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A case study




Figure: Aerial tour of the Arcachon basin, France
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d = 4 mode dataset

e 1st mode of Operational
Taxonomic Units (OTUs)
with size n; = 3539

e 2nd mode of locations with
size np = 4, namely
Boueel3, Comprian,
Jacquets, Teychan

e 3rd mode of water column
position with size n3 = 2,
that are pelagic and benthic

e 4th mode of seasons with
size ng = 4

Figure: Aerial tour of the Arcachon
basin, France
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Is it mathematically meaningful to disaply point clouds
together?

rd
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Background on CA




Correspondence Analysis (CA) is a Principal Component Analysis
(PCA) meant to investigate contingency tables through a specific

norm

Men

Age Very

Good Regular Bad
group good

16-24 [ 145 402 84 5 3
25-34 112 414 74 13 2
35-44 80 331 8 24 4
45.54 54 231 102 22 6

55-64 | 30 219 119 53 12
65-74 | 18 125 110 35 4
+75 | 9 67 65 25 8

J

Table: Data from the Spanish National Health Survey of 1997 [Greenacre, 1984]

rd
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Let A be a m x n real matrix

e columns (or rows) of A e statistical: searching the
are realizations of n (m) r directions that
random variables maximize the variance
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Let A be a m x n real matrix

e columns (or rows) of A
are realizations of n (m)
random variables

e A has unknown rank

e statistical: searching the
r directions that
maximize the variance

e algebraic: searching the
best rank r data
approximation
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Let A be a m x n real matrix

e columns (or rows) of A
are realizations of n (m)
random variables

A has unknown rank

columns of A are
coordinates of each
column variable category
in the space R™, rows of
A coordinates of each
row variable category in
Rn

e statistical: searching the

r directions that
maximize the variance

algebraic: searching the
best rank r data
approximation

geometrical: searching
the subspace of
dimension r that
minimizes the columns or
rows projection error
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Let A be a contingency table with relative frequencies, the row and
ar and column marginals ac are

m

ar(i) = _A(i.j) and  ac(j)=) A(ij).
j=1

i=1

e S’ denotes the Euclidean space R™*" with the inner product
induced by DEl and DEl such that

Dgr = diag(\/ar) and D¢ = diag(v/ac),

e S denotes the Euclidean space R™*" with the standard inner
product

The two Euclidean spaces are isometric through v defined as

v:S' -8  suchthat  v(A)= Dgp'AD;?

rd
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14

Aec S XesS
change space with isometry
CA SVD
back in the original space
oxv? - usv’T
v
Point cloud coordinates in S’ Point cloud coordinates in S
Wg = UX = DrUX Ygr = UX
We = VE = DcVE Yc= VX

Barycentric relation [Lebart, 1982]
Zr = DR?AZcr™r  and  Zc=DATZgr !
with Z; = D2 W;

rd
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with o), the h-th singular value and p; € R such that

~ oy N~AG) _ ar(i)
200 =250 = 3
Geometrical meaning

The h-th Principal Coordinate of the j-th category of the row
variable is the barycentre of the h-th Principal Coordinate of all the
column variable categories

rd
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MultiWay

Correspondence Analysis




to study multiway contingency tables?

Age
group
16-24
25-34
35-44
45-54
55-64
65-74

+75

Men Women
::gi Good Regular Bad \II)::iy ::‘:‘yi Good Regular Bad \l::';iy
145 402 84 5 3 98 387 83 13 3
112 414 74 13 2 108 395 90 22 4
80 331 82 24 4 67 327 99 17 4
54 231 102 22 6 36 238 134 28 10
30 219 119 53 12 23 195 187 53 18
18 125 110 35 4 26 142 174 63 16
9 67 65 25 8 11 69 92 41 9

Table: Data from the Spanish National Health Survey of 1997
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How to study multiway contingency tables?

Men Women
Age Very Very Very Very
group good Good Regular Bad bad good Good Regular Bad bad
16-24 145 402 84 5 3 98 387 83 13 3
25-34 112 414 74 13 2 108 395 90 22 4
35-44 80 331 82 24 4 67 327 99 17 4
45-54 54 231 102 22 6 36 238 134 28 10

55-64 30 219 119 53 12 23 195 187 53 18
65-74 18 125 110 35 4 26 142 174 63 16
+75 9 67 65 25 8 11 69 92 41 9

Table: Data from the Spanish National Health Survey of 1997

Possible solutions
Multiple Correspondence
Analysis

7
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How to study multiway contingency tables?

Age
group
16-24
25-34
35-44
45.54
55-64
65-74

+75

Men Women
Ve Ve Ve Ve
g:;?i Good Regular Bad b::iy g:gj Good Regular Bad b:dy
145 402 84 5 3 98 387 83 13 3
112 414 74 13 2 108 395 90 22 4
80 331 82 24 4 67 327 99 17 4
54 231 102 22 6 36 238 134 28 10
30 219 119 53 12 23 195 187 53 18
18 125 110 35 4 26 142 174 63 16
9 67 65 25 8 11 69 92 41 9

Table: Data from the Spanish National Health Survey of 1997

Multiple Correspondence

Possible solutions
MultiWay Correspondence

Analysis Analysis
(MWCA)
V4
2%
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MW(CA is a Principal Components Analysis of a multiway table
with a specific norm

e statistical meaning [Kroonenberg, 2008]
e algebraic meaning [Kroonenberg, 1983]

e geometric meaning [Inria RR-9429, 2021]
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Let A € RM*"Xd he an order d tensor, then

Tucker format [Tucker 1963]

Fy...,rd
. : : Sy (1 d
A(Il,...,ld): Z C(Il,...,ld)ulgl)®"‘®U§d)
iyeenyig=1
where C is the core tensor, Uy = [u:(lk), e uﬁf)] is an orthogonal

(nk % re) matrix with r, = rank(A®)). More compactly
A= (U,...,Uy)C
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Let A € RM*Xd he an order d tensor, then

Tucker format [Tucker 1963]
I, rd
A(il,...,id): Z Cll,..., )(1)®~--®u,§dd)

i yeenyig=1

where C is the core tensor, Uy = [ulk , - uﬁf)] is an orthogonal
(nk x rx) matrix with rk rank(A(K). More compactly
— (U, Ug)C

Tucker decomposition is computed through the HOSVD, that
performs a SVD for each matricization

AW = Uz, Vv,

and the core tensor is obtained projecting the tensor A in the new
basis, i.e., C = (U],..., U])A

rd
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Let A be a relative frequencies multiway contingency table, the
k-th mode marginal is a, such that

NiyeeesNg—1,Mk4-15--,Nd

ak(ix) = > A(ir,...,iq) Yke{l,...,d}

i15eesik =150k 4150+, id=1

e S’ denotes the Euclidean space R™>* " *"d with the inner
product induced by (D;,..., D), with Dy = diag(/ax)

e S denotes the Euclidean space R™* X" with the standard
inner product.

The two Euclidean spaces are isometric through v defined as

v:S' =8  suchthat  v(A)=(D;t,....,D;HA

rd
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14

AcS XesS
change space with isometry

MWCA HOSVD
back in the original space
(Ul’ '7Ud)c _1 (Ulv"'aUd)C
12
Point cloud coordinates in S’ Point cloud coordinates in S
Wi = UZy = D UkEs Ye = UkZk

where ¥, are the singular values of X(*)
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If Zx = D, >W, then

Barycentric relation

Zi = DP2AW(Zy0x - Ok Zkt1 Ok Zk—1 0k - - Ok Z1) (T "BY) T

where

Bi=(ZY . 5 G Sy, -, 2 h)C

with C the core tensor of X = v(A)

from the more general result of [Proposition 3.7; Kolda, 2006] if
W = (Ml, e Md)Y, then

WK = M YO (My @k - - - @k Myy1 @k M_1 @k - M)

rd
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DD pilineovik1sins - sia))Zu(in, ) - Zeoa (i1, he1)

Zii1(ikt1, hieg) - - - Za(ia, ha)Bi(hy, - .. hg)

with oy p, the hi-th singular value of mode k and pj, such that

d ng
Zzpik(ila...,ik—1,ik,..., ZZ I:;(Ik7 ):1

legl l=1 ip=1
1k (#k
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ng,re

- Z Z Pi (i, oy ik—tsikcs - s ig)) Z1 (i, h1) - -+ Zk—1(ik—1, he—1)
khk 5751 Ig h,g 1

Zi1(ikt1s Pues1) - - - Zg(ig, ha)Bi(ha, . . . hg)

Geometrical meaning

The hi-th Principal Coordinate of the ix-th category of the k-th
variable is the barycentre of a linear combination of the h-th
Principal Coordinate of all the other (d — 1) variable categories
and coefficients expressed by B entries
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Principal component 2

Principal component 1

(E) CA on mode 1
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Malabar dataset analysis




d = 4 mode dataset

e 1st mode of Operational
Taxonomic Units (OTUs)
with size n; = 3539

e 2nd mode of locations with
size np = 4, namely
Boueel3, Comprian,
Jacquets, Teychan

e 3rd mode of water column
position with size n3 = 2,
that are pelagic and benthic

e 4th mode of seasons with
size ng = 4

Figure: Aerial tour of the Arcachon
basin, France
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average number of OTU

—~— Boueel3
—e— Comprian

per location in function of
the season over the entire
water column

—&— Jacquets
~#- Teychan

winter spring summer autumn

7
19/22 — Extension of CA through HOSVD — M. lannacito &ZW



le-5
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e Orthogonality among water
column positions

e Distribution of OTU along
their directions
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e water column positions still
orthogonal, less
determinant

e OTU distribution affected
by seasons and locations
too

e locations and seasons are
clustered

e correlation between seasons
and locations

Principal component 2
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e MultiWay Correspondence Analysis has a triple nature as PCA
and CA:

> statistical meaning [Kroonenberg, 2008]
> algebraic meaning [Kroonenberg, 1983]
> geometric meaning [Inria RR-9429, 2021]

e the barycentric relation characterizing CA holds also for
MWCA

e MWCA highlights inter-variable interactions

e CA appears more suitable for studying combinations of
categories from different variables
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Thanks for the attention.
[Inria RR-9429, 2021]

Questions?
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