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Generation of measures by statistics of rotations
along sets of integers

E. Lesigne, A. Quas, ]. Rosenblatt, M. Wierdl

October 22, 2022

Let S := (s1 < s < ...) be a strictly increasing sequence of positive
integers and denote e(B) := ¢?™F. We say S is good if for every real a

the sequence (% YN e(sna)> NEN of complex numbers is convergent.

Equivalently, the sequence S is good if for every real & the sequence
(sp) possesses an asymptotic distribution modulo 1. We are interested
in finding out what the limit measure yg, = limy % Yn<nN Os,a CAN
be. In this first paper on the subject, we investigate the case of a single
irrational a. We show that if S is a good set then for every irrational «
the limit measure yg, must be a continuous Borel probability measure.
Using random methods, we show that the limit measure yg, can

be any measure which is absolutely continuous with respect to the
Haar-Lebesgue probability measure on T. On the other hand, if v is
the uniform probability measure supported on the Cantor set, there
are some irrational a so that for no good sequence S can we have the
limit measure g, equal v. We leave open the question whether for
any given singular, continuous Borel probability measure v there is an
irrational « and a good sequence S so that yg, = v.
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2 Notations, definitions

Natural numbers N The set {1,2,3,...} of natural numbers is denoted
by IN.

Torus T We identify the torus T := R/Z with the unit right-open
interval,
T :=[0,1) (3.1)

Haar-Lebesgue measure A We denote by A the Haar-Lebesgue probabil-
ity measure on the torus.

e(f), e;(0) We use Weyl’s notation®
e(0) = exp(2mif), for6 € T (3.2)

and
ep(0) == exp(2miph), forp € Z,0 € T (3-3)
soe = ej.
[N|] We borrow the following convenient notation from combina-

torists
[N]={1,2,...,N} (3-4)

Nth initial segment S(N') We denote by S(N) the Nth initial segment
of SCIN
S(N) = SNIN] (35)

Counting measure #S We denote by # the counting measure on IN, so
#S =#(S) = L,ew 1s(n) is the number of elements in S C IN.

Arithmetic average Agf For a finite set S and for a function f defined
on S, we denote by Agf the arithmetic average of f on S,

Asf = 4o Y F() 66)

seS

o-average ACf 1f 0 is a non-identically 0, finite measure on a set S, we
then denote by A¢f the o-average of f on S,

a5f = g [ farn 57)

* Weyl 1916.
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GENERATION OF MEASURES BY STATISTICS OF ROTATIONS ALONG SETS OF INTEGERS 4

So A7 is simply the normalized integral with respect to the mea-
sure ¢, and hence the integral of f with respect to ¢ has to make
sense. We usually encounter this notation for S C NN, and in this
case it takes the form

A%/ = o L o(9)f(6) (4.1)
2.1 Good set

In this paper we are interested in those sets S C IN for which the
averages A gy e(sa) converge for every a € T as N — oo.

4.1 Definition » Good set
Let S C IN be an infinite set.
We say that S is a good set if for every o € T the limit

lim Asesn) e(sa) (4-2)

exists.

We see immediately that the set IN is good. Since the work of

Weyl,z we know that if S is the set of kth powers, S = nk | n €N 2 Weyl 1916, Satz 9; Kuipers and Nieder-
forak € IN, then S is good. That the set of primes is good follows reiter 1974, Theorem 3.2.
from the work of de la Vallée Poussin and Vinogradov.3 In both 3 The case of rational « is equivalent

with the prime number theorem for
. . . . . . L arithmetic progressions which is proved
We find that it’s more intuitive to describe the meaning of the limit in Vallée Poussin 1896; the case of

in eq. (4.2) in terms of Borel probability measures on T. To do this, irrational a follows from the corre-
sponding uniform distribution result of

Vinogradov, see Vinogradow 1937.

cases, for irrational « the limit in eq. (4.2) is 0.

we need some more notations.

Nth average measure A cg(n)0s We call Agcg(n)ds, where J; is Dirac’s
delta function at s the Nth average measure along S.

Nth transform measure A cg(n)0sa We call Agcgnydsa the Nth trans-
form measure along S.

v(¢) It is often convenient for us to use the functional notation for
the integral with respect to a Borel measure v on T, so for a v-
integrable T — C function ¢ we denote

v(¢) ::/T(pdv (4-3)

With this notation, for a Borel measurable set B C T we have
U(B) = 1/(]13).

For a fixed a, the transform measure Acg(n)ds is a Borel proba-
bility measure on the torus. Notice that if the set S is good, that is the
limit in eq. (4.2) exists for every a € T, then, by Weierstrass’s theorem
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on the density of trigonometric polynomials in the space of continu-

ous functions on T, for every continuous function ¢ defined on T the

limit limy A cg(nyP(sa) exists for every a € T. This means that for

a fixed « € T, the sequence (Ase S(N)(SSLX> N of transform measures

converges weakly to a Borel probability measure on T.

Limit transform measure yg, For a good set S and & € T, we define
the limit measure ug , along S at a by ,

Hsa = Hm Aseg(n)dsn (5.1)

where the limit is in the weak sense, that is, for every continuous
T — C function ¢ we have

psa(P) = Um Asegn)¢(sa) (5.2)

Let us record what we have established as a proposition.

5.1 Proposition » Good set in terms of limit measures
Let S C IN be an infinite set.
Then S is a good set if and only if the weak-limit measure
Mg = limy Agcg(n)dsa exists for every o € T.

Note that if « is irrational and limy Acg(n) e(psa) = O for every
nonzero p € Z, then the limit measure g, is A.

Our main object in this paper will be to try to figure out what the
limit transform measure g, can be, and for this it’s convenient to
introduce the following definition.

5.2 Definition » Representable measure at «
Let S be a good set, and let v be a finite Borel measure on T.
We say that S represents v at o € T if yg, = ﬁv.
We say v is representable at w if there is a good set which represents
v at «.

It’s possible to reformulate the concept of a good set in terms of
dynamical systems?*. By the spectral theorem, we have the following
proposition.

5.3 Proposition » Good set in terms of a dynamical systems
Let S C IN be infinite.
Then the set S is good if and only if in every dynamical system

(X,p, T) for every f € L?(X) the sequence (Ases(N)f e TS>NG]N is

convergent in L?-norm.

4 By a dynamical system, we mean a
probability space (X, p) equipped with
a measurable, measure preserving
transformation T of X.
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Mean M(f) The mean M(f) of f € CN is the limit of the sequence
(A[N] f ) Nen N — oo if the limit exists,
€

M(f) = lim Ay f (6.1)

If f is the indicator of a set S C IN, we then often write M(S) in
place of M(1g). Of course, M(S) is the density of S.

Relative mean Mg(f) Let R C N be an infinite set. The relative mean
Mg(f) of f € CN in R is the limit of the sequence (AR(N)f) as

. . . . NG]N
N — oo if the limit exists,

Mg(f) = lim Agn) f (6.2)

If f is the indicator of a set S C R, we then may write Mg(S) in
place of Mg(1g). Of course, Mg (S) is the relative density of S in
R.

Sequences with mean M We denote by M the collection of f € CN for
which the mean exists and is finite

M= {f|f € CN,M(f) exists and is finite } (6.3)

Weights, W, good weights, i1, The sequence w € RN is called a
weight if w is unsigned and }_,, w(n) = oo. A weight can be con-
sidered a measure on IN and in that case for S C IN we may briefly
write w(S) in place of Y scg w(s).

The set of all weights is denoted by W,

W={w|lweRNw>0)Y wn)=c} (6.4)

Let R C IN be an infinite set. We often consider R as a strictly in-
creasing sequence (r,,) of integers, in which case we sometimes
write w(n) instead of w(ry), so in this way we view w as sup-
ported on IN.

For a weight w supported on R we say w is good if the weak limit

Z)e [N]

We denote this limit by iy g,

of the sequence (A Or,p N of measures exists for every g € T.

. w L 1
P p 1= B A )07, p = LM w([N]) nez[}\]] w(1)dy,p (65)

In the special case of a good set S, we have g, = p1,q since the
weighted averages with weight w := 1 correspond to the averages
along S.

Let v be a Borel probability measure on T and let « € T.

We say the weight w represents v at « if w is good and iy = v.
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Seminorms |||y, |||; x We define the Besicovitch type seminorm |[[|
for all complex valued sequences by

1fllq = limj\?uPA[NHﬂ/f e (7.1)

The number 1 in the subscript of ||||; expresses the similarity of
this norm to the L! norm.

For a set S C IN, we may use the notation ||S||; instead of ||1g]|;. It
is the upper density of S.

For an infinite set R C IN we define the relative 1-norm ||||; by
1fllar = limi’up A lfl, f e CF (7-2)

If the set R is given as a strictly increasing sequence (r,) and for
an f defined on R we define F by F(n) := f(ry), then [|f|,z =
14

Seminorms ||||,; We define the M-seminorm |||, for all complex
valued sequences by

,feck (7.3)

I lle = lim sup| 4 v f

Variation distance |[vy — 15|y, For finite Borel measures vq,1, on T we
denote by |[v1 — 2|y their variation distance.

[v1 —v2|ly = sup|v1(B) — v2(B)| (7-4)
BeB

where B is the family of Borel subsets of T. Note that we have

[vi = vally = sup [v1(¢) —va(¢)] (7:5)
PeCy
where C, denotes the set of [0, 1]-valued continuous functions on
T,
Cy={¢|¢:T— [0,1], continuous } (7.6)

We summarize our notations in table 1.

3 Main results

To appreciate the concept of a good set, note the following. Sup-
pose we are given an irrational number & € T and let v be any
Borel probability measure on T. Then we can always find a set

S C NN so that limy AseS(N)‘Ssa = v. To do this, take an iid se-
quence (X;) of T-valued random variables, each with law v. Then
the sequence (e, 0X},) is also an iid sequence of random variables
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Table 1: Notations

Symbol Definition Parameters Name

N {1,2,3,...} Natural numbers

T [0,1) torus

A A(T) Haar-Lebesgue measure on T
e(0) exp(27i6) geT

ep(0) e(ph) peEZ

[N] {1,2,...,N} NeN

S(N) SN [N] SCN initial segment of S

#S(N) Ysesvy 1 SCN counting function of S

Agf 7 Yses f(s) set S is finite average of f on S

AZf a(l_s) Js fdo o is a finite measure on set S  o-average of f on set S

US limy Ages(n)dsa SCN,aeT limit transfer measure of S at «
W lim A:‘I’E[N] Ornp weight w on (r,), x € T limit transfer measure of w at «
v(¢) Jr¢dv

M(f) limy A f fech mean of f

Mgz (f) limy Ag(n) f feCN,RCN relative mean of f

M {f|f € CN,M(f) exists and is finite } sequences with mean

)4% {w|weRN,w>0,Y,wHn) =c} set of weights

Il £ll4 limsupy A )| f] feck 1-seminorm

1 £1l1,r limsupy Agny | f] RCN, fecR relative 1-seminorm

(A% limsupN’A[N]f’ fech M-seminorm

Ct {¢|¢: T — [0.1], continuous }

[vi —vally  supgee, (1(¢) —v2(¢9)) v; finite Borel measures on T

variation distance

for every p € Z, and by the strong law or large numbers we have

limy Ay ep oXn = v(ep) with full probability for every p €

Z.. This implies that there is an w so that limy A, c(n)0x, (w) =

v. Then, using the density of the sequence (na), (mod 1), we

can select a strictly increasing sequence (s,) of integers so that

limy, (spe — Xy (w)) =0 (mod 1). We finally take S := {s, |n € N }.
It is particularly simple to get a point-mass as a limit measure. For

example, to get the Dirac measure at 1/2, so u = d1,, take a strictly

increasing sequence (s,) of natural numbers so that s,a converges to

1/2 mod 1,and let S := {s,|n € IN }. In contrast to this example,

for good sets we have,
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9.1 Theorem » Only continuous measures can be represented at irrational points

Let S C IN be a good set and & be an irrational number.
Then the limit Borel probability measure

Hsa = lil{]n AseS(N)‘sszx (9-1)

is a continuous measure.
In other words, only continuous measures can be represented at an
irrational number.

The obvious question in turn is if every continuous Borel proba-
bility measure can be represented at a given irrational number. The
answer is no, as the next result shows.

9.2 Theorem » Some continuous measures cannot be represented at every irrational point

Let v be a Borel probability measure on T so that its Fourier
coefficients do not converge to 0, so

limsup|u(ep)| >0 (9-2)
p—0o0

Then there is a set A C T of full Lebesgue measure so that v
cannot be represented at any « € A.

Since a measure v is called a Rajchman measure? if lim, pe, =
0, we can rephrase theorem 9.2 that if v is representable at every
irrational « then it must be a Rajchman measure.® A well known non-
Rajchman continuous measure is the uniform measure on the triadic
Cantor set.

The following questions remain open.

9.3 Question » Is every continuous measure representable somewhere?
Let v be a continuous Borel probability measure on T.
Is there an irrational « so that v is representable at a?

9.4 Question » Is a Rajchman measure representable at every a? ——
Let v be a Rajchman probability measure on T and let « be
irrational.

Is v representable at a?

These questions can also be addressed for particular examples of
singular measures such as the uniform probability measure on the
triadic Cantor set (a non-Rajchman measure) or its modification by
Menshov who gave the first example of a singular Rajchman mea-

5 Lyons 1995.

¢ After discussions on the content of
the present paper, Christophe Cuny
and Frangois Parreau constructed

a non-Rajchman measure which is
representable at uncountably many «a’s.
This appears in the preprint Cuny and
Parreau 2022.
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sure.” 7 Menchoff 1916; see also Lyons 1995.
The next result says that the answer to question 9.4 is yes if v is

absolutely continuous with respect to the Lebesgue measure on the

torus T.

10.1 Theorem » Absolutely continuous measures are representable at every irrational point
Let v be a Borel probability measure on T which is absolutely
continuous with respect to the Lebesgue probability measure on T.
Let « be an irrational number.
Then v is representable at a.

Our proof of theorem 10.1 is flexible and enables us to show a
more general result.

10.2 Theorem » Absolutely continuous measures can be represented by subsets of a good set
Let R be a good set which is “sublacunary”, that is, it satisfies the
growth condition
. logN
im —2—
N #R(N)
Let a an irrational number, and let the Borel probability measure v
be absolutely continuous with respect to yg 4.
Then there is a good set S C R which represents v at «.

=0. (10.1)

As a consequence of theorem 10.2, ev-

In fact, the proof of theorem 10.2 reveals a close connection be- ery measure which is absolutely contin-
tween the Radon-Nikodym derivative p of v with respect to g, and uous with respect to the Lebesgue mea-
the mean of the set S representing v sure can be represented at any given

’ irrational « by a subset of the primes,

squares, or { \_nz logn| ‘ nelN}.
10.3 Theorem » Connection between d‘;—;ﬁ, Mg (S) and [|S|;

Let R be a sublacunary good set.

1. For an irrational a let the unsigned function p € L!(ug,) with
#Rr.«(p) = 1 be bounded so ||o|| oo () < 00

HR
Then there is a good set S C R representing the measure p - yg 4
at w and satisfying Mg(S) = H”%
P Loo(l‘R,a)
2. Let S be a good subset of R with positive upper density in R, so
ISl,5 > 0.

Then for every irrational B the limit measure pg g is absolutely
continuous with respect to y R Furthermore, the

Radon-Nikodym derivative pg := j’;ﬁ is a bounded function

RB
0 . L
satisfying ||Pﬁ||L°°(yR,ﬁ) < ISl

Item 2 of theorem 10.3 has the following consequence.
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11.1 Corollary » If the RN derivative p is unbounded, then Mg (S) =0
Let R be a good set and & an irrational number. Suppose the
unsigned function p € L' (g 4) with pg 4(p) = 1 is unbounded,
and that the good set S C R represents the measure p - yg , at a.
Then S must have 0 mean in R, Mg(S) = 0.

In contrast to good sets, the representation of absolutely contin-
uous measures by weights can always be accomplished by weights
with positive, finite mean. In fact, the representing weight has an
additional property.

11.2 Definition » Integrable weight

We call the weight w integrable if it can be approximated arbitrary
closely in the seminorm ||||; by bounded, good weights: for every
€ > 0 there is a good weight v with ||v||,, < o so that

o —w|); <e.

11.3 Theorem » Representation by weights
Let R be a good set.

1. For an irrational « let the unsigned function p € L!(ug ,) satisfy
Hra(p) = 1.
Then there is an integrable weight w on R with Mg (w) =1
which represents the measure p - g, at a. If p € L*(pg ) then
the representing weight w can also satisfy ||p|| Lo(jra) = ||| -

2. Let w be a good, integrable weight supported on R which
satisfies [|w||; > 0.

Then for every f the limit measure y,, g is absolutely continuous
with respect to g .

In contrast to the case of irrational points, representation of mea-
sures at rational points is completely resolved. Consider the rational
number a = % where g € IN and a € [g] and let S be a good set. Then,
as can be seen readily, the limit probability measure u 58 is supported
on the set Ty of gth roots of unity

T, :—{;’]’E[O,q—l]}. (11.1)

The next result says that this limit measure yg « can be any probabil-
'q
ity measure supported on Tj.
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12.1 Theorem » Every probability measure on T, can be represented
Let g and a be positive integers with ged(a,q) = 1, and let v be a
probability measure supported on T,.

Then v can be represented at %, that is, there is a good set S so that

a =7V.
Vs,q

The techniques developed in this paper allow one to address the
simultaneous representability of probability measures at several differ-
ent points of the torus, and we plan to explore this in a future work.
But which family { iy |« € T } of measures can be represented by a
single good set remains open even if we restrict the family to abso-
lutely continuous measures with respect to the Lebesgue probability
measure A. What we can say at this point is that for a given good set
S, the set of &« € T where the limit measure g , is not the Lebesgue
measure is small: it is both of first Baire category and of 0 measure

8

under every Rajchman measure® on T.

4 Basic example for representation

In this section we want to work out a rather simple but instructive
example, which will then motivate and form the basis of many of
our constructions later on. When we are done with presenting this
example, we in fact proved theorem 10.2 in case the Radon-Nikodym
derivative is the indicator of a Jordan measurable set.

Let a be irrational and let I C T be an interval. We want to show
that if a probability measure v is absolutely continuous with respect
to A with the Radon-Nikodym derivative equal 1;, the indicator of
I, then there is a set S which represents v at «. Probably the simplest
way? to define such a set S is by taking

S={n|neNnxecl} (12.1)

There are two things to verify. First, that S is indeed a good set, and
to do that, we need to show that the weak limit g g = imy A cgn)dsp
exists for every B. Second, we then have to verify that pg, = ﬁﬂ I
A. The second one, in fact, is almost instantaneous to do since it fol-
lows from the uniform distribution of (na),cn (mod 1). To see how

it follows, it’s enough to show that for every interval | C T we have
Hsa(]) = /\(IL] . ﬁﬂl), that is

. 1
hI{]nASES(N)]l](sa) = )\<]l] . /\(I)]ll) (12.2)

The right hand side is ﬁ)\(} N I). The left hand side can be written

8 Lyons 1985, Theorem 3; see also Lyons
1995.

9 We could also define such a set by
taking {n|n € N,n?x € I (mod 1)}
or{plp € I,pa € I (mod 1)}
where IT is the set of primes. Here

is a dynamically generated good set:
in a dynamical system let A be a set
with positive measure and consider
{n|n € N, T"x € A}. By the Wiener-
Wintner theorem, this set is good for
a.e. x.
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as
. . N
lim Ases(v)1y(sa) = lim mﬁnemﬂl(”“)ﬂ](”“)
since limy w = A(I) by the uniform distribution of (na),en
(mod 1),

1
= m hl{ln AnG[N]]lm](ntx)

again by the unifom distribution of (na),en (mod 1)

1
= m/\(I nJj).
To show that the weak limit y5 5 = limy A cg(n)dsp exists for every B,
it's enough to show that limy A,cg(v) e(sB) exists for every . Since

N
Asesnvye(sp) = mAne[N]ﬂI(nD‘)e(nﬁ> (13.1)
and since limy &I\;\]) = A(I), it’s enough to show that the limit

limy Ay 11 (na) e(nB) exists for every B € T. To see this, first note
that if we replace 1, by the character ey the limit of A, ¢y ex(na) e(np) =
Ay ey e(n(ka + B)) as N — oo exists and is as follows

) 1 ifp=—ka (mod1)
lim A,y e (na) e(nf) = (13:2)

0 otherwise.
From this we get that if we replace 1 by a trigonometric polynomial
¢, the limit of A, c(n)¢(na) e(npB) exists and can be given explicitly

10

13

as © Notice that in eq. (13.3) A(¢e) is the
kth Fourier coefficient of ¢.
. AMoer) if p=—ka (mod1) , T
lim A, G[N}(P(n“) e(n’B) = (13.3) Figure 1: Approximating the indicator
N 0 otherwise. 1; of the interval I by continuous
functions ¢, (from above) and ¢, (from
Using Weierstrass” theorem on being able to uniformly approximate a below).

continuous function by trigonometric polynomials, we can verify that
in eq. (13.3) we can take ¢ to be any continuous function.
Now, for a given € > 0 let us choose unsigned continuous func-

: Pa
tions ¢, ¢y, so that ¢, < 11 < ¢, and A(Ps — ¢p) < € (see fig. 1). We "
then have
|
Ay Li(n) e(nB) = Ayein 9o (na) e(nB)| = |[Aeqny (Lr(na) = go(ne)) enpY 51
2 2

< Apei) (L1(m2) — gy (na))
< Aeqn (@alne) = gy (na)).
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It follows, since the sequence (na),c is uniformly distributed
mod 1 and A(¢s — ¢p) < €, that

limsup| e 1(18) e(16) = Ayeppydy(na) e(nf)| < e (140

Denoting L(e, B) = limy A, cn Py (na) e(nB), we can rewrite
eq. (14.1) as
lim sup‘& Ny Li(na)e(np) — L(e, [5)’ <e. (14.2)
vince Aljer) ifB ke (mod 1)
ex) iff=—ka (mo
ll—%L(e P = {0 - otherwise, (14:3)

the limit of A, cy1(na)e(np) as N — oo exists and is given by

lim A 1y () e(nB) A(lrer) if B=—ka (mod 1) (14.4)

im na)e(np) = 14.

N relNH P 0 otherwise. i

We finally get, since pis g(e) = limy A cgn) e(np) = th Ay e Li(na) e(np),

ps,ple) = {Am R (14.5)

0 otherwise.
The above shows that j5 g(e) can be nonzero only if f is an integer

multiple of a, and we recognize A(1;ey) as the kth Fourier coefficient
of the function 1y, that is, ﬁ)\(]l rex) is the kth Fourier coefficient of

1A,
?\( D)
One can rather easily extend this example in two ways. First, the

the measure

proof can be repeated almost verbatim for the case when we take
any Jordan measurable set B in place of the interval I. Indeed, all
we need to remark is that a set B is Jordan measurable iff, for every
given € > 0, its indicator function 1p can be approximated by a pair
of unsigned, continuous functions ¢, and ¢}, so that ¢, < 1 < ¢,
and A(¢p, — ¢p) < €. This approximability by continuous functions
both below and above is also equivalent with saying that the bound-
ary of the set has zero Lebesgue measure.

14.1 Definition » v-Riemann integrability
Let v be a finite Borel measure on T and let ¢ be a Borel
measurable T — C function.

We call the function ¢ v-Riemann integrable if it's continuous at
v-almost every point.

We call the Borel measurable set B v-Jordan measurable if its
indicator function 13 is v-Riemann integrable.

14
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As it is well known, the equivalence of approximability by con-
tinuous functions and the boundary having zero measure carries
over to the setting of any finite Borel measure on the torus. We can
thus extend the example to the setting when the Lebesgue measure is
replaced by an arbitrary finite Borel measure.

We record our findings in the following result.

15.1 Proposition » The Radon-Nikodym derivative can be the indicator of a Jordan measurable set
Let R be a good set, « be an irrational number and let B C T be
JR o-Jordan measurable with ug ,(B) > 0.
Then the measure 1R ,, which is absolutely continuous with
respect to yg ., can be represented at & by the good set S defined
by
S={r|lreRracB} (15.1)

so we have g, = mﬂBﬂRﬂx- We also have g ,(B) = Mg(S).

Let us go back to trying to represent measures which are abso-
lutely continuous with respect to the Lebesgue measure A. New ideas
are needed to cover the case when we want to represent the measure
15A when B is a Borel set which is not Jordan measurable. What is
the new difficulty? We’d like to think that we could just again take
the “visit set” S = {n|n € IN,na € B}, but this is not the case any-
more. Indeed, take B to be an open set with A(B) < 1 and containing
all integer multiples of our irrational «. This open set is not Jordan
measurable anymore. The set S cannot represent the measure 151
anymore since S = IN. In fact, we show in section 12.3 that for any
given irrational &, one can construct an open set B so that the visit set
of B doesn’t even have mean. So we definitely need new ideas.

We also need new ideas even for the case when we try to repre-
sent a measure which is absolutely continuous with respect to the
Lebesgue measure with a Radon-Nikodym derivative which is not
an indicator function. We need these new ideas even if this Radon-
Nikodym derivative is a continuous function.

5 Proof of theorem 10.2 for indicators

Strictly speaking, we have already begun the proof of theorem 10.2
in the previous section, when we proved that at an irrational number
every measure with Jordan measurable Radon-Nikodym derivative
can be represented. Our fixed set up in this section is that we are
given a good “base” set R C IN and an irrational number «. Since the
set R is fixed throughout the section, we suppress the set R from our

15



GENERATION OF MEASURES BY STATISTICS OF ROTATIONS ALONG SETS OF INTEGERS

notations, so we write

g = Hrp, for every B (16.1)
M = My (16.2)

When we consider the elements of R arranged in the increasing se-
quence (1), we identify a subset S of R with the index set {n|r, € S},
and we denote this index set also by S.

The sets we consider in this section have positive mean in R. For
such a set S, the non-normalized averages A, ¢yl s(n)é,,p are easier
to handle than the normalized ones A, c5(x)dr,s. The convergence or
divergence properties of the two averages are equivalent since they
are connected as

lin A Es(1)d,5 = M(S) M Aycsydng (163)

Since our focus is to widen the class of the Radon-Nikodym
derivatives with respect to the base limit measure y,, the following
definition will simplify our language.

16.1 Definition » Representing a function, a Borel set

Let p € LY(T, j1s) be unsigned and 4 (p) > 0.

We say that the good set S C IN represents p at « if the weak limit of
the sequence (A\ne[N]]ls(n)cSrna) N is the measure pjiy.

If p is the indicator of a Borel measurable set B C T, we then say

S C N represents B at «.

In section 4 we proved that if B is y,-Jordan measurable, then it
can be represented by the set Sp defined by

Sp={n|rmx€B} (16.4)
and we have the relation

M(Sp) = pa(B) (16.5)

We also indicated that this definition of Sp may not give a good set
if B is not Jordan measurable. The idea of extending the represen-
tation to any Borel measurable set is via a limit procedure. To ex-
plain what we mean by “a limit procedure”, consider the case when
B is an open set, and write it as a disjoint union of open intervals,

B = Ujl;. Defining By := Ujc(y; for every k € IN, each By is Jordan
measurable and the sequence (By) increases monotonically to B. We
have limy 1o (Bx) = pa(B). Denoting S := Sp,, the sequence (S)
also increases to a set S C IN, but M(S) not only may not be equal
lim; M(Sg) but M(S) may not even exist. The limit procedure which
is suitable for our purposes is determined by the seminorm || f||,.

16
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Our main tools will be two lemmas. The first one is modeled af-
ter a result of Marcinkiewicz'! on the completeness of Besicovitch “ Marcinkiewicz 1939.
spaces.

17.1 Lemma » Cauchy sequence of sets is convergent in the seminorm ||||;

Let (Sx) be a Cauchy sequence of subsets of IN with respect to the
seminorm |[|||;, so they satisfy

lillgnsup|‘ﬂsl — 1|, =0 (17.1)
I>k

Then there is a set S C IN satisfying

li11cn||]lsk—]ls||1 =0 (17.2)

Proof. We construct the set S by pasting together finite pieces of the
Sk. More precisely, we recursively define a fast enough increasing
sequence N; < Np < ... of indices, and then we define S to be equal
Sk on the interval (N, Ni1]

]15 = Xk:]lsk]l(Nk/Nk+1} (17'3)

For the recursive definition of the (Nj), define first the sequence (ey)
by
ex = 2sup||1g, — 1g, ||, (17.4)
1>k

We can assume, without loss of generality, that e, > 0 for every k,
since €; = 0 for some k would imply H]lSz —1s, Hl =0 for [ > k hence
we could take S = ;.

In the first step of the recursion, let Ny = 1.

In the second step, let N, > Nj to be large enough to satisfy

% <€ (17.5)
A ]]151 — ]152| < €1 for every N > N, (17.6)

and
Apy|Ts, = Ts,| < €1 for every N > N, (17.7)

Complete the second step of the recursion by defining S to be equal
S1 on the interval (N7, Np]. Let k > 2 and assume that we have
defined N; < N < -+ < Nj_1 and S to be equal S; on the interval
(Nj, Nj;1] for j € [k —2]. For step k of the recursion let Ny > Nj_; be

17
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large enough to satisfy

1\1] ‘ILS —1s(n)| <e, forevery j € [k — 2] (18.1)
k ne[N_q]
A ’]15]. —1s, | <e¢jforevery N> Ny, j€ [k—2] (18.2)
and
A ’]lsj —1s,| <e¢jforevery N> Ny, j € [k—2] (18.3)

Complete the kth step of the recursion by defining S to be equal S;_q
on the interval (Nj_1, Ni].
Let us fix j and let N be large enough so that for some k > j + 2 we
have
N < N < Negy (18.4)

We want to show that

A[N]‘]IS]' - ]15’ < 3€j (18.5)

Let us estimate A[N] ’]1 Sj— 1 5‘ as,

A[N]’ﬂs],—]ls‘:l[ ]‘115 —lls(n)‘ (18.6)
ne[Nk_q
TS » m]lﬂs n-1sm)|  8)

We can estimate the term in eq. (18.6), using eq. (18.1) and that N >

Ng, as

1
N ‘]ls - ]ls(n)‘ <€ (18.9)
n€[Ng1]

For the term in eq. (18.7) we have

1
— ‘ILS - Ils(n)‘ <€ (18.10)

N (Nk 1Nk

This follows from eq. (18.2) since S = S;_; on the interval (N;_q, N].
For the term in eq. (18.8) we have

1

N ’]ls —1s(n)| <e (18.11)

nG(Nk,N

This follows from eq. (18.3) since S = S on the interval (N, N].
Putting the estimates in egs. (18.9) to (18.11) together we obtain
eq. (18.5). O

18
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The second lemma shows that the family M of sequences with
mean is closed with respect to the seminorm |||, defined in eq. (7.3).

19.1 Lemma » M is closed with respect to the seminorm |||y,

Let (f;) be a sequence from M. Suppose that (f;) converges to
f € CN in the seminorm |||, so

i~ flly =0 (19:
Then f € M and

M(f) = 1i]m M(f)) (19.2)

Proof. First note that, as a consequence of eq. (19.2), the sequence (f;)
is a Cauchy sequence, meaning that for a given € > 0 there is | so

that
1fi = filly < € forevery j = ] (19.3)
Since [MU5) ~ MU} | = M(F — )] = [ — iy we ee
IM(f;) — M(f})| < € for every j > | (19-4)

so the sequence M(f;) of means is a Cauchy sequence of numbers.
Denote L := lim; M(f;). We want to show that M(f) = L. For a given
€ > 0, choose a j so that [M(f;) — L| < e and ||f — fj||,, < €. We then
have, for an arbitrary N,

’A[N]f—L‘ < ’A[N](f—fj)‘ + ‘A\[N]f]-—L’ (19.5)

Taking lim sup,; of both sides, we get

v

timsup| A f — | < | = filly + MC5) — L] (19

Since ||f — fi|ly; < € and |[M(f;) — L| < ¢, we get 1imsupN‘A[N]f— L‘ <

2e. Since € > 0 was arbitrary, we have limN‘A\[N] f— L‘ = 0 which
means M(f) = L = lim; M(f;).
O

How do we now show that every open set can be represented? Let
B C T be open with positive j, measure, let B = U;I; be its decom-
position into pairwise disjoint open intervals I; and set By := U;c 1.
Since o (B) > 0, we have u,(By) > 0 for large enough k. For sim-
plicity, we assume that y,(By) > 0 for every k. The sets By increase
to B monotonically, hence, in particular, we have limy y,(ByAB) = 0.
According to proposition 15.1, the set By can be represented by the
set S defined by

Sp={n|rya € B} (19.7)
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and we have M(S) = wuq(By). Since for every k, [ the set ByAB is
Jordan measurable, we also have

M‘Ilsk — ﬂs" = M(SkASl) = }l,x(BkABl) (20.1)

Since (By) is a Cauchy sequence, so limy sup;~ pta(BxAB;) = 0, the
isometry in eq. (20.1) implies that (S;) is also a Cauchy sequence, so
we have limy sup;.., M(5;AS;) = 0. According to lemma 17.1, there is
a set S to which the (S;) converges, so limy ||1g, — ILsHl = 0, and by
lemma 19.1, M(S) = limy M(Sx) > 0. We want to show that the set

S is good and it represents B at «. To this end, let B € T be arbitrary
and define the sequences ff and ff by

=1 (n)e(rnB) forn € N (20.2)
B(n) :=1g(n)e(r,p) forn € N (20.3)

Since each set Sy is good with M(Sy) > 0, we have ff € M for every

k, B. The fact that for every B, the sequence ( ff ) converges to ff in
the norm ||||5; follows from the uniform estimate

kaﬁ—fﬁHM < ||Ls, — 1g]|, for every B (20.4)
By lemma 19.1, f# € M and
M(fP) = lim M(f{) (20.5)

so, in particular, S is good. Let now § = . Since the sequence (By)
converges to B in L' (j4)-norm we have

liin pa(ep1p,) = pa(ep 1p) for every p € Z (20.6)

Since M(f/") = ua(ep 1p,) and, by eq. (20.5), limy M(f{*) = M(f**),
eq. (20.6) implies that

M(fP*) = pqa(ep 1p) for every p € Z (20.7)

This is equivalent with saying that S represents B at «.
We record the general idea we used as item 2 in proposition 21.1
below.

20
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21.1 Proposition » Limit of good sets with positive mean is good —
Let (Sk) be a sequence of good subsets of R with mean which
converge to S C R in ||||;-seminorm, that is, limy||Sy AS||; = 0.
Assume that lim sup, M(Sy) > 0.

Then we have the following.

1. limyg M(Sy) exists and M(S) = limy M(S;) > 0.
2. Sisa good set.

3. The sequence (g, g) , of limit measures converge to /s g in
variation distance and uniformly in §,

limsupl[ys,p = psglly =0 (21.1)

4. Let v be a Borel measure on T.

If for some &, pg, o is absolutely continuous with respect to v
with Radon-Nikodym derivative pj for every k, then ug , is also
absolutely continuous with respect to v with Radon-Nikodym
derivative p which satisfies

li]I(nHPk =Pl =0 (21.2)

Proof. The proof of item 1 follows from the triangle inequality for the
|| |l;-seminorm, since we then have

IM(Sk) = M(S)[ = [lISklly = lIS]l4]
< [I5¢A 814

and just use the assumption that limy ||SyAS|; = 0.

The argument we gave just before the enunciation of our proposi-
tion proves that S is a good set.

For the proof of item 3 note that in the argument preceding our
proposition we proved that the sequence (s, 4) , of measures con-
verges weakly to jis g for every B but an estimate similar to eq. (20.4)
enables us to draw the stronger conclusion of eq. (21.1).

The following lemma gives us the estimates we need.
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22.1 Lemma » ||||; dominates ||||y; and |||/

Let v1,v; be good weights on R = (r,). Assume that
max{||vy [y, [[o2]l1} > 0 (22.1)

Then we have the following.

(@)
2
max{[o1]ly, Tozl)

SIngVvLﬁ — toyplly < o1 —v2fly  (222)

(b) If, for some «, the limit measures py, « and py, » are abso-
lutely continuous with respect to a Borel measure v on T with
Radon-Nikodym derivatives p; and p,, respectively, then

4
|01
max{||v1]ly, |o2]l1}

lo1 = p2llp1() < —v2ly (22.3)

Proof. To prove item a, that is, the inequality in eq. (22.2), fix § and

¢ € C+,s0 ¢ is a continuous T — C function with 0 < ¢ < 1. We can
assume without loss of generality that max{||v1 ||y, |02/} = llv1ll;-
Let (N;); be a strictly increasing sequence of indices so that

lim A o1 = |01l (22.4)
Let us estimate as

’AZIE[NI]QD(”HIB) - A‘Zé{;qﬂ‘f’(”ﬂﬁ)

! ne[n]©1(m)(raB) — 1Ane[N;]02(”)¢(rnﬁ)‘

— A
Ao AN o2

adding 0 = —Wﬁne[z\mvz( )P (rap) + A[N]vl Aenv2(n)@(rap)
inside the absolute value and using the triangle inequality,

SAW [y o1 (MP(raB) — eino2(m)g(rap)|

‘ 1 1

- A
Ao A\[Nl]vz‘ "G[Nz]vz(”)qj(rnﬁ)‘

1 Apyjlo1 — v

< A U — U+ ———— v

S Bpyger NP O g oA e N2
2

= WA[NZ] ‘7]1 - UZI

so we have
v 2
Anle[N,}‘P(”n,B) - AZZQ[NI]‘P(W,B) Ay |01 — g (22.5)

Ao

22
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Since lim; AZiE[Nl]ql)(rnﬁ) = o, p(¢), limy Ay, o1 = [Jo1]|; and

lim sup; WA[NI] |v; — 2| < va\ll |lv1 — 021, we get
2
[Hon,p(9) — pon p (@) < m”vl — vy (23.1)

which is independent of 8 and ¢ € C4, proving eq. (22.2).
To prove item 3 observe that, since iy, « = p;v and ||p1v — pov||y =
3ller = 211y, we have

1
[Hora = Hopully = §||P1 — P2l (23.2)
and then use eq. (22.2). O

Now, using eq. (22.2) with v; = 15, and v, = 15, we get

2
<
v < max{||Sk|l1, IS4

suplliss = s 1SSl (233)
Using the assumption that limy||SyAS||; = 0 and that, by item 1, we
have limy || Sk ||; = limy M(Sx) = M(S) = ||S||; > 0, we get eq. (21.1).

For the proof of item 4, by item 1, we can assume, without loss of
generality that M(Sy) > 0 for every k. Using eq. (22.3) with v; = S
and v, = S; we get

4
— < SkAS 23.
o1 = prll 1y < max{ || S|y, 1S1]l1} 1Skl (23.4)

This implies, since the sequence (Si) is convergent in ||||;-seminorm
and hence is Cauchy, that the sequence (pox) is Cauchy in L' (v)-norm.
Since L!(v) is complete and v(p;) = 1 for every k, thereisa p € L!(v)
with v(p) = 1 so that

lim|lpx = pll1y) =0 (23.5)
Since ||k — pll 1) = 2lloev — pvlly and pv = pg, 0, We get
h,f“HVSM —povfy =0 (23.6)

But by item 3 we also have limy ||pis, o — Hs,a

v = 0 hence we must
have ug, = pv.
O

We can use proposition 21.1 in an argument similar to the one we
used to show that any open set can be represented at « to prove that
if a G; set B has positive j,-measure then it can be represented at «.
Only the initial setup of the proof is different. This time let (By) be a
decreasing sequence of open sets which converges to B. Let S5y C R

23
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represent By at . We again have the isometry eq. (20.1) from which
everything follows: the existence of a good set S which represents B
at « and M(S) = pq(B).

Since every Borel measurable set differs from a G; set on a set
of y,-measure zero, we in fact showed that every Borel set of pos-
itive yi,-measure can be represented. So we proved the following
more precise version of theorem 10.2 for the case when the Radon-
Nikodym derivative of a measure with respect to y, is an indicator.

24.1 Proposition » Theorem 10.2 for indicator

Let R C IN be a good set, « be an irrational number, and let B be a
Borel set with 1, (B) > 0.
Then B can be represented at a by a set S C R which satisfies

Mg(S) = pa(B) >0 (24.1)

6 Measures that cannot be represented at every irrational «

For this section, we suspend the proof of theorem 10.2 just to see how
proposition 24.1 can be used to prove theorem g9.1. We will also prove
theorem 9.2.

6.1 Proof of theorem 9.1

In this section we want to prove that if the Borel probability measure
v has a point-mass at a point v € T and « is irrational then v cannot
be represented at «.

The proof is by contradiction: let us assume that for some v €
T, v({7y}) > 0and that v can be represented by the set R at &, so
#ra = v. Then the Dirac mass 4, is absolutely continuous with
respect to ug , with Radon-Nikodym derivative equal ﬁ]l {(7}- BY
proposition 24.1 there is a good set S C R which represents 4, at «,

SO Hg o = 0. Let us define the function ¢ : T — C as

P(B) = usple) (24.2)

Then, by the definition of ygg(e), ¢ is the limit of the sequence (¢n)
of continuous functions defined by ¢n(B) = A, c(nje(snB) where
(sn) is the elements of S arranged in increasing order. Since for every
p € Z we have ps . (e) = pisq(ep) and psq(ep) = ep(7y), we have

|¢| =1 on the dense set { pa|p € Z } (24.3)

By Weyl's theorem,"* ¢ = 0 on a set of full Lebesgue measure, so, as 2 Weyl 1916, Satz 21; Kuipers and
Niederreiter 1974, Theorem 4.1.
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a consequence,
¢ = 0 on a dense set. (25.1)

By Baire’s theorem,™3 egs. (25.1) and (24.3) together are impossible to 3 Baire 1995, Page 83.
hold simultaneously for the limit of continuous functions.

6.2 Proof of theorem 9.2

So in this section we want to prove that if v is a Borel probability
measure on T with lim SUp, e |v(ep)| > 0 then there is an irrational
« where v cannot be represented. In fact the set of such a’s is of full
Lebesgue measure.

From the assumption that limsup,,_,, lv(ep)| > 0 it follows that

there is an € > 0 and a infinite sequence p; < pp < ... of indices so
that
lvep, | >eforke N (25.2)
By Weyl’s result,14 the set A C T defined by “ Weyl 1916, Satz 21; Kuipers and

Niederreiter 1974, Theorem 4.1.

A = {a| (pxa)ken is uniformly distributed (mod 1)}  (25.3)

has full A measure. We want to show that A is a subset of those a’s at
which the measure v cannot be represented.

Let « € A, and suppose the measure v can be represented at «,
say, by the set S = (s;), thatis, yig, = v. Let us define the function
¢: T — Cas

P(B) = usple) (25-4)
Then, by the definition of yg(e), ¢ is the limit of the sequence (¢n)
of continuous functions defined by ¢n(B) = A,,c[nj e(sup). Since for

every p € Z we have gy, (e) = pgq(ep) and pg(ep) = v(ep), by
eq. (25.2) we have

‘ysrpk,x(e)’ > ¢ for every k € N (25.5)

Since & € A, the sequence (pya)is uniformly distributed mod 1,
hence dense in T. So we have that

|¢| > € on the dense set { pra |k € N }. (25.6)
By Weyl’s theorem," ¢ = 0 on a set of full Lebesgue measure, so, as 15 Weyl 1916, Satz 21; Kuipers and
a consequence Niederreiter 1974, Theorem 4.1.
¢ = 0 on a dense set (25.7)
By Baire’s theorem,® egs. (25.6) and (25.7) cannot be true together for 16 Baire 1995, Page 83.

the limit of continuous functions.

25
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7 Representing by weights

In this section, we fix the good set R and the irrational number &, and
we continue in the tradition of section 5 suppressing the set R in our
notation, so s = pr, and M = Mg.

In trying to extend the class of representable functions p from indi-
cators, we first consider an easier problem. Instead of representing by
sets, we represent by weights, that is, unsigned sequences w.

26.1 Definition » Function represented by a weight

Let p be an unsigned L!'(T, ) function with p,(p) > 0.
We say the weight w represents p at « if w is good and we have

liI{]nAHE[N]w(n)5rn“ = PHa (26'1)

Note that in this case we have M(w) = 4 (p) and w represents the
measure mpyu at «.

In section 4 we have already seen that if p is an unsigned continu-
ous function with i, (p) > 0 then the weight w defined by

w(n) = p(ryu) (26.2)

is good, unsigned and it represents p at a. Since every unsigned
Ug-integrable function can be approximated arbitrary closely by
unsigned continuous functions in L! (T, s )-norm, the proof of item 1
of theorem 11.3 requires only an approximation argument similar to
what we had in section 5. We restate item 1 of theorem 11.3 in the
following form for the readers convenience.

26.2 Proposition » Any integrable function is representable with weights
Let p be an unsigned function from L!(T, j1,) with ps(p) > 0.
Then there is a weight w which represents p at «. In particular, we
have

M(w) = pa(p) (26.3)

Furthermore, if p is a bounded function then the weight w can be
chosen to be bounded.

The following analog of lemma 17.1 for weights'” is the main 7 Marcinkiewicz 1939.
ingredient for proving proposition 26.2.
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27.1 Lemma » Cauchy sequence of weights is convergent in the seminorm |||,

Let (wy) be a Cauchy sequence of weights with respect to the
seminorm |[|||;, so they satisfy

lim sup||w; — wy||; =0 (27.1)
ko >k
Then there is a weight w satisfying
li]£r1|\wk—w||1 =0 (27.2)

Furthermore, if the sequence (wy) is uniformly bounded, so
supy ||wi |l < 0, then we can also have ||w||, < sup;||wk||co-

The proof of lemma 27.1 is the same as the proof of lemma 17.1:
we recursively define a fast enough increasing sequence N3 < Np <
. of indices, and then we define w to be equal wy on the interval
(Ni, Nie41]
w = ;wk]l(Nk,Nk ] (27.3)

The details of the proof are safely left for the reader. The form of w in
eq. (27.3) guarantees that w is unsigned, since each wy is an unsigned
sequence, and if the (wy) is uniformly bounded, then w is a bounded
weight.

Lemma 27.1, combined with lemmas 19.1 and 22.1, gives the fol-
lowing analog of proposition 21.1

27
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28.1 Proposition » Limit of good weights with positive mean is good
Let (wy) be a sequence of good weights with mean which converge
to the weight w in ||||;-seminorm, so limy ||wy — w||; = 0. Assume
that lim sup, M(wy) > 0.

Then we have the following.

1. limg M(wy) exists and limy M(wy) = M(w) > 0.
2. wis a good weight.

3. The sequence (Vwk,ﬁ>k of limit measures converge to iy, in
variation distance and uniformly in §,

0 (28.1)

liin s1;p||]/twk,/3 —Huwp |V -

4. Let v be a Borel measure on T.

If for some &, pyp, « is absolutely continuous with respect to v
with Radon-Nikodym derivative pj for every k then p 4 is also
absolutely continuous with respect to v with Radon-Nikodym
derivative p which satisfies

li]I(nHPk =Pl =0 (28.2)

With this proposition, we can complete the proof of proposi-
tion 26.2 exactly as we proved proposition 24.1, using a sequence (py)
of unsigned continuous functions that converge to p in L!(p,)-norm.
We need to remark only that if p is a bounded function, then the se-
quence (px) of continuous functions can be chosen to be uniformly
bounded.

8 Proof of theorem 10.2 for bounded p

In this section, we still are working with a fixed good set R of posi-
tive integers, an irrational number &, but now we also fix a bounded
Borel measurable, unsigned function p with . (p) > 0. We proved in
section 7 that p can be represented at a by a good, bounded weight
w. In this section we will show that there is a good set S C R which
also represents p at a, hence proving theorem 10.2 for bounded p. It
follows from the definition of representation that if the good weight
w represents p then so does the weight cw for every positive constant
c. In particular, we can assume that the weight w representing p is
bounded by 1. We will show that then there is a set S C R so that

111{,1151;]@ Ayenls(n)e(rap) — Apenjw(n) e(rnp)| =0 (28.3)
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The “construction” of S satisfying eq. (28.3) is done randomly. Our
random method requires that we limit the growth of the set R; we

need to assume that R is sublacunary.18 8 Jones, Lacey, and Wierdl 1999, Theo-
rem B.

29.1 Definition » Sublacunary set and weight
The set R is sublacunary if its counting function #R(N) satisfies

log N
lim 2R (V)

=0 (29.1)
The weight w supported on the set R is sublacunary if it satisfies

lim log N

in W(TN)) =0 (29.2)

Our main tool in this section is the following.

29.2 Proposition » There is a set representing the same measures as a bounded weight
Let w = (w(r)),.g be a bounded, sublacunary weight supported
on R.
Then there is a set S C R so that
lim max| Ascsv) e(5B) — Alepn) e0B) =0 (299
As a consequence, if the weight w is good then so is the S and we
have

Hsp = Huw,p for every (29.4)

Proof. Since we can always assume that the bound of the weight w is
1, proposition 29.2 follows from the following lemma.

29.3 Lemma » Random selection of a good set

let o be a weight on R bounded by 1. We assume that for a
constant b > 0 we have

o (R(N))

lim inf
N

Let (Q), P) be a probability space and and let (X;),cr be a sequence
of totally independent () — {0,1} random variables indexed by R
and with distribution P(X, = 1) = o(r).

Then we have

[Zreran) (Xo(@) —o(r)) e(rp)|
P{ w | supmax
N BeT \/(logN)U(R(N))

<o » =1 (29.6)
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To see that proposition 29.2 indeed follows from lemma 29.3, let

o= so ¢ is bounded by 1. Here we make a bit more compli-

HWHoo
cated argument than needed to show that there is a rate of conver-

gence in eq. (29.3).

The sublacunarity assumption on w implies that ¢ is sublacunary.
We then have, as a consequence of eq. (29.6), that there is an (); with
P(()q) = 1 so that for every w € ) there is a finite positive constant
C, with

1 log N
Xr ey >~ Cw e —
ey U(R(N reRZ . 7(R(N)) re%v)a(r)e(rﬁ)‘ = Cr SR
(30.1)
For B = 0, we then have
log N
Xr(w < Cuwy|—F——= .
W, 5 oRy) O

This implies that if we replace c(R(N)) by ¥,er(n) Xr(w) in (R(N) Z,GR Xy (w)e(rp)

we make a O< log N ) error, hence eq. (30.1) implies

7(R(N))

1 log N
max| ——————~ Xr — =T g(r)e(r < Cotl =5
s Femres s R O RN, &, T ﬁ)‘ ~(R(N))

(30.3)
Defining S, C R by
Swo=A{rlreR X, (w)=1} (30.4)
we can write eq. (30.3) as
log N

max|Ages, () e(sB) — A;'GR(N) e(r,B)‘ < Cw for every w € Oy

BET (T(R(N))

(30.5)
Since ¢ is a constant multiple of w, we can replace ¢ by w in eq. (30.5),

]| log N
%?%‘ASGS e(sp) — Ayir(n) 9(7,3)‘ < Co “w(RIN)) for every w € ()
1 (30.6)
Since limy [@]es log N 0, due to the sublacunarity assumption on the

w (R(N))
weight w, we get eq. (29.3) if we take S = S, for any w € ().

Proof of lemma 29.3. To see clearly what we need to do, denote

- ¥ (xr —o(r)) e(rp)

reR(N

30
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and

tn = -/ (log N)o (R(N))

where we’ll choose the constant ¢ appropriately later. By the Borel-
Cantelli lemma, it’s enough to prove

%P(rg\ea%lzw(ﬁ)l > tN) < oo (31.1)

The first idea in proving eq. (31.1) is that we do not have to take

the maximum over all § € T, but over a finite subset B of T which
contains N° elements'9. Since the degree of the trigonometric poly-
nomial Zy(B) is at most N, we can readily see that SUpPger 1Zy(B)| <
N? SUPge |Zn(B)|. It follows that if we take By C T to be an arith-
metic progression with |By| = N? then

Ilglea%lzw(ﬁ)l < 2;2%;(]|ZN(.B)| (31.2)
Hence we have
P<max|ZN(/3)| > tN> < P<max|ZN(ﬁ)| > tN/2> (31.3)
BET BEBN

Using the union estimate, we get

P(max|ZN(,B)| > tN/2> < N3max P(|Zn(B)| > tn/2)  (31.4)
BEBy BEBN

Thus eq. (31.1) follows from

Y N’max P(|Zn(B)| > tn/2) < o0 (31.5)
N BeT
This follows if we prove

P(|ZN(ﬁ)| > tN/Z) < % forevery p € T (31.6)

To prove eq. (31.6), we use Bernstein-Chernoff exponential estimate.*®
This estimate says that if Yy, k € [K], are totally independent, mean
zero, complex valued random variables with |Y| < 1, then

19 In fact, we can take a set B with
as few elements as 10N, but in our
applications, 10N won’t improve
anything over N3.

* Tao and Vu 2010, Exercise 1.3.4 with
t=Ao.

t2/8
P Yil >t )] <4dmax{exp| —————— |, exp(—t/3) ; for every t > 0.
( 2 i ) { p( YkelK] E|Yk|2> p( )} Y

ke[K]
(31.7)
Take K = #R(N) and Y;(B) := (X, — o(r))e(rp) for r € R(N). Then
1Y;(B)| < 1 so the Y, satisfy the assumption in Bernstein’s inequality,
hence, with t = t5 /2, we get the estimate

18/32
(31.8)
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Since E|Y;(B)|?> = o(r)(1 — ¢(r)) we have
Y. EIY:(B)) <o(R(N)) (32.1)

reR(N)

Using that ty = ¢ \/(log N)o(R(N)), we get

£3,/32 _ (¢?/32)(log N)o(R(N))
Yrer(v) E[Y:(B)? Yrer(v) E[Yr(B)?
using the estimate in eq. (32.1)
(2/32) (log N)r(R(N))
7(R(N))
= (c*/32)(log N)
hence )
iy /32 —(2/32)(log N)
— < & .
exp < ZrER(N) E‘Yr(ﬁ) |2) se (32.2)

In order to get e—(c?/32)(logN) < N5 = ¢75198N e need to have
c2/32 > 5, s0 it enough to have, since v/160 < 13,

c>13. (32:3)

We also have

tn/6 = (c/6) -1/ (log N)o (R(N))
by the assumption in eq. (29.5) for all large enough N
> (c/6)Vblog N
It follows that
exp(—ty/6) < ¢ (/0VDlogN (32.4)

We again need to have e=(c/6)VblogN < N=5 — p=5l0gN ywhich poses
the requirement (c/6)v/b > 5, that is,

22 29

Thus choosing the constant ¢ large enough to satisfy both egs. (32.3)
and (32.5), the estimate in eq. (31.8) implies the one in eq. (31.6). O

8.1 Notes to lemma 29.3

The type of method we used in lemma 29.3 to estimate trigonometric

polynomials goes back to Salem-Zygmund.?" Recent developments 2 Salem and Zygmund 1954, Chapter
Iv.

> Weber 2000.

% Cohen and Cuny 2006.

have been given for example by Weber** and by Cohen-Cuny.>3
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9 Absolute continuity and positive mean

The general theme of this section is that if a good set or weight has
positive mean then it can represent only an absolutely continuous
measure. To be specific, we want to prove item 2 of theorems 10.3
and 11.3.

Our standing assumption is that R is a sublacunary good set, and
hence we suppress it in our notation: We write y, instead of yg ,, M
instead of Mg and |[|S||; instead of ||S||; - For a given f defined on
R, if we consider R as the strictly increasing sequence of integers (r,)
and define F by F(n) = f(r,) then we actually have Mr(f) = M(F)

and [|f[lyr = [[Flly-

9.1 Proof of Item 2 of theorem 10.3

Item 1 of theorem 10.3 says that if p is an unsigned L® () function

with s (p) > 0and w is an irrational number then p can be repre-
Ha(P) e

sented at « with a good set S C R satisfying M(S) = ToT 20 ()
oo Ha

have proved this in section 8.

Item 2 of theorem 10.3 says that the converse is also true: if the
good set S C R satisfies ||S|l; > 0 then the limit measure pg g is
absolutely continuous with respect to g with a bounded Radon-
Nikodym derivative pg which must satisfy

1
||pﬂ’|L°°(y/3) S ||S||1 fOI' every ﬁ (331)

This is what we intend to prove now. Since € T is fixed, we sup-

press it in our notation, so for example we write y for g and s for

#s,p- Let S C R be such that ||S||; > 0. Let us first show that for every

B, the limit measure pg is absolutely continuous with respect to y.
This will follow if we show that for every Borel set B we have

us(B) < LM(B) (33-2)
151l

To see this, it’s enough to show that for every unsigned, continuous
function ¢ on T we have

us(¢) < u(¢) (33-3)

Let ¢ be such a function and let N; < N < ... be a sequence of

33
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indices for which limy A, c(n,115(1) = [|S||;- We can then estimate as

ps(@) = Um Ay c5(n) @ (rnp)

= lim Ay e3¢ (uP)

~ lim WAne[Nk]ns<n>¢<rnﬁ>

< limsup ne[Nk}ﬂs(n)A”e[Nk]¢(rnﬁ)
since limy W = m and limy A ¢ N (rnB) exists,

proving eq. (33.3).
Now, inequality y(pglp) < ﬁ 1#(B) applied to the Borel set

B= {p/g > m} readily gives eq. (33.1).

9.2 Proof of item 2 of theorem 11.3

So we need to prove that if the good weight w has positive 1-norm
and it is integrable, that is, it can be approximated arbitrary closely
by bounded, good weights in || ||;-seminorm, then for every irrational
B the limit measure i, g is absolutely continuous with respect to ig.

Let (wy) be a sequence of good, bounded weights which converges
to w in ||||;-seminorm, limy ||wy — w|; = 0. Since |||wk||; — [w|l;] <
lwe — w||;, we have limy ||wg||; = ||w|; > 0, and hence we can
assume without loss of generality that ||w||; > 0 for every k. That for
every k the measure y, g is absolutely continuous with respect to jg
for every f follows from

l|w0k]| o
l|wll4

Ha,p(B) < #p(B) for every Borel set B (34.1)

The proof of this inequality is almost identical to the proof of the
inequality in eq. (33.2), hence we omit it.

Now the rest of the proof of theorem 11.3 follows from lemma 22.1.

10 Proof of theorem 10.2 for unbounded p

In this section we work with a fixed, sublacunary good set R C IN
which we view as a sequence (r,) arranged in increasing order. As
a consequence, we omit R from our notation, so we write y B instead

34
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of ur g and M(w)instead of Mg (w). We also fix an irrational number
a. Letp € L'(py). We want to find a sublacunary good set S C
R which represents p at . According to proposition 26.2 there is
a good weight w on R which represents p at a. Since this weight
w has positive relative mean with respect to R, it’s a sublacunary
weight. The problem is that, as per construction, w is not a bounded
weight if p is unbounded, hence we cannot use our proposition 29.2
to construct the desired set S.

Our main job in this section hence will be to construct a good
weight v satisfying the following properties

* v is bounded by 1;
® v is sublacunary;

* v represents the same measure at every p as w, S0 jiyp = fuw,p for
every f.

Once we have such a good weight v, we can use proposition 29.2 to
“construct” the desired good set S.

The weight v will be of the form cw where the weight ¢ is a de-
creasing weight, that is, 0(n) > o(n + 1) for every n € N. That a
weight v of this form represents the same measures everywhere is a
consequence of the following general but probably familiar result—
our main new tool in this section.

First recall the definition of a dissipative sequence of measures on
N.

35.1 Definition » Dissipative sequence of measures
Let (vn)Nen be a sequence of finite measures on IN.
We say, the sequence (vn)ne is dissipative if

lim on(j)
N on(IN)

=0, for every j € N (35.1)

35
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36.1 Proposition » Decreasing weights preserve limits
Let w be a weight, (0n) e be a sequence of finite measures on IN
and let x = (x,) be a sequence from a normed space (X, |||).
Denoting vy = oy - w, we assume the following

1. Each oy has finite support.
2. The sequence (vy) is dissipative.
3. For each N the measure oy is decreasing, on(1) > on(2) > ...

4. The sequence (A\‘Z}e N] xn> \ converges tosome y € X,

hm AHE[N] =y (36.1)

Then, the sequence (A\ | SNX ) of averages converge to the same

limit as the w-weighted averages,

hm A\JG]Nx] y (36.2)

At the heart of this result is the following quantitative estimate:
For a given € > 0, if K is such that HAZJE[]']'X” — y” <eforj>K
then we have

K])

HAJG]Nx] yH < e+§r€1aK>]<HA elj)¥n — yH (N) (36.3)

for every N > K.

Note that the estimate in eq. (36.3) indeed implies the conclusion
of the proposition in eq. (36.2). To see this, let N — oo in eq. (36.3).

Then, since (vy) is a dissipative sequence so limy 2 (([K])) = 0, we

get that lim supNHA\]e]N X; yH < €. Since € > 0 is arbitrary, we get
thHA]e]Nx] —yH =0.

Proof of proposition 36.1. The main idea of the proof is to write AN JEN
as an average of the w-averages with respect to another measure gy
on IN

A}’g’m A]e]NA\‘ne[;] xy, for all N (36.4)

These measures gy will also satisfy
gn(IN) = oy (IN) for every N € IN (36.5)

The measure gy appears during performing summation by parts:
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setting o (0) := 0, w(0) := 0 and x( := 0, we have

AN = 5 1 ow(o ()

jeN
1
= o qu(m(]) (ng[:;] w(n)x, — ne%il] W(n)xn)
1 ‘ ‘
= on (@) ). ((TN(]> —on(j+1) ng,-]w(n)x"
1

Thus, defining the measure gy by

an(i) = (on (i) —on(j+1)) -w([f]), forj €N (7.1

we get the identity in eq. (36.4) once we show that gy really is a
measure satisfying eq. (36.5). That gy (j) is unsigned follows from
the assumption that the sequence (on(j))jen is decreasing for fixed
N. That gn(IN) = on(IN) follows by setting x; = 1 for every j in
the summation by parts argument above since then we get exactly
an(IN) = on (IN):

:A;‘ngl
1 , g NLAT 1
= v & (on (i) —on(i+1)) - w([i]) - Ay
1 .
- on(IN) quqN(]) &
1
" on() ()

Using the now obvious identity y = A;’é’my together with eq. (36.4),

i ON g _
we can now write A\jemx] y as

A;}g]ij —¥V= A?Q]N (Azjemxn - y) (37-2)

Let e > 0. Since we assumed limpy Aﬁ’e N =Y there is an
K = K(e) so that

HAfe[j]xn —VH <eg, forj=>K (37-3)

Splitting the summation on j in A?Q]N (Aze ()% — y) into two parts at

37
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K and using the triangle inequality, we get the estimate

8w (s —v)] < |y & ) (Mo —v)
JG[K]
| qu\] ( l’lE ]Xn H (38 1)
]>K

We can estimate the first term as

) L 0 (Aegra )| < max A ]| )
(38.2)

Using the definition of qn(j) as given in eq. (37.1), we can estimate

an([K]) as

Using this estimate and that g5 (IN) = vy (IN) in eq. (38.2) we get

gn(IN ]GZK]qN ( nelj]® —y) <maxHAw Xy — H UN(([HIfI]))
(383)

The second term in eq. (38.1) can be estimated, using eq. (37.3), as

Putting the estimates in egs. (38.3) and (38.4) into eq. (38.1) and using

<e (38.4)

5 D ()

17 ]>I<

the identity in eq. (37.2) we get eq. (36.2). O

38
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39.1 Corollary » Decreasing weights preserve limit measures of weights
Let w and ¢ be weights. Denoting v := ¢ - w, we assume the
following

1. 9(IN) = oo.
2. The weight ¢ is decreasing o (1) > o(2) > ....

3. The weight w is good.

Then the weight v is good and represents the same measures
everywhere as w,

Ho,p = Huw,p for every B. (39-1)

Proof. We need to show that for a given § we have

v

lim A ¢y e(rnp) = pap(e) (39-2)

to do this, use proposition 36.1 with oy as ¢ restricted to the set [N],

on(n) = o(n)Lp(n) (39-3)

and (x,) defined by
Xy = e(rup) (39-4)
O

Let us now go back to our good weight w which represents p
at «. Since we assumed that R is sublacunary and M(w) > 0, the
weight w is also sublacunary. Recall that we obtained w as the limit
of a sequence (wy) of bounded good weights. In fact, we pasted w
together from the wy piece by piece in a sense that after choosing
indices N < N, < ..., we define w to be equal wj on the interval
(Nk, Ny 1]

w = ;wk]l(Nk,NkH]' (39-5)

In order to obtain a good weight v which is bounded by 1 and would
represent the same measures as w, we could do the following. Define

o by
1
T maxep ol (k) (39:6)

Then ¢ is a decreasing and the weight v := ow is bounded by 1. The
remaining issue is that v may not be sublacunary. But in the recursive
process of choosing the indices (Ni) if we choose N large enough
compared to Ny_; we can ensure that v is sublacunary. Here is what
we need to do for this.
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We set F(N) := log(rn). Since the weight w is sublacunary and
have positive mean, we have

_w([N]) _
hl{]n FN) (40.1)
So now, if we make sure that our weight v, bounded by 1, satisfies
. o([N]) _
hI{In F(N) o0 (40.2)

then it will be a sublacunary weight.

We want to show that we can choose the indices N so that we will
have eq. (40.2).

In the proof of lemma 27.1 (and in lemma 17.1) we can see that,
during the recursive construction of the sequence (Ny) we can choose
Ny arbitrary large compared to Ny_. For our purposes, we just need
to choose Nj large enough to satisfy the following additional crite-

rion
N

> kF(N) for every N > Ni (40.3)
maxje(y |||,
which is possible since the set R is sublacunary, since eq. (40.3) en-
sures that the weight v = cw is itself sublacunary.
That v represents the same measures as w at every f follows from
corollary 39.1. As in the last step of our proof of theorem 10.2, we use
proposition 29.2 to show the existence of a good set S C R which

represents the same measures as v at every 3, hence at § = « we have
HSu = PHa-

11 The limit measure at rational points

In this section we want to prove theorem 12.1. The base set is IN
which we suppress in our notation, so we write jg instead of p g.
Given the probability measure v on T, and the rational number g,
ged(a,q) = 1, let us see what properties a good set S would need to
have so that g,/ = v.
Introducing the sets S; by

Sj=={sl[s€Ssa=j (modgq)} forevery0<j<g—1 (404)

let us write, using that the S; are pairwise disjoint,

ASGS(N) W 2 5sa/q

1
p— 5'/
#S(N) O<1215€SJZ(N) "
#S;(N)

0<j<g-1

40
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If we make the assumption®# that limy issj((l\l\]])) exists for every j then, 2 In fact, the existence of limy %&’;
letting N — oo, we get follows from S being a good set.
#5:(N)
i ]
Hsalqg = 0j/q lim (41.1)

a/q ogjgzq—l 179N #S(N)

Since s 4/4 is supposed to be equal v, we get
#S:(N)

This gives us the idea how to construct S: we start out from the set R;
defined by

Rj=={nlna=j (modgq)}, forevery0<j<g-1 (41.3)

Note that R; is a full residue class mod g, namely, if j* denotes the
unique solution to the congruence j'a = j (mod g), then R; is the
arithmetic progression { kg + ' |k € IN }. Note that R; is a good set,
as are all arithmetic progressions. We clearly have

M(R;) = 111 forevery 0 <j<g-—1 (41.4)

Now what remains is to find a set S i C Rj with relative mean v (%)
and make sure that S; is a good set. Let 7y be an irrational number
and consider

Sj:—{r

Using proposition 15.1 with « = 7 and R = R;, we deduce that S; is a
good set with M, (Sj) =v (é), as desired. We finally define S as

re R, ry € [0,1/(;)) } forevery0 <j<g—1 (41.5)

S= U (41.6)
0<j<g—-1
The set S is good since it’s the finite union of pairwise disjoint good
sets with mean. Indeed, we have M(S;) = 1. v(é) and hence

q
M(S) = ;.
12 Examples

12.1  Two good sets, but their intersection has no mean.

Here we construct randomly two good sets, R, S with M(R) =
M(S) =1/2but M(RNS) doesn’t exist.

Let (X,) be a iid sequence of random variables on the probability
space (), P), modeling fair coin flipping, so with distribution P(X,, =
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1) = P(X, = 0) = 1/2. Let us also consider another sequence of
random variables (Y;) defined by

Xy if n € [2F,2K1) for even k
Y, = _ L oril (42.1)
1—X, ifne[25,25) for odd k

The (Yy) is also an iid sequence with the same distribution as the
(Xy). Define the sets R¥,S“ by R := {n|X,(w) =1} and S¥ =
{n|Yy(w) =1}. By lemma 29.3 both R“ and S“ are good sets al-
most surely with M(R¥) = M(5%“) = 1/2. We claim that M(R“ N §¢)
almost surely doesn’t exists. To see this, denote T := R“ N S“ and
observe that if M(T%) existed then limy %kkzkﬂ)

denoting by O the odd numbers and by E the even numbers, we

would exist. But,

almost surely have

T N [2k/ 2k+1)

Iim ————~ =
k€O 2k

. TYN [2](’ 2k+1) 1
lim ——————~ ==
keE 2k 2

12.2 Ry U Ry and Ry N Ry have means but are not good

Here is an example of two good sets Ry and R, each with mean 2/3,
M(R; NRy) = 1/2but Ry N Ry is not good and M(R; URy) = 5/6
but R; U R, is not good.

Both sets will be defined in blocks of intervals . Partition IN into
a sequence of disjoint intervals I, so that their lengths go to infinity
but slower than the left endpoints go to infinity. For example, I, =
[n2, (n+1)?) will do.

The first good set R; will contain all iNtegers from Ij, then only
Odd numbers from I, then Even numbers from I3 then repeat this
pattern for Iy, Is, I etc:

NOENOE... (42.2)

The set R; is defined similarly, except it will have one pattern in
intervals Jj := [3F,3K*1) for even k and another for odd k.

EONEON ... for even k, (42.3)

ONEONE... for odd k. (42.4)

Both of these sets are good and they represent the same (uniform)
measure at every f.
The intersection Ry N R, has the patterns

EOEEOE... for evenk, (42.5)
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OOEOOE... for odd k, (43.1)

Clearly M(R; N Rp) = 1/2 but the average of e(n/2) is different

on [ for even k from those on odd k: for even k the average will go to

1/3 while for odd k it goes to —1/3.
As for the union Ry U Ry, it has the patterns

NONNON ... for even k, (43.2)

NNENNE... for odd k, (43-3)

Clearly M(R; U Rp) = 5/6 but the average of e(1/2) is different on
Jx for even k from those on odd k: for even k the average will go to
—1/3 while for odd k it goes to 1/3.

12.3  Open set U with visit set { n |na € U } not good

Let « be an irrational number in the torus R/Z. We show that there

exists an open subset U of the torus such that the sequence (AHE[N]]IU(noc)) N

does not converge when N goes to infinity.
We want to construct an open subset U of the torus and an in-

creasing sequence of positive integers (N )i>o such that the averages

AnE[NZk]]lu(na), k =0,1,2,..., with even indices are large whereas
the averages AWG[Nkallu(mx), k =0,1,2,... with odd indices are
small.

The sequence (Nj) will be constructed by induction and each Nj

will be associated to €; := 1/(2+*Ny). In this induction process, we

construct also a sequence of open subsets (U )>0-
We start with Ny > 1 fixed and we define

Up:= |J (na—eo,na+ep)
ne(No]

We have of course
Apeng Luy(na) =1 and 0 < A(Up) < 2Npeo

This is the initial step of our construction. In order to be under-
standable, let us describe the two next steps.

By the uniform distribution of the sequence (na), in the torus,
there exists a number Ny > Nj such that

Aeng) gy (ne) < 2A(Uo) N1 < 4(Noeo)Nq
We fix such a Ny. To any n € [N1] N U," we associate a real 8, that

0<d,<e and (na—dy,na+d,)NUy=0.

The construction does not use at all
the group structure or the dimensional
properties of the torus. This can be
extended in a general context of a
sequence in a compact metric space
with a non purely atomic asymptotic
distribution.
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We define
u, == U (na — 6y, na + 6y)
€[Ny’

We have
Ay Ly (na) > 1—4Npeg and 0 < A(U;) < 2Nje

Note also that by construction Uy N U; = @.
By the uniform distribution of the sequence (n«), in the torus,
there exists a number N, > Nj such that

Apeng L (ne) < 2A (U1 )N < 4(N1€1)Np
We fix such a N. To any n € [Np] N U;“ we associate a real 8, that
0<éy<e and (na—oy,na+d,)NU =0

Note that the values of the §,,’s are
We define reinitialized.

Up:=UpU |J (na—6y,na+5,)
€[N

We have
AnE[Nz]]luz (ntx) >1—4N;e; and /\(Uz) < 2Npeg + 2Npep

Note also that by construction U NU; = @ and Uy C Up.
Let us state now our induction hypothesis. Suppose that, for a
fixed integer k > 0 we have already constructed two sequences

(Up)g<p<x and No < Ny < Np <... < Ni
such that
e lpclpcUyC...andUjCcUsCUsC...,
e If /is even and ¢ is odd, then U; and U, are disjoint,
e Each Uy is a finite union of open intervals,
o If0 <2/ <k, then

A(Uap) < 2(No€o + No€z + ... + Nyeay)
and

AnE[Nzg}]lUu (na) >1—4(N1e1+ N3es+ ...+ Noy_1€201)
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o If1<2/+1 <k, then
AUppq1) < 2(N1€r + Naez + ...+ Nopyq€2041)
and

AHE[NyH]ﬂUzHl (na) >1-— 4(Noeog + Noex + ... 4+ Nopeny)

Here begins the induction process. By the uniform distribution of
the sequence (na), in the torus, there exists a number Ny, > Nj
such that

Ane[Nk+1]ﬂﬁk(”“) < Z)L(Uk)Nk+1

We fix such a N 1. Toany n € [Ny 1] N U, we associate a real &,
that

0<dp<e€ry1 and (na—dy,na+o,) NU =D

We define Note that the values of §,’s are reinitial-
ized at each induction step.

n€[Nypq )N,

The items of the induction hypothesis are now satisfied by the

sequences (Uf)ogegkﬂ and (Ng)ogéngrl.
We can consider these sequences as infinite, and we define U :=

Uk=0 Uak-
Recalling our choice Nyeyx = 2-k=4 we obtain
Ape iy Tu(na) > Ay e, Luy, ()
>1—-4) Ny1€11
14

=5/6

and

A”G[NZkH]]lU(nD‘) S Ane[N2k+l]11U2k+1c(n“)
<4) Nyey
l

=1/3
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