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ABsTrACT. This paper deals with a projection least squares estimator of the drift function of a jump
diffusion process X computed from multiple independent copies of X observed on [0,T]. Risk bounds
are established on this estimator and on an associated adaptive estimator. Finally, some numerical
experiments are provided.
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1. INTRODUCTION

Let Z = (Zt):e[0,m) be the compound Poisson process defined by

vt t ]
Zy = ch = / / zp(ds, dz)
n=1 0 J—oo

0 T W W =

10
10
13
17
18

for every t € [0,T], where v = (v4)c[0,] is a (usual) Poisson process of intensity A > 0, independent
of the (,,’s which are i.i.d. random variables of probability distribution 7, and u is the Poisson random

measure of intensity m(ds, dz) := A (dz)ds defined by
w([0,t] x dz) := |{s € [0,t] : Zs — Z,— € dz}| ; Vt € [0,T].

Key words and phrases. Projection least squares estimator ; Model selection ; Jump diffusion processes.
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2 HELENE HALCONRUY ' AND NICOLAS MARIE®

In the sequel, Z is replaced by the centered martingale 3 = (3¢)¢c[o,r] defined by

t = Zt / / dS dZ CC)\t

for every t € [0, T], where ¢, is the (common) expectation of the (,’s. Now, let us consider the stochastic
differential equation

(1) Xy =20+ /Ot b(Xs)ds + /Ot o(Xs)dBs + /Otfy(Xs)dSS ;6 €10,7),

where 7o € R, B = (By)e[o,7) is a Brownian motion independent of Z, b € C*(R) and its derivative is
bounded, and o,7 : R — R are bounded Lipschitz continuous functions such that inf,cg o(z)?Ay(z)? > 0.
Under these conditions on b, o and vy, Equation (1) has a unique (strong) solution X = (X¢):eo,1]-

As for continuous diffusion processes, the major part of the estimators of the drift function in stochastic
differential equations driven by jump processes are computed from one path of the solution to Equation
(1) and converges when T' — oo (see Schmisser (2014), Gloter et al. (2018), Amorino et al. (2022), etc.).
The existence and the uniqueness of the ergodic stationary solution to Equation (1) is then required,
and obtained thanks to a restrictive dissipativity condition on b. For stochastic differential equations
driven by a pure-jump Lévy process, some authors have also studied estimation methods based on high
frequency observations, on a fixed time interval, of one path of the solution (see Clément and Gloter
(2019,2020)).

Now, consider X* := Z(xq, B%,3") for every i € {1,..., N}, where Z(.) is the It6 map associated to
Equation (1) and (B',3'),...,(BY,3") are N € N* independent copies of (B,3). The estimation of
the drift function b from a continuous-time or a discrete-time observation of (X?!,..., XV) is a functional
data analysis problem already investigated in the parametric and in the nonparametric frameworks for
continuous diffusion processes (see Ditlevsen and De Gaetano (2005), Picchini and Ditlevsen (2011),
Delattre et al. (2013), Comte and Genon-Catalot (2020b), Denis et al. (2021), Marie and Rosier (2023),
etc.). Up to our knowledge, no such estimator of the drift function has been already proposed for jump
diffusion processes. So, our paper deals with a projection least squares estimator bm of b computed from
X1 ..., XN which means that bm is minimizing the objective function

T N (T) : NTZ(/ V2ds — 2 /OTT(X;')dX;)

on a m-dimensional function space S,,. Precisely, risk bounds are established on Zm and on the adaptive
estimator bz, where

71— arg min {—[Bml + pen(m)}
My

me
with My C {1,...,N},
pen(m) := ccal ; Vm e N*

and c.5 > 0 is a constant to calibrate in practice.

In Section 2, a detailed definition of the projection least squares estimator of b is provided. Section 3
deals with a risk bound on Bm and Section 4 with a risk bound on the adaptive estimator 3;,7 Finally,
some numerical experiments are provided in Section 5. The proofs (resp. tables and figures) are post-
poned to Appendix A (resp. Appendix B).

Notations and basic definitions:

o ccn:=E((]) for every n € N*.
e Consider d € N*. The j-th component of any x € R? is denoted by x; or [x];.
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e For every k € N*, ||.||x.4 is the norm on R? defined by

1/k
a /

1x[|x,q := Z |x;|¥ : Vx € RY.
j=1

o The spectral norm on the space My(R) of the d x d real matrices is denoted by ||.||op:

lA]op == sup |Az|2.4 ; YA € My(R).

z€R:||z||2,a=1

2. A PROJECTION LEAST SQUARES ESTIMATOR OF THE DRIFT FUNCTION

2.1. The objective function. Assume that the probability distribution of X, has a density ps(xq,.)
with respect to Lebesgue’s measure for every s € (0,T], that s — ps(zo, ) belongs to L!([0,T],dt) for
every x € R which legitimates to consider the density function fr defined by

1

T
fr(x) = —/ ps(xo,x)ds ; Vo € R,
T Jo

and that

/OO b(x)* fr(z)dr < oco.

—o0
Remark 1. Assume that b and 7 satisfy the following additional conditions:
(1) The function b belongs to the Kato class

Ky := {@:R%R hrnsup/ / olx+y)+ oz — )|51/2(|y|+51/2)3dyd50}.
Ozer

(2) The Lévy measure 7y (.) := An(.) has a density 6 with respect to Lebesgue’s measure. Moreover,
there exists a € (0,2) such that z € R~ 6(2)|z|'T* is bounded, and if o = 1, then

/ 20(z)dz=0;VR>r >0.
<|z|<R
By Chen et al. (2017), Theorem 1.1 and the remark p. 126, 1. 5-7, in Amorino and Gloter (2021), for

every s € (0,T], the probability distribution of X, has a density ps(zo,.) with respect to Lebesgue’s
measure, and there exist two constants ¢, m, > 0, not depending on s, such that

(2) ps(20,2) < ¢ {3—1/2 exp (—m,, (@ _55”0)2) 1 i ] Yz eR.

SU/2 [z — o)Lt
So,

o fr is well-defined and even bounded, which is crucial in Section 4. Indeed, since —1/2 < 1—(1+
a)/2 < 1/2, for every x € R,

Cp T 1/2 T (14a)/2 p 1/2 -t/
4 “UTeds | = = | 2T _ .
< fr(z) € T /0 s s+/0 s s T{ +2(1+a)/2}<oo

e If there exists a constant ¢, > 0 and € € (0,«) as close as possible to 0 such that |b(z)| <
cp(1 + |z])(@=9)/4 for every z € R, then

A s—1/2
b(z)"ps(wo, ) orboo 50+ o <|x—1‘0|1+5) )

which leads to

/00 b(x)* fr(z)dr < oco.

— 00
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Now, let us consider the objective function yx(.) defined by
N

N (T) == % 2 </0 T(X;)st — 2/0 T(Xé)dX;)

for every 7 € S,;,, where m € {1,...,Np}, Ny := [NT|+ 1, S;, :=span{p1,...,0m}, ©1,.., PNy are
continuous functions from I into R such that (¢1,..., N, ) is an orthonormal family in L?(7, dz), and
I C R is a non-empty interval. For any 7 € S,,,,

Blw(r) = 7 | E(r(X) ~ o) Pids = 1 [ B0

/_ (r(x) — b(x))2fT(:r)da: — / b(x)2fT(x)d:v.

— 00

Then, the closer 7 is to b, the smaller E(yy(7)). For this reason, the estimator of b minimizing yx(.) is
studied in this paper.

2.2. The projection least squares estimator and some related matrices. Consider

Ji=Y 00, with 61,...,00, ¢ R.

j=1
Then,
1 N m T ) ) T ) )
Vin() = (37 2 (2200 [ erxhexias -2 [ gioxax;
i=1 \ ¢=1 70 0 j
je{1,....m}
= 2(U,,(01,...,0m) —X)
where
N 1 X r
N / (X D)o (XT)ds
NT; | ei(XDen(X)
? j.Lef{l,...,m}
and

The symmetric matrix ¥, is positive semidefinite because

N 1 X _
u ‘Ilmu = ﬁ ;/0 ];UJQOJ(X;) ds P 0

for every u € R™. If in addition \ilm is invertible, it is positive definite, and then

~

3) b =Y 05 with By i= (Br,. . 00) = ¥5IK,,
j=1
is the only minimizer of yx(.) on S, called the projection least squares estimator of b.

Remarks:

(1) W, = ((¢;,e) v)je, Where

1 X , ,
(e = g D | et

for every continuous functions ¢, 9 : R — R.
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ot

X = ((b,9;)n); + Ep, where

*

N 1 XN , o o
E,, = (NT;/O @j(Xi)(U(Xé)dBi+’Y(X§)d32)>

J€{l,....m}

Let us introduce the two following deterministic matrices related to the previous random ones:

W, , = NTE(E,E) and W, :=E(®,) = ((9;,20)2)j.0

where (., .) ,. is the usual scalar product in L?(1, f7(x)dz). The following lemma will be crucial in Section
3 to evaluate the order of the variance term in the risk bound on our projection least squares estimator

of b.

Lemma 1. trace(¥;,"*®,, ;%) < (0|2 + Ace2 |7]|2)m.

Let us conclude this section with few words about the extension of the projection least squares esti-
mation for multidimensional diffusion processes, and on the reason why the probability distribution of
X, s € (0, T], needs to have a density with respect to Lebesgue’s measure with a sharp bound as (2).

Remarks:

(1)

Assume that X is a d-dimensional diffusion process with d € N*. A natural extension of the
objective function vy would be defined by
1 Y T ) T ) .
an(®) = g 3 ([ I Bads =2 [ (XD XD ) 7 € S,
NT o 0

i=1

where Sq., = span({¢j, ® -+ ® @j, i j1,---,7a € {1,...,m}})% This is out of the scope of our
paper, but note that one could get an expression of the solution of the minimization problem
ming, ,, va,n similar to (3) but involving hypermatrices in the spirit of Dussap (2021). So, except
in the very special case where the components of X are independent, to extend our estimation
method to the multidimensional framework is not straightforward.

By the Fubini-Tonelli theorem, for every continuous functions ¢, : R — R,

oo

: e
E({p,¥)n) = / o(@)(z)Pr(dz) with Pr(dx):= T/ Px,(dz)ds,
—oo 0

and then one could think that there is no need to assume that Px_ (dz) = ps(zo,z)dz for any
s € (0,T]. However, since the drift function b may be unbounded, a sharp bound on Px_(dz) as
(2) is required to show that

/OO b(z)*Pr(dz) < oo

— 00
as assumed in the beginning of Section 2.1. Note also that if the Malliavin covariance (matrix)
of Xs, s € (0,T], is almost surely invertible (Bouleau-Hirsch’s condition), then the probability
distribution of X, has a density with respect to Lebesgue’s measure, but not necessarily with a
sharp bound as (2). For instance, X satisfies the Bouleau-Hirsch condition under Assumption
2.4 on b, o and + in Bichteler and Jacod (1983).

3. RISK BOUND ON THE PROJECTION LEAST SQUARES ESTIMATOR

This section deals with a risk bound on the truncated estimator

where

gm = /b\mlA

m?

Ap = {L(m><|@,;1||op V1)< Tlg]gn}
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with

_ 3log(3/2) — 1

Lim)=1V leélz)]z_;%(x)z and cr ST

On the event A,,, @m is invertible because

L(m) log(NT)
(s NT ’

inf{sp((I\lm)} >

and then Em is well-defined. In the sequel, m fulfills the following assumption.

. _ (%l NT
Assumption 1. L(m)(|| ¥, op V1) < 2 Tog(NT)’
The above condition is a generalization of the so-called stability condition introduced in the nonpara-
metric regression framework in Cohen et al. (2013), and already extended to the independent copies of
continuous diffusion processes framework in Comte and Genon-Catalot (2020b).

Theorem 1. Under Assumption 1, there exists a constant ¢; > 0, not depending on m and N, such that

7 . m 1
) BB — br3) < xuin 7 = brl, + e (NT+N),

Remarks:

e Note that Theorem 1 says first that the bound on the variance of by, is of order m/N as in
the nonparametric regression framework, in which it is optimal (see Comte and Genon-Catalot
(2020a), Theorem 1). For this reason, (4) should be near to optimality, but it’s a difficult
challenge, out of the scope of this paper, to establish a lower bound on Zm. Note that even
for continuous diffusion processes, no lower bound has been established (see Comte and Genon-
Catalot (2020b)).

e The order of the bias term

min |7 —br7,.,
as well as L(m) and || ¥, !||op, depend on the p;’s. Let us evaluate them for the trigonometric

basis, which is compactly supported, and for the Hermite basis, which is R-supported:
(1) Assume that I = [¢,r] with ¢, r € R satisfying ¢ < r, and that

1
p1(r) = ml[e,r] (z),

2 -4
(pgj_;,_l(l‘) = 7 sin (27‘(‘] I‘—E) l[g’r] (33) and

2 x—4
o) == \/:cos <27T]r_£> 1pp7(2)

for every z € [(,r] and j € N*. On the one hand, since cos(.)? + sin(.)? = 1, there exists a
constant ¢, > 0, not depending on m, N and T, such that

Lim)=1V stép;Zgoj(xf < cpm.
€l 5T
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Moreover, since under the same conditions than in Remark 1, there exists m > 0 such that
fr(.) > mon I by Chen et al. (2017), Theorem 1.3,

-1

1 m
U= —a— = inf 0;00[%,];
.. | p Amin (T ) 9:|9}r21,m—1j;1 j il ]J,e

- 2 -1

9:||9Hz,m:1/g J; ipi(x) | fr(x)

VAN
Il

Then,

1 cr NT
M —— " o T
(M tv1) 2 log(NT)

satisfies Assumption 1. On the other hand, consider the Fourier-Sobolev space
W5 ([, 7)) := {gp e CP([t,x];R) : / P (x)2dx < oo}
¢

with 8 € N*, and assume that b;; € Wg([f,r]). By DeVore and Lorentz (1993), Corollary
2.4 p. 205, there exists a constant cg ¢, > 0, not depending on m and NN, such that

L (br) = br|* < ep,.0m ™7,

where II,,, is the orthogonal projection from LL?(I,dxz) onto S,,. Since under appropriate
conditions on b and m, as explained in Remark 1, fr is upper bounded on I by a constant
m > 0,

min |7 —br||3, < @I (br) - bs|

TESm
< Toem 2 with Tayr = cppT
X 6B Wi €ger = Cg0rM.

In conclusion, by Theorem 1, there exists a constant ¢;,; > 0, not depending m and IV, such
that

~ _ _ m
E(Bm = brlk) < e (m™ + ),

and then the bias-variance tradeoff is reached by (the risk bound on) b, for m of order
Nl/(1+2ﬁ).

Assume that ¢; = h;j_y for any j € {1,...,m}, where (hy)nen is the Hermite basis: for
every x € R and n € N,

dn
hp(z) = (2"nly/m)"Y2H, (x)e ™ /2 with H,(z) = (71)%30267”6%2.
x
On the one hand, by Abramowitz and Stegun (1964), [¢;|loc < 7~%/* and then L(m) < m.
Moreover, assume that the conditions (1) and (2) in Remark 1 are satisfied by b and = with
€ [1,2). By Chen et al. (2017), Theorem 1.3, for every s € (0,77, there exist two constants
¢p, M, > 0, not depending on s, such that for any =z € R,

2
= -1/2 = (x - 960) S
ps(xo, ) =T [s exp ( m,—— + PP
s % 1
= . .
(2T + 42 + 422)(1+2)/2 7 [4 v (2T + 422)](1+)/2 (1 4 22)(1+e)/2

=

So,

ch . . EpT
fr(z) > (1 +x2)(1+0‘)/2 with cp, = 2[4V (2T+4$g)](1+a)/2'
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Since a € [1,2), by Comte and Genon-Catalot (2020a), Proposition 9, there exists a constant
¢y > 0, not depending on m, such that

15 lop < cqrmH)/2,

Then,

cg V1 2 log(NT)

satisfies Assumption 1. On the other hand, assume that b € W (D), where W5 (D) is the
Hermite-Sobolev ball defined by

2/(3+a)
< |: 1 (%l NT :|

Wi (D) = {so CLAR): Yo nf ()t < D}
n=0

with 8 > (34 a)/2 —1 and D > 0. Then, ||IL,,(b) — b||> < Dm~? (see Belomestny et al.
(2019), Section 4.2), and since fr is upper bounded on R by a constant m > 0 (see Remark
1),

min |7 — b7, < @[/, (b) — bl

TESM
< ch_’g with (g = Dm.

In conclusion, by Theorem 1, there exists a constant ¢; o > 0, not depending m and N, such

that
b _blI2) <t - m
E([bm — bl3) < ez (m ™ + )
and then the bias-variance tradeoff is reached by (the risk bound on) by, for m of order
N/A+8)

4. MODEL SELECTION

First of all, let us state some additional assumptions on the ¢;’s, on the Lévy measure 7y and on the
density function fr.
Assumption 2. The spaces S,,, m € {1,..., Nr}, satisfy the following conditions:

(1) There exists a constant ¢, > 1, not depending on N, such that for every m € {1,..., Nr}, the
basis (@1, ..., ¢m) of S, satisfies

m
Lim)=1V sg}l)Z@j(x)Q < c?&m.
wel T

(2) (Nested spaces) For every m,m’ € {1,..., Nr}, if m > m/, then S,y C Sy,

The proof of the oracle inequality satisfied by the adaptive estimator relies on a Bernstein type in-
equality (see Lemma 5). In order to control the big jumps of X in the proof of Lemma 5, the Lévy
measure ) needs to fulfill the following assumption.

Assumption 3. The Lévy measure 7 is sub-exponential: there exist positive constants a,b > 0 such
that, for every z > 1,

ma((—z,2)°) < a1l

Assumption 4. The density function fr is bounded.

Note that Remark 1 provides a sufficient condition for Assumption 4 to be satisfied by fr. Now, let
us introduce the set

B ~ NT
= 1,...,Np}:c? @5 V) <O
My {m €{L... Nr}:om((| ¥, ]G, V1) aTlog(NT)
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with

. cr 1
O =min<{ —, s
{ 2 64T (|l frllo + \/CT/2/(3%))}
as well as its theoretical counterpart
_ or NT
= 1,...,Np}:¢2 T2 vl < — ———
MN {m E{ ) 3 T} cgam(H m Hop ) 4 10g(NT)
Let us also consider R
m = arg min {—|by |} + pen(m)},
N

me
where m
en(m) :=ccal—— ; Vm e {1,..., N
1% ( ) cal NT { T}
and cq, > 0 is a deterministic constant to calibrate.

Theorem 2. Under Assumptions 1, 2, 3 and 4, there exists a constant ¢ > 0, not depending on N, such

that
E(HZA - bI”2 ) < ¢z | min m1n ||7- b1||2 4 _m + l )
" " meMn fr UNTf TN

Note that Theorem 2 provides a risk bound on the adaptive estimator B,A,L of same order than the
minimal risk bound on b,, (see Theorem 1) for m taken in My.

5. NUMERICAL EXPERIMENTS

First of all, let us recall that all figures and tables related to this section are postponed to Appendix
B.

Some numerical experiments on our estimation method of b in Equation (1) are presented in this
subsection when the common distribution 7 of the (,’s is standard normal, which implies that 3 = Z,
and the intensity of the (usual) Poisson process v is A = 0.5. The estimation method investigated on the
theoretical side in Sections 3 and 4 is implemented here for the three following models:

t
(1) Xy =05— / Xsds + 0.5B; + Z; (linear/additive noise).
(2) X =05+0. 5/ V14 X2ds + 0.5B; + Z; (nonlinear/additive noise).

(3) X, =05+0. 5/ V1+ X2ds+0. 5/ 1+ cos(X,)?)dBs + Z; (nonlinear/multiplicative noise).

For each of the three previous models, our adaptive estimator of b is computed on I = [—3,3] from
N = 400 paths of the process X observed along the dissection {I{T/n ;I =1,...,n} of [0,T] with n = 200
and T = 5, when (¢1,...,@mn) is the m-dimensional trigonometric basis for every m € {1,...,6}. This

experiment is repeated 100 times, and the means and the standard deviations of the MISE of b are
stored in Table 1. Moreover, for each model, 10 estimations (dashed black curves) of b (red curve) are
plotted on Figures 1, 2 and 3.

On the one hand, on average, the MISE of our adaptive estimator is slightly increasing with the
complexity of the model: 0.1251 (Model 1) < 0.1469 (Model 2) < 0.1825 (Model 3). The same remark
holds for its standard deviation: 0.0950 (Model 1) < 0.1688 (Model 2) < 0.1928 (Model 3). This means
that the more the model is complex, the more the quality of the estimation degrades, and it’s visible on
Figures 1, 2 and 3. However, for all the three previous models, the MISE of 3;,; remains good and of
same order than for models without jump component (see Comte and Genon-Catalot (2020b), Section
4). On the other hand, the model selection procedure works well because it doesn’t systematically select
the lowest or the highest possible value of m (see m on Figures 1, 2 and 3). For Model 1, the procedure
is stable because m has a low estimated standard deviation (0.4830). The procedure remains satisfactory
for Models 2 and 3, with StD(m) = 1.1353 and StD(m) = 1.2867 respectively, but not as much as for
Model 1.
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APPENDIX A. PROOFS

A.1l. Proof of Lemma 1. First, let us show that the symmetric matrix ¥,, , is positive semidefinite.
Indeed, for any y € R™,

1 ™ N T _ o o
Yoy = NT Z (N Z E ((/O 0 (X;)(0(X;)dB, +7(X§)d3i)>
B L, 1

x ( / " (XY (o (X)dB" + v(Xf)d3f§)>>

m

- 7= | (S eeant ot ) |20 win 0= 300

Moreover, by the isometry property of 1t6’s integral (with respect to B), by the isometry type property
of the stochastic integral with respect to 3, and since o and « are bounded, for every j € {1,...,m},

2

Yoy = %IE (/0 Ty(XS)U(XS)dBS> + %]E (/o Ty(XS)’y(XS)d:Ss)

= %/0 E(ry (X,)?0(Xs)?)ds + A;C/O E(7, (Xs)?7(Xs)?)ds

2

> i) | fr(@)de = (loll2 + e IV IZ)I® Y Yl
j=1

oo

()

N

(Il +Aece 2 [

—o0
Therefore, since ¥, , is positive semidefinite, and by Inequality (5),

trace(W,, /2 W, , U 1/?) < m| W 2w, W 2,
=m-sup{y" ¥, oy ; ¥y € R™ and ||\I’71T{2y||2’m =1}
(loll% + Acczl[v[1Z)m.

N

A.2. Proof of Theorem 1. The proof of Theorem 1 relies on the two following lemmas.

Lemma 2. There exists a constant ¢o > 0, not depending on m and N, such that

- mL(m)?
Lemma 3. Consider the event
2 1
o Lo |73 [ 1)
TES, 2

1%,
Under Assumptions 1, there exists a constant ¢z > 0, not depending on m and N, such that

c C3 c c3

The proof of Lemma 2 is postponed to Subsubsection A.2.2, and the proof of Lemma 3 remains the

same as the proof of Comte and Genon-Catalot (2020b), Lemma 6.1, because (B*, Z1),..., (BN, ZN) are
independent.
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A.2.1. Steps of the proof. First of all,
B — brll3 = 11brl131ae, + [bm — brll31a,,
= |[brll31ae, + 1bm = brl3 1,00, + [bm — bill R 1A, n0e, =: Ur + Ua + Us.

Let us find suitable bounds on E(Uy), E(Us) and E(Us).
e Bound on E(U;). By Cauchy-Schwarz’s inequality,

1/2
1 T
B(U1) < E(lbrl4) 2P (A5,) 2 < B (T / bz(Xt>4dt> P(AG,)1/2
0

oo

1/2
< aqP(AS)Y?2 <00 with ¢ = (/ bj(x)4fT(x)dx> < 0.

— 00

e Bound on E(Uz). Let Iy ,,(.) be the orthogonal projection from L2(1, fr(x)dz) onto S, with
respect to the empirical scalar product (.,.) 5. Then,

(6) 16 = brll% = [[bm — M (br)l3 + min [|br — 7%
As in the proof of Comte and Genon-Catalot (2020b), Proposition 2.1, on €,,,
H/b\m - HN,m(bI)H?V = E:n‘i’;mlﬁm < QE:@‘P;SEm~

So,

E(|[bm — T (br) |3 La,00,) < 2B [ D (Bl [l

- 2
= <7 2 (oo e = Smtrace (WL, ),

Then, by Equality (6) and Lemma 1,

2
E Q]E : _ 2 e lIl_l/Z\Il ‘I,—l/Q
W) < 8 (i o = 7R ) + optrace( 2, 504)

2m
. 2 2 2
< min [lby = 7l + F(llollse + ez lllse)-

e Bound on E(U;). Since
B — Ty (b) [ = B, WL B,
by the definition of the event A,,, and by Lemma 2,
E(|[bmn — Tnm (003 1a,000:,) < E(1R lop Bl B[4, n0:,)
cT NT

~ o~ 1/2
< CI————— ) D Em2 1/2P ok 1/2< C2Mmn P(Q° 1/2
BB B (0, < (R

where the constant ¢, > 0 doesn’t depend on m and N. Moreover,
Trggi |7 —brl% < |lbrl|3 because 0€ S,
and then
B = brlliy = [lom =TI (br) 3 + min 7= by

< |l = T (b3 + [0
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Therefore,

E(Us) < E(|[bm — My (br)3 14, n0z,) + E(br]31a,.n0,)
com/2

c \1/2 c \1/2
< Toa W )+ B
So,

T 2 : 2
E(Bn — brl%) < min [lbr I,

2m o o mP(£2,) 1
— Ace: X __mo P(AS,)Y2 +P(QS,)Y2).
Therefore, by Lemma 3, there exists a constant ¢3 > 0, not depending on m and N, such that

B 1
b2 < mi 2 )
E(|[bm = br|%) < min [1br TfT+c3<NT+N)

|
A.2.2. Proof of Lemma 2. In the sequel, the quadratic variation of any piecewise continuous stochastic

process (I't)e[0,r is denoted by ([I']¢)seo, 7). First of all, note that since B and Z are independent, for
every j € {1,...,m

. , T T
ﬂ / mxs)(o(Xs)st+7<Xs>d38>]] - / (X020 (X,) ds + / 3 (X)2(X,)2dZ )
0 T 0 0

T
= [ i) + (X
0
T
+ [ (s
0
where, for every t € [0, T,

D3 =3¢ and 3P
n=1

By Jensen’s inequality and Burkholder-Davis-Gundy’s inequality (see Dellacherie et Meyer (1980)
303), there exists a constant ¢; > 0, not depending on m and N, such that

E(|E;Enl?) < m) E(En] ;1’;‘4215 HZ / 210
j=1
< 3o ZE (ﬂ [ eitxaexan. +v<xs>dss>ﬂ )

= Zgz) — C<2 At

2

X3)dB; +(X;)d3, )H

T

T

2
4c1m T 9 9 9
< N2T4 E 0 QDJ(XS) (0(Xs) +C<2)\7(X5) )ds
j=1

T 2
+E ( / soj<Xs>2w<Xs>2d3g2>>
0

By Jensen’s inequality,

(/0 ‘Pj(XS)Q(U(XS)Q + Ccz/\’}/(XS)Q)dS> =T° (/0 SDJ’(XS)Q(U(XS)Q + CCz)"V(XS)Q)dS>

T

T
< T/o 0 (X ) (0(X5)? + o2 My(X5)?)%ds.
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Moreover, since ||X||4,m < [|%[|2.m for every x € R%,

Stér;Z% = sup 15 (@) 114, < sup 105 ()13, < L(m)?.

So, by applying twice the Fubini-Tonelli theorem,
. 2
ZE ( / #i (X (o (X)? + %Mv(xsf)ds)

m T
< QTZ/O E(ip;(Xo) (0(X0)! + A2y (X)) ds

_op? / z% L Gy (0)Y) fr(@)de

<L(m)?

and by the isometry type property of the stochastic integral with respect to 32,

Z]E (/ SDJ (X )27(XS)2d3(s2)> = )‘CC“Z/O E<@j(XS)4'7(XS)4>dS

< )\c¢4TL(m)2/ y(z) fr(x)dx
Therefore,
~ c
(|E7n m|2) < NTQIQmL(m)Q
with - -
¢ = 8¢; (/ (o(z)* + ng Ny(x)Y) fr(x)de + Aeea / 'y(w)4fT(x)dx> .

A.3. Proof of Theorem 2. Let us consider the events
N Qm and Ey:={Myc My C M},
meMf
where

NT
+ . : loe(NT)
M = {me {L. Nr} e Em( 2,13, ><4°T10g<NT>}’

and let us recall that

. cr 1
o= mm{ 2 AT (| frlloe + v/er 2/ (3c,)) } '

As a reminder, the sets M ~ and My introduced in Section 4 are respectively defined by

_ ~ NT
My = {m e{l,....Nr}: Zm(| 12, V1) < aT}

log(NT)
and NT
_ DT
- 1,....Npt:¢? U, V) < e
My {mE{ o Nr ks eom®onllop V1) < 7 o)

The proof of Theorem 2 relies on the three following lemmas.

Lemma 4. Under Assumptions 1, 2 and 3, there exists a constant ¢4 > 0, not depending on N, such
that
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Lemma 5. [Bernstein type inequality] Consider the empirical process

N T
1 ) ) ) ) )
vn(T) = NT E /0 T( X)) (o(X2)dB: +v(X2)d3%) ;7€ S U+ USN,..
i=1

Under Assumption 3, for every £, v > 0,
NTE?
[es(llollZ + 17113 )v? + €llT oo,

P (r) > €7l <) < emp |-

|7ls0]
with

5 = % |:1 \// eblzl/QﬁA(dZ):| .

Lemma 6. Under Assumptions 1 and 3, there exists a constant ¢g > 0, not depending on N, such that
for every m € My,

2
~ C6
E Lesgfm, Vn(T)] —p(m,m) | lzynay < N7

+
where, for every m’ € My,

Ccal mVm
8 NT

The proof of Lemma 5 is postponed to Subsubsection A.3.2. Lemma 6 is a consequence of Lemma
5 thanks to the ]L?T—]LDO chaining technique (see Comte (2001), Proposition 4). Finally, the proof of

Lemma 4 remains the same as the proof of Comte and Genon-Catalot (2020b), Eq. (6.17), because
(BY,3Y),...,(BN,3"N) are independent.

B :=A7 € Smam’ ¢ |Tllgr =1}  and  p(m,m’) :=

A.3.1. Steps of the proof. First of all,

b — b1l = 1bm — b3 1=s, + [[bm — brl3r 1=y
(7) =: Uy + Us.

Let us find suitable bounds on E(U;) and E(Us).
e Bound on E(U;). Since
b7 — T (0|13 = B @ B,
by the definition of M ~, and by Lemma 2,
E(lbm — Ty ()3 1zs) < E(195 lop ExrEnr[1=g)
> NT
S | log(NT)
where the constant ¢; > 0 doesn’t depend on N. Then,

E(U1) < E(|[bm — My (b)) 3 1zs. ) + E(|br]|31=5,)

aN =c \1/2 —=c \1/2
< 2 p= P(=
log(NT) (EN) 77 + P(EY)

6 — ( /_ Z by () fT(x)dx> "

So, by Lemma 4, there exists a constant ¢3 > 0, not depending on N, such that

)

1/2
E* F —=c aN —c
] E( B Br ) PRER) 2 < o PER)

with

C
E(U3) < N3
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e Bound on E(U;). Note that

Uy = |Ibm — brll31lzynag + [bm — brlvlzynoy
=: Uy + Uspo.

On the one hand, by Lemma 3, there exists a constant ¢4 > 0, not depending on NV, such that
- C4
PENNQ) < Y PAQ,) < -
meML
Then, as for E(U;), there exists a constant ¢; > 0, not depending on N, such that

C
E(Us1) < N5

On the other hand,
(") = (m) = |7 = bl% = 7 = bl — 2vn (7' = 7)

for every 7,7/ € 8§ U--- U Sn,.. Moreover, since

= arg min {—|[b,|% +pen(m)} = arg min {yx(by) + pen(m)},

meMn meMn

for every m € My,

o~ o~

Y (bm) + pen(m) < yn(bm) + pen(m).

On the event =y = {Mxy C M\N C M3}, Inequality (8) remains true for every m € M. Then,
on Zy, for any m € My, since S,,, + Siz C Syvin under Assumption 2,

BA _,l;m ~
Am,\> + pen(m) — pen(m)
17 = bl 5

- 1.~ -
< b = brll3 + g b — b 17,

+8

TEBm m

sup |VN(T)|1 —p(m,m) | + pen(m)+ 8p(m,m) — pen(m).

+

Since |3, 1oy < 2[.[[Z1lay on S1U- - U8, ax(mt > and since 8p(m, m) < pen(m) + pen(m), on

2
b — brll3 < 3l[bm — brll% + 4pen(m) + 16 [ sup |VN(T)|] — p(m, )
TELm m

So, by Lemma 6,

16(6

E(U2z) < min {BB[bn — bililz,) + dpen(m)} + 22

. . m Ce
< f — b2 _ hatl
R v {#é?sm I = brllz + NT} TN

where ¢g > 0 is a deterministic constant not depending on N.
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A.3.2. Proof of Lemma 5. Consider 7 € S U -+ U Sy, and, for any i € {1,...,N}, let Mi(r) =
(M*(7)¢)tefo,r) be the martingale defined by
¢
Mi(r), = / (X)) (o(X1)dB +~(X1)d3) ; ¥t € [0, 7).

0
Moreover, for every € > 0, consider

YI(r) :=eM'(r) — AL(r) — BL(r),
where A%(7) = (Ai(T )t)te[o 71 and Bi(7) = (BL(7)¢)e(o,r) are the stochastic processes defined by

e?
t = 5 2d8

tr poo o _ _
and Bi(7); = / [/ (e2*7 XX _ear (X (X)) — 1)7a(d2) | ds
0 —0o0
for every t € [0, T]. The proof is dissected in three steps.

Step 1. Note that for any i € {1,...,N} and ¢ € [0,T],

IT(XDY (XD < 7 lloo, V]l
and then, by Assumption 3,

t . .
B[ [ et Sy s | < oc
0 J|z|>1

for any ¢ € (0,e*) with e* = (b A 1)/(2[|7]loc,1]V]loc). S0, (exp(YZ(7):))iefo,r] is a local martingale
by Applebaum (2009), Corollary 5.2.2. In other words, there exists an increasing sequence of stopping
times (T),en such that lim, ,o, T = oo a.s. and (eXp(Y;i(T)t/\Té)te[o,T] is a martingale. Therefore,
by Lebesgue’s theorem and Markov’s inequality, for every p > 0, the stochastic process Yy (7) =
YX(7) + -+ YNV(7) satisfies

P(e¥™=(I7 > p) = lim P (exp
n—oo

N .
Z YEZ(T)T/\T;',] > P>

i=1

< < Jim E(exp(V(P)rary))” = SBlexp(2 ()Y = .

Step 2. For any € € (0,¢*) and ¢ € [0, T] let us find suitable bounds on

ANE tZ—ZAZ t and BNE tiszZ

On the one hand,

e?|lo 20§OTQNT
o) ety < 2l Z/ o 3N T

2
On the other hand, for every 5 € (—b/2,6/2), by Taylor’s formula and Assumption 3,

/0;(652 — Bz — )mx(dz) = B /o; </01(1 —~ 9)69ﬂ2d9> m(d2)

< %ﬁ2 with ¢ :/ e®l#1/27, (dz) < 0.

Since € € (0,&*), one can take § = ST(Xi)’)/(Xi) for any s € [0,t] and ¢ € {1,..., N}, and then

t 210112 2
2 €€ Sl NT
(10) By ()t < = E / T XZ Xz 2ds 1]l 2” [ .
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Therefore, Inequalities (9) and (10) lead to
. 1
Ane(T)i+ By e(r)e S (o] + IVIE)ITIRNT - with ¢ = S(1V ).

Step 3 (conclusion). Consider My(7) := MY(7) + -+ + MY (7). For any ¢ € (0,¢*) and &, v > 0,
thanks to Step 2,

Pun(r) 2 & |I7lI% < 0%) < BT > N6 Ay (7)1 + B o (m)r < c2e?([lo]f3 + 7112 NTv?)
< P72 exp(NTe€ — 626 ([|o]|3 + ][5 NTv?)).
Moreover, taking

= 5 ¢ 3 - <e"
2¢2(llo 1z + [7lIZ)v? + € /e

€

leads to

NTE[ea(llo]l5 + 17113.)v* +€/e]
2e2(llollZ, + VI3 )v? + &§/e*]?

S NTE?

= dea(llolZ + (111202 +€/er]

NTeg — e2e’([lo|% + [[VIIE)NTv? =

Therefore, by Step 1,

NTE? >

Plun(r) > & |I7]% < v2) < exp (
N Tea (0T + 712007 T €17 oo o]

APPENDIX B. FIGURES AND TABLES

’ H Model 1 \ Model 2 \ Model 3 ‘

Mean MISE || 0.1251 0.1469 0.1825
StD MISE 0.0950 0.1688 0.1928

TABLE 1. Means and StD of the MISE of b (100 repetitions).

FIGURE 1. Plots of b and of 10 adaptive estimations for Model 1 (m = 5.3).
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FIGURE 3. Plots of b and of 10 adaptive estimations for Model 3 (m = 4.1).
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