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Arbitrarily fast convergence rates via the WZ method

Introduction

The determination of efficient ways of symbolically or numerically computing a given expression defined in terms of limiting operations is of central importance in special functions theory and numerical analysis. Ramanujan's endlessly fascinating discoveries on fast converging series for 1 π [START_REF] Ramanujan | Modular equations and approximations to π[END_REF] (cf. [4, pp. 352-354]) are of importance in both of these disciplines. Similarly, the groundbreaking work of Guillera [START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF][START_REF] Guillera | Generators of some Ramanujan formulas[END_REF][START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF][START_REF] Guillera | A new method to obtain series for 1/π and 1/π 2 , Experiment[END_REF][START_REF] Guillera | A new Ramanujan-like series for 1/π 2[END_REF][START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF][START_REF] Guillera | Some binomial series obtained by the WZ-method[END_REF] on the use of Wilf-Zeilberger theory [25] to prove and generalize Ramanujan's series for 1 π and to determine new, fast converging Ramanujan-like series for 1 π and 1 π 2 has been at the forefront of major areas within experimental mathematics. The fast converging series due to Ramanujan and Guillera motivate the research interest in and the practical application of the techniques and results introduced in this article, in which we show how a WZ-based series acceleration method that we had previously formulated in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] (cf. [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF]) and that is related to the methods of Guillera [START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF][START_REF] Guillera | Generators of some Ramanujan formulas[END_REF][START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF][START_REF] Guillera | A new method to obtain series for 1/π and 1/π 2 , Experiment[END_REF][START_REF] Guillera | A new Ramanujan-like series for 1/π 2[END_REF][START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF][START_REF] Guillera | Some binomial series obtained by the WZ-method[END_REF] may be used to obtain the following:

1. Arbitrarily fast converging, rational hypergeometric series for π 2 ; 2. Arbitrarily fast converging, rational hypergeometric series for Catalan's constant G = WZ-based series acceleration techniques to determine arbitrarily fast converging, rational hypergeometric series for ζ(3) have been given by Amdeberhan in [START_REF] Amdeberhan | Faster and faster convergent series for ζ(3)[END_REF]. In contrast, an advantage of our methodologies is given by how we may obtain arbitrarily fast converging, rational hypergeometric series for many different fundamental constants in mathematics, as we demonstrate in this article.

Background

Let F and G be bivariate hypergeometric functions. The tuple (F, G) is said to be a WZ pair if the discrete difference equation

F (n + 1, k) -F (n, k) = G(n, k + 1) -G(n, k) (1) 
holds, and it is common to insist that lim k→∞ G(n, k) = 0 and G(n, 0) = 0 [25]. Given a WZ pair (F, G), Wilf and Zeilberger have famously proved [START_REF] Wilf | Rational functions certify combinatorial identities[END_REF] that there exists a rational function

R(n, k) such that G(n, k) = R(n, k)F (n, k).
By summing both sides of (1) with respect to k, the telescoping of the right-hand side may be used to prove an evaluation for k F (n, k), letting F (n, k) vanish for a fixed integer n and for all integral values k outside of a finite interval. On the other hand, Guillera [START_REF] Goyanes | Historia de las fòrmulas y algoritmos para π[END_REF][START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF][START_REF] Guillera | Generators of some Ramanujan formulas[END_REF][START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF][START_REF] Guillera | More hypergeometric identities related to Ramanujan-type series[END_REF][START_REF] Guillera | A new Ramanujan-like series for 1/π 2[END_REF][START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF][START_REF] Guillera | Proofs of some Ramanujan series for 1/π using a program due to Zeilberger[END_REF][START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF][START_REF] Guillera | Mahler measure and the WZ algorithm[END_REF] has often applied identities obtained by summing both sides of (1) over n, to evaluate fast convergent Ramanujan-like series. More specifically, as in Guillera's work in [START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF][START_REF] Guillera | More hypergeometric identities related to Ramanujan-type series[END_REF][START_REF] Guillera | A new Ramanujan-like series for 1/π 2[END_REF][START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF][START_REF] Guillera | Proofs of some Ramanujan series for 1/π using a program due to Zeilberger[END_REF][START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF][START_REF] Guillera | Mahler measure and the WZ algorithm[END_REF], we sum with respect to n in (1) to find that

∞ n=0 G(n, k) - ∞ n=0 G(n, k + 1) = -F (0, k) + lim n→∞ F (n, k) (2) 
under suitable convergence conditions. Guillera, in references such as [START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF][START_REF] Guillera | Mahler measure and the WZ algorithm[END_REF], has considered WZ pairs (F, G) such that lim n→∞ F (n, k) = 0 and F (0, k) = 0, so as to obtain from (2) that

∞ n=0 G(n, k) = ∞ n=0 G(n, k + 1),
so that Carlson's theorem [3, p. 39] may be applied, in much the same way as in Zeilberger's renowned WZ proof [START_REF] Ekhad | A WZ proof of Ramanujan's formula for π[END_REF] of Ramanujan's formula [START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF][START_REF] Guillera | Mahler measure and the WZ algorithm[END_REF]. We have successfully applied a variant of this WZ-based approach by Guillera, so as to apply (2) without the same vanishing conditions on F , so as to obtain a series acceleration method we had formulated in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] (cf. [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF]) and applied to introduce and prove a number of fast converging series evaluations [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF], including

2 π = ∞ n=0 - 1 64 n 2n n 3 (4n + 1), so as to deduce that ∞ n=0 G(n, k) is constant for complex k [
π 2 4 = ∞ n=1
16 n (n + 1)(3n + 1)

n(2n + 1) 2 2n n 3 (3) 
and

-448ζ(3) -128 = ∞ n=1 (-2 12 ) n (7168n 5 -1664n 4 -1328n 3 + 212n 2 + 49n -9) n 4 (2n -1)(3n + 1)(4n + 1) 2n n 3n n 4n 2n 3 .
The formula in ( 3) is reminiscent of the identity

π 2 6 = ∞ n=1 21n -8 n 3 2n n 3
discovered and proved by Zeilberger in 1993 [START_REF] Zeilberger | Closed form (pun intended!)[END_REF], and can be shown to be equivalent to Guillera's 2008 formula

π 2 2 = ∞ n=1 (3n -1)16 n n 3 2n n 3 (4) 
introduced and proved in [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF] in a different way relative to [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF], and Chu and Zhang [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF] later proved (4) using a series acceleration method based on Dougall's 5 F 4 -sum. Section 2 below gives us a way of obtaining infinitely many and arbitrarily fast convergent generalizations of Guillera's formula in [START_REF] Berndt | Ramanujan's Notebooks, Part IV[END_REF].

As in [START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF], we record that if the limit in (2) vanishes, then we obtain summations of the following form:

∞ n=0 G(n, 0) = F (0, 0) + ∞ n=0 G(n, 1), ∞ n=0 G(n, 1) = F (0, 1) + ∞ n=0 G(n, 2), ∞ n=0 G(n, 2) = F (0, 2) = ∞ n=0 G(n, 3), • • •
A similar idea was used in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF][START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF] to obtain series accelerations identities. Again working under the assumption that the limit in (2) is vanishing, from the identity

-F (0, r) = ∞ n=0 (G(n, r + 1) -G(n, r)) (5) 
for variable r, we replace r with b, and then b + 1, and then b + 2, etc., so that a telescoping argument yields

- m n=0 F (0, b + n) = ∞ n=0 (G(n, b + m + 1) -G(n, b)). (6) 
Following [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] (cf. [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF]), we want to argue, if possible, with this being contingent upon the resolution of potential issues concerning convergence or interchanging limiting operations, that we may derive an identity of the form

- ∞ n=0 F (0, b + n) = closed-form constant - ∞ n=0 G(n, b), (7) 
and this WZ-based identity was also explored by Guillera, in a different way, in [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF], to obtain accelerated series.

In order to be able to apply [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF], a given WZ pair (F, G) has to satisfy many further conditions apart from the definition of a WZ pair, in view of the convergence/limiting issues referred as above, and also in view of how it may or may not be possible to obtain the closedform constant indicated in [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF]. This explains why it is only for exceptional cases that a WZ pair (F, G) may be used to obtain accelerated series from [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF]. This is representative of the remarkable nature of the accelerated series given in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] by Campbell, who had experimentally discovered that his WZ-based acceleration technique involving (7) may be applied using WZ pairs that he had computed to prove Catalan sum identities proved by Chu and Kılıç in [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF] via classical hypergeometric series identities. For example, Campbell [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] computed the WZ pair associated with Chu and Kılıç's [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF] Catalan sum formula

n k=0 2n 2k C k C n-k = C n C n+1 , (8) 
writing C m = ( 2m m ) m+1 to denote the m th Catalan number, to apply the WZ-based acceleration identity in [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF], yielding a proof of the fast convergent series for π 2 reproduced in [START_REF] Bailey | Generalized Hypergeometric Series[END_REF].

A key idea behind the WZ-based acceleration methods introduced by Amdeberhan and Zeilberger in [START_REF] Amdeberhan | Hypergeometric series acceleration via the WZ method[END_REF] concerns the use of the entries of WZ pairs with affine arguments, e.g., with arguments such as αn+β in place of n in G(n, k). This has led us to discover how a somewhat related approach, relative to the summation techniques introduced in [START_REF] Amdeberhan | Hypergeometric series acceleration via the WZ method[END_REF], may be applied to improve upon the series acceleration techniques from [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF][START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF], to the extent that our new methods allow us to generate explicit, rational, hypergeometric series of convergence rates strictly less than ε for arbitrary ε > 0 and for any one out of the mathematical constants in {π 2 , G, ζ(3)}. The main idea behind our new acceleration method is briefly explained below, and we then proceed, as in Section 2, to provide our main results and proofs.

We write

k F(n, k) = 1 (9)
to denote the normalized version of one of the Chu-Kılıç sums from [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF] that was applied by Campbell in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] to obtain accelerated series via a WZ-derived identity of the form shown in [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF]. The expression F(n, k) is hypergeometric, and we may rewrite [START_REF] Goyanes | Historia de las fòrmulas y algoritmos para π[END_REF] in the form

a(n) k=0 F(n, k) = 1, (10) 
for some affine expression a(n) of the form α 1 n + α 2 for some integers α 1 and α 2 . Now, let b(n) be an affine transform written as b(n

) = β 1 n + β 2 for β 1 ∈ N ≥2 and β 2 ∈ N 0 . So, from (10) 
, we see that

a(b(n)) k=0 F(b(n), k) = 1. (11) 
Now, writing F (n, k) = F(b(n), k), by using the WZ method to compute a WZ proof certificate for the resultant hypergeometric identity in [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF], we have found experimentally that repeating the steps involved in our acceleration method that culminates in a WZ identity of the form shown in [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF] results in a much faster-converging series, compared to the original acceleration obtained from [START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF], as opposed to from [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF], recalling the requirement that b ≥ 2. Indeed, we have found that for a convergence rate of ε for an accelerated series derived from [START_REF] Guillera | Dougall's 5 F 4 sum and the WZ algorithm[END_REF] according to the methods from [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF][START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF], the accelerated series obtained from the "doubly affine" version in ( 11) is, according to our experiments and subject to the conditions that we have specified, of convergence rate ε β 1 . Since β 1 ∈ N ≥2 may, for the purposes of this article, we may obtain arbitrarily and extremely fast convergent series for the fundamental mathematical constants considered in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF], as we explore in the following Section.

Main applications and techniques

Creative telescoping is considered to be a paradigm within computer algebra because of the transformative and revolutionary nature of its symbolic computation capabilities. This motivates the below applications of our new, creative telescoping-based techniques concerning the identity in [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF]. As a natural place to start, we begin with the first Catalan sum identity employed in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF], and we proceed to set the b-value in (11) to be as small as possible.

Theorem 1. The closed-form formula

π 2 = ∞ n=1 2 8n 240n 4 -8n 3 -40n 2 -n + 1 n 2 (2n -1)(4n + 1) 2 4n 2n 3
holds, with a convergence rate of 1 16 . Proof. From the Chu-Kılıç identity from [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF] that is reproduced as the displayed equality in [START_REF] Ekhad | A WZ proof of Ramanujan's formula for π[END_REF], we find that

2n k=0 4n 2k C k C 2n-k = C 2n C 2n+1 , (12) 
setting b(n) = 2n in [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF]. Inputting

with(SumTools[Hypergeometric]):

into the Maple Computer Algebra System, we may apply Maple's WZMethod function so as to produce the WZ proof certificate that corresponds to the normalized version of [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF] and that is given by the output shown below. We let R(n, k) denote the rational certificate given by the the computer output that we have provided, and we let F (n, k) denote the summand of the normalized version of ( 12), and we set G(n, k) = R(n, k)F (n, k), so as to form a WZ pair (F, G). It is almost immediate that the limit on the right-hand side of (2) vanishes. So, we find that (5) holds, for the WZ pair under consideration, and (6) then follows, using a telescoping argument that we have previously indicated. It is easily seen that the closed-form constant in ( 7) is such that

- ∞ n=0 F (0, b + n) = -1 - ∞ n=0 G(n, b), (13) 
since

F (0, b + n) = sin 2 (πb + πn) π 2 (-b -n + 1)(b + n) 2 (b + n + 1)
, which gives us that the left-hand side of (13) may be evaluated in an elementary way for suitably bounded b. By taking b → 1 2 , the rest of the argument for our evaluation reduces the justification of the interchange of the operations of lim b→∞ and infinite summation, and this only requires elementary real analysis, and the rest of our proof of our new evaluation amounts to routine matters of computations and summation manipuations, including an index shift. It is a matter of routine computation to check that the main series under consideration is of convergence rate 1 16 . Since we have successfully applied our acceleration method in the case whereby b(n) = 2n in [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF] and F (n, k) is equal to the summand of the normalized version of the Catalan sum identity on display in [START_REF] Ekhad | A WZ proof of Ramanujan's formula for π[END_REF], we proveed to consider the case for b(n) = 3n as the next step.

Theorem 2. The closed-form formula

9π 2 = ∞ n=1 2 12n 183708n 7 -215784n 6 + 63180n 5 + 5994n 4 -4050n 3 + 180n 2 + 57n -5 (3n -1) 2 n 3 (3n -2)(6n + 1) 2 6n 3n 3
holds, with a convergence rate of 1 64 .

Proof. If we set F(n, k) as the summand of (8) divided by the right-hand side of (8), and if then set f in in Maple as F (n, k) = F(b(n), k), with b(n) = 3n, recalling our notation in [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF]. We then set r:= 1 and input the following.

WZpair := WZMethod(f, r, n, k, 'cert'):

Inputting cert into Maple then gives us the WZ rational certificate given by the following computer output.

( 

-3*n)*(-3 + k -3*n)^2*(-2 + k -3*n)^2*(-1 + k - 3*n)*(1 + 2*n)*(5 + 6*n)*(7 + 6*n))
We may thus follow the same steps as in our proof of Theorem 1, to obtain a series acceleration as in [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF]. Checking the convergence rate is a matter of routine computation.

We may continue in the manner indicated in the preceding proofs, to obtain series for π 2 of convergence rates 1 4 4 , 1 4 5 , etc.

Arbitrarily fast convergent series for Catalan's constant

An equivalent formulation of the Catalan sum identity

2n k=0 (-1) k 4n 2k C k C 2n-k = (-1) n C 2n C n (14) 
was given by Chu and Kılıç in [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF] and derived using the Kummer summation theorem. Campbell [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] then proved (14) using the WZ method, and used the corresponding WZ pair together with the acceleration method from [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] (cf. [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF]) to prove the fast converging series for Catalan's constant whereby

-16G -8 = ∞ n=1 (-2 8 ) n (40n 2 + 4n -1) n 2 (4n + 1) 2n n 4n 2n 2 , (15) 
and this was later included in the MathWorld entry on Catalan's constant [START_REF] Marichev | Catalan's Constant, From MathWorld-A Wolfram Web Resource[END_REF]. In 2000, Lupaş [START_REF] Lupaş | Formulae for some classical constants[END_REF] had used the WZ method, in a completed different way relative to the 2022 article [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF], to introduce and prove the formula

G = - 1 64 ∞ n=1 (-2 8 ) n (40n 2 -23n + 3) n 3 (2n -1) 4n 2n 2 2n n , (16) 
and, as it turns out, we can easily show that Campbell's formula for G in ( 15) is equivalent to Lupaş' formula for G in ( 16), i.e., by taking the difference of ( 16) and -1 16 times the series in [START_REF] Guillera | A new Ramanujan-like series for 1/π 2[END_REF], and then taking the finite sums corresponding to the resultant series, with CAS software able to evaluate these finite sums in closed form for a variable upper parameter. Lupaş' formula in ( 16) is used to calculate G in the Wolfram Language [START_REF] Marichev | Catalan's Constant, From MathWorld-A Wolfram Web Resource[END_REF], which motivates the practical application of faster converging algorithms for computing G, relative to [START_REF] Guillera | On WZ-pairs which prove Ramanujan series[END_REF]. holds true and is of convergence rate 1 16 . Proof. Set F(n, k) as the summand of ( 14) divided by the right-hand side of [START_REF] Guillera | A new method to obtain series for 1/π and 1/π 2 , Experiment[END_REF]. Applying the WZ method to F (n, k) = F(2n, k), we obtain the rational certificate R(n, k) indicated via the following computer output. We may thus mimic the steps involved in our previous proofs, again with [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF] as the key to our series acceleration method. Checking the convergence rate is a matter of routine computation.

So, we have determined an analogue of Lupaş' formula for G that improves upon the convergence rate of Lupaş' series, with the convergence rate of (16) being 1 4 . Theorem 3 also improves upon previously known accelerated series for G, such as the formula

2G = ∞ n=0 (-8) n (3n + 2) (2n + 1) 3 2n n 3 ,
which is of convergence rate 1 8 and which was proved via Guillera's WZ-based acceleration method in [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF] and proved in a completely different via by Chu and Zhang in [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF] via a series acceleration technique based on Dougall's 5 F 4 -sum. By setting b(n) = 3n, b(n) = 4n, etc., we obtain new formulas for G of convergence rates 1 4 3 , 1 4 4 . See also references such as [21] for relevant past work on fast converging series for G.

Arbitrarily fast converging series for ζ(3)

The Amdeberhan-Zeilberger identity [START_REF] Amdeberhan | Hypergeometric series acceleration via the WZ method[END_REF] 

ζ(3) = ∞ n=0 (-1) n (n!) 10 (205n 2 + 250n + 77) 64((2n + 1)!) 5 (17) 
was included toward the beginning of the notable text [27, p. 2] on the symbolic computation of infinite series as an especially remarkable instance of an infinite series evaluation given in closed form, and this was given alongside Ramanujan's famous formula

1 π = 2 √ 2 9801 ∞ n=0 (4n)!(1103 + 26390n) (n!) 4 396 4n .
This, together with [START_REF] Guillera | Proofs of some Ramanujan series for 1/π using a program due to Zeilberger[END_REF] and its having been used to compute ζ(3) to 1 million decimal digits being highlighted in the MathWorld encyclopedia for Apéry's constant [START_REF] Weisstein | Apéry's Constant, From MathWorld-A Wolfram Web Resource[END_REF], is representative of the extent to which the Amdeberhan-Zeilberger formula in ( 17) is of renown within the mathematical community. This inspires us to improve upon the Amdeberhan-Zeilberger formula in ( 17) by using our methologies to determine faster converging series expansions for Apéry's constant.

It is a matter of routine computation to check that the infinite series in ( 17) is of convergence rate 1 1024 . Since the series for Apéry's constant introduced in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] and reproduced above is of convergence rate 1 27 , one would expect that the application of our methods to generalize this previous series would yield series of convergence rates 1 27 2 = 1 729 , 1 27 3 = 1 19683 , etc. So, to improve upon the rational convergents of Amdeberhan Zeilberger, we intend to construct and prove a series for ζ(3) of convergence rate 1 27 3 . The Catalan sum identity

2n k=0 (-1) k 2n k 4n 2k C k C 2n-k = (-1) n 1 + 3n n C n C 2n (18) 
was given by Chu and Kılıç in [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF]. Campbell [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] proved this same identity using the WZ method, and used the WZ pair corresponding to this proof to obtain the series for ζ(3) of convergence rate 1 27 introduced in [START_REF] Campbell | WZ proofs of identities from Chu and Kılıç, with applications[END_REF] and reproduced in this article. We are to apply the identity [START_REF] Guillera | Some binomial series obtained by the WZ-method[END_REF] in order to improve upon the Amdeberhan-Zeilberger identity [START_REF] Amdeberhan | Hypergeometric series acceleration via the WZ method[END_REF] in [START_REF] Guillera | Proofs of some Ramanujan series for 1/π using a program due to Zeilberger[END_REF]. The series for ζ(3) given in the following theorem also improves upon the formula due to Mohammed [START_REF] Mohammed | Infinite families of accelerated series for some classical constants by the Markov-WZ method[END_REF] whereby

ζ(3) = 1 2 ∞ n=0 (-1) n ((2n)!) 3 ((n + 1)!) 6 p(n) (n + 1) 2 ((3n + 3)!) 4
for p(n) = 40885n 5 + 124346n 4 + 150160n 3 + 89888n 2 + 26629n + 3116, with a convergence rate of 64 531441 . It appears that our below series for ζ(3) is faster converging compared to the previously known series for ζ(3) that have been published with proofs apart from the series in [START_REF] Amdeberhan | Hypergeometric series acceleration via the WZ method[END_REF] and [START_REF] Mohammed | Infinite families of accelerated series for some classical constants by the Markov-WZ method[END_REF], including the series given in past publications such as [START_REF] Amdeberhan | Faster and faster convergent series for ζ(3)[END_REF], and, furthermore, the techniques and WZ pairs in our article are completely different relative to [START_REF] Amdeberhan | Faster and faster convergent series for ζ(3)[END_REF][START_REF] Amdeberhan | Hypergeometric series acceleration via the WZ method[END_REF][START_REF] Mohammed | Infinite families of accelerated series for some classical constants by the Markov-WZ method[END_REF]. 3 9n 3n 6n 3n q(n) holds true and is of convergence rate 1 19683 , where q(n) = n 5 (3n -2) 4 (3n -1) 5 (6n -5)(9n + 1)(12n + 1) (12n 2 -8n + 1) 3 Proof. Let F(n, k) denote the hypergeometric function obtained by taking the summand in [START_REF] Guillera | Some binomial series obtained by the WZ-method[END_REF] and dividing it by the right-hand side of ( 18), so that

2n k=0 F(n, k) = 1.
Setting b(n) = 3n in [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF], we write

6n k=0 F(3n, k) = 1,
and we write F (n, k) = F(3n, k). Applying the WZ method using the hypergeometric function F (n, k), Maple is able to compute the corresponding rational certificate R(n, k).

Writing out this certificate in full is too unwieldy for the putposes of this article, but a copy of this certificate is available upon request and may be easily computed with Maple. More explicitly, copying and pasting the following into Maple will provide a full proof certificate. 

:= WZMethod(f, r, n, k, 'cert'): cert Writing G(n, k) = R(n, k)F (n, k), the proof certificate R(n, k)
given by the output of the above program allows us to arrive at an identity of the form [START_REF] Chu | Accelerating Dougall's 5 F 4 -sum and infinite series involving π[END_REF], and this is easily verified since

-F (0, b + n) = - (-1) b+n sin 3 (πb + πn) π 3 (-b -n + 1)(b + n) 3 (b + n + 1)
.

So, this gives an equality of the form

∞ n=0 -F (0, b + n) = - ∞ n=0 G(n, b).
Taking b → 1 2 , the rest of the proof reduces to a matter of routine computation.

Conclusion

Let us consider the following Catalan sum identity given by Chu and Kılıç in an equivalent form in [START_REF] Chu | Binomial sums involving Catalan numbers[END_REF]:

2n k=0 (-1) k C k 4n 2k 4n -2k 2n -k = (-1) n 2n n C 2n . (19) 
This bears a resemblance to the Chu-Kılıç identity in [START_REF] Guillera | Hypergeometric identities for 10 extended Ramanujan-type series[END_REF], motivating the exploration as to how [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF] may be applied to further improve upon the formula due to Lupaş that is used to numerically compute G in the Wolfram Language [START_REF] Marichev | Catalan's Constant, From MathWorld-A Wolfram Web Resource[END_REF]. Using Maple 2020, we again input with(SumTools[Hypergeometric]):

and we then set F (n, k) to be equal to the summand of the normalized verseion of [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF]. We let this summand be given as f in Maple and then set r:=1 as before. Inputting

WZpair := WZMethod(f, r, n, k, 'cert')

into Maple 2020 then results in the error message reproduced below.

Error, (in SumTools:-Hypergeometric:-WZMethod) WZ method fails

It is not clear as to why the Maple 2020 system is not able to provide any WZ proof certificate for [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF] for a hypergeometric function G. So, the Chu-Kılıç formula in [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF] gives us an instance of a bivariate hypergeometric function such that Zeilberger's algorithm does not provide a minimum recurrence. This is very rare for ordinary hypergeometric expressions, as opposed to q-hypergeometric expressions, furthering our interest in [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF]. How can the implementation of the WZ method in Maple 2020 be corrected or improved so as to be able to compute a WZ proof certificate for (19)? Although Maple is not able to compute a WZ certificate for the Catalan sum identity in [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF], if we were to obtain a WZ pair corresponding to [START_REF] Guillera | WZ-proofs of "divergent" Ramanujan-type series[END_REF], how could it applied according to our acceleration technique based on [START_REF] Guillera | Generators of some Ramanujan formulas[END_REF].

The problem as to whether or not G is irrational is wisely considered to be a major open problem in mathematics. In this article, we have introduced a technique for showing that: For arbitrary ε > 0, there exists a δ > 0 such that δ < ϵ and such that there exists a hypergeometric series q+1 F q (δ) of convergence rate δ > 0 that may be expressed as r 1 G + r 2 for rational numbers r 1 and r 2 and such that each term of q+1 F q (δ) is rational. It seems plausible that our construction could be useful in terms of irrationality-related problems concerning G, as in with problems concerning the irrationality measure of G.
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 123133 -1 3 2 + 1 5 2 -• • • ; and 1 Arbitrarily fast converging, rational hypergeometric series for Apéry's constant ζ(3) = 1 + • • • .

(k*( 1

 1 + k)*(-174 + 191*k -75*k^2 + 10*k^3 -656*n + 520*k*n -130*k^2*n + 8*k^3*n -906*n^2 + 464*k*n^2 -56*k^2*n^2 -544*n^3 + 136*k*n^3 -120*n^4))/(2*(-3 + k -2*n)*(-2 + k -2*n)^2*(-1 + k -2*n)*(3 + 4*n)*(5 + 4*n))

Theorem 3 .

 3 The closed-form formula4096G + 2048 = ∞ n=1 2 16n 491520n 6 -753664n 5 + 404480n 4 -81152n 3 + 160n 2 + 1512n -105 (2n -1) 2 n 3 (4n -1)(8n + 1)

  (k*(1 + k)*(2784 -4996*k + 3294*k^2 -1137*k^3 + 221*k^4 -23*k^5 + k^6 + 20704*n -31236*k*n + 16460*k^2*n -4236*k^3*n + 544*k^4*n -28*k^5*n + 62880*n^2 -76496*k*n^2 + 30200*k^2*n^2 -5152*k^3*n^2 + 328*k^4*n^2 + 100000*n^3 -91856*k*n^3 + 24144*k^2*n^3 -2048*k^3*n^3 + 87936*n^4 -54144*k*n^4 + 7104*k^2*n^4 + 40576*n^5 -12544*k*n^5 + 7680*n^6))/(2*(-5 + k -4*n)*(-4 + k -4*n)^2*(-3 + k -4*n)^2*(-2 + k -4*n)^2*(-1 + k -4*n))

Theorem 4 .

 4 The closed-form formula -3170893824ζ(3) -905969664 =

  with(SumTools[Hypergeometric]): e1 := (-1)^(k -3*n); p1 := (1 + 3*n)*(1 + 6*n); b1 := binomial(2*k, k)*binomial(6*n, k); b2 := binomial(12*n, 2*k)*binomial(12*n -2*k, 6*n -k); p2 := (1 + k)*(1 -k + 6*n); b3 := binomial(6*n, 3*n)*binomial(12*n, 6*n); b4 := binomial(1 + 9*n, 3*n); f := e1*p1*b1*b2/(p2*b3*b4); r := 1; WZpair

  , despite being able to provide such certificates for the other Catalan sums involved in this article. Using the Maple implementation of Zeilberger's algorithm[25, §6], we can show that(-4n 2 -16n -15)F (n + 2, k) + (8n 2 + 24n + 19)F (n + 1, k) + (-4n 2 -8n -4)F (n, k) = G(n, k + 1) -G(n, k)