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ON A PROJECTION LEAST SQUARES ESTIMATOR FOR JUMP DIFFUSION
PROCESSES

HELENE HALCONRUYT AND NICOLAS MARIE®

ABsTrACT. This paper deals with a projection least squares estimator of the drift function of a jump
diffusion process X computed from multiple independent copies of X observed on [0,7]. Risk bounds
are established on this estimator and on an associated adaptive estimator. Finally, some numerical
experiments are provided.
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1. INTRODUCTION

Let Z = (Zt):e[o,) be the compound Poisson process defined by

Zt_Z<n // w(ds, dz)

for every t € [0,T], where v = (Vt)te[oyT] is a (usual) Poisson process of intensity A > 0, independent
of the (,,’s which are i.i.d. random variables of probability distribution 7, and u is the Poisson random
measure of intensity m(ds, dz) := A (dz)ds defined by

u([0,t] x dz) :=|{s € [0,¢] : Zs - €dz}|;Vte[0,T].

In the sequel, Z is replaced by the centered martingale 3 = (3t)te[o,T] defined by

3 =27 — / / dS dZ CCAt

for every t € [0, T, where ¢, is the (common) expectation of the (,,’s. Now, let us consider the stochastic
differential equation
t

(1) X, = a0+ /Otb(Xs)ds + /Ota(Xs)st +/0 v(X,)d3s i t € ]0,T),

Key words and phrases. Projection least squares estimator ; Model selection ; Jump diffusion processes.
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where zg € R, B = (By)cjo,7] is a Brownian motion independent of Z, b € CL(R) and its derivative is
bounded, and o, : R — R are bounded Lipschitz continuous functions such that inf,cg o(z)? Ay(z)? > 0.
Under these conditions on b, o and vy, Equation (1) has a unique (strong) solution X = (X¢).e[o,1]-

As for continuous diffusion processes, the major part of the estimators of the drift function in sto-
chastic differential equations driven by jump processes are computed from one path of the solution to
Equation (1) and converges when T' — oo (see Schmisser [18], Gloter et al. [15], Amorino et al. [2], etc.).
The existence and the uniqueness of the ergodic stationary solution to Equation (1) is then required,
and obtained thanks to a restrictive dissipativity condition on b. For stochastic differential equations
driven by a pure-jump Lévy process, some authors have also studied estimation methods based on high
frequency observations, on a fixed time interval, of one path of the solution (see Clément and Gloter [5, 6]).

Now, consider X* := Z(xq, B, 3%) for every i € {1,...,N}, where Z(.) is the It6 map associated to
Equation (1) and (B!,3'),...,(BY,3") are N € N* independent copies of (B,3). The estimation of
the drift function b from a continuous-time or a discrete-time observation of (X1!,..., X*) is a functional
data analysis problem already investigated in the parametric and in the nonparametric frameworks for
continuous diffusion processes (see Ditlevsen and De Gaetano [12], Picchini and Ditlevsen [17], Delattre
et al. [10], Comte and Genon-Catalot [9], Denis et al. [11], Marie and Rosier [16], etc.). Up to our knowl-
edge, no such estimator of the drift function has been already proposed for jump diffusion processes. So,
our paper deals with a projection least squares estimator bm of b computed from X',..., XV which
means that Em is minimizing the objective function

1 X T , T o
T— yn(7) = NT (/ (X1)2ds — 2/ T(X;)dX;)
i=1 \’0 0

on a m-dimensional function space S,,. Precisely, risk bounds are established on Zm and on the adaptive
estimator bg;, where

i = arg min {|[bu||% + pen(m)}
N

me
with My C {1,...,N},
pen(m) := ccal ;Vm e N

and ¢, > 0 is a constant to calibrate in practice.

In Section 2, a detailed definition of the projection least squares estimator of b is provided. Section
3 deals with a risk bound on gm and Section 4 with a risk bound on the adaptive estimator 3;,-5 Fi-
nally, some numerical experiments are provided in Section 5. The proofs (resp. tables and figures) are
postponed to Appendix A (resp. Appendix B).

2. A PROJECTION LEAST SQUARES ESTIMATOR OF THE DRIFT FUNCTION

2.1. The objective function. Assume that the probability distribution of X has a density ps(xo,.)
with respect to Lebesgue’s measure for every s € (0,7], and let fr be the density function defined by

1

T
fr(z) = —/ ps(zo, z)ds ; Vo € R.
T Jo

Remark 2.1. Assume that b and 7 satisfy the following additional conditions:
(1) The function b belongs to the Kato class

Ky := {gp R—>R: hn%sup/ / (z+y) + fl@— )]sV 2(y| + s/2)~FNdyds = O} .
=0 zeR
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(2) The Lévy measure mx(.) := Am(.) has a density 6 with respect to Lebesgue’s measure. Moreover,
there exists o € (0,2) such that z € R 0(2)|z]1T% is bounded, and if o« =1, then

/ 20(z)dz=0; VR >r > 0.
<|z|<R

By Chen et al. [4], Theorem 1.1 and the remark p. 126, l. 5-7, in Amorino and Gloter (1|, for every
€ (0,T], the probability distribution of Xs has a density ps(xo,.) with respect to Lebesgue’s measure,
and there exists a constant ¢, > 0, not depending on s, such that

_1/26_)\(1*29)2 S

(7 + e = wol) e
So, fr is bounded, which is crucial in Section 4. Indeed, since —1/2 < 1 — (1+ «)/2 < 1/2, for every
x €R,

Ps(xo, ) < ¢p [s ] Ve R.

fr(z) < 2 /T —1/2q +/T 1-(1+a)/2,4 % op1/2 | 72— (1+a)/2
su x X S S S s _ P A ~
xeg T T 0 0 T 2_(1+a)/2

Now, let us consider the objective function yx(.) defined by
N

Wi = yp 3 ( [ rocipas 2 Tr(Xé)dXé)

for every 7 € S,,, where m € {1,..., N}, Ny := [NT]|+ 1, S, := span{¢1,...,0m}, ©1,-.., PNy are
continuous functions from I into R such that (¢1,..., N, ) is an orthonormal family in L?(7, dz), and
I C R is a non-empty interval. For any 7 € S,,,,

T T
Bl () = 1 [ E(r(X) ~ 0 Pyds = 1 [ B0 ))ds
-/ " () — (@) fr(a)dz — / " (@) fr(x)da

— 00
Then, the closer 7 is to b, the smaller E(yx(7)). For this reason, the estimator of b minimizing yx(.) is
studied in this paper.

2.2. The projection least squares estimator and some related matrices. Consider

J = ZHjcpj with 917...79mER.

j=1
Then,
1 m T , . T o
V) = p 2 (2200 [ eixiedxias -2 [ gxax;
=t \ 4=1 "0 0 je{1,mm}
- ( (917 aam) m)
where
| X
= (NTZ/ W(Xz)d )
1=1 j.le{l,....m}
and

N 1 N7 o
Xm = (JVT;/O <PJ'(‘Xs)d‘Xs>

The symmetric matrix ¥, is positive semidefinite because

je{Lm}
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for every u € R™. If in addition \flm is invertible, it is positive definite, and then
_ Y g, with O, = (h.....0,) = ¥K,,
=1
is the only minimizer of yx(.) on S,,, called the projection least squares estimator of b.

Remarks:
(1) ¥y, = ({¢j,0e)N)je, where

RO Z / (XD ) (X!)ds

for every continuous functions ¢, 9 : R — R.
(2) X = ((b,9j)N); + Ep, where

E, = ( TZ/ i (X Xl)dBl+7(XZ)d31)>
je{1,....m}

Let us introduce the two following deterministic matrices related to the previous random ones:
¥, . :=NTEE,E,) and ¥, :=E(¥,,)= ¢, ¢e) )it

where (.,.)f, is the usual scalar product in L?(I, fr(z)dx). Finally, the following lemma will be crucial
in Section 3 to evaluate the order of the variance term in the risk bound on our projection least squares
estimator of b.

Lemma 2.2. trace(¥,"*®,, ,¥,."%) < (||o]|% + Accz 7] 2)m

*

3. RISK BOUND ON THE PROJECTION LEAST SQUARES ESTIMATOR

This section deals with a risk bound on the truncated estimator

Em = /b\mlA,m
where NT
Ap =13 L U op V1) < cp—
= { L1 o v 1) < e
with
3log(3/2) — 1
Lim)=1vV d op= 208/ 8) 72
=17 (o) o = 2B

On the event A,,, \/I\lm is invertible because

inf (sp(@,,)) > L) 108 WVT)

cr NT ’
and then Em is well-defined. In the sequel, m fulfills the following assumption.
. _ cr (p) NT
Assumption 3.1. L(m)(|| ¥, op V1) < 2> Toa(NT)'

The above condition is a generalization of the so-called stability condition introduced in the nonparametric
regression framework in Cohen et al. [7], and already extended to the independent copies of continuous
diffusion processes framework in Comte and Genon-Catalot [9].

Theorem 3.2. Under Assumption 3.1, there exists a constant ¢35 > 0, not depending on m and N, such
that

~ . m 1
Bl ~ bl30) < min 7 = brl%, + a2 (5 + )

Remarks:
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Note that Theorem 3.2 says first that the bound on the variance of by, is of order m /N as in the
nonparametric regression framework.
The order of the bias term
. o b 2
min |7 —br7,.,
as well as L(m) and || ¥, !||op, depend on the ¢;’s. For instance, assume that I = [/,r] with
£, r € R satisfying £ < r, and that

2 x—4
pat1(x) = T <27Tjr_€> 1;z(z) and

2 =0
poj(z) == ”ri—ﬁ cos <27Tjr_£) 1i2()

for every x € [¢,r] and j € N*. On the one hand, since cos(.)? + sin(.)? = 1, there exists a
constant ¢, > 0, not depending on m, N and T, such that

Lim)=1vV Slé}jl)zgﬁj(z)z < cpm.
Jj=1

Moreover, since under the same conditions than in Remark 2.1, there exists m > 0 such that
fr(.) 2 mon I by Chen et al. [4], Theorem 1.3,

-1

1 m
U= = inf 0;00[%,,];
G wc Rl T A DL

2 -1

r m 1
= inf 0:0:(x z)dx < =,
9:||9u2,m:1/£ ]; iei() | fr(z) o

On the other hand, consider the Fourier-Sobolev space
Wg([&r]) = {gp e CP([t,r];R) : / o) (x)2dx < oo}
‘

with 8 € N*, and assume that bj; € Wg([ﬂ, r]). By DeVore and Lorentz [14], Corollary 2.4 p.
205, there exists a constant c¢g ¢, > 0, not depending on m and N, such that

1L (br) = br||* < e eem ™7,

where II,,, is the orthogonal projection from LL2(I,dx) onto S,,. Since under appropriate condi-
tions on b and 7, as explained in Remark 2.1, fr is upper bounded on I by a constant m > 0,

i —br||3. < ||, (br) — by|?
Trg‘lsgbllT 1ll7, < [y, (br) — b1l

< Tperm P with Tger = g0,

So, by Theorem 3.2, there exists a constant ¢3.2 2 > 0, not depending m and N, such that

b = — m
E([Bn — brl3) < T2z (m™ + ).

and then the bias-variance tradeoff is reached by (the risk bound on) by, for m of order N/ (1+26),
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4. MODEL SELECTION

First of all, let us state some additional assumptions on the ¢;’s, on the Lévy measure 7, and on the
density function fr.
Assumption 4.1. The spaces S,,, m € {1,..., Np}, satisfy the following conditions:

(1) There exists a constant ¢, > 1, not depending on N, such that for every m € {1,...,Nr}, the
basis (p1,...,0m) of Sm satisfies

m
Lim)=1V sg}I)Z@j(x)Q < cim.
wel T

(2) (Nested spaces) For every m,m’ € {1,...,Nr}, if m >m/, then Spy C Sp,.

The proof of the oracle inequality satisfied by the adaptive estimator relies on a Bernstein type inequality
(see Lemma A.4). In order to control the big jumps of X in the proof of Lemma A .4, the Lévy measure
7y needs to fulfill the following assumption.

Assumption 4.2. The Lévy measure my is sub-exponential: there exist positive constants a,a > 0 such
that, for every x > 1,

ma((—z,2)°) < ae~?ll,
Assumption 4.3. The density function fr is bounded.

Note that Remark 2.1 provides a sufficient condition for Assumption 4.3 to be satisfied by fr. Now, let
us introduce the set

— ~ NT
= 1,...,Np}:¢2 o2 v1) <op—r
MN {mE{ ) ) T} c(pm(” m ”op ) OTIOg(NT)
with
0 ! < 2¢
T = T,
60T ([|.f7 [l +1/3)
as well as its theoretical counterpart
_ or NT
= 1,...,Np}:c2 T2 vl < — ——— b
My = {m e (Lo, Ne) s 2l 2, v ) < 2

Let us also consider

7= arg min {—[bull3 + pen(m)},
meMnpn

where
m
NT

and cq, > 0 is a deterministic constant to calibrate.

pen(m) := ceal ;vme{l,...,Np}

Theorem 4.4. Under Assumptions 3.1, 4.1, 4.2 and 4.3, there exists a constant c4.4 > 0, not depending
on N, such that

E([Bm — brll%) < ca [ min {

m 1
i — by |3 —1.
meMn o ||T I”fT * }+ :|

TESH ﬁ N

Note that Theorem 4.4 provides a risk bound on the adaptive estimator E/n; of same order than the
minimal risk bound on b, (see Theorem 3.2) for m taken in My.
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5. NUMERICAL EXPERIMENTS

First of all, let us recall that all figures and tables related to this section are postponed to Appendix
B.

Some numerical experiments on our estimation method of b in Equation (1) are presented in this sub-
section when the common distribution 7 of the (,’s is standard normal, which implies that 3 = Z, and
the intensity of the (usual) Poisson process v is A = 0.5. The estimation method investigated on the
theoretical side in Sections 3 and 4 is implemented here for the three following models:

¢
(1) Xy =05— / Xsds + 0.5B; + Z; (linear/additive noise).
0

¢
(2) X =05+ 0.5/ V14 X2ds +0.5B; + Z; (nonlinear/additive noise).
0

t t
(3) X =05+ 0.5/ V14 X2ds + 0.5/ (1 + cos(X,)?)dBs + Z; (nonlinear/multiplicative noise).
0 0
For each of the three previous models, our adaptive estimator of b is computed on I = [—3,3] from
N = 400 paths of the process X observed along the dissection {I{T/n ; Il =1,...,n} of [0,T] with n = 200
and T = 5, when (¢1,...,¢m) is the m-dimensional trigonometric basis for every m € {1,...,6}. This
experiment is repeated 100 times, and the means and the standard deviations of the MISE of E;n\ are
stored in Table 1. Moreover, for each model, 10 estimations (dashed black curves) of b (red curve) are
plotted on Figures 1, 2 and 3.

On the one hand, on average, the MISE of our adaptive estimator is slightly increasing with the complex-
ity of the model: 0.1251 (Model 1) < 0.1469 (Model 2) < 0.1825 (Model 3). The same remark holds for
its standard deviation: 0.0950 (Model 1) < 0.1688 (Model 2) < 0.1928 (Model 3). This means that the
more the model is complez, the more the quality of the estimation degrades, and it’s visible on Figures
1, 2 and 3. However, for all the three previous models, the MISE of B;ﬁ remains good and of same order
than for models without jump component (see Comte and Genon-Catalot [9], Section 4). On the other
hand, the model selection procedure works well because it doesn’t systematically select the lowest or the
highest possible value of m (see m on Figures 1, 2 and 3). For Model 1, the procedure is stable because
m has a low estimated standard deviation (0.4830). The procedure remains satisfactory for Models 2 and
3, with StD(m) = 1.1353 and StD(m) = 1.2867 respectively, but not as much as for Model 1.
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APPENDIX A. PROOFS

A.1. Proof of Lemma 2.2. First, let us show that the symmetric matrix ¥,, , is positive semidefinite.
Indeed, for any y € R™,

N
O S S (Y R )

g,e 1 ik=1

x ( / " (XY (0 (X dB" + v(X;*f)dss)))

m

(Z/ Ty (X Xl)dBl—l—’y(Xz)d,T)) >0 with 7,(. Zngoj

Moreover, by the isometry property of Itd’s integral (with respect to B), by the isometry type property
of the stochastic integral with respect to 3, and since o and v are bounded, for every j € {1,...,m},

T 2 T 2
Yoy = L (/ ry<Xs>o<Xs>st) +2E (/ n(X (X >d3>

T

T
= %/0 E(7y(X;)?0(X ))ds+’\cT<2 i E(r,(Xs)?y(X,)?)ds
2

(2)

N

(loll3e + AC<2IIWH§O)/ Y i) | fr(@)de = (ol + Aecz )L 2yI13 -
j=1

Therefore, since W, . is positive semidefinite, and by Inequality (2),
trace(W, /2 W,, ;0 -1/2) < m|| @, 12, W 12|
= m-sup{y* W, oy 5 y € R™ and [ ¥/ 2y|ls,m = 1}
(lollZe + Aecal|7112)m

A.2. Proof of Theorem 3.2. The proof of Theorem 3.2 relies on the two following lemmas.

N

Lemma A.1. There exists a constant c4.1 > 0, not depending on m and N, such that
Lemma A.2. Consider the event
[allS

1
Q,, ;=< sup 5 11 <=5,
TESm ||THfT 2

Under Assumptions 3.1, there exists a constant c4.0 > 0, not depending on m and N, such that

C CA2 C CA2
P(Q) < =2 and P(AG) < 2.
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The proof of Lemma A.1 is postponed to Subsubsection A.2.2, and the proof of Lemma A.2 remains the
same than the proof of Comte and Genon-Catalot [9], Lemma 6.1, because (B, Z1),..., (BN, ZN) are
independent.

A.2.1. Steps of the proof. First of all,

~m_ 7N = [I01r]InNLAe, Am_ TIIN+Am
b — brll3 = brl3Las, + [1bm — brlI 31
(3) = [lbrl% 1ac, + 11bm — brll R LA, 00, + 1bm — brll% 1A, n0e, =t Ur + Us + Us.

Let us find suitable bounds on E(Uy), E(Us) and E(Us).
e Bound on E(U;). By Cauchy-Schwarz’s inequality,

1/2
1 T
B(U1) < B(Ibrll4)Y2P(A5) 2 < B (T / bz(Xt>4dt> P(AG,) /2
0

oo

1/2
< aqP(AS)Y?2 <00 with ¢ = (/ bj(x)4fT(x)dx> < 0.

— 00

e Bound on E(Us). Let Iy, (.) be the orthogonal projection from L?(1, fr(x)dz) onto S, with
respect to the empirical scalar product (.,.) 5. Then,

(4) B = bl = lom = Ty, (o)1 + m0in f1br =73
As in the proof of Comte and Genon-Catalot [9], Proposition 2.1, on £,,,
[ — T (b1) |3 = Ef, ' B,y < 2E5, @5 E,,,.
So,

E(|[br — I, (b) |3 14,000,,) < 2E B, [Enle®;}(5,0)

~
I

o)

J 1

2

2
U, (5,00, 0) = —— w2y, wl2),
NT m,o(.ﬁé) m (Jag) trace( m,o = m )

NT m

~
Il

ol

Je=1

Then, by Equality (4) and Lemma 2.2,

2
< i —_ |2 -1/2 —-1/2
E(U;) < E (félg:q 1o T|N> + NTtrace(lIlm ¥, .U )

2m
. 2 2 2
< min s =7l + 3ol + Acgs ).
e Bound on E(Us). Since
b — T (b0) 3 = E7, @, B,
by the definition of the event A,,, and by Lemma A.1,

E(|[br — D ,m (501314000, ) < E(E 5 lop B ErmLa,n0:)

‘r NT T T 12\1/2 1/2 cgm'/? 1
< —— ——E(|E} E,, P(QC )2 < =2 P(QF )12

where the constant ¢, > 0 doesn’t depend on m and N. Then,

E(Us) < E(|[bm — D (003 La,n0s ) + E(lbr 314, n0c,)

1/2
G2 c\1/2 c\1/2
< P(2 P(Q2 .
].Og(NT) ( m) + Cl ( m)
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So,

E([[bm — br[%) < min [|by — 7|3,
TESH
mP(£25,)

W + Cl(P(Afn)l/Z + P(an)lﬂ)-

2m
(o2 + Acc %) + o

Therefore, by Lemma A.2, there exists a constant c¢3 > 0, not depending on m and NV, such that
E(||Em_b1||?v) g min ||bI—TH2 +c3 £+i .
TESH fr NT N

A.2.2. Proof of Lemma A.1. In the sequel, the quadratic variation of any piecewise continuous stochastic
process (I't)e[0, is denoted by ([I']¢)seo,r)- First of all, note that since B and Z are independent, for

every j € {1,...,m},

ﬂ | eixoexan. + 7<X5>d33>]] - | (X)X, ds + / (X (X,)2aZ

T

_ /0 03 (X)2(0(X,)? + e M(Xs)?)ds

T
+ [ o)

0

where, for every t € [0, T,

z® = [3]. —Z@ and 3% = 7 — ot

n=1

By Jensen’s inequality and Burkholder-Davis-Gundy’s inequality (see Dellacherie et Meyer [13], p. 303),
there exists a constant ¢; > 0, not depending on m and N, such that

m 2
Tk T = am 1 X i i\ g2i
Jj=1 T
) m T 2
am
S N21T4 E |1/ L)Oj()(5)(0'()(5)‘135 +'Y(Xs)d35)ﬂ
» 0
Jj=1 T
4 = T ’
am
< ﬁ E (/ 0 (X2 (0(Xs)? + C§2)\’}/(Xs)2)ds>
j=1 0
T 2
+E (/ wj(Xs)Qv(Xs)2d3§2)>
0
By Jensen’s inequality,
T 2 m_ .7
ZIE (/ 0i(Xo)2(0(Xe)? + c<2)\v(Xs)2)ds> < 2TZ/ E(;(Xo)*(0(Xo)* + 22 A2y(X,)*))ds
j=1"9

< 2T2L(m)2/ (o(x)* + ng)\2’y($)4)f']‘(x)dl'

— 00
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and by the isometry type property of the stochastic integral with respect to 3,

ZE ( [ e >v<xs>2d39>> = e Y [ Bl (X)) s

< )\c¢4TL(m)2/ () fr(x)dx
Therefore,
~ D C
BB, B ?) < 1otgmL(m)?
with - -
¢ = 8¢; (/ (o(x)* + ng Ny(z)) fr(z)ds + Aega / 7(x)4fT(x)dx> .

A.3. Proof of Theorem 4.4. Let us consider the events
ﬂ Qn and Ex:={MyC M\N C M]J(,},
meMf
where

NT
MJr = {m S {1, . .7NT} : cim(H‘Il;le?)p \Y 1) < 40T10g(]VT)} ’

and let us recall that )

607 (|l frlloe +1/3)°

As a reminder, the sets M ~ and My introduced in Section 4 are respectively defined by

oy =

.A//TN — {m c {]_,. .. ,NT} - C (H‘IJ “ ) log]ZTZC\Z;T)}
and
MN:{mE{L...,NT}Z H ||0p ) ajlogzzf]zfﬂT)}

The proof of Theorem 4.4 relies on the three following lemmas.

Lemma A.3. Under Assumptions 3.1, 4.1 and 4.2, there exists a constant ¢35 > 0, not depending on
N, such that

= €A3

Lemma A.4. [Bernstein type inequality] Consider the empirical process

I/NT = NTZ/ )dBl-l—’)/( ;)dsi);TEéHU"'USNT.

Under Assumption 4.2, for every &, v > 0,
NTE?
Aeaalllollz, + V112D v? + EllTlloo.rlIVlloc]

CAq = % [1 v/ elzlﬂA(dz)} )

Plun(r) > & |73 < v?) < exp [

with

Lemma A.5. Under Assumptions 3.1 and 4.2, there exists a constant ¢45 > 0, not depending on N,
such that for every m € My,

2
~ CA5
E Lesslfm,y”m] —p(m,m) | lzynay < N7

+
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where, for every m' € My,

Ccal mVm

8 NT

The proof of Lemma A.4 is postponed to Subsubsection A.3.2. Lemma A.5 is a consequence of Lemma
A.4 thanks to the L?T-]L‘X’ chaining technique (see Comte [8], Proposition 4). Finally, the proof of

Lemma A.3 remains the same than the proof of Comte and Genon-Catalot [9], Eq. (6.17), because
(BY,3Y),...,(BN,3"N) are independent.

Bom :=A{7 € Smam : |Tllgz =1} and  p(m,m’) :=

A.3.1. Steps of the proof. First of all,

B = brl% = 15 — brli3i=s, + 5 — brl 1z
(5> = U1 + UQ-

Let us find suitable bounds on E(U) and E(Us).
e Bound on E(U;). Since
b7 — My m ()l = B5 7 B,
by the definition of M\N, and by Lemma A.1,
E([[bm — Ty m (b1 |3 12g) < E(15 lop ENrEnT|1=g,)
NT 17 o = aN
< E(E*E 2 1/2P =¢ 1/2< 1 P(=¢ 1/2
| E(BrBar ) PRER) < T RER)
where the constant ¢; > 0 doesn’t depend on N. Then,
E(U1) < E([[bm — O m(b)l3 =g, ) + E(0r] 315, )

N —c \1/2 —c \1/2
< —_P(E$)Y P(=5)Y

0= < L O:O br(x)?t fT(x)dz> 1/2.

So, by Lemma A.3, there exists a constant ¢3 > 0, not depending on N, such that

with

¥
E(U;) < NS

e Bound on E(U;). Note that

Uy = b — brll31zynog + b — brll3lzynox
=: Uy + Usp.
On the one hand, by Lemma A.2, there exists a constant ¢4 > 0, not depending on NN, such that
- c c C4
PENNQY) < D PO, < e

m,GMx

Then, as for E(U;), there exists a constant ¢5; > 0, not depending on N, such that

C
E(Us1) < N5

On the other hand,
() = (r) = |7 = bl} — T = blI} — 2un (7" —7)
for every 7,7 € §; U -+ - U Sn,.. Moreover, since

i = arg min {—[[bm||3 + pen(m)} = arg min {yx(bm) + pen(m)},
meMn meEMN
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for every m € ./\//\lN7
(6) v (bm) + pen(i) < v (bm) + pen(m).

On the event =y = {Mny C My C M7, ~ }» Inequality (6) remains true for every m € My. Then,
on Zy, for any m € My, since S, + Sm C S,,vm under Assumption 4.1,

N 7 7 T /b\rfn\ _/b\m ~
167 = brll % < b = brll3 + 2[lbm — byl srn <M> + pen(m) — pen(m)
[bm — bl 1
~ 1 ~ .
< ||bm - bI”?\f + g“bﬁ - anH?T

2
+8 sup |VN(T)|] —p(m,m) + pen(m) + 8p(m,m) — pen(m).

TEB,, ™

+
Since |||, 1oy < 2|.[[31ay on S1U- U8, axmy > and since 8p(m, i) < pen(m) + pen(i), on
En N Qy,

2
b5 = brll3 < 3llbm — bill3 + 4pen(m) + 16 [ sup IVN(T)I] — p(m,m)
TELm m
+

So, by Lemma A.5,
16(,4‘5
NT

E(Uz2) < min {E(3[by — br|R1z,) + 4pen(m)} +
m N

< 7 ~
Camréljl&l {mf |7 —brll%, + NT}+N

where ¢g > 0 is a deterministic constant not depending on N.

A.3.2. Proof of Lemma A.j. Consider 7 € S; U ---U Sy, and, for any i € {1,...,N}, let Mi(1) =
(M*(7))tefo,7] be the martingale defined by

Mi(r) = / r(X1)(o(XE)dB +4(X1)d31) ; Vi € [0,T].

Moreover, for every € > 0, consider
Y(r) := eM'(1) — AL(T) — B(),
(Ai(T )t)te[o 71 and BI(7) = (BL(7)¢)efo,1) are the stochastic processes defined by

where A%(7)

st

g2
tizg

t 8] )
and Bé(T)t ;:/ [/ (eEZT(X;)’Y(X ) —EZT(X ) (Xz) N 1)7‘(’)\(d2’) ds
0 —o0
for every t € [0, T]. The proof is dissected in three steps.

Step 1. Note that for any i € {1,...,N} and ¢ € [0, T],

IT(XDVXD] < [T lloo, 21Vl
and then, by Assumption 4.2,

t _ .
E / / |25 (XX _ 1|y (dz)ds | < oo
0 Jz|>1

for any e € (0,&*) with e* = ([|7]|oo,1[|V[loc) ™"+ S0, (exp(Y(7)¢))sefo,r) is a local martingale by Applebaum
[3], Corollary 5.2.2. In other words, there exists an increasing sequence of stopping times (T7),en such
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that lim,, o T), = 0o a.s. and (exp(Y(7)ia1i )iejo,r] is @ martingale. Therefore, by Lebesgue’s theorem
and Markov’s inequality, for every p > 0, the stochastic process Yy o(7) := Y () + - - + Y2V (1) satisfies

XN:Y TATL] > p)

=1

P(e¥e(MT > p) = hm P (exp

1 . 1
< - lim E(exp(Y ()™ = SE(exp(x! (1)) = 5.

Step 2. For any ¢ € (0,¢*) and ¢ € [0, T] let us find suitable bounds on
Ay (1) = ZAz )e and By.(7) = ZBl
On the one hand,
. sty < Sl Z [ < I RNT

On the other hand, for every 8 < 1, by Taylor s formula and Assumption 4.2,

/_O;(eﬁz — Bz —1)ma(dz) = B /_O:O (/01(1 - 9)695%19) ma(dz)

< %52 with ¢ z/ elzlw,\(dz) < 0.

— 00

Since ¢ € (0,e*), one can take 3 = e7(X%)y(X?) for any s € [0,¢] and i € {1,..., N}, and then

e’ a3 NT
®) By.o(r): < €e” Z/ 2d8< e ol 2” [ _

Therefore, Inequalities (7) and (8) lead to
. 1
Ane()e+ By e(r)e < (o + IV IEITIZNT - with e = S(1V ).

Step 3 (conclusion). Consider My(7) := M(7) +--- + M¥(7). For any ¢ € (0,&*) and &,v > 0,
thanks to Step 2,
Pon(7) 2 & |I7l}y < 0°) < P07 2 N Ay (1)1 + Bye(r)r < @222 ([lo]|3 + [M1[2) NTv?)
< P07 > exp(NTe€ — e ([|o[|3 + 15 NTv?)).
Moreover, to take

£ .
g = <e
2ca(llo |3, + [VI12)v* + /e

leads to
NTE[ea([lo][3, + [17113)v* + €/2]
2e2(llollZ, + VI3 )v? + &§/e*]?
NTE?
Alea(lloll3s + 1713 )v? +&/e*]

NTe¢ — exe®(|lo]1% + 173 NTv* =

Therefore, by Step 1,

Plun(r) > & |17/l < v?) < exp <_4M

NTE? )
o2 + 1171120)02 + €l lloo,rl1V]loc] /

APPENDIX B. FIGURES AND TABLES
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] [ Model 1 [ Model 2 | Model 3 |

Mean MISE || 0.1251 0.1469 0.1825
StD MISE 0.0950 0.1688 0.1928

TABLE 1. Means and StD of the MISE of by (100 repetitions).

FIGURE 1. Plots of b and of 10 adaptive estimations for Model 1 (m = 5.3).
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FIGURE 3. Plots of b and of 10 adaptive estimations for Model 3 (m = 4.1).



