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A NOTE ON SOME EXAMPLES OF NSOP1 THEORIES

Yvon BossuT

Abstract : We present here some known and some new examples of non-simple NSOP1 theories and
some behaviour that Kim-forking can exhibit in these theories, in particular that Kim-forking after
forcing base monotonicity can or can not satisfy extension (on arbitrary sets). This study is based on
the results of Chernikov, Ramsey, Dobrowolski and GrangerE]

1 Context :

NSOP1 theories have recently been studied as a generalisation of simple theories. Kim and Pillay
[9] have shown that simplicity can be characterised in terms of the existence of an independence
notion satisfying some properties, which then implies that this independence relation is forking inde-
pendence. Chernikov and Ramsey [3, Theorem 5.8] have shown a similar result for NSOP1 theories
and Kim-forking independence, another relation of independence which is defined as ’generic forking
independence’. One question we can ask is the relation between these two notions of independence in
the context of NSOP1 theories.

In this note we will present some known examples of NSOP1 theories as well as generalisations of
these examples and we will compute, whenever possible, forking independence and Kim-independence
in these theories. We will show that the relation between these two notions can vary among non-
simple NSOP1 theories, and we will also show that Kim-forking may or may not satisfy strong local
character. We shall write | ¢ for dividing independence, | / for forking independence and | ¥ for
Kim-independence. By algebraic independence we mean A | ¢ B := acl(AC) N acl(BC) = acl(C).
The main notions we shall be looking at are the two following definitions which were introduced by
H. Adler in [I] in his axiomatic approach of independence relations. They were also studied in the
NSOP1 context and also more generally by C. D’Elbée in [5] and [4].

Definition 1.1. Forcing base monotonicity : Let | be an independence relation defined on alge-
braically closed sets A, B,C such that C C A, B. We define | as the weakest independence relation
that implies | and satisfies base monotonicity, meaning : A J/gl B iff acl(AB’) ZZI(CB,) B for all
B' C B.

Definition 1.2. Forcing extension : Let | be an independence relation defined on algebraically closed
sets A, B,C such that C C A,B. We define | * as the weakest independence relation that implies
L and satisfies extension, meaning : A |5 B iff for all B O B there exist A' =g A such that

A | acd(B).

2 Parametrized Fraisse limits

In this section we will continue the work of Chernikov and Ramsey in [3, Section 6.3].

Definition 2.1. Suppose K is a class of finite structures. We say K has the Strong Amalgamation
Property (SAP) if given A, B,C € K and embeddingse : A — B and f : A — C thereis a D € K and
embeddings g : B — D and h : C — D so that goe = ho f and, moreover, im(g) Nim(h) = im(goe).
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Let T be the theory obtained as the Fraisse limit of a Fraisse class K with SAP in a finite relational
language £. We now consider a new language L, with two sorts P (parameters) and O (objects),
such that for any n-ary relation symbol R(y) € £ we have an (n + 1)-ary relation symbol R, (7) where
x is a variable of sort P and the n variables § belong to the sort O.

If M is an Lys. structure we shall write M = (A, D) with O(M) = A and P(M) = D. Given an
Lpfe-structure M = (A, D) and d € D we shall write Ay the L-structure where R € L is interpreted
as Ry in A. We consider the class of finite £, s.-structures defined as : Kyp. = {M = (4,D) : A; € K
for all d € D}.

Fact 2.2. Ramsey and Chernikov have proven in [3] that Kps. is a Fraisse class that satisfies SAP,
that the theory of its limit Tp, . is non-simple and NSOP1, has Q.E. in Lys. and that if (A, D) = Type
then Aq =T for all d € D. Moreover in this theory for any set A A = acl(A).

We place ourselves in a monster model M = (A, D) of the theory T,t.. When A is a set of objects
and d a parameter we will write (A)y for the isomorphism type of A in A;. We will use the following
two lemmas from [3] to show that in this theory LE"=17=_9 and that if T is supersimple then
Kim-forking satisfies strong local character in Tps.. If d and d’ are parameters and ¢(z) is a partial
type in Ay we will write gz (x) to denote the partial type in M where we replace every occurrence of
R e Lin g by Ry.

Lemma 2.3. [3, Lemma 6.13] Suppose {p; : i < a} C B is a collection of distinct parameters and
(¢" : i < a) is a sequence of non-algebraic L-types over C C A (possibly with repetition), where ¢ is
considered as a type in Ap,. Then the Lyr.-type |J q;i s consistent.

<o
Lemma 2.4. [3, Lemma 6.14] Suppose A, B,C C A are small sets of objects, FF C B is a small set of
parameters, AN B C C and by,b1 € B are such that by = ry b1. Then there is some b € B so that

b E(AC,F) bo and b E(BC,F) b1 ((lll m 'Cpfc)'

Definition 2.5. Let (C,F) C (A,D),(B,E) be L-structures. We define (A, D) J/%CF) (B,E) by
(A,D)N(B,E) = (C,F) and A |7, B for all p € F, where |7 denotes forking independence inside

A, (so inside the simple theory T').

Now if we force base monotonicity for this independence relation Lpf ¢, since the second condition
already satisfies this property we get : for L-structures (C, F)) C (A, D), (B, E) we have (A, D) \L%c;)
(B,E) iff (A,D)N(B,E) = (C,F) and A |7, B for all p € E, i.c., we now take parameters inside of

the structure on the right rather than just in the base.

Lemma 2.6. If (C, F) C (A, D), (B, E) then (A, D) L{c ) (B, E) if and only if (A, D) LT1%. (B, E),

Proof. [=]: If (A, D) ( ) (B, E) then since the theory T} has trivial algebraic closure and since
dividing independence implies algebraic independence we get that (A, D) N (B,E) = (C,F). Now
consider p € E, we want to show that A | 7, B. Let (B;)i<. be an indiscernible sequence in A, with
By = B, we want to find A’ such that A’B; =¢ AB for all i < w in A,

Let q(z,By) := tp(B<w \ Bo,Bo) and {p; : i < a} an enurneration of E. Assume that ¢(z, Bp)

is non-algebraic (else the sequence would be constant and A \Lp ), by Lemma we can find

(B)i<w E U ap,(x, B), with B = B, so (B})i<. is a C-indiscernible sequence in A, for all p’ € E.
i<a

By Q.E. the sequence (B, E)i<y is (C, E)-indiscernible in M. By hypothesis (A, D) (C E) (B, E),

so there is (A’, D’) =c,g (A, D) such that (A'B],D'E) =c  (AB,DE) for all i < w, so in particular

A'Bl =c AB in A, for all i < w, and since (B))i<w =c¢ (Bi)i<w we can find A” such that A”B; =¢ AB
mA forallz<w and A |7, B



[<] : Assume (A, D) L?écF (B,E). Let (B, Ei)icw be a (C, F)-indiscernible sequence. Define

B* = By N Bi(= () B;) the set of parameters that repeats along the sequence, E* = FEy N Ej,
i<w

B! = B;\ B*, Bl = E;\ E*, A = A\ C and D' = D\ F. Let (¢/);<x enumerate Ep, (e )]<,i the

correspondlng enumeration of E} and (d/) ;< enumerate D'. By Q.E. we want to find (A, D) such that

if (dj)j<A enumerate D \ F :

1 AB; =¢ AB inside of A, for all p € E* and for all ¢ < w,
2 (AB;),; =c (AB),; for all j < x and for all i < w,
3 (AB))z =c (AB)g; for all j < X and for all i < w.

1 - If p € E* by hypothesis we have that A Jfé B and that (Bg)i<w is an indiscernible sequence over
C in A, so by the chain condition in A, there is A, such that A,B; =c AB inside of A, for all ¢ < w.

2-Let j <k, ¢(z,y) := tpy (AB/C). We can assume that ¢’(x, B) is a non algebraic type, else
we would have that A = C = B; for all i < w and then we already have our objects fixed. By
indiscernibility we now have that ¢/(z, B;) is a non algebraic type for all i < w. Using Lemma we
can find A satisfying the conditions 1 and 2.

3 - Now that we have found our set of objects we use Lemmato find the parameters d’ : Let <A
by induction on n < w we show that there exist d’, such that (AB; )i =(c,F) (AB)g; foralli <n :

We have AB; =c,r) AB for all i < w, so there is ci’z such that (AB; )3 7 =(CF) (AB) 4, and we can
take J% = CZ’é. Now for n + 1 assume we have d’, such that <ABi>JZL =c (AB>dj for all © <n. We have
cZ’iLH such that <ABn+1>J’i+1 =c,r) (AB)gi- So &, =(AB~.F) d’iﬂ and AB,, 11N AB<, = AB*. Using
Lemma we can find CZ{H_l such that CZZL_H =(ABYBos1,F) cZ’le and cizlﬂ =(AB,C.F) @, which is the
parameter we were looking for.

By compactness there is a d/ such that (AB;) i =) (AB)g; for all i < w, and this completes our
proof of this direction. O
Lemma 2.7. If(C,F) C (A, D), (B, E) then (A, D) ( p) (B, E) if and only if (A, D) L
i.e. | satisfies extension and so the theory T, pfec Satisfies existence.

Proof. Let (B, E) C (B, E'), we want to find (A’, D’) =(p,g) (4, D) such that (A’, D') (C r) (B, E).

By Q.E., if we fix (d’);<) an enumeration of D and (d’),< the corresponding enumeration of D’ this
means :

(C,F) (BaE)7

1. A=pAin A, for all e € FE,

2. (A'B)gi = (AB)y; for all j < A,
3. D'NE =F,

4. A" | 7. B forallpe E.

If p € E we have A | P, B so by extension there is A, =p A in Ay, such that A’ | 7, B'. If p € E'\ E by
existence there is A, in A, such that A" |7, B. In both those cases we can assume that tp, (A,/B’)
is non-algebraic, else we would have that A = C' = A’ and the conditions 1,4 are already satisfied, so

by Lemma [2.3| there is A’ C A such that A’ = (J tpA (A,/B’), and this gives us our set of objects
pEE
satisfying 1 and 4. Now all is left is to find parameters d” outside of E’ that satisfies 2, which we can

always do using Lemma [2.4] O



Proposition 2.8. If (C,F) C (4, D), (B, E) then (A,D) L%, (B,E) if and only if (A, D) L{5 p)
(B, E).

Proof. This proof is similar to the one of Lemma but slightly easier since Morley sequences can
not overlap outside of the base, so there is no need for B* in that case.

[=]: If (4, D) {g p) (B, E) then since the theory T}, has trivial algebraic closure and since Kim-
independence implies algebraic independence we get that D N E = F. Now consider p € F, we want
to show that A | P, B. Let (B;, E;)i<w be a C-Morley sequence in M with (By, Ey) = (B, E), by
hypothesis there is (A’, D) such that (A'B;, D'E;) =) (AB, DE) for all i < w, so in particular
A'B; =¢ AB in Ay, for all i < w, and since B; ¥, B<; the sequence (B;);<, is C-Morley in A, so by
Kim’s lemma A | 7, B

[«<] : Assume (4, D) Lpch) (B,E). Let (B;,Ei)i<y be a (C,F)-Morley sequence. Let (e/)j<y
enumerate E \ F, (e ) j<x the corresponding enumeration of E; \ I and ()< enumerate D \ F. By
Q.E. we want to find (A, D) such that if (d’);<y enumerate D \ F :

1 AB; =¢ AB inside of A, for all p € F' and for all i < w,
2 <AB¢>64 =c¢ (AB),; for all j < k and for all i < w,
3 (AB))z =c (AB)g for all j < X and for all i < w.

1-IfpeF by hypothesis we have that A | 7, B and that (B;)i<. is a Morley sequence over C in A,
by Lemma so by the chain condition in A,, there is A such that A B; =¢ AB inside of A, for all
i <w.

2-Let j <k, ¢/(x,y) := tpa ;(AB/C). We can assume that ¢’ (z, B) is a non algebraic type, else we
would have that A = B = C ‘and we already have our objects fixed. Then by indiscernibility we have
that ¢/(x, B;) is a non algebraic type for all i < w. Using Lemma we can find A satisfying the
conditions 1 and 2.

3 - Now that we have found our set of objects we use Lemma. 4 to find the parameters d’ : Let 7 <A,
by induction on n < w we show that there exist d’ such that (AB; )i =,F) (AB)g foralli <n:

We have AB; =c,r) AB for all i < w, so there is cZ’f such that </~1BZ->J,J_- =c,r) (AB)gi, and we can
take d% = d’é. Now for n + 1 assume we have d’, such that <ABi>cZZL =c <143>dj for all © <n. We have
d’iﬂ such that <ABn+1>d~,j =c,r) (AB)gi- So &, =ic,p) J’iﬂ and AB,1 N AB<, = AC. Using
Lemma we can find dn 1

parameter we were looking for.

such that dﬁLH = (ABy.1 F) ., and ciZL_H =(ABey,F) &, which is the

By compactness there is a d/ such that (AB;) 7 =,F) (AB)g for all i < w, and this completes our
proof of this direction. O

Corollary 2.9. If T is supersimple, (A, D) z's a finite tuple and (B, E) is any small set then there is
a finite (By, Eo) C (B, E) such that (A, D) (Bo B (B E).

Remark 2.10. By [2, Proposition 3.6] we know that inside of any non-simple NSOP1-theory we can
find arbitrary long sequences of Kim-forking extensions, i.e. for any k cardinal there is a finite tuple
d and an infinite (non-continuous) increasing sequence (E;)i<x such that d J. IE(Z_Ei+1 for all i < k.
With this in mind this last property tells us, as we already know, that Kim-forking does not satisfy base
monotonicity : we have in this case a strong local character, in the sense of a finite E? C E; such that
d J/go E; for every i < K, but no chain local character as in simple theories.



To sum up, 7). is a non-simple NSOP1 theory such that forking = dividing for complete types over
arbitrary sets and forcing base monotonicity on Kim-independence gives us forking independence.

3 Vector spaces of infinite dimension over an algebraically closed
field with a non degenerate bilinear form

In this section we will do similar computation as in the previous one and show that this time | %"
does not satisfy extension in the theory of vector spaces of infinite dimension over an algebraically
closed field with a non-degenerate symmetric bilinear form. This theory, denoted sTACF was studied
in [7] and [6] and is NSOP1 non-simple. We will write (A) to denote the linear span of A with respect
to the field of the monster model, and K (A) for the field sort of A. We will use the following result :

Proposition 3.1. [6, Proposition 8.12] Let A, B,E C C be small algebraically closed sets with E C
A,B. Then A |5 B if and only if (A) N (B) = (E) and K(A) L{((E) K(B) (in ACF).

We will now explain what is | ®™ in this theory and show that this independence relation does not
satisfy the extension property, so in particular that it is not forking in sTACF.

Let A, B,E C C be small algebraically closed sets with £ C A, B. Then A | X" B if and only if
for all B algebraically closed such that E C B C B we have AB Lg B. Using Proposition
A Lgm B if and only if A J/{E( B and for all B algebraically closed such that E C B C B we have
K(acl(AB)) J/;; B) K(B), since the condition in the vector sort already satisfies base monotonicity.

Now lets consider E = (Ling(g)((ei)i<w), K(E)) = sTACF a small model. Let a, by, by be vectors lin-
early independent over (E) such that a,bg,b; € E*, [a,a] = [by, bo] = [b1,b1] = 0 and [a, bo] = [a, b1] =
[bo,bl] = 1. Define A = (L’LTLK(E)((GZ)Z<W,CL),K(E)) and B = (LZTLK(E)((Q)@<W,bo,bl),K(E)) Then
B is a model of sTA¢F and K(AB) = K(E) where K(AB) is the field sort of the structure generated
by A and B. We will show in the next section that we can always find such vectors (Lemma [4.1)). A
and B are algebraically closed and contain E. By Proposition we have that A Lg B, and since
K(AB) = K(E) if B is such that E C B C B then AB | % B,so A L " B.

Now let us consider @ € K transcendental over K(E) and B’ := (Ling g ((€i)i<w, bo, b1), K (E)[a]).
We show that there is no A’ =g A such that A’ gm B', so that | ™ does not satisfy extension. If
there were such an 4’, setting B’ = (Ling g)((€i)i<w, a-bo, a~1.by), K(E)) we would have A’B’ g, B,
so in particular for the field sort [a’, a - by LQ(E) a SO o L{((E) a and a € K(E), a contradiction.

Also in this case the structures B’ and B’ are models.

This shows us that in an NSOP1 theory with existence we do not necessary have that | £ is equal
to | over models which answers a question of N. Ramsey. However it does not tell us that | ¢ does
not coincide with J/f in this theory since in this example A J, %B, as we will now show :

Let us consider a tuple (a;)1<i<w algebraically independent over K (E), By = B and the sequence B; =
(Ling (g ((€i)i<w, @i bo, a;1-b1), K(E)). This sequence is indiscernible over E : set ag = 1, then if iy <
... <'ipn we have that B;,..B;, = (LinK(E)(al/ao,..,an/ao)((ei>i<w7 @ +bo, Oéi_ol-bl), K(E) (041/040, . an/ao)).
The type of A over By is inconsistent along that sequence, since we would then have [a’, a; - bg] = 1
for all # < w. In the end we have A J/gm Band A ) dEB7 and it remains unknown if J_/f:\Ld in this
theory.



4 Generalisation of the previous theory

In this section we will give a generalisation of Proposition We consider theories of vector spaces
of infinite dimension over a field with a non degenerate bilinear form, show that under an additional
technical condition this theory is NSOP1 if and only if the theory of the field is NSOP1, and compute
what Kim-forking is over models, and over algebraically closed set if we assume existence.

Let us consider an NSOP1 theory of fields T with Q.E. in the language L and let sTX be the two
sorted theory of infinite dimensional vector spaces over a model of Tk with a non degenerate symmetric
bilinear form (written [, ]) such that (f) : if b is a finite tuple there is u € b \ {0} such that [u,u] = 0.
This last condition () is a sufficient condition for this theory to have Q.E.. (}) is in particular satisfied
when every element of the field is a square. Let M = (V,K) be a monster model of sTX.

Lemma 4.1. Let (\;)i<n be scalars, (b;)i<n be linearly independent vectors in M, a € K and € be a
finite tuple of vectors. Then there is x € V such that [x,x] = «, [x,b;)] = \; for alli <n and x & (€).

Proof. We begin by showing that there is € V such that [z,b;] = \; for all i < n and = ¢ (€), for
this we do not need the assumption (). What we want to show is that given b = by, ..,b, 1i. the
linear function 15 : @ — ([x, b;])i<n is surjective, the other condition follows then from the fact that
its kernel has infinite dimension. Now let us prove surjectivity by induction on n < w. For n = 0 it
is trivial, now assume that it holds for n > 0. We want to find b € (by,..,b,)" \ b3 By hypothesis
there is b, for 1 < i < n such that [b,b;] = 0;; for all 1 < ¢,j < n. With this for all v € V we can
write u = > [u,b;] b+ (u— > [u,b;]-b), so wehave V= @ K-b;+ (by,..,b,)", we will write

1<i<n 1<i<n 1<i<n
ug=u— Y. [u,b;]-b:. Now if such a b} does not exist we would have that (b, .., b,)" C bg, so using
1<i<n
the previous decomposition, for all u € V, [u,bg] = > [}, bo] - [u, b;] + [uo,bo] = > [bi, o] - [w, bil,
1<i<n 1<i<n

which by non-degeneracy contradicts the fact that by & (b, .., by).

We now use our assumption (1) to choose the value of the quadratic form. Choose x € V such that
[,b;] = \; for all i < n and x ¢ (€). By what we have just shown and () there are 2/, 2" 1.i. such that
2 2" ¢ (e, x), ' 2" € (b,x)*, [2/,2') = 0 and [2/,2"] = 1. Then the element x + (o — [z, 2] — [2”, 2"]) -
x' + 2" corresponds to what we are looking for.

We now show that when every element of the field is a square the condition () is satisfied. Let b be

a finite tuple of vectors and x € b \ (b). By the previous point we can find y € b \ (bx) such that
[z,y] = 0. Then, if [z, 2] = 0 or [y,y] = 0 we have the element we are looking for, and else if \? = [z, ]
and p? = —[y, y] then p -z + X - y satisfies our conditions. O

Corollary 4.2. The theory sTX has Q.E. in the language £ = Lx U{[,],-, +}U {0, : n < w} where
On(€1,..s€ns D icn Ai€i) = (Ni)i<n when ey, .., ey is linearly independent. In particular the field is stably
embedded. -

Proof. For this we show that finite partial isomorphism inside of M have the back and forth property.
Consider two finitely generated structures A and B in M such that ¢ : A — B is an isomorphism. We
show that we can extend it to any element a inside of M. Let ay, .., a,—1 be a base of A and b; := ¢(a;).
Let o : K(A) — K(B) be the induced field isomorphism. By Q.E. in the field sort we can extend
K to any element of K, so if a € K we can extend ¢ to Aa. If a € (A) and a = ) \; - a; it is clear

(2
that extending ¢ to the structure generated by Aa is equivalent to extending ¢ to A(\;)i<n, which we
can do by Q.E. in the field sort. Now if a ¢ (A) let us consider an extension ¢’ of ¢ to the field sort
of the structure generated by Aa (which is just K (A)([a,a], [a,a;i])i<n). Now using Lemma |4.1| we can



find b ¢ (B) such that [b,b] = ¢ and [b,b;] = ¢’ ([a, a;]) for all i < n. Then is is clear that sending a
to b extends the isomorphism . d

In this context having Q.E. in the language £ depends on the theory of the field (having squares for
example) and on the bilinear form (being positively defined in a RCF for example), the (f) assumption
allows us to keep full generality on the theory of the field.

Definition 4.3. For E C A, B algebraically closed subsets of M and E = sTX , we define the relation
ALE Bby: (A)N(B)=(E) and K(A \LK in the field theory.

Proposition 4.4. sTX is NSOP1 and L>®=L1% over models.

Proof. We will now show that this relation satisfies the conditions of [8, Theorem 9.1]. Clearly it
satlsﬁes symmetry, monotonicity and existence over models. For strong finite character if A J B and
A LK (p) KK (B) then we can take the formula in tp(A/B) that Kim-forks over E. If (A)N(B) # (E)
let (ei)Ka be a base of V(E) (it is then also a base of (E)), (a;);<g completing it into a base of V' (A)
and (b;);<5 completing it into a base of V(B). Then we have finite tuples €, @ and b in these bases and
an element a € (@)) such that a € (eb) \ (€), and the formula expressing this satisfies the condition.

We will now show that | °° satisfies amalgamation over models. Let E C Ay, A1, By, By with E a
model, AO =g A1, A; L% Bj for j =0,1 and By | ¥ Bi. Let (¢;)i<a be a base of V(E), complete
it by (b])i<p, into a base of V/(Bj) for j = 0,1, s0 (e;)i<a(b))i<p, (b;)i<p, is a base of ByBi). On the
other side let (a )K7 complete (e,)Ka into a base of Ag. Now let ag = kgvg be a tuple enumerating Ay,
Ag =g Aj so we can find a tuple a; = kjv; enumerating A; such that ¢ : ag — a1 is an E-elementary

embedding. Define (a})i<, = ¢((€i)i<a), since ¢ is elementary over E we have ¢([e;, a?]) = [es, ajl-] and
90([6%?,@9]) [ Qg s j] for all ¢, 5.
We have that tp(ko/K(E)) = tp(ki/K(E)), k; J/K B) for j — 0,1 and K(Bo) LK(E)

K (B;). By applying the independence theorem for Klm—forklng in T we find k = tp(ko/K (Bo)) U
tp(ki1/K(B1)) such that k J/Q(E) K(By)K(Bi1). Using extension we can assume that k \Lllg(E)
K(ByoBi1). We have two partial embeddings ¢o : kg — k and ¢1 : k1 — k which are elemen-
tary over K(By) and K (Bi) respectively, by construction we have that ¢o = ¢1 o p. We will now
define our structure A. Let (a;)i< be a tuple of Li. vectors not in ((e;)ica(b?)i<s, (b} )i<p, ) = (BoBi)
such that :

ez, aj] = wo([ei, a)]) = p1([ei, af]) for all i < a,j <7,
lai, a;] = po(laf, al]) = ¢1([a;, aj]) for all 4,5 < v,
[ai, b]] = wo([ag, b}]) for all i <, j < Bo,

[az,bjl] = ([azl,bjl]) for all i < v,j < fi1.

This is possible by Lemma and compactness. Then the structure A = (Ling((e;)ica(ai)i<y), k)
satisfies A | ¥ BoBj and A =p, A; by construction and Q.E..

By [8, Theorem 9.1] we have that sTX is NSOP1 and | *° — L% over models. For the converse, it
is clear that if K(A J// K K ) then A J// KB (looking at coheir Morley sequence and using Kim’s
lemma for Kim—forkmg for example). Now if (A) N (B) # (E), let a € (a) such that a € (B) \ (E)

with @ a finite tuple in A. Now if (B;);<, is a coheir Morley sequence over E with By = B we have
(B;) N (B<;) = (E), so if q(z,y) = tp(@, B) then |J q(z, B;) is inconsistent and A f EB. We will

<w
give more general argument when generalising this to algebraically closed sets. O



We get in particular that if Tk is a theory of fields, the theory sTX is NSOP1 if and only if the theory
Tk is, and 3T£ is also always non-simple, as we can construct infinite decreasing sequences of type
definable groups of unbounded index using orthogonality. We now assume that the theory of the field
Ty has existence, so we can define | °° on arbitrary sets as previously. We now show that in this case
some properties pass from | ¥ in Tx to | *°.

Proposition 4.5. If Kim-forking in Tk satisfies strong local character, i.e. if for all finite tuple a € K
and for all B C K small set there is a finite By such that a J/go B, then | *° also does. This is the
case when Tk is supersimple for example.

Proof. Let A = (Ling4)(@), K(A)) be afinitely generated structure and B = (Ling g)((bi)i<s)), K (B)).
Since @ is a finite tuple we can find a finite b C {b; : i < 8 such that (@) N {(b;)i<s) C (b). We then have
that (@b) N ((b;)i<p) = (b). We now consider the structure Ag generated by Ab. We have (4g) = (ab),
and the field sort is finitely generated, since K (A) is finitely generated and by adding b we only have
to add a finite number of images by the bilinear form and coefficients from linearly dependent tuples.
So by hypothesis there is a finitely generated Fy C K(B) such that K(Ap) Lgo B, and by setting By
to be the substructure of B generated by (b, Ey) we get that A \L%OO B. O

Lemma 4.6. If E C A, B, then A | % B implies (A) N (B) = (E).

Proof. We can assume that A is a finite tuple. As previously let E' = (Lingg)((€i)i<a), K(E)), B =

(Ling(p)((ei)i<a(bi)i<p), K(B)). Now let us define the sequence B; = (Ling (p)((€i)i<a (bg)Kg), K(B)),
with By = B, the tuple (bg)i<g,j<w being linearly independent over (E), [bg,el] = [bi, €] for all
i < B,5 <w, [bl,b] = [bi,by] for all i,] < 8,5 < w and [b/,b]] = 0 for all i,l < § and j # j' < w.
We can find such a sequence by Lemma and compactness. By Q.E. it is an indiscernible sequence
over E, so (A) N (B) C (E) : else the type of A over By would divides along that sequence since
(B;) N (B;) = (E) for all i < w. O

Proposition 4.7. Let A be a structure such that | in Tk satisfies the independence theorem over
K(A). If D°, D' and B°, B* are such that B | % B!, D° =4 D' and D7 | % B’ for j = 0,1 then
there is D' such that D' =,p5; D7 for j =0,1 and D' | ¥ B°B!.

Proof. The proof is strictly similar to the one of amalgamation over models. O

We will now additionally assume that the theory sTX has existence, which was only proven for ACF.
This assumption allows us to use Kim-forking independence over arbitrary sets and its properties, here
Kim’s lemma for Kim-forking ([6, Theorem 3.5]).

Proposition 4.8. If E C A, B are algebraically closed, then A J/g B if and only if A | ¥ B.

Proof. [=] : If (A) N (B) # (E), let B; be a Morley sequence with By = B, by Lemma we have
that (B;) N (B«;) = (E) for all i < w, so the type of A over B is inconsistent along that sequence, and
so it Kim-divides over E. Now if K(A) [/ g( kK (B), the induced structure in the field sort is the one

of Tk since the field is stably embedded by Q.E., so A J. g B.

<] : Let A | ¥ B, we show that A | X B using Kim’s Lemma for Kim-forking. Let (B;)i<w
be an E-Morley sequence, with By = B, B; = (LinK(Bj)((ei)Ka(bg)Kﬁ),K(Bj)) for all j < w and
A = (Linga)((€i)icalai)icy), K(A)). We have that the sequence of the K(B;) is Morley over K(FE)
and K (A) \Lllg(E) K (By). Let kq be a tuple enumerating K (A) and g(x,y) := tp(k K (By)). Using the

chain condition for Kim-forking we have a realisation ¥’ = |J ¢(z, K(B;)). As for amalgamation over
J<w
models we have a partial F-elementary embedding ¢ : k, —> k' such that for all j < w this embedding



extends into p; : kK (B) — K K(B;), also elementary over K(F). Let us now define a structure A’.
Let (a})i< be linearly independent vectors outside of (B,) such that :

lei, a)] = 900([ei,a?]) = ¢i(les, a4]) for all i < a,j <y and ! < w,
lal, a] = o([as, a;]) = ¢i([as, a;]) for all 4,7 <~ and | < w,

2Rt
[az,bé] = ¢i([ai, b;]) for all i < ,j < By and I < 7.
This is possible by Lemmald.1]and compactness. Then by Q.E. the structure A" = (Ling ((€;)i<a(a})icy), k)
is such that A'B; =g AB for all j <w, andso A | ¥ B O

(LZTLF (Ad)’ F) {LZTLF(AE),F) (LGFL([dl,bﬂ)l<n’j<m (A@% FL([d'L’ b]])l<n7.7<m)7

5 Proving existence for simple fields

We will now assume that T is a simple theory of fields (see [10] for properties of simple fields). We will
generalise the notion of Gamma-forking that Granger developed in [7] for the case of ACF and also
give complete proofs. In the case of Proposition it is a straightforward adaptation of [7, Proposition
10.2.2]. We use the same terminology as previously, and to lighten the notations we will write A for
the structure generated by the set A. As previously we work in a monster model of sTX.

In this context we will say that a finite tuple (z;);<, is generic over K if z; is generic over K (x;);;
for all ¢ < n. We remind that in a simple field the notion of genericity for the additive group and the
multiplicative group coincide. These notions also coincide with genericity for affine transformations
which is defined by : if x is generic over K C K, g € K* and h € K such that x \Lﬂ g, h then

Remark 5.1. 1. Extension : If a tuple (x;);<n is generic over K and if (;)i<n J/{( K' for K C K’
then (x;)i<n 1s generic over K.

2. ’Genericity’ : If a tuple (x;)i<n is generic over K, M € GL,(K) is an invertible matriz and
(ki)i<n € K then the tuple M X (x;)i<n + (ki)i<n 15 also generic over K.

3. Transitivity : If T and ¥ are finite tuples, T is generic over K and g is generic over K(T) if and
only if Ty is generic over K.

Proof. The first and last points are just transitivity of | f and the fact that in a simple group if g is
generic over A, A C B and ¢ J/Q B then g is generic over B. For the second point what we need to
know is that in a simple field genericity for the additive group and the multiplicative group are the
same. This tells us that if (a;) € K* and (k;)i<n € K the tuple (o - x; + k;)i<p is generic over K.
Now with the same reasoning as before we can show that the tuple (x1 + x2, 2, .., Tn_1)i<n iS generic
over K, and it is clear that these two types of transformations and the fact that we can change the
order of the tuple we can generate the transformations (x;)i<n, — M X (2;)i<n + (ki)i<n described in
the statement. O

Definition 5.2. Letd € M and A C B C M. We will say that d is Gamma-independent of B over A,
written a \LE B, if K(Ad) L};(A) K (B) and one of the following conditions holds :

1. d €K,

2. d e (4),

3. d ¢ (B) and for all by,..,b, € V(B) \ (A) linearly independent the tuple ([d,b;])i<n is generic
over K(Ad)K(B).



We inductively extend this definition to finitary types by setting that dd' J/B B iff d Lg B and
d ' Bd.
Ad

Remark 5.3. Remark[5.1] tells us in particular that when B has finite dimension over A it is enough
to check 3. for a single tuple by, .., b, such that (Ab,..,b,) = (B).

Proposition 5.4. The relation of Gamma-forking is invariant, transitive, symmetric, satisfies exis-
tence, monotonicity, finite character and extension.

Proof. Tt is clear that | ! satisfies invariance. For symmetry, we will first prove it when a and b
are single elements : assume that d \LE Ab, we want to show that b Lg Ad. Then condition on the
field sort is symmetric, so if b € K or b € (A) it holds. Now assume that b ¢ (A). If d € (A) then
(Ad) = (A) and b ¢ (A) and the condition 3. is trivially satisfied. If d ¢ (A) we have that d ¢ (Ab)
and [d, b] is generic over K(AD)K(Ab). So b ¢ (Ad) and 3. is satisfied.

Let us now prove transitivity : We begin by showing by induction on len(b) that for d,c single
elements and b: a |} Abciff d |}y Aband d | Abe. (1)

The case len(b) = 0 is trivial, now suppose the claim holds for all b such that len(b) < n. Let b be any
tuple such that len(b) < n and ¥, ¢, d be any single elements and A any set. We prove d J/E Abl ¢ iff

d L} AbY and d |, Abb'c.

- If d € K, the equivalence holds since K(Abb'd) = K(Abb')(d) and since forking independence in the
sort K satisfies transitivity. The case of d € (A) is similar since K (Abb'd) = K(Abb')K (Ad) and K (Ad)
is just K (A) where we add coefficients for d.

- If d € (Abb'c) \ (A) then the equivalence holds since neither of the sides can be satisfied.

-Tf d & (Abb'c) : Assume that d | !, AbV'c. Clearly d | Y, AbY. Now if ¢ & (AbY) let b, .., b, be a base
of (AbY) in AbY'. Then by hypothesis [d, c], ([d, b}])i<m is generic over K (Ad)K(AbV'c), K(Abb'd) =
K(Ad)K (AbY')([d,b}])i<m, so by Remark d, c] is generic over K(AbY'd)K(Abb'd). So [d,d] J/é
K(AbY d)K (Abb'c), and using ([d,b])i<m L@ K(Abb¢c) we get that K(AbYd) L};( ADK AT
K(Abb'c), now with K (Ad) J/K(A) K(Abb'c) we ﬁnally get that K (Abb'd) \l/f((AEb/) K(Abb'c). The
case where ¢ € (Abb') is easier, the condition 3. is trivially satisfied and with the same computations
as we did we get that K (Abb'd) J“f((AEb/) K(Abb'c), so d J/Eéb’ Abblc.

Now assume that d | ', Abb and d \I/EEb/ Abb'c. By transitivity of | 7 we get that K (Ad) 1! K(A)

K(Abb'c). Now let by,..,b.,,c be a Li. tuple over (A) inside of Abb'c with by,..,b], € (AbV) and
¢ € (Abbc) (or if ¢ € K or ¢ € (Abb) then no ), by adding elements we can assume that
(AV)..b], ) = Abb'c). We have that b, € LinK(ABb,C)(AEb/) for all i < m, so since [d,c] is generic
over K(AbV'd)K (AbY c) we have [d, ¢] generic over K (Ad)K (Abb'c)([d,b.])i<m. Now we have to check
that ([d,}])i<m is generic over K(Ad)K(Abb'c)[d,c]. Let (b;)i<m be a linearly independent tuple
over (A) and inside of Abb' such that (AbY') = (Ab..by,), by hypothesis ([d,b;])i<m is generic over
K(Ad)K (AbY) and K (AbYd) ¢§(( i)

K(Ad)K (AbY ¢)[d, '], writing (b.)i<m gives us an invertible matrix M with coefficients in K (Abb'c), so
by Rernarkwe have that the tuple ([d, b])i<m = M x([d, b;])i<m is generic over K (Ad)K (AbV'c)[d, ],
and now also by Remark [5.1] . [d, b)])i<m|d, ] is generic over K (Ad)K(Abb'c), sod | Y Abb'c.

K(AbV'c)[d, c] (using transitivity) so ([d, b;])i<m is generic over
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Now that we have shown (1) it is clear that for any tuples b, ¢ if d is a single element d Lg Abe iff
d J/F Ab and d J/ Abée. We will now prove full transitivity by induction on len(d). Assume
it holds for all tuples d with len(d) < n. Let d be such that len(d) < n and d’' an single element.
Assume that dd’ J/ﬂ C with A C B C C. By the definition of I independence we have that d LE‘ C
and d’ 23 Cd. By inductive hypothesis we have : d |, B, d | C and d ZE Bd, d gg Cd.
So dd |Y, B and dd' |}, C. The argument for the converse is similar, and we have proven full
transitivity.

We now prove full symmetry, assume that for all tuples b,¢ with len(b), len(¢) < n and for all set A
b J/E ciffe J/I;‘ b. Let b, be tuples of length < n and b’ be a single element. Assume that ¢ J/A by
By transitivity this is equivalent to ¢ \LE b and ¢ \LEB b'. By inductive hypothesis this is equivalent
tod [ ¢and V/ 25 ¢, which by definition means that oo’ | | @

Finite character is a direct consequence of the strong local character of | / and monotonicity
is clear. We now prove extension. Let A C B C (C and d a finite tuple such that d J/E B
We want to find  =p d such that & | '} C. Using transitivity and choosing the element of the
tuple d’ one by one we can assume that d is a single element. For this let us choose some bases as
in the previous section A = (Ling(a)((ai)i<a), K(4)), Ad = (Linga)((ai)i<a(di)i<n), K(Ad)) and
B = (Lingp)((ai)i<a, (bi)i<p), K(B)). By hypothesis we have that (Ad) N (B) = (A), So using
extension for | /, Remark Q.E. and Lemma we can find the element d’. O

Proposition 5.5. For a structure A, d = (d;)i<n and b = (bj)j<m finite tuples of vectors each

linearly disjoint over (A), F and L two fields containing K(Ad) and K(Ab) respectively we have
that (Linp(Ad), F) 1Y (Ling(Ab), L) if and only if F \Lf y L (Ad) N (Ab) = (A) and the tuple
([ds, bj])i<n,j<m is generic over FL.

Proof. We show the equivalence by induction on n. Assume that it holds for any set A, any finite tuple
b, any tuple d of length < n and any fields K, K’ as in the statement. Let d be a tuple of length < n
and d’ be a single vector not in (Ad).

Assume that (Ling(Ad,d), F) |Y (Ling(Ab),L). Then F L{(( a L (using monotonicity and transi-
tivity in the field sort). By transitivity Ad |1, Ad Abd and Ad Y Ab, so (Add') N (Abd) = (Ad) and
(Ad) N (Ab) = (A) by induction hypothesis, so (Add’) N (Ab) = (A). Now by induction hypothesis we
have that the tuple ([d;,b;])i<n,j<m is generic over FL, and since :

(Ling(Ad), F) (FLmF(Aa),F) (Linpr((ds b))y em (ADd), FL([di, bj))i<n j<m),

the tuple ([d',bi])j<m is generic over FL([d;,b;j])i<n j<m. By Remark we have that the tuple
([di; bj])icn,j<m([d’, bi]) j<m is generic over F'L. The converse is proven the same way using transitivity
of | ' and Remark O

Proposition 5.6. Let A be a structure such that J/f in Tk satisfies the independence theorem over
K(A). If D°, D' and D° D' are such that B° J/E B, B® | ¥ B! and D’ J/E BJ then there is D’
such that D' =,p5; D7 for j = 0,1 and D' \LZ BB In particular the relation of Gamma-forking
satisfies type amalgamation over models.

Proof. By type definability and local character of J/F it is enough to show this for finite sets. Let
A = (Lingay((eiica)s K(A)) = sTE, Di = (Ling p((€)icar &y db), K(D?)) for j = 0,1 and
BJ = (Linggiy((€i)ica:b],...d’;), K(B7)) for j = 0,1 be such that B |5 B!, D° =4 D' and
Di J/A BJ for j =0,1. Let k% enumerate K (D7) and k}, be the corresponding enumeration of K (D)
by the equivalence DY =4 Dl.
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Then tp(k% /K (A)) = tp(kh /K (A kj J/f ) for j = 0,1 and K(B°) |/ K(B"), so by type
amalgamation in Tk there is k' = tp(k:%/K(BO)) = tp(k}j/K(Bl)) such that &’ Lf K(B)K(B).
By extension we can assume that &' | 7 Ky K (B°B;1). Now we need to find values for [dl,b{ |. By
assumption the tuple ([d?, b) 1)i<n,j<no is generic over K(D®) K (BY), by extension there is (52j)i§n,j§n0
such that k’K(BO)(égj)igmjgno =k(4) K(D)K(B%)([dY,b)])i<n j<no and ((5”)z<n]<no is generic over
kK'K(B°B'). By the same argument there is ((51])Z<m<n1 such that k’K(Bl)(é1 Di<nj<n! =K(A)
K(DI)K( Y([d}, b}])i<n j<m and (5 ;)i<nj<n! 18 generic over k 'K (B°B* )(5?,j)i§n,3§n° Then by Re-
mark |5.1| the tuple (5”)1<n]<n0 (511,3)2§n,1§n1 is generic over k'K (B°B'). We can now define a struc-

ture D as previously since we have found our field sort and the values of the bilinear form by using
Lemma and using Q.E. to conclude that we have the right type. O

Proposition 5.7. If A C D, B are small structures D \LE B implies D LQ B. In particular the
theory sTX satisfies existence.

Proof. By finite character it is enough to prove this for D = d and B = b finite tuples. Since | '
satisfies transitivity and J/f satisfies left transitivity it is enough to show this when d is a single
element. Now since | ! also satisfies extension it is enough to show that if d is a single element, b is a
finite tuple and A an arbitrary structure then d LE b implies d J/Q b

Let A= (LinK(A)((ei)Ka),K(A)), B() = (LinK(BO)((ei)Ka,bg, . ,b% 1) (Bo)) and
B; = (Ling g, ((€i)i<a: by -, bl 1), K(Bo))

such that (B;)i<w is an indiscernible sequence over A. We want to find a d’ such that d'B; =4 dBy
for all i < w. We find a negative part and extend the sequence to (B;);ez. By extension for LV we
can assume that a \LE By, where By is the structure generated by {B; : i € Z}. We will write By j
for the structure generated by B;..B;. By base monotonicity of Gamma-forking a LE B, Bz- Let us
define A" = AB_q, by indiscernibility the B; for i € w are linearly disjoint over A’ and form an A’
indiscernible sequence. In fact if b% € (B.;) then by indiscernibility b € (Bo) and so bi, € (B<g).

Thanks to this we can assume without loss of generality (eventually replacing A by A’) that the
sequence (B;)i<, is linearly disjoint over A. What happens here is that the elements of (B;);<., might
overlap outside of (A) but since the property of not being linearly disjoint has local character by
indiscernibility all the overlapping that might happen is already happening inside of the negative part
of the sequence.

Let k be a tuple enumerating K(Ad) and p(z,y,z) = tp(k, ([d, bQ])j<n, (By)/A). By assumption
k([d, bo 1)j<n J/f By), so there is &, (0;)j<n such that ¥, (6;);<n = U p(z,y, K(B;)). Now let

<w
us choose an element d' in the vector sort such that d' ¢ (B,), [, e;] = 0;, where ¢; is the element of

k' that correspond to [d,e;] in k for all i < «, and [d/, b;] =0, for all j <n and i < w. This is possible
with Lemma since the family (ei)i<a(b§-)j<n’i<w is free. By Q.E. we get that d'B; =4 dBy for all
1 < w, which concludes our proof. O

Remark 5.8. The use we make of genericity in this section is completely contained in the properties of
Remark[5.1. Being able to find a notion of elements that can satisfy these tree properties inside some
theory of fields could eventually allow a similar construction of | and a similar proof of existence.
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