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ABSTRACT This paper focuses on the construction of a fast though accurate gas
radiation model based on a Recurrent Neural Network (RNN) formulation. The model is
founded on recent works in which a solution to a non-uniform technique proposed by
Godson in the 50s was derived explicitly. The method uses a non-linear transformation
of a set of physical / geometrical paths, directly related to a non-uniform path which is
first discretized into uniform sub-layers, into a sequence of equivalent absorption
lengths. This process, studied thoroughly within the frame of the development of the ¢
distribution approach, can be naturally handled using an algorithm that takes the form
of an RNN model. The method is assessed against LBL calculations in non-uniform high
temperature gaseous media and found to provide more accurate results than a CKD
(Correlated K-Distribution) model with 16 gray gases. This paper is the first to suggest
an RNN to treat radiative transfer in non-uniform gaseous media. Moreover, all the
weights involved in the RNN have a clear physical meaning so that the structure of the
RNN can be readily interpreted, avoiding the black box disadvantage of most brute force

machine learning strategies.

Keywords: gas radiation, Godson, ¢-distribution, Propagative Form, Recurrent Neural

Network.
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1. INTRODUCTION

There have been several attempts in the recent literature to apply methods based on
Machine Learning, including artificial neural networks, to radiative transfer and gas
radiation modeling. For instance, refs. [1,2], that are not strictly restricted to gaseous
media as considered in the present work, are two examples of application of machine
learning techniques to solve the RTE. More related to gas radiation, in ref. [3], a machine
learning strategy is used to replace look-up tables in the Full Spectrum Correlated-k
(FSCK) method. Applying neural networks instead of look-up tables was shown to
reduce significantly the overall computational cost of the FSCK method (both in terms of
memory requirements and computation time) without modifying the quality of the FSCK
model itself. More recently, in ref. [4], a feedforward neural network strategy is
described to model directly gas path transmissivities in atmospheric applications. Errors
of a few percent of the full transmission scale, i.e. [0,1], were obtained in this work over

non-uniform atmospheric paths.

The present work is an extension of a recent paper [5] in which a reformulation of the ¢-
distribution approach in terms of neural network was mentioned but not derived in full
details. The aim of the present paper is to describe this formulation. The modeling
strategy is based on previous works in which explicit functional forms were derived for
the solution of Godson’s implicit equation [6]. This solution is shown here to be naturally
written in a Recurrent Neural Network form (RNN) involving Exponential Linear Units
(ELU) as activation functions. The present method is, to the best of the authors’
knowledge, the first to consider RNNs to model non-uniform gas path transmissivities.
Compared to existing machine learning strategies, that apply brute force neural network
methods, the present formulation provides an RNN whose coefficients are fully based on
physical modeling. The interpretability of all coefficients appearing in the RNN model is
thus possible, as compared with other methods for which neural networks mostly act as
black boxes. The modeling strategy is applied here in the context of high temperatures
but it can be extended to atmospheric paths with minor modifications. It bridges an old
idea (from the 50s) with modern algorithmic developments in probably one of its

optimal ways.

Almost 70 years ago, in 1953 [6], Warren L. Godson introduced three methods to extend

uniform gas radiation models from uniform (ref. [6] was limited to Elssasser’s model) to

3
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non-uniform configurations. Among these methods, one of them led to the widely used
Curtis-Godson (CG) approximation, fully derived in 1955 within the frame of the
statistical narrow band model for Lorentz lines [7]. The great success of the CG
approximation has almost obliterated the potential of the two other methods proposed
in [6], even if one of them was shown from the early beginning to be superior to CG.
Deficiencies of the CG approximation in cases of highly non-uniform configurations were
observed and studied in the 70s, leading to the Lindquist-Simmons (LS) approximation
[8]. This method suggests a new starting point for the treatment of non-uniformities
based on the derivative of the transmission function with respect to the gas path length.
The LS method usually provides a more accurate and physical treatment of non-uniform
paths than CG [9], but introduces some asymmetries in the non-uniform model. A
compendium of existing versions of the CG and LS approximations can be found in

[9,10].

Godson’s method was reintroduced in the 70s by Weinreb and Neuendorffer [11], but
instead of the Elsasser's model used in [6], a polynomial approximation of
transmissivities was applied. Several direct applications of Godson’s method to
atmospheric configurations can be found, under the names Pseudo Mass Approximation
(PMA) or Emissivity Growth Approximation (EGA) in refs. [12-14]. In the high
temperature literature, Modest [15] uses a technique similar to Godson’s method within
the frame of k-distribution models and calls it the Scaled-k method. No reference to
Godson’s work is made in ref. [15]. All these works (PMA, EGA, Scaled-k) have two
elements in common. The first one is that Godson’s method is found to be very accurate
when assessed against LBL calculations. When such results are available, Godson’s
method is also found to be as accurate (in most cases more accurate) than the widely
used CKD method. The second one is that no one of them have attempted to justify

physically the reasons that could explain the accuracy of this non-uniform method.

The development of the ¢-distribution approach [16] has led recently to the concept of
quasi-scaled spectra. This assumption, which is a physical/statistical model of
relationship between spectra in distinct thermophysical states, was introduced in ref.
[17]. It allows understanding most of the properties of Godson’s method. Among them, it
provides an explanation of the asymmetry of Godson’s method in strongly non-uniform

configurations, a property noticed from the early beginning, but almost absent from all
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the papers cited previously [12-15]. This problem of asymmetry is studied in depths in
refs. [5,17].

The three techniques (Godson’s, Scaled-k and ¢-distribution methods) share similarities
but are fundamentally different. For instance, the Scaled-k method requires the
definition of a reference state of the gas whereas Godson'’s and ¢-distribution methods do
not. The Scaled-k and Godson’s methods rely on iterative techniques to find a solution of
the model’s implicit equation (see Eq. (7) later in the paper), whereas in ¢-distribution a
semi-analytical solution of the same equation is used. Consequently, the approach used
in ¢-distribution allows treating non-uniform paths very efficiently, compared to the two
other iterative methods. In the Scaled-k and Godson’s methods, the implicit equation
used to define an effective scaling factor is introduced without reference to any physical
model. In ¢-distribution, on the other hand, the implicit equation is founded on the
assumption of quasi-scaling of gas spectra in distinct thermophysical states as noticed
previously. Additional details on how the quasi-scaling property connects with Godson'’s

method are provided later in this paper.

The ¢-distribution method was up to now mostly studied in its Archimedean copula
version. The main advantage of such a formalism is to help understanding and
controlling the properties of the non-uniform model and its impact on the calculation of
transmissivities of non-uniform paths using known results from copula theory. Its main
disadvantage is to make the model probably hard to understand at first sight for possible
users not familiar with the concept of copula and/or gas radiation modeling.
Nevertheless, recently, we have shown [5] that the copula formulation of the ¢
distribution approach can be equivalently written in a propagative form, in which only
relationships between equivalent absorption lengths are used. The possibility to
reformulate the method in a neural network version was also suggested in the same
reference. The same mathematical results as used in the copula version of the model can
be applied in the propagative formulation, as they are rigorously equivalent. However,
the propagative version is probably simpler to understand. This propagative form,
including its recurrent neural network formulation, is the main focus of the present

work.
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The paper is structured as follows. In the second section, the main assumptions used to
treat non-uniform paths in the ¢-distribution approach are detailed. This allows
obtaining a definition of effective scaling factors (that is to say scaling coefficients that
depend on the gas path length) that coincides with Godson’s method. The third section is
devoted to an approximation of the quantities used in the ¢-distribution method using
simple relationships. The resulting uniform method, that involves a three coefficients
transmission model, is described and assessed against LBL calculations. The same
uniform cases as used in ref.[18] are treated to illustrate the quality of the
parameterization. The fourth section is devoted to a reformulation of the key elements
of Section 3 in terms of recurrent neural networks. As will be shown, the propagative
version of the ¢-distribution approach can be naturally written in a neural form using
Exponential Linear Units (ELU) as activation functions without losing its physical
interpretation. This reformulation, which is the main result of the present work,
provides a proof of the relevance of application of RNN structures for non-uniform gas

radiation modeling.

This work, even if it is mostly restricted to a simplified though very accurate model and
not to real LBL datasets, is the first to suggest an RNN as a non-uniform gas model. It
bridges physics and statistical/machine learning points of view in probably one of its

optimal ways.
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2. FROM SCALED / QUASI-SCALED SPECTRA TO GODSON’S METHOD

The concept of scaled spectra is among the most important ones in non-uniform gas
radiation modeling. Even Correlated k-distribution (Ck / CKD) methods rely on this
assumption, although the scaling coefficient is not in this case a constant for all values of
the absorption coefficient, but depends on it directly. Scaling assumes a linear
relationship between gas spectra in distinct thermophysical states, a property that is

obviously verified at LBL scale for single wavenumbers.

The hypothesis of scaled spectra assumes the existence of a constant coefficient, written
from now on U, such that the spectral absorption coefficients of the gas in two

thermophysical states (subscripts 1 and 2) are related by the linear relationship:
K,,= U - -x (1)

When gas spectra are scaled, one has for any gas path length L:

a 1 1
7, (L):;- [exp(-x,,L) dv = [exp(-U -k, L) dv =2z (U-L) (2)

Av Av

The band averaged transmissivity of a non-uniform path in the gas (length L; in state 1

and L2 in state 2) is then:

v 1 v
z-lAZ (L1’L2): A I EXp(_Kv,l Lo -«x,, Lz) dv = T1A (L1+U 'Lz) (3)
v

A similar relationship can be obtained if one considers n scaled spectra.

For the analysis of more general situations for which gas spectra are not truly scaled, a

slight reformulation of the scaled model is required. It is provided below.

As band averaged transmissivities are strictly decreasing functions of pathlengths over
absorbing bands that do not contain transparency regions of the gas, they are invertible.
This means that one can define, for any transmission function, its inverse ¢ This is the
main principle of the ¢-distribution approach. Using this inverse ¢, one can rewrite Eq. (3)

in two equivalent forms:

- Archimedean copula ¢, version [5,19,20]:



1 1 v,l1 71 v,l 71

182 rlAZV(L,LZ):C“[TM(Ll),rzM(LZ)JWhere:C“(X,Y):L~jexp[—K 6 (X)=x,,¢(Y)] dv

Av
183 (4)
184 - Propagative version [5]:
185 o (L. L) =7¢"(L,) where: L, =L +U -L,=¢o0z," (L )+¢or, (L,) (5)

186  In Eq. (5), the symbol “o” represents the functional composition, i.e., given two functions

187 fand g one has fog(x)= f[g(x)]. In the case of truly scaled gas spectra, all three

188  formulations provided by Egs. (3-5) are rigorously equivalent. These relationships can
189  be readily extended to any n layer non-uniform path and remain exact as soon as all gas

190  spectra encountered along the non-uniform path are rigorously scaled.

191  In practice, gas spectra are not perfectly scaled. However, in the case of small gradients
192  of temperature or pressure, it was shown in ref. [17] that real gas spectra can be
193  considered as quasi-scaled, i.e., given two distinct spectra, it is reasonable to assume that

194  the two transmission functions can be connected to each other by:

195 , (L) = jrf (u-L)dF (u)= [z [u(s)-L]de, Flu(¢)]=¢, ¢e[01] (6)

196  in which a non-constant positive scaling coefficient u is introduced. In Eq. (6), F is the

197  distribution function of the variable u.

198 In quasi-scaling, we thus assume that the two spectra can be related to each other by a
199  spectral scaling function which is statistically independent from at least one of the two
200  spectra. Obviously, if the density of the distribution function F of variable u is a Dirac,

201  this relationship provides the scaled model.

202  Defining explicitly the variable u is complicated in a general frame unless gas spectra
203  follow rigorously the quasi-scaled property, which is rare (almost as rare as truly
204  correlated gas spectra). However, application of the mean value theorem to Eq. (6)
205 shows that for any gas path length L, there exists a particular value of the variable & for
206  which the corresponding scaling coefficient, that will be from now on written u(L), is

207  such that:
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o (L) = [u(é) L] dé =" [u(L) L] (7)

The mean value theorem thus replaces the problem of specification of the distribution
function of scaling coefficients, F, by an implicit equation that only involves as input data
the uniform transmissivities. As these transmissivities are usually known (but their
functional form depends on the uniform model selected), the application of the quasi-
scaling assumption is always possible. This property of Godson’s method was already
emphasized in ref. [11]. It should be noticed that the implicit formulation of the quasi-
scaling approximation is also similar to the definition of the strictly increasing function
that relates the spectra in Ck / CKD method: in both cases, the explicit link between the
spectra does not need to be fully specified, only its existence is assumed and its effect is

formulated through an implicit relationship.

The implicit equation set by Eq. (7) can be solved easily using the formalism introduced

recently in the ¢-distribution approach and briefly reminded in the next section.
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3. FROM GODSON’S METHOD TO L-DISTRIBUTION

It is out of the scope of the present paper to fully redevelop the set of equations related
to the ¢-distribution approach. Interested readers can find a comprehensive description
of the technique in ref. [16]. We only remind here some of the most important results
(Section 3.1) and show how, based on this general theory, one can propose simple
though accurate estimate of narrow band transmissivities of high temperature gaseous
paths (section 3.2). The simplified model, that involves three parameters, is first
described in uniform cases and its extension to non-uniform paths is then detailed in
Section 4. Several test cases in uniform scenarios are provided that illustrate the

accuracy of the method when assessed against LBL calculations.

3.1. TABULATION OF UNIFORM LBL TRANSMISSIVITES IN THE L-
DISTRIBUTION METHOD

The ¢-distribution approach can be introduced as follows. Most LBL data are provided in
terms of absorption coefficients. At high spectral resolution, LBL sets contain a large
number of spectral values. In many applications: 1/ there is no real interest for high
resolution data as only spectral averages (from narrow bands up to the full spectrum)
gas radiative properties are needed. This is the case for heat transfer applications but
also for radiative imaging studies in which the band width is fixed by the imaging device,
and 2/ over spectral intervals, the integral form of the radiative transfer equation
involves spectrally averaged transmissivities (weighted by the Planck function in the
case of wide bands or over the full spectrum). Calculating these non-uniform

transmissivities using LBL data requires a two-step process: 1/ (path integral) for each

wavenumber inside the band, evaluate the sum of all contributions (sum of « L)

encountered along the path and, 2 / (spectral averaging) evaluate the non-uniform

transmissivity by averaging all these spectral contributions.

Based on these observations, a real gain in terms of computational cost could be
expected if one could tabulate directly LBL transmissivities since one part of the process
(calculation of band averaged transmissivities from high resolution LBL data) required
to solve the RTE would be avoided. In other words, if LBL transmissivities could be

precalculated in advance, an important reduction of the computational cost could be

10
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anticipated. This is the main idea behind the uniform model used in the ¢distribution

method.

In order to tabulate LBL data in transmission form, we first generate an approximate
model (formally the same as the SNB model for Lorentz lines using the Malkmus’
distribution of linestrengths [9] and the second order k-moment model [21]) called in
refs. [5,16] the “germ” model. Its coefficients are given by the set of equations (no optical
filter is considered here - more general formula involving such an optical filter are

provided in ref. [5]):

= [, dv (8-a)
Av o
k::L. av. (8-b)
Av o«
p=— (8-0)
k, [k, -1

Egs. (8-a) and (8-b) are the definitions of the Planck and Rosseland mean absorption
coefficients of the gas over the spectral band A+ respectively. Eq. (8-c) is a parameter
that measures the overlapping between spectral lines. Indeed, it coincides exactly with
the overlapping parameter of the SNB model for Lorentz lines with Malkmus’
distribution of linestrengths if the real gas spectrum follows rigorously the assumptions

of this SNB model [9].

As can be seen from the definitions (8.a-c), all the parameters involved in the “germ”
model can be evaluated as simple integrals over the absorption coefficients taken from a

LBL dataset.

Then, one can notice that the germ model (all quantities related to the “germ” model are,
as in ref. [5], represented by an index “0”) is invertible and its inverse is analytical. The

direct model and its inverse are given respectively as:

:
|

E( 27k L)
AU

7, (L) =exp (9-a)

| S|

11
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7 )
~\L1—;InXJ -1 (9-b)

A [ (L)] =L (10)
The LBL transmissivity in the gas is defined as:

TAV(L):i.jexp(_Kv L) dv (11)

Av

Using Eqg. (10), we can rewrite this equation as:
et (L)=6rlz," (L)] (12)

where, for any Xin [0,1]:
Gr(X)=i~jexp[—KvA§V(X)J dv (13)
Av o

The Gr function, named the mapping function: 1/ establishes a direct relationship
between the values of the germ model and the exact LBL values, 2/ maps the unit
interval into itself and is strictly increasing (and thus invertible). This function can be
tabulated easily (it suffices to discretize the unit interval into N subintervals and apply
the definition of the Gr function Eq. (13) to generate a look-up table of Gr values). This
direct tabulation method was applied in refs. [5,16,22].

3.2. SIMPLIFIED L-DISTRIBUTION MODEL

The main drawback of the ¢-distribution method is its memory cost if high resolution Gr
look-up tables are used (typically, 1000 values of X inside [0,1] are used, ensuring an
accuracy on the calculation of transmissivities much lower than 10-3 in uniform
calculations [16]). The size of the databases used in the “standard” high temperature
version, already applied in ref. [22], is given in table 1. These databases contain model
parameters for 28 gas temperatures (from 300 K up to 3000 K by 100 K step) for COq,
CO and H:0. For H;0, 9 values of molar fractions (0., 0.05, 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 1.0)

are used. Only atmospheric pressure is considered here.

12
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318

Molecule CO: Cco H20
Number of molar 1 1 9
fractions
Number of 28 28 28
temperatures
Number of spectral 449 194 998
bands
Size of the look-up 393.4 170.0 7869.1
table (Mb)

Table 1. “Standard” parameters used in the building of ¢-distribution databases (each Gr
function uses 1000 values inside [0,1]) and the same number is used for the inverse of
Gr which is also tabulated - the number of molar fractions and temperatures is fixed by

the LBL database provided in ref. [23]. Only atmospheric pressure is considered here.

In order to reduce the memory cost of the technique, we propose in the following a
simple though accurate method to approximate the mapping functions (and their

inverse) required in the model.

Based on the visualization of mapping functions (see for instance the figures provided in
refs. [5,16]), we propose to approximate the mapping functions by simple one parameter

power functions, i.e.:
Gr(x)=x" (14)
In this case, their inverses remain simple:
Gri(x)=x" (15)

Consequently, using this simple model, one can condense 2000 values for the Gr function
and its inverse, each based on look-up tables containing 1000 single values for each of
these functions, into a single coefficient A. Parameters A are obtained in this work as

solutions of the non-linear least square problem (that only involves one single variable,

13
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so that any numerical method can be used to perform this minimization - in the present

work, the bisection method was used to solve Eq. (16)):

1

G 2
= h that — fo dX |} = 16
2 = 2, such that MOH[X Gr(x)] xJ; 0 (16)

This minimization problem is solved for all states in the initial model database. The size
of the simplified model database after this treatment for the same molecules, set of
temperatures and species concentrations used in Table 1 are given in Table 2. In the

same table, the size of the CKD model for 16 gray gases is also provided for comparison.

Molecule CO2 CO H»0

Simplified ¢ 0.6 Mb 0.3 Mb 12.3 Mb

distribution

CKD (16 gray gases) 5.3 Mb 1.81 Mb 81.1 Mb

Table 2. Size of the look-up tables for CKD and simplified ¢-distribution models - the

same sets of thermophysical states and spectral bands as used in table 1 are considered.

Once the coefficients A are estimated, uniform gas path transmissivities can be evaluated

as:
[ ( YV
r“(L):exp\—ﬁ- 1+2ﬂka—1 | (17)
L L s JJ
that follows directly from Egs. (9-a, and 14). Their inverse is then:
[ ]
((X)= b .|(1—L|nx\ -1 (18)
27k, [L 2B J ]

For two states (subscripts 1 and 2), the two previous relationships provide function

¢, oz," (L) asrequired in the propagative scheme of Eq. (5) as:

1

h
PATLY (19)

14
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where:

s 2Pz (20)

This relationship generalizes Eq. (50) of ref. [5], that corresponds to the particular case

Av L
s=1. It provides the solution to Eq. (7) as u (L) = M.
L

The set of equations (18-20) defines what will be called from now on the simplified ¢
distribution method. Examples of application of the transmissivity model set by Eq. (17)
in the case of uniform situations are provided in Figures 1 to 4. They are equivalent to
Figures 1-3 and 10 of ref. [18]. In each figure, the model is assessed against LBL
calculations averaged over 25 cm-l, which is the width of the narrow bands used to
generate the simplified ¢-distribution model parameters used in Eq. (17). The
comparisons between LBL and simplified ¢distribution results show an excellent
agreement, with errors lower than 1% over most parts of the spectrum. The highest
errors (they attain 2 percent) are observed in the band head of CO; near 2400 cm-1 in
the case of figure 4. These errors are due to the rather complicated behavior of the
mapping function Gr at this spectral location than does not allow a proper adjustment
using a single exponent A to provide more accurate results. On the same cases, the use of
the full ¢-distribution database provides absolute differences between LBL and the model
of the order of 10-6. This is the same order of magnitude as already observed in Figure 3
of ref. [16], and the results for this model are not provided again here. This high quality
of the uniform ¢-distribution model is fully related to its construction, which was shown
to be a tabulation of LBL data in transmission form. The main source of errors is related
to the interpolation of the look-up tables of the Gr functions, which is small when 1000
values are used over [0,1] as done in the present work. The simplified version developed
here is noticeably less accurate, but the gain in terms of memory space is significant (see
tables 1 and 2) and the order of magnitude of accuracy (of the order of 1%) appears
sufficient for most radiative transfer calculations in high temperature gases. This level of
accuracy in uniform cases is comparable with the SNB model described in ref. [18].
Notice that most of the equations provided here to treat non-uniform paths, which is the
main focus of the paper, can be readily extended to the SNB model of [18], due to their
strong formal similarities.

15



1.0
2 |
08 T=1500 K .
£
8 |
8 06} -
= ] LBL
I +  Simplified ¢-distribution
04 1 1 1 1 1
1.0
>
z
E 0.9
192}
.z
E 03 T=2900K
g
= 07 -
06 L | L 1 N | 1 | " | L | L
1000 1500 2000 2500 3000 3500 4000 4500
368 Wavenumber, in cm’!

369 Figure 1. Transmissivities of H20-N2 mixtures at 1500 K (top) and 2900 K (bottom)-

370 X, o =0.1 - length L=10 cm - total pressure P=1 atm
371
372
1.0 N ) t T T T
Z 08f .
2 o ]
% oo T=1500K 1
= ]
= ook LBL E
[+ Simplified ¢-distribution ]
0.0 L ) 1 A ] \ ] . ] . ] A 1
1.0 ¢ f T y f T T T T T ]
& 08F .
2 i ]
2 06f ]
£ [ T=2900 K ]
c 04 E
s [ ]
= o2k ]
OO : " 1 L | L | L | L | L 1 ]
1800 1900 2000 2100 2200 2300 2400

: -1
373 Wavenumber, in cm

374 Figure 2. Transmissivities of CO2-N2 mixtures at 1500 K (top) and 2900 K (bottom) -
375 Xco, = 0.1 -length L=10 cm - total pressure P=1 atm

16



376
377

378

379

380
381

382

1.00 4=+ T T =+ 1.000 et
095} 1
0.9 0.995 1
g 0 |
=
g 085r 10.990 1
£
Z 080} 1
g
& 075¢ +¥, 10.985 J
070} |
PV 0.980 1
065} + 1
060 1 1 1 0975 1 1 1 1
1600 1800 2000 2200 2400 3600 3800 4000 4200 4400
1.00 . . . - 1,000 . . ,
0.998 |- 1
095} 10.996 | ]
z 0.994 + 4 ]
5 090r 10992} + ]
E 0.990 | - ]
£ 085 D 17
E b4 0.988 | 1
o080l 109861 1
LBL v 0.984 | 1
0751 + Simplified ¢-distribution 109821 ]
1 1 1 1 0980 1 1 il 1
1600 1800 2000 2200 2400 3600 3800 4000 4200 4400

Wavenumber, in cm’’

Figure 3. Transmissivity of CO-N2 mixtures at 1500 K (top) and 2900 K (bottom) -

Wavenumber, in cm’!

Xco, = 0.01 - length L=1000 cm - total pressure P=1 atm

2

=

v

8]

=

w2

=

<

S

P

©

b=

< +

g 002 . 4

7 [ o P

| ) 4 Whe i ﬂ..ph.“_"i-#ﬂt'_+

] 0.00 }%:'- 6%'@; 'ﬁt:b o&;;mzb%@

2 ok

2 002 o i .

= i o LBL-CKD

[ -0.04 - + LBL- Slmphﬁed é—dlstrlbutlon T
......... [FEETEER AN RN ERE ATl RN RNl SRR EE R ER AR ANE R RN RN AEERER Y AR RN NE T FER TR A RT]

0 500 1000 1500 2000 2500 3000

Wavenumber, in cm™

Figure 4. Transmissivity of a H20-CO2-N2 mixture with x420=0.2 and xco02=0.1 at 2000 K
- length L=100 cm - total pressure P=1 atm (top) - Absolute difference / LBL (bottom)

17

3500

4000

4500



383

384
385
386
387
388

389
390
391
392

393
394
395
396
397
398
399
400
401

402
403
404
405
406
407
408
409
410
411
412
413
414

4. FROM L-DISTRIBUTION TO RECURRENT NEURAL NETWORKS

Methods based on neural networks have received recently an increasing interest from
various fields of applied physics and engineering, including the modeling of fluid flows,
signal processing, etc. As noticed in ref. [4], their applications to radiative transfer
problems remain in comparison very limited. Some of them were reminded in the

introduction.

The aim of artificial neural networks is to mimic the processes involved in the human
brain to learn information and to perform various tasks using computers (prediction,
classification, recognition, etc). Most usual neural networks appertain to one of the two

following main categories [24]:

- Static neural networks: the most usual type of static networks used is called
feedforward. This kind of model mostly evaluates non-linear functions of its
inputs.

- Dynamic neural networks: recurrent neural networks are classical examples of
this kind of methods. In this case, the model is driven by non-linear time (in our
case space, as will be shown later) dependent recurrent equations. Recurrent
neural networks are founded on unit cells (of the same form as feedforward
networks) for which some of the outputs (called state outputs) are fed back to its

inputs after applying some time delay.

A cell (or neuron) is a non-linear bounded function of its inputs. It performs two main
elementary operations: 1/ it first takes its inputs and evaluate a weighted sum of these
variables, including a possible bias (constant) and 2/ the result of this linear model is
then modified by an activation function to introduce non-linearities. There exist various
types of activation functions: sigmoidal as used in ref. [4], hyperbolic tangent, rectified
linear units (ReLUs, ReLU(x)=Max[0,x]) as applied in ref. [3], etc. Very often, at the exit of
the activation function, a second stage of the same couple of processes (linear model fed
into another activation function) is used, leading to the concept of hidden layer. Hidden
layers perform intermediate computations that have an important role on the quality of
the whole model, but do not produce values that have a direct interest for the modeler
for which only the final outputs are of importance. Once the structure (number of
weights and of hidden layers) is selected and all activation functions are specified, the
training of the network mostly consists of estimating the set of weights that provides the
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best approximation of a given training set by the neural network. Identification of the
weights is made by application of optimization methods (more or less sophisticated least
square fitting process). Once the weights are known, the neural network is usually

assessed against a test set, that differs from the training dataset.

Based on this general framework, our aim is to show that the propagative scheme
introduced in the previous sections can be rather naturally reformulated using an
algorithm that is formally equivalent to a recurrent neural network. This type of
structure has not been apparently considered up to now for generating fast transmission
methods of gas radiation. However, RNN structures are usually good candidates to treat
dynamical systems [25] and time series [26]. It is then not surprising to find the same
form to be well adapted to sequences of path lengths, as encountered in the propagative
scheme of Eq. (5). Here, we only focus on the simplified transmission model described in
Section 3. This choice allows some simplifications and an analytical treatment which is
sufficient for the purpose of the present work. Our objective is to explain why the
selection of an RNN model for non-uniform gas radiation modeling is relevant, but not to
propose a general formulation of non-uniform gas path models as RNNs. Extensions of

the present developments to real LBL data are however discussed later in this section.

In section 4.1., we first present the concept of Exponential Linear Unit (ELU) introduced
in ref. [27]. Among other, we explain why this choice of activation function inside an
RNN structure is pertinent for non-uniform gas radiation modeling. In section 4.2., we
show how the propagative scheme of Eq. (5) can be rewritten in terms of ELUs and
discuss the corresponding algorithm. Its relationship to RNN is emphasized. Several test
cases in non-uniform high temperature configurations are used to compare the “direct”
¢-distribution method based on the uniform model of Section 3 together with the non-
uniform treatment based on the RNN version of Eq. (19), derived in Section 4.2, against
reference LBL calculations and a CKD model with 16 gray gases absorption coefficients.
Multi-layer configurations involving mixtures of CO2-H20-CO-N? at high temperature are
considered for this purpose and results are detailed in Section 4.3. Finally, Section 4.4
provides a discussion of the present modeling strategy and explains how, based on
previous works, it can be extended to real LBL datasets instead of the simplified model

used here.
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4.1. THE EXPONENTIAL LINEAR UNIT (ELU)

Activation functions are key components of artificial neural networks. For non-uniform
gas radiation modeling, Exponential Linear Units (ELUs) have interesting properties.

They are detailed here.

Exponential Linear Units were introduced recently [27] to be used as activation function
in Neural Networks. Their application was found to speed up learning in deep neural
networks and improve their classification accuracies. This activation function was

shown in ref. [27] to outperform other activation functions on different vision datasets.

These units are similar to rectified linear units (ReLUs), initially introduced within the
frame of Boltzmann machines [28]. Compared to ReLUs that are non-negative and thus
have a mean activation larger than zero, ELU have a negative component, which
decreases the so-called bias shift effect that consists of introducing some possibly
artificial bias shift in the next units along the network. A bias shift is a constant that is
added to the linear model (weighted average of the inputs) before to enter the activation

function.
The Exponential Linear Unit with coefficient « > 0 is defined as:

xifx>0

(p“(x):[a(exp(x)—l) ifx<0 (21)

In order to abridge the notations, we will use from now on the notation ¢ (x) = ¢, (x).

Properties of ELU (derivative, etc) useful for the design of neural networks are provided

in ref. [27]. The function ¢ (x)=¢,(x) is depicted in Figure 5. As can be seen, for

negative values of the variable x, the ELU activation function converges slowly toward a

negative value.
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Figure 5. The Exponential Linear Unit (ELU)

The use of ELUs to model gas radiative properties is rather natural, if one notices that

the emissivity of a gas path of length L in the gas is (here in Full Spectrum form):

+00 +o0

[ [1-exp(~x,L)] 1, (T) dv:—a:4 [0 (-x,L) 1, (T) dv (22)

0 0

f(L)=—
Many existing methods founded on gas path emissivities, including k-distribution and
WSGG models for instance, can thus be considered technically as particular types of
Neural Networks (of the projection pursuit form [29]) involving ELUs. As will be shown
in the next section, the same ELUs can be used to treat path non-uniformities. For this
purpose, we will show how formula Eq. (19) can be rewritten in terms of a two layer
neural network based on ELUs. The resulting propagative scheme of Sections 2-3 will
then be proved to be mathematically equivalent to an RNN constructed with the help of

ELU activation functions.

4.2. REFORMULATION OF THE L-DISTRIBUTION PROPAGATIVE SCHEME AS
A RECURRENT NEURAL NETWORK.

Conceptually, the propagative scheme used in the ¢-distribution approach converts a

sequence of geometrical gas path lengths (L, r,, .., L,} into another sequence of

1 2
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equivalent absorption lengths (L, , L, ., .., L, }. These equivalent absorption lengths

are defined by the recurrence relationships [5], as a generalization of Eq. (5) that is
limited to two layers:

[t (23)

n=Lkite or; (Livin)

i+1

As soon as the equivalent absorption path length L,  is calculated, the transmissivity of

thepath L + L, +..+L, isthen:
z'1A,‘Lr/|(|‘1""|‘n)= TlM (L) (24)

Any model can be used to calculate " . In the present work the uniform model of Eq.

(17) is applied.

The propagative scheme can be written in the same form as an RNN, as depicted in
Figure 6 for 3 layers (the general case is a direct generalization of this scheme). This
requires each cell (circle) in the graph to evaluate a function of the form of

L,+¢oz. . (L, ). Obviously, this necessitates that L , =0, Le, the left input on the cell

1.

of the left (this input is not depicted in the figure) is 0.

Ly=L +¢07) (L)
Ly=L+6or"|L+6 01" (L) ]
L3 LQ L]

Figure 6. Architecture of a RNN equivalent to the propagative scheme - each cell (circle)

calculates a function of the form L, =1L, +¢ 07" (L,,,)-

In order to provide a direct reformulation of the propagative scheme of Figure 6 as an
RNN written in terms of ELUs, we first notice that, using the same notations as in Eq.

(19):
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( -1/2 27k 5L

27k, ,L ) o -y

1+ :LI y’“zexp(fy)-e
S B

dy (25)

If one then uses a Gauss-Legendre quadrature at order N over [0,1], and write

x, i=1.,N and o, j=1,.,N its nodes and weights respectively, it is easy to check

that:
([ 2xk, L) ( 27k, L)
1+ ' ~Y o, -exp|-u,- ’ (26)
—_— A B
where coefficients v, j=1,.., N are solutions of:
P(1/2;u,)=x,, j=1..N (27)
in which:
P ( ) ! uta‘1 (-t)dt (28)
a;u)= exp (-
r'(a) {

is the incomplete Gamma function [30]. In the present work, this function was evaluated
with routines provided in ref. [31] and solutions of Eq. (27) were obtained using the

bisection method.

Eq. (26) can then be integrated with respect to the gas path length between 0 and L to
yield:
27k, L

1 N
14 P2 _1z__.z
ﬂz 2 j=1

i [u J (29)
%0l -u.
ui

This quantity corresponds to the last term at the RHS of Eq. (19). Based on this last
relationship together with Eq. (19), we can eventually formalize the process in each of

the cells of figure 6 in terms of ELUs. This is depicted in figure 7.

The specification of the weights that appear in the RNN model of Eq. (29) and figure 7

mostly consists of the evaluation of the quantities u,, j=1,..,N . This means that solving

Eq. (27) is equivalent to a learning stage as it provides all the weights required in the
model. Additional details on this learning stage and on its extension to the case of real
LBL data instead of the simplified model used here are provided later in section 4.4.
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Figure 7. Details on the cells (circles) involved in Figure 6 for N=3

As shown in figure 7 (where the quadrature order N is 3, which explains the number of
squares at the top of figure 7. In the case of a general quadrature order N, the total
number of squares in figure 7 would be N+2), 4 types of weights are used (they follow
directly from Egs. (19,20,26)):

Koo B,
- type I weights are of the form: !1, s LLL

. This branch combines its two inputs L,
l Kei B ]

2 kP,i+l ﬂi+1.L

and L,  tocalculate L, +5s; - (related to the first term at the RHS of Eq.
“ I(P,i ﬂi

(19)).

ﬂ-kP.Hl

2
- type Il weights are of the form: —u -
ﬂi+l

. At the exit of the three squares on the top

( 27k, Lo ) ( 27k, L )
of figure 7, we thus have (DL—UJ.MJ_EXpL_UI.MJ_l
ﬂ”l ﬂi+1

. Koo [ B\ B @ :
- type IV weights are of the form -s,-—— | 1-5,.—*|.—=—.— These weights can

kP,i N B, ) 2”kp,i+1 u;
be positive or negative, depending on the sign of the quantities inside the brackets. In

case of strong gradients of temperatures and species concentrations, it was shown in ref.
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[17] that negative weights should be preferred, requiring possibly a reorganization of
the treatment of the layers along the path as explained in ref. [5]. In the test cases
considered here and detailed in the next section, only small gradients of temperature
and species concentrations are considered between successive layers and this possible

problem of asymmetries is not further discussed.
- type Il weight is 1.

Based on these relationships, one can readily check that at the output of each cell, each
of which being equivalent to a feedforward neural network whose state output [24] is

z - L, ,, we receive exactly the same quantity as calculated through Eq. (19). This proves

the equivalence between the iterative scheme of Eq. (5) and the graphical algorithm set
by figures 6 and 7. Obviously, the use of this algorithm in the case of the simplified
transmission model of section 3 is questionable, as an analytical solution, provided by
Eq. (19), exists. But its application to more general gas path transmissivities based on
LBL calculations instead of the simplified model of Section 3.2 is possible, as studied in
ref. [17]. This extension is discussed later, in section 4.4. Examples of application in non-
uniform configurations for various choices of the order of the quadrature N are provided
in the next section. They illustrate the relevance of the proposed methodology and
validate the applicability of the formulation in terms of recurrent neural network in

radiative transfer applications.
4.3. APPLICATION IN NON-UNIFORM CONFIGURATIONS

Test cases of the simplified ¢-distribution model in uniform configurations were already
provided in section 3, and shown to yield excellent accuracy when assessed against LBL
calculations. In the present section, we evaluate the same model both against reference
LBL calculations and a CKD model with 16 gray gases based on a Gauss-Legendre
quadrature. For the CKD model, the double (in cases of mixtures of CO2, H20 and N:) and
triple (in cases of mixtures of CO2, CO, H20 and N2) integration methods were used to
treat mixtures of absorbing species. Here, we only focus on the accuracy of the non-
uniform model so that the use of these schemes to handle mixtures in the CKD method is
acceptable. However, in order to provide details on the calculation costs and make a fair
comparison of the methods in terms of CPU time, a specific version of the CKD model

was also written to allow application of the uncorrelated assumption of transmissivities
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[9] to treat mixtures of absorbing species. This CKD model is only used for this CPU time
analysis as it provides exactly the same results as the method described earlier, but was
restricted to binary mixtures of absorbing species (instead of three for the CKD model
described earlier). Results are provided in Table 3 in the case C1 (non-isothermal
mixture of COz and H20) detailed below, with 200 uniform sub-layers along a non-
uniform path. The CPU times corresponds to 10> single narrow band (including both CO-

and H20 absorption) calculations. The simplified ¢-distribution model is thus about 2.5

time more efficient than the CKD model with 16 gray gases.

Model CPU time
CKD with 16 gray gases 25s
¢-distribution 15s
Simplified ¢-distribution 11s

Table 3. CPU time comparisons for 10> single narrow band calculations (200 uniform

sub-paths per non-uniform ray).

As profiles of temperatures and species concentrations are considered in the following
cases, a few words about the interpolation technique used in the simplified ¢-distribution
method are needed. This model depends on 3 coefficients, as shown in Eq. (17). The first
two coefficients are mean (Planck and Rosseland) absorption coefficients of the gas.
These coefficients are interpolated to any state not included in the database linearly
with respect to the temperature in the CO and CO: cases, bi-linearly with respect to
temperature and H20 molar fraction in the case of water vapor. The same linear and bi-
linear schemes were used for A. This very simple method will be shown to provide

accurate results in the test cases considered in this study.

The first two non-uniform cases (C1 and C2) were taken from ref. [22] (C1) and ref. [32]
(C2) respectively. Case C3 was proposed recently by Wang in ref. [33]. Based on this
configuration, two total path lengths (C3: 10 cm and C4: 100 cm) are considered. In all
cases, non-uniform paths are divided into 200 uniform sub-paths and the same
discretization is used for all gas radiation methods. Radiative intensities are evaluated at

the location /=L. Concerning the simplified ¢-distribution model, its two formulations are

evaluated: the first one will be referred to as its direct formulation, based on Eq. (19) to
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treat non-uniformities; the second one will be called RNN and is based on the
formulation described in section 4.2. Various orders of quadrature N (see Egs. (26-29)),
from 4 (results for a quadrature order of 1 are of poor quality, reason why they are not
provided here) up to 256 are used for the comparisons between the direct model and its

RNN reformulation. Line of sight (0D) calculations are performed.
4.3.1. Case C1

In case C1, the profiles of temperature and species concentrations are given as:

(71
T(l)=700K-300K xcos| —

[
| L
4:XHZO(I)—O.2-O.15xcos{ﬂTIJ (30)
|
|
L

|,3 I
XCOQ( )_3XH20()

where the total distance of the path is L=300 cm.

Results are depicted in Figure 8. All subsequent figures (from 8 to 11) use the same
structure. On the top, radiative intensities in W/m2/sr calculated LBL and averaged over
narrow bands (25 cm-1) are provided. In the middle, the difference between the LBL
intensity and its approximate model value (either based on CKD or simplified ¢
distribution) divided by the maximum value of narrow band averaged LBL intensity is
given. This choice was made to avoid possible divisions by small values in almost
transparent zones. At the bottom, differences (absolute value of the difference between
band averaged intensities, in log-scale) between the direct non-uniform model and its

RNN approximation for various orders of the quadrature N are given.
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Figure 8. Intercomparison of radiative intensities in Case C1.

From Figure 8, one can notice that the overall quality of the simplified ¢-distribution
method is comparable with the CKD model. Only at 2400 cm-, in the band head of CO>,
errors are above 2%, for the same reasons as in the cases of section 3.2. In terms of total
intensity, the LBL model provides 6925 W.m2.sr-1, 6870 W.m2.sr1 (0.8 % / LBL) for
CKD and 6910 W.m2.sr'1 (0.2 % / LBL) for the direct simplified ¢-distribution model. For

N=16, the difference between the direct model and its RNN version is lower than 0.02

W.m-2.sr-1 for the calculation of the total intensity.
4.3.2. Case C2

The profiles of temperature and species concentrations used in case C2 are given as:

N1’
J]
)

T (1) =400 K + 1400 K{sin(”—
L

[
|
|
Jx = xrsin(
| no (1)=10.4 L |
|
|
t
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where the total distance of the path is L=100 cm.

Results are depicted in figure 9. The same conclusions as in case C1 can be made. A
quadrature order of N=4 provides large errors and the choice N=16 yields small though
noticeable differences when compared with the direct model. There errors remain
minor, especially when averaged over the full spectrum. Indeed, in terms of total
radiative intensities, LBL calculation provides 18919 W.m2.sr-1, CKD 19667 W.m2.sr1 (4
% / LBL) the direct simplified ¢-distribution model 19184 W.m2.sr! (1.4 % / LBL). The
difference with its RNN version with N=16 is lower than 0.4 W.m2.sr'! when summed
over the full spectrum. It is below 0.001 W.m-2.sr'! when the quadrature order N=256 is

used.

Error relative LBL Radiative

Absolute difference
with the direct model

intensity

B ——CKD 16 gray gases
B — — Simplified ¢-distribution

(direct model of Eq. (19)) ]

/LA VAR

/ W\

\

Wavenumber, in cm™

Figure 9. Intercomparison of radiative intensities in Case C2.

4.3.3. Cases C3 and C4

Case C3 uses the following profiles of temperature and species concentrations:
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XCO(I):J ° (32'd)

|
|0.068 exp{—lO.M—J, 0.015<1<L

| L

where the total gas path length is first (case C3) L = 10 cm, which complies with the
value used in ref. [33]. Compared to the previous cases that were restricted to mixtures

of two absorbing molecules, 3 absorbing species are considered here (CO2, H20 and CO).

Predictions for this case are shown in Fig. 10.

In terms of total radiative intensities, LBL calculation provides 1202 W.m-2.sr-1, CKD
1167 W.m2.sr1 (2.9 % / LBL), the direct simplified ¢-distribution model 1179 W.m-2.sr-1
(1.9 % / LBL). The difference with its RNN version with N=16 is lower than 0.01 W.m-
2.sr1 for the calculation of the total intensity. It is below 0.00001 W.m-2.sr-1 when N=256

is used.
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Figure 10. Intercomparison of radiative intensities in Case C3.

Case C4 is exactly the same as case C3 but the total length of the path is 100 cm. Results

are plotted in Figure 11.

In terms of total radiative intensities, LBL calculation provides 10261 W.m2.sr1, the CKD

model 10002 W.m2.sr'! (2.5 % / LBL), the direct simplified ¢-distribution model 10337

W.m=2.sr'1 (0.7 % / LBL). The difference between the direct model and its RNN version
with N=16 is lower than 0.08 W.m=2.sr"1. It is below 0.0002 W.m-2.sr'! for the calculation

of the total intensity when N=256 is used.

31



674
675

676

677

678

679
680
681
682

683
684

685
686
687
688
689
690

LBL Radiative
intensity

— CKD 16 gray gases |
— — Simplified ¢-distribution  H
(direct model of Eq. (19))

< [ “\ |
+ 0.000 / r

Error relative
m
=
(]
[\®]
W

Absolute difference
with the direct model

Wavenumber, in cm™

Figure 11. Intercomparison of radiative intensities in Case C4.

4.3.4. General comments on the non-uniform test cases

The set of test cases considered to evaluate both the direct and RNN versions of the
propagative scheme set by Eq. (5) are limited but cover in fact a wide range of possible
configurations. Indeed, these cases both involve optically thin and thick limits, wide

ranges of values of mean absorption coefficients k, and overlapping parameters s .

These cases are thus sufficient to validate the RNN version of the propagative scheme

proposed in this paper, which is the main focus of the present work.

With a quadrature order equal to N=4, large errors are observed (empty squares in
figures 8 to 11). For values of N equal or higher than 16 (plain circles in figures 8 to 11),
the RNN models almost coincide exactly with the one based on a direct application of the
analytical formula Eq. (19). The same value of quadrature order N=16 was used in ref.
[17] to treat real LBL data instead of the uniform model of Eq. (17). High temperature

spectra were also considered in this work. This means that other quadrature orders may
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be needed for atmospheric applications. The treatment of cases C1-4 however provides a
proof of the actual possibility to treat non-uniform paths using the RNN structure

depicted in Figures 6 and 7.

Moreover, the simplified ¢-distribution model described in this paper has an accuracy
which is similar to (and in all the considered cases higher than) the widely used CKD
model for the calculation of full spectrum intensities. Considering its small memory cost
and its high computational efficiency (the direct model is fully based on Egs. (17,19),
that only involve simple and analytical formulas), this method can be considered as a
good candidate for radiative transfer applications in high temperature gaseous media.
Its RNN version can be confidently used too, as it provides with a quadrature order of 16
almost the same accuracy as the direct method. Notice however that the RNN version is
more computationally demanding than Eq. (19). A ratio of about 4 in terms of
computational time was observed when the RNN version with N=16 is used instead of

the direct model.
4.4, DISCUSSION

As noticed earlier in this paper, using the “neural” version depicted in Figures 6-7 to
evaluate equivalent absorption lengths has probably little interest in the case of the
uniform transmissivity model proposed in Section 3, since for this model these
equivalent absorption lengths are analytical. They are indeed provided by Eq. (19).
However, the present developments pave the way for further fast transmissivity model
developments based on Recurrent Neural Networks, a structure that has not be
considered yet to the best of the authors’ knowledge. This point is discussed in this

section.

The training of NN models is subject to known issues [29]. The choice of the starting
values (how to initialize the weights?), overfitting (how to select the optimal number of
weights?), and the choice of the structure of the network (how to select the number of
hidden units and of layers?) are critical in the definition of the model. Choosing these
parameters is difficult in a general frame. Indeed, as NN are most often black box
models, it is almost impossible to specify all these quantities in advance. There are

several tricks to circumvent these problems but, most of the time, trial and errors
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techniques are used to select the best combination of parameters (structure, number of

weights and initialization) [3].

Based on the present work, all these three issues can be solved if one uses the recurrent

structure described in this paper.

Concerning the structure of the network, it is fixed by the scheme depicted in figure 6.
There is no reason to add any additional layer in the method. The choice of the activation
function (ELU) is also rather natural. The same kind of formulation in terms of ELUs was
used in ref. [17] in the case of real gas spectra. This property extends to any problem for

which the Archimedean copula c  that appears in Eq. (4) is of the Levy Subordinated

type [34,35]. Direct models of Archimedean copula (not necessarily Levy Subordinated)
based on neural networks can be found in ref. [36] but the method is more focused on

copula models than the method described here.

Concerning the optimal number of weights, it is mostly related to the choice of the
number N related to the Gauss-Legendre quadrature used in Eq. (27). In ref. [17], a
Gauss-Legendre quadrature at order 16 was selected (the corresponding formulation of
ref. [17] is reminded later in this section). As shown in section 4.3, this order of
quadrature was found to provide accurate results here too. Notice however, that both
the present work and ref. [17] are dedicated to high temperature configurations. This
means that adaptation of this quadrature order N may be needed for applications in the
atmosphere. A detailed analysis of this specific point in cases of atmospheric paths is

kept as future work.

Concerning the learning stage and the initialization of the weights, additional details are
described in this paragraph. It was shown in ref. [17], that if: 1/ the absorption

spectrum in state 1 is gray i.e, «, , =k,,, and 2/ the non-constant scaling coefficient

a1 P11’
between spectra in states 1 and 2 is bounded and takes values inside a small interval, i.e.,

u(é)eum Unals Zoa " Ban g solutions of Eq. (7) take the form:
u

¢(or,” (L)=u .L+k—~ | m[l—exp(—kp‘fv-L)J dF (v) (33)
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where v=u-u_, and F(v)is the distribution function of variable v over the spectral

interval Av . Eq. (33) can be rewritten as:

vt lioexp (kg veL)
¢or,” (L)y=u,, L+— | ' | dF " (v) (34)
kP‘l 0 L v J
e . . 1 .
where v= [ v dF (v) is the mean value of vand F"(v)=—=[v' dF (v'). Noticing that
0 v 0

as v is positive by definition, F " (v) is a probability distribution function (its inverse will
be from now on written v*), one can rewrite Eq. (34) as:

*

7 tl1-exp(- Y L)1
toexp kf" ) L)|d§ (35)
b 3| V() |

Av

v
¢, 07, (L):uminL+—‘f|
k

1

Using the same Gauss-Legendre quadrature as in section 4.2 to estimate the integral
over [0,1], Eq. (35) can be approximated by:
v

cor.  (L)y~u_ L——-.
1 2 ( ) min k . 1V* X
PL1 i

.
J

N

-@[—kp’l-v*(xj)-L} (36)

that takes exactly the same functional form as used in 4.2.

Moreover, in the same reference [17], it was verified in real LBL cases that this
formulation can be extended to non-gray cases by simply replacing the mean absorption

coefficient k., of Egs. (33-36) by some moment of the absorption coefficient written . _.

The general solution of Eq. (7) thus takes the form, similar to Eq. (35):
1 |—1—exp(—ys V(&) L)T

- lde (37)
d| vi(£) |

Av

v
¢ or (L):uminL+—-.[|
Hy

1 2

that one can approximate, using again a Gauss-Legendre quadrature at order N, as:

@

~go[—,us-v*(xj)-LJ (38)

Av V "
1101'2 (L)zuminl‘__.z *
b (%)
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Egs. (37,38) provide the solution of Eq. (7) in the case of real LBL data. Eq. (38) takes
exactly the same form as the one considered in 4.2. A table of correspondence between

the quantities that appear in Egs. (19,29) and Eq. (38) is provided in table 4.

Eq. (19,29) Eq. (38) Physical meaning
27k, , i, Mean (moment) absorption coefficient
B,
, ko, B, U, Minimum value of scaling coefficient -
K o1 By corresponds to the asymptotic limit of the

scaling function at large lengths L.

Mean value of scaling coefficient -

,\_
<l

Ko, corresponds to the asymptotic limit of the

scaling function at small lengths L.

V =0 -u Mean value of coefficient v

u vi(x,) Characterize the variations of scaling
]

coefficients inside [u_, ,u

in’ max]

Table 4. Relationship between the quantities that appears in Egs. (19,29) and Eq. (38)

This means that in the general case, the same algorithm as used in section 4.2 can be
used. In practice, as detailed in ref. [17], several of the quantities that appear in Eq. (38)
need to be adjusted on the LBL transmission curves because if the quasi-scaling
approximation is close to the real behavior of gas spectra, it is not exact. This
minimization process is equivalent to a training or learning stage in the machine
learning terminology. The quantities that are adjusted on the LBL transmission curves,

or equivalently learned from the LBL transmission curves, are essentially the

parameters v’ (x,), j=1,.,N as soon as the coefficient x  is chosen (notice that the
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exact specification of this coefficient x_ is not compulsory as it always appears in
formula (38) as the product »_ -v"(x,) and coefficients v'(x,), j=1,.,N are adjusted -

this property arises from the change of distribution from F to F* between Eq. (33) and

Eg. (34)). From table 4, one can see that the training of coefficients v'(x,), j=1,..N in

the LBL case is equivalent to the choice of coefficients u,, j=1,.,N in the simplified ¢

distribution model. The specification of these coefficients as solutions of Eq. (27) is thus
the same as some training stage. No explicit learning step appears in the simplified ¢
distribution approach because an explicit solution can be found but this learning stage is
required when the methodology is applied to real LBL datasets. Combining the results
described in the present paper with those of ref. [17] (or equivalently Egs. (37,38)) thus
provides all the elements required to generate an RNN model of non-uniform path
transmissivities. This RNN model then has the interesting property that all its weights
have a clear physical meaning, as detailed in table 4, avoiding the black box disadvantage
of this category of methods. The parameters of the simplified ¢-distribution model, or the
same steps as described in ref. [17], can be used to initialize the optimization of the

parameters of Eq. (38) on real LBL datasets.

Furthermore, both feedforward and recurrent neural networks are so-called universal
approximators [25]. Accordingly, in theory, both of them are likely to estimate any non-
uniform path transmissivity. However, the RNN architecture has some advantages
compared to feedforward models. They are briefly discussed here. The iterative process
proposed in this work can be readily adapted to any dimension (number of sub-paths
encountered along a non-uniform path) which makes it appropriate for the treatment of
general radiative transfer problems for which many such uniform sub-paths may be
encountered along a ray. This iterative structure thus appears to be well suited to
radiative transfer calculations, in comparison with any other feedforward networks as
considered in ref. [4]. Indeed, in actual radiative transfer problems, the dimension of the
input space (number of sub-paths along a ray) can quickly become difficult to handle if a
large number of such inputs is treated. This would require the specification of many
weights in feedforward NN models. In practice, large numbers of weights complicate the
training of the model and reduce its computational efficiency compared to a LBL

calculation. The propagative scheme introduced here does not suffer from this limitation
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since only transitions between successive layers are modeled, i.e., even in the case of a
high number of sub-paths, what is modeled remains in dimension 2, as shown in figures

6 and 7.

Eventually, if the model presented in this work has some advantages compared to other
methods for non-uniform path radiative transfer calculations, it also has some
limitations. In fact, it can be noticed that the present method provides a gas radiation
model formulated in terms of transmissivities. This type of formulation, whose main
interest is to produce a fast model as no spectral or pseudo-spectral loop is required, has
an impact on the possible choices of RTE solvers. Indeed, the present developments are
limited to ray-tracing RTE solvers, which includes Monte Carlo methods but also quasi-
Monte Carlo (qMC, [37]) techniques, i.e., numerical methods based on the integral form
of the RTE. The present model cannot be used with the Discrete Ordinate Method, for
instance, as it uses the differential form of the RTE. However, the present modeling
strategy can be applied for coupled calculations to treat engineering problems, in the
same way the CKD model is used in refs. [38,39]. Compared to a combination of gMC and
CKD, the use of the present model has one dimension less than CKD (no sampling or loop
over gray gases) which can be beneficial to reduce the cost of a qMC calculation.
Application of the simplified ¢-distribution method together with a net exchange
formulation is also as straightforward as it is for the SNB models [40]. Notice that one
part of the justification of the copula formalism is founded on this idea of net exchange,
as detailed in ref. [5], illustrating the strong theoretical connection between the present
method and net exchange RTE solvers. In these contexts (ray tracing RTE solver and/or
net exchange formulation), as shown in the paper, the “direct” simplified ¢-distribution
model can be used confidently. Furthermore, as pointed out several times in the paper,
the “neural” version has little interest in the case of the simplified ¢distribution model
but the present paper provides a proof of concept. The “neural” version may find
application in problems for which only a finite set of transitions between layers (ie.
distinct states of the gas) needs to be considered in which case, the LBL formulation
described two paragraphs above can be used instead of the simplified model of section
3.2. Indeed, the quantities that are trained in the RNN version are related to transitions
between successive layers so that the number of parameters to identify is directly

proportional to the amount of distinct states encountered in the problem. This kind of
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configuration is relatively rare in high temperature configurations, for which the “direct”

simplified ¢-distribution model can be used, but rather usual in atmospheric sciences

(multi-layer atmospheres). Application of the present developments in their recurrent
neural network version for radiative transfer studies in the atmosphere, mostly as a

continuation of ref. [5] and in which LBL datasets will be used instead of the simplified ¢-

distribution model considered in the present paper, is scheduled as future work.
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5. CONCLUSION

The main objective of the work was to show that recurrent neural network models are
relevant candidates for modeling non-uniform gas path transmissivities. Relationships
between a method proposed by Godson in the 50s and RNNs, two a priori strongly
distinct ideas, follow from a mathematical analysis and a reformulation of Godson’s
implicit equation. This reformulation involves the inverse of the transmission function. It
provides an analytical method for the treatment of non-uniform paths. Most results
provided here follow directly from recent results obtained within the frame of the

development of the ¢-distribution approach.

A simplified version of the ¢-distribution method was introduced. The main advantage of
this simplified model is that it allows a fully analytical derivation of all model
parameters. Compared with the full database (that requires a few gigabytes), the size of
the simplified ¢-distribution model is lower than 14 megabytes. This method was found
to be accurate both in uniform and non-uniform scenarios. Its accuracy of a few percent

is sufficient for most radiative heat transfer calculations in high temperature gases.

Based on simple analytical developments, it was then shown that the propagative
scheme associated with the ¢-distribution method can be written in an RNN form.
Indeed, this propagative scheme consists of a transformation of a series of optical paths
into equivalent absorption lengths. The structure of the problem is well suited to RNN
models, more usually encountered in the modeling of dynamical systems or the
treatment of time series. The RNN formulation, that uses Exponential Linear Units
(ELUs) as activation functions, was compared with the analytical solution and found to
provide highly accurate estimates of non-uniform path transmissivities. All the weights
involved in the RNN formulation have a clear physical meaning. This allows a high level
of control and interpretability of the RNN model, a property which is usually hard to
ensure with methods purely based on machine learning. The only quantities involved in

the RNN model that are not directly related to the uniform model (the set of u ) are

obtained here as solutions of an implicit equation instead of a minimization process.
This possibility is related to the choice of the simplified model for the calculation of
transmissivities that allows a simplified treatment of the training of the model, but the

process is equivalent to a learning stage. Extension of the method to real LBL
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883  transmissivities instead of the simplified model was discussed. Future works will be

884  devoted to its application for atmospheric calculations.
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