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DYNAMICS OF DILUTE GASES AT EQUILIBRIUM:
FROM THE ATOMISTIC DESCRIPTION
TO FLUCTUATING HYDRODYNAMICS

THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

ABSTRACT. We derive linear fluctuating hydrodynamics as the low density limit of a deter-
ministic system of particles at equilibrium. The proof builds upon the results of [12] where
the asymptotics of the covariance of the fluctuation field is obtained, and on the proof of
the Wick rule for the fluctuation field in [13].

This paper is dedicated to the memory of K. Gawedzki. It shows how noise in hydrody-
namic models of perfect gases can emerge from a deterministic microscopic dynamics. It is
reminiscent of the concept of spontaneous stochasticity introduced in [5] and formalized in
[16].

1. THE DIFFERENT LEVELS OF MODELING

1.1. The atomistic description. The microscopic model consists of identical hard spheres
of unit mass and of diameter €. The motion of N such hard spheres is ruled by a system of
ordinary differential equations, which are set in (T¢xR?)" where T is the unit d-dimensional
periodic box with d > 3: writing x§ € T? for the position of the center of the particle labeled
by i and v{ € R? for its velocity, one has

€ €
(1.1) d;i =v;, d;;i =0 aslongas [xj(t)-x;(t)|>e for 1<i#zj<N,

with specular reflection at collisions:

(Vi)' 5= v = 55 (5 V) 06 =5 (5 =)
(1.2) N T o if [x; (t) - xj(t)| = €.
(vj) =Vt ?(Vz -v;) (x5 - x5) (x5 —%5)
This flow does not cover all possible situations, as multiple collisions are excluded. But one
can show (see [I]) that for almost every admissible initial configuration (x5°,v$%);<;cn, there
are neither multiple collisions, nor accumulations of collision times, so that the dynamics is
globally well defined.

We will not be interested here in one specific realization of this deterministic dynamics,
but rather in a statistical description. This is achieved by introducing a measure at time 0,

on the phase space we now specify. The collections of N positions and velocities are denoted

respectively by Xy = (z1,...,zy) in T and Vy := (v1,...,vy) in R¥?Y, and we set Zy :=
(XN, VN), with Zn = (21,...,2Nn), 2zi = (z;,v;). A set of N particles is characterized by a
random variable Z‘?\? = (zio, . ,z‘?\?) specifying the time-zero configuration in the phase space
(1.3) DY ={Zn e (T*xRHYN /Vizj, |v;—a;>¢},

and an evolution
t— Z5t) = (21(1),....25 (1)), t>0

according to the deterministic flow ([LI))-(L2]) (well defined with probability 1).
1
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To avoid spurious correlations due to a given total number of particles, we actually consider
a grand canonical state (as in [23] [4]), set on the phase space
D= | J Dy
N>0
(notice that Dy = & for N large). This means that the total number of particles is also a
random variable, which we shall denote by N.

More precisely, at equilibrium the probability density of finding N particles at configura-
tion Zy is given by

1 1 uy
(1.4) FWR(ZN) = o 1pe (Zn) M®N (Vi) for N=0,1,2,...
for some (large) p. to be fixed below, with
1 [of” eN i
M(v) = y eXp(——), MO (V) = HM(UZ-),
2m)2 2 i=1

and the partition function is given by

N
€. He_

Here and below, 14 will be the characteristic function of the set A. The probability of an
event A with respect to the equilibrium measure (I.4]) will be denoted P.(A), and E. will be
the expected value. Definition (L4]) ensures that

pz ' Be (N) > 1

as i — oo with pree® «< 1.

1.2. The kinetic description. Let us define the empirical measure of the hard-sphere model

1 N
(1.5) 7'('tE = Z(Szf(t) .
He =1

Under the invariant measure (I4)), it is not hard to see that if . - 0 then 7§ concentrates
on M: for any test function h:T¢x R > R and any § >0, t € R,

(1.6) Pg(wf(h)—AdedM(v)h(z)‘ >5) ——0,

which can be interpreted as a law of large numbers.

The fluctuations of the empirical density 7y around its equilibrium value are described by
the fluctuation field ¢; defined by

(17) G (h) = iz (75 () ~Eo(m5 (1))

for any test function h. Initially (; converges in law towards a Gaussian white noise (y with
covariance

(1.8) E(Co(hl)Co(h2))=[h1(2)h2(2’)M(U)d2-

As the measure is invariant, this covariance is constant in time. Let us define the mean free
path

o= (Iulegdfl)fl 7
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and assume that a™' > 1 is bounded or slowly diverging, corresponding to the low density
scaling. In this scaling it has been proved in [I2] [I3] that (¢f)[o,r) converges in law for all
times T' to a weak solution of the fluctuating Boltzmann equation

(1.9) &= (-0 Vo L) G+ dn,

where the linearized collision operator is given by

110) L= [ M@ (00 @), [9(0) + g(0) - g(0") - (0] doe o
with notation

(1.11) vVV=o-((v-v) - ww, vi=vi+((v-v) w)w

for the precollisional velocities obtained upon scattering, and dn;(x,v) is a stationary Gauss-
ian noise, explicitly characterized (see [27]). It has zero mean and covariance

E(/OTdt/ dzh“)(z)m(z)fOTdtJ dz. h(2)(z*)m*(z*))

(1.12) A
- W) AR@)
5 [0 dtf du(z, ze,w)M((v) M(v. ) ALY Ah

denoting
dp(z, 24, w) = 0p—g, ((v - vy) -w)+dw dv dv,dx
and defining for any h
Ah(z,z4,w) = h(Z") + h(2}) = h(2) = h(z.),
where 2] := (z;,v,) with notation (LII]) for the velocities obtained upon scattering. Note that
this noise is white in time and space, but correlated in velocities.

1.3. The hydrodynamic description. It is by now classical (see [2], [19] 8] and references
therein) that the solutions to the scaled linearized Boltzmann equation

1
(1.13) 0o+ Vaga + ~Lga =0,  ga(0) = ¢"
converge in the fast relaxation limit o« - 0 towards the local thermodynamic equilibrium
o ~d

g(t,x,v):p(t,x)+u(t,a:)-v+9(t,a:) 2

where p,u, 0 satisfy the acoustic equations
Oip+Ve-u=0

(1.14) Ou+Vi(p+60)=0

and the initial data is the projection of ¢° onto hydrodynamic modes

preo(@) = [ go(@IM@)dv, o) = [ gola,v)eMv)dv,

[0]

2
B0 () = / go(x,v)(T -HM(v)dv.

In the linearized equation (LI3]), the frequency of collisions 1/« has been tuned according
to the hyperbolic scaling. The diffusive regime can then be found by rescaling time by a
factor 1/c. In this way, one can also obtain the weak convergence (which actually filters out
the fast oscillating acoustic waves)

Jof? - (d+2)

(1.15) ga(g,x,v) ~u(r,z)-v+0(1,2) 5
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towards diffusive fluid models, namely the incompressible Stokes-Fourier equations

(1.16)

Oru =vAgu, Ve-u=0
0-0 = kAL,

where the diffusion coefficients v and k depend only on the linearized collision operator £
(they are defined explicitly in (3:20) below). The initial data is the projection of ¢° onto non
oscillating hydrodynamic modes

o2
(1.17) Ujr—o(T) = P/ govM(v)dv, O,-(x) := / 90(% - )M(v) dv

where P is the Leray projection on divergence free vector fields. In the following, we refer
to non oscillating modes as those satisfying the incompressibility and Boussinesq constraints

(see (B.16)).

1.4. Fluctuating hydrodynamics. In the hyperbolic regime corresponding to (L.I4]), the
fluctuation-dissipation principle predicts that there will be no dynamical fluctuation and the
fluctuation field tested against hydrodynamical modes (p,u, ) is simply transported by the
acoustic equation. In contrast, in the diffusive regime, when taking into account the noise
at kinetic level (i.e. starting with (I.9)), we expect to obtain fluctuating hydrodynamics. In
the following, we will focus on this more interesting case. We refer to [2§8], Section 7.1 for
the general theory of hydrodynamic fluctuations, which was first developed for equilibrium
states in [25]. The link with the predictions from kinetic theory in the case of dilute gases
was discussed in [24] (see also [3] for a recent contribution).

Let us define a joint process by time rescaling and projecting on non oscillating hydrody-
namic modes the fluctuation field (; defined in (7). According to (II5]) we consider, for
any pair of test functions (¢,v) € C*°(T%R? x R) with V, - ¢ = 0, the fluctuation field

o)+ (w2 - 1))

d+2
To simplify the notation, we denote from now on the couple of test functions by
(1.18) ¢=(p.9) e C*(TERIXR),  Vy-p=0

and to recover a diffusive regime, time is rescaled as follows:

E(9) =U(p) + OL(Y)
’U2
< Galero) (V30 1),

We stress the fact that in contrast with (°, the test functions in £° only depend on the
space variable. In the limit py. — oo with « slowly vanishing, we expect the fluctuation
fields (Z/la,@a) to converge in the sense of distributions to (U,0) solving the fluctuating
Stokes-Fourier equations

(1.19)

(1.20) —
aT@:HAxQ‘F mV'Wt,

{877/{ =vAU+\2WPY-W,,

where W, is a space/time white noise taking values in R? and W, is a d x d matrix with coef-
ficients given by independent white noises. We recall that P stands for the Leray projection
on divergence free vector fields. Note that the noise is tuned so that the field has a covariance
compatible with the invariance of (L8)). The equations (L20) should be understood in a weak
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sense, namely restricting to any pair of test functions (¢,1) € C*°(T% R?xR) with V,-¢ =0

Ur(p) = Uo(eVTAzgp) + @‘[OTdUWJ(Ve”(Tf‘T)AI 4,0)
@r(’iﬁ) = @O(GRTAzw) +14/ % AT dO'WO_(eH(T_U)Ax vw) )

We stress that the fluctuations in ([.20) exactly compensate the dissipation according to
the fluctuation-dissipation principle. In particular, both Gaussian processes are characterized
by their covariances for o <t

E(Us(p)Ur(2)) = [ dzia(a) -0 0y (a)

(1.21)
B(00(01)0 (142)) = 5 [, dein () XS0 (0).

The main result of this paper is that both limits e — oo with e = a7!, and o - 0

can be combined in order to derive fluctuating hydrodynamics directly from the dynamics of
particles, thus solving Hilbert’s sixth problem in the particular case of fluctuations of perfect
gases at equilibrium.

Theorem 1.1. Consider a system of hard spheres at equilibrium in o d-dimensional periodic
box with d > 3, with inverse mean free time o' == p.e®! < (logloglogu.). Then, in the
diffusive limit pe — oo, a0 — 0, the rescaled joint process (&3 )re[o,r) defined in (LI9) converges
for any T >0 in law to the solution of the fluctuating Stokes-Fourier equations ((L20]).

Recall that the microscopic dynamics is completely deterministic, so that stochasticity
comes just as a consequence of the sensitivity of the particle system to the microscopic
details of the initial configuration. In the low density regime, since the modulus of continuity
of trajectories with respect to the initial configurations depends strongly on ¢, there is a
strong instability as € — 0, which generates some “spontaneous stochasticity” encoded by the
white noise in ([L.9]). The instability of the microscopic dynamics thus plays a key role in the
structure of the noise in Theorem [Tl At variance, for one dimensional integrable systems,
one expects that the dominant contribution is the transport of the initial fluctuations with
some additional random shift in the large scale limit, this was pointed out recently in [I§]
for the the hard rod system (see also [15]). The white noise in (L9]) preserves locally the
hydrodynamic modes, however at diffusive time scales, it ultimately induces the local noise
on the hydrodynamic projections (L20)). Note that a spontaneous generation of noise also
holds for the diffusive limits of a tagged particle to a Brownian motion in an equilibrium hard
sphere gas [7, [9] (see also [17] in the quantum case).

2. THE FLUCTUATION FIELD IN THE LOW DENSITY LIMIT: STATE OF THE ART, AND
STRATEGY OF PROOF

The present paper relies on the “weak convergence” approach devised in [12] 13] in order
to prove the convergence of the fluctuation field to the solution of the fluctuating Boltzmann
equation (L9). The proofs of [12, 13] are quantitative, and the important parameter is the
number of collisions, which is proportional to the observation time and inversely proportional
to the mean free time a. Thus, the (diffusive) observation time T'/a and the parameter !
can be chosen slowly diverging with p., for instance as O(logloglog ji.). This will allow us to
reach the diffusive regime described in Section [[L4l In the rest of this section, we gather the
results of [12], [13] we shall be using here. We refer to those papers for proofs — see also [14]
for an overview.
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For the sake of clarity, we will use the following notations for the different time scales
described in the previous section :

kinetic scale : t = aty;, with tx;, = O(1), acoustic scale : t = O(1),

2.1
(2.1) diffusive scale : t = 7/a with 7= O(1).

2.1. Convergence of the covariance for diffusive times. In the analysis of the fluc-
tuation field for diffusive times, the first step is to study the asymptotic behaviour of the
time-rescaled covariance

(2.2) Cov. (Z,%,h) = B.(G(a") (1)

1

as fie - 00, %1 = a7, The following result states that this covariance is well approximated

on R* by Mga(z)hdxdv where g, is the solution of the scaled linearized Boltzmann
@

equation (LI3) starting from ¢° € L2, defined by the norm

1
23) lollz, = ( [, . lof* Mdadv)*

Theorem 2.1 ([12], Linearized Boltzmann equation). Consider a system of hard spheres
at equilibrium in a d-dimensional periodic box with d > 3. Let ¢° and h be two Lipschitz
functions on T*xR? and let g, be the unique solution in L= (R*; L% ) to (LI3) associated with
the initial data ¢°. Then, in the low density regime pie — oo, p.c% ! = o' <logloglog ., the
covariance of the fluctuation field ( i/a)wo defined by (2Z2)) satisfies the following estimate:

for any T > 0 such that (T /a?) « (loglog ua)i,

sup
7€[0,T]

Cov, (z,go,h) - / ga(z)h./\/ld:ndv
a a

(2.4) a2
< Clhlwrelg'lwrs () Coglogue) ™.

Remark 2.1. In accordance with the diffusive scaling, this estimate depends on T/a2, which
is the ratio between the observation time T /o and the mean free time .

2.2. Convergence of higher order moments for diffusive times. The next step is to

prove that the process (° / is asymptotically Gaussian when . - oo and e = a™' - oo.

(07
This boils down to showing that the moments are determined by the covariances according

to Wick’s rule

25)  Jim [ a(m) o Cah)| = Y TT B[ ) &R = 0,

a0 ne&hMs {ij}en

uniformly in 7q,...,7, € [0,T], where GEairs is the set of partitions of {1,...,p} made only

of pairs. Notice that if p is odd then Ggairs is empty and the product of the moments is
asymptotically 0.

Theorem 2.2 ([13], Gaussian process). Consider a system of hard spheres at equilibrium
in a d-dimensional periodic box with d > 3. Let (h;)i<i<p be a family of p bounded functions
on T% x R?.  Then, in the low density regime pe — oo, ue® ' = a™' < logloglog uie, the
fluctuation field ( c )r>0 defined by (1) is almost Gaussian in the sense that for any T >0

T/a
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satisfying (T/az)% < (loglog ,ug)%, there holds uniformly in 11,...1, € [0,T],

Ee|Galtn) oo Crai)| = 2 TT Be[6alha) 6 jalhy)]

(2.6) neeto {ijten
CT)(2p71)/2

<(1TIml=) (5

1/4
2

(loglog pe )~

2.3. Tightness in the kinetic regime. Finally for processes which depend on a continuous
variable (the time variable in our setting), the convergence of time marginals is not enough
to characterize the convergence in law: possible oscillations with respect to time need to be
under control (see [0, Theorem 13.2 page 139]). For the fluctuation field (®, this tightness
property has been obtained for short kinetic times, but actually since the equilibrium measure
is invariant under the dynamics, a union bound provides the tightness on any finite kinetic
time, i.e. times of order O(«).

For times much longer than kinetic times, we actually do not expect the process (; to
be tight. Since the covariance Cov, (t, q°, h) is close to the solution of the scaled linearized

Boltzmann equation (LI3]), we expect to see a fast relaxation process with rate O(é), meaning
that only the hydrodynamic part of g, can be compact for ¢t = O(1). Going to diffusive times
t = 7/a, we also expect to have acoustic waves producing fast oscillations, meaning that only
the non oscillating hydrodynamic part of g, can be compact for 7 = O(1). Nevertheless, after
projecting on the non oscillating modes, we are going to show in Section [] that the process
(&) 750 defined by (IL19) is tight on the diffusive scale.

2.4. Strategy of the proof of Theorem [I.1l In view of deriving fluctuating hydrodynamic
equations and proving Theorem [[L1] the strategy is now straightforward: we consider the
rescaled fluctuation field £ projected on hydrodynamic, non oscillating modes (recall (L19),
and check that with such test functions and this scaling in time, Gaussianity (Theorem 2:2))
and tightness still hold, and that the covariance asymptotically converges to the solution
to the Stokes-Fourier equation. Note that the projection (II9]) leads to considering test
functions which are unbounded in v and therefore there are some technical issues when
applying Theorems 2.1] and These are dealt with in Section B.2] thanks to a cut-off in
energies introduced in Section Bl The tightness of the process on the diffusive time-scale is
derived in Section [

3. FINITE TIME MARGINALS

In this section, we are going to characterize the limiting law of the process by proving the
following result. We set from now on

ot =logloglog fic .

Proposition 3.1. For arbitrary times 7y,...,71, and test functions ¢ = (oM M) .
and ¢ = (o) ()Y chosen as in (IIR), the time marginals ({%(qb(g)))
law to the limiting process (UTZ(cp(g)),@Te(w(g))) g, @S He tends to infinity.

<L converge in

3.1. Truncated hydrodynamic fields. To prove that the limit is Gaussian, Theorem
cannot be used directly with the process (££)s0 as the test functions are unbounded in L* due
to divergences in the velocities. Thus an intermediate cut-off process needs to be introduced.
Let us fix an energy cut-off R > 1 to be determined (see ([B.2]) below). Recalling (L.I9), we
define the modified joint process £ as follows. For any test function ¢ as in (ILIS]), we set

(31) &0 = (Yo )+ (5 ) 1L 1)),
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where x is a smooth cut-off function with compact support

Xf0,1] = 1, X|[2,+00[ = 0-
We choose R depending on € and converging to oo as p. — oo as follows

(3.2) R=a"! =logloglog 1 .

Note that the test functions
[o]? [o]?
h = (gp v+¢(d 5 1)))( 5

are smooth and bounded thanks to the cut-off in v:

7 2
(3.3) il < OB (llyrm + [0lyn)
The process £ is a good approximation of £ when R — oo.

Lemma 3.2. Setting £ := €5 — £ then for all 1 < q < oo and for e small enough

(3.4) E- [(627(6)] € Call 8l aye™™*
with LY, defined as in (Z3) Furthermore, one has also
(3.5) Ee [(62(0))"] < Callél Gy gay  and  Ec[(62(9))"] < Cyll 9]y pay-

As a consequence, the convergence in law of (5;((;5“))) i<l (derived in Proposition B3l

below) will imply the convergence in law of (5%((15(3))) i.e. Proposition 3.1l

<L’

Proof of Lemma B2l Recall (see Proposition A.1 in [12]) that for any e small enough, the
following holds under the equilibrium measure for any function h

(3.6) E-((¢2(m)") < Callhl%, .

with 1 < ¢ < oo. Since for R > 1

v q _
e st
' TP [of? g -
J( d+2 )(X(ﬁ) -1) i, Ol raye™
we find (84). For the same reason (3.5) holds. This completes Lemma O

3.2. Covariance of the hydrodynamic fields.
Proposition 3.3. For arbitrary times 7y,...,71, and test functions ¢V = (oM M) .
and ¢ = (gp(L),w(L)) chosen as in (LI8), the time marginals (5;(&)))& converge in
law to the limiting process (UTZ(cp(Z)),@Te(w(Z)))KL as e tends to infinity.

Combined with the approximation LemmaB.2] this completes the proof of Proposition 311

The proof of Proposition B3] is split into two parts, first a control of the limiting covariance
and then the derivation of Wick’s rule to prove that the limiting process is Gaussian.

Step 1. Control of the covariance. Let us define the hydrodynamic, non oscillating
projections

2_(d+
P0) = (1) -0 o0 L2
(3.8)

O R P i 1)),
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for some smooth divergence free vector fields ug, ¢, and some smooth functions 6g,v. The
scaling in ¢°, h has been tuned asymmetrically so that the initial covariance is given by

B [6(00)&(0)] — [ (u(r)-9+6(r)p)de, pe .
We are going to study the covariance of the joint process £ by applying Theorem 2.1] with

Do) o EATE T ol
5.9) Py = (M) i = o ()
Setting
¢0‘=(Uo7d;290), ¢:=(p,9),

we plug the bounds (B3] on the test functions into the estimate (2.4]) of Theorem 211 and
recalling the definition (B.I]) of the truncated rescaled fluctuation field, we obtain that for
any T > 0 such that (T/a?) « (loglog uuc)~'/2,

E. [§(60)&(9)] - [ Mga(t)hdrdv

sup
te[0,T]

(3.10)
CTy*”? -1/4
<COR|¢olwr.e @] wr.e o2 (loglog pe) ™",

where g, is the solution to the time-rescaled equation
- R - 0
(3'11) 0o + vV Vefa + E»Cga =0, Golt=0 =9 -
To conclude to the convergence of the covariance as o — 0, we just need to identify the limit
of / Mo (T)hdzdv.

The starting point for the study of hydrodynamic limits of the linearized Boltzmann equa-
tion (B.II) is the scaled energy inequality

1,. 1 T o 1,
(3.12) 3 Hgoc(T)Hi?(Mdvdm) t fo f Ja Lo (T ) Mdvdzdr' < §\|90H2L2(Mdudx) :

Recall (see [20, 21]) that the linearized collision operator £ with hard sphere cross section
defined by (I.I0) is a nonnegative unbounded self-adjoint operator on L?(Mdv) with domain

D(L) = L*(R (1 + [v]) Mdv)
and nullspace
Ker(L) = Span{l,vl, ey Uy |v|2} .
In particular we recover from ([3.12) the uniform L? bound
190(T) | L2(Mdvdz) < 15 |2 (Mavda) < g |22 (Mavdz) -

This bound implies that there is g € L°(L*(Mdvdz)) such that, up to extraction of a
subsequence,

(3.13) Jo — g weakly in LY (dr, L*(Mdvdz)) .

Moreover the following coercivity estimate holds : there exists C' > 0 such that, for each ¢
in D(L) n (Ker(£))*

(3.14) [ 9£9@)M@)dv > Cllglaqcrapyamany -
The dissipation thus further provides

|9a = 11ga ] L2 ((14jo)) Mavdaar) = O(@)
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where IT denotes the orthogonal projection onto Ker(£) in L?(Mdvdzx). We deduce from the
previous estimate that

[of* - d

(3.15) g(r,x,v) =Tg(7,z,v) = p(1,2) + u(r,2) - v+ 6(7,2) 5

It remains to compute the equations on p, u and 6. Denoting (g) := f gMdv and recall-
ing (B.I1]), the moment equations state

a0r(Ja) + Va - (gav) = 0,

a0-(Gav) + Vz - (Gav ®v) =0,

a0 (Galv]*) + V- (Gavlo[*) = 0.
Using (813) and (BI5) we deduce from the first two equations that

(3.16) Ve-u=0, Vi(p+60)=0,
referred to as the incompressibility and Boussinesq constraints. We thus have
2
- (d+2
(3.17) g(1,2,v) ZU(T,‘T)'U-F@(T,‘T)W, Ve-u=0.

Note that, up to the cut-off in v which can be removed with a small error thanks to (3.7)),
the test function A is in the kernel of acoustic operator. It follows that we only need to
characterize the mean motion, namely derive the equations for P{g,v) and (ga (Jv> — d - 2)):

1 1
0r Pgav) + —PVs - (a(v @ v-~[v]’ld)) =0,
1 1

~ 2 1 -
T 7 o (0% - _2 - x (0%
Or— (a0 = d=2) + Vo (a5

where we recall that P is the Leray projection on divergence free vector fields. Define the

(ol -d-2)) =0,

1 1
kinetic momentum flux A(v) := v®v—a|v|21d and the kinetic energy flux B(v) := §v(|v|2—d—2).

As A, B belong to (Ker £)*, ~and Lis a Flfedholm operator, there exist pseudo-inverses A, B
in (Ker £)* such that A= LA and B = LB. Then,

1 N
- P{gav) + EPVJ; ((Lga)A) =0,

1. 1 2 -
——0{(Gq -d-2 ———V:-((Lga)B)=0.
——0-{a(lof ~ d=2) + ===, {(£3a) B)
Using the equation
1
(3.18) —LGo =~V Vida — @07 Ga
«
we get
- P(Gav) = PV, - ((v-Va + ad;)GaA) = 0,
(3.19) 0 (Gu (o = d=2)) - 2= Vs ((v- Vs + D, )G B) = 0
d+2 T ga d+2 €T x T ga - N

Then, plugging the Ansatz ([B.13]), and taking limits in the sense of distributions, we get the
Stokes-Fourier equations

Oru—-vAzu=0, Vz-u=0,
00 — kA0 =0,
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with initial data as in ([CI7)

2
tpeo(@) = P [ (a0 M) o o) = [ o) g~ 1) M@)o,
and where the diffusion coefficients are given by
1 ~ 2 -
3.20 e L (A:A) and ke 5.
(3:20) Vi @y Al and = games(BB)
We therefore end up with the following convergence as o - 0
(3.21) f Mo () hdzdv —> f (u(r) -+ 0(7)b)de .
Returning to (B10), we have proved that
(3:22) o B [G(6n)E )] — [ (1) ¢+ 0, e oo
T€(0,

Remark 3.4. Since the initial data ¢° is well-prepared, both the purely kinetic component
and the fast oscillating acoustic waves are negligible, so the convergence of g, can be shown
actually to hold in strong sense. Using energy methods, it is even possible to obtain a rate of

convergence for (3.21)).

Step 2. Wick’s rule
Consider p times 71,...,7,, possibly repeated. Thanks to the cut-off (8.3, we can apply
Theorem to obtain

B[ (00) - (6] X T E[&(6)E (V)]
ne@hairs {i,jlen

P (CT\Cp1/2
<R T 169 ]~ (Z5)
i=1

(3.23)

= (loglog 1) ~/* .

With the scaling condition (B.2)), we get that the right-hand side converges to 0 as . — oo
which implies the asymptotic pairing of the moments of £Z. Since the limiting covariance is
characterized by ([B.22), this completes Proposition B3] O

4. TIGHTNESS OF HYDRODYNAMIC FIELDS ON DIFFUSIVE TIME SCALES

Let us first introduce for any k € Z the Sobolev space H¥ in T¢ with the norm
(4.1) 112 = % (1+13P)" 5P
jezd
where (F]) stand for the Fourier coefficients of F'.
Proposition 4.1. There exists k >0 such that, in the diffusive limit
e > 00,0 =0,  with ,ugadfl = o ! < logloglog s,
the fluctuation field (&), defined by (LID) is tight in the Skorokhod space D ([O,T],H_k).

More precisely,

lim lim P.[ sup [&E-¢€5|  20]=0, &0,

=0 pe—>00 lo—|<8
(42) s,7€[0,T7]
lim lim PE[Tes[lol,I?r] H&i”_k ZA] =0.

A—o00 e —>00
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The tightness property for kinetic times relies on the Garsia-Rodemich-Rumsey inequality
on the modulus of continuity of a function ¢, : [0,7] = R, which we recall ([29]): for b > 4

[or = ol \ " (-2
(4.3) sup ‘ <pU|<C’ / / dodr ————| &% v€]2,3[ .

0<o,7<T |T O’|’y

|T—0o|<é

Because of collisions in the Newtonian dynamics, the fluctuation field £° has jumps and this
inequality does not apply directly. We therefore start by stating a modified inequality, whose
proof is a slight adaptation of [29] which can be found in [I1] (see Proposition 6.2.4).

Proposition 4.2. Let F :[0,T] - R be a given function and define for a >0, b >4

- Pyl
(4.4) Bup)i= [ [ adoar T s
[T —ol7
Then the modulus of continuity of F' is controlled by
(4.5) sup |Fr—F,|<2 sup |Fr—F,| + CB,(F) 57 .
0<o,7<T 0<o,7<T
‘T*O“S(S |‘rfo'|§2a

Proof of Proposition [{-1 To prove the tightness of the joint process (£),s0 in D([0,T],H¥)
for some k large enough, we shall tune the parameter a, introduced in the statement of
Proposition 2], as a small fraction of the kinetic time, i.e. a < a? in the diffusive scaling.
More precisely, we shall use (4.4]) with the parameters
(4.6) b=6, v=7/3, a=(loglogu.) /"% a=(logloglogpu.)™.
We deduce from (L5 that, for arbitrary §’ > 0,

1/3
2Ba(f€(¢j)) / 2 0

63 >—

C
(4.7) P.| sup Hé £€H kzé’ <P >

. k =
bzrosT i (P 4
4 £
Z 1 2 |£ (¢J) £(¢])| >_ ’
7 ()" ;Tg[OT“]

where ¢;(x) = exp(2imj - x) are the Fourier modes used to define the norm (4I]). Since
a < o2, the two events in the right-hand side of inequality ([@7) control different time scales
and their probabilities have to be estimated by different methods :
e for time increments |0 — 7| > a, by a control on moments using the comparison with
the limit process;
e for small time increments |0 — 7| < 2a, by reducing to the estimates on the kinetic
times obtained in [I1] (see Proposition 6.2.3). To do this, additional cut-off estimates
to control divergences at large velocities are necessary.

Step 1. Control of the short hydrodynamic increments.
We are first going to prove that

1/3
CBa € . B !
(4.8) lim lim P Y (¢ (¢])k) 552

s\ 5 (1 ) i

Assume that the following bound holds
(4.9) E(Ba(€°(6))) < C |65z

I
o
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Since for the Fourier basis | ¢; 2.~ < C|j?, we deduce from (@) that for k > d/2 + 2, (&)
follows from a Markov inequality as v > 2

Bu(€(6)"” a2 8\ 6 1 UNRRY:
P. 03 2—|<C E. .
(? (1+ )" $1) T S e @)

We turn now to the proof of ([£3). As v =7/3, this will be a consequence of the following
inequality

(410) V7,0 € [OvT] ) Ee [(578—((;5) - gg(¢))6:| 1\T—J|2a <C quH?/V?»w |7— - 0|3/2 .

Applying Lemma 3.2} it is enough to derive (@I0) for the truncated process £ with cut-off
R =logloglog i because

Yr<T, E[(606) ~£(8))°] < ClolGugmue ™ < Clol5s oy o,

with a defined in (4.6]).
Our starting point is the asymptotic factorization ([B.23]) of the moments leading to the
following formula for the time increments

E, [(55(¢) - 5§(¢))6] ~ 15 E. [(fi(qﬁ) - €§(¢))2]3‘

4.11
( ) 6 CT\! 1/4 6 2
< CoR° 93~ (—) *(1oglog 1) < 30y 0*

uniformly in 7,0 € [0,T], with our choice of scaling (B.2]).

Next we are going to use that, by (8.10), the covariance is well approximated by the solution
to the linearized Boltzmann equation (B.I1]). Denoting by g, the solution of the linearized
Boltzmann equation (BII]) with truncated initial data ([B.9]), we get that
B [(£@)-£0) ] -2 [ M@ - alr - o)) gdude

sup
o,7€[0,T']

(4.12) S
<RI (S5) Gogtogny 1 Cloftae ™ < C ol o

using the time invariance of the equilibrium measure and the control ([B.7) to remove the
velocity cutoff on (one of) the initial data g° in the integral. ;From (ZI9) we have

O (P(gav) = aPVe - (GaA)) = PVa- (v- Vi (GaA)) = 0

5 0r (el - d-2) - 20V, - (3 B)) - S Ve (0 Va(GaB)) =0,

so thanks to the uniform L°(L?(Mdzdv)) bound on §, we deduce that
P{§ov) — aPV, - (GoA) is uniformly bounded in W1 (H?),

(4.13) ( |U|2 —(d+2)
Ju 5

We then have to control the time regularity of the O(«a) terms in ([@I3]). ;From the uniform

L (L*(Mdzdv)) bound on §,, we get that for any polynomial p(v) depending only on v

(4.14) Vre[0,T]  [Valgab (@)l <C.

Applying the kinetic equation (BI1]), we know that

) —aV, - (§oB) is uniformly bounded in W> (H™?).

IT UI

Or{3ub () + =V (ap(0)0) + =5 (£3ap(0)) =0 = 13 (DP(0)) = (3 ()P () g < C
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Replacing p by A, B in the previous estimates, we conclude that

HaPVx . <§a(T)A) -aPvVv, - (QQ(J)A)HH_Q < C'min (a, I - J|) <Clr - a|1/2,
o

|av, - (Go(T)B) — aV, - (%(J)B)HH,Z < C'min (a, lT;Ul) <Clr-o|'?.

Therefore, applying (A.I3]), we deduce that the bulk velocity P(g,v) and temperature (g, %)

are uniformly bounded in c? (H,?). Since the initial data g° is well prepared (see (B.8)),
we deduce that the term involving the linearized equation in (£I2]) is controlled by

| [ M@ - a7 - o)) o] <| [ (Plaar = 0)0) - Plaon)) - s

+ v]? - (d+ v]? - (d+
e T e R e )

<Clolyem Ir -0

+

|1/2.

Combining (£IT)-([&I2) and the time regularity of the covariance, we get that for |[r-o| > a

B [(€00) - €(9) |t opoa < C 1ol I7 - 0.

This completes the proof of Inequality (4.10).

Step 2. Control of the very short kinetic times.

Finally, it remains to control the second term in ([A7]). By splitting the time interval [0, 7]
into intervals with kinetic time length scale o, the estimate can be reduced, by using the
invariant measure and an union bound, to

4 2 ¢ T
(4.15) P> ———= sup [6(8) -&(8)| 25 | < 5P (A),
7 (L) i 1) a
o,7€[0,T]
with the notation
4 2 4
(4.16) A=Y ———— sup [6(¢) - &5(0))] > —
7 (L+131») o leze, 4
o, 7€[0,

Recalling that a <« a?, we are going to show that
1
(4.17) lim —P, (A) =0,
He—>00 (¥

which is essentially the outcome of Proposition 6.2.3 in [II], however the proof cannot be
applied directly in our context and we explain below the necessary adjustments.

First of all, the test functions are now unbounded in v (contrary to the Fourier-Hermite
modes). Thus an energy cut-off is necessary. For technical reasons, we are going to use
a larger truncation parameter R = (log p1.)? instead of R = a~! introduced in (3Z). The
corresponding truncated process is defined as in (3]) and denoted by (55)720. We are going
to check that with high probability both processes coincide because all the velocities remain

smaller than \/E

€
pre—00 (v?

(4.18) lim =P (Hi, sup [v5 ()| > \/E) =0.
t<a
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This can be deduced from a result of [12] as follows. Fix n =4d,n = el"22 and call MiCTOSCOPILC
cluster of size n a set G of n particle configurations in T? x R? such that (z,2') € G x G if and
only if there are z1 = 2, 29,...,2¢ = 2’ in G such that

“ x| <3VRy, Vi<i<i-1.
Let Y% be the set of initial configurations Z‘?\? € D5 such that for any integer 1 <k < %, the
configuration at time kn satisfies

/7

(4.19) V1<j<N, vj] < 0

and any microscopic cluster of particles is of size at most n. Adapting to our framework the
proof of Proposition 2.7 of [12] implies that

(4.20) P-(“Y5) < % &<,

We check that for any configuration in T4, the velocities are bounded from above by \/E
during the kinetic time interval [0, a]. Indeed, at each intermediate time k7, the velocities of

configurations in T4,, are smaller than \/— by (@I9). Furthermore the clusters are all of size
less than n and in the time interval [k, (k: + 1)n] particles within a cluster cannot interact
with particles in other clusters. As the total kinetic energy of a finite number of particles
is preserved by the hard sphere dynamics, the velocity of each particle will remain less than

VR Thus (£I8)) is implied by (Z20).

We are now in position to complete the proof of (£I7)). Thanks to (£I8]), it is enough to
replace the event A by the similar event A for the process (5 )r>0- It thus remains to prove

1 -
4.21 lim —=P.(A)=0.
( ) pe—00 (v2 ( )
The statement of Proposition 6.2.3 from [11] is not precise enough to conclude directly mainly
due to the diverging prefactor é However all the required estimates can be found in [11]
and we are going to detail the relevant parts of the argument.

7/3

We proceed as in ([4.7) and introduce an additional time cut-off u."'” instead of a to filter

the very small scales

1/3
1 ~ = 2 0 1 03*7/3(56(%)) 1§
A o e E 14 -
5P (A) = =P ?j}%gﬂ e T it P rarrr
T—0|<2a
1 4 o e 2 ¢
=P Y sup [€(e)) - (9] 2 |,
o G A+ s 7 64
o,7e[0,a2]
with the analogous notation of (IHI) on this short time scale
B [P - Fy - NP
,7/3(F) —/ f dodr oh |T ooyl with b=6,v="7/3.

In our procedure, it was necessary to use first a time cut-off a in (47) in order to reduce to
estimates in the kinetic time scale. Indeed the error term ([£I2]) occurring in the comparison

with the limiting equations on the diffusive time scale [0,7] was too crude to be efficient up

~7/3.

to the smallest time scale p. On the kinetic scale better controls can be derived and one
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can show as in Lemma 6.2.6 of [11] (with the Remark 6.2.8 to take care of the large velocities)
that

21 Fer o \\1/3
1 C Bu;7/3(£ (¢J)) % S (5_’ SC’z

—P >
N G ) RS

64 24
a 3

As a < «, this term vanishes in the diffusive limit. By using the proof of Lemma 6.2.5 of [11]
(with the Remark 6.2.8 to take care of the logarithmic divergence), we deduce that second
term vanishes also in the diffusive limit

1 4 = ~ 2 5, C -1/3

—P ———  sup |E(e) -8 2= [ S >0

2| 2 ey omrtez R Rl
o,7€[0,a2]

Combining the previous results, (4.21]) holds. This completes the proof of Proposition[d.1l [
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