table 3: Step responses characteristics on each DoF: cable only versus

cable-thruster actuation.

Fig. 11: Cable free lengths for the step trajectory with cable-only ac-

tuation: cable lengths l2 from winch encoders (solid lines) versus es-

timated lengths l̂∗
2

from the EKF observer (dashed lines).

control signal is clipped yielding a significant lower re-

sponse time without the additional thrust of the pro-

pellers. As visible in Fig. 11, the longest cable length

to wind is for the rotation. Thus, orientation control

is significantly improved with thrusters, where the rise

time is 3 times shorter than without thrusters.

The clipped portion of the winch velocity due to sat-

uration is reduced with hybrid cable-thruster actuation

compared to the cable only case (see Fig. 12). The con-

trol signals for the orientation step at t = 17.5 s has

a noticeable slope: the NMPC promotes thrusters in-

stead of winches to achieve a quick transient and main-

tain the new orientation (see Fig. 12b). However, the

thruster control signal decreases linearly over time, in-

dicating that the controller is progressively shifting from

thrusters to winches in order to maintain a steady state,

thus saving energy. This behavior is confirmed by the

cable tensions, proportional to the cable elongations, in

Fig. 13. With thrusters, the cable tensions for the ori-

entation step at t = 17.5 s converge slowly to their fi-

nal value compared to the cable only case. Thanks to

a preview of the reference in the optimization horizon,

the reference is anticipated reducing the tracking error:

at the step time, half of the step amplitude has already

been traveled by the system.

These first results confirm the NMPC ability to ef-

ficiently handle the allocation problem. The NMPC

achieved optimal tracking performance while distribut-

ing the wrench between winches and thrusters. The full

velocity of the winches is used both with and without

the thruster actuation. As expected, the penalty on the

thrust control in the cost function yields a thrust tending

towards zero at steady state. Moreover, the tracking is

achieved while enforcing – the saturation constraint on

the actuator control signals (Fig. 12) and – the positivity

constraint on the cable tensions (Fig. 13). The mean and

maximal cable tensions are similar with and without the

thruster actuation, as visible in Fig. 13.

With and without the thruster actuation, the step

responses reach an offset-free steady state. To achieve

this offset free tracking, constant disturbances in the

model are estimated online to capture the mismatch (on

the cable stiffness, on the kinematic parameters,. . . )

between the PiSaRo4 system and the model at steady

state. Here, the constant disturbances are lumped into

the cable length l̂∗
2

estimated by an EKF. In Fig. 11,

these constant disturbances are visible in the difference

between l2 and its estimate l̂∗
2

from the EKF at steady
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(a) Cable only

(b) Cable + Thruster

Fig. 12: Actuator control inputs for the step trajectory: cable only a)

versus cable-thruster b) actuation. The dashed black lines show the

actuator saturation limits.

Fig. 13: Cable tension for the step trajectory: cable only (dashed lines)

versus cable-thruster (solid lines) actuation.

Fig. 14: Step responses -with thruster dynamic model, -without

thruster dynamic model and -without thruster dynamics model and

delay compensation.

state.

Lastly, experiments were carried out to assess the rel-

evance of modeling the fast dynamics of the thrusters

by removing these dynamics from the plant model.

Therefore, the effective thrust is assumed to be instan-

taneously equal to its control reference signal. Step re-

sponses in Fig. 14 show that the performance deterio-

rates if the first-order dynamics of the thruster is omit-

ted in the prediction model: the overshoot doubles on

the translations while the damping of the orientation re-

sponse decreases. However, the mean computation time

of the OCP solution is reduced from 2.16 ms for the

full model to 1.93 ms (-11%) for the model without the

thruster first-order dynamics. If both the thrust dynam-

ics and the delay compensation of the control compu-

tation time are omitted (removing the one-step predic-

tion block in Fig. 7), the orientation control becomes

unstable and the experiment has to be stopped at t=20 s

(Fig. 14). In conclusion, the thruster dynamics have to

be taken into account in the controller to achieve the

best performance.

4.3.2. Trajectory Tracking

A trajectory composed of – a six-sided polygon for

the position and – a constant null angle for the orien-

tation is considered. The slow and the fast version of

the trajectory passing through 6 waypoints are charac-

terized by a mean velocity of 0.05 m.s−1 and 0.15 m.s−1

respectively. The corresponding pose of the PiSaRo4 as

a function of time is computed offline using a fifth-order

polynomial trajectory generator.
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Fig. 15: Trajectory tracking at 0.05 m.s−1: cable only versus cable-

thruster actuation. Position trajectory at the top and constant orienta-

tion trajectory at the bottom.

RMS error Max error

d θ d θ

Cable only 2.3 mm 0.13 ° 5.9 mm 0.37 °

Cable + Thruster 1.2 mm 0.09 ° 3.4 mm 0.31 °

Improvement 47% 31% 42% 15%

Table 4: Position d and orientation θ trajectory tracking error at

0.05 m.s−1: cable only versus cable-thruster actuation.

For the low-speed trajectory, the hybrid cable-thruster

actuated CDPR exhibits better tracking performance

than the cable only actuated CDPR, as shown in Fig. 15.

The tracking error at each change of direction decreases

notably when using the thrusters. While the actuator

saturations are never reached for this slow trajectory

(control signals are displayed later for the fast trajec-

tory), the higher bandwidth of the thrusters contributes

to an improvement in the tracking accuracy. This accu-

racy is improved up to 31% for the orientation and 47%

for the position when considering the RMS error along

the trajectory (see Table 4). The position error is defined

by the distance d between the CDPR and the reference

position at time t. The maximum of this error along the

whole trajectory is also reduced from 5.9 mm to 3.4 mm

when adding the thrusters.

Fig. 16: Trajectory tracking at 0.15 m.s−1: cable only versus cable-

thruster actuation. The circles on the trajectories indicate poses

reached at the same time instant, as visible in the orientation plot.

RMS error Max error

d θ d θ

Cable only 15.3 mm 0.51 ° 32.0 mm 1.03 °

Cable + Thruster 5.4 mm 0.30 ° 9.3 mm 0.84 °

Improvement 65% 41% 71% 19%

Table 5: Trajectory tracking error in position d and orientation θ tra-

jectory tracking error at 0.15 m.s−1: cable only versus cable-thruster

actuation.

Nevertheless, the improvement of the performance is

more significant as the trajectory speeds up and the ac-

tuator saturations are reached. Without thrusters, the

CDPR position lags behind the reference (Fig. 16). The

CDPR position is unable to keep up with the trajectory

despite the anticipation feature of the NMPC. On the

other hand, the system with hybrid cable-thruster actua-

tion can keep up with the trajectory (Fig. 16). The total

duration of the winch saturation phases is divided by

more than two with the thrusters (Fig. 17b) while the

RMS position error along the trajectory is reduced by

65% and by 41% for the orientation with the contribu-

tion of the thrusters (Table 5). The maximum position

error is also reduced by a similar ratio from 32 mm to

9.3 mm.
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(a) Cable only

(b) Cable + Thruster

Fig. 17: Actuator control inputs for the 0.15 m.s−1 trajectory: ca-

ble only a) versus cable-thruster b) actuation. The dashed black lines

show the actuator saturation limits.

Taking into account in a predictive way the saturation

of the cable-thruster actuators, the NMPC achieves an

effective control allocation and tracking of demanding

trajectories. Even with a fast trajectory and lasting sat-

uration of the winch actuators, the positivity constraint

on the cable tensions is always satisfied (Fig. 18).

4.3.3. Disturbance Rejection

Disturbance rejection performance is tested with and

without thruster actuation and compared to the open-

loop response in Fig. 19. A short thrust pulse is used

to generate a transient and repeatable disturbance on the

resting CDPR along each DoF direction. The duration

of the pulse is 200 ms and the amplitudes of the dis-

turbances are 2 N and 0.4 N.m along the translation and

rotation DoF, respectively.

The use of thrusters increases significantly the dis-

turbance rejection capabilities of the robot as shown in

Fig. 19 and Table 6 for each DoF separately. Thrusters

allow for a 36 %, 40 % and 33 % decrease of the am-

plitude of the peak error along y, z, and θ respectively

compared to the robot with cable-only actuation; and

for a 56 %, 63 % and 38 % decrease when compared to

Fig. 18: Cable tension for the 0.15 m.s−1 trajectory: cable only

(dashed lines) versus cable-thruster (solid lines) actuation.

Fig. 19: Disturbance rejection comparison in open loop, with cable

only and with cable-thruster actuation for an impulsive disturbance

on each DoF.

the open-loop response.

Peak Time [s] Peak Value [mm,°]

y z θ y z θ

Open Loop 0.81 0.73 0.48 31.6 31.7 5.2

Cable Only 0.66 0.57 0.47 22.4 19.8 4.8

Cable+Thruster 0.51 0.50 0.43 13.6 11.5 3.2

Table 6: Disturbance rejection assessment per axis in open loop, with

cable only and with cable-thruster actuation.

A supplementary video of all the previous experi-

ments with the PiSaRo4 CDPR and its hybrid cable-

thruster actuation is available.

5. Conclusion

In this article, thrusters embedded on the platform of

CDPRs are considered to improve the system dynamics.

An offset-free NMPC is introduced to control the pose
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and resolve the actuation redundancy of CDRP with a

hybrid actuation: cable winches and onboard thrusters.

NMPC is a relevant choice to control such CDPR since

it solves in one optimal problem (OCP) the control allo-

cation of the actuators and it takes into account their dif-

ferent dynamics, their saturation and the positivity con-

straints of the cable tension.

To achieve better pose tracking performance, the ac-

tuator dynamics (including the thruster fast dynamics)

need to be included in the system model for the OCP.

An augmented model involving constant disturbances

and an alternative model of the thruster actuation are

proposed. After verifying some conditions, this model

achieves a zero pose tracking error at steady state while

minimizing the number of states of the model. Ex-

periments confirm that a hybrid actuation with NMPC

allocation improves the tracking of pose trajectories

and the damping of CDPR platform vibration. With

their short response time, the thrusters can compensate

for the reduced bandwidth of the winches when the

cable stiffness or the limit on the winding velocity is

low.

This work and its experiments have focused on

hybrid-actuated CDPR with a number of cables greater

than or equal to the desired number of DoFs (nτ ≥ n),

such that the thrusters stay inactive at steady state.

However, by defining appropriate thrust and cable

tension targets for the steady state, the proposed control

can be extended to new robot designs: – CDPR where

several cables are replaced by propellers to reduce cable

self-collisions and collisions with the environment [31],

or – suspended aerial manipulators where all the cables

are replaced by thrusters except cables that compensate

for the gravity [21] [24].

Appendix A. Alternative Model of the Thruster Ac-

tuation

Let us consider initially that G f is a first order trans-

fer function with one pole λ1 = −
1
Tf

. Thereby, using

(13)-(14) yields the following state-space model of the

actuation system with nf identical thrusters:

ẋf = −
1

Tf

Inf
xf + Inf

f∗ (A.1)

wf =Wf(θθθ)
1

Tf

Inf
xf (A.2)

For the derivation of the alternative model, consider the

change of state variables xwf
= Wf(θθθ) xf . From the

definition of Wf (7) and the rotation matrix derivative

Ṙgb(θθθ) = [gωωω]×Rgb(θθθ) [34], it yields:

ẋwf
=Wf ẋf + Ẇf xf (A.3)

=Wf ẋf +

[[

[gωωω]× 0

0 [gωωω]×

]

Wf

]

xf (A.4)

=Wf ẋf +

[

[gωωω]× 0

0 [gωωω]×

]

xwf
(A.5)

with [gωωω]×, a skew-symmetric matrix whose entries are

the coordinates of gωωω as defined in [34].

By left-multiplying (A.1) by Wf ∈ R
n×nf , and sub-

stituting the new state variables and expression (A.5) in

the equation, the following model is obtained:

ẋwf
=

[

−
1

Tf

In +

[

[gωωω]× 0

0 [gωωω]×

]]

xwf
+ In Wf(θθθ) f∗

(A.6)

wf =
1

Tf

In xwf
(A.7)

If ωωω = 0 or ||ωωω||
2
≪ || 1

Tf
||

2
, the term [ωωω]× in (A.6)

vanishes or can be neglected leading to the alternative

model (20)-(21).

To generalize the model derivation for a transfer func-

tion Gf of order mf , let us consider a diagonal form of

the state-space representation (13)-(14):

ẋf = Jf xf + Pf uf (A.8)

yf = Kf xf (A.9)

with λfi, i = 1 . . . mf , the poles of Gf and the matrix

expressions:

Jf =





λf1
Inf

0 . . . 0

0 λf2
Inf

. . .
...

...
. . .

. . . 0

0 . . . 0 λfmf
Inf





, Pf =





Inf

Inf

...

Inf





,

(A.10)

Kf =
[

kλf1
Inf

kλf2
Inf

. . . kλfmf
Inf

]

(A.11)

Then, the change of state variables xwf
= V xf , with

V = blkdiag(Wf , . . . ,Wf) ∈ R
mf n×mf nf is used to obtain

the alternative model (20)-(21).

Appendix B. CDPR Linearization at a Steady State

The dynamics of a CDPR with elastic cables are ob-

tained from (8) and the relationship between the cable
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tensions and their elongations (27):

M(xxx)ẍxx + C(xxx, ẋxx)ẋxx +Gg =
[

Wτττ(xxx) Wf(xxx)
]
[

τττ(xxx, l2)

f

]

(B.1)

y =

[

xxx

τττ

]

=

[

xxx

Ka(l2)[l1(xxx) − l2]

]

(B.2)

A linear model of the platform dynamics around a

static equilibrium x̄ with (ẍxx, ẋxx, xxx, l2, f) = (0, 0, x̄xx, l̄2, 0)

can be derived from a first-order Taylor expansion of

(B.1)-(B.2). Let us define the pose, cable length, thrust

and tension deviation variables with respect to the equi-

librium state: xxxδ = xxx − x̄xx, l2δ = l2 − l̄2, fδ = f and

τττδ = τττ − τ̄ττ with τ̄ττ = Ka(l̄2)[l1(x̄xx) − l̄2]. Then, the output

of the linear model is:

yδ =

[

xxxδ
τττδ

]

=

[

xxxδ
Txxx xxxδ + Tl2 l2δ

]

(B.3)

with

Txxx =
∂τττ(x̄)

∂xxx
= −Ka(l̄2) Wτττ(x̄xx)T (B.4)

Tl2 =
∂τττ(x̄)

∂l2
= −Ka(l̄2) − diag−1(l̄2) diag(τ̄ττ) (B.5)

The expression of Txxx derives from the relation
∂l1(xxx)

∂xxx
=

−Wτττ(xxx)T between the wrench matrix (3) and the geo-

metric Jacobian [34]. The derivation of Tl2 expression

is provided at the end of this appendix.

Based on the linear model of the tension (B.3), the

Taylor expansion of the CDPR platform dynamics (B.1)

yields:

M(x̄xx) ẍxxδ =Wτττ(x̄xx)[Txxx xxxδ + Tl2 l2δ] +
∂Wτττ(x̄xx)

∂xxx
τ̄ττ xxxδ

+Wf(x̄xx) f +
∂Wf(x̄xx)

∂xxx
f̄ xxxδ (B.6)

where all the Jacobians of the Coriolis and centrifugal

force are zero when evaluated for a static equilibrium

(ẋxx = 0). Since f̄ = 0, the last term of (B.6) vanishes and

the linear model of the platform dynamics is:

M(x̄xx) ẍxxδ +Kxxx xxxδ =
[

Wτττ(x̄xx) Tl2 Wf(x̄xx)
]
[

l2δ
f

]

(B.7)

with the Cartesian stiffness matrix Kxxx:

Kxxx = −Wτττ(x̄xx)Txxx −
∂Wτττ(x̄xx)

∂xxx
τ̄ττ (B.8)

From the linear model of the platform dynamics

(B.7), the following liner model can be derived from

the model (37) of the CDPR with its hybrid actuation

dynamics:

M(x̄xx) ẍxxδ +Kxxx xxxδ =
[

Wτττ Tl2 Cl2 Cf

]
[

xl̇2δ

xwf

]

(B.9)

ẋuδ = Auxuδ + Bu(x̄xx)

[

l̇∗
2

f∗

]

(B.10)

where the chain rule ∂τττ
∂xl̇2

= ∂τττ
∂l2

∂l2
∂xl̇2

= ∂τττ
∂l2

Cl2 is used and

xuδ = xu − x̄u is the vector of the actuation state devia-

tions from the static equilibrium x̄.

Thereby, a discrete-time state-space representation of

the augmented model fff aug (47)-(49) linearized around a

static equilibrium is:

xδk+1
= xδk + ∆t





0 −M−1Kxxx 0 M−1WτττTl2 Cl2 M−1Cf

In 0 0 0 0

0 0 0 0 0

0 0 Bl2 Al2 0

0 0 0 0 Af





xδk

+∆t





0 0

0 0

Inτ 0

0 0

0 BfWf(x̄xx)





uk + ∆t





M−1

0

0

0

0





dk

(B.11)

yδk =

[

0 In 0 0 0

0 Txxx 0 Tl2 Cl2 0

]

xδk (B.12)

Derivation of Tl2 expression.

∂Ka(l̄2)

∂l2
[l1(x̄xx) − l̄2] =

∂diag−1(l̄2)

∂l2
diag(ksi

)[l1(x̄xx) − l̄2]

= −diag−1(l̄2)
∂diag(l̄2)

∂l2
diag−1(l̄2)diag(ksi

)[l1(x̄xx) − l̄2]

= −diag−1(l̄2)
∂diag(l̄2)

∂l2
Ka(l̄2)[l1(x̄xx) − l̄2]
︸               ︷︷               ︸

τ̄ττ

= −diag−1(l̄2) diag(τ̄ττ)
(B.13)

using the identity ∂A
−1

∂u
= −A−1 ∂A

∂u
A−1. Thereby,

Tl2 =
∂τττ

∂l2
= Ka(l̄2)

∂[l1(x̄xx) − l2]

∂l2
+
∂Ka(l̄2)

∂l2
[l1(x̄xx) − l̄2]

(B.14)

= −Ka(l̄2) − diag−1(l̄2) diag(τ̄ττ) (B.15)
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Appendix C. Supplementary Material

A video of the experiments with the PiSaRo4 CDPR

and its hybrid cable-thruster actuation is available with

this article.
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