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Abstract

We prove existence, uniqueness and regularity results for mixed boundary value
problems associated with fully nonlinear, possibly singular or degenerate elliptic equa-
tions. Our main result is a global Holder estimate for solutions, obtained by means of
the comparison principle and the construction of ad hoc barriers. The global Holder
estimate immediately yields a compactness result in the space of solutions, which could
be applied in the study of principal eigenvalues and principal eigenfunctions of mixed
boundary value problems.
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1 Introduction

In this article we prove existence, uniqueness and regularity of solutions to a mixed bound-
ary value problem for singular or degenerate fully nonlinear equations. The model problem
we have in mind is the following: let € denote a bounded domain in RY and let N be
some relatively open subset, of class C2, of 9. We set D = 9\ N and consider

{ —|Vu|F(z,Vu, D*u) + B(u) = f  in Q,

0
u=0on D, —EL,:Oon./\/'
on

with o > —1, F uniformly elliptic and g : R — R continuous and increasing. The typical
example of operator F' we have in mind is one of Pucci’s extremal operators, defined as

N N
ME (M) = A SN —ad Ay
=1 =1

(1.1)



and
N N
M (M)y=ad M —A) A,
=1 =1

where A > a > 0, A1,..., Ay are the eigenvalues of the matrix M, and A\ = max{\;, 0},
A; = max{—\;,0}. Operators M;t 4 act both as prototypes and barriers for the class
of uniformly elliptic operators F ha;ving ellipticity constants A and a. We will further
suppose that f is bounded and continuous.

Mixed boundary conditions come up naturally. A very basic but enlightening example
is that of a drum whose batter head may be attached to the hoop through "nails”: the
Dirichlet part corresponds to the nails and the Neumann part to the rest of the boundary.
Another example comes from the necessity to approximate a Neumann boundary problem
in unbounded domains O with problems posed in bounded domains, that are e.g. inter-
section with balls of radius R i.e. O N Br. Then, it is natural to impose Dirichlet on the
boundary of the ball and Neumann on 90, see e.g. [27].

The aim is to prove that there exists a unique solution of (1.1) and that the solution
satisfies a global Holder estimate. Concerning the global Holder estimate, which is done
in Section 4, it is important to notice that the difficulty and novelty lies mainly near the
points that are at the intersection of the Dirichlet part of the boundary with the closure
of the Neumann part. In fact, for some of the results we will suppose, in addition, that
D = intD, and also that D NA is the union of (N — 2)-dimensional manifolds of class C2.
The proof of the Holder regularity, which is optimal in that case, requires the construction
of an ad hoc barrier that is not at all standard, see Lemma 4.1. Elsewhere the proof is
technical, but it follows the lines of other similar results obtained in the Dirichlet or in
the Neumann case.

In order to prove existence of solutions via Perron’s method “a la Ishii”, we need
to prove a comparison principle and construct sub and super solutions. The comparison
principle itself requires interior Holder estimates. These estimates are stated in Subsection
3.1 but proved in the appendix. We wish to point out that Theorem 3.3 could be proved
directly, by using the results of [19], however Theorem 3.1, which provides an estimate on
the difference between sub an super solutions, is interesting in itself and it does not assume
any sign condition on the supremum of that difference. Hence it applies to solutions, thus
yielding locally Lipschitz regularity on Q U N for solutions. The construction of the sub
and super solution is not standard, due to the non linearity and the singular or degenerate
character of the operator, jointly with the mixed boundary condition.

The existence of solution for analogous problems equipped with Dirichlet boundary
conditions has been studied in [9], while the Neumann case is treated when o = 0 in [13],
and for any a > —1 in [24]. On regularity results up to the boundary, which extend the
regularity results of [16] , let us recall the results of [11] for the Dirichlet case, and those
of [28], [3] for the Neumann problem.



Concerning mixed boundary conditions for fully nonlinear equations, almost nothing is
known. Even in the variational case and even for the Laplacian case, one can remark that
the Neumann condition is not included in the constraint : it is concealed and obtained a
posteriori. Note also that, of course, at the intersection of the Neumann and the Dirichlet
part, the C' regularity of solutions cannot hold, since Hopf Principle contradicts this
regularity in most of the cases.

In the linear variational setting, we should mention the work of Lieberman [21, 22, 23]
and the results of Miranda [26] and Azzam and Kreyszig [2]. In particular, in his famous
book, Lieberman [23] treats the Laplacian case by using merely comparison arguments.
For the strong maximum principle, we recall the work of [14]. Finally, the case of the
p—Laplacian, which share some similarities with our case, has been treated in [20], but
their procedure is completely variational.

Our interest for the mixed boundary problems came up through a talk of Ireneo Peral,
who had considered in [25] an extension to fractional Laplacian of the intriguing result of
Denzler [15] on the minimization of the principal eigenvalue with respect to the configura-
tion of the Neumann part and the Dirichlet part of the boundary. At that point, realizing
how little was known in a nonlinear non variational setting, it was completely natural to
wish to fill the gap. The compactness result we prove at the end of the present paper can
be used to prove the existence of a principal eigenfunction, once we will have defined the
principal eigenvalue, on the model of [8]. The study of existence and further properties of
principal eigenfunctions for the mixed problem will be the subject of a forthcoming paper.

The paper is organized as follows.

In Section 2 we precise the notation and the assumptions, and we recall the definition
of viscosity solutions adapted to the present context, taking into account the boundary
condition. We will consider viscosity solutions satisfying the Neumann condition in the so
called “strong sense”, and we will show this is equivalent to consider solutions satisfying
the Neumann condition in the generalized viscosity sense.

In Section 3 we first state local Lipschitz type estimates between sub and super-solution
around points belonging to the Neumann part of the boundary. This will lead to establish
the comparison principle. We next prove an existence result for the mixed problem,
by giving the explicit construction of sub- and super-solutions satisfying the boundary
conditions.

In Section 4 we provide a global Holder result, under an additional regularity assump-
tion on the set given by the intersection between the Dirichlet and the Neumann part.
This assumption is similar to the so called “¥ wedge condition” of Lieberman, [21], [22].
From this we derive a global compactness result, as well as an existence result for equations
not having zero order terms.

Finally in Section 5, the Appendix, we give the proof of the local Lipschitz regularity
stated in Section 3.



Let us finally emphasize the fact that most of the results here enclosed can be extended
to the case of mixed Dirichlet/oblique derivative boundary problems.

2 Notation and assumptions

In all the paper o denotes some real number > —1, S is the space of symmetric N x N-
matrices equipped with the usual ordering and €2 denotes an open bounded domain in
RN, N is some relatively open subset, of class C?, of Q, and D = 9Q \ N. We will
suppose for some of the results in addition that D = intD, and also that D N A is the
union of (N — 2)-dimensional manifolds of class C2. We will denote by 7i(x) the unit outer
normal at any point z € N, and by d(z) the distance function from 9. We observe that
—Vd(x) = 7i(x) for all x € N.
On the operator F : Q x RN x & — R we assume that

(H1) F(z,p,0) =0;
(H2) there exist 0 < a < A such that, for any z € Q, p € RY and M, P € S with P >0

atr(P) < F(z,p, M + P) — F(z,p, M) < Atr(P);

(H3) F is uniformly Lipschitz continuous in p, that is there exists a constant lip, /" such
that for any p,q¢ € RV and for any z € Q and M € S,

|F(z,p, M) — F(x,q,M)| <lip,Flp — q| ;

(H4) there exist 0 €]3,1[ and a constant cp > 0 such that for any (z,y) € Q° and for all
peRY, MesS

‘F<$7p7M) - F(y7p7M)’ < CF|M’ ’x - y|9F )
(Here | M| denotes the spectral radius of M, for example).

It is easy to see that, by assumptions (H1) and (H2), for all z € Q, p € RY and M € S
one has
M A(M) < F(z,p, M) < M} ,(M). (2.1)

However, in the results given in the next sections the dependence of operator F' on
the space variable z and the vector p is allowed, under the assumptions (H3) and (H4)
respectively. In this regard, let us observe that assumption (H4) could be replaced by the
hypothesis



(H4) for ¢ > sup{2, g—ﬁ}, there exists w : [0, +00) — [0,400), satisfying w(0) = 0 and

being continuous at 0, such that for any (z;,y;) € ()% and X, Y; satisfying

X; 0 . o T —I
< ..l

one has
F(xj, oy —y] 7 2 (x5 — y5), X5) — F(yj, 4wy — y;17 (25— y5), —Y5) < w(jla; —y;]9).

Assumption (H4)’ was introduced in [13], see also [9], and it is the natural assumption
which makes the standard proof of the comparison principle for viscosity solutions works.

Next, we precise what we mean by a sub- or a super-solution of the mixed boundary
value problem
—|Vul®F (2, Vu, D?u) + B(u) = f in ©,
u=0on D, a—l_f:()on/\/' (22)
on
where 8 : R — R is a nondecreasing continuous function, which will be always assumed
to satisfy 5(0) = 0 without loss of generality, and the datum f : © — R is a bounded
function.
We denote by USC(Q) and LSC(Q) the set of respectively upper and lower semicon-
tinuous functions on the set (2.

Definition 2.1. A function u € USC(Q) is a sub-solution of (2.2) if
(i) u(z) <0 for all x € D;

(ii) for any & € N and for any function ¢ of class C* in a neighborhood of T such that
u — ¢ has a local maximum point at & one has

op ,_
- < 0:
FrAGURSE

(iii) for any T € Q and for any function ¢ of class C? in a neighborhood of T such that
u — ¢ has a local mazximum point at T, and such that Vp(z) # 0, one has

—|Vo(@)|*F(z,V(x), D*p(z)) + B(u(z)) < [(Z);
(iv) for any T € Q such that u is locally constant in a neighborhood of T one has

Alu(z)) < f(T).



A function v € LSC(Q) is a super-solution if it satisfies the obvious symmetric conditions.

Remark 2.2. This “weird” definition is necessary only for the case o < 0, due to the fact
that the operator appearing in the equation is not defined when the gradient is zero. In
the case a > 0, the classical definition of viscosity solution is equivalent to Definition 2.1,
see [1].

Remark 2.3. Let us emphasize that in Definition 2.1 the Neumann boundary condition
on the portion N is imposed in the the so called ”strong viscosity sense”. However, in the
present framework, it is equivalent to the ”weak viscosity sense”, that is: for any z € N/
and for any function ¢ of class C? in a neighborhood of Z such that u — ¢ has a local
maximum point at Z, and such that Vo(Z) # 0, one has
min { §2(@), < V(@) (@, Vo(2), DPp(a) + B(ula) ~ F(0) } <0,

The equivalence of the two conditions can be proved by arguing as in [4] for the case
a = 0. We reproduce the proof here for the reader’s convenience : let us assume that u
is a sub-solution in the weak viscosity sense, and let Z € A and ¢(x) be such that u — ¢
has a local maximum point at Z. Assume first that ¢ is of class C? in a neighborhood of
Z and suppose, by contradiction, that

op
oit

Note that this implies in particular that Vo(z) # 0. For A, p > 0 to be suitably chosen,
let us consider the perturbed test function

Pau(@) = p(a) + Ad(2) — pd*(z),

where d(x) denotes the distance function from 9. Then, ¢, , is of class C? in a neigh-

() >0.

borhood of Z and u — ¢, , still has a maximum point at Z. Moreover, for 0 < A < %(a‘c),

one has 5 5
PAp =y 780
o )= a5

and, therefore, by the weak viscosity condition,
—|Vo(z) = M(2)|*F (2, Vo(Z) — Mn(T), D*p(Z) + AD*d(T) — 2un(T) © n(7))

+B(u(z)) < f(T).

On the other hand, by the uniform ellipticity condition (H2), the previous inequality
cannot hold for u large enough, and we reach a contradiction showing that ¢ has to
satisfy %(9@) < 0 (see also [4, 5, 13]). The same conclusion can be established, by density,
for ¢ of class C.

(Z)—A>0



3 Existence and uniqueness results

3.1 Preliminary regularity results

In this section we state the local regularity result that is needed in order to prove the
comparison result, Theorem 3.3. Let us point out that Theorem 3.3 could be proved
directly, by using the result of [19] stating that, if u and v are respectively a sub- and a

super-solution, and supg (v —v) > 0, then there exists C' > 0 such that, for all (x,y) € 52,
u(z)—v(y) < sup(u—v)+C |z —yl, this inequality being a crucial argument in the proof of
the comparison principle. However the theorem below does not assume any sign condition
on sup(u — v) and it is interesting in itself, since it allows the case u = v, thus yielding
locally Lipschitz regularity on Q UN for solutions.

The results of the present section are stated for equations not containing zero order
terms, since, if present, they can be moved to the right hand side and treated as part of
the forcing terms.

Let z € N and assume that B(z, p) N 9Q C N. Suppose that u is USC(B(z, p) N Q)

and satisfies
—|Vu|*F(z,Vu, D*>u) < f in B(z,p) N Q

ou
< T
o7 < 0on B(z,p) NN

as well as v is LSC(B(z, p) N ) and satisfies
—|Vv|®F(x, Vv, D*v) > g in B(Z,p) NQ

%ZOODB(E,p)ﬂ(?Q

with f and g bounded.

Theorem 3.1. Under the above conditions for any r < p, there exists ¢, > 0, depending
on Q, N, the ellipticity constants of F and on ||f|lecs ||g]lco, supw and inf v, such that,
for all (x,y) € (B(z,7) N Q)2%, one has

u(x) —v(y) < sup (u—v)+clz—yl.
QNB(z,p)

As it is often the case, the proof of this Lipschitz regularity will be done once we
obtain the analogous Holder result. This is done in Section 5 where we state and prove
Proposition 5.1 and then we give the proof of Theorem 3.1.

Remark 3.2. The estimate provided by Theorem 3.1 is the localized version of the anal-
ogous estimate obtained in [24] in the case of global Neumann boundary condition. An
analogous local estimate can be proved around points belonging to either 2 or the interior



of D. In these latter cases the same proof given for Theorem 3.1 can be applied, with
simplified arguments, since the auxiliary function 1 can be chosen of the form

U(z,y) = u(z) —v(y) = _sup (u—wv)— (Mw(lz —y|) + Lz — zol* + Lily — zol),
QNB(z,p)

see [11] . Let us emphasize that, however, at this level global Hélder or Lipschitz estimates
are still missing, because no result is given around points of D N N. This will be the
contribution of Section 4.

3.2 Comparison Theorem

We are now in a position to prove the following comparison theorem.

Theorem 3.3. Let Q C RN be a bounded domain satisfying the uniform exterior sphere
condition and let N' C 0S) be a relatively open part of class C2. Let further D = 0Q\ N
and F be satisfying assumptions (H1)-(H4). Assume that §: R — R is a non decreasing
continuous function, such that 5(0) = 0, and let f and g be continuous in Q, with f < g.

If u e USC(9Q) satisfies
—|Vu|*F(z,Vu, D*u) + B(u) < f in
u<0 onD, %go on N
and v € LSC(Q) satisfies
—|Vv|®F(x, Vv, D*v) + B(v) > g in Q
v >0 on D, %ZOOTLN
and if either B is strictly increasing or f < g in Q, then
u<wv in Q.

Proof. The proof closely follows the proof of Theorem 4.9 in [24], so we just present a
sketch of it.
Let us suppose by contradiction that maxg(u — v) > 0 and let us introduce, for

q > sup {2, g—ﬁ} and L = %, where R is the uniform radius of exterior spheres to €2, the

function
i, y) = u(z) —v(y) — §|as — y|Te HI@HAW) .= () — v(y) — p(,y),

with j > 0 parameter devoted to tend to infinity.



Since
max%(ﬂ:,g) > H@X(U(l“) - v(x)) >
o’ Q

. =2 . o . : .
the maximum of 1; on Q" is also positive, and, if (x;,y;) denotes a maximum point for
1j, then jlx; — y;|9 — 0. Moreover, there exists a maximum point Z € 2 for u — v such
that, up to a subsequence,

(x5,y;) = (Z,2), vYj(xj,y;) = mﬁax(u —v), u(z;) = u(@), v(y;) = v(z).

Since maxg(u —v) = u(z) —v(Z) > 0, it follows that T ¢ D. Let us select 7 > 0 such that
B(z,r)NoQ c Nif z € N, and B(z,r) C Q if z € Q. For j large enough, we have that
(z;,y;) € B(Z,7)>.
By Theorem 3.1 and Remark 3.2, one has
o — yylte MA@ HWD 4 max (u ) < u(z;) ~vlyy) € _max(u—v) +clay — ]
B(z,r)NQ B(z,r)nQ

which implies that
j|CCj — yj|q71 S C. (31)

Computing the derivatives of ¢ one gets

Vop(z,y) = (jlz =y (z — y) — Lz - y|9Vd(x))e” Ml W)

Vye(w,y) = (=jle —y|92(x — y) — |z — y|9Vd(y))e A+

Denote p; = Vyp(xj,y;j),15 = Vyp(zj,y;). Since x; —y; — 0, one has |pj|,|r;| >
Cjlzj —y;]971, for j large enough, and arguing as in [24], one can suppose that z; # y;.
Moreover, arguing as in the proof of Proposition 5.1, we get that both x; and y; belongs
to Q.

By applying as usual Ishii’s Lemma, [13], we obtain that, for all € > 0, there exist
X;,Y; € S such that (p;, X;) € j2’+u(:vj), (—rj,—Y;) € 32’_U(yj) and

1 X, 0
(F+i0%etesu) v < (1)) < Doasun) + Do)

Hence, we obtain

il F(ys, =5, =Y5) = [pi|* F (25, p5, Xj) + Blulzy)) — Bu(y;)) < flzj) — 9(y;)-
From here, following exactly the same arguments of [24] and using (3.1), we deduce, in
the limit as 7 — oo,

Bu(z)) — Bv(7)) < f(Z) —g(T),
which yields a contradiction in both of the cases f < g and (8 is non decreasing , or f < g
and f is strictly increasing. O



3.3 An existence result

In this section we provide the construction of sub- and super-solutions under the stronger
assumption that Q is of class C?, and D = int(D), where closure and interior are meant,
as usual, in the relative topology of 0f).

We consider, as before, the problem

—|Vul®F (2, Du, D?>u) + B(u) = f in Q
uzOonD,%zOonN

where the datum f is bounded and continuous in 2 and the zero order term §: R — R is
now assumed to satisfy, besides being continuous and strictly increasing,
li t) =+c0. 3.2
dim (1) = o0 (3.2)
In order to construct a supersolution of the problem in €, let us start by constructing
a super-solution in Q N B(z,r;), where z € int(D) and r, > 0 is chosen such that r, <
min{1, dist(z, N'),d}, with § > 0 so small that the distance from the boundary d is C? in

the set {d < d}.
Let M > 1 be a large enough constant such that (M) > || f||~. Let us set

1
A (M 21+le e
r—svi (2 ntal) + ( ufuoo> , (33

a

where, we recall, N is the dimension of the space, a < A are the ellipticity constants of
the operator F', and

| D?d||s = sup{|A(z)| : \(z) is an eigenvalue of D?*d(x) and d(z) < &} .

Let us further select a large constant k > 1 such that

B(log(1 + k) > NA(2D)* *2, (3.4)
and let us finally set
C=1+r)T. (3.5)
We consider the function
(z) = log(1+4 Cd(z)) ifxeQnNB, (2)N{Cd< K}
P2 = log(1 + k) if 2 € QN B, (2)N{Cd > K}
and we claim that
|z — 2
v.(z) = pu(x) + M =

10



is a super-solution in QN B,_(z) in the sense of Definition 2.1. Indeed, if Cd(z) < &, by
direct computation we get

CVd(x) 2M
T+ Cd) T2

z

CQW( r)®@Vd(x) CD?%d(x) 2M

Vo, (z) =

Do:(x) = (+Cd@)? " i+caw 2V
Thus, by using (3.3) and (3.5) and observing that I' = 1+H < H%d(z)? we obtain
Vv, (x)] < 1—|—gd(33)+2i\“f < Hgd(x)JrFS Ql—l—gd(x)’
as well as o ) ) o
V()| = Trcdw T2 5T eas C@)
Hence

_I_
a > —le
Pt 227 (g )

Moreover, by (3.3), it follows that
C 2M C 2
(D? < —— _ _|D% o —2
MaaD7ez(@)) < N A <1+Cd(a:)” oo + =2 ) ‘ <1+Cd(a:)>

< t(rem)

B C 2+ B N
|VUZ($)|QMIA(D2’UZ($)) < —a?2 (L+]af) <M(M> < —a2 (1+] \)1—12+a .

so that

Since (v, (z)) > 0, from (2.1) and (3.3) again, we deduce

~[Vvs(2)|*F (z, Vv (x), D*v:(2)) + B(v:(2)) 2 || flloc 2 f(a).

If 2 belongs to the set {C'd(x) = k}, then neither there is a C? function ¢ such that v, — ¢
has a local minimum at x nor v, is locally constant around z, so that the super-solution
condition is certainly satisfied at z.

Finally, if Cd(z) > k, we have on the one hand

Vo) = |2 -2

11



and, on the other hand,
2M 2M Kk
Vo ()] = =5d(x) >

z

r, C’
By using also that x > 1, we then obtain

Vo (@) < <2M ) (C> < <2M )O‘(gr)a

T K T

We further notice that

2
M (Do) < 24 on g (M) |

2
rs Tz

hence
+ o +
|VUZ(:B)|O‘MIA(D21)Z($)) < 2te" N A <> e < ——(2r)%te",
By using also (3.4), we then deduce

|V, |*F (2, Vv,, D*v,) + B(v,) > —NTA(QF)2+°‘+ + B(n(1+ &) > || fllo s

and the claim is proved.

Next, we observe that the constant M is also a super-solution in the whole domain §2,
by the choice of M. As a consequence, Ths(v,) = inf{v,, M} is still a continuous super-
solution in 2N B,_(z), being the infimum of two super-solutions. Moreover, Ths(v,) = M
in a neighborhood of 9B, (z) N Q and, by extending it with the value M, we obtain a
continuous super-solution in the whole 2.

We then define

v(x) = inf Ty(v.)(z).
zeInt(D)
As it is well known, see [13], the lower semicontinuos envelope v, of v is a lower semicon-
tinuous super-solution. We observe that v, is not continuous on €, since v, () = M for
r € N and v,(z) = 0 on D = intD.

Symmetric arguments show that (—v)* = —wv, is a sub-solution of the considered
problem.

We are now in the position of proving the following existence theorem

Theorem 3.4. Given f continuous and [ strictly increasing satisfying (3.2), there exists

a unique u € C(Q) solution of

—|Vu|®F(x, Du, D*>u) + B(u) = f in Q
uzOonD,%:OonN

12



Indeed we have now all the ingredients to use Perron’s method adapted to the context,
see [17, 9], which yields that the function

u(x) = sup{w(x) : w € USC(Q) is a subsolution and — v, < w < v, in O}

is the unique continuous solution of the mixed boundary value problem. Let us point out
that the standard argument in Perron’s method for viscosity solutions can be applied due to
the comparison result of Theorem 3.3, and it gives that u satisfies the Neumann boundary
condition in the generalized viscosity sense. By Remark 2.3, the strong formulation is then
recovered a posteriori.

4 Global Holder regularity.

In this section we make the additional assumption that D N A is the union of (N — 2)-
dimensional manifolds of class C?; then, the following condition holds true:

(H5) For every € DNN, there exist 7, 79 > 0, and a C2-diffeomorphism Hz , : B(z,r) —
B(0,7g) such that Hz,.(z) =0, Hz,(B(Z,7) N Q) = B(0,79) NRN~1 x R*, and
Hz (DN B(z,r) ={zny-_1 <0} N{zy =0} NB(0,ry),
Hz; ,(NNB(z,r)) ={zn-1>0}Nn{zy =0} N B(0,ro).
When no ambiguity arises, we drop the indexes z,r for simplicity. We also say that (H5)

holds uniformly if r, rg do not depend on Z and, moreover, there exist universal constants
¢,m > 0 depending only on €2 such that, in B(Z,r), one has

\VHz,|+|D*Hz | + |VH;} o Hz ;| + |D*H; } o Hz | < ¢

and
|det(VHgz,)| > m.

We now proceed with the construction of some barrier functions which will be used to get
Holder type estimates near points of D N N.
Let us start with a result in dimension N = 2, where, for points (x,%) € R? we use the

polar coordinates r(z,y) = y/x? + y? and

6(z.) arccos ify>0
T,y) =
21 —arccos ¢ if y <0

Lemma 4.1. Forrg > 0 and 0 < 01 < 27 let us consider the conical domain

C(To,el) = {’F <70, 0 c (O, 91)},
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and let further v = (v1,v2) be a vector field defined on {6 = 0} such that va < 0.
Then, there exist v €]0,1] and a C? function ¢ : [0,601] — R, satisfying ¢ > ¢ > 0 for
a universal constant ¢ > 0, such that w = r7¢(0) satisfies

—|Vw|*F(x, Dw, D*w) > cr~2t0=Na 4n C(ry, 6y),
ow

“— > —cwr’ ! omh=0.

ov
Proof. We denote X = (z,y), X+ = (—y, ). Then, we observe that

1
Vo—2_ Dp¥——

XeoXt+rXxtleoX
- .
.

rd

Hence, D?# has eigenvalues :l:r%. By a direct computation, one has
Vw =17’V + 720X,
and, since X and V@ are orthogonal, |Vw| = r7~1((¢)? + 'yzgoQ)%. Moreover,
D?*w = r1¢"VO® VO + ¢ (0) (r"D?0 + vy~ 3(X @ VO + VI @ X))
+ 7720 (I + (v — 2)X9X)
=arHY' Xt X+ (v - D)X 0 X + X @ X) +yp(rP I+ (v - 2)X ® X)}
By conditions (H1) and (H2), and by assuming ¢ > 0, ¢’, ¢” <0, it follows that
F(z,Vw, D*w) < M:{,A( 2w)
<72 (ap” — (A= a)(1 = )¢ +v(A+aly - 1)) .
We choose ¢ satisfying
@

2
that is of the form

(A-—a)1=7)¢" +v(A+a(y-1)p=0,

Y = 016019 + 026029
with

(A=a)(1-9)+V(A-0a)(1-7)—209(A+ (y—1)a)

012 =

Note that, for v small enough, o1 > 0 and it is close to 2A_“(1 —7), and o3 = cy+ O(y?)

a

and close to zero. Let us fix some x > 2, assume that ~ is small enough in order that
A—a)

( .
m%eg a "< % Then, we choose C = —H% and Cy = 1. Hence, we obtain
02 KOg g(A=a) 1
0(0) = —k—=e10 p 20 > 2R g >
o1 o1 2

14



whereas
@' (0) = —ko9e”? 4 526720 < —(k — 1)02e7?? < 0.

Furthermore, one has

" 2

o= —kogoe®? + 0'26029 < oy(o9 — I<é0'1)6020 < —(k— 1)0’10’26029 <0.

Hence, we deduce

F(z,Vw, D*w) < gr7_2g0” < —gﬂ_a

and, since
e’ < IVw| = r'y_l\/m < ot
for positive universal constants ¢; and cs, in conclusion we get
\Vw|*F(z, Dw, D*w) < —er?~ 20D,
Moreover, for any given v = (v, 15) € R? with 15 < 0 and for § = 0, one has
Vw-v = 177 yp(0)r1 + ¢ (0)1s)

= ¢! <7V1(—m® +1) —va(k — 1)U2> > —cvgyr !
01

for v sufficiently small. O

In the next result we extend the above construction from dimension 2 to dimension NV,
where for points # = (2/,zny_1,2n5) € RY we use the cylindrical coordinates z’ € RV~=2,

r= ,/:U?V_l + $?V, 0=0(xn_1,zN).
Theorem 4.2. Forrg >0 and 6, € (0,27), let
CN(To,Hl) = {]a:’| < 7”0} X C(To,el),

and let v = (v1,...,vN) be a vector field defined on {0 = 0} satisfying vy < —m < 0.
There exist v €]0,1[, C, r9 > 0, depending only on the dimension and the ellipticity
constants, and a function W : C(ro,61) — R, satisfying

1
G+ <@ <07+ ),

such that )
—|V@|*F(z, Vb, D*®) > arHW*W in C(ro,61)
U 1
(8;:207”—1 on =0

15



Proof. Tt is sufficient to consider in the plane (xx_1,2y) the function w constructed in
Theorem 4.1, relabelling the coordinates. Then, let us set @ = w + C|z/|>. One has

[V < C(la'? +1207D) < ClaPO7Y,

as well as
V|2 > Cr20=D > C)2207D

2~ QCIN_Q 0
Drw = ( 0 D%>w )

Furthermore,

An easy computation shows that @ satisfies the statement. The details are left to the
reader. O

Remark 4.3. Under the current assumption (H5), we will use Theorem 4.2 with 6; = 7.

Next, we analyze the change of equation under the diffeomorphism H appearing in
condition (H5). In the sequel, for y € B(0,r9) "RVt x R*, p € RY and M € S, we set

Fr(y,p, M) = F (G(y),pVH(G(y)),! VH(G(y)) : M : VH(G(y)) + p D*H(G(y))) -

Lemma 4.4. Assume condition (H5) holds true, and let H = Hz,, G = H™'. Ifu €
USC(2N B(z,r)) satisfies
—|Vu|*F(z,Vu, D*u) < f in QN B(z,7r),
ou

u<0 on DNB(Z,r), ?go on N'NB(z,r),
n

then, the function v(y) = u(G(y)) satisfies
—|VuVH(G(y)|*Fy(y, Vv, D*v) < f(G(y)) in B(0,70) NRN~1 x R,
v<0 on H(DNB(z,1)), % <0 on HWNNB(z,1)),

for a smooth vector field v defined on H(N N B(Z,r)) and satisfying v < 0.

An analogous result holds for super-solutions.

Proof. If u is of class C2, then, using the convention of summation over repeated indexes,
from the identity u(z) = v(H(x)) we deduce, for 1 <i,j < N,

O @) = 2 () O ()
dz; " Oy Ox;
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as well as
9%y 0H, 0% OH; ov 9% H;,
dx;i0x; z) = 87% v OOy, (@ 0x; )+ Y H(z dx;0x; z)

Moreover, by assumption (H5), the last component Hpy of the map H satisfies Hy(x) > 0
for z € QN B(z,r) and Hy(x) =0 for x € 9Q N B(z,r). Hence, one has

_ VHy(z)
[VHy ()]

so that, on B(Z,r) NN, we have

ni(x) = for x € 000N B(z, 1),

with

v(H(z)) = VH(z) - < VHy(x) )

IVHy ()|
and
vNn(H(z)) = —|VHy(z)] <0.
The extension of the above result to the case when u is merely a viscosity subsolution

immediately follows from the viscosity formulation. O

Remark 4.5. If assumption (H5) is uniformly satisfied, then the vector field v given in
the above Lemma satisfies

vy <-m<0 in HNNB(z,r)),
for a universal constant m > 0 depending only on 2 and N.

We can now prove local Holder type inequalities for sub- and supersolutions near points
of D.

Theorem 4.6. Assume that condition (H5) is uniformly satisfied and let u € USC(Q) be

a solution of
—|Vu|*F(z,Vu, D*u) < f in €,
u<0 onD, a—ifgo on N,
on
with f bounded in 2.

Then, there exists v € (0,1) such that, for any r > 0 sufficiently small, there exists
Cy > 0 satisfying, for allz € D and x € QN B(Z,r),

u(z) < Cplx — z|7. (4.1)

An analogous result holds true for supersolutions.

17



Proof. We give the proof when # € D NN. For the case z € D\ N, see [11].
We use the change of variable given by the diffeomorphism H and apply Lemma 4.4.
It is sufficient to prove that the function v(y) = u(G(y)) satisfies in B(0,79) "RV 1 x R*

v(y) < Cly|, (4.2)

since, then, estimate (4.1) for u automatically follows.

In order to prove (4.2) we just use the comparison principle. Let @ be given by Theorem
4.2, with 0; = 7 and ro so small that, for r < rq, one has Cr7—2+(—De | floo- Then,
Theorem 3.3 applied to v and @ yields v < @ in B(0,79) N (RVN~! x Rt) = C(rg, 7). Let
us observe that the operator Fy satisfies the same assumptions as the operator F', and
therefore the function w may be constructed so that v and w are respectively sub and
super solutions of the same equation. By Theorem 4.2 again, then one has

v(y) < C (Who + 5372 + 1y P) < Clyl”
O

Remark 4.7. Close to points Z € int(D) ( as well as £ € N), one can prove a better
estimate, namely a Lipschitz-type estimate, but with a constant depending on dist(z, ),
and so not helpful for global Holder estimates.

We can now state and prove the main result of this section.

Theorem 4.8. Assume that condition (H5) holds uniformly and let w € USC(Q) and

v € LSC(R) be satisfying maxg(u —v) > 0 and , respectively,
—|Vu|*F (2, Vu, D?*u) < f in Q,
u<0 on D, %SO on N,
—|Vv|*F(z, Vv, D?v) > g in 2,
v>0 on D, %20 on N,

with f and g continuous and bounded in Q. Then, for v € (0,1) as in Theorem 4.6 and
M > 0 depending on the ellipticity constants of F', on |f|e and |g|so, one has, for all

(z,9) € O,
(i) if maxg(u —v) >0, then

u(r) —v(y) < max(u —v) + M|z —y[;
Q
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(ii) if maxg(u —v) =0, then

u(z) —v(y) < Mz —y|”.

In particular, the solution of the mized boundary value problem (2.2) is vy-Hdélder contin-
wous in ), with constant M.

Proof. Assume first that maxg(u — v) > 0, and let us define

Tﬂ(% y) - u(a:) - U(y) — m@x(u — U) — M(;‘;}j — y’eiL((d(x)er(y)) ,
Q

with L = %, where R > 0 is the uniform radius of exterior tangent spheres to 02, and
e2Ldiam(Q)

M = Q(Supu_inff;) , where 6 > 0 has to be fixed suitably small.

By arguing, as usual, by contradiction, we suppose that MaXe2 Y(z,y) > 0, so that it
is achieved at a point (z,y) satisfying |z — y| < 6.

Let us check that neither Z nor ¢ belongs to D. Indeed, if, for instance, z € D, by the
lower semicontinuity of v we can take J small enough in order that

u(z) ~ o(g) < ~v(g) < 5 max(u ),
Q

and, therefore,

N

(Z,7) < —=max(u —v) — Ms|z — gle L@@ <
Q

yielding a contradiction. Analogously, we obtain that § ¢ D. The rest of the proof runs
as the proof of Theorem 3.1, and, for § > 0 small enough, we get the conclusion.
Suppose now that maxg(u —v) = 0. In this case, we set
Y,y) = u(x) = o(y) — Myl — ylre )
and we select § so small that My > 2eLdiam(@) s where Cyys is the constant given by

(4.1). We claim that, also in this case, neither z nor g belongs to D. Indeed, assuming by
contradiction that & € D, then, from Theorem 4.6 it follows that

v(y) = —Caslz — 9|7,

and, therefore,
_ _ o Ms _paay, - -
(@) = v(g) <0—v(g) < e M|z —gp

which again contradicts ¢(Z,y) > 0. An analogous argument treats the case y € D. The
rest of the proof follows the lines of the proof of Proposition 5.1. O

19



The above theorem immediately yields the following compactness result.

Corollary 4.9. Assume that condition (H5) holds uniformly and let (uy), be a sequence
of solutions of
—|Vuy|*F (2, VU, D?uy,) = f, in
{ u, =0 on D, %“él =0 onN.

Suppose that (uy), is uniformly bounded, and that f, converges locally uniformly in Q to
a continuous and bounded function f. Then, up to a subsequence, (uy), converges locally
uniformly in Q to a solution of problem (2.2).

Finally, we can also easily derive the following existence result, which complements
Theorem 3.4 for equations not having zero order terms. In this case, we need to add the
positive homogeneity assumption

F(xz,tp,t M) =t F(z,p, M) forallzeQ, peRY, M eSyandt>0. (4.3)

Theorem 4.10. Under assumptions (H5) and (4.3), given f continuous and bounded in

Q, there exists u € C(§2) solution of
—|Vu|*F(z, Du, D*>u) = f in Q,

’U,ZOOH'D,%:OOHJ\/‘.
on

Proof. For every n > 1, by Theorem 3.4, there exists a unique u,, € C(Q) solution to

[0}

—|Vun|*F(x, Duy, D*uy,) + [un| up, =f inQ,
n

Oup
%—OOHN.

Uy =0 on D,

If we show that the sequence (uy), is uniformly bounded, then, by Theorem 4.8, we can
deduce the local uniform convergence, up to a subsequence, to a function v € C(Q). By
the stability properties of viscosity solutions, see [13], it follows that w is a solution, as
claimed.

In oder to prove the boundedness of (uy,),, we argue by contradiction, and we assume

that, for a subsequence still denoted by (uy)n, one has ||uy||cc — oo. Then, by (4.3), the

Unp,

normalized function v, := satisfies

B ”unHoo

f

|a+1 in 2,
o0

«
— |V, |*F(z, Dvn,D%n) + [vn] Up =
5 n [|tn]
Un
— =0onN.
an o o¢

v, = 0 on D,
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Theorem 4.8 and the stability theory now apply to the bounded sequence (vy,),, yielding
that, up to a subsequence, (vy), locally uniformly converges to a function v € C(f2)
satisfying

~|Vv|*F(z,Dv, D*») =0 in Q,
g;‘)i =0on N.
On the other hand, the strong maximum principle of [11] jointly with Hopf boundary

lemma yields that the above problem has only the trivial solution v = 0. This clearly
contradicts the fact that ||v]|. = 1 and completes the proof. O

v=0onD,

5 Appendix

In this section we give the proof of Theorem 3.1. In order to do so we need to first prove
a local Holder-type estimate for sub- and super-solutions, up to the boundary, near N.

Proposition 5.1. Let z € N and assume that B(Z,p) N 0Q C N. Suppose that u is
USC(B(z,p) N Q) and satisfies

—|Vu|*F(z, Vu, D?>u) < f in B(z,p) N Q

ZZLSO on B(z, p) N 0N

n

as well as v is LSC(B(Z,p) N Q) and satisfies
—|Vv|*F(z, Vv, D*v) > g in B(Z,p) NS

0

a—:_; >0 on B(z,p) N o
Suppose in addition that f and g are bounded. Then for any v < 1 and r < p there exists
cry > 0, depending on ), N, the ellipticity constants of F, ||f|lcc, [lgllcc and on supu,
infv, such that, for all (z,y) € (B(Z,7) N Q)?%, one has

u(z) —v(y) < sup (u—v)+erylz -yl
QNB(z,p)

Proof. Let us fix r < p, zg € B(Z,r) N Q, and let us introduce the function

(x,y) = u(@)—v(y)— sup (u—v)—(M|z—y["+Li|z—z0*+ L]y —a0[?)e K& W)
QNB(z,p)
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for M,L,L; > 0 to be suitably chosen. We will prove that for M, L, L large enough,
independently of zg, but depending only on the ellipticity constants, on the supremum of
u— v, on || f]loos ||9]lcos SUpu, inf v and finally on r, the function v satisfies

Y(z,y) <0 in B(z,p) NQ.

Once this will have been proved, taking z = xg and making xg vary will provide the result.

Without loss of generality, we assume that p is so small that the distance function d is
of class C% in QN B(%, p). Moreover, if R > 0 is a uniform radius such that the exterior
sphere condition is satisfied in any compact portion of A/, and if x € A" and y € €, then

one has
|z —y|> > 2R(z — y) - Vd(z). (5.1)

For the sequel we will set

L= R’
where R > 0 is such that (5.1) holds true for all z € N'N B(z, p).
Next, we set
S= sup u— inf v— sup (u—v),
onBGp  B@e)  onBGp)
4S€2Ldiam(§2)
2

Ly =
)
SeQLdiam(Q)

M:T’

for 0 < 0 < 1 to be chosen later small enough.

Suppose now, by contradiction, that the supremum of ¥ on QN B(Z, p)2 is strictly
positive. Then, it is achieved at some point (&, ) belonging to (2N B(Z, p))%. Indeed, by
the choice of Ly and M, one has (2,9) € B(zo, £5°)?, and 0 < |& — §| < 4. In particular,
both & and ¢ belong to B(z, py) N Q. Let us further prove that neither & nor j belongs
to Of.

Indeed, we note that, in particular, Z is a local maximum point of u — ¢, where

¢(z) == (M|z — §|" + L1z — x0’2) e~ L(d(x)+d(9))
Assuming by contradiction that & € 02, by a direct computation we get

9¢

55 (@) = 7M1 [ME = g2 (L7 = g = (2 — §) - Vd(2))

L1 (Ll — a0l — 200 — w0) - V()]
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and therefore, by (5.1) and the choice of L, we obtain

gi( ) > e LAl {M!x—yP(L—QR>+L1]m—x0 <L—]1%>] > 0.

Since u satisfies 2 37 < 0on N in the viscosity sense, we deduce that 2 ¢ A/. An analogous
argument, applied to the super-solution v, shows that § ¢ N.
Hence, both # and 3 belong to 2 N B(Z, p). Setting

p(@,y) = (M|z —y[" + Li|z — zo|* + Ly — wo|?)e K@) Fdw)

Ishii’s Lemma (see [13]) yields that, for every € > 0, there exist X, and Y; in S such that

(VxSD(fUa Q)v X€) € J2’+u(£)’ (—Vy(p(f, :g)’ _}/6) € J27_U(gj) )
with X, and Y, satisfying
. 1 X O . a2
— (D@, 9)| + = ) x < 5 < D?*p(#,9) + € (D*p(#,9))" (5.2)
€ O Y.
Iyn denoting the identity matrix in R?V.
By a direct computation, one has
Vap(a,y) = e @) [y Mz —y|7 % (z — y) + 2L1 (2 — @0)
— LVd(z)(Mlz — y[" + Li|z — xo|* + L1]y — zo|?)]
as well as

Vye(z,y) = e H@OTW) [y M|z — y|7=2(y — x) + 2L1 (y — x0)
— LVd(y)(M|z — y|7 + L1z — xo|* + L1|y — zo[?)] .

Hence, for § small enough depending on r, p, R and -y, we have

,YM —2Ldiam( NN 3 —
5 |T =g e 2Ldiam(Q) <17 o(i, )], [Vye(d,9)| < 5 ME =g (5.3)

Furthermore, we also have
\Vap(2,9) + Vye(2,9)| < 2L1(p —7) + L (2M8" + Li(p—1)?) = C. (5.4)

Here and in the following we denote by C' a positive constant, which may vary from line to
line, and which depends on the data of the problem and on r and =, but it is independent
of 9.
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Estimates (5.3) in particular imply that Voo(Z,7), Vye(Z,9) # 0. Since u is a sub-
solution and v a super-solution, we then get the two inequalities

—’VZ,QO((IAZ,Q)‘QF(.@,ngo@AT,Q),Xe) < f(i‘),

Hence, denoting simply by (V.¢, V,p) the gradient of ¢ evaluated at (Z,9), it follows
that
9(9) — f(2) < |Vap|"F(2,Vap, Xe) — [Vypl|*F(§, —Vyp, —Ye)

= |vfb90|a [F(i‘v Vz‘ﬂ, XG) - F(jja vx(P’ _Y;)]
+HVap|® [F(2, Vo, —Ye) — F(2, =Vyp, =Ye)] (5.5)
—HV!ESD’O[ [F('i'a _Vy@a _Y;) - F(?% _vy@a _}/e)]

+ (|VCL‘<70|a - |vy90|a) F(Z)a _vy% _Y;)

In order to estimate the four terms in the above right hand side, we need to use (5.2) and
(5.3). It is convenient to write the function ¢ in the form

o(z,y) = B(z,y)e K@ TdW)

where
®(z,y) = M|z —y|" + Li|lz — x0|* + L1y — zo|*.

Hence, arguing as in [24], one has
D?p = D@ e Md@)+dW) 1 P @ V (e~ L) +dw)
i v/ (e—L((d(m)+d(y))) QR VD + & D2 (e—L((d(x)+d(y))) .

Moreover, we have

A~ ~

VO(2,9) = My|z — 9772 (& — §, (& — §)) + 2L1(2 — z0,§ — 20)

and
D*®(2,9) = < b -5 ) +2L1 Iry,

with

RO E—)) @& -7
B:Mﬂx—y!”<lzv+(v—2)(x ,‘?_;ﬁ y)>-

Let us emphasize that the matrix B has the negative eigenvalue M~y(y — 1)|& — §|7~2
corresponding to the eigenvector & — .
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A~

Testing the right matrix inequality in (5.2) on the vector (& — ¢, —(Z — g)) yields
(Xe+Yo)(E—-9)- (2 —9)

< D?p(,9 ( -9 >< z-9 >+€
SN ey ) ~a-9)
< —C1M|i — g7 + e CoM?|3 — 20—

D%p(i, ) (

for ¢ sufficiently small, and with C7,C% > 0 independent of §.
By choosing ¢ of the form

_ Gl —gP

- 20,M

and dropping the subscript for notational convenience, we deduce that the minimal eigen-
value of the matrix X + Y satisfies

Amin(X +Y) < —CM|z — g[772.

Furthermore, again the matrix inequality (5.2), having e fixed as above and tested on
2N-vectors of the form (¢, ¢), with £ € RY, gives

X+Y <Cly

and, moreover,
X+ Y| < CM|z — g 2.

By assumption (H2) on F', we then obtain
F(&, Vo, X) = F(&, Vap, =Y) < MI L(X +Y) < —CM|2 — g7,
so that, by (5.3),
Vool [F(#, Vap, X) = F(&, Vi, =Y)] < ~CM*i — g 2+e00,
Next, we observe that by (5.3) and (5.4), and by assumption (H3), it follows that
Val® [F(#, Vo, Y) = F(&,=Vyp, =Y)] < CM°[& — §|*0~,
as well as assumption (H4) implies that
[Vap|® [F (&, =Vyp, =Y) = F(§, =Vyp, =Y )] £ CM* | — g[r-2rebmbior,
Finally, we observe that if 0 < a < 1, then, again by (5.4),

HVM“ - ‘Vy‘P‘a’ < |V + vy90|a <C
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and, therefore,
(V2| = [Vyl®) F (3, ~Vyp,=Y) < OM|2 — 5" ~2.

On the other hand, if either o < 0 or o > 1, by the mean value’s theorem we obtain that,
for some 6 € (0,1),

IVl = [Vyo|®] < ] |Vap+0(Vap+ V)| Ve + Vyp| < OMOH g —g|0- Db,

so that
(IVael® = [Vyp|®) F(§, —Vyp, —Y) < CM?|3 — gy ~2+0-Dle=1)

Combining all the obtained estimates with (5.5), and observing that vy — 2+ a(y — 1) =
(v + 1)y — (a+2) < —1, we conclude that

. . 9 (e ot (e C
9(5) — () < —CMejg — gp2t0-Da < _opytrag2h-la - o
and, by the boundedness of f and g, we reach a contradiction for § small enough. O

We are now in a position to prove Theorem 3.1.

Proof. We argue as in the previous proof, with a modification in the penalization terms
of the function . Thus, we consider, for xg € B(Z,r) fixed, the function

Y(a,y) = ul@)—v(y)—_sup _(u—v)—(Mow(|lz—y|)+Lile—zo*+Lily—wzo|*)e” MW,

QNB(z,p)
where s
s — 2?1+7‘) ifo<s<1,
w(s) = ) . ool
— m Is>1,
and

0o { inf {§,6p} if o € (0,1],
inf {3,0p} if o ¢ (0,1].
We recall that 0 is the Holder’s exponent for F' with respect to x appearing in assumption
(H4). We observe that, for 0 < s <1, § <w(s) < s, 1 > w/(s) > 3 and w”(s) = =757,
hence it is negative large for s small.
It is clear that if we prove that ¢ < 0in QN B(z, p), then we get the desired Lipschitz
estimate. So we assume, by contradiction, that v is positive somewhere, and we denote

— 2
by (Z,7) € 2N B(z,p) a maximum point of ¢). As in the proof of Proposition 5.1, we set

S= sup u— inf v— sup (u—v),
QNB(z,p) QNB(z,p) QNB(z,p)
2 Ldiam(€)
[ 2
(p—r1)? R
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Moreover, we choose
2S€2Ldiam(ﬂ)

M=,

for 0 < § < 1 to be fixed later small enough.

These choices for the constants L, L1 and M force (&, ) to satisfy 0 < |Z —¢| < §, and
| — xol, |§ — x0| < 5. Furthermore, the definition of L and an analogous computation
as done for the Holder’s case, imply that z, g € QN B (:E, %)

We denote

o(x,y) = (Mw(|z — y|) + Li|z — x0> + Ly — xo|?)e Hd@+dW),

and, arguing as in the proof of Proposition 5.1, we find, for every ¢ > 0, X, and Y; in S
such that
(Vap(2,9), Xe) € J2Hu(d), (=Vyp(2,9), —Ye) € J2v(g),

with X, and Y. satisfying (5.2).
Next, we observe that, for é small enough, one has

M _ & 5 PN A A — T 0
e HIEHD) < |V, (2,9)], [Vyp(d,9)] < 2Me K@D, (56)
Thus, we have in particular that V,¢(Z,7), Vy¢(2,9) # 0 and inequality (5.5) still holds
true.

We now observe that, by Proposition 5.1, for any v < 1 there exists cp+

r > 0 such
2 Y
that

(Meo(|& = ) + Lilé = @of? + La|j — wo)e IO < o |7 — 17
Therefore, we obtain that

= ’e—L(d(chd(z))) [2L1 (% — o) + 2L1(§ — o)

—L(Vd(z) + Vd(§))(Mw(|& = §]) + L1]& — zo]* + L1]§ — wo[?)]| o0
<Ol -2,
for some C' > 0 depending on 7, p, R, S and ~, but independent of §.
This implies, for a € (0, 1],
V2l = Vy0l] < [Vaio + Vypl* < Ol — 917, (5.8)
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whereas for either a« < 0 or a > 1, by (5.6) and for some 6 €]0, 1], we get

Voo = [Vyol® < |e|[Vap + 0(Vap + V) |27 Vap + Vol 59)
< Cla|Mo1z — 3 |

Next, we argue as in the proof of Proposition 5.1, by using inequality (5.2) in order to
estimate the matrices X, and Y.. We observe that, in the present case, the hessian matrix
of ¢ evaluated at (&, 7) includes the matrix

< % B >

with
iy —y Hoas AN A S P S
5 -y =90 <[N+ <w (& — gDl — 51 _1> ERELC y)> |
|z — g W' (|& — g)) & — g
which has the negative eigenvalue Mw" (|2 — g|) = _%‘j — 4|71 corresponding to the

eigenvector T — §.
By inequality (5.2), fixing € of the form %]i — g~ and dropping the subscript €, we
deduce that
Amin(X +Y) < -CM|& — g7 1,
X+Y<Cly,
M
X[+ Y| < Crz-
Thus, by using also (5.6), (5.7), (5.8) and (5.9), estimate (5.5) in the present case yields
9(9) — f(2)
< —CIMeH i — g7+ Cp (M0 — g|F + Mo e — gt 4 Me — %)
in the case o € (0,1], and
9(9) — (%)
< —CL Mt — g7 4 Oy (M@ = §IF + Mz — g1 4 oM@z — gIF )

in the case a ¢ (0, 1].
By the definition of 7 we can select v € (0, 1) satisfying

27 if o € (0,1]
v >
27 if a ¢ (0,1]

28



so that, in any case, we obtain

N . adll e alr— C
9(9) — f(&) < -CM +1|~’U*y| < T §%ra—r

Since 2+ o > 1 > 7, the above inequality yields a contradiction to the boundedness of g
and f for 6 small enough. O
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