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Quasi-One Dimensional Modeling of Hybrid Chemical-Plasma Acceleration

We investigate the flow dynamics of hybrid chemical-plasma acceleration, which aims to increase the specific impulse while maintaining large thruster level of conventional chemical flow in a converging-diverging nozzle. Thermally ionized alkali metal interacts with the electromagnetic fields, which contribute to nozzle flow acceleration via Lorentz force and Joule heating. A quasi-one dimensional (quasi-1D) fluid model is developed and validated to simulate the exhaust gas flow, and plasma reactions are included assuming thermal and chemical equilibrium. Using the quasi-1D model, optimal conditions of the magnetohydrodynamic (MHD) acceleration are systematically investigated assuming Faraday configuration. The computational results show that specific impulse and thrust can be increased effectively when the MHD acceleration is applied near but downstream of the throat. The acceleration of nozzle flow is observed when the electrical power is coupled with the flow due to Lorentz force or Joule heat addition.

Nomenclature

wind tunnels and aeropropulsion systems. In particular, important metrics for propulsion systems include thrust (𝜏), specific impulse (𝐼 sp ), and system mass. At lower altitude in the atmosphere, propulsion systems such as gas turbines and airbreathing jet engines have been widely used for aircraft. One of the major challenges in aerospace propulsion is hypersonic flights, which operates favorably in high-altitude atmosphere as the drag can be reduced. Airbreathing jet engines, such as ramjets and scramjets, may exhibit limited performance due to the lower atmospheric density and high 2 Mach number flow [START_REF] Urzay | Supersonic Combustion in Air-Breathing Propulsion Systems for Flight[END_REF]. Electric rocket propulsion, on the other hand, is likely not suited for use in atmospheric flight due to limited attainable thrust level, since ionizing gas flow is energy-inefficient at higher pressure as molecular collisions contribute to recombination of the ionized gas [START_REF] Choueiri | A Critical History of Electric Propulsion: The First 50 Years (1906-1956)[END_REF][START_REF] Kokal | Development of a Mili-Newton Level Thrust Stand for Thrust Measurements of Electric Propulsion Systems[END_REF]. Chemical rocket propulsion could therefore be a candidate for hypersonic flights because of the high thrust level. However, the main disadvantage of chemical rocket engines is the low specific impulse, i.e., high fuel consumption [START_REF] Genta | Propulsion for Interstellar Space Exploration[END_REF].

There have been multiple efforts to combine the advantages of both chemical and electric rockets in the form of hybrid chemical-plasma flows. Alkali metals, featuring low ionization energies, are seeded into the exhaust-gas nozzle flow to enhance electrical conductivity. The externally-applied electromagnetic fields then provide Joule heat and Lorentz force to the gas flow, which may further boost the specific impulse while maintaining the thrust level [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF].

Early experimental studies of MHD acceleration showed that gas flows can be accelerated by electromagnetic forces [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF]; e.g., the exhaust velocity of cesium-seeded nitrogen gas flow was increased from 2 km/s to 6 km/s within an accelerator of a cross-sectional area of 6.4 cm 2 and a length of 30 cm, using an external magnetic field of 1.15 T and a total electric power input of 360 kW [START_REF] Carter | Research on a Linear Direct-Current Plasma Accelerator[END_REF][START_REF] Carter | Operating Characteristics, Velocity and Pitot Distribution, and Material Evaluation Tests in the Langley One-Inch-Square Plasma Accelerator[END_REF][START_REF] Carter | Development and Initial Operating Characteristics of the 20-Megawatt Linear Plasma Accelerator Facility[END_REF]. In recent years, NaK-alloy-seeded nitrogen gas was used for MHD acceleration, featuring significantly enhanced electrical conductivity. The exhaust velocity of 3 km/s was obtained within an MHD channel of a cross-sectional area of 2.56 cm 2 and a length of 90 cm, and the acceleration efficiency reached 50%, when providing a power input of 730 kW [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF]. Further increase of the electric current was found to result in a larger amount of Joule heating and smaller acceleration efficiency, suggesting that optimal configurations and conditions for MHD acceleration may exist.

Concerning numerical studies, Sakamoto and Harada [START_REF] Sakamoto | Three-Dimensional Computational Study on a Magnetohydrodynamic Accelerator in Hall Current Neutralized Condition[END_REF] solved the 3D parabolized Navier-Stokes equation including source terms for MHD effects using a 𝑘 -𝜀 turbulence model to simulate previous experiments [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF]. Macheret et al. [START_REF] Macheret | MHD Acceleration of Supersonic Air Flows Using Electron Beam-Enhanced Conductivity[END_REF][START_REF] Macheret | Electron-Beam-Generated Plasmas Hypersonic Magnetohydrodynamic Channels[END_REF] also discussed the feasibility of providing MHD acceleration to the nozzle flow with the aid of injected electron beams. Schulz et al. [START_REF] Schultz | MHD Augmented Chemical Rocket Propulsion for Space Applications[END_REF], Nishihara et al. [START_REF] Nishihara | Experimental and Computational Studies of Low-Temperature Mach 4 Flow Control by Lorentz Force[END_REF] and Zhao et al. [START_REF] Zhao | Numerical and Experimental Investigation of Plasma Plume Deflection with MHD Flow Control[END_REF] solved the compressible Navier-Stokes equation with Joule heat and Lorentz force terms for alkali-metal-seeded combustion exhaust gas flow, where the gas conductivity 𝜎 is either approximated as a constant [START_REF] Schultz | MHD Augmented Chemical Rocket Propulsion for Space Applications[END_REF][START_REF] Nishihara | Experimental and Computational Studies of Low-Temperature Mach 4 Flow Control by Lorentz Force[END_REF] or prescribed using the Saha equation [START_REF] Zhao | Numerical and Experimental Investigation of Plasma Plume Deflection with MHD Flow Control[END_REF]. Recently, Kava et al. [START_REF] Kava | Numerical Simulation of Electron-Beam Powered Plasma Fueled Engines[END_REF] solved the 1D Euler equation with non-equilibrium reaction source terms for plasma-fueled engines (PFEs), while the cross-sectional area change of nozzles is not taken into account.

To our knowledge, in previous works the electromagnetic fields have been applied either in a constant-area duct [START_REF] Schultz | MHD Augmented Chemical Rocket Propulsion for Space Applications[END_REF][START_REF] Kava | Numerical Simulation of Electron-Beam Powered Plasma Fueled Engines[END_REF] or at fixed positions along the nozzle axis [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF], and the influence of the MHD acceleration on the nozzle flow dynamics has not been systematically analyzed. Iwaki et al. discussed the effects of heat addition to different locations along a diverging nozzle [START_REF] Iwaki | Effects of Heat Transfer in Divergent Section of Laval Nozzle on Exhaust Velocity and Area Ratio[END_REF]; and it is found that due to the presence of cross-sectional area change, the effect of external heating on nozzle flows is significantly different from the prediction of the canonical Rayleigh flow model where area change is absent [START_REF] Zucker | Fundamentals of Gas Dynamics[END_REF]. However, the effects of Lorentz force are not taken into account in Iwaki's work [START_REF] Iwaki | Effects of Heat Transfer in Divergent Section of Laval Nozzle on Exhaust Velocity and Area Ratio[END_REF], which can be an important factor for MHD acceleration of the nozzle flow. Furthermore, in many of the past studies, chemically inactive gases (e.g., N 2 ) are chosen as the propellant, which may provide a large number density of free electrons by preventing the oxidation of alkali metals. If considering a chemical rocket propulsion system, the nozzle flow typically contains a large amount of CO 2 and H 2 O, which are highly reactive with alkali metals. Meanwhile, as the temperature of combustion exhaust gas may exceed 3000 K, the vibrational modes of diatomic and polyatomic molecules will be excited. The chemical reactions and vibrational excitation cause the heat capacity ratio 𝛾 of exhaust gas to vary in the subsonic and throat regions of the nozzle [START_REF] Bray | Chemical Reactions in Supersonic Nozzle Flows[END_REF], where the high flow temperature leads to large degrees of ionization favorable for implementing MHD accelerations. Coupling of the chemical, electrical, fluid, and plasma effects plays an important role in understanding the physical processes behind the MHD acceleration concept. However, many of the numerical works cited above and a few early theoretical analyses [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Culick | Compressible Magnetogasdynamic Channel Flow[END_REF] assume the propellants to be ideal gases with constant heat capacity ratio 𝛾, which does not reflect the influence of chemical reactions on the thermodynamic properties of the high-temperature gas flow.

The fundamental flow dynamics of the MHD acceleration needs to be investigated to apply the hybrid chemicalplasma flow acceleration to realistic aerospace applications. The present study develops and performs simplified quasi-one dimensional (quasi-1D) numerical simulations of a chemical gas flow in the presence of seeded alkali metal and electromagnetic acceleration within a converging-diverging nozzle, which significantly enhances capabilities of predicting the coupling of the chemical, electrical, fluid, and plasma effects, and enables parametric investigation of the MHD acceleration technique. While various multidimensional features must be accounted for, e.g., boundary layer, electrical conductivity, and wall losses [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF], the quasi-1D model allows for fast calculation and thus parametric analyses. The focus of this study is to investigate the fluid responses assuming a given electromagnetic field profile and to systematically analyze the MHD acceleration. The paper is structured as follows. We first introduce in §II the problem formulation and numerical method. The physical considerations and setup of the hybrid chemical-plasma acceleration are introduced in §III. We then investigate in §IV the optimal working conditions for the hybrid chemical-plasma acceleration, and provide understanding of the physical mechanisms governing the acceleration phenomena.

II. Formulation and Methodology

A. Theoretical model

In order to study the feasibility of the MHD acceleration and provide a computational capability of the flow dynamics from a systematic perspective, we utilize a quasi-1D nozzle flow model. Key assumptions of this model include: (i) uniform fluid and plasma properties in the radial and azimuthal direction, including flow velocity, density, temperature and electrical conductivity, (ii) viscous effects and heat transfer are neglected in the gas dynamics, (iii) static, uniform, and constant electromagnetic fields (i.e., the fields are not solved self-consistently), (iv) ambient pressure is neglected (which is reasonable for high-altitude operations), and (v) chemical and thermodynamic equilibrium.

Electromagnetic acceleration

As is shown in Fig. 1 

where 𝑞 𝑒 is the electron charge, 𝑚 𝑒 is the electron mass, and 𝜈 𝑚 is the electron momentum transfer frequency. When 𝛽 ≫ 1, the external magnetic field dominates the motion of free electrons and the Hall configuration is favored; on the other hand, when 𝛽 < 1, collisional effects take over, which leads to relatively small electron velocities aligned with the electric field 𝐸, hence favoring the Faraday configuration [START_REF] Jahn | Physics of Electric Propulsion[END_REF]. In this study, the Faraday configuration is chosen since it is found that MHD acceleration performs better near the nozzle throat where the gas pressure is high, leading to a Hall parameter 𝛽 on the order of or less than unity [START_REF] Tang | Numerical Study of Ionized Nozzle Flows with Electromagnetic Propulsion Enhancement[END_REF].

Quasi-1D converging-diverging nozzle flow

We approximate the ionized nozzle flow using an inviscid single-fluid model, where the seeded alkali metal is assumed to be sufficiently mixed with the exhaust gas upstream to the nozzle inlet. The fluid equation can be generally written as U 𝑡 + 𝚪 𝑥 = S, where U denotes the conservative variables, 𝚪 the inviscid fluxes, subscripts denote the partial derivatives, and S the source term. To model a converging-diverging nozzle, we employ the quasi-1D approximation assuming that the nozzle curvature is much larger than its cross-sectional length, and the cross-sectional area 𝐴(𝑥) of the nozzle varies smoothly along axial length 𝑥 [START_REF] Vimercati | On the Numerical Simulation of Non-Classical Quasi-1D Steady Nozzle Flows: Capturing Sonic Shocks[END_REF]. We further adopt the equilibrium flow model to account for the chemical reactions. The equilibrium flow model is valid when the time scale of chemical reactions is much smaller than that of nozzle flows, and its application may avoid the high computational cost incurred by solving for non-equilibrium reaction terms besides the flow equations [START_REF] Huang | Chemical Non-Equilibrium Flow Analysis of H 2 Fueled Scramjet Nozzle[END_REF].

The quasi-1D flow equations for a nozzle with a variable cross-sectional area are given by,

𝜕 𝜌 𝜕𝑡

+ 𝜕 𝜕𝑥 (𝜌𝑢) = -𝜌𝑢 1 𝐴 𝑑𝐴 𝑑𝑥 (2) 
𝜕 𝜕𝑡

(𝜌𝑢) + 𝜕 𝜕𝑥 𝜌𝑢 2 + 𝑝 = -𝜌𝑢 2 1 𝐴 𝑑𝐴 𝑑𝑥 + 𝑓 (3) 
𝜕 𝜕𝑡

(𝜌𝜖) + 𝜕 𝜕𝑥 [𝑢 (𝜌𝜖 + 𝑝)] = -𝑢(𝜌𝜖 + 𝑝) 1 𝐴 𝑑𝐴 𝑑𝑥 + 𝑞, (4) 
where 𝜖 ≡ 𝑒 + 1 2 𝑢 2 is the specific total energy of the gas (and 𝑒 is the specific internal energy), the source terms incorporating 1

𝐴 𝑑 𝐴

𝑑 𝑥 represents the influence of varying cross-section area of the nozzle, and 𝑓 ≡ J × B and 𝑞 ≡ J • E are the Lorentz force and electric power input densities, respectively. While realistically the spatial distributions of electric field E and magnetic field B need to be determined by solving the Maxwell equations (or the Poisson equation if electrostatic), both electric and magnetic fields are approximated to be uniform and time-invariant for simplicity in this study, which is reasonable if the MHD region where they are applied is short such that the variation in the magnitudes of the electromagnetic fields is negligible. It is also noted that the single-fluid equation is valid when the magnetic field B is strong enough such that the Larmor radii 𝑟 𝐿 of charged particles, i.e., ions and electrons, are much smaller than the length scale of nozzle flow.

J is the transverse current density, which is calculated assuming the generalized Ohm's Law [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Zhao | Numerical and Experimental Investigation of Plasma Plume Deflection with MHD Flow Control[END_REF][START_REF] Culick | Compressible Magnetogasdynamic Channel Flow[END_REF][START_REF] Goldston | Introduction to Plasma Physics[END_REF]:

J = 𝜎(E + u × B), (5) 
where 𝜎 is the electrical conductivity. For the Faraday-type MHD propulsion system, we may split the electric power input term J • E as follows [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Kava | Numerical Simulation of Electron-Beam Powered Plasma Fueled Engines[END_REF]:

𝑞 = J • E = J 2 𝜎 + (J × B) • u, (6) 
which indicates that the total energy input 𝑞 = J • E incorporates both the Ohmic (Joule) heat dissipation and the work of Lorentz force done on the fluid. For direct electric currents flowing through low-temperature plasma, the electrical conductivity is given by [START_REF] Mitchner | Partially Ionized Gases, Wiley Series in Plasma Physics[END_REF][START_REF] Lieberman | Principles of Plasma Discharges and Materials Processing[END_REF],

𝜎 = 𝑞 2 𝑒 𝑛 𝑒 𝑚 𝑒 𝜈 𝑚 , (7) 
where 𝑛 𝑒 is the electron number density within the gas flow. Considering electron-neutral and electron-ion collisions, the total electron momentum transfer collision frequency is given by,

𝜈 𝑚 = 𝜈 en + 𝜈 ei . (8) 
The electron-neutral collision frequency is given as 𝜈 en = 𝑛 𝑛 ⟨𝜎 𝑚 𝑣 𝑒 ⟩, where 𝑛 𝑛 is the total number density of neutral particles in m -3 and ⟨𝜎 𝑚 𝑣 𝑒 ⟩ is the averaged product of the cross section for momentum transfer 𝜎 𝑚 and the speed of electrons 𝑣 𝑒 [START_REF] Lieberman | Principles of Plasma Discharges and Materials Processing[END_REF], which we approximate as 2.5 × 10 -13 m 3 /s for simplicity in this study [START_REF] Sahu | Full Fluid Moment Model for Low-Temperature Magnetized Plasmas[END_REF]. The electron-ion collision frequency is approximated as 𝜈 ei = 2.9 × 10 -12 𝑛 𝑒 Λ𝑇 -3/2 , where Λ is the Coulomb logarithm and 𝑇 is the gas temperature in electron volts.

Finally, in order to close the equation system, we need to provide the equation of state for the combusted exhaust gas with seeded alkali metals,

𝑝 = 𝑝(𝜌, 𝑒). (9) 
For a perfect gas, 𝑝 = (𝛾 -1) 𝜌𝑒, where the heat capacity ratio 𝛾 is a constant. However, for chemically-reactive flows such as combusted hydrogen-oxygen mixtures investigated in this work, 𝛾 will vary with temperature and concentration of each species [START_REF] Wu | Aerodynamics[END_REF]; whose equations of state will be obtained through curve-fitting in §II.B.3.

Equilibrium chemistry

In this study, we consider the exhaust gas flow of hydrogen-oxygen combustion with seeded potassium, similar to the numerical work of Schulz et al. [START_REF] Schultz | MHD Augmented Chemical Rocket Propulsion for Space Applications[END_REF]. Note that NaK was used in previous experiments [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF]. We build a chemical reaction system to describe the reactions occurring among various component species within the gas mixture, and collect their rate constants from available literature and databases. Among these, the hydrogen-oxygen combustion reactions are taken from Ref. 29, the reactions between seeded potassium, free electrons and exhaust gas molecules are taken from Ref. [START_REF] Jensen | Reaction Rate Coefficients for Flame Calculations[END_REF], and the high-temperature hydrogen and oxygen plasma reactions are taken from Refs. 31 and 26.

The transport equation of the chemical compositions can be written as follows, while maintaining the total density 𝜌 and temperature 𝑇 of the reaction system as with a constant-volume heat bath:

𝑑𝑐 𝑖 𝑑𝑡 = 𝑁 𝑟 ∑︁ 𝑟=1 [𝑏(𝑖, 𝑟) -𝑎(𝑖, 𝑟)] 𝑘 𝑓 (𝑟) 𝑗 𝑐 𝑎 ( 𝑗,𝑟) 𝑗 -𝑘 𝑏 (𝑟) 𝑗 𝑐 𝑏 ( 𝑗,𝑟) 𝑗 , (10) 
where 𝑎(𝑖, 𝑟), 𝑏(𝑖, 𝑟) are the stoichiometric numbers of species 𝑖 as the reactant and product, respectively, for reaction 𝑟, and 𝑘 𝑓 ,𝑟 and 𝑘 𝑏,𝑟 are the forward and backward reaction rate coefficients, respectively.

When the mole concentration of each species 𝑐 𝑖 at chemical equilibrium is calculated through iteratively solving the transport equation ( 10) until reaching steady state, macroscopic properties of the gas mixture can be obtained, including the pressure 𝑝, specific internal energy 𝑒, and electrical conductivity 𝜎. The pressure is calculated using Dalton's law:

𝑝 = 𝑁 𝑐 ∑︁ 𝑖=1 𝑐 𝑖 𝑅 𝑢 𝑇, (11) 
where 𝑁 𝑐 is the total number of species within the gas mixture. The specific internal energy 𝑒 is calculated by,

𝑒(𝑇) = 𝑁 𝑐 ∑︁ 𝑖=1 𝑐 𝑖 ℎ 0 𝑓 ,𝑖 + 𝑓 𝑛 2 𝑅 𝑢 𝑇 + 𝑒 𝜈,𝑖 (𝑇) , (12) 
where ℎ 0 𝑓 ,𝑖 is the specific enthalpy of each species at 0 K, whose values are taken from the NIST-JANAF online thermodynamics tables [START_REF]NIST-JANAF Thermochemical Tables[END_REF]; 𝑓 𝑛 𝑅 𝑢 𝑇/2 represents the molecular translational and rotational energy, where 𝑓 𝑛 is the molecular translational and rotational degree of freedom of each species; and 𝑒 𝜈,𝑖 (𝑇) is the vibrational energy of diatomic or polyatomic molecules. Finally, the number density of free electrons 𝑛 𝑒 and neutral particles 𝑛 𝑛 can be determined from mole concentrations, and electrical conductivity 𝜎 is calculated according to Eq. ( 7) using 𝑛 𝑒 and 𝑛 𝑛 .

B. Numerical method

Adapted Roe's scheme

The quasi-1D nozzle flow equation U 𝑡 + 𝚪 𝑥 = S can be discretized using a finite-volume approach as follows:

𝜕 Ū 𝑗 𝜕𝑡 + Γ 𝑗+1/2 -Γ 𝑗-1/2 Δ𝑥 = S, (13) 
where Ū 𝑗 denotes the cell-averaged conservative variables, Δ𝑥 is the cell size, and Γ is the numerical flux at the cell interfaces. The Strong-Stability Preserving Third-Order Runge-Kutta (SSP-RK3) method [START_REF] Gottlieb | Strong Stability-Preserving High-Order Time Discretization Methods[END_REF] is used for explicit time integration until the simulation converges. The discretized time step is adjusted via the CFL condition CFL = max |𝑢 ± 𝑎|Δ𝑡/Δ𝑥 = 1, where 𝑢 and 𝑎 are respectively the flow velocity and speed of sound. Inviscid fluxes Γ 𝑗±1/2 at the cell interfaces 𝑗 ± 1/2 are obtained using the approximate Roe flux [START_REF] Roe | Approximate Riemann Solvers, Parameter Vectors, and Difference Schemes[END_REF]. As Roe's original method is only applicable to ideal gases whose heat capacity ratio 𝛾 is a constant, the adapted Roe's scheme [START_REF] Liou | Splitting of Inviscid Fluxes for Real Gases[END_REF] is applied with monotonically upwind scheme for conservation laws (MUSCL) reconstruction using superbee and harmonic limiters.

Mass-Conserving Scheme for Quasi-1D Flow

Assuming equidistance meshing, the discretization of the steady-state continuity equation, Eq. ( 2), at the 𝑗-th cell center can be written as,

Γ 𝑗+1/2 -Γ 𝑗-1/2 Δ𝑥 = - 𝑆 𝜌 𝐴 𝑗 𝐴 𝑗+1/2 -𝐴 𝑗-1/2 Δ𝑥 , (14) 
where Γ 𝑗±1/2 ≡ (𝜌𝑢) 𝑗±1/2 are the mass fluxes at the left and right boundaries of the grid cell, and the right hand side of Eq. ( 14) is the source term for the conservation of mass due to the varying cross-sectional area. A naive way to model the source term is to consider 𝑆 𝜌 = (𝜌𝑢) 𝑗 . However, conservation of mass requires the mass flow rate 𝑚 ≡ 𝜌𝑢 𝐴 = Γ𝐴 at the left and right boundary of the grid cell to be the same: Γ 𝑗+1/2 𝐴 𝑗+1/2 -Γ 𝑗-1/2 𝐴 𝑗-1/2 = 0. Using this condition with Eq. ( 14), a condition for mass conservation can be obtained as,

𝑆 𝜌 = 𝐴 𝑗 𝐴 𝑗+1/2 Γ 𝑗-1/2 . ( 15 
)
This is different from the mass flux density at the cell center (𝜌𝑢) 𝑗 , and is instead evaluated from the fluxes calculated at the cell interface accounting for the change of the cross-sectional area.

Construction of equations of state

The equation of state, i.e., the functional formula between the state properties, is needed to solve the quasi-1D nozzle flow simulation. More specifically, pressure term must be known as a function of the macroscopic fluid properties to close the quasi-1D fluid equation system. Additionally, the generalized Ohm's law, as shown in Eq. ( 5), requires the electric conductivity which can be evaluated assuming local chemical equilibrium. Finally, the relation between temperature and internal energy is dependent on the specific heat ratio, which also requires the mole concentrations.

The five macroscopic variables 𝜌, 𝑒, 𝑇, 𝑝 and 𝜎 are calculated using 𝑐 𝑖 obtained from iteratively solving for the steady-state solution of Eq. ( 10), for which we use the semi-implicit Bulirsch-Stoer method provided by the GNU Scientific Library (GSL) [START_REF] Galassi | GNU Scientific Library[END_REF], whose results show great agreement with the time-explicit method. Each of these five can be described by two other state variables at chemical equilibrium, from which a fitting function can be applied to construct a formula for the equation of state. As 𝜌 and 𝑒 can be obtained directly from the conservative variable U of the flow equation, we fit 𝑇, 𝑝 and 𝜎 as functions of 𝜌 and 𝑒.

The graphic representations of the equation of state constructed for the gas mixture at the stoichiometric condition with 5% seeded potassium are shown in Fig. 2, where the state properties are normalized using the reference values 𝜌 0 = 1.29 kg/m 3 , 𝑒 0 = 8.61 × 10 5 J/kg, 𝑝 0 = 1.01 × 10 5 Pa, 𝑇 0 = 3000 K, and 𝜎 0 = 50 S/m. In Fig. 2, the black dots represent the numerical solutions of Eq. ( 10), while the surfaces colored according to the magnitude of the 𝑧 axes represent the equations of state fitted to the numerical data. It could be seen that the fitted surfaces match the numerical data closely within the specified range of 𝜌 and 𝑒.

III. Hybrid Chemical-Plasma Rocket Propulsion

In previous studies [START_REF] Tang | Numerical Study of Ionized Nozzle Flows with Electromagnetic Propulsion Enhancement[END_REF], we have introduced an isentropic flow within a symmetric converging-diverging nozzle, including the effects of Joule heating and Lorentz force. In the present study, we develop a quasi-1D model that calculates the Joule heating and Lorentz force terms from the plasma properties that are modelled.

A. Physical considerations

MHD acceleration can be applied either (i) near the inlet in the converging section where the gas pressure and temperature are high due to combustion, (ii) near the nozzle outlet in the diverging section where the gas pressure and temperature are low, or (iii) near the throat within the converging-diverging nozzle where the flow is choked. The following considerations can be made for the location of the MHD region:

1. The physical properties of the nozzle flow. Near the inlet, the high temperature results in larger ionization rate, but the high gas density contributes to more recombination. Additionally, the high gas pressure leads to large momentum transfer frequency, thus reducing the electrical mobility. On the other hand, the gas temperature and density decrease toward the nozzle exhaust due to the flow expansion, leading to low electron density and small electron momentum transfer frequency. Hence, the gas flow properties that result in maximum electrical conductivity is a priori unknown.

Furthermore, due to the large temperature difference between the gas flow and the environment, heat transfer arises across the nozzle contour, which becomes particularly high at the throat and may pose challenges to the electrodes inserted there [START_REF] Zhang | Coupled Simulation of Heat Transfer and Temperature of the Composite Rocket Nozzle Wall[END_REF]; however, we neglect the effects of heat transfer to the electrodes for simplicity in this study, which are reserved for future work.

2. The electric circuit geometry for applying MHD acceleration. The cross-sectional area of the nozzle is the smallest at the throat, resulting in shortest anode-cathode gap. For a given electric field, the total voltage required is therefore smallest at the throat. The crossed magnetic field is also likely most homogeneous near the throat, as it may vary in space if the coils generating the magnetic field are far apart. From the perspective of the circuit geometry, it can be therefore considered that application of the MHD acceleration is more suited near the throat region than the region where the cross-sectional area is large.

3. The Hall parameter of the gas flow under MHD acceleration. The Hall parameter 𝛽 changes as the location of the MHD region is varied. The gas density is largest near the nozzle inlet and decreases toward the outlet. Hence, for a given magnetic field strength, the Hall parameter is smallest near the inlet and increases toward the exhaust. While it is discussed in literature, for instance in Refs. [START_REF] Jahn | Physics of Electric Propulsion[END_REF] and [START_REF] Harada | Comparative Study of Electrode Connections of an MHD Accelerator[END_REF], that the optimal angle between the applied electric and magnetic fields is a function of the Hall parameter (i.e., between Faraday and Hall configurations), we focus on the Faraday configuration in this paper. As it will be shown, assuming Faraday configuration, the optimal MHD acceleration is observed when the MHD region is near the throat, where the Hall parameter is less than or equal to 𝑂 (1), thus justifying the Faraday configuration assumption.

B. Numerical Setup

The nozzle has a circular cross section and is assumed to follow [START_REF] Rao | Exhaust Nozzle Contour for Optimum Thrust[END_REF]:

r =                    3.964 - √ 11.56 -x2 , -1 ≤ x ≤ 0 2.831 - √ 5.138 -x2 , 0 ≤ x ≤ 0.587 0.1429 x + √ x + 15.41 -3.442, 0.587 ≤ x ≤ 14 , (16) 
where r ≡ 𝑟/𝐿 and x ≡ 𝑥/𝐿 are the dimensionless radius of the cross-section and the axial coordinate, respectively.

The reference length 𝐿 is set as 0.275 m, corresponding to a total nozzle length 𝐿 𝑡 = 4.125 m and a throat radius 𝑟 𝑡 ℎ = 0.155 m. Equation ( 16) yields an expansion ratio of 49.8, allowing the gas flow to reach large exhaust velocity at the outlet. The nozzle shape is plotted in Fig. 3.

Fig. 3 A converging-diverging nozzle shape designed using Rao's method [START_REF] Rao | Exhaust Nozzle Contour for Optimum Thrust[END_REF].

The electric and magnetic fields within the MHD region are applied assuming the Faraday configuration. While realistically the electric and magnetic field may not be constant (e.g., due to the complex gas and plasma flows and the change in the cross-sectional area), they are assumed to be constant for simplicity. The gas mixture entering the nozzle is considered as being at the stoichiometric condition, and the baseline upstream stagnation pressure and temperature are set as 1 × 10 6 Pa and 3300 K, at which electron collision frequency 𝜈 𝑚 is small. It is expected from Eq. ( 7) that the free electrons produces a large electrical conductivity with small 𝜈 𝑚 values, which increases the current density J that in turn introduces both Lorentz force f = J × B and power input 𝑞 = J • E into the nozzle flow. Here, a positive (negative) magnetic field and positive current density correspond to a J × B force that points toward the exhaust (inlet).

IV. Results

The MHD region is set at 0.275 m ≤ 𝑥 ≤ 0.55 m. The electric field is varied from 3 × 10 3 to 6 × 10 3 V/m. The applied magnetic field is varied from -2 T to 6 T. Note that 𝐵 = 0 T means that the Lorentz force is zero but the current density is still finite, which provide Joule heating to the flow. In addition, the baseline (𝑝 stag = 1 × 10 6 Pa) case and a high stagnation pressure (𝑝 stag = 7 × 10 6 Pa) case are compared.

A. Baseline: 𝑝 stag = 1 × 10 6 Pa

Thruster performance

The following parameters are quantified to assess the overall performance of hybrid chemical-plasma propulsion systems:

𝜏 ≡ 𝑚𝑢 ex + 𝑝 ex 𝐴 ex , 𝐼 sp ≡ 𝜏 𝑚𝑔 0 , 𝑃 in ≡ ∫ 𝑥 𝑟 𝑥 𝑙 (J • E) 𝐴𝑑𝑥, (17) 
where 𝜏, 𝐼 sp and 𝑃 in are the thrust, specific impulse and total electric power input, respectively; 𝑢 ex , 𝑝 ex and 𝐴 ex are the flow velocity, pressure and cross-sectional area at the nozzle outlet, and 𝑔 0 = 9.81 m/s 2 is the standard gravitational acceleration. The influence of the ambient pressure has been neglected in the thrust calculation, as mentioned in §II.A.

Figure 4 shows the propulsion properties defined in Eq. ( 17) as functions of the electromagnetic fields 𝐸 and 𝐵. The baseline case produces a thrust of 1.64 × 10 5 N, which corresponds to a specific thrust 𝜏/ 𝑚 = 4.08 × 10 3 m/s that is comparable to the results of Ref. 6. The baseline outlet pressure 𝑝 ex is 2.23 × 10 3 Pa, which contributes to 5.1% of the baseline thrust value via the pressure contribution 𝑝 ex 𝐴 ex . The specific impulse 𝐼 sp and thrust 𝜏 follow the same trend as shown in Fig. 4a. A few observations can be made based on Fig. 4: (i) When 𝐵 ≤ -1 T, Fig. 4b shows that the Joule heating is large due to the Lorentz force deceleration, but 𝐼 sp and 𝜏 are smaller than the baseline case. This is consistent with the Rayleigh flow, whose prediction that heat addition in a supersonic region decreases the Mach number and flow velocity matches the decrease of outlet flow velocity 𝑢 ex observed in Fig. 4c. Fig. 4d also suggests that due to the rise of flow temperature, heat addition causes an increase in the outlet pressure; however, in this case the pressure contribution to the thrust is small, and the development of 𝐼 sp and 𝜏 is dominated by the decrease of outlet velocity at negative magnetic fields. (ii) In the range of -1 T ≤ 𝐵 ≤ 2 T, it can be seen that both 𝐼 sp and 𝜏 increases, compared to the case of 𝐵 ≤ -1 T and is maximized when 𝐵 = 0.5 T. This indicates that the Lorentz force accelerates the flow more effectively. Additionally, both 𝐼 sp and 𝜏 increase according to the applied electric field 𝐸, while the outlet pressure is close to the baseline value, as shown in Fig. 4d. (iii) When 𝐵 ≥ 2 T, the power input to the flow becomes negative, as shown in Fig. 4b, indicating that the system transitions into the MHD generation mode. In fact, both 𝐼 sp and 𝜏 further decreases as the magnetic field increases, which can be seen from Fig. 4a; while the outlet pressure increases again under Joule heating, as shown in Fig. 4d.

It can be seen from Fig. 4 that, while the Lorentz force recovers some flow kinetic energy reduced by the Joule heating, the increase in 𝐼 sp is only from 415 s to 423 s under the configuration and cases considered. The results indicate the overall flow acceleration is determined by the balance between the Lorentz force and the Joule heating [START_REF] Nishihara | Experimental and Computational Studies of Low-Temperature Mach 4 Flow Control by Lorentz Force[END_REF]. In addition, Fig. 4b shows the total power input to the flow by the MHD acceleration. It can be seen that the specific impulse and thrust increase is optimised when an appropriate power input is provided to the flow at 𝐵 = 0.5 T. 5a. This causes thermal ionization of the alkali metals, leading to a finite electron density in the nozzle flow that generates a finite electrical conductivity 𝜎, as can be seen in Fig. 5b. The finite electrical conductivity leads to a non-zero current density when electromagnetic fields are active, leading to the force addition 𝐽 × 𝐵 in the momentum equation (Fig. 5c) and power input 𝐽 • 𝐸 in the energy equation (Fig. 5d) which in turn affect the flow Mach number 𝑀 (Fig. 5e) and velocity 𝑢 (Fig. 5f).

Flow properties within the MHD region

The case with 𝐵 = 0 T (green line) corresponds to a case where the Lorentz force is zero (i.e., 𝑓 = 0) but the Joule heating is positive (i.e., 𝑞 ≠ 0). The negative magnetic field means that the direction of the Lorentz force is flipped, i.e., contributing to flow deceleration rather than acceleration, as is evident from Fig. 5f. Equation [START_REF] Jahn | Physics of Electric Propulsion[END_REF] shows that the current density increases with a negative magnetic field, leading to larger Joule heating, as shown in Fig. 5d. Hence, the flow temperature and electrical conductivity increase, as shown in Figs. 5a and5b, respectively. As the characteristic magnetic field increases, i.e., 𝐵 > 0 T, Eq. ( 5) shows that the current density decreases while 𝑓 = 𝐽 × 𝐵 increases to a positive value as long as the current density is positive (Lorentz acceleration). Figure 5c shows that the Lorentz force density 𝐽 × 𝐵 maximizes around 𝐵 = 1 T (yellow line). The increase of the magnetic field, say, for 𝐵 > 2 T, eventually causes 𝐽 to reverse direction, which can be seen in Fig. 5d, and the power input 𝐽 • 𝐸 becomes negative. This indicates that the kinetic energy of the flow is now being converted to electric power output within the MHD region, which is a characteristic of MHD power generators [START_REF] Culick | Compressible Magnetogasdynamic Channel Flow[END_REF]. Additionally, the negative Lorentz force means that the flow is decelerated, as shown in Figs. (5e) and (5f), stagnating the flow thus increasing the temperature, as shown in Fig. (5a).

The electric conductivity 𝜎 is correlated with the flow temperature 𝑇 as can be seen in Figs. 5a and5b.

Characterization of MHD acceleration

To better understand the MHD acceleration mechanism, we further plot the non-dimensionalized flow velocity 𝑢𝐵/𝐸 as functions of Mach number 𝑀 within the MHD region in Fig. 6, following the theoretical work by Culick [START_REF] Culick | Compressible Magnetogasdynamic Channel Flow[END_REF].

The start and end of each line correspond to the flow states at the beginning and end of the MHD region (𝑥 = 0.275 m and 0.55 m), respectively, and the arrows indicate the flow development from the beginning to the end of the MHD acceleration depending on the magnetic field 𝐵. In this section, we explore the MHD acceleration effects at 𝑝 0 = 7 × 10 6 Pa, which is a higher stagnation pressure than the cases shown in Fig. 4 and falls within the range of typical rocket combustion chamber pressures [START_REF] Froehkle | New Experimental Results on Transpiration Cooling for Hydrogen/Oxygen Rocket Combustion Chambers[END_REF]. As the mass flow rate 𝑚 of the propellant increases, we vary the applied magnetic field 𝐵 within a larger range of -6 T to 20 T in this section to allow for a thorough investigation of MHD effects on flow dynamics. Large magnitudes of 𝐵 beyond 6 T are investigated to reproduce the trend that we observed in Section. IV.A. While it is understood that large magnetic fields require superconducting coils which will add significantly to the overall rocket weight [START_REF] Takahashi | Plasma Filamentation and Shock Wave Enhancement in Microwave Rockets by Combining Low-Frequency Microwaves with External Magnetic Field[END_REF], the focus of this paper is to investigate the coupling between fluid and plasma dynamics within the hybrid chemical-plasma nozzle.

Figure 7 shows the propulsion properties as functions of the applied electromagnetic fields at the stagnation pressure We note that choking and shock formation in a supersonic flow region under large amounts of heat addition has been analyzed by Vermeiren [START_REF] Vermeiren | Supersonic Microwave Plasma: Potential and Limitations for Energy-Efficient CO2 Conversion[END_REF], where it is shown that for supersonic ideal-gas flows with Mach number 𝑀, there exists a critical heat addition value 𝑄 cr that the flow could absorb and remain supersonic,

𝑄 cr = 𝐻 0 (𝑀 2 -1) 2 2(𝛾 + 1) 𝑀 2 1 + 𝑀 2 /2(𝛾 -1) , (18) 
where 𝐻 0 is the upstream stagnation enthalpy of the flow. 𝑄 cr asymptotically approaches 𝛾-1 𝛾+1 𝐻 0 when 𝑀 → +∞, suggesting that supersonic flows could only absorb a finite amount of heat that is at the same level of its stagnation enthalpy. If the heat addition exceeds 𝑄 cr , a shock forms such that the subsonic flow in its downstream could absorb the excessive heat addition and be accelerated in the meantime, as predicted by the Rayleigh flow theory. In our simulations, it was observed that the results become unstable under a Joule heating much larger than the conditions where the local flow chokes. The Joule heating that can be added via the MHD acceleration is limited by the stagnation enthalpy of the main flow.

It is noted that the nozzle flow in the present simulations is assumed to be quasi-1D. In the presence of a standing shock in the converging-diverging nozzle, it is likely that multidimensional effects play a role in the flow As these multidimensional effects are neglected in the present nozzle flow simulations, the increase in thrust and specific impulse due to the formation of a standing shock may be overestimated. This suggests that a multidimensional fluid solver couples the electric, chemical, fluid, and plasma effects is needed to further study the feasibility of the MHD concept. Additionally, the flow properties will change throughout the nozzle if the upstream stagnation conditions are varied, effects are non-negligible, and the nozzle geometry is modified. These will reserved for investigations.

V. Conclusion

A quasi-1D fluid solver that conserves mass at steady state is developed, and is coupled with the equation of state model assuming chemical and thermal equilibrium to investigate the feasibility and flow dynamics of a hybrid chemical-plasma acceleration mechanism. The coupling of the electric power to the fluid dynamics, which plays an important role in the MHD acceleration, is investigated by the physics-based model that accounts for the coupling between chemical, fluid, and plasma effects. It is first observed that there exists an optimal magnetic field amplitude that increases specific impulse and thrust at small stagnation pressure 𝑝 0 and electric field 𝐸, which is reached when the Lorentz force addition is maximized. Next, we identify three different MHD flow regimes based on the 𝑢 -𝑀 trajectory within the MHD region and compare them with Culick's theoretical work [START_REF] Culick | Compressible Magnetogasdynamic Channel Flow[END_REF], providing understanding of the physical mechanisms determining the development of flow velocity and Mach number due to the MHD acceleration. Finally, we observe that large amounts of Joule heat addition to supersonic nozzle flows could also contribute to acceleration downstream to the MHD region by significantly increasing the stagnation enthalpy of the flow, which is realized through shock formation within the MHD region. This mechanism requires sufficiently large cross-sectional area expansion downstream to the MHD region, which also suggests that the MHD acceleration should be applied near the throat.

The results presented in this paper systematically examined the effectiveness of MHD acceleration at various axial locations along the nozzle in enhancing propulsion performance and the associated flow dynamics, which paves the way for future studies of the hybrid chemical-plasma flow acceleration. It is noted that the performance and the mass of the MHD power supply is assumed idealized, which will contribute to the overall efficiency and performance in realistic systems. Furthermore, our model is quasi-1D and assumes equilibrium chemistry. It is likely that more complex physical processes and their mutual interactions, such as boundary layers, turbulent flow, and plasma sheaths, play an important role in the plasma formation and additional loss mechanisms [START_REF] Meyer | MHD Control of Weakly Ionized Supersonic Plasma Flows[END_REF]. Future work includes an overall cost analysis involving optimization of various design parameters including system mass, cruise efficiency [START_REF] Köhler | Conceptual Design and Comparison of Hybrid Electric Propulsion Systems for Small Aircraft[END_REF] and oxidizer-fuel mixing ratio; a systematic performance comparison between our model and conventional afterburners which energize the nozzle flow via secondary combustion reactions; and development of advanced numerical methods, such as multidimensional Navier-Stokes solvers coupled with higher-fidelity plasma models accounting for nonequilibrium chemistry.

A. Verification of the Quasi-1D Flow Solver

In this section, we verify the numerical model under some test cases where analytical solutions exist. Two types of tests are considered: (i) isentropic nozzle flows, where 𝑓 = 0, 𝑞 = 0 and (ii) Rayleigh flows, where 𝑓 = 0 , 𝑞 > 0, 𝐴 is constant in 𝑥. The ideal gas law 𝑝 = (𝛾 -1) 𝜌𝑒 is used with 𝛾 = 1.4. The number of grids 𝑁 𝑥 used is 400, at which the numerical results converge.

A. Isentropic nozzle flow

Figure 9 shows the pressure and Mach number profiles obtained from quasi-1D numerical simulations in comparison to the analytic solutions. The cross-sectional area of the nozzle is given by,

𝐴(𝑥) 𝐴 * = 1.0 + 19.8 𝑥 𝐿 2 , -0.5𝐿 ≤ 𝑥 ≤ 0.5𝐿. (19) 
As the ambient pressure 𝑝 𝑎 decreases, the flow becomes choked, i.e., 𝑀 = 1, at the nozzle throat (𝑥 = 0), after which 𝑝 𝑎 has no effect on the flow in the converging nozzle section upstream to the throat. For intermediate ambient pressure values (0.993𝑝 * ≤ 𝑝 𝑎 ≤ 0.21𝑝 * ), where 𝑝 * = 𝑝 stag is the stagnation pressure, a normal shock is formed in the downstream diverging section, which is in good agreement with the theory. This standing shock eventually moves out of the nozzle as 𝑝 𝑎 further decreases, and the exhaust flow becomes supersonic at 𝑝 𝑎 /𝑝 * = 0.2. The numerical results

show great agreement with the analytic solutions, thus verifying the numerical model. In addition, Eq. ( 15) is used for the source term due to the varying cross-sectional area to achieve conservation of mass.

Figure 10a shows the comparison between the naive method, which assumes 𝑆 𝜌 = (𝜌𝑢) 𝑖 , and the mass conserving scheme, discussed in Eq. [START_REF] Zhao | Numerical and Experimental Investigation of Plasma Plume Deflection with MHD Flow Control[END_REF]. It is noted that an analytical solution of the mass flow rate is given by,

𝑚 𝑚 * = √ 𝛾 2 𝛾 + 1 -𝛾+1 2(𝛾-1) = 0.6847, (20) 
when the nozzle flow becomes choked at the throat [START_REF] Anderson | Computational Fluid Dynamics: The Basics with Applications[END_REF]. A slight numerical discrepancy with the analytic solution can be seen, as the inlet boundary condition used is an zeroth-order extrapolation (Neumann boundary condition) from the first cell, which determines the mass flow that enters the domain at the inlet interface. Although the mass flow rate at the inlet interface is not set a priori, the numerical results show less than 0.5% error in the estimation of the mass flow rate even when using only 200 cells. Numerically 𝑚 is computed using the cell center properties and converges to the analytical solution as the grid number 𝑁 𝑥 increases. However, the results of the two schemes for the source term treatment become different after the throat, particularly when approaching the normal shock around 𝑥 = 0.23𝐿. The naive method shows that the mass flow rate is not conserved approaching and across the normal shock. On the other hand, 𝑚 is numerically conserved throughout the nozzle using the source term evaluated as Eq. ( 15).

Figure 10b shows the 𝐿 2 error norm of the local densities and mass flow rate of the mass conserving scheme for different ambient pressure conditions. The 𝐿 2 error norm is given by 𝐿 2 (𝜀) = √︃ 𝜀 2 𝑖 /𝑁 𝑥 , where 𝜀 is the numerical error between the numerical and analytical solutions. For the isentropic flow cases with 𝑝 𝑎 /𝑝 * = 0.995 (subsonic) and 𝑝 𝑎 /𝑝 * = 0.2 (supersonic), where the flow properties evolve smoothly within the nozzle, the error norm shows that the numerical results achieve first order convergence. When a normal shock is present in the nozzle, i.e., 𝑝 𝑎 /𝑝 * = 0.6, the order of accuracy falls below 1, particularly at large Δ𝑥. This numerical order of accuracy is obtained when applying MUSCL reconstruction for the scheme as well as when using a first-order Roe flux. Therefore, the first-order convergence behavior is most likely due to the numerical errors induced by the inexact boundary conditions at the nozzle inlet and outlet. The numerical convergence study, nonetheless, shows that the mass-conserving scheme can be useful for nozzle flow simulations.

B. Rayleigh flow

Analytic solutions of the fluid properties can be obtained for a constant cross-sectional area, i.e., 𝑑𝐴 = 0, and when either 𝑓 or 𝑞 is nonzero. Such test cases can be used to assess the validity of the force and heat addition. The case with a constant force, e.g., friction, is known as the Fanno flow and the case when heat addition and reduction is considered is known as the Rayleigh flow [START_REF] Zucker | Fundamentals of Gas Dynamics[END_REF]. While we tested the present quasi-1D nozzle flow model under both cases, here in this section the Rayleigh flow verification is discussed.

The setup for the Rayleigh flow follows Ref. [START_REF] Bandyopadhyay | Modeling of Compressible Flow with Friction and Heat Transfer Using the Generalized Fluid System Simulation Program (GFSSP)[END_REF]. The upstream stagnation temperature 𝑇 * and pressure 𝑝 * are respectively 312.688 K and 396.30 kPa, and a heat addition of 2088 Btu/s is applied uniformly over the entire pipe. The pipe has a constant cross-sectional diameter 𝐷 of 6 inches, and a total length 𝐿 of 3207 inches. Under these specific values, the flow is choked (i.e., Mach number 𝑀 = 1) at the outlet. The numerical results are compared with the analytical solution [START_REF] Bandyopadhyay | Modeling of Compressible Flow with Friction and Heat Transfer Using the Generalized Fluid System Simulation Program (GFSSP)[END_REF] and presented in Fig. 11, where good agreement is shown between the present numerical results and analytical solutions. The quasi-1D nozzle flow model is now verified for the variable cross section area in Appendix A.A and the force and heat addition in Appendix A.B. 

J= 3 𝜎

 3 enthalpy, J/kg 𝐼 sp = Specific impulse, s Electric current density, A/m 2 𝐿 MHD = Length of the MHD region, m 𝑀 = Mach number 𝑄 = Total heat addition, J S = Source terms in the fluid equation 𝑇 = Temperature, K U = Conservative variable of the fluid equation 𝑒 = Specific internal energy, J/kg 𝑘 𝑏 = Backward reaction constant 𝑘 𝑓 = Forward reaction constant 𝑚 = Mass flow rate, kg/s 𝑝 = Static pressure, Pa 𝑢 = Axial velocity of nozzle flow, m/s 𝑢 ex = Exhaust velocity at the nozzle outlet, m/s 𝑥 = Axial coordinate, m 𝚪 = Inviscid fluxes of the fluid equation Θ = Vibrational temperature of gas molecules, K 𝛽 = Hall Parameter 𝛾 = Heat capacity ratio 𝜖 = Specific total energy, J/kg 𝜈 𝑚 = Electron momentum transfer frequency, s -1 𝜌 = Mass density, kg/m -speed flow plays an important role in aeronautical and astronautical applications, including

Fig. 1

 1 Fig. 1 Sketch of MHD acceleration in a converging-diverging nozzle using the Faraday configuration.

Fig. 2

 2 Fig. 2 Equations of state for the H 2 -O 2 mixture with 5% seeded potassium using the stoichiometric initial condition. The calculated data points and the fitted equations are represented by black dots and colored surfaces, respectively.

Fig. 4

 4 Fig. 4 Thruster performance of the hybrid chemical-plasma rocket engine: (a) specific impulse and thrust, (b) total power input, (c) outlet velocity, and (d) outlet pressure, as functions of magnetic field 𝐵 at different values of electric field 𝐸. The upstream stagnation pressure is 𝑝 0 = 1 × 10 6 Pa.

Figure 5

 5 Figure 5 shows the distribution patterns of different flow properties, including flow temperature 𝑇, electric conductivity 𝜎, current density 𝐽, Lorentz force density 𝐽 × 𝐵, electric power input density 𝐽 • 𝐸, Mach number 𝑀, and velocity 𝑢 within the MHD region, i.e., 0.275 m ≤ 𝑥 ≤ 0.55 m, with various magnetic field 𝐵 and electric field 𝐸 fixed at 6 × 10 3 V/m. The baseline results without the MHD acceleration (i.e., when 𝐸 = 0 and 𝐵 = 0) is shown for 𝑢, 𝑇, 𝑝 and 𝜎 as a reference shown in black dashed line. The flow temperature in the diverging section is around 2,900 K where the MHD acceleration takes place (at 𝑥 ≈ 0.275 m), as shown in Fig. 5a. This causes thermal ionization of the alkali

Fig. 5 Fig. 6

 56 Fig. 5 Distributions of the (a) flow temperature 𝑇, (b) electric conductivity 𝜎, (c) Lorentz force density 𝐽 × 𝐵, (d) electric power input density 𝐽 • 𝐸, (e) Mach number 𝑀, and (f) velocity 𝑢 within the MHD region: 0.275m ≤ 𝑥 ≤ 0.55m. The upstream stagnation pressure is 𝑝 0 = 1 × 10 6 Pa and the electric field is 𝐸 = 6 × 10 3 V/m.

Fig. 7 Fig. 8

 78 Fig. 7 Thruster performance of the hybrid chemical-plasma rocket engine: (a) specific impulse and thrust, (b) total power input, (c) outlet velocity, and (d) outlet pressure, as functions of magnetic field 𝐵 at different values of electric field 𝐸. The upstream stagnation pressure is 𝑝 0 = 7 × 10 6 Pa.

Fig. 9

 9 Fig. 9 Verification of the quasi-1D flow simulation for an isentropic nozzle flow with varying ambient pressure (𝑝 𝑎 /𝑝 * ) using a symmetric nozzle geometry shown in Eq. (19): (a) static pressure and (b) Mach number. Colored solid lines: numerical results and black dashed lines: analytical solutions.

Fig. 10

 10 Fig. 10 Verification of the numerical model. (a): 𝑚 (solid lines: naive method, dashed lines: mass conserving method) for 𝑝 𝑎 /𝑝 * = 0.6. (b): 𝐿 2 error norm of the results obtained from the mass conserving method for different 𝑝 𝑎 /𝑝 * .

Fig. 11

 11 Fig. 11 Verification using a Rayleigh flow case, i.e., constant duct area and heat addition [46]: (a) Temperature ratio and (b) Mach number.
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