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Terahertz cyclotron emission of two-dimensional Dirac fermions

Since the emergence of graphene, we have seen several proposals for the realization of Landau lasers tunable over the terahertz frequency range. The hope was that the non-equidistance of the Landau levels from Dirac fermions would suppress the harmful non-radiative Auger recombination. Unfortunately, even with this non-equidistance an unfavorable non-radiative process persists in Landau-quantized graphene, and so far no cyclotron emission from Dirac fermions has been reported. One way to eliminate this last non-radiative process is to sufficiently modify the dispersion of the Landau levels by opening a small gap in the linear band structure. A proven example of such gapped graphene-like materials are HgTe quantum wells close to the topological phase transition. In this work, we experimentally demonstrate Landau emission from Dirac fermions in such HgTe quantum wells, where the emission is tunable by both the magnetic field and the carrier concentration. Consequently, these results represent an advance in the realization of terahertz Landau lasers tunable by magnetic field and gate-voltage.

Introduction

The Cyclotron or Landau level emission occurs when non-equilibrium electrons, which are subject to an external magnetic field, recombine radiatively between two magnetic quantum levels, socalled Landau levels (LL). Considering a parabolic energy-momentum dispersion and the accumulation of all electrons in a single LL, 𝑛, the emission rate (𝑛 → 𝑛 -1) becomes proportional to 𝑛, while the absorption rate (𝑛 → 𝑛 + 1) is proportional to 𝑛 + 1. Thus, in systems with parabolic dispersion, absorption always outweighs amplification. When, on the other hand, these electrons have relativistic energies, i.e. in systems with non-parabolic energy-momentum dispersion, the LLs become nonequidistant in energy, which makes it possible to overcome absorption losses. Structures with such nonparabolic energy-momentum dispersion are therefore a crucial factor for the development of cyclotron resonance sources. As a matter of fact, this emission process has for decades been the subject of a comprehensive study in the fields of plasma physics [START_REF] Twiss | Radiation Transfer and the Possibility of Negative Absorption in Radio Astronomy[END_REF], vacuum electronics, and relativistic electronics for the development of electron cyclotron masers [ 2 , 3 ] and free-electron lasers [START_REF] O'shea | Free-Electron Lasers : Status and Applications[END_REF]. In parallel, and despite the fact that transitions between LLs are strongly affected by non-radiative processes [START_REF] Dornhaus | Magnetic Quantum Oscillations in the Auger Transition Rate[END_REF], particular attention has been paid to semiconductors, in which the effective mass of charge carriers is small compared to the one of the free electrons, and thus, the splitting of LLs is much greater than in vacuum. Early theoretical studies in this field [START_REF] Tager | Use of Cyclotron Resonance in Semiconductors for the Amplification and Generation of Microwaves[END_REF] showed that the nonlinear dynamics of charge carriers in the cyclotron resonance (CR) regime are the key ingredient for the generation and the amplification of electromagnetic radiation in semiconductors. In particular, Lax [START_REF] Lax | Cyclotron resonance and impurity levels in semiconductors[END_REF] was the first to demonstrate that the necessary conditions for cyclotron emission can be fulfilled in semiconductors having non-parabolic band dispersion. Indeed, as for electrons in vacuum, the resulting non-equidistance of LLs was supposed to decrease the probability of non-radiative Auger recombination (Fig. 1a). Later, Wolff [ 8 ] theoretically found that in semiconductors possessing strong interaction between charge carriers and optical phonons, the threshold nature of such interaction at low temperature (𝑘 ' 𝑇 ≪ ħ𝜔 + , where ħ𝜔 + is the optical phonon energy) also results in LLs with unequal width (Fig. 1b). In fact, at low temperature, the spontaneous emission of optical phonons can only occur for charge carriers having energies ℰ > ħ𝜔 + . Therefore, the LL widths differ significantly for levels energies ℰ > ħ𝜔 + and ℰ < ħ𝜔 + . Thus, the emission line is narrower than the absorption one, resulting in negative differential conductivity in a certain frequency range. (Fig 1b) [ 9 , 10 ]. Finally, semiconductors with a complex anisotropic band structure can also exhibit negative differential conductivity caused by a difference in polarization of the upward and downward optical transitions from a filled LL (Fig. 1c). This phenomenon occurs in negative effective mass amplifiers and generators (NEMAGs) [ 11 ] where the circular polarized light associated with negative cyclotron mass holes, interacts weakly with the positive cyclotron mass holes, which are associated with an opposite circular polarization. This discrimination between the different LLs can therefore lead to a negative differential conductivity and to a population inversion [ 12,13 ]. Although the ideas for vacuum and semiconductor LL lasers arose simultaneously, their further development proceeded diversely. The active search for vacuum LL lasers led to the creation of gyrotrons [ 15 , 17,18 ], which still remain the most powerful sources of millimeter wave radiation. With regard to semiconductors, experimental research on solid-state LL lasers began in the 1970s, after realizing that scattering processes (especially inelastic scattering by optical phonons [ 19 ]) could induce a population inversion [ 20 , 21 ]. The Landau emission in the Far-Infrared and Terahertz (THz) range was therefore intensively studied in different materials, as n-type InSb [ 22 , 23 ], GaAs [ 24 , 25 ], HgCdTe [ 26 , 27 ], Si-inversion layers [START_REF] Gornik | Cyclotron and subband emission from Si-inversion layers[END_REF]. Further development of the methods for numerical simulation of the scattering processes in electric and magnetic fields [ 29 , 30 ] revealed a number of new possibilities for inverted distribution of the charge carrier resulting in realization of light-hole [START_REF] Yu | Stimulated Landau level emission in p-Ge[END_REF] and light-heavy-hole LL laser [ 32 , 33 ], and CR-based NEMAG in bulk p-Ge [ 34 , 35 ]. Regarding the first two types of lasers [ 36 ], the population inversion is due to the accumulation of light holes in the vicinity of the optical phonon energy. The operation of these lasers requires the use of strong crossed electric and magnetic fields, which unfortunately brings the material closer to its electrical breakdown zone. CR-based NEMAG, on the other hand, does not require large electric and magnetic fields to trigger population inversion. However, this drastically limits the tunability range of its resonant frequency to 0.1-0.3 THz [START_REF] Andronov | Germanium hot-hole cyclotron-resonance maser with negative effective hole masses[END_REF]. These p-Ge lasers remain to date the only semiconductor LL lasers ever implemented.

More recently, graphene and its linear band structure was also proposed as an interesting candidate towards a lossless Landau laser [ 37 , 38 , 39 , [START_REF] Brem | Microscopic modeling of tunable graphene-based terahertz Landau-level lasers[END_REF] , [START_REF] Brem | Electrically pumped graphene-based Landau-level laser[END_REF] ] operating with relatively low magnetic field on the principle of gyrotrons (see Fig. 1a). It was supposed to have the double benefit of reducing non-radiative Auger scattering, given the non-equidistance of its LLs, and of presenting an extreme tunability of the cyclotron radiation frequency in weak magnetic field, due to the low cyclotron mass of Dirac fermions [START_REF] Wang | Continuous wave lasing between Landau levels in graphene[END_REF] . This idea has been successfully verified recently in a gapless HgCdTe bulk crystal and interpreted as due to the strict non-equidistance of the LLs [START_REF] But | Suppressed Auger scattering and tunable light emission of Landau-quantized massless Kane electrons[END_REF]. However, the population inversion of two-dimensional (2D) Dirac electrons in Landau quantized graphene had still not been observed until now. On the contrary, very fast dynamics was clearly observed during the resonant excitation of optical transitions between low-energy LLs in graphene under strong magnetic field [START_REF] Mittendorff | Carrier dynamics in Landau-quantized graphene featuring strong Auger scattering[END_REF]. Despite this LL non-equidistance, Auger scattering was identified as the predominant mechanism for carrier redistribution in Landau quantized graphene. Indeed, due to the square root dependence of the energy on the Landau level index, one can still find transitions that fulfill the energy conservation law, opening up the channel for Auger scattering [ 45 , 46 ]. This seemed to negate the chances of observing a cyclotron emission in graphene and any other 2D system with a conical band structure described by the Dirac Hamiltonian.

However, this situation is not futile for Dirac fermions arising in semiconductor quantum wells (QWs) (like HgTe/CdHgTe QWs [ 47 , 48 ] and InAs/Ga(In)Sb QWs [ 49 , 50 ]), whose specificities make it possible to overcome non-radiative Auger recombination. Here, the Dirac Hamiltonian describing the low-energy band structure of these QWs [ 51 ] has additional terms absent in graphene. These terms not only transform a trivial band insulator into a topological insulator (having an inverted bandgap), but also break equidistant LL subsets, which suppress Auger recombination for massless Dirac fermions. The latter makes semiconductor QWs particularly suitable candidates for gyrotron-like LL lasers with the highest tunability in the THz frequency range.

In this work, we report on the observation of electrically-driven cyclotron emission of 2D massive and massless Dirac fermions in HgTe/CdHgTe QWs due to the suppression of Auger scattering. Our experimental results show a continuous tunability of the emission frequency in magnetic field and in carrier concentration, over the range from 0.5 to 3 THz, thus covering the terahertz gap [START_REF] Sirtori | Bridge for the terahertz gap[END_REF] over which a tunable laser source is still in great demand.

Results

Landau levels of Dirac fermions in HgTe QWs

The low-energy band structure in HgTe QWs in the vicinity of the Γ point of the Brillouin zone is analytically described within the Dirac-like Bernevig-Hughes-Zhang (BHZ) model [ 51 ]. This model takes into account the lowest electron-like level E1, formed by the Bloch functions at the Γ point of the Brillouin zone with the total angular momentum mJ=±1/2, and the top hole-like level H1 formed by the Bloch functions of heavy-holes with mJ=±3/2 [ 51 ]. In the basis |E1,+〉, |H1,+〉, |E1,-〉, |H1,-〉, the BHZ Hamiltonian is written as

𝐻 BHZ (k) = 6 𝐻 + (k) 0 0 𝐻 8 (k) 9, (1) 
where k = (kx, ky) is the momentum in the QW plane, and

𝐻 + (k) = (𝐶 -𝔻𝑘 < )𝜎 + + (𝑀 -𝔹𝑘 < )𝜎 @ + 𝐴B𝑘 C 𝜎 C + 𝑘 D 𝜎 D E.
(2) Here, σ0 is a 2×2 unit matrix, namely I2, σα (with a=x, y or z) are the Pauli matrices, and C, M, A, 𝔹, 𝔻 are the structure parameters, which depend on the QW width, the barrier material, the QW growth direction and external conditions [ 53 ], respectively. The mass parameter M defines the band gap (which equals 2M) at the Γ point (k = 0) and the ordering of E1 and H1 subbands. For instance, the electronlike subband lies below the hole-like at M < 0. The blocks 𝐻 F (k) and 𝐻 8 (k) in Eq. ( 1) describe the spinup and spin-down electrons in the E1 and H1 subbands, respectively. Note that due to time reversalsymmetry 𝐻 8 (k) = 𝐻 F * (-k), where the star represents the complex conjugation. In Eq. ( 1), we have also neglected the small terms breaking inversion [ 54 ] and axial symmetries [ 55 ] around the growth direction, which results in the block-diagonal form of 𝐻 BHZ (k). The structure parameters for the BHZ Hamiltonian (1) for a given HgTe QW, directly calculated on the basis of 8-band k•p Hamiltonian [ 53 ] by means of the procedure described elsewhere [ 56 ], are provided in Supplemental Materials. The terms 𝔻𝑘 < 𝜎 + and 𝔹𝑘 < 𝜎 @ in Eq. ( 2) quadratic in momentum are not present in the Dirac Hamiltonian familiar from relativistic quantum mechanics, but they play an important role in semiconductor QWs. In particular, the relative sign of 𝔹 and M determines the Z2 classification: the system is classified as a topologically trivial insulator if 𝑀𝔹 < 0 and non-trivial insulator for 𝑀𝔹 > 0 [ 51 ]. Since for HgTe QWs 𝔹 < 0, the inverted QW with M < 0 is thus a non-trivial topological insulator (for Fermi energies inside the gap), while the non-inverted QW with M > 0 is a trivial band insulator. The phase transition between these two types of insulators therefore occurs at M = 0, when the QW band structure mimics massless Dirac fermions.

The Hamiltonian (1) can be exactly diagonalized, and the two branches of doubly degenerated eigenenergies are:

𝐸 I (±) (k) = 𝐶 -𝔻𝑘 < + 𝑠L(𝑀 -𝔹𝑘 < ) < + 𝐴 < 𝑘 < , (3) 
where s = +1 (-1) stands for the conduction (valence) band, and the superscript ± of 𝐸 I (±) (k) stands for spin up (down) component, which are degenerated here.

To calculate LLs dispersion in the presence of an external magnetic field B oriented perpendicular to the QW plane, one should make the Peierls substitution of the momentum k → -𝑖𝛁 + 𝑒𝐀 𝑐ℏ ⁄ (where 𝐀 is the vector potential so that 𝑩 = 𝛁 × 𝐀) and add an additional Zeeman term 𝐻 Z to 𝐻 BHZ (k)

𝐻 V = W X ' < Y 𝑔 [ 0 0 0 0 𝑔 \ 0 0 0 0 -𝑔 [ 0 0 0 0 -𝑔 \ ]. (4) 
Here, µB is the Bohr magneton, and ge and gh are the g-factors describing the Zeeman splitting in E1 and H1 subbands, respectively. Solving the eigenvalue problem in the presence of magnetic field, the LL energies are found analytically [ 57 ]:

𝐸 ^_( ±) = 𝐶 - <𝔻^±𝔹 a X b ± c d Fc e f 𝜇 ' 𝐵 + 𝑠ij𝑀 - <𝔹^±𝔻 a X b ± c d 8c e f 𝜇 ' 𝐵k < + <^l b a X b , 𝐸 + (F) = 𝐶 + 𝑀 - 𝔻F𝔹 a X b + c d < 𝜇 ' 𝐵, 𝐸 + (8) = 𝐶 -𝑀 - 𝔻8𝔹 a X b - c e < 𝜇 ' 𝐵, ( 5 
)
where aB is the magnetic length (aB 2 = cħ/eB). Typically in HgTe 𝑔 [ ≫ 𝑔 \ [ 58 ], so the latter can be neglected.

Figure 2 compares the LLs energies of Dirac fermions in graphene and HgTe QWs. As can be seen, in graphene (Fig. 2a), the perfect square-root dependence of the energy on the LLs indexes counterintuitively opens a new channel for Auger scattering as its LLs spectrum (𝐸 ^∝ √𝑛 for n = 0, 1, 2,…) includes subsets of equidistant levels [ [START_REF] Mittendorff | Carrier dynamics in Landau-quantized graphene featuring strong Auger scattering[END_REF][START_REF] Wendler | Ultrafast carrier dynamics in Landau-quantized graphene[END_REF] ]. In other words, the optical transition between LLs from n = 0 to n = 1 for instance, has the same energy as from n = 1 to n = 4, from n = 4 to n = 9, etc. Note that no equidistant LL subsets can be found for massive Dirac fermions, like relativistic electrons used in gyrotrons [ 17,18 ]. The most essential difference between massless Dirac Fermions in semiconductor QWs and those in graphene is the absence of spin degeneracy of the LLs due to non-zero values of 𝔹, 𝔻, 𝑔 [ and 𝑔 \ . Importantly, due to these terms, it is then no longer possible to find series of equidistantly spaced LLs at a given magnetic field, as existing in graphene (Fig. 2b). Therefore, undesirable non-radiative Auger recombination may be suppressed for the Landau-quantized Dirac electrons in semiconductor QWs. Moreover, the band-gap 2M for the Dirac fermions in semiconductor QWs can be tuned-at-will by adjusting the quantum confinement [ [START_REF] Büttner | Single valley Dirac fermions in zero-gap HgTe quantum wells[END_REF][START_REF] Marcinkiewicz | Temperature-driven single-valley Dirac fermions in HgTe quantum wells[END_REF] ]. This band-gap opening further deviates the LL energies from the typical square root behavior known in graphene (see Fig. 2c), which should decrease the non-radiative Auger recombination as well. Let us now show how these combined effects make possible to observe an efficient THz Landau emission in HgTe QWs. QWs. The red and blue curves correspond to the eigenvalues 𝐸 (F) and 𝐸 [START_REF] Wolff | Proposal for a cyclotron resonance maser in InSb[END_REF] , respectively. The insets show the QW band structure. To stress the role of the quadratic terms, the dashed curves also represent the band structure at 𝔹 = 𝔻 = 0. The structure parameters used in the calculations are provided in Supplemental Materials.

THz cyclotron emission analysed by Landau spectroscopy

To observe the cyclotron emission of Landau-quantized Dirac electrons in HgTe QWs, we have employed a Landau spectroscopy technique. In cyclotron emission experiments, the radiation is generated by electrical excitations. The electrons in HgTe QWs are heated by electric field pulses, flattening the Fermi distribution and thus, populating upper empty Landau levels. These higher energy electrons then recombine by spontaneously emitting a photon at the energy difference between the Landau levels involved. Our Landau spectrometer (see Methods) can be used in two different modes.

The first mode (Mode 1) consists in keeping the magnetic field applied to the detector constant, to fix the detection energy, while the magnetic field applied to the sample is scanned. The second mode (Mode 2) consists on the contrary in keeping the magnetic field on the sample constant by sweeping the one applied to the detector, to directly measure the emission spectrum. In order to favor the observation of cyclotron radiation, we studied a series of HgTe QWs in the vicinity of its critical thickness corresponding to M = 0 (see Table 1 in Methods). Figure 3 shows the cyclotron emission spectra of two 8 nm thick HgTe QWs of different electron concentrations. All spectra contain a clear emission line, symmetrical in positive and negative magnetic fields, and already visible at low energies (see Fig. 3 a) and c)). The line position clearly evolves linearly with the magnetic field, allowing determining the cyclotron mass. Note that the slope of the resonant energies as functions of magnetic field depends on the carrier concentration due to non-parabolic band structure of HgTe QWs (see Fig. 2(b,c)). Figures 3(b,d) provide the corresponding emission spectra measured at fixed magnetic field values for both samples. The emission peaks have a Gaussian-like shape, whose amplitudes increase first with the magnetic field and decrease after a certain energy value, which varies from one sample to another. Therefore, this non-monotonic evolution of the emission intensity cannot be attributed only to the reststrahlen band in the QWs (15-20 meV for HgTe/CdxHg1-xTe), nor to the detector's limits. Indeed, n-InSb can be used as a narrow-band and tunable detector up to about 22 meV, where its efficiency is limited by the InSb reststrahlen band [START_REF] Dmowski | Far-infrared narrow-band photodetector based on magnetically tunable cyclotron resonance-assisted transitions in pure n-type InSb[END_REF]. Moreover, depending on the carrier concentration, the edge of the reststrahlen band can be shifted towards energies slightly lower than 15 meV and it is therefore probable that the disappearance of the emission signal beyond 12 meV is due to the vicinity of the HgTe/CdxHg1-xTe reststrahlen band. However, the observed decrease in emission amplitude starts at much lower energies, on the order of 4 to 6 meV. This phenomenon therefore does not seem to be linked to the influence of the reststrahlen band. Another way to understand this behavior would be to consider that above the quantum limit, when the sample leaves the incipient Landau quantization regime, the electron relaxation time decreases, as it was recently observed in graphene during the resonant excitation of optical transitions between low-energy LLs [START_REF] Mittendorff | Carrier dynamics in Landau-quantized graphene featuring strong Auger scattering[END_REF].

The reason may be due to the fact that despite of the non-equidistance of the Landau levels in HgTe QWs, it is still possible to find the states in the broadened LLs involved in optical transitions that fulfill the energy conservation and reactivate the Auger recombination. However, additional magnetotransport data (cf. the electron mobility µ in Table 1), obtained in the same experimental conditions, clearly show that this decrease in amplitude is not related to the quantum limit (µB >> 1). Therefore, we attribute this effect to the out-of-equilibrium carrier distribution in crossed electric and magnetic fields. Indeed, the carriers are in thermodynamic equilibrium during the magneto-transport measurements, while they are heated by short pulses of electrical excitation in the Landau emission experiments.

Cyclotron emission tunable in magnetic field and concentration

As discussed above, given the carrier mobility and the range of the applied external magnetic field, the samples are in the conditions of incipient Landau quantization. The low-index LLs are well separated, but given their non-equidistance, the distribution functions of the higher index states overlap to form a quasi-continuum. In this regime, the cyclotron frequency evolves linearly with the magnetic field and the system [ 60 ] can be treated in a semi-classical manner. The analytical form of 𝐸 I (±) (k) in Eq. ( 3) Figure 4 summarizes the position of the emission line at different magnetic fields and the corresponding cyclotron masses as functions of electron concentration extracted from magneto-transport data (see Supplemental Materials). It can be seen that even though the cyclotron mass was extracted from emission experiments with the out-of-equilibrium carrier distribution, its values are in good agreement with the theoretical mass at the Fermi level as a function of concentration calculated on the basis of Eq. ( 6), as shown in Fig. 4(b). In order to emphasize the tunability of cyclotron radiation, Fig. 4(c) also shows the resonant energy for the two groups of QW widths at the two magnetic field values (0.5 T and 1 T). Here, we note a good agreement between the experimental values and the theoretical calculations in the energy range between 2 and 9 meV (0.5 to 2.2 THz). Additionally, the cyclotron mass extracted from emission results also agrees well with the results of magneto-absorption experiments performed on the same sample (see Supplemental Materials). Interestingly, the cyclotron resonance energy probed by magneto-absorption (cf. Supplementary Materials) is almost insensitive to temperature up to 100 K. The latter gives the hope to observe the Landau emission in HgTe QWs at significantly higher temperatures than the one observed in this work.

allows

Discussion

Before discussing the conditions required for stimulated emission and gain, it is worth mentioning those for streaming effect and population inversion of the LLs. In the semi-classical regime, the homogeneous broadening of the cyclotron resonance, induced by elastic scattering on impurities and phonons, is directly related to the DC-conductivity at zero magnetic field [START_REF] Hilton | Cyclotron resonance, Characterization of Materials[END_REF] . The cyclotron resonance linewidth can therefore be compared with the reverse of the free carrier momentum relaxation time or total lifetime τt.

The full-width at half-maximum of the emission lines in our experiments is on the order of 3-4 meV (corresponding to a frequency 𝑓 ≈ 800 GHz and a total life time 𝜏 • ≈ 0.2 ps), which is about 10 times larger than the collision broadening values 𝛥𝜀 = ℏ 𝜏 ⁄ = ℏ𝑒 𝜇𝑚 u ⁄ extracted from mobility measurements (See Table 1 in Methods). It should also be noted that the linewidth of the emission line is twice that of the absorption (see Supplemental Materials). Indeed, spontaneous cyclotron emission involves hot electrons, which are distributed in a much broader energy range than the carriers probed by quasiequilibrium magneto-absorption involving the electrons in the vicinity of Fermi energy. Therefore, the electric field yielding non-equilibrium electron distribution also influences the form of emission line in the systems with non-parabolic band structure -the cyclotron mass increases with the energy far from the band edge [START_REF] Gornik | Landau emission in semiconductors[END_REF] . Additionally, the form of the emission line can be also affected by the inhomogeneous broadening due to electron-phonon scattering [START_REF] Chaubet | Heating of two-dimensional electrons by a high electric field in a quantizing magnetic field: Consequences in Landau emission and in the quantum Hall effect[END_REF] , as well the Stark broadening induced by ionized impurities [START_REF] Hensel | Stark effect for cyclotron resonance in degenerate bands[END_REF] . The latter can be a dominant contribution into the emission linewidth as previously observed by Gornik et al. [START_REF] Gornik | Emission spectroscopy on two-dimensional systems[END_REF] .

To evaluate the conditions required for streaming effect and possible population inversion of LLs, we compare the momentum relaxation time determined from the carrier mobility (see table 1 in Methods), with the time-of-flight 𝑇 ƒ" it takes for an electron to reach the longitudinal optical (LO) phonon energy 66 ˆ‰ , we get 𝑇 ƒ" ≈ 6 ps with typical electric field of about 100 V/cm used in our experiments. The momentum relaxation time determined by our transport measurements in on the order of 1-2 ps. In other words, the electrons are scattered before they reached the LO phonon energy. In order to reach 𝐸 ƒ" before scattering, the electron mobility should be of the order of 2•10 5 cm 2 /V•s with an electric field from 300 to 600 V/cm. A population inversion would be possible only if the following condition were satisfied [START_REF] Komiyama | Definite evidence for population inversion of hot electrons in silver halides[END_REF] 

1 ≤ … † ‡ j • X k ≤ 2,
which can be achieved, for instance, for an electric field of 2000 V/cm and magnetic field in the range from 0.2 to 0.4 T. These electric field values are achievable in sub-millimeter-sized grating gate devices fabricated from high-mobility HgTe QWs [START_REF] Tkachov | Backscattering of Dirac Fermions in HgTe Quantum Wells with a Finite Gap[END_REF] .

Let us now consider a lasing threshold in possible Landau laser based on Dirac fermions in HgTe QWs. In order to estimate the population inversion conditions, we assume inducing a gain comparable to that of THz p-Germanium lasers. The latter has typically a gain coefficient 70 𝛾 = 𝑁B𝜆 < 4𝜋 < ⁄ 𝜏 I" 𝛥𝜈E of the order of 0.05 cm -1 [ [START_REF] Unterrainer | Tunable cyclotronresonance laser in germanium[END_REF][START_REF] Hubers | Terahertz lasers based on germanium and silicon[END_REF], where 𝑁 corresponds to the population difference, 𝜆 is the wavelength of light in the medium and 𝛥𝜈 = 1 2𝜋 ⁄ 𝜏 • . In the case of relativistic electrons, the spontaneous cyclotron radiative lifetime can be appraised as follows [START_REF] Morimoto | Cyclotron radiation and emission in graphene[END_REF] : 𝜏 I" 8`= 𝛼 j -- u k < 𝜔 u , where 𝛼 is the fine structure constant, 𝑣 p and c are the Fermi and light velocities, respectively. In the THz frequency range, 𝜏 I" is therefore on the order of 1 µs, while 𝜏 • ≈ 0.2 ps as was determined above. Therefore, if one considers for instance 𝜆 = 300 µm, it is necessary to carry out a population inversion of the order of 𝑁 ≈ 1.7•10 9 cm -3 , which seems achievable in the pulsed excitation regime.

Conclusion

We have experimentally observed cyclotron emission of massive and massless Dirac fermions in HgTe QWs of different thicknesses. The emission is favored both by the gap opening and the specific band dispersion in HgTe QWs. The latter breaks the possibility to find series of equidistantly spaced Landau levels and thus suppresses non-radiative Auger recombination inherent in graphene. We have demonstrated a continuous tunability of the emission frequency in the range from 0.5 to 3 THz under low magnetic fields. These results lead us to consider HgTe QWs as promising materials for the development of a THz cyclotron laser largely tunable by a weak magnetic field or even by the gate voltage using a permanent magnet.

Methods

A part of the QWs were grown on GaAs (013) substrates with ZnTe and CdTe buffers (see Fig. M1 a) using molecular beam epitaxy (MBE) with in situ ellipsometric control [START_REF] Mikhailov | Growth of Hg1-xCdxTe nanostructures by molecular beam epitaxy with ellipsometric control[END_REF] of the layer composition and thickness [START_REF] Shvets | Determining the Compositional Profile of HgTe/CdxHg1-xTe Quantum Wells by Single-Wavelength Ellipsometry[END_REF] . This growth method has been shown to provide high-quality structures, investigated in a large number of works 588,[START_REF] Ruffenach | HgCdTe-based heterostructures for terahertz photonics[END_REF] . The other part was grown on CdTe (001) substrate with again a CdTe buffer layer. The tensile strained HgTe well and HgCdTe barrier layers are grown at the same temperature (160°C) with a constant growth rate of 1 monolayer/s. Details on the growth and material characterization can be found in 77 and 78 . HgTe/CdTe structures grown using the same procedure are associated to high mobility electronic transport with clear Dirac characteristics 79 and have also been used to demonstrate record room-temperature spin to charge conversion 80 (Fig. M1 a). The samples were cut into squares of approximately 5x5 mm 2 and gold wires were soldered to indium balls placed on the sample' surface, acting as ohmic contacts, spaced approximately 1 mm apart. The concentration and the mobility of the carriers were determined by magneto-transport measurements (detailed in the Supplementary Materials) whose results are grouped in Table 1. The experimental setup is a Landau spectrometer which consists of two independent 8 T and 14 T superconducting coils placed in the same cryostat (Fig. M1 b). The sample to be measured is positioned in the center of the first coil, while a magnetically tunable InSb photoconductive detector [START_REF] Dmowski | Far-infrared narrow-band photodetector based on magnetically tunable cyclotron resonance-assisted transitions in pure n-type InSb[END_REF] is in the center of the second one. The InSb based cyclotron detector is a very sensitive detector with a spectral resolution on the order of 240 GHz (1 meV), over a spectral range from 0.8 THz up to 5 THz. The light emitted by the sample is guided toward the detector by a copper light pipe. The signal is detected as a voltage drop over the photoconductive detector, which is then amplified and measured via standard lock-in technique. The duty cycle (ratio of power-on to total time T0) was set to a few percent (see Fig. M1 c) to prevent overheating of the sample, which would damage the sample and distort the signal. In our experiments, the electric pulses had peakto-peak values VA in the range of 10 to 100 V/cm and a duration ton of a few milliseconds. The spectrometer can be used in two different modes of use. The first one consists in keeping constant the magnetic field applied to the InSb detector, so as to fix the detection energy, while the magnetic field applied to the sample is swept. The second mode consists on the contrary in fixing the magnetic field on the sample side and sweeping that applied to the detector, so as to directly measure the emission spectrum. Experimental details can be found in [START_REF] Knap | A far-infrared spectrometer based on cyclotron resonance emission sources[END_REF] . The spectrometer is integrated in a cryostat and composed of two superconducting coils. One of them allows to apply a magnetic field to the measured sample while the other is applied to the cyclotron detector. A weaker third coil makes it possible to compensate for the action of the first on the second. The sample is excited by electrical pulses and the duty cycle of a few percent, detailed in c), is generally set to prevent overheating of the sample. The Landau emission signal is finally detected as a voltage drop across the InSb detector which is then amplified and measured via a standard lock-in technique. 

Fig. 1 .

 1 Fig. 1. Different mechanisms of negative differential conductivity in the cyclotron resonance regime in semiconductors arising in the case of a population inversion between LLs. The panels provide a qualitative representation of the CR differential conductivity Re σc(ω), for the corresponding LL diagrams shown as insets. The areas corresponding to the negative values of Re σc(ω) are shaded. a) Negative differential conductivity due to non-equidistant LLs. In vacuum electronics, this case is employed for gyrotrons [ 14 , 15 ], while for semiconductors it was first noticed by Lax [ 7 ]. b) Negative differential conductivity Re σc(ω) due to the difference in width of the LLs. The CR amplification attributed to the differences in the LL widths was first observed by Hirshfield and Watchel [ 16 ] in gaseous plasma. c) Negative differential conductivity due to the difference in sign of the circular polarization of the transitions between LLs. The up and down transitions of the occupied LL indeed have different cyclotron mass signs and therefore resonate with different circular polarizations, resulting in stimulated emission in CR-based NEMAG.

Fig. 2 :

 2 Fig. 2: Landau levels of Dirac fermions in graphene and HgTe QWs. (a) spin-degenerate Landau levels in graphene with the arrows indicating the LL subsets equally spaced in energy. The inset schematically illustrates the linear band dispersion. (b,c) Landau levels in gapless and inverted HgTe QWs. The red and blue curves correspond to the eigenvalues 𝐸(F) and 𝐸[START_REF] Wolff | Proposal for a cyclotron resonance maser in InSb[END_REF] , respectively. The insets show the QW band structure. To stress the role of the quadratic terms, the dashed curves also represent the band structure at 𝔹 = 𝔻 = 0. The structure parameters used in the calculations are provided in Supplemental Materials.

Fig. 3 :

 3 Fig. 3: Cyclotron emission observed on 8 nm HgTe QWs, measured on two different samples at T = 4 K. a) and c) The signal is recorded with an n-InSb detector by fixing the magnetic field applied to the detector, i.e. the detection energy (right panels), while sweeping the magnetic field applied on the sample. b) and d) The signal is measured while fixing the magnetic field applied to the sample (values of which are seen on the right side of these panels), as a function of the detector's energy, i.e. swiping the magnetic field on the detector side.

Fig. 4 :

 4 Fig. 4: Analysis of the cyclotron emission energies. a) Energy of the cyclotron emission peaks as a function of the magnetic field for various samples. The symbols correspond to the maximum intensity of the cyclotron resonance peak. The dotted lines are linear fits according to the classical cyclotron resonance condition from which the corresponding cyclotron mass values were extracted. b) The extracted cyclotron masses as a function of the carrier concentration of the samples in which the emission was measured. In this figure, the red and blue colors correspond to the QW thickness, 8 nm and critical, respectively. The solid curves represent the calculations based on Eq. (6). For comparison, we also provide the mass calculation within pure Dirac model involving only the linear terms i.e. at 𝔹 = 𝔻 = 0 (dashed lines). c) In order to highlight the tunability by concentration, we also represent experimental results by means of visualization of the energy and frequency emitted as a function of the density of carriers for two fixed magnetic fields, i.e. 0.5 Tesla and 1.0 Tesla. The shaded areas emphasize values extracted from the same sample with the two different operation modes, where full symbols represent again Mode 1 and open symbols Mode 2.
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 18 3 meV for HgTe QWs [ 67 ]). With 𝑇 ƒ" =

Fig. M1 :

 M1 Fig. M1: Description of the Landau spectroscopy experimental setup. a) The samples are HgCdTe/CdHgTe QWs of different thicknesses and Cd compositions, on GaAs and CdTe substrates. b)The spectrometer is integrated in a cryostat and composed of two superconducting coils. One of them allows to apply a magnetic field to the measured sample while the other is applied to the cyclotron detector. A weaker third coil makes it possible to compensate for the action of the first on the second. The sample is excited by electrical pulses and the duty cycle of a few percent, detailed in c), is generally set to prevent overheating of the sample. The Landau emission signal is finally detected as a voltage drop across the InSb detector which is then amplified and measured via a standard lock-in technique.

  

Table 1 : Parameters summary for the samples presented in this work.

 1 Carrier density and mobility are extracted from transport measurements (see supplementary information); other parameters are extracted from the emission data.

	Sample	Wafer	QW width (nm)	Gap width (meV)	Number of QWs	Carrier density *10 11 (cm -2 )	Carrier mobility (cm 2 /Vs)	Cyclotron mass mc/me	FWHM (meV)	Collision broadeni ng (meV)
	S9	130415	6.3	~ 0	1	1.3	130 000	0.01249	-	0.71
	S5	101227	6.5	~ 0	1	1.6	225 000	0.01433	-	0.36
	S7	091222-1	8	28.1	1	3.1	190 000	0.02082	3.27	0.29
	S6	091223-1	8	30.4	1	1.95	205 000	0.01855	2.51	0.30
	S8	101109	8	-	1	4.58	154 000	0.02463	3.11	0.30
	S2	210702-5	8.5	25-30	15	0.83	115 000	0.00788	-	1.27
	S3	170410	8.0-8.2	-	50	0.23	80 000	0.00899	-	1.60
	S1	091225	30	~ 0	1	0.5	105 000	0.0055	4.86	2
	S4	28104	8	-	1	0.6	185 000	0.0125	3.58	0.5
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