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NONLINEAR RAYLEIGH-TAYLOR INSTABILITY OF THE
VISCOUS SURFACE WAVE IN AN INFINITELY DEEP OCEAN

TIẾN-TÀI NGUYỄN

Abstract. In this paper, we consider an incompressible viscous fluid in an

infinitely deep ocean, being bounded above by a free moving boundary. The

governing equations are the gravity-driven incompressible Navier-Stokes equa-
tions with variable density and no surface tension is taken into account on the

free surface. After using the Lagrangian transformation, we write the main

equations in a perturbed form in a fixed domain. In the first part, we describe
a spectral analysis of the linearized equations around a hydrostatic equilib-

rium pρ0px3q, 0, P0px3qq for a smooth increasing density profile ρ0. Precisely,

we prove that there exist infinitely many normal modes to the linearized equa-
tions by following the operator method initiated by Lafitte and Nguyễn [20].

In the second part, we study the nonlinear Rayleigh-Taylor instability around

the above profile by constructing a wide class of initial data for the nonlinear
perturbation problem departing from the equilibrium, based on the finding

of infinitely many normal modes. Our nonlinear result extends the previous
framework of Guo and Strauss [6] and also of Grenier [10].
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1. Introduction

The Rayleigh–Taylor (RT) instability, studied first by Lord Rayleigh in [25] and
then Taylor [26] is well known as a gravity-driven instability in two semi-infinite in-
viscid and incompressible fluids when the heavy one is on top of the light one. It has
attracted much attention due to both its physical and mathematical importance.
Two applications worth mentioning are implosion of inertial confinement fusion
capsules [22] and core-collapse of supernovae [24]. For a detailed physical compre-
hension of the linear RT instability, we refer to three survey papers [18, 30, 31].
Mathematically speaking, the nonlinear study of classical RT instability is proven
by Desjardins and Grenier [4]. For the inviscid and incompressible fluid with a
smooth density profile, the classical RT instability was investigated by Lafitte [19],
by Guo and Hwang [5] and by Helffer and Lafitte [14].

Concerning the viscous linear RT instability, one of the first studies can be seen
in the book of Chandrasekhar [3, Chapter X]. He considers two uniform viscous fluid
separated by a horizontal boundary and generalize the classical result of Rayleigh
and Taylor. We refer the readers to mathematical viscous linear/nonlinear RT
studies for two (in-)compressible channel flows in [7], [29] and [12]. For the incom-
pressible fluid in the whole space R3, with a smooth density profile, we mention
the results of Jiang et. al [13] and of Lafitte and Nguyễn [20], respectively.

Let T “ R{Z be the usual 1D torus and T2 “ 2πL1T ˆ 2πL2T pL1, L2 ą 0q.
The aim of this paper is to study nonlinear RT instability of the viscous surface
wave in an infinitely deep ocean. The domain of the fluid is

Ωptq “ tx “ px1, x2, x3q P T
2 ˆR, x3 ă ηpt, x1, x2qu (1.1)

and Ωptq is bounded above by the free surface Γptq “ tx3 “ ηpt, x1, x2qu, where
η is an unknown of the problem. In Eulerian coordinate, the fluid dynamics are
governed by the incompressible Navier–Stokes equations (2.1) in the presence of a
gravity force field ´ge3pg ą 0q, and the effect of surface tension is neglected on
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the free surface. The movement of Ωptq and Γptq raises numerous mathematical
difficulties. Let R´ “ p´8, 0q, we use the unknown function η and the Lagrangian
coordinate transformation to transform the free boundary problem into the equiv-
alent problem, (2.9) in a fixed domain Ω “ T2 ˆ R´, of which the fixed upper
boundary is Γ “ T2 ˆ tx3 “ 0u.

Let 1 “ d{dx3, we then consider two smooth functions ρ0 and P0 depending only
on x3. Hence pρ0px3q, 0, P0px3qq is a steady state solution of Eq. (2.9), provided
that P 10 “ ´gρ0. Since we are interested in the RT instability, we assume that

C80 pR´q Q ρ
1
0 ě 0 such that suppρ10 “ r´a, 0s, with a ą 0. (1.2)

We denote by

0 ă ρ´ “ ρ0px3q for all x3 ď ´a, ρ0p0q “ ρ`. (1.3)

This means that a layer of finite depth models the heavier fluid before the perturba-
tion. We write Eq. (2.9) in the perturbed form, Eq. (2.11) and obtain the linearized
equations (2.13). We study the linear instability by seeking normal mode solutions
eλtV pxq of Eq. (2.13). It turns out that the investigation of normal modes relies
on the finding of bounded solutions of a fourth-order ordinary differential equation
on R´, which is

λ2pk2ρ0φ´ pρ0φ
1q1q ` λµpφp4q ´ 2k2φ2 ` k4φq “ gk2ρ10φ, (1.4)

which wave number is k and λ P C (Reλ ą 0q is called a characteristic value of the
linearized problem (see [3, Chapter X]). The boundary conditions at x3 “ 0 are

#

µpk2φp0q ` φ2p0qq “ 0,

´λµφ3p0q ` p3λµk2 ` λ2ρ`qφ
1p0q ` gk2ρ`φp0q “ 0

(1.5)

and we physically have that φ decays at ´8, i.e.

lim
x3Ñ´8

φpx3q “ 0. (1.6)

Our first result is to show that there exists an infinite sequence of normal modes
to the linearized equations (2.13) by following the operator method introduced by
Lafitte and Nguyễn [20]. The key ingredients are the followings:

(1) seek the exact solutions on p´8,´aq,
(2) deduce the boundary conditions for (1.4) on p´a, 0q from the outer solutions

and (1.5),
(3) write a variational formulation on H2pp´a, 0qq for (1.4) on p´a, 0q,
(4) use the spectral theory for a self-adjoint and compact operator for a Sturm-

Liouville problem on H2pp´a, 0qq.

The spectral analysis allows us to study fully nonlinear perturbation equations
(2.11). To prove the nonlinear instability, we follow the procedure:

Step 1. establish some a priori energy estimates to the nonlinear equations,
Step 2. formulate a linear combination of normal modes to the linearized equations

(2.13) to set its value at initial time t “ 0 of size 0 ă δ ! 1 as an initial
datum to the nonlinear perturbation equations,

Step 3. obtain the difference between the local exact solution and the approximate
solution in Step 2 and exploit some energy estimates for the difference,

Step 4. deduce the bound in time of the difference functions and prove the nonlinear
instability.



4 TIẾN-TÀI NGUYỄN

Our nonlinear study is inspired by the abstract frameworks of Guo and Strauss
[6] and of Grenier [10]. In the spirit of these above frameworks, only the maximal
normal mode was used in Step 2 to set its value at t “ 0 of size 0 ă δ ! 1 to be
an initial datum to derive a solution of the nonlinear equations. Let us emphasize
that, our nonlinear results show that a wide class of initial data (related to a
linear combination of normal modes) to the nonlinear problem departing from the
equilibrium is formulated in Step 2 and it gives rise to the nonlinear instability. The
nonlinear result in this work is in the same spirit as in [23], where the author studies
the nonlinear viscous RT instability in a slab domain 2πLTˆp´1, 1q pL ą 0q, with
Navier-slip boundary conditions.

We organize this paper as follows. In Section 2, from the formulation in Euler-
ian coordinates of the governing equations (2.1), we derive the formulation in La-
grangian coordinates, see (2.9). We introduce our two theorems, Theorem 2.1
describing the spectral analysis of the linearized equations and Theorem 2.2 prov-
ing the nonlinear instability. Section 3 is devoted to the proof of Theorem 2.1. In
Section 4, we construct the a priori energy estimates to the nonlinear equations.
In the last part, Section 5, we prove Theorem 2.2.

We employ the Einstein convention of summing over repeated indices. Through-
out the paper C ą 0 will denote universal constants that depend on the physical
parameters of the problem, µ, g, k, a and ρ˘. Such constants are allowed to change
from line to line. We will employ the notation a À b pa Á bq to mean that a ď Cb
pa ě Cbq for a universal constant C ą 0.
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2. The governing equations and main results

2.1. Formulation in Eulerian coordinates. We are concerned with the viscous
RT of the nonhomogeneous incompressible Navier-Stokes equations without any
effects of surface tension, that read as

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btρ̃` divpρ̃ũq “ 0 in Ωptq,

Btpρ̃ũq ` divpρ̃ũb ũq `∇p̃ “ µ∆ũ´ gρ̃e3 in Ωptq,

divũ “ 0 in Ωptq,

pp̃Id´ µSũqn “ patmn on Γptq,

Btη “ ũ3 ´ ũ1B1η ´ ũ2B2η on Γptq.

(2.1)

The unknowns ρ̃ :“ ρ̃pt, xq, ũ :“ ũpt, xq and p̃ :“ p̃pt, xq denote the density, the
velocity and the pressure of the fluid, respectively, while µ ą 0 is the viscosity
coefficient and g ą 0 is the gravitational constant. Sũ “ ∇ũ ` ∇ũT is the stress
tensor. The outward normal vector to the boundary Γptq, n is given by

n “
p´B1η,´B2η, 1q

T

a

1` |B1η|2 ` |B2η|2
. (2.2)
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The given constant patm is the atmospheric pressure. For a more physical descrip-
tion of the equations (2.1) and the boundary conditions in (2.1), we refer to [21,
Sect. 1.8].

To complete the statement of the problem, we must specify the initial conditions.
We suppose that the initial surface Γp0q is given by the graph of the function
ηp0q “ η0, which yields the open set Ωp0q on which we specify the initial data for
the velocity, up0q “ u0 : Ωp0q Ñ R3. We assume that the initial surface function
satisfies the ”zero-average” condition

ż

T2

η0 “ 0 (2.3)

and ηp0q, up0q satisfy certain compatibility conditions, which we will present later
(see Proposition 4.1). Note that, for sufficiently regular solutions to the problem,
the condition (2.3) holds for all t ě 0, that is

ż

T2

ηptq “ 0 for all t ě 0. (2.4)

It is a consequence of
d

dt

ż

T2

η “

ż

T2

Btη “

ż

Γptq

ũ ¨ n “

ż

Ωptq

divũ “ 0.

2.2. Formulation in Lagrangian coordinates. The movement of the free bound-
ary Γptq and the domain Ωptq raises numerous mathematical difficulties. To handle
that, following Beale [2], we use the unknown function η. So that we can transform
the free boundary problem (2.1) into a new problem in a fixed domain. We define
(see Appendix A)

θ :“ Poisson extension of η into T2 ˆ tx3 ď 0u (2.5)

and the following coordinate transformation:

Ω Q x “ px1, x2, x3q ÞÑ px1, x2, x3 ` θpt, x1, x2, x3qq “: Θpt, xq “ py1, y2, y3q P Ωptq.
(2.6)

If η is sufficiently small (in an appropriate Sobolev norm), then the mapping Θ is
a diffeomorphism. From the definition of Θ (2.6), we first compute

∇Θ “

¨

˚

˚

˚

˝

1 0 0

0 1 0

B1θ B2θ 1` B3θ

˛

‹

‹

‹

‚

.

Following [2] again, we denote by

A “ B1θ, B “ B2θ, J “ 1` B3θ, K “ J´1 (2.7)

and

A :“ pp∇Θq´1qT “

¨

˚

˚

˚

˝

1 0 ´AK

0 1 ´BK

0 0 K

˛

‹

‹

‹

‚

. (2.8)

We write the differential operators ∇A, divA,∆A with their actions given by

p∇Afqi :“
3
ÿ

j“1

AijBjf, divAX :“
ÿ

1ďi,jď3

AijBjXi, ∆Af “ divA∇Af.

We write
N :“ p´B1η,´B2η, 1q

T
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for the non-unit normal vector to Γptq, and we also write the stress tensor SAu as

pSAuqij “ AikBkuj `AjkBkui.

We now define the density ρ, the velocity u and the pressure p on the domain Ω by
the composition

pρ, u, pqpt, xq “ pρ̃, ũ, p̃qpt,Θpt, xqq.

We transform (2.1) into the following system in the new coordinates
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btρ´KBtθB3ρ` divApρuq “ 0 in Ω,

ρpBtu´KBtθB3u` u ¨∇Auq `∇Ap´ µdivASAu “ ´gρe3 in Ω,

divAu “ 0 in Ω,

Btη “ u ¨N on Γ,

ppId´ µSAuqN “ patmN on Γ.

(2.9)

2.3. Equilibrium state and and main results. We now rewrite (2.9) in a per-
turbed formulation around the steady-state solution

pρpt, xq, upt, xq, ppt, xq, ηpt, xhqq “ pρ0px3q, 0, P0px3q, 0q,

satisfying that P 10 “ ´gρ0 and adding the condition P0p0q “ patm. We define a
special density and pressure perturbation by

ζ “ ρ´ ρ0 ´ ρ
1
0θ, q “ p´ P0 ` gρ0θ. (2.10)

We still call the perturbations of the velocity and of the characterization of surface
as pu, ηq respectively. The equations for the perturbation U “ pζ, u, q, ηq write

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btζ ` ρ
1
0u3 “ Q1pUq in Ω,

ρ0Btu`∇q ´ µ∆u` gζe3 “ Q2pUq in Ω,

divu “ Q3pUq in Ω,

Btη ´ u3 “ Q4pUq on Γ,

ppq ´ gρ`ηqId´ µSuqe3 “ Q5pUq on Γ.

(2.11)

The nonlinear terms QipUq p1 ď i ď 5q (for short Qi) are given by

Q1 “ ρ10u3 ´ ρ
1
0Btθ `KBtθpB3ζ ` ρ

1
0 ` ρ

2
0θ ` ρ

1
0B3θq,

´ divAppρ0 ` ρ
1
0θ ` ζquq

Q2 “ ´pζ ` ρ10θqBtu´ pζ ` ρ0 ` ρ
1
0θqKBtθB3u´ p∇Ap´∇q ´ gζe3q

´ pζ ` ρ0 ` ρ
1
0θqu ¨∇Au´ µp∆u´ divApSAuqq,

Q3 “ divu´ divAu,

Q4 “ ´u1B1η ´ u2B2η,

Q5 “ pq ´ gρ`ηqId ¨ pe3 ´N q ´ µSue3 ` µpSAuqN .

(2.12)

We refer to Appendix B for the precise expression of Qip1 ď i ď 5q as a polynomial
of U,A,B, J,K.

The linearized equations are
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btζ ` ρ
1
0u3 “ 0 in Ω,

ρ0Btu`∇q ´ µ∆u` gζe3 “ 0, in Ω,

divu “ 0 in Ω,

Btη “ u3 on Γ,

ppq ´ gρ`ηqId´ µSuqe3 “ 0 on Γ.

(2.13)
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As in [3, Chapter XI], we seek normal modes Upt, xq “ eλtV pxq of (2.13), which
are

pζ, u, qqpt, xq “ eλtpω, v, rqpxq, ηpt, xhq “ eλtνpxhq. (2.14)

We deduce the following system on pω, v, r, νq,
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

λω ` ρ10v3 “ 0 in Ω,

λρ0v `∇r ´ µ∆v ` gωe3 “ 0 in Ω,

divv “ 0 in Ω,

λν “ v3 on Γ,

ppr ´ gρ`νqId´ µp∇v `∇vT qqe3 “ 0 on Γ.

(2.15)

That implies

ω “ ´
1

λ
ρ10v3, ν “

1

λ
v3|Γ (2.16)

and
$

’

&

’

%

λ2ρ0v ` λ∇r ´ λµ∆v ´ gρ10v3e3 “ 0 in Ω,

divv “ 0 in Ω,

ppλr ´ gρ`v3qId´ λµp∇v `∇vT qqe3 “ 0 on Γ.

(2.17)

Let k “ pk1, k2q P L
´1
1 Zˆ L´1

2 Zzt0u, we further assume that
$

’

’

’

&

’

’

’

%

v1pxq “ sinpk1x1 ` k2x2qψpk, x3q,

v2pxq “ sinpk1x1 ` k2x2qϕpk, x3q,

v3pxq “ cospk1x1 ` k2x2qφpk, x3q,

rpxq “ cospk1x1 ` k2x2qπpk, x3q.

(2.18)

Denote by k “ |k| “
a

k2
1 ` k

2
2, we deduce from (2.17) that

$

’

’

’

&

’

’

’

%

λ2ρ0ψ ´ λk1π ` λµpk
2ψ ´ ψ2q “ 0 in R´,

λ2ρ0ϕ´ λk2π ` λµpk
2ϕ´ ϕ2q “ 0 in R´,

λ2ρ0φ` λπ
1 ` λµpk2φ´ φ2q “ gρ10φ in R´,

k1ψ ` k2ϕ` φ
1 “ 0 in R´,

(2.19)

At x3 “ 0, we have the boundary conditions
$

’

&

’

%

µpk1φp0q ´ ψ
1p0qq “ 0,

µpk2φp0q ´ ϕ
1p0qq “ 0,

λπp0q ´ gρ`φp0q ´ 2λµφ1p0q “ 0.

(2.20)

We also need the decaying condition at ´8,

lim
x3Ñ´8

pψ,ϕ, φ, πqpx3q “ 0. (2.21)

Note that, due to (2.19)1,2,4

π “ ´
1

k2
pλρ0φ

1 ` µpk2φ1 ´ φ3qq in R´. (2.22)

Hence, from (2.22) and (2.19)3, we get a fourth-order ODE for φ, (1.4), i.e.

λ2pk2ρ0φ´ pρ0φ
1q1q ` λµpφp4q ´ 2k2φ2 ` k4φq “ gk2ρ10φ.

The boundary conditions at x3 “ 0 deduced from (2.19)4, (2.20) and (2.22) are
(1.5), i.e.

µpk2φp0q ` φ2p0qq “ 0, ´λµφ3p0q ` p3λµk2 ` λ2ρ`qφ
1p0q ` gk2ρ`φp0q “ 0
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and from (2.21), we have that φ decays at ´8, (1.6), i.e.

lim
x3Ñ´8

φpx3q “ 0.

The finding of normal modes of the form (2.14) to Eq. (2.13) relies on the investi-
gation of the characteristic values λ P C (Reλ ą 0q such that (1.4)-(1.5)-(1.6) has
a nontrivial solution φ living at least in H4pR´q.

We first show that all characteristic values λ are real. Since our goal is to
study the instability, we only consider positive λ in what follows. Let L0 be the
characteristic length such that L´1

0 “ }
ρ10
ρ0
}L8pR´q, we further obtain the uniform

upper bound
b

g
L0

of λ.

Lemma 2.1. For any k ą 0,

‚ all characteristic values λ are always real,
‚ all characteristic values λ satisfy that λ ď

b

g
L0

.

Proof of Lemma 2.1 is given in the beginning of Section 3. In view of Lemma
2.1, we look for functions φ being real and we only consider the vector spaces of
real-valued functions in what follows in the linear analysis.

We state our first theorem solving the ODE (1.4)–(1.5)–(1.6) .

Theorem 2.1. Let ρ0 satisfy (1.2)–(1.3), there exists an infinite sequence pλn, φnqně1

with λn P p0
b

g
L0
q and φn P H8pR´q satisfying (1.4)-(1.5)-(1.6).

Let us discuss about the strategy for proving Theorem 2.1, which is in the same
spirit as [20]. We first look for a solution φ P H4pR´q.

On p´8,´aq, the ODE (1.4) is an ODE with constant coefficients, for which
we can find explicit solutions in Proposition 3.1 decaying to 0 at ´8. Hence, we
transform the problem for the normal modes on R´ into an ODE problem stated
on a compact interval p´a, 0q with appropriate boundary conditions deduced from
the outer solutions. They are described by (1.5) stated above and (3.7) (to be seen
in Lemma 3.1).

In order to solve a fourth-order ODE (1.4) with the boundary conditions (3.7)
and (1.5), the crucial step is to construct a continuous and coercive bilinear form
Ba,k,λ on H2pp´a, 0qq (see (3.9) in Proposition 3.2), such that the finding of a
solution φ P H4pp´a, 0qq of Eq. (1.4)-(1.5)-(3.7) is equivalent to finding a weak
solution φ P H2pp´a, 0qq to the variational problem

λBa,k,λpφ, ωq “ gk2

ż 0

´a

ρ10φωdx3 for all ω P H2pp´a, 0qq (2.23)

and thus improving the regularity of that weak solution φ.

As Ba,k,λ is a coercive form on H2pp´a, 0qq, we have that
a

Ba,k,λp¨, ¨q is a
norm on H2pp´a, 0qq. Let pH2pp´a, 0qqq1 be the dual space of the functional
space H2pp´a, 0qq, associated with the norm

a

Ba,k,λp¨, ¨q. In view of Riesz’s rep-
resentation theorem, we obtain an abstract operator Ya,k,λ from H2pp´a, 0qq to
pH2pp´a, 0qqq1, such that

Ba,k,λpϑ, %q “ xYa,k,λϑ, %y for all ϑ, % P H2pp´a, 0qq. (2.24)

Hence, from (2.23) and (2.24), we have that the existence of a solution φ P H4pp´a, 0qq
of Eq. (1.4)-(1.5)-(3.7) is reduced to the finding of a weak solution φ P H2pp´a, 0qq
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of
λYa,k,λφ “ gk2ρ10φ in pH2pp´a, 0qqq1. (2.25)

Restricting to % P C80 pp´a, 0qq in (2.24), we find the precise expression of Ya,k,λ
(see Proposition 3.3(1)), i.e. for all ϑ P H2pp´a, 0qq,

Ya,k,λϑ “ λpk2ρ0ϑ´ pρ0ϑ
1q1q ` µpϑp4q ´ 2k2ϑ2 ` k4ϑq in D1pp´a, 0qq.

Furthermore, a classical bootstrap argument (see Proposition 3.3(2)) shows that
we are able to define the inverse operator Y ´1

a,k,λ of Ya,k,λ, from L2pp´a, 0qq to a
subspace of H4pp´a, 0qq requiring all elements satisfy (3.7)-(1.5). Note that, be-
cause φ belongs to H4pp´a, 0qq, these boundary conditions (involving the deriva-
tives φ2, φ3 of φ at x3 “ ´a and at x3 “ 0) are well defined. Composing the above
operator Y ´1

a,k,λ with the continuous injection from H4pp´a, 0qq to L2pp´a, 0qq (see
Proposition 3.4), we obtain that Y ´1

a,k,λ is a compact and self-adjoint operator from
L2pp´a, 0qq to itself.

We introduce M the operator of multiplication by
a

ρ10 in L2pp´a, 0qq. Note
from (2.25) that, we thus find v satisfying

λ

gk2
v “MY ´1

a,k,λMv. (2.26)

Indeed, if v satisfies (2.26), Y ´1
a,k,λMv will satisfy (2.25).

We show that the operatorMY ´1
a,k,λM is compact and self-adjoint from L2pp´a, 0qq

to itself (see Proposition 3.5), which enables to use the spectral theory of self-adjoint
and compact operators to obtain that

the discrete spectrum of the operator MY ´1
a,k,λM is an infinite sequence of

eigenvalues (denoted by tγnpλ, kquně1).

Let vn,k,λ be an eigenfunction of MY ´1
a,k,λM associated with the eigenvalue γnpλ, kq

and let φn,k,λ “ Y ´1
a,k,λMvn,k,λ P H

4pp´a, 0qq, we obtain

γnpλ, kqYa,k,λφn,k,λ “M2φn,k,λn “ ρ10φn,k,λn . (2.27)

From (2.25) and (2.27), we see that the problem of finding characteristic values
of (1.4) amounts to solving all the equations

γnpλ, kq “
λ

gk2
. (2.28)

In Proposition 3.6, for each n, we will show the existence and uniqueness of a solu-
tion λn to (2.28) owing first to the differentiability in λ of γnpλ, kq (see Lemma 3.3),
which is an extension of Kato’s perturbation theory of the spectrum of operators
(see [15]), and to the fact that λ Ñ γnpλ, kq is decreasing in λ (see Lemma 3.4),
through the derivative d

dλ p
1

γnpλ,kq
q which exists also thanks to a similar argument

(see [15]). Furthermore, we have that tλnuně1 is a decreasing sequence towards 0.

For each λn, we have that φn,k,λn “ Y ´1
a,k,λn

Mvn,k,λn P H4pp´a, 0qq satisfies
Eq. (1.4) with the boundary conditions (3.7)-(1.5) thanks to Proposition 3.3(2)
again. Hence, φn,k,λn is glued with the decaying solutions of (1.4) in the outer
region p´8,´aq by the boundary conditions at x3 “ ´a to become a solution of
(1.4)-(1.5)-(1.6) in H4pR´q associated with λ “ λn. Theorem 2.1 is proven.

Once Eq. (1.4)-(1.5)-(1.6) is solved, we go back to the linearized equations (2.13).
For a fixed k P L´1

1 Z ˆ L´1
2 Zzt0u, we obtain a sequence of real solutions to the
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linearized equations (2.13) (see Proposition 3.7), which are

eλjpkqtVjpk, xq “ pe
λjpkqtpζjpk, xq, ujpk, xq, qjpk, xq, ηjpk, xhqq

T .

Note from Lemma 2.1 that

0 ă Λ :“ sup
kPL´1

1 ZˆL´1
2 Zzt0u

λ1pkq ď

c

g

L0
, (2.29)

we show that Λ is the maximal growth rate of the linearized equations, see Propo-
sition 3.9.

We move to solve the nonlinear instability.

The local well-posedness of (2.11) in our functional framework (see Proposition
4.1) can be established similarly as in [8, Theorem 6.3] for the incompressible viscous
surface wave problem, which is used in [29] for the incompressible viscous surface-
internal wave problem and [28] for the incompressible viscous fluid with magnetic
field. We refer to [8, 29, 28] for the construction of local solutions to (2.11) with
some specific compatibility conditions.

We derive the a priori energy estimate (4.6) to the nonlinear equations in Propo-
sition 4.2.

Thanks to (2.29), we define the non-empty set

SΛ :“
!

k P L´1
1 Zˆ L´1

2 Zzt0u : λ1pkq ą
2Λ

3

)

.

We further fix a k0 P SΛ. Hence, there is a unique N “ Npk0q P N‹ such that

Λ ě λ1pk0q ą λ2pk0q ą ¨ ¨ ¨ ą λN pk0q ą
2Λ

3
ą λN`1pk0q ą . . . . (2.30)

Let M P N‹ be arbitrary. In view of getting infinitely many characteristic values of
the linearized problem, we consider a linear combination of normal modes

UM pt, xq “
M
ÿ

j“1

cje
λjpk0qtVjpk0, xq (2.31)

to be an approximate solution to the nonlinear equations (2.11), with constants cj
being chosen such that

at least one of cj p1 ď j ď Nq is non-zero (2.32)

and let jm :“ mintj : 1 ď j ď N, cj ‰ 0u,

|cjm |}ujm}L2pΩq ą
ÿ

jějm`1

|cj |}uj}L2pΩq. (2.33)

In order to prove the nonlinear instability, we would like to use UM p0, xq as the
initial data for the nonlinear equations (2.11). However, to ensure the local existence
of solutions, the initial data for the nonlinear equations (2.11) must satisfy the
compatibility conditions (4.4) (see again Proposition 4.1), which are not satisfied
by the normal modes Vjpk, xq pj ě 1q. Thanks to an abstract argument from [11,
Section 5C], which was also used in [29, 28], we modify UM p0, xq in Proposition 5.1
as follows: there exist δ0 ą 0 such that the family of initial data

Uδ,M pxq “ δUM p0, xq ` δ2U δ,M‹ pxq (2.34)

for δ P p0, δ0q satisfies the compatibility conditions (4.4). Eq. (2.11) with the initial
data U δ,M pxq (2.34) has a unique local strong solution U δ,M pt, xq on r0, Tmaxq.
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Hence, we observe that Udptq “ U δ,M ptq ´ δUM ptq solves (2.11) with the initial
data Udp0q “ δ2U δ,M‹ and the same nonlinear terms Qip1 ď i ď 5q (see Eq. (5.2)).
For t small enough, we deduce the following bound in time (see Proposition 5.2),

}pζd, udqptq}2L2pΩq ` }η
dptq}2L2pΓq

À δ3p

N
ÿ

j“jm

|cj |e
λjt `maxp0,M ´Nq max

N`1ďjďM
|cj |e

2
3 Λtq3,

That relies on some energy estimates of Eq. (5.2) and the bound in time of a
suitable Sobolev norm of Uδ,M ptq (see Proposition 5.3), which we obtain thanks
to the a priori energy estimate established in Proposition 4.2. Combining those
estimates, we obtain the following nonlinear result.

Theorem 2.2. Assume that ρ0 satisfies (1.2)-(1.3). Let M P N‹ be arbitrary, there
exist positive constants δ0, ε0 sufficiently small and another constant m0 ą 0 such
that for any δ P p0, δ0q, the nonlinear equations (2.11) with the initial data (2.34),
i.e.

δ
M
ÿ

j“1

cjVjpxq ` δ
2U δ,M‹ pxq,

satisfying (2.32)-(2.33) admits a unique local strong solution Uδ,M such that

}uδ,M pT δq}L2pΩq ě m0ε0, (2.35)

where T δ P p0, Tmaxq is given by δ
řM
j“jm

|cj |e
λjT

δ

“ ε0.

3. The linear analysis

We begin with the proof of Lemma 2.1.

Proof of Lemma 2.1. Multiplying by φ on both sides of (1.4) and then integrating
by parts, we obtain that

λ2
´

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 ´ ρ0φ
1φ
ˇ

ˇ

ˇ

0

´8

¯

` λµ
´

ż

R´

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx3 ` pφ
3φ´ φ2φ

1
´ 2k2φ1φq

ˇ

ˇ

ˇ

0

´8

¯

“ gk2

ż

R´

ρ10|φ|
2dx3.

Using (1.5) and (1.6), we get

λ2
´

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 ´ ρ`φp0qφ
1
p0q

¯

` λµ

ż

R´

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx3

` p3λµk2 ` λ2ρ`qφ
1p0qφp0q ` gk2ρ`|φp0q|

2 ` λµk2φ
1
p0qφp0q ´ 2λµk2φ1p0qφp0q

“ gk2

ż

R´

ρ10|φ|
2dx3.

This yields

λ2

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 ` λµ

ż

R´

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx3

` λµk2pφ1p0qφp0q ` φ
1
p0qφp0qq ` gk2ρ`|φp0q|

2 “ gk2

ż

R´

ρ10|φ|
2dx3.
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Using the integration by parts and (1.5) again, we have

λ2

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 ` λµ

ż

R´

p|φ2 ` k2φ|2 ` 4k2|φ1|2qdx3

“ ´gk2ρ`|φp0q|
2 ` gk2

ż

R´

ρ10|φ|
2dx3.

(3.1)

Suppose that λ “ λ1 ` iλ2, then one deduces from (3.1) that

pλ2
1 ´ λ

2
2q

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 ` λ1µ

ż

R´

p|φ2 ` k2φ|2 ` 4k2|φ1|2qdx3

“ ´gk2ρ`|φp0q|
2 ` gk2

ż

R´

ρ10|φ|
2dx3

(3.2)

and that

´ 2λ1λ2

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 “ λ2µ

ż

R´

p|φ2 ` k2φ|2 ` 4k2|φ1|2qdx3. (3.3)

If λ2 ‰ 0, (3.3) leads us to

´2λ1

ż

R´

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx3 “ µ

ż

R´

p|φ2 ` k2φ|2 ` 4k2|φ1|2qdx3 ă 0,

that contradiction yields λ2 “ 0, i.e. λ is real. Using (3.1) again, we further get
that

λ2

ż

R´

ρ0pk
2|φ|2 ` |φ1|2qdx3 ď gk2

ż

R´

ρ10|φ|
2dx3.

It tells us that λ is bounded by
b

g
L0

. This finishes the proof of Lemma 2.1. �

Note again that, thanks to Lemma 2.1, in what follows in this section, we only
use real-valued functions.

3.1. Solutions on the outer region p´8,´aq and reduction to an ODE on
the finite interval p´a, 0q.

Proposition 3.1. Let τ´ “
a

k2 ` λρ´{µ. There are two linearly independent
solutions of (1.4) decaying to 0 at ´8 as x3 P p´8,´as, i.e.

φ´1 px3q “ ekx3 and φ´2 px3q “ eτ´x3 . (3.4)

The space of solutions decaying to 0 at ´8 are spanned by pφ´1 , φ
´
2 q.

Proof. On the interval p´8,´aq, Eq. (1.4) is an ODE with constant coefficients,

´ λρ´pk
2φ´ φ2q “ µpφp4q ´ 2k2φ2 ` k4φq. (3.5)

We seek φ as φpx3q “ erx3 . Hence,

´λρ´pk
2 ´ r2q “ µpr4 ´ 2k2r2 ` k4q,

which yields r “ ˘k or r “ ˘pk2 ` λρ´{µq
1{2. Since φ tends to 0 at ´8, we get

two independent solutions of (3.5),

φ´1 px3q “ ekx3 and φ´2 px3q “ epk
2
`λρ´{µq

1{2x3 .

Hence, all bounded solutions of (3.5) are of the form

φpx3q “ A1e
kpx3`aq `A2e

τ´px3`aq. (3.6)

Proposition 3.1 is proven. �
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Once it is proven that φpx3q outside p´a, 0q is known precisely, we look for φ
on p´a, 0q. That solution has to match with (3.6) well, i.e. there is a condition on
pφ, φ1, φ2, φ3q at x3 “ ´a. We will show that in the following lemma.

Lemma 3.1. The boundary conditions of (1.4) at x3 “ ´a, for φ P H4pR´q, are
#

kτ´φp´aq ´ pk ` τ´qφ
1p´aq ` φ2p´aq “ 0,

kτ´pk ` τ´qφp´aq ´ pk
2 ` kτ´ ` τ

2
´qφ

1p´aq ` φ3p´aq “ 0.
(3.7)

and at x3 “ 0, are (1.5).

Proof. For a solution φ of Eq. (1.4) on p´a, 0q, the boundary conditions at x3 “ ´a
are equivalent to the fact that φ belongs to the space of decaying solutions at 8.
On the one hand, it can be seen from (3.6) that

¨

˚

˚

˚

˚

˚

˚

˝

φpx3q

φ1px3q

φ2px3q

φ3px3q

˛

‹

‹

‹

‹

‹

‹

‚

“ A´1 e
kpx3`aq

¨

˚

˚

˚

˚

˚

˚

˝

1

k

k2

k3

˛

‹

‹

‹

‹

‹

‹

‚

`A´2 e
τ´px3`aq

¨

˚

˚

˚

˚

˚

˚

˝

1

τ´

τ2
´

τ3
´

˛

‹

‹

‹

‹

‹

‹

‚

for x3 ď ´a.

On the other hand, direct computations show that the orthogonal complement of
the subspace of R4 spanned by two vectors p1, k, k2, k3qT and p1, τ´, τ2

´, τ
3
´q
T is

spanned by

pkτ´,´pk ` τ´q, 1, 0q
T and pkτ´pk ` τ´q,´pk

2 ` kτ´ ` τ
2
´q, 0, 1q

T .

The above arguments allow us to set (3.7) as boundary conditions of Eq. (1.4) at
x3 “ ´a. �

3.2. A bilinear form and a self-adjoint invertible operator.

Proposition 3.2. Let us denote by

BV´a,k,λpϑ, %q :“ µ

˜

kτ´pk ` τ´qϑp´aq%p´aq ´ kτ´ϑ
1p´aq%p´aq

´ kτ´ϑp´aq%
1p´aq ` pk ` τ´qϑ

1p´aq%1p´aq

¸

,

BV0,k,λpϑ, %q :“ µk2pϑ1p0q%p0q ` ϑp0q%1p0qq `
gk2ρ`
λ

ϑp0q%p0q,

(3.8)

and

Ba,k,λpϑ, %q :“ BV0,k,λpϑ, %q `BV´a,k,λpϑ, %q ` λ

ż 0

´a

ρ0pk
2ϑ%` ϑ1%1qdx3

` µ

ż 0

´a

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx3.

(3.9)

The bilinear form Ba,k,λ is a continuous and coercive on H2pp´a, 0qq.

Furthermore, let pH2pp´a, 0qqq1 be the dual space of H2pp´a, 0qq associated with
the norm

a

Ba,k,λp¨, ¨q, there exists a unique operator

Ya,k,λ P LpH2pp´a, 0qq, pH2pp´a, 0qqq1q,

that is also bijective, such that

Ba,k,λpϑ, %q “ xYa,k,λϑ, %y (3.10)

for all ϑ, % P H2pp´a, 0qq.
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Before proving Proposition 3.2, we state our key lemma, whose proof is postponed
to Appendix D. This yields the coercivity of Ba,k,λ as it will appear in the proof
of Proposition 3.2.

Lemma 3.2. We have

min
ϑPH2pp´a,0qq

¨

˚

˝

2k2pϑ1p0qϑp0q ´ ϑ1p´aqϑp´aqq, ϑ satisfies the constraint
ż 0

´a

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx3 “ 1.

˛

‹

‚

“ ´
sinhpkaq ` ka

3 sinhpkaq ´ ka
,

and

max
ϑPH2pp´a,0qq

¨

˚

˝

2k2pϑ1p0qϑp0q ´ ϑ1p´aqϑp´aqq, ϑ satisfies the constraint
ż 0

´a

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx3 “ 1.

˛

‹

‚

“ 1.

Proof of Proposition 3.2. Clearly, Ba,k,λ is a bilinear form on H2pp´a, 0qq since the
terms BVa,k,λpϑ, %q and BV0,k,λpϑ, %q are well defined. We then establish the bound-
edness of Ba,k,λ. The integral terms of Ba,k,λ are clearlyÀ }ϑ}H2pp´a,0qq}%}H2pp´a,0qq.
About the two boundary value terms, it follows from the general Sobolev inequality
that

maxpϑ2p0q, ϑ2p´aqq À }ϑ}2H1pp´a,0qq

and that

maxppϑ1p0qq2, pϑ1p´aqq2q À }ϑ1}2H1pp´a,0qq.

Consequently, we get

|BV´a,k,λpϑ, %q| À p|ϑp´aq| ` |ϑ
1p´aq|qp|%p´aq| ` |%1p´aq|q

À }ϑ}H2pp´a,0qq}%}H2pp´a,0qq.
(3.11)

and

|BV0,k,λpϑ, %q| À
λ` 1

λ
p|ϑp0q| ` |ϑ1p0q|qp|%p0q| ` |%1p0q|q

À
λ` 1

λ
}ϑ}H2pp´a,0qq}%}H2pp´a,0qq.

(3.12)

In view of (3.11) and (3.12), we find that

|Ba,k,λpϑ, %q| À
λ` 1

λ
}ϑ}H2pp´a,0qq}%}H2pp´a,0qq, (3.13)

i.e. Ba,k,λ is bounded.

We move to show the coercivity of Ba,k,λ. We have that

Ba,k,λpϑ, ϑq “ BV0,k,λpϑ, ϑq `BV´a,k,λpϑ, ϑq ` λ

ż 0

´a

ρ0pk
2ϑ2 ` pϑ1q2qdx3

` µ

ż 0

´a

ppϑ2q2 ` 2k2pϑ1q2 ` k4pϑq2qdx3.
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We have
1

µ
BV´a,k,λpϑ, ϑq “ kτ´pk ` τ´qpϑp´aqq

2 ´ 2kτ´ϑp´aqϑ
1p´aq ` pk ` τ´qpϑ

1p´aqq2

“ pk ` τ´q
´

ϑ1p´aq `
kpk ´ τ´q

k ` τ´
ϑp´aq

¯2

`
kpτ´pk ` τ´q

2 ´ kpk ´ τ´q
2q

k ` τ´
pϑp´aqq2 ´ 2k2ϑp´aqϑ1p´aq

ě ´2k2ϑp´aqϑ1p´aq.

Therefore, we deduce that

1

µ
Ba,k,λpϑ, ϑq ě 2k2pϑp0qϑ1p0q ´ ϑp´aqϑ1p´aqq `

ż 0

´a

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx3.

Notice from Lemma 3.2 that

1

µ
Ba,k,λpϑ, ϑq ě

2psinhpkaq ´ kaq

3 sinhpkaq ´ ka

ż 0

´a

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx3. (3.14)

The inequalities (3.13) and (3.14) tell us that Ba,k,λ is a continuous and coer-
cive bilinear form on H2pp´a, 0qq. It follows from Riesz’s representation theorem
that there is a unique operator Ya,k,λ P LpH2pp´a, 0qq, pH2pp´a, 0qqq1q, that is also
bijective, satisfying (3.10) for all ϑ, % P H2pp´a, 0qq. Proof of Proposition 3.2 is
complete. �

The next proposition is to devoted to studying the properties of Ya,k,λ.

Proposition 3.3. We have the following results.

(1) For all ϑ P H2pp´a, 0qq,

Ya,k,λϑ “ λpk2ρ0ϑ´ pρ0ϑ
1q1q ` λµpϑp4q ´ 2k2ϑ2 ` k4ϑq

in D1pp´a, 0qq.
(2) Let f P L2pp´a, 0qq be given, there exists a unique solution ϑ P H2pp´a, 0qq

of
Ya,k,λϑ “ f in pH2pp´a, 0qqq1. (3.15)

Moreover, ϑ P H4pp´a, 0qq and satisfies the boundary conditions (3.7)–
(1.5).

Proof. It follows from Proposition 3.2 that there is a unique ϑ P H2pp´a, 0qq such
that

λ

ż 0

´a

ρ0pk
2ϑ%` ϑ1%1qdx3 ` µ

ż 0

´a

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx3 “ xYa,k,λϑ, %y (3.16)

for all % P C80 pp´a, 0qq. We respectively define pϑ2q1 and pϑ2q2 in the distributional
sense as the first and second derivative of ϑ2 which is in L2pp´a, 0qq. Hence, Eq.
(3.16) is equivalent to

λ

ż 0

´a

ρ0pk
2ϑ%` ϑ1%1qdx3 ` µxpϑ

2q2, %y ` µ

ż 0

´a

p2k2ϑ1%1 ` k4ϑ%qdx3 “ xYa,k,λϑ, %y

(3.17)
for all % P C80 pp´a, 0qq. Eq. (3.17) implies that

µppϑ2q2 ´ 2k2ϑ2 ` k4ϑq ` λpk2ρ0ϑ´ pρ0ϑ
1q1q “ Ya,k,λϑ in D1pp´a, 0qq. (3.18)

The first assertion holds.
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Under the assumption f P L2pp´a, 0qq, we improve the regularity of the weak
solution ϑ P H2pp´a, 0qq of (3.18). Indeed, we rewrite (3.18) as

µxpϑ2q2, %y “

ż 0

´a

pYa,k,λϑ` 2µk2ϑ2 ´ µk4ϑ´ λk2ρ0ϑ` λpρ0ϑ
1q1q%dx3

for all % P C80 pp´a, 0qq. Since pf ` 2µk2ϑ2 ´ µk4ϑ´ λk2ρ0ϑ` λpρ0ϑ
1q1q belongs to

L2pp´a, 0qq, it follows from (3.17) that pϑ2q2 P L2pp´a, 0qq.

Let χ1 P C
8
0 pp´a, 0qq satisfy

ş0

´a
χ1pyqdy “ 1. Using the distribution theory, we

define Σ P D1pp´a, 0qq such that

xΣ, %y “ xpϑ2q2, ζ%y (3.19)

for all % P C80 pp´a, 0qq, where

ζ%px3q “

ż x3

´a

´

%pyq ´ χ1pyq

ż 0

´a

%psqds
¯

dy

for all ´a ă x3 ă 0. We obtain

xΣ1, %y “ ´xΣ, %1y “ ´xp%2q2, ζ%1y.

Note that

xpϑ2q2, ζ%1y “ xpϑ
2q2, %px3q ´

ż x3

´a

χ1pyq

ż 0

´a

%1psqdsdyy “ xpϑ2q2, %y,

this yields xΣ1, %y “ ´xpϑ2q2, %y. Hence, we have that pϑ2q1 ` Σ ” constant. In
view of pϑ2q2 P L2pp´a, 0qq and (3.19), we know that pϑ2q1 P L2pp´a, 0qq. Since ϑ P
H2pp´a, 0qq and pϑ2q1, pϑ2q2 P L2pp´a, 0qq, it tells us that ϑ belongs to H4pp´a, 0qq
and we can take their traces up to order 3.

By exploiting (3.16), we then show that ϑ satisfies (3.7)-(1.5). Indeed, for all
% P H2pp´a, 0qq, we use the integration by parts to obtain from (3.16) that

λ

ż 0

´a

ρ0pk
2ϑ%` ϑ1%1qdx3 ` µ

ż 0

´a

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx3

´ λρ0ϑ
1%
ˇ

ˇ

ˇ

0

´a
` µ

´

ϑ3%
ˇ

ˇ

ˇ

0

´a
´ ϑ2%1

ˇ

ˇ

ˇ

0

´a
´ 2k2ϑ1%

ˇ

ˇ

ˇ

0

´a

¯

“

ż 0

´a

pYa,k,λϑq%dx3.

It then follows from the definition of the bilinear form Ba,k,λ that

´λρ0ϑ
1%
ˇ

ˇ

ˇ

0

´a
`µ

´

ϑ3%
ˇ

ˇ

ˇ

0

´a
´ϑ2%1

ˇ

ˇ

ˇ

0

´a
´2k2ϑ1%

ˇ

ˇ

ˇ

0

´a

¯

“ BV0pϑ, %q`BV´apϑ, %q, (3.20)

for all % P H2pp´a, 0qq. By collecting all terms corresponding to %p´aq in (3.20),
we deduce that

λρ´ϑ
1p´aq ´ µϑ3p´aq ` 2µk2ϑ1p´aq “ µkτ´pk ` τ´qϑp´aq ´ µkτ´ϑ

1p´aq.

This yields,

ϑ3p´aq “ pτ2
´ ´ k

2qϑ1p´aq ` 2k2ϑ1p´aq ` kτ´ϑ
1p´aq ´ kτ´pk ` τ´qϑp´aq

“ pk2 ` kτ´ ` τ
2
´qϑ

1p´aq ´ kτ´pk ` τ´qϑp´aq.

We just proved that ϑ satisfies (3.7)2. Similarly, ϑ also fulfils (3.7)1 and (1.5). This
ends the proof of Proposition 3.2. �

We have the following proposition on Y ´1
a,k,λ.

Proposition 3.4. The operator Y ´1
a,k,λ : L2pp´a, 0qq Ñ L2pp´a, 0qq is compact and

self-adjoint.
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Proof. It follows from Proposition 3.3 that Ya,k,λ admits an inverse operator Y ´1
a,k,λ

from L2pp´a, 0qq to a subspace of H4pp´a, 0qq requiring all elements satisfy (1.5)-
(3.7), which is symmetric due to Proposition 3.2. We compose Y ´1

a,k,λ with the
continuous injection from H4pp´a, 0qq to L2pp´a, 0qq. Notice that the embedding
Hppp´a, 0qq ãÑ Hqpp´a, 0qq for p ą q ě 0 is compact. Therefore, the operator
Y ´1
a,k,λ is compact and self-adjoint from L2pp´a, 0qq to L2pp´a, 0qq. Proposition 3.4

is shown. �

3.3. A sequence of characteristic values. We continue considering λ P p0,
b

g
L0
s

and we study the operator Sa,k,λ :“MY ´1
a,k,λM, where M is the operator of mul-

tiplication by
a

ρ10.

Proposition 3.5. The operator Sa,k,λ : L2pp´a, 0qq Ñ L2pp´a, 0qq is compact and
self-adjoint.

Proof. Due to the assumptions on ρ0, the operator Sa,k,λ is well-defined from
L2pp´a, aqq to itself. The operator Y ´1

a,k,λ is compact, so is Sa,k,λ. Moreover, be-
cause both the inverse Y ´1

a,k,λ and M are self-adjoint, the self-adjointness of Sa,k,λ
follows. �

As a result of the spectral theory of compact and self-adjoint operators, the
point spectrum of Sa,k,λ is discrete, i.e. is a sequence tγnpλ, kquně1 of eigenval-
ues of Sa,k,λ, associated with normalized orthogonal eigenfunctions t$nuně1 in
L2pp´a, 0qq. That means

γnpλ, kq$n “ Sa,k,λ$n “MY ´1
a,k,λM$n.

So that with φn “ Y ´1
a,k,λM$n P H

4pp´a, 0qq, one has

γnpλ, kqYa,k,λφn “ ρ10φn (3.21)

and φn satisfies (3.7)-(1.5). Eq. (3.21) also tells us that γnpλ, kq ą 0 for all n.
Indeed, we obtain

γnpλ, kq

ż 0

´a

pYa,k,λφnqφndx3 “

ż 0

´a

ρ10φ
2
ndx3.

That implies

γnpλ, kqBa,k,λpφn, φnq “

ż 0

´a

ρ10φ
2
ndx3. (3.22)

Since Ba,k,λpφn, φnq ą 0 and ρ10 ą 0 on p´a, 0q, we know that γnpλ, kq is positive
for all n. Hence, by reordering and using the spectral theory of compact and
self-adjoint operators again, we obtain that tγnpλ, kquně1 is a positive sequence
decreasing towards 0 as nÑ8.

For each n, in order to verify that φn is a solution of (1.4)-(3.7)-(1.5), we are
left to look for real values of λn such that

γnpλn, kq “
λn
gk2

. (3.23)

To solve (3.23), we need the two following lemmas.

Lemma 3.3. For each n, γnpλ, kq and φn are differentiable in λ.

Proof. The proof of Lemma 3.3 is the same as [20, Lemma 3.2], we omit the details
here. �
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Lemma 3.4. For each n, γnpλ, kq is strictly decreasing in λ.

Proof. Let zn “ dφn
dλ , it follows from (3.21) that

k2ρ0φn ´ pρ0φ
1
nq
1 ` Ya,k,λzn “

1

γnpλ, kq
ρ10zn `

d

dλ

´ 1

γnpλ, kq

¯

ρ10φn (3.24)

on p´a, 0q. At x3 “ ´a, we have
$

’

’

&

’

’

%

z2np´aq ´ pk ` τ´qz
1
np´aq ` kτ´znp´aq “

ρ´
2µτ´

φ1np´aq ´
kρ´
2µτ´

φnp´aq,

z3n p´aq ´ pk
2 ` kτ´ ` τ

2
´qz

1
np´aq ` kτ´pk ` τ´qznp´aq

“

´

kρ´
2µτ´

`
ρ´
µ

¯

φ1np´aq ´
´

k2ρ´
2µτ´

`
kρ´
µ

¯

φnp´aq,

(3.25)
and at x3 “ 0, we also have

#

z2np0q ` k
2znp0q “ 0,

z3n p0q ´ p3k
2 `

λρ`
µ qz

1
np0q `

gk2ρ`
λµ znp0q “

ρ`
µ φ

1
np0q `

gk2ρ`
λ2µ φnp0q.

(3.26)

Multiplying by φn on both sides of (3.24), we obtain that
ż 0

´a

pk2ρ0φn ´ pρ0φ
1
nq
1qφndx3 `

ż 0

´a

pYa,k,λznqφndx3

“
1

γnpλ, kq

ż 0

´a

ρ10znφndx3 `
d

dλ

´ 1

γnpλ, kq

¯

ż 0

´a

ρ10φ
2
ndx3.

(3.27)

Thanks to the integration by parts, we have
ż 0

´a

pk2ρ0φn ´ pρ0φ
1
nq
1qφndx3 “

ż 0

´a

ρ0pk
2φ2
n ` pφ

1
nq

2qdx3 ´ pρ0φ
1
nφnq

ˇ

ˇ

ˇ

0

´a
(3.28)

and
ż 0

´a

pYa,k,λznqφndx3 “

ż 0

´a

pYa,k,λφnqzndx3 `

´

µpz3nφn ´ z
2
nφ
1
n ´ 2k2z1nφnq ´ λρ0z

1
nφn

¯
ˇ

ˇ

ˇ

0

´a

´

´

µpφ3nzn ´ φ
2
nz
1
n ´ 2k2φ1nznq ´ λρ0φ

1
nzn

¯
ˇ

ˇ

ˇ

0

´a
.

(3.29)

Owing to (3.28), (3.29) and (3.21), Eq. (3.27) becomes
ż 0

´a

ρ0pk
2φ2
n ` pφ

1
nq

2qdx3 `

´

µpz3nφn ´ z
2
nφ
1
n ´ 2k2z1nφnq ´ λρ0z

1
nφn

¯
ˇ

ˇ

ˇ

0

´a

´

´

µpφ3nzn ´ φ
2
nz
1
n ´ 2k2φ1nznq ´ λρ0φ

1
nzn

¯
ˇ

ˇ

ˇ

0

´a
´ pρ0φ

1
nφnq

ˇ

ˇ

ˇ

0

´a

“
d

dλ

´ 1

γnpλ, kq

¯

ż 0

´a

ρ10φ
2
ndx3.

(3.30)

Using (3.25), we obtain

´

´

µpz3nφn ´ z
2
nφ
1
n ´ 2k2z1nφnq ´ λρ0z

1
nφn

¯

p´aq

`

´

µpφ3nzn ´ φ
2
nz
1
n ´ 2k2φ1nznq ´ λρ0φ

1
nzn

¯

p´aq ` ρ´φ
1
np´aqφnp´aq

“

´k2ρ´
2τ´

` kρ´

¯

pφnp´aqq
2 ´

´kρ´
2τ´

` ρ´

¯

φ1np´aqφnp´aq

´
kρ´
2τ´

φnp´aqφ
1
np´aq `

ρ´
2τ´

pφ1np´aqq
2 ` ρ´φ

1
np´aqφnp´aq

“ kρ´pφnp´aqq
2 `

ρ´
2τ´

pφ1np´aq ´ kφnp´aqq
2.

(3.31)
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Using (3.26) and (1.5), we also have

´

´

µpz3nφn ´ z
2
nφ
1
n ´ 2k2z1nφnq ´ λρ0z

1
nφn

¯

p0q ` ρ`φ
1
np0qφnp0q

`

´

µpφ3nzn ´ φ
2
nz
1
n ´ 2k2φ1nznq ´ λρ0φ

1
nzn

¯

p0q “
gk2ρ`
λ2

pφnp0qq
2.

(3.32)

Combining (3.30), (3.31) and (3.32), we deduce that

d

dλ

´ 1

γnpλ, kq

¯

ż 0

´a

ρ10φ
2
ndx3 “

ż 0

´a

ρ0pk
2φ2
n ` pφ

1
nq

2qdx3 ` kρ´pφnp´aqq
2

`
ρ´
2τ´

pφ1np´aq ´ kφnp´aqq
2 `

gk2ρ`
λ2

pφnp0qq
2.

(3.33)

This yields that 1
γnpλ,kq

is strictly increasing in λ, i.e. γnpλ, kq is strictly decreasing
in λ. This ends the proof of Lemma 3.4. �

Now we are in position to solve (3.23).

Proposition 3.6. For each n ě 1, there exists a unique λn ą 0 solving (2.28). In
addition, λn decreases towards 0 as n goes to 8.

Proof. Using (3.22), we know that

1

γnpλ, kq

ż 0

´a

ρ10φ
2
ndx3 “

ż 0

´a

pYa,k,λφnqφndx3 “ Ba,k,λpφn, φnq,

Keep in mind (3.9), we deduce that

1

γnpλ, kq

ż 0

´a

ρ10φ
2
ndx3 ě λ

ż 0

´a

k2ρ0φ
2
ndx3 ` µ

ż 0

´a

k4φ2
ndx3,

that implies
1

L0γnpλ, kq
ě λk2 `

µk4

ρ`
.

Since γnpλ, kq is a decreasing function, we have that λ
γnpλ,kq

is an increasing function.
Hence

lim
λÑ

b

g
L0

λ

γnpλ, kq
ą gk2. (3.34)

Meanwhile, we also have 1
γnpλ,kq

ď 1

γnp
1
2

b

g
L0
,kq

for all λ ď 1
2

b

g
L0

. It yields,

lim
λÑ0

λ

γnpλ, kq
“ 0. (3.35)

Combining (3.34), (3.35) and the fact that γn is decreasing in λ, we obtain a unique
λn solving (3.23).

We prove that the sequence pλnqně1 is decreasing. Indeed, if λm ă λm`1 for
some m ě 1, we have

γmpλm, kq ą γmpλm`1, kq.

Meanwhile, we also have

γmpλm`1, kq ą γm`1pλm`1, kq.

That implies
λm
gk2

“ γmpλm, kq ą γm`1pλm`1, kq “
λm`1

gk2
.

That contradiction tells us that pλnqně1 is a decreasing sequence.
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To conclude Proposition 3.6, we prove that limnÑ8 λn “ 0. Indeed, suppose
that limnÑ8 λn “ c0 ą 0, one has that λn ě c0 for all n ě 1. This yields

γnpc0, kq ě γnpλn, kq “
λn
gk2

ě
c0
gk2

.

Letting nÑ8, we obtain that 0 ě c0
gk2 , which is a contradiction. Hence, limnÑ8 λn “

0. Proposition 3.6 is proven. �

3.4. Proof of Theorem 2.1 and normal modes to the linearized equations.
We are in position to prove Theorem 2.1.

Proof of Theorem 2.1. For each λn P p0,
b

g
L0
q being found from Proposition 3.6,

let φnpx3q “ Y ´1
a,k,λn

M$npx3q P H
4pp´a, 0qq, which is a solution of (1.4) on p´a, 0q

with the boundary conditions (3.7)-(1.5).

Keep in mind our computations in Subsection 3.1, we extend φn to R´ by
requiring φn satisfies (3.6) for some constants An,1, An,2 as λ “ λn. Those constants
An,1, An,2 are defined by

#

φnp´aq “ An,1 `An,2,

φ1np´aq “ kAn,1 `An,2

b

k2 `
λnρ´
µ .

(3.36)

Solving (3.36), we get that

An,1 “

b

k2 `
λnρ´
µ φnp´aq ´ φ

1
np´aq

b

k2 `
λnρ´
µ ´ k

, An,2 “
φ1np´aq ´ kφnp´aq
b

k2 `
λnρ´
µ ´ k

. (3.37)

Therefore, the function φn P H4pR´q is a solution of (1.4) satisfying (1.5) and (1.6)
as λ “ λn for each n ě 1. Using a bootstrap argument, we have φn P H8pR´q.
Proof of Theorem 2.1 is complete. �

Once we have solutions of (1.4)-(1.5)-(1.6), we go back to the linearized equations
(2.13).

Proposition 3.7. For each k “ pk1, k2q P L
´1
1 ZˆL´1

2 Zzt0u, there exists an infinite
sequence of normal modes

eλnpkqtVnpk, xq “ eλnpkqtpζnpk, xq, unpk, xq, qnpk, xq, ηnpk, xhqq (3.38)

to the linearized equations (2.13), such that

ζn P H
8pΩq, un P pH

8pΩqq3 and qn P H8pΩq. (3.39)

Proof. For each solution λn P p0,
b

g
L0
q of (2.28), we have a solution φn in H4pR´q

of (1.4) as λ “ λn, being found in Theorem 2.1. Furthermore, φn P H8pR´q. We
find uniquely πn P H8pR´q from (2.22) such that

πnpk, x3q “ ´
1

k2
pλnρ0φ

1
n ` µpk

2φ1n ´ φ
3
n qqpk, x3q.

To look for ψn, we rewrite (2.19) as a second order ODE,

´µψ2n ` pλnρ0ψn ` µk
2ψn ´ k1πnq “ 0.

Note from (2.20) and (2.21) that ψn satisfies that ψ1np0q “ k1φnp0q and that
limx3Ñ´8 ψnpx3q “ 0. By the ODE theory on a bounded interval and the do-
main expansion technique, we obtain a unique solution ψn P H8pR´q, where the
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solution ψn depends on the known functions φn and πn. We get ϕn in a similar
way. Hence, pψn, ϕn, φn, πnq P pH8pR´qq4 is a solution of (2.19)-(2.20).

Following (2.18), we then construct the functions

v1,npk, xq “ sinpk1x1 ` k2x2qψnpk, x3q,

v2,npk, xq “ sinpk1x1 ` k2x2qϕnpk, x3q,

v3,npk, xq “ cospk1x1 ` k2x2qφnpk, x3q,

rnpk, x3q “ cospk1x1 ` k2x2qπnpk, x3q.

Keep in mind (2.16), let us define also

ωnpk, xq “ ´
1

λnpkq
ρ10px3qv3,npk, x3q and νnpk, xhq “

1

λnpkq
v3,npk, xh, 0q.

Hence

pζnpt,k, xq, unpt,k, xq, qnpt,k, xq, ηnpt,k, xhqq “ eλnpkqtpωn, vn, rn, νnqpk, xq

is a real-valued solution of the linearized equations (2.13). We claim (3.39) by virtue
of pψn, ϕn, φn, πnq P pH8pR´qq4. �

3.5. Maximal growth rate. We derive the following proposition on the largest
characteristic value λ1 found in Theorem 2.1.

Proposition 3.8. Let us recall the bilinear form Ba,k,λ on H2pp´a, 0qq (3.9) and
pλ1, φ1q from Theorem 2.1. We have that

1

gk2
“ max
φPH2pp´a,0qq

ş0

´a
ρ10φ

2dx3

λ1Ba,k,λ1
pφ, φq

, (3.40)

and the extremal problem (3.40) is attained by φ1 restricted on p´a, 0q up to a
constant.

Furthermore, let us define the following bilinear form on H2pR´q,

Bk,λpφ, θq :“ λ

ż

R´

ρ0pk
2φθ ` φ1θ1qdx3 ` µ

ż

R´

ppφ2 ` k2φqpθ2 ` k2θq ` 4k2φ1θ1qdx3

`
gk2ρ`
λ

φp0qθp0q.

Hence, we have

1

gk2
“ max
φPH2pR´q

ş

R´
ρ10φ

2dx3

λ1Bk,λ1
pφ, φq

. (3.41)

The extremal problem (3.41) is attained by φ1 up to a constant.

Proof of Proposition 3.8. We divide the proof into two parts, proving (3.40) and
(3.41), respectively.

Part 1. We show that (3.40) holds. For all λ ą 0, we solve the variational problem

α1pλ, kq “ max
´

ż 0

´a

ρ10φ
2dx3

ˇ

ˇ

ˇ
φ P H2pp´a, 0qq, λBa,k,λpφ, φq “ 1

¯

. (3.42)

Let us define the Lagrangian functional

LBpν, φq “

ż 0

´a

ρ10φ
2dx3 ´ νpλBa,k,λpφ, φq ´ 1q. (3.43)
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It follows from the Lagrange multiplier theorem that the extrema of the quotient
ş0

´a
ρ10φ

2dx3

λBa,k,λpφ, φq

are necessarily obtained at the stationary points pν‹, φ‹q of LB, which satisfy

λBa,k,λpφ‹, φ‹q “ 1 (3.44)

and
ż 0

´a

ρ10φ‹θdx3 ´ λν‹Ba,k,λpφ‹, θq “ 0, (3.45)

for all θ P H2pp´a, 0qq. Restricting θ P C80 pp´a, 0qq and following the line of the
proof of Proposition 3.3, one deduces from (3.45) that φ‹ has to satisfy

λν‹Ya,k,λφ‹ “ ρ10φ‹ (3.46)

in a weak sense. We further get that φ‹ P H4pp´a, 0qq and satisfies (3.44) and
the boundary conditions (3.7)-(1.5). Hence, all stationary points pν‹, φ‹q of LB

satisfy that, λν‹ is an eigenvalue of the compact and self-adjoint operator Sa,k,λ “
MY ´1

a,k,λM from L2pp´a, 0qq to itself, with

M´1Ya,k,λφ‹ “
1

λν‹
Mφ‹ P L

2pp´a, 0qq

being an associated eigenfunction. That implies

α1pλ, kq ď λ´1γ1pλ, kq. (3.47)

Meanwhile, since the operator Sa,k,λ is self-adjoint and positive, we thus obtain
that

γ1pλ, kq “ sup
φPL2pp´a,0qq

xSa,k,λφ, φy

}φ}2L2pp´a,0qq

.

Hence, for all φ P L2pp´a, 0qq and for ψ “ Y ´1
a,k,λMφ P H4pp´a, 0qq, we have

xYa,k,λψ,ψy “ xSa,k,λφ, φy,

which yields

γ1pλ, kqxYa,k,λψ,ψy ď
xSa,k,λφ, φy

2

}φ}2L2pp´a,0q

ď }Sa,k,λφ}
2
L2pp´a,0qq.

This yields

γ1pλ, kq ď sup
!}Mψ}2L2pp´a,0qq

xYa,k,λψ,ψy
|ψ P H4pp´a, 0qq and M´1Ya,k,λψ P L

2pp´a, 0qq
)

.

Owing to (3.10), we have that

γ1pλ, kq ď sup
!

ş0

´a
ρ10ψ

2dx3

Ba,k,λpψ,ψq
|ψ P H4pp´a, 0qq and M´1Ya,k,λψ P L

2pp´a, 0qq
)

.

We thus obtain
λ´1γ1pλ, kq ď α1pλ, kq (3.48)

The two inequalities (3.47) and (3.48) tell us that α1pk, λq “ λ´1γ1pk, λq for all
λ ą 0, from which we deduce α1pλ1, kq “

1
gk2 and the extremal problem (3.40) is

attained by the function φ1|p´a,0q up to a constant.

Part 2. We prove that (3.41) holds. We set

α2pλ, kq “ max
φPH2pR´q

´

ż

R´

ρ10φ
2dx3

ˇ

ˇ

ˇ
λBk,λpφ, φq “ 1

¯

.
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and consider the Lagrangian functional

LBpω, φq “

ż

R´

ρ10φ
2dx3 ´ ωpBk,λpφ, φq ´ 1q.

Thanks to Lagrange multiplier theorem again, the extrema of the quotient
ş

R´
ρ10φ

2dx3

λBk,λpφ, φq

are necessarily obtained at the stationary points pω‹,Φ‹q P R` ˆH2pR´q of LB,
which satisfy

λBk,λpΦ‹,Φ‹q “ 1 (3.49)

and
ż

R´

ρ10Φ‹θdx3 ´ λω‹Bk,λpΦ‹, θq “ 0 (3.50)

for all θ P H2pR´q.

We now improve the regularity of Φ‹. We respectively define pΦ2‹q
1 and pΦ2‹q

2 in
the distributional sense as the first and second derivative of Φ2‹ which is in L2pR´q.
Hence, (3.50) will imply that

λ

ż

R´

ρ0pk
2Φ‹θ ` Φ1‹θ

1qdx3 ` µxpΦ
2
‹q
2, θy ` µ

ż

R´

p2k2Φ2‹θ ` 4k2Φ1‹θ
1 ` k4Φ‹θqdx3

“
1

λω‹

ż

R´

ρ10Φ‹θdx3

(3.51)

for all θ P C80 pR´q. We deduce from (3.51) that

µppΦ2‹q
2 ´ 2k2Φ2‹ ` k

4Φ‹q ` λpk
2ρ0Φ‹ ´ pρ0Φ1‹q

1q “
1

λω‹
ρ10Φ‹ in D1pR´q. (3.52)

Thanks to (3.51) again, we obtain pΦ2‹q
2 P L2pR´q. Let b ą 0 be fixed and arbitrary,

we have that Φ P H2pp´b, 0qq. Let χ2 P C
8
0 pp´b, 0qq satisfy

ş0

´b
χ2pyqdy “ 1. Using

the distribution theory, we define Σb P D1pp´b, 0qq such that

xΣb, θy “ xpΦ
2
‹q
2, ζθ,by (3.53)

for all θ P C80 pp´b, 0qq, where

ζθ,bpx3q “

ż x3

´b

´

θpyq ´ χ2pyq

ż 0

´b

θpsqds
¯

dy

for all ´b ă x3 ă 0. We obtain

xΣ1b, θy “ ´xΣb, θ
1y “ ´xpΦ2‹q

2, ζθ1,by.

Note that

xpΦ2‹q
2, ζθ1,by “ xpΦ

2
‹q
2, θpx3q ´

ż x3

´b

χ2pyq

ż 0

´b

θ1psqdsdyy “ xpΦ2‹q
2, θy,

this yields xΣ1b, θy “ ´xpΦ2‹q
2, θy. Hence, we have that pΦ2‹q

1 ` Σb ” constant.
In view of pΦ2‹q

2 P L2pp´b, 0qq and (3.53), we know that pΦ2‹q
1 P L2pp´b, 0qqq.

Since Φ‹ P H
2pR´q and pΦ2‹q

1, pΦ2‹q
2 P L2pp´b, 0qq, it tells us that Φ belongs to

H4pp´b, 0qq.

Next, let us take θ P C80 pp´8,´bqq with b ą a. Due to (1.2) and (1.3), one has

µppΦ2‹q
2 ´ 2k2Φ2‹ ` k

4Φ‹q ` λρ`pk
2Φ‹ ´ Φ2‹q “ 0 in D1pp´8,´bqq.
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As Φ is bounded at ´8, we have

Φ‹px3q “ a1e
kx3 ` a2e

pk2`λρ´{µq
1{2x3 .

Since Φ‹ is explicit, we see that Φ‹ P H
4pp´8,´bqq. Consequently, Φ‹ P H

4pR´q
and Φ‹ decays to 0 at infinity.

By exploiting (3.50), we show that Φ‹ satisfies (1.5). Indeed, for all θ P H2pR´q,
we use the integration by parts to obtain from (3.50) that

λ

ż

R´

pk2ρ0Φ‹ ´ pρ0Φ1‹q
1qθdx3 ` λρ0Φ1‹θ

ˇ

ˇ

ˇ

0

´8

` µ

ż

R´

ppΦ2‹ ` k
2Φ‹qpθ

2
‹ ` k

2θ‹q ` 4k2Φ1‹θ
1qdx3

` µ
´

Φ2‹θ
1
ˇ

ˇ

ˇ

0

´8
´ Φ3‹ θ

ˇ

ˇ

ˇ

0

´8
` k2Φ‹θ

1
ˇ

ˇ

ˇ

0

´8
` 3k2Φ1‹θ

ˇ

ˇ

ˇ

0

´8

¯

`
gk2ρ`
λ

Φ‹p0qθp0q

“
1

λω‹

ż

R´

ρ10Φ‹θdx3.

By collecting all terms corresponding to θ1p0q and θ1p0q respectively, we obtain that
Φ2‹p0q ` k

2Φ‹p0q “ 0 and that

λρ`Φ1‹p0q ´ µΦ3‹ p0q ` 3k2Φ1‹p0q `
gk2ρ`
λ

Φ‹p0q “ 0.

This yields that Φ‹ satisfies (1.5).

We have just shown that Φ‹ P H
4pR´q is a solution to

µpΦp4q‹ ´ 2k2Φ2‹ ` k
4Φ‹q ` λpk

2ρ0Φ‹ ´ pρ0Φ1‹q
1q “

1

λω‹
ρ10Φ‹ on R´ (3.54)

satisfying (1.5)-(1.6). Since suppρ10 “ r´a, 0s, we see that Φ‹ is a solution of

µpΦp4q‹ ´ 2k2Φ2‹ ` k
4Φ‹q ` λpk

2ρ0Φ‹ ´ pρ0Φ1‹q
1q “ 0 on p´8,´aq.

Then, Φ‹ on p´8,´aq is of the form (3.6). Mimicking the computations in the
proof of Lemma 3.1, we deduce Φ‹ on p´a, 0q is a solution of

λω‹Ya,k,λpΦ‹|p´a,0qq “ ρ10Φ‹|p´a,0q “M2Φ‹|p´a,0q

with the boundary conditions (3.7)-(1.5). Set

Φ̃ “M´1Ya,k,λpΦ‹|p´a,0qq “
1

λω‹
MΦ‹|p´a,0q P L

2pp´a, 0qq, (3.55)

it yields
λω‹Φ̃ “MY ´1

a,k,λMΦ̃ “ Sa,k,λΦ̃.

That means λω‹ is an eigenvalue of the compact and self-adjoint operator Sa,k,λ
from L2pp´a, 0qq to itself, with Φ̃ P L2pp´a, 0qq (defined as in (3.55)) being an
associated eigenfunction. Hence, we get

λα2pλ, kq ď γ1pλ, kq. (3.56)

Let us recall the function φ1 from Theorem 2.1. One thus has

α2pλ, kq ě

ş

R´
ρ10φ

2
1dx3

λBk,λpφ1, φ1q
. (3.57)

Note that from the proof of Theorem 2.1,

φ1px3q “ A1e
kpx3`aq `A2e

b

k2`
λ1ρ´
µ px3`aq as ´8 ă x3 ă ´a.
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Let us write φ1|p´a,0q as the function φ1 being restricted on p´a, 0q. Hence, the
direct computations show that

Bk,λpφ1, φ1q “ Ba,k,λpφ1|p´a,0q, φ1|p´a,0qq, (3.58)

and we keep in mind the assumption suppρ10 “ r´a, 0s. Then, from (3.57) and
(3.58), we have

α2pλ, kq ě

ş0

´a
ρ10φ

2
1dx3

λBa,k,λpφ1|p´a,0q, φ1|p´a,0qq
.

It then follows

α2pλ1, kq ě

ş0

´a
ρ10φ

2
1dx3

λ1Ba,k,λ1
pφ1|p´a,0q, φ1|p´a,0qq

“
1

gk2
. (3.59)

Combining (3.56) and (3.59) gives us that α2pλ1, kq “
1
gk2 and the extremal problem

(3.41) is attained by φ1 up to a constant. We finish the proof of Proposition 3.8. �

Recall the definition of Λ from (2.29), we prove that Λ is the maximal growth
rate of the linearized equations (2.13) in the following sense:

Proposition 3.9. For all t ě 0, the following inequalities hold

}ζptq}2H1pΩq ` }uptq}
2
H1pΩq ` }Btuptq}

2
L2pΩq `

ż t

0

}upsq}2H1pΩqds

À p}ζp0q}2H1pΩq ` }Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt,

(3.60)

and

}ηptq}2H1{2pΓq ` }Btηptq}
2
H1{2pΓq `

ż t

0

}Btηpsq}
2
H1{2pΓq

À p}ηp0q}2H1{2pΓq ` }Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt.

(3.61)

The proof of Proposition 3.9 relies on the two lemmas below.

Lemma 3.5. There holds

1

2

d

dt

´

ż

Ω

ρ0|Btu|
2 ´

ż

Ω

gρ10|u3|
2 `

ż

Γ

gρ`|u3|
2
¯

`
µ

2

ż

Ω

|SBtu|2 “ 0. (3.62)

Proof. We differentiate (2.13)2 in time, multiply the resulting equation by Btu and
then use (2.13)1 to obtain

ż

Ω

ρ0B
2
t u ¨ Btu`

ż

Ω

∇Btq ¨ Btu´ µ
ż

Ω

∆Btu ¨ Btu´

ż

Ω

gρ10u3Btu3 “ 0.

That is equivalent to

1

2

d

dt

´

ż

Ω

ρ0|Btu|
2 ´

ż

Ω

gρ10|u3|
2
¯

`

ż

Ω

∇Btq ¨ Btu´ µ
ż

Ω

∆Btu ¨ Btu “ 0. (3.63)

We use the integration by parts over Ω to have
ż

Ω

∇Btq ¨ Btu´ µ
ż

Ω

∆Btu ¨ Btu “

ż

Γ

pBtqId´ µSBtuqe3 ¨ Btu´

ż

Ω

BtqdivBtu

`
µ

2

ż

Ω

|SBtu|2
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Thanks to (2.13)3,4,5, we obtain
ż

Ω

∇Btq ¨ Btu´ µ
ż

Ω

∆Btu ¨ Btu “

ż

Γ

gρ`BtηBtu3 `
µ

2

ż

Ω

|SBtu|2

“

ż

Γ

gρ`u3Btu3 `
µ

2

ż

Ω

|SBtu|2.
(3.64)

Substituting (3.64) into (3.63), we conclude (3.62). �

Lemma 3.6. There holds
ż

Ω

gρ10|u3|
2 ď

ż

Γ

gρ`|u3|
2 ` Λ2

ż

Ω

ρ0|u|
2 `

1

2
Λ

ż

Ω

µ|Su|2. (3.65)

Proof. Let k “ pk1, k2q P L
´1
1 Z ˆ L´1

2 Z be fixed and f̂ be the horizontal Fourier
transform of f , i.e.

f̂pk, x3q “

ż

T

fpxh, x3qe
´ik¨xhdxh.

We write

û1pk, xq “ ´iψpk, x3q, û2pk, xq “ ´iϕpk, x3q, û3pk, xq “ φpk, x3q.

Notice that for k “ 0,

φp0, 0q “

ż

Γ

u3 “

ż

Ω

divu “ 0.

Hence, together with Parseval’s theorem, we have
ż

Γ

gρ`|u3|
2 “

1

4π2L1L2

ÿ

kPL´1
1 ZˆL´1

2 Zzt0u

gρ`|φpk, 0q|
2. (3.66)

We may reduce to estimate (3.66) when ψ,ϕ and φ are real-valued and then continue
the estimate to the real and imaginary parts of ψ,ϕ and φ

For each k P L´1
1 Zˆ L´1

2 Zzt0u, we deduce from Proposition 3.8 that
ż

R´

gρ10φ
2pk, x3qdx3 ď gρ`pφpk, 0qq

2 ` λ2
1

ż

R´

ρ0

´

φ2 `
pφ1q2

k2

¯

pk, x3qdx3

` λ1µ

ż

R´

´´φ2

k
` kφ

¯2

` 4pφ1q2
¯

pk, x3qdx3.

It thus follows from the definition of Λ (2.29) that
ż

R´

gρ10φ
2pk, x3qdx3 ď gρ`pφpk, 0qq

2 ` Λ2

ż

R´

ρ0

´

φ2 `
pφ1q2

k2

¯

pk, x3qdx3

` Λµ

ż

R´

´´φ2

k
` kφ

¯2

` 4pφ1q2
¯

pk, x3qdx3

(3.67)

for all k P L´1
1 Zˆ L´1

2 Zzt0u.

Meanwhile, for k ‰ 0, notice that k1ψ ` k2ϕ` φ
1 “ 0. One thus has

pφ1q2 ď pk1ψ ` k2ϕq
2 ` pk1ϕ´ k2ψq

2 “ k2pψ2 ` ϕ2q, (3.68)

and

2pφ1q2 “ 2k2
1ψ

2 ` 2k2
2ϕ

2 ` 4k1k2ψϕ ď 2k2
1ψ

2 ` 2k2
2ϕ

2 ` pk1ϕ` k2ψq
2. (3.69)

Furthermore, we obtain that

pφ2q2 ď pk1ψ
1 ` k2ϕ

1q2 ` pk1ϕ
1 ´ k2ψ

1q2 “ k2ppψ1q2 ` pϕ1q2q.



RAYLEIGH-TAYLOR INSTABILITY 27

This yields
´1

k
φ2 ` kφ

¯2

“
1

k2
pφ2q2 ` 2φφ2 ` k2φ2 ď pψ1q2 ` pϕ1q2 ´ 2φpk1ψ

1 ` k2ϕ
1q ` k2φ2,

so that
´1

k
φ2 ` kφ

¯2

ď pk1φ´ ψ
1q2 ` pk2φ´ ϕ

1q2. (3.70)

Then, in view of Fubini’s and Parseval’s theorem again, we find that due to (3.68),
ż

Ω

ρ0|u|
2 “

1

4π2L1L2

ÿ

kPL´1
1 ZˆL´1

2 Z

ż

R´

ρ0pψ
2 ` ϕ2 ` φ2qpk, x3qdx3

ě
1

4π2L1L2

ÿ

kPL´1
1 ZˆL´1

2 Zzt0u

ż

R´

ρ0

´

φ2 `
pφ1q2

k2

¯

pk, x3qdx3

(3.71)

and that due to (3.69) and (3.70),
1

2

ż

Ω

µ|Su|2

“
µ

4π2L1L2

ÿ

kPL´1
1 ZˆL´1

2 Z

ż

R´

˜

2pφ1q2 ` 2k2
1ψ

2 ` 2k2
2ϕ

2 ` pk1ϕ` k2ψq
2

` pk1φ´ ψ
1q2 ` pk2φ´ ϕ

1q2

¸

dx3

ě
µ

4π2L1L2

ÿ

kPL´1
1 ZˆL´1

2 Zzt0u

ż

R´

´´φ2

k
` kφ

¯2

` 4pφ1q2
¯

dx3.

(3.72)

Combining (3.66), (3.67), (3.71) and (3.72), the inequality (3.65) follows, we end
the proof here. �

We are in position to prove Proposition 3.9.

Proof of Proposition 3.9. Owing to (3.62) and (3.65), we have that
ż

Ω

ρ0|Btuptq|
2 `

ż t

0

ż

Ω

µ|SBtupsq|2ds “ y1 `

ż

Ω

gρ10|u3ptq|
2 ´

ż

Γ

gρ`|u3ptq|
2

ď y1 ` Λ2

ż

Ω

ρ0|uptq|
2 `

1

2
Λ

ż

Ω

µ|Suptq|2,

(3.73)

where
y1 “

ż

Ω

ρ0|Btup0q|
2 ´

ż

Ω

gρ10|u3p0q|
2 `

ż

Γ

gρ`|u3p0q|
2.

Using Cauchy-Schwarz’s inequality, we have that
ż

Ω

µ|Suptq|2 “
ż

Ω

µ|Sup0q|2 ` 2

ż t

0

ż

Ω

µSupsq : SBtupsqds

ď

ż

Ω

µ|Sup0q|2 `
1

Λ

ż t

0

ż

Ω

µ|SBtupsq|2ds` Λ

ż t

0

ż

Ω

µ|Supsq|2ds
(3.74)

and that
d

dt

ż

Ω

ρ0|u|
2 ď

1

Λ

ż

Ω

ρ0|Btu|
2 ` Λ

ż

Ω

ρ0|u|
2. (3.75)

The three inequalities (3.73), (3.74) and (3.75) imply that

d

dt

ż

Ω

ρ0|uptq|
2 `

1

2

ż

Ω

µ|Suptq|2 ď y2 ` 2Λ

ż

Ω

ρ0|uptq|
2 ` Λ

ż t

0

ż

Ω

µ|Supsq|2ds.

(3.76)
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where

y2 “
y1

Λ
`

ż

Ω

µ|Sup0q|2.

In view of Gronwall’s inequality, we obtain from (3.76) that
ż

Ω

ρ0|uptq|
2 `

1

2

ż t

0

ż

Ω

µ|Supsq|2ds ď e2Λt

ż

Ω

ρ0|up0q|
2 `

y2

2Λ
pe2Λt ´ 1q. (3.77)

Hence,

1

Λ

ż

Ω

ρ0|Btuptq|
2 `

1

2

ż

Ω

µ|Suptq|2 ď y2 ` Λ

ż

Ω

ρ0|uptq|
2 ` Λ

ż t

0

ż

Ω

µ|Supsq|2ds

ď

´

y2 ` 2Λ

ż

Ω

ρ0|up0q|
2
¯

e2Λt

(3.78)

Using the trace theorem, we have

y1 ` y2 À }up0q}
2
H1pΩq ` }Btup0q}

2
L2pΩq. (3.79)

Because of (3.77), (3.78) and (3.79), we observe

}uptq}2L2pΩq ` }Suptq}
2
L2pΩq ` }Btuptq}

2
L2pΩq `

ż t

0

}Supsq}2L2pΩqds

À p}Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt.

(3.80)

In view of Korn’s inequality (see (C.5)), that implies

}uptq}2L2pΩq ` }∇uptq}
2
L2pΩq ` }Btuptq}

2
L2pΩq `

ż t

0

}∇upsq}2L2pΩqds

À p}Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt.

(3.81)

Using (2.13)1 and (3.81) also, we get

}ζptq}2H1pΩq À }ζp0q}
2
H1pΩq `

ż t

0

}upsq}2H1pΩqds

À p}ζp0q}2H1pΩq ` }Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt.

(3.82)

The inequality (3.60) follows from (3.81) and (3.82).

To prove (3.61), we use the trace theorem to obtain that

}Btηptq}
2
H1{2pΓq `

ż t

0

}Btηpsq}
2
H1{2pΓqds “ }u3ptq}

2
H1{2pΓq `

ż t

0

}u3psq}
2
H1{2pΓqds

ď }u3ptq}
2
H1pΩq `

ż t

0

}u3psq}
2
H1pΩqds.

Together with (3.77), (3.79) and (3.81), we deduce that

}Btηptq}
2
H1{2pΓq `

ż t

0

}Btηpsq}
2
H1{2pΓqds À p}Btup0q}

2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt. (3.83)

The resulting inequality tells us that

}ηptq}2H1{2pΓq ď }ηp0q}
2
H1{2pΓq `

ż t

0

}Btηpsq}
2
H1{2pΓqds

À p}ηp0q}2H1{2pΓq ` }Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt.

(3.84)

The inequality (3.61) follows from (3.83) and (3.84). Proposition 3.9 is proven. �
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4. A priori energy estimates

Let us recall the perturbation terms U “ pζ, u, q, ηq from (2.10). We define the
full energy functional Ef pUptqq ą 0 such that

E2
f pUptqq :“ }ηptq}2H9{2pΓq `

2
ÿ

l“0

}Bltη}
2
H4´2lpΓq `

2
ÿ

l“0

}Bltpζ, uqptq}
2
H4´2lpΩq

` }qptq}2H3pΩq ` }Btqptq}
2
H1pΩq

(4.1)

and its corresponding dissipation Df ppu, qqptqq ą 0,

D2
f ppu, qqptqq :“

2
ÿ

l“0

}Bltuptq}
2
H5´2lpΩq ` }Btq}

2
H2pΩq ` }q}

2
H4pΩq. (4.2)

For notational convenience, we only write Ef ptq and Df ptq in this section.

The local existence of regular solution to (2.11) then follows from [8, Theorem
6.3], that we restate below.

Let us recall the definition of K from (2.7) and of A from (2.8) and define
M “ KA, R “ BtMM´1 and Dtu “ Btu ´ Ru. We also define an orthogonal
projection onto the tangent space of the surface tx3 “ η0px1, x2qu according to

Π0v “ v ´
v ¨N0

|N0|
2
N0 for N0 “ p´B1η0, B2η0, 1q

T . (4.3)

Let us write

G2,0 “ gρ`ηN on Γ,

G2,1 “ DtG
2,0 ` µSApRuqN ` pµSAu´ qIdqBtN ` µSBtAuN on Γ.

Proposition 4.1. Suppose that there is a sufficiently small constant ν1 P p0, 1q
such that pζ0, u0, q0, η0q satisfying

}ζ0}
2
H4pΩq ` }u0}

2
H4pΩq ` }q0}

2
H3pΩq ` }η0}

2
H9{2pΓq ď ν1.

Suppose also that the following compatibility conditions hold for j “ 0 and 1,
#

divA0D
j
tu0 “ 0 in Ω,

Π0pG
2,jp0q ` µSA0

Dj
tu0N0q “ 0 on Γ.

(4.4)

Then, there exist ν2 ą 0 and Tmax ą 0 such that if Ef p0q ď ν2, Eq. (2.11) with the
initial data pζ0, u0, q0, η0q satisfying the compatibility conditions (4.4) has a unique
solution pζ, u, q, ηq on the time interval r0, Tmaxq. Moreover, we have

Ef ptq À p1` TmaxqEf p0q,

and η is such that the mapping Θp¨, tq defined by (2.6) is a C2-diffeomorphism for
each t P r0, Tmaxq.

With that regular solution pζ, u, q, ηq of (2.11) on a finite time interval r0, Tmaxq,
we aim at showing the a priori energy estimates for the nonlinear equations (2.11).

Proposition 4.2. Let Cemb be the optimal constant of the Sobolev embedding

H2pΩq ãÑ L8pΩq.

Let δ0 be sufficiently small such that

0 ă δ0 ď
ρ´

2Cemb maxp1,maxR´ ρ
1
0px3qq

, (4.5)
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and (4.173) holds later. Hence, there are ε ą 0 sufficiently small and another
C0 ą 0 such that for all δ P p0, δ0q if sup0ďsďt Ef psq ď δ, we have

E2
f ptq `

ż t

0

D2
f psqds

ď C0

´

ε´5E2
f p0q ` ε

ż t

0

E2
f psqds` ε

´5

ż t

0

Ef pE2
f `D2

f qpsqds` ε
´5E3

f ptq
¯

` C0ε
´59

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds.

(4.6)

Strategy of the proof. Respectively, we derive the a priori energy estimates for
the space-time derivatives of η in Propositions 4.3, 4.4, for the temporal derivatives
of u in Proposition 4.5, for the horizontal space-time derivatives of u in Proposition
4.6 and for the space-time derivatives of ζ in Proposition 4.7. Then, we derive some
estimates thanks to the elliptic regularity theory (see Propositions 4.9, 4.10). In
view of these above estimates, we obtain (4.6) and complete the proof of Proposition
4.2.

In what follows, the constants Ci pi ě 1q are to indicate some constants, which
are referred later.

4.1. Energy estimates of the perturbation transport. We first derive the a
priori energy estimates for η.

Proposition 4.3. The following inequalities hold

}ηptq}2H4pΓq ď C1

´

E2
f p0q `

ż t

0

pε}ηpsq}2H4pΓq ` ε
´1}∇upsq}2H4pΩqqds

¯

` C1

ż t

0

E3
f psqds,

(4.7)

}Btηptq}
2
H2pΓq ď C2

´

E2
f p0q `

ż t

0

pε}Btηpsq}
2
H2pΓq ` ε

´1}∇Btupsq}2H2pΩqqds
¯

` C2

ż t

0

E3
f psqds,

(4.8)

and

}B2
t ηptq}

2
L2pΓq ď C3

´

E2
f p0q `

ż t

0

pε}B2
t ηpsq}

2
L2pΓq ` ε

´1}∇B2
t upsq}

2
L2pΩqqds

¯

` C3

ż t

0

E3
f psqds.

(4.9)

Proof. Let us prove (4.7). For any α P N2, |α| ď 4, we have by (2.11)4,

BtB
αη “ Bαu3 ´ pu1B

αB1η ` u2B
αB2ηq ´

ÿ

0‰βďα

pBβu1B
α´βB1η ` B

βu2B
α´βB2ηq

loooooooooooooooooooooooomoooooooooooooooooooooooon

“:Rα1

.

Using the integration by parts, we obtain

1

2

d

dt
}Bαη}2L2pΓq “

1

2

ż

Γ

pB1u1 ` B2u2q|B
αη|2 `

ż

Γ

pBαu3 ´R
α
1 qB

αη.
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So that, we have
1

2

d

dt
}Bαη}2L2pΓq À p}B1u1}L8pΓq ` }B2u2}L8pΓqq}B

αη}2L2pΓq

` p}Bαu3}L2pΓq ` }R
α
1 }L2pΓqq}B

αη}L2pΓq.
(4.10)

We make use of the trace theorem to obtain that

}Bjuj}L8pΓq À }u}H3pΓq À }u}H4pΩq, (4.11)

that
}Bαu3}L2pΓq À }B

αu}H1pΩq (4.12)
and that

}Rα1 }L2pΓq À
ÿ

0‰βďα

}Bβu}L2pΓq}B
α´βη}H1pΓq À }B

αu}H1pΩq}η}H|α|pΓq. (4.13)

By summing over α P N2, |α| ď 4, it follows from (4.10), (4.11), (4.12) and (4.13)
that

d

dt
}η}2H4pΓq À }∇u}H4pΩq}η}H4pΓq ` }u}H4pΩq}η}

2
H4pΓq

À }∇u}H4pΩq}η}H4pΓq ` E3
f .

Using Cauchy-Schwarz’s inequality and then integrating the resulting inequality
from 0 to t, we obtain (4.7).

We show (4.8). Let α P N2, |α| ď 2, we get

B2
t B
αη “ BαBtu3 ´ pu1B

αB1Btη ` u2B
αB2Btηq

´
ÿ

0‰βďα

pBβu1B
α´βB1Btη ` B

βu2B
α´βB2Btηq

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:Rα2

´
ÿ

0ďβďα

pBβBtu1B
α´βB1η ` B

βBtu2B
α´βB2ηq

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:Rα3

.

Via the integration by parts, this yields
1

2

d

dt
}BαBtη}

2
L2pΓq “

1

2

ż

Γ

pB1u1 ` B2u2q|B
αBtη|

2 `

ż

Γ

pBαBtu3 ´R
α
2 ´R

α
3 qB

αBtη.

Using the trace theorem again, we have
ż

Γ

pBtB1u1 ` BtB2u2qB
αηBαBtη À }Btu}H1pΓq}B

αη}H2pΓq}BtB
αη}H2pΓq

À }Btu}H2pΩq}η}H2pΓq}Btη}H2pΓq,

(4.14)

and
}BαBtu3}L2pΓq À }Btu}H|α|`1pΩq (4.15)

We follow (4.13) to get that

}Rα2 }L2pΓq À
ÿ

0‰βďα

}Bβu}L2pΓq}B
α´βBtη}H1pΓq À }u}H3pΩq}Btη}H2pΓq (4.16)

and that

}Rα3 }L2pΓq À
ÿ

0ďβďα

}BβBtu}L2pΓq}B
α´βη}H1pΓq À }∇Btu}H2pΩq}η}H3pΓq. (4.17)

Combining (4.15), (4.16) and (4.17), we deduce that
d

dt
}Btη}

2
H2pΓq À }∇Btu}H2pΩq}Btη}H2pΓq ` E3

f .
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Using Cauchy-Schwarz’s inequality and then integrating from 0 to t, we obtain
(4.8).

We have (4.9) by following the same strategy as for proving (4.8). The proof of
Proposition 4.3 is complete. �

Proposition 4.4. There holds

}ηptq}2H9{2pΓq ď C4

´

E2
f p0q `

ż t

0

pε}ηpsq}2H9{2pΓq ` ε
´1}upsq}2H5pΩqqds

¯

` C4

ż t

0

E3
f psqds.

(4.18)

Proof. To prove (4.18), we borrow the idea from [29, Lemma 3.9]. Let J “
a

1´ B2
1 ´ B

2
2 . We apply J 9{2 to (2.11)4 and then multiply the resulting equa-

tion by J 9{2η. Hence, we find that
d

dt
}η}2H9{2pΓq “ ´

1

2

ż

Γ

pu1B1|J 9{2η|2 ` u2B2|J 9{2η|2q

`

ż

Γ

pJ 9{2u3 ´ rJ 9{2, u1sB1η ´ rJ 9{2, u2sB2ηqJ 9{2η

“
1

2

ż

Γ

pB1u1 ` B2u2q|J 9{2η|2

`

ż

Γ

pJ 9{2u3 ´ rJ 9{2, u1sB1η ´ rJ 9{2, u2sB2ηqJ 9{2η.

Thanks to (C.6), we have the following estimates,
ż

Γ

Bjuj |J 9{2η|2 À }Bjuj}L8pΓq}J 9{2η}2L2pΓq À }u}H3pΓq}η}
2
H9{2pΓq, (4.19)

ż

Γ

J 9{2u3J 9{2η À }J 9{2u3}L2pΓq}J 9{2η}L2pΓq À }J 4u}H1pΩq}η}H9{2pΓq, (4.20)

and
ż

Γ

rJ 9{2, ujsBjηJ 9{2η À }Bjuj}L8pΓq}J 7{2η}L2pΓq}J 9{2η}L2pΓq

` }J 9{2u}L2pΓq}Bjη}L8pΓq}J 9{2η}L2pΓq

À }u}H3pΓq}η}
2
H9{2pΓq ` }J

4u}H1pΩq}η}H3pΓq}η}H9{2pΓq.

(4.21)

In view of (4.19), (4.20) and (4.21), we get
d

dt
}η}2H9{2pΓq À }u}H3pΓq}η}

2
H9{2pΓq ` }J

4u}H1pΩqp1` }η}H3pΓqq}η}H9{2pΓq

À }u}H5pΩq}η}H9{2pΓq ` E3
f .

Using Cauchy-Schwarz’s inequality and then integrating from 0 to t, we obtain
(4.18). �

We provide some additional estimates on η, which will be used later.

Lemma 4.1. We have
}Btη}H7{2pΓq À Ef ` E2

f , (4.22)

}B2
t η}H3{2pΓq À Ef ` E2

f , (4.23)
and

}B3
t η}H1{2pΓq À }B

2
t u}H1pΩqp1` Ef q ` E2

f . (4.24)
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Proof. By (2.11)4, we have that

}Btη}H7{2pΓq À }u3}H7{2pΓq ` }Q4}H7{2pΓq À }u3}H4pΩq ` }Q4}H7{2pΓq. (4.25)

We use (C.1) and the trace theorem to estimate }Q4}H7{2pΓq (see Q4 in (2.12)) as

}Q4}H7{2pΓq À }u}H7{2pΓq}pB1η, B2ηq}H7{2pΓq À }u}H4pΩq}η}H9{2pΓq,

Substituting the resulting inequality into (4.25), we have (4.22).

Using (C.1) again, we have

}BtQ4}H3{2pΓq À }BtBhη}H3{2pΓq}u}H7{2pΓq ` }Btu}H3{2pΓq}Bhη}H7{2pΓq

À }Btη}H5{2pΓq}u}H4pΩq ` }η}H9{2pΓq}Btu}H2pΩq.

Together with (4.22), that implies

}B2
t η}H3{2pΓq À }Btu3}H2pΩq ` }BtQ4}H3{2pΓq À Ef ` E2

f .

One thus has (4.23).

We continue using (2.11)4 to have that

}B3
t η}H1{2pΓq À }B

2
t u3}H1{2pΓq`}B

2
tQ4}H1{2pΓq À }B

2
t u3}H1pΩq`}B

2
tQ4}H1{2pΓq. (4.26)

As a consequence of the product estimate (C.1) and Sobolev embedding, we obtain

}B2
tQ4}H1{2pΓq À }B

2
t u}H1{2pΓq}pB1η, B2ηq}H5{2pΓq ` }Btu}H1{2pΓq}BtpB1η, B2ηq}H5{2pΓq

` }u}H5{2pΓq}B
2
t pB1η, B2ηq}H1{2pΓq

À }B2
t u}H1pΩq}η}H7{2pΓq ` }Btu}H1pΩq}Btη}H7{2pΓq

` }u}H3pΩq}B
2
t η}H3{2pΓq.

We continue using (4.22) and (4.23) to observe

}B2
tQ4}H1{2pΓq À }B

2
t u}H1pΩqEf ` E2

f . (4.27)

The inequality (4.24) follows from (4.26) and (4.27). Lemma 4.1 is proven. �

4.2. Temporal estimates for the perturbation velocity. If we use the nonlin-
ear equations in the perturbed form (2.11), there will be no control of the highest
temporal derivative of q appearing in the nonlinear term Q2. Instead, we switch
our original nonlinear equations (2.9) to a new formulation using a geometric trans-
formation of the domain. The equations are

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btζ ` divApρ0uq “ F 1 in Ω,

pρ0 ` ρ
1
0θ ` ζqBtu`∇Aq ´ µdivASAu` gζe3 “ F 2 in Ω,

divAu “ 0 in Ω,

Btη “ u ¨N on Γ,

pqId´ µSAuqN “ gρ`ηN , on Γ.

(4.28)

Here,

F 1 “ KBtθpρ
2
0θ ` B3ζq ´ divAppρ10θ ` ζquq,

F 2 “ ´pρ0 ` ρ
1
0θ ` ζqp´KBtθB3u` u ¨∇Auq ´ gρ

1
0pAKθ,BKθ, p1´Kqθq

T .

(4.29)
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Applying the temporal differential operator Blt pl ě 1q to (4.28), the resulting
equations are
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

BtpB
l
tζq ` divApρ0B

l
tuq “ F 1,l in Ω,

pρ0 ` ρ
1
0θ ` ζqBtpB

l
tuq `∇AB

l
tq ´ µdivASABltu` gBltζe3 “ F 2,l in Ω,

divABltu “ F 3,l in Ω,

BtpB
l
tηq “ B

l
tu ¨N ` F 4,l on Γ,

pBltqId´ µSABltuqN “ gρ`B
l
tηN ` F 5,l on Γ.

(4.30)

The terms F j,l with l ě 1 and 1 ď j ď 5 are given in Appendix B (see (B.7), (B.8),
(B.9) and (B.10)). We use the convention that F 1,0 “ F 1, F 2,0 “ F 2 and F j,0 “ 0
for 3 ď j ď 5. We now derive the following proposition.

Proposition 4.5. For l “ 0 and 1, we have

}Bltuptq}
2
L2pΩq ` }B

l
tηptq}

2
L2pΓq `

ż t

0

}∇Bltupsq}2L2pΩqds

ď C5

´

E2
f p0q `

ż t

0

}pu, ζqpsq}2L2pΩqds`

ż t

0

E3
f psqds

¯

.

(4.31)

We also have

}B2
t uptq}

2
L2pΩq ` }B

2
t ηptq}

2
L2pΓq `

ż t

0

}∇B2
t upsq}

2
L2pΩqds

ď C6

´

E2
f p0q `

ż t

0

}pu, ζqpsq}2L2pΩqds`

ż t

0

Ef pE2
f `D2

f qpsqds` E3
f ptq

¯

.

(4.32)

The proof of Proposition 4.5 relies on Lemmas 4.2, 4.3 and 4.4 below.

Lemma 4.2. Let J be defined as in (2.7). For any scalar function ϑ P R and any
vector function % P R3, there holds

ż

Ω

p∇Aϑq ¨ J% “

ż

Γ

ϑpN ¨ %q ´

ż

Ω

JϑdivA%. (4.33)

Proof. We have from the integration by parts that
ż

Ω

p∇Aϑq ¨ J% “

ż

Ω

JAijBjϑ%i “

ż

Γ

ϑpJAi3%iq ´

ż

Ω

ϑBjpJAij%iq (4.34)

Note that JAi3%i “ N ¨ %, hence
ż

Γ

ϑpJAi3%iq “

ż

Γ

ϑpN ¨ %q (4.35)

Note also that
BjpJAijq “ 0 for all 1 ď i ď 3,

this implies
ż

Ω

ϑBjpJAij%iq “

ż

Ω

ϑJAijBj%i “

ż

Ω

JϑdivA%. (4.36)

Substituting (4.35), (4.36) into (4.34), we obtain (4.33), i.e. Lemma 4.2. �

Lemma 4.3. There holds for all l ě 0,
1

2

d

dt

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |B

l
tu|

2 `

ż

Γ

gρ`|B
l
tη|

2
¯

`
1

2
µ

ż

Ω

J |SABltu|2

“
1

2

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|B

l
tu|

2 `

ż

Ω

JpF 2,l ¨ Bltu´ gB
l
tζB

l
tu3 ` F

3,lBltqq

´

ż

Γ

pgρ`B
l
tηF

4,l ` F 5,l ¨ Bltuq.

(4.37)
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If l ě 1, one has

1

2

d

dt

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |B

l
tu|

2 `

ż

Γ

gρ`|B
l
tη|

2 ´

ż

Ω

gρ10|B
l´1
t u3|

2
¯

`
1

2
µ

ż

Ω

J |SABltu|2

“
1

2

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|B

l
tu|

2 `

ż

Ω

JpF 2,l ¨ Bltu` F
3,lBltqq

´

ż

Γ

pgρ`B
l
tηF

4,l ` F 5,l ¨ Bltuq `

ż

Ω

gρ0JF
3,l´1Bltu3

´

ż

Ω

gρ10pAB
l´1
t B3u1 `BB

l´1
t B3u2qB

l
tu3 ´

ż

Ω

gJF 1,l´1Bltu3.

(4.38)

Proof. We multiply by JBltu on both sides of (4.30)2 to have that

1

2

d

dt

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |B

l
tu|

2
¯

“
1

2

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|B

l
tu|

2 ´

ż

Ω

∇AB
l
tq ¨ JB

l
tu`

ż

Ω

µpdivASABltuq ¨ JBltu

´

ż

Ω

gJBltζB
l
tu3 `

ż

Ω

JF 2,l ¨ Bltu.

(4.39)

Thanks to Lemma 4.2, one deduces

´

ż

Ω

∇AB
l
tq ¨ JB

l
tu`

ż

Ω

µpdivASABltuq ¨ JBltu

“

ż

Γ

pµSABltu´ BltqIdqN ¨ Bltu`

ż

Ω

JpdivABltuqB
l
tq ´

1

2

ż

Ω

µJ |SABltu|2
(4.40)

Substituting (4.40) into (4.39), we have

1

2

d

dt

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |B

l
tu|

2
¯

`
1

2

ż

Ω

µJ |SABltu|2

“
1

2

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|B

l
tu|

2 `

ż

Ω

JpdivABltuqB
l
tq

`

ż

Γ

pµSABltu´ BltqIdqN ¨ Bltu´

ż

Ω

gJBltζB
l
tu3 `

ż

Ω

JF 2,l ¨ Bltu.

(4.41)

Using (4.30)3,4,5, we obtain (4.37) from (4.41).

To prove (4.38), we use (4.30)1 at order l ´ 1 to get that

´

ż

Ω

gJBltζB
l
tu3 “

ż

Ω

gJdivApρ0B
l´1
t uqBltu3 ´

ż

Ω

gJF 1,l´1Bltu3

“

ż

Ω

gρ10B
l´1
t u3B

l
tu3 `

ż

Ω

gρ0JF
3,l´1Bltu3

´

ż

Ω

gρ10pAB
l´1
t B3u1 `BB

l´1
t B3u2qB

l
tu3 ´

ż

Ω

gJF 1,l´1Bltu3.

(4.42)

Combining (4.42) and (4.37), we obtain (4.38). Lemma 4.3 is proven. �

Lemma 4.4. The following inequalities hold
1
ÿ

l“0

´

}pF 1,l, F 2,l, F 3,lq}L2pΩq ` }pF
4,l, F 5,lq}L2pΓq

¯

À E2
f , (4.43)
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}pF 1,2, F 2,2q}L2pΩq ` }pF
4,2, F 5,2q}L2pΓq À Ef pEf ` }∇Btu}H2pΩq ` }∇B2

t u}L2pΩqq,
(4.44)

and

}pF 3,2, JF 3,2q}L2pΩq À E2
f , }BtpJF

3,2q}L2pΩq À Ef pEf`}∇Btu}H2pΩq`}∇B2
t u}L2pΩqq.

(4.45)

Proof. For Σ “ Ω or Γ, all quadratic terms }X1X2}L2pΣq or cubic ones }X1X2X3}L2pΣq

appearing in F j,l with 1 ď j ď 5 will be bounded by using Sobolev embedding,
Lemma A.1 and other inequalities in Appendix C. Precisely, we have

}X1X2}L2pΣq À }X1}L8pΣq}X2}L2pΣq À }X1}H2pΣq}X2}L2pΣq

and
}X1X2X3}L2pΣq À }X1}L8pΣq}X2}L8pΣq}X3}L2pΣq

À }X1}H2pΣq}X2}H2pΣq}X3}L2pΣq.

We only show the estimates of the term F 2,lp0 ď l ď 2q (see (4.29) and (B.8)), the
estimates of others terms are proven in the same way.

For F 2 (see (4.29)), we have

pρ0 ` ρ
1
0θ ` ζqKBtθB3u “ pρ0 ` ρ

1
0θ ` ζqpK ´ 1qBtθB3u` pρ0 ` ρ

1
0θ ` ζqBtθB3u.

Thanks to Lemma A.1 and (C.10), we obtain

}pρ0 ` ρ
1
0θ ` ζqKBtθB3u}L2pΩq

À p1` }pθ, ζq}H2pΩqqp1` }K ´ 1}H2pΩqq}Btθ}H2pΩq}u}H1pΩq

À p1` }ζ}H2pΩq ` }η}H3{2pΓqqp1` }η}H5{2pΓqq}Btη}H3{2pΓq}u}H1pΩq

À E2
f .

(4.46)

Note that
u ¨∇Au “ u ¨∇A´Idu` u ¨∇u,

we use Lemma A.1 and (C.12) to get that

}pρ0 ` ρ
1
0θ ` ζqu ¨∇Au}L2pΩq

À }pρ0 ` ρ
1
0θ ` ζqu ¨∇A´Idu}L2pΩq ` }pρ0 ` ρ

1
0θ ` ζqu ¨∇u}L2pΩq

À p1` }ζ}H2pΩq ` }η}H3{2pΓqqp1` }A´ Id}H2pΩqq}u}H2pΩq}u}H1pΩq

À p1` }ζ}H2pΩq ` }η}H3{2pΓqqp1` }η}H5{2pΓqq}u}H2pΩq}u}H1pΩq

À E2
f .

(4.47)

Due to Lemma A.1 again and (C.10), (C.11), we have

}pAKθ,BKθ, p1´Kqθq}L2pΩq À }pAK,BK,K ´ 1q}H2pΩq}θ}L2pΩq

À }η}H5{2pΓq}η}L2pΓq

À E2
f .

(4.48)

It follows from (4.46), (4.47) and (4.48) that }F 2}L2pΩq À E2
f .

For F 2,1 (see (B.8)), we obtain

}F 2,1}L2pΩq À }BtF
2}L2pΩq ` p1` }A´ Id}H2pΩqq}BtA}H1pΩq}∇u}H2pΩq

` p1` }A´ Id}H3pΩqq}∇2u}H2pΩq}BtA}H1pΩq ` }ζ}H3pΩq}BtA}L2pΩq

` p}Btζ}H2pΩq ` }Btθ}H2pΩqq}Btu}L2pΩq.

(4.49)
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According to Lemma A.1 and (C.12), it follows from (4.49) that

}F 2,1}L2pΩq À }BtF
2}L2pΩq ` p1` }η}H7{2pΓqq}Btη}H3{2pΓq}u}H4pΩq

` }ζ}H3pΩq}Btη}H1{2pΓq ` p}Btζ}H2pΩq ` }Btη}H3{2pΓqq}Btu}L2pΩq

À }BtF
2}L2pΩq ` E2

f .

(4.50)

We calculate each term of BtF 2,

Btppρ0 ` ρ
1
0θ ` ζqKBtθB3uq “ pρ0 ` ρ

1
0θ ` ζqpBtKBtθB3u`KB

2
t θB3u`KBtθBtB3uq

` pρ10Btθ ` BtζqKBtθB3u,

which will be bounded as follows
}Btppρ0 ` ρ

1
0θ ` ζqKBtθB3uq}L2pΩq

À p1` }pθ, ζq}H2pΩqq}BtK}L2pΩq}Btθ}H2pΩq}u}H1pΩq

` p1` }pθ, ζq}H2pΩqqp}K ´ 1}H2pΩq ` 1q

ˆ p}B3u}H2pΩq}B
2
t θ}L2pΩq ` }Btθ}H2pΩq}pu, Btuq}H1pΩqq

` }pBtθ, Btζq}H2pΩqp}K ´ 1}H2pΩq ` 1q}Btθ}H2pΩq}u}H1pΩq.

Using Lemma A.1 and (C.10), we deduce that

}Btppρ0 ` ρ
1
0θ ` ζqKBtθB3uq}L2pΩq

À p1` }ζ}H2pΩq ` }η}H3{2pΓqq}η}H1{2pΓq}Btη}H3{2pΓq}u}H1pΩq

` p1` }ζ}H2pΩq ` }η}H3{2pΓqqp1` }η}H5{2pΓqq

ˆ p}u}H3pΩq}B
2
t η}L2pΓq ` }Btη}H3{2pΓq}pu, Btuq}H1pΩqq

` p}Btζ}H2pΩq ` }Btη}H3{2pΓqqp1` }η}H5{2pΓqq}u}H1pΩq}Btη}H3{2pΓq

À E2
f .

(4.51)

Next, we compute

Btppρ0 ` ρ
1
0θ ` ζqu ¨∇Auq

“ pρ0 ` ρ
1
0θ ` ζqpBtuiAijBjuk ` uiBtAijBjuk ` uiAijBtBjukq

` pρ10Btθ ` BtζquiAijBjuk.

Hence, it follows from Lemma A.1 and (C.12) that

}Btppρ0 ` ρ
1
0θ ` ζqu ¨∇Auq}L2pΩq

À p1` }pθ, ζq}H2pΩqqp}A´ Id}H2pΩq ` 1q}u}H3pΩq}Btu}H1pΩq

` p1` }pθ, ζq}H2pΩqq}u}
2
H3pΩq}BtA}L2pΩq

` }pBtθ, Btζq}H2pΩqp}A´ Id}H2pΩq ` 1q}u}H2pΩq}u}H1pΩq

À p1` }ζ}H2pΩq ` }η}H3{2pΓqqp}η}H5{2pΓq ` 1q}u}H3pΩq}Btu}H1pΩq

` p1` }ζ}H2pΩq ` }η}H3{2pΓqq}u}
2
H3pΩq}Btη}H1{2pΓq

` p}Btζ}H2pΩq ` }Btη}H3{2pΓqqp}η}H5{2pΓq ` 1q}u}H2pΩq}u}H1pΩq

À E2
f .

(4.52)

Using again Lemma A.1 and (C.10), (C.11), one has

}BtpAKθ,BKθ, p1´Kqθq}L2pΩq

À }pAK,BK,K ´ 1q}H2pΩq}Btθ}L2pΩq ` }BtpAK,BK,K ´ 1q}L2pΩq}θ}H2pΩq

À }η}H5{2pΓq}Btη}L2pΓq ` }Btη}H1{2pΓq}η}H3{2pΓq

À E2
f .

(4.53)
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We deduce }BtF 2}L2pΩq À E2
f from (4.50), (4.51), (4.52) and (4.53). So that,

}F 2,1}L2pΩq À E2
f .

For F 2,2 (see again (4.29)), we use the product estimate (C.1) and Sobolev
embedding to obtain that

}F 2,2}L2pΩq À }B
2
tF

2}L2pΩq ` }A}H2pΩqp}BtA}H2pΩq}∇Btu}H2pΩq ` }B
2
tA}H1pΩq}∇u}H3pΩqq

` }BtA}H2pΩqp}BtA}H2pΩq}∇u}H2pΩq ` }A}H3pΩq}∇Btu}H1pΩqq

` }B2
tA}L2pΩq}A}H3pΩq}∇u}H3pΩq ` }BtA}H2pΩq}Btζ}H1pΩq

` }B2
tA}L2pΩq}∇ζ}H2pΩq ` }pBtζ, Btθq}H2pΩq}B

2
t u}L2pΩq

` }pB2
t ζ, B

2
t θq}L2pΩq}Btu}H2pΩq.

We make use of Lemma A.1 and (C.12) to further get that

}F 2,2}L2pΩq À }B
2
tF

2}L2pΩq ` }η}H3{2pΓq}Btη}H3{2pΓq}∇Btu}H2pΩq

` }η}H3{2pΓq}B
2
t η}H1{2pΓq}u}H4pΩq ` }Btη}

2
H3{2pΓq}u}H3pΩq

` }Btη}H3{2pΓq}η}H7{2pΓq}Btu}H2pΩq ` }B
2
t η}L2pΓq}η}H7{2pΓq}u}H4pΩq

` }Btη}H3{2pΓq}Btζ}H1pΩq ` }B
2
t η}L2pΓq}ζ}H3pΩq

` p}Btζ}H2pΩq ` }Btη}H3{2pΓqq}B
2
t u}L2pΩq

` p}B2
t ζ}L2pΩq ` }B

2
t η}L2pΓqq}Btu}H2pΩq

À }B2
tF

2}L2pΩq ` Ef pEf ` }B2
t η}H1{2pΓq ` }∇Btu}H2pΩqq.

Together with (4.23), we deduce from the resulting inequality that

}F 2,2}L2pΩq À }B
2
tF

2}L2pΩq ` Ef pEf ` }∇Btu}H2pΩqq.

Hence, in order to show that

}F 2,2}L2pΩq À Ef pEf ` }∇Btu}H2pΩq ` }∇B2
t u}L2pΩqq,

we will prove that

}B2
tF

2}L2pΩq À Ef pEf ` }∇B2
t u}L2pΩqq.

We now estimate each term of B2
tF

2. Due to Sobolev embedding, one has that

}B2
t ppρ0 ` ρ

1
0θ ` ζqKBtθB3uq}L2pΩq

À p1` }pθ, ζq}H2pΩqqp}K ´ 1}H2pΩq ` 1q

ˆ

˜

}B3u}H2pΩq}B
3
t θ}L2pΩq ` }BtB3u}L2pΩq}B

2
t θ}H2pΩq

` }B2
t B3u}L2pΩq}Btθ}H2pΩq

¸

` p1` }pθ, ζq}H2pΩqq}BtK}H2pΩq

ˆ

´

}Btθ}H2pΩq}Btu}H1pΩq ` }B
2
t θ}L2pΩq}u}H3pΩq

¯

` p1` }pθ, ζq}H2pΩqq}B
2
tK}L2pΩq}Btθ}H2pΩq}u}H3pΩq

` }pBtθ, Btζq}H2pΩqp}K ´ 1}H2pΩq ` 1q

ˆ

´

}B2
t θ}L2pΩq}u}H3pΩq ` }Btθ}H2pΩq}Btu}H1pΩq

¯

` }pBtθ, Btζq}H2pΩq}BtK}L2pΩq}Btθ}H2pΩq}u}H3pΩq

` }pB2
t θ, B

2
t ζq}L2pΩqp}K ´ 1}H2pΩq ` 1q}Btθ}H2pΩq}u}H3pΩq.
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Thanks to Lemma A.1 and (C.10), this yields

}B2
t ppρ0 ` ρ

1
0θ ` ζqKBtθB3uq}L2pΩq

À p1` }η}H3{2pΓq ` }ζ}H2pΩqqp}η}H5{2pΓq ` 1q

ˆ

˜

}u}H3pΩq}B
3
t η}L2pΓq ` }Btu}H1pΩq}B

2
t η}H3{2pΓq

` }∇B2
t u}L2pΩq}Btη}H3{2pΓq

¸

` p1` }η}H3{2pΓq ` }ζ}H2pΩqq}Btη}H5{2pΓq

ˆ

´

}Btη}H3{2pΓq}Btu}H1pΩq ` }B
2
t η}L2pΓq}u}H3pΩq

¯

` p1` }η}H3{2pΓq ` }ζ}H2pΩqqp}B
2
t η}H1{2pΓq ` }Btη}

2
H1{2pΓqq}Btη}H3{2pΓq}u}H3pΩq

` p}Btη}H3{2pΓq ` }Btζ}H2pΩqqp}η}H5{2pΓq ` 1q

ˆ

´

}B2
t η}L2pΓq}u}H3pΩq ` }Btη}H3{2pΓq}Btu}H1pΩq

¯

` p}Btη}H3{2pΓq ` }Btζ}H2pΩqq}Btη}H1{2pΓq}Btη}H3{2pΓq}u}H3pΩq

` p}B2
t η}L2pΓq ` }B

2
t ζ}L2pΩqqp}η}H5{2pΓq ` 1q}Btη}H3{2pΓq}u}H3pΩq.

(4.54)

Using (4.23) and (4.24), we thus have from (4.54) that

}B2
t ppρ0 ` ρ

1
0θ ` ζqKBtθB3uq}L2pΩq

À Ef pEf ` }∇B2
t u}L2pΩq ` }B

3
t η}L2pΓq ` }B

2
t η}H1{2pΓq ` }Btη}H5{2pΓqq

À Ef pEf ` }∇B2
t u}L2pΩqq.

(4.55)

In a same way, we have

}B2
t ppρ0 ` ρ

1
0θ ` ζqu ¨∇Auq}L2pΩq

À p1` }pθ, ζq}H2pΩqqp}A´ Id}H2pΩq ` 1qp}B2
t u}H1pΩq}u}H3pΩq ` }Btu}

2
H2pΩqq

` p1` }pθ, ζq}H2pΩqqp}BtA}L2pΩq}Btu}H3pΩq ` }B
2
tA}L2pΩq}u}H2pΩqq}u}H3pΩq

` }pBtθ, Btζq}H2pΩqp}A´ Id}H2pΩq ` 1q}Btu}H1pΩq}u}H3pΩq

` }pB2
t θ, B

2
t ζq}L2pΩqp}A´ Id}H2pΩq ` 1q}u}2H3pΩq.

Thanks to Lemma A.1 and (C.12), we further get that

}B2
t ppρ0 ` ρ

1
0θ ` ζqu ¨∇Auq}L2pΩq

À p1` }η}H3{2pΓq ` }ζ}H2pΩqqp}η}H5{2pΓq ` 1qp}B2
t u}H1pΩq}u}H3pΩq ` }Btu}

2
H2pΩqq

` p1` }η}H3{2pΓq ` }ζ}H2pΩqq

ˆ p}Btη}H1{2pΓq}Btu}H3pΩq ` p}B
2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqq}u}H2pΩqq}u}H3pΩq

` p}Btη}H3{2pΓq ` }Btζ}H2pΩqqp}η}H5{2pΓq ` 1q}Btu}H3pΩq}u}H3pΩq

` p}B2
t η}L2pΓq ` }B

2
t ζ}L2pΩqqp}η}H5{2pΓq ` 1q}u}2H3pΩq

À Ef pEf ` }B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓq ` }∇B

2
t u}L2pΩqq.

Due to (4.23), we obtain

}B2
t ppρ0 ` ρ

1
0θ ` ζqu ¨∇Auq}L2pΩq À Ef pEf ` }∇B2

t u}L2pΩqq. (4.56)
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Furthermore, thanks to (4.23) again and Lemma A.1, (C.10), (C.11), one has

}B2
t pAKθ,BKθ, p1´Kqθq}L2pΩq

À }B2
t pAK,BK,K ´ 1q}L2pΩq}θ}H2pΩq ` }BtpAK,BK,K ´ 1q}L2pΩq}Btθ}H2pΩq

` }pAK,BK,K ´ 1q}H2pΩq}B
2
t θ}L2pΩq

À p}B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqq}η}H3{2pΓq ` }Btη}H3{2pΓq}Btη}H3{2pΓq

` }η}H5{2pΓq}B
2
t η}L2pΓq

À Ef pEf ` }B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqq

À E2
f .

(4.57)

Consequently, there holds

}B2
tF

2}L2pΩq À Ef pEf ` }∇B2
t u}L2pΩqq

thanks to (4.55), (4.56) and (4.57).

We are left to prove (4.45). From the formula of F 3,2 (see (B.9)), we use Sobolev
embedding and (C.12) to get

}F 3,2}L2pΩq À }B
2
tA}L2pΩq}∇u}H2pΩq ` }BtA}H2pΩq}∇Btu}L2pΩq

À p}B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqq}u}H3pΩq ` }Btη}H5{2pΓq}Btu}H1pΩq.

Owing to (4.22) and (4.23), we deduce that

}F 3,2}L2pΩq À p}B
2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqqEf ` }Btη}H5{2pΓqEf

À E2
f .

(4.58)

Together with (C.8), this yields

}JF 3,2}L2pΩq À p1` }J ´ 1}L8pΩqq}F
3,2}L2pΩq À E2

f . (4.59)

We continue using (C.8), Lemma A.1 and (4.58) to get

}BtpJF
3,2q}L2pΩq À }BtJ}L8pΩq}F

3,2}L2pΩq ` p1` }J ´ 1}L8pΩqq}BtF
3,2}L2pΩq

À }BtB3θ}H2pΩqE2
f ` }BtF

3,2}L2pΩq

À }Btη}H5{2pΩqE2
f ` }BtF

3,2}L2pΩq.

(4.60)

By Sobolev embedding and (C.12), let us estimate that

}BtF
3,2}L2pΩq À }B

2
tA}L2pΩq}∇Btu}H2pΩq ` }BtA}H2pΩq}∇B2

t u}L2pΩq

` }B3
tA}L2pΩq}∇u}H2pΩq

À p}B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqq}∇Btu}H2pΩq ` }Btη}H5{2pΓq}∇B2

t u}L2pΩq

` p}B3
t η}H1{2pΓq ` }Btη}H5{2pΓq}B

2
t η}H1{2pΓq ` }Btη}

3
H5{2pΓqq}u}H3pΩq.

(4.61)

Combining the resulting inequality (4.59) with all inequalities in Lemma 4.1, we
obtain

}BtF
3,2}L2pΩq À Ef pEf ` }∇Btu}H2pΩq ` }∇B2

t u}L2pΩqq. (4.62)
Combining (4.22), (4.60) and (4.62) gives us that

}BtpJF
3,2q}L2pΩq À Ef pEf ` }∇Btu}H2pΩq ` }∇B2

t u}L2pΩqq. (4.63)

The inequality (4.45) follows from (4.58), (4.59) and (4.63). �

We are in position to prove Proposition 4.5.
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Proof of Proposition 4.5. In view of (4.37) at order l “ 0, we have

1

2

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |uptq|

2 `

ż

Γ

gρ`|ηptq|
2
¯

`
1

2
µ

ż t

0

ż

Ω

J |SAupsq|2ds

“
1

2

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |uptq|

2 `

ż

Γ

gρ`|ηptq|
2
¯ˇ

ˇ

ˇ

t“0

`
1

2

ż t

0

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|u|

2psqds`

ż t

0

ż

Ω

JpF 2 ¨ u´ gζu3qds

(4.64)

We first estimate the l.h.s of (4.31). Notice that

J}SAu}2L2pΩq “ }Su}
2
L2pΩq `

ż

Ω

pJ ´ 1q|Su|2 `
ż

Ω

JpSAu` Suq : pSAu´ Suq.

Since

SAu˘ Su “ pAik ˘ δikqBkuj ` pAjk ˘ δjkqBkuj ,

we use (C.9) to obtain
ż

Ω

JpSAu` Suq : pSAu´ Suq “ 4

ż

Ω

pA2pB1u2 ` B2u1q
2 `B2pB1u3 ` B3u1q

2q

À }pA,Bq}2H2pΩq}∇u}
2
L2pΩq

À E4
f .

Note also that }J ´ 1}L8pΩq À 1 (see (C.8)), we use Korn’s inequality (C.5) to have

J}SAu}2L2pΩq Á }∇u}
2
L2pΩq ´ E3

f . (4.65)

Due to the assumption on δ0 (4.5) and Sobolev embedding, we then have

inf
Ω
pρ0 ` ρ

1
0θ ` ζq ě ρ´ ´ Cemb maxp1,max

R´
ρ10px3qq}pθ, ζq}H2pΩq ě

1

2
ρ´. (4.66)

The l.h.s of (4.64) will be estimated as
ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |uptq|

2 `

ż

Γ

gρ`|ηptq|
2 ` µ

ż t

0

ż

Ω

J |SAupsq|2ds

Á }uptq}2L2pΩq ` }ηptq}
2
L2pΓq `

ż t

0

}∇upsq}2L2pΩqds´

ż t

0

E3
f psqds.

(4.67)

We now estimate the r.h.s of (4.64). By Gagliardo-Nirenberg’s inequality (see (C.2))
and Sobolev embedding, one has

}Btppρ0 ` ρ
1
0θ ` ζqJq}L8pΩq

À }pρ0 ` ρ
1
0θ ` ζqBtJ}H2pΩq ` }pρ

1
0Btθ ` BtζqJ}L8pΩq

À p1` }pθ, ζq}H2pΩqq}Btθ}H3pΩq ` }pBtθ, Btζq}H2pΩqp1` }J ´ 1}L8pΩqq.

Together with Lemma A.1, (4.22) and (C.8), we observe

}Btppρ0 ` ρ
1
0θ ` ζqJq}L8pΩq

À p1` }η}H3{2pΓq ` }ζ}H2pΩqq}Btη}H5{2pΓq ` }Btη}H3{2pΓq ` }Btζ}H2pΩq

À Ef ,
(4.68)

which yields
ż t

0

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|u|

2psqds À

ż t

0

E3
f psqds. (4.69)
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Furthermore, thanks to (C.8) and (4.43), we get
ż

Ω

JpF 2 ¨ u´ gζu3q À p}J ´ 1}L8pΩq ` 1qp}F 2}L2pΩq}u}L2pΩq ` }ζ}L2pΩq}u3}L2pΩqq

À E3
f ` }ζ}L2pΩq}u3}L2pΩq.

(4.70)

Substituting (4.65), (4.67), (4.69) and (4.70) into (4.64), we deduce (4.31)l“0.

For l “ 1, we make use of (4.38) at order l “ 1 to have that

1

2

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |Btu|

2ptq `

ż

Γ

gρ`|Btηptq|
2 ´

ż

Ω

gρ10|u3ptq|
2
¯

`
µ

2

ż t

0

}SABtupsq}2L2pΩqds

“
1

2

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |Btu|

2 `

ż

Γ

gρ`|Btη|
2 ´

ż

Ω

gρ10|u3|
2
¯ˇ

ˇ

ˇ

t“0

`
1

2

ż t

0

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|Btu|psq

2ds`

ż t

0

ż

Ω

JpF 2,1 ¨ Btu` F
3,1Btqqpsqds

´

ż t

0

ż

Γ

pgρ`BtηF
4,1 ` F 5,1 ¨ Btuqpsqds´

ż t

0

ż

Ω

gρ10pAB3u1 `BB3u2qBtu3psqds

´

ż t

0

ż

Ω

gJF 1Btu3psqds.

(4.71)

By a similar argument as the proof of (4.67), we estimate the l.h.s of (4.71) as
ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |Btu|

2ptq `

ż

Γ

gρ`|Btηptq|
2 ´

ż

Ω

gρ10|u3ptq|
2

` µ

ż t

0

}SABtupsq}2L2pΩqds

Á }Btuptq}
2
L2pΩq ` }Btηptq}

2
L2pΓq `

ż t

0

}∇Btupsq}2L2pΩq ´ }u3ptq}
2
L2pΩq ´

ż t

0

E3
f psqds.

(4.72)

For the r.h.s of (4.71), we use (4.68) to obtain that
ż t

0

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|Btu|

2psqds À

ż t

0

E3
f psqds. (4.73)

Next, thanks to (C.9), we see that
ż t

0

ż

Ω

gρ10pAB3u1 `BB3u2qBtu3psqds À

ż t

0

E2
f }pA,Bq}H2pΩqpsqds À

ż t

0

E3
f psqds.

(4.74)
Let us use (C.8) and (4.43) to estimate that
ż t

0

ż

Ω

JpF 2,1 ¨ Btu` F
3,1Btq ´ gF

1B3uqpsqds´

ż t

0

ż

Γ

pgρ`BtηF
4,1 ` F 5,1 ¨ Btuqpsqds

À

ż t

0

pp}J ´ 1}L8pΩq ` 1q}pF 1, F 2,1, F 3,1qpsq}L2pΩq ` }pF
4,1, F 5,1qpsq}L2pΓqqEf psqds

À

ż t

0

E3
f psqds.

(4.75)
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Combining (4.72), (4.73) and (4.75), we obtain

}Btuptq}
2
L2pΩq ` }Btηptq}

2
L2pΓq `

ż t

0

}∇Btupsq}2L2pΩqds

À E2
f p0q ` }u3ptq}

2
L2pΩq `

ż t

0

E3
f psqds.

(4.76)

As a consequence of (4.76) and (4.31)l“0, the inequality (4.31)l“1 follows.

For l “ 2, we use (4.38) at order l “ 2 to have that

1

2

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |B

2
t u|

2ptq `

ż

Γ

gρ`|B
2
t ηptq|

2 ´

ż

Ω

gρ10|Btu3ptq|
2
¯

`
1

2
µ

ż t

0

ż

Ω

J |SAB2
t upsq|

2ds

“
1

2

´

ż

Ω

pρ0 ` ρ
1
0θ ` ζqJ |B

2
t u|

2 `

ż

Γ

gρ`|B
2
t η|

2 ´

ż

Ω

gρ10|Btu3|
2
¯
ˇ

ˇ

ˇ

t“0

`
1

2

ż t

0

ż

Ω

Btppρ0 ` ρ
1
0θ ` ζqJq|B

2
t upsq|

2ds`

ż t

0

ż

Ω

JpF 2,2 ¨ B2
t u` F

3,2B2
t qqpsqds

´

ż t

0

ż

Γ

pgρ`B
2
t ηF

4,2 ` F 5,2 ¨ B2
t uqpsqds`

ż t

0

ż

Ω

gρ0JF
3,1B2

t u3psqds

´

ż t

0

ż

Ω

gρ10pABtB3u1 `BBtB3u2qB
2
t u3psqds´

ż t

0

ż

Ω

gJF 1,1B2
t u3psqds.

(4.77)

We follow the previous arguments to observe that

}B2
t uptq}

2
L2pΩq ` }B

2
t ηptq}

2
L2pΓq `

ż t

0

}∇B2
t upsq}

2
L2pΩqds

À E2
f p0q ` }Btu3ptq}

2
L2pΩq `

ż t

0

E2
f psq}pA,Bqpsq}H2pΩqds

`

ż t

0

p}J ´ 1}L8pΩq ` 1q}pF 1,1, F 2,2, F 3,1qpsq}L2pΩqds

`

ż t

0

}pF 4,2, F 5,2qpsq}L2pΓqEf psqds`
ż t

0

ż

Ω

pJF 3,2B2
t qqpsqds.

(4.78)

Since B2
t q does not appear in Ef or Df , we use the integration in time to have

ż t

0

ż

Ω

pJF 3,2B2
t qqpsqds “

ż

Ω

pBtqJF
3,2qptq ´

ż

Ω

pBtqJF
3,2qp0q

´

ż t

0

ż

Ω

BtqpsqBtpJF
3,2qpsqds.

Thanks to (4.45), we observe
ż t

0

ż

Ω

pJF 3,2B2
t qqpsqds À E2

f p0q`E3
f ptq`

ż t

0

E2
f pEf`}∇Btu}H2pΩq`}∇B2

t u}L2pΩqqpsqds.

(4.79)
It follows from (C.8), (4.43) and (4.44) that
ż t

0

pp}J ´ 1}L8pΩq ` 1q}pF 2,2, F 3,1, F 1,1qpsq}L2pΩq ` }pF
4,2, F 5,2qpsq}L2pΓqqEf psqds

À

ż t

0

E2
f pEf ` }∇Btu}H2pΩq ` }∇B2

t u}L2pΩqqpsqds.

(4.80)
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Using (4.78), (4.79), (4.80) and (C.9), we deduce that

}B2
t uptq}

2
L2pΩq ` }B

2
t ηptq}

2
L2pΓq `

ż t

0

}∇B2
t upsq}

2
L2pΩqds

À E2
f p0q ` }Btu3ptq}

2
L2pΩq ` E3

f ptq `

ż t

0

E2
f pEf ` }∇Btu}H2pΩq ` }∇B2

t u}L2pΩqqpsqds.

We obtain (4.32) thanks to the resulting inequality and (4.31)l“1. �

4.3. Horizontal estimates of the perturbation velocity. We continue deriving
the mixed horizontal space-time derivatives of u. Note that ρ0 only depends on x3.
Let β “ pβ1, β2q P N2 and let us apply the horizontal derivative Bβh “ B

β1

1 B
β2

2 to
(2.11), we obtain the following equations.

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

BtB
β
hζ ` ρ

1
0B
β
hu3 “ B

β
hQ1 in Ω,

ρ0BtB
β
hu`∇Bβhq ´ µ∆Bβhu` gB

β
hζe3 “ B

β
hQ2 in Ω,

divBβhu “ B
β
hQ3 in Ω,

BtB
β
hη ´ B

β
hu3 “ B

β
hQ4 on Γ,

pB
β
hqId´ µSB

β
huqe3 “ gρ`B

β
hηe3 ` B

β
hQ5 on Γ.

(4.81)

Proposition 4.6. The following inequalities hold

ÿ

βPN2,1ď|β|ď4

´

}B
β
huptq}

2
L2pΩq `

ż t

0

}∇Bβhupsq}
2
L2pΩqds

¯

ď C7

´

E2
f p0q ` ε

3

ż t

0

pE2
f psq ` }∇u3psq}

2
H4pΩqqds`

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C7ε
´27

ż t

0

p}u3psq}
2
L2pΩq ` }ηpsq}

2
L2pΩqqds,

(4.82)

and
ÿ

βPN2,1ď|β|ď2

´

}B
β
hBtuptq}

2
L2pΩq `

ż t

0

}∇BβhBtupsq}
2
L2pΩqds

¯

ď C8

´

E2
f p0q ` ε

3

ż t

0

pE2
f psq ` }∇u3psq}

2
H4pΩqqds`

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C8ε
´27

ż t

0

p}u3psq}
2
L2pΩq ` }ηpsq}

2
L2pΩqqds.

(4.83)

To prove Proposition 4.6, we need the following lemma.

Lemma 4.5. The following inequalities hold

}Q1}H2pΩq ` }BtQ1}L2pΩq ` }BtQ2}L2pΩq ` }Q2}H2pΩq ` }BtQ3}H1pΩq

` }Q3}H3pΩq ` }Q4}H7{2pΓq ` }Q5}H5{2pΓq ` }BtQ5}H1{2pΓq À E2
f ,

(4.84)

and

}Q2}H3pΩq ` }BtQ2}H1pΩq ` }Q3}H4pΩq ` }BtQ3}H2pΩq

` }Q5}H7{2pΓq ` }BtQ5}H3{2pΓq À Ef pEf `Df q.
(4.85)

Proof. For (4.84), we only present estimates for some terms of the l.h.s, precisely,

}BtQ3}H1pΩq ` }Q4}H7{2pΓq ` }Q5
1}H5{2pΓq À E2

f ,
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the estimates of the other terms in the l.h.s of (4.84) follow the same way. To get
}BtQ3}H1pΩq À E2

f , we use (C.1) and (C.10), (C.11) to bound each term of Q3 (B.5).
Indeed, we have
}Btpp1´KqB3u3q}H1pΩq À }BtK}H1pΩq}B3u3}H3pΩq ` }K ´ 1}H3pΩq}BtB3u3}H1pΩq

À }Btη}H3{2pΓq}u3}H4pΩq ` }η}H7{2pΓq}Btu3}H2pΩq

À E2
f ,

(4.86)

and
}BtpAKB3u1 `BKB3u2q}H1pΩq

À }BtpAK,BKq}H1pΩq}B3u}H3pΩq ` }pAK,BKq}H3pΩq}BtB3u}H1pΩq

À }Btη}H3{2pΓq}u}H4pΩq ` }η}H7{2pΓq}Btu}H2pΩq

À E2
f .

(4.87)

Hence, }BtQ3}H1pΩq À E2
f follows from (4.86) and (4.87). We apply the product

estimate (C.1) and the trace theorem to have that

}Q4}H7{2pΓq À }u1}H7{2pΓq}B1η}H7{2pΓq ` }u2}H7{2pΓq}B2η}H7{2pΓq

À }u}H4pΩq}η}H9{2pΓq

À E2
f .

Moreover, using (C.1), (C.10), (C.11) again and the trace theorem, we show

}Q5
1}H5{2pΓq À E2

f .

From the expression of Q5
1 (B.6), we have that

}B1ηpq ´ gρ`η ´ 2µpB1u1 ´AKB3u1qq}H5{2pΓq

À }B1η}H5{2pΓqp}pq, η, B1u1q}H5{2pΓq ` }AK}H5{2pΓq}B3u1}H5{2pΓqq

À }η}H7{2pΓqp}q}H3pΩq ` }u1}H4pΩq ` }η}H5{2pΓq ` }AK}H3pΩq}u1}H4pΩqq

À }η}H7{2pΓqp}q}H3pΩq ` }u1}H4pΩq ` }η}H5{2pΓq ` }η}H7{2pΓq}u1}H4pΩqq,

(4.88)

that
}B2ηpB1u2 ` B2u1 ´AKB3u2 ´BKB3u1q}H5{2pΓq

À }B2η}H5{2pΓq}u}H7{2pΓqp1` }pAK,BKq}H5{2pΓqq

À }B2η}H5{2pΓq}u}H7{2pΓqp1` }pAK,BKq}H3pΩqq

À }η}H7{2pΓq}u}H4pΩqp1` }η}H7{2pΓqq,

(4.89)

and that
}p1´KqB3u1 `AKB3u3}H5{2pΓq À }pK ´ 1, AKq}H5{2pΓq}B3u}H5{2pΓq

À }pK ´ 1, AKq}H3pΩq}u}H4pΩq

À }η}H7{2pΓq}u}H4pΩq

(4.90)

Hence, the inequality }Q5
1}H5{2pΓq À E2

f follows from the three above estimates
(4.88), (4.89) and (4.90).

Similarly, for (4.85), we show only

}BtQ2
1}H1pΩq ` }Q3}H4pΩq À Ef pEf `Df q.

The inequality }Q3}H4pΩq À EfDf (see Q3 in (B.5)) is proven by using (C.1) and
(C.10), (C.11),

}Q3}H4pΩq À }pAK,BK,K ´ 1q}H4pΩq}B3u}H4pΩq À }η}H9{2pΓq}∇u}H4pΩq.
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Let us prove }BtQ2
1}H1pΩq À Ef pEf ` Df q (see Q2

1 in (B.2)). In view of (C.1) and
Lemma A.1, we obtain that

}Btppζ ` ρ
1
0θqBtu1q}H1pΩq À }pBtζ, Btθq}H1pΩq}Btu1}H3pΩq ` }pζ, θq}H3pΩq}B

2
t u1}H1pΩq

À p}Btζ}H1pΩq ` }Btη}H1{2pΓqq}Btu1}H3pΩq

` p}ζ}H3pΩq ` }η}H5{2pΓqq}B
2
t u1}H1pΩq

À Ef pEf ` }∇Btu1}H2pΩq ` }∇B2
t u1}L2pΩqq.

(4.91)

We further use (C.1) to have

}Btppρ0 ` ρ
1
0θ ` ζqKu3B3u1q}H1pΩq

À p1` }pθ, ζq}H3pΩqq}BtpKu3B3u1q}H1pΩq ` }pBtζ, Btθq}H1pΩq}Ku3B3u1}H3pΩq

À p1` }pθ, ζq}H3pΩqq}BtK}H1pΩq}u3}H3pΩq}B3u1}H3pΩq

` p1` }pθ, ζq}H3pΩqqp}K ´ 1}H3pΩq ` 1q

ˆ p}Btu3}H1pΩq}B3u1}H3pΩq ` }BtB3u1}H1pΩq}u3}H3pΩqq

` }pBtζ, Btθq}H1pΩqp}K ´ 1}H3pΩq ` 1q}u3}H3pΩq}B3u1}H3pΩq.

Thanks to Lemma A.1 and (C.10), we deduce

}Btppρ0 ` ρ
1
0θ ` ζqKu3B3u1q}H1pΩq

À p1` }ζ}H3pΩq ` }η}H5{2pΓqq}Btη}H3{2pΓq}u}
2
H4pΩq

` p1` }ζ}H3pΩq ` }η}H5{2pΓqqp}η}H7{2pΓq ` 1q}Btu}H2pΩq}u}H4pΩq

` p}Btζ}H1pΩq ` }Btη}H1{2pΓqqp}η}H7{2pΓq ` 1q}u}2H4pΩq

À E2
f .

(4.92)

Since K2 ´ 1 “ ´J´2p2B3θ ` pB3θq
2q, let us use (C.1) to obtain

}BtppK
2 `A2 `B2 ´ 1qB2

33u1 ´ 2AKB2
13u1 ´ 2BKB2

23u1q}H1pΩq

À p}pA2, B2, AK,BKq}H3pΩq ` }K
2 ´ 1}H3pΩqq}Btu1}H3pΩq

` }BtpA
2, B2,K2 ´ 1, AK,BKq}H1pΩq}∇2u1}H3pΩq

À p}pA,Bq}2H3pΩq ` }pAK,BKq}H3pΩq ` }B3θ}H3pΩqp1` }B3θ}H3pΩqqq}Btu1}H3pΩq

` p}pA,Bq}H3pΩq}pBtA, BtBq}H1pΩq ` }BtB3θ}H1pΩqp1` }B3θ}H3pΩqqq}∇2u1}H3pΩq

` }BtpAK,BKq}H1pΩq}∇2u1}H3pΩq.

Owing to (C.9) and (C.11), we deduce

}BtppK
2 `A2 `B2 ´ 1qB2

33u1 ´ 2AKB2
13u1 ´ 2BKB2

23u1q}H1pΩq

À }η}H7{2pΓqp1` }η}H7{2pΓqq}Btu1}H3pΩq ` }Btη}H3{2pΓqp1` }η}H7{2pΓqq}∇2u1}H3pΩq

À Ef pEf ` }∇Btu1}H2pΩq ` }∇u1}H4pΩqq.

(4.93)

We continue using (C.1), Lemma A.1 and (C.11) to get

}BtpAKpB3q ´ gρ
1
0θqq}H1pΩq

À }BtpAKq}H1pΩq}pq, θq}H3pΩq ` }AK}H3pΩqp}BtB3q}H1pΩq ` }Btθ}H1pΩqq

À }Btη}H3{2pΓqp}q}H3pΩq ` }η}H5{2pΓqq ` }η}H7{2pΓqp}Btq}H2pΩq ` }Btη}H1{2pΓqq

À Ef pEf ` }Btq}H2pΩqq.

(4.94)
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From the product estimate (C.1), we obtain also

}BtppKB3KpA
2 `B2 ` 1q ´ B1pAKq ´ B2pBKq ´AB1K ´BB2KqB3u1q}H1pΩq

À p}KB3KpA
2 `B2 ` 1q}H3pΩq ` }∇pAK,BKq}H3pΩqq}BtB3u1}H1pΩq

` p}AB1K}H3pΩq ` }BB2K}H3pΩqq}BtB3u1}H1pΩq

` p}BtpKB3KqpA
2 `B2 ` 1q}H1pΩq ` }∇BtpAK,BKq}H1pΩqq}B3u1}H3pΩq

` p}pBtAB1K, BtBB2Kq}H1pΩq ` }pABtB1K,BBtB2Kq}H1pΩqq}B3u1}H3pΩq.

(4.95)

We will bound each term in the r.h.s of (4.99). Thanks to the product estimate
(C.1) again and (C.9), (C.10), we have

}KB3KpA
2 `B2 ` 1q}H3pΩq À }KB3K}H3pΩqp1` }pA,Bq}

2
H3pΩqq

À p}K ´ 1}H3pΩq ` 1q}B3K}H3pΩqp1` }pA,Bq}
2
H3pΩqq

À p1` }η}H7{2pΓqq}η}H9{2pΓqp1` }η}
2
H7{2pΓqq

À Ef .
(4.96)

In a same way, we have

}AB1K}H3pΩq ` }BB2K}H3pΩq À }pA,Bq}H3pΩq}∇K}H3pΩq

À }η}H7{2pΓq}η}H9{2pΓq

À E2
f ,

(4.97)

and

}pBtAB1K, BtBB2Kq}H1pΩq À }pBtA, BtBq}H1pΩq}∇K}H3pΩq

À }Btη}H3{2pΓq}η}H9{2pΓq

À E2
f .

(4.98)

Using also (4.22), we deduce

}pABtB1K,BBtB2Kq}H1pΩq À }pA,Bq}H3pΩq}Bt∇K}H1pΩq

À }η}H7{2pΓq}Btη}H5{2pΓq

À E2
f ,

(4.99)

and

}∇pAK,BKq}H3pΩq ` }∇BtpAK,BKq}H1pΩq À }η}H9{2pΓq ` }Btη}H5{2pΓq

À Ef .
(4.100)

Thanks to (C.1), (C.10) and (4.22) again, let us estimate the term }BtpKB3Kq}H1pΩq

as follows

}BtpKB3Kq}H1pΩq À }BtK}H1pΩq}B3K}H3pΩq ` p1` }K ´ 1}H3pΩqq}BtB3K}H1pΩq

À }Btη}H3{2pΓq}η}H9{2pΓq ` p1` }η}H7{2pΓqq}Btη}H5{2pΓq

À Ef .

Owing to (C.9), this yields

}BtpKB3KqpA
2 `B2 ` 1q}H1pΩq À }BtpKB3Kq}H1pΩqp1` }pA,Bq}

2
H3pΩqq

À Ef p1` }η}2H7{2pΓqq

À Ef .
(4.101)
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The five inequalities above (4.96), (4.97), (4.98), (4.100) and (4.101) help us to
obtain from (4.99) that

}BtppKB3KpA
2 `B2 ` 1q ´ B1pAKq ´ B2pBKq ´AB1K ´BB2KqB3u1q}H1pΩq

À Ef p}Btu1}H2pΩq ` }u1}H4pΩqq

À E2
f .

(4.102)

Combining (4.91), (4.92), (4.93), (4.94) and (4.102), we conclude

}BtQ2
1}H1pΩq À Ef pEf ` }∇B2

t u1}L2pΩq ` }Btq}H2pΩq ` }∇Btu1}H2pΩqq

À Ef pEf `Df q.

�

We are in position to show Proposition 4.6.

Proof of Proposition 4.6. For any β P N2 such that 1 ď |β| ď 4, multiplying by Bβhu
on both sides of (4.81)2 and integrating over Ω, one has the identity

1

2

d

dt

ż

Ω

ρ0|B
β
hu|

2 `

ż

Ω

p∇Bβhq ´ µ∆Bβhuq ¨ B
β
hu`

ż

Ω

gρ10B
β
hζB

β
hu3 “

ż

Ω

B
β
hu ¨ B

β
hQ

2.

Using the integration by parts and (4.81)3,5, one has

1

2

d

dt

ż

Ω

ρ0|B
β
hu|

2 `
1

2

ż

Ω

µ|SBβhu|
2

“ ´

ż

Ω

gρ10B
β
hζB

β
hu3 `

ż

Ω

B
β
hu ¨ B

β
hQ

2 ´

ż

Γ

gρ`B
β
hηB

β
hu3

`

ż

Ω

B
β
hqB

β
hQ

3 ´

ż

Γ

B
β
hu ¨ B

β
hQ

5.

(4.103)

We estimate each integral in the r.h.s of (4.103). For the first integral, we use
Young’s inequality and (C.7) to get that

ż

Ω

gρ10B
β
hζB

β
hu3 À }ζ}H4pΩq}u3}H4pΩq

À ε3}ζ}2H4pΩq ` ε
´3}u3}

2
H4pΩq

À ε3p}ζ}2H4pΩq ` }u3}
2
H5pΩqq ` ε

´27}u3}
2
L2pΩq.

(4.104)

For the third integral, it follows from the trace theorem and Young’s inequality that
ż

Γ

gρ`B
β
hηB

β
hu3 À }B

β
hη}H´1{2pΓq}B

β
hu3}H1{2pΓq

À }η}H|β|´1{2pΓq}u3}H|β|`1{2pΓq

À }η}H7{2pΓq}u3}H5pΩq

À ε3}u3}
2
H5pΩq ` ε

´3}η}2H7{2pΓq.

Thanks to (C.7) again, we have

}η}2H7{2pΓq À ε6}η}2H9{2pΓq ` ε
´21}η}2L2pΓq.

Hence,
ż

Γ

gρ`B
β
hηB

β
hu3 À ε3p}η}2H9{2pΓq ` }u3}

2
H5pΩqq ` ε

´24}η}2L2pΓq. (4.105)
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For the fourth integral, we use Cauchy-Schwarz’s inequality and (4.85) to have
ż

Ω

B
β
hqB

β
hQ

3 À }q}H4pΩq}Q3}H4pΩq À EfDf pEf `Df q. (4.106)

For the second and fifth integral, we split into two cases. For β P N2 such that
1 ď |β| ď 3, we use trace theorem and (4.85) to bound

ż

Ω

B
β
hu ¨ B

β
hQ

2 ´

ż

Γ

B
β
hu ¨ B

β
hQ

5 À }u}H3pΩq}Q2}H3pΩq ` }u}H3pΓq}Q5}H3pΓq

À }u}H3pΩq}Q2}H3pΩq ` }u}H4pΩq}Q5}H3pΓq

À E2
f pEf `Df q.

(4.107)

For β “ pβ1, β2q P N2 such that |β| “ 4, we assume β1 ě 1 and write

β´ “ pβ1 ´ 1, β2q and β` “ pβ1 ` 1, β2q. (4.108)

Thanks to (4.85) again, we estimate that
ˇ

ˇ

ˇ

ż

Ω

B
β
hu ¨ B

β
hQ

2
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ż

Ω

B
β`
h u ¨ B

β´
h Q2

ˇ

ˇ

ˇ
À }B

β`
h u}L2pΩq}B

β´
h Q2}L2pΩq

À }u}H5pΩq}Q2}H3pΩq

À Ef pE2
f `D2

f q.

(4.109)

Using the trace theorem also, we have
ˇ

ˇ

ˇ

ż

Γ

B
β
hu ¨ B

β
hQ

5
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ż

Γ

B
β`
h u ¨ B

β´
h Q5

ˇ

ˇ

ˇ
À }B

β`
h u}H´1{2pΓq}B

β´
h Q5}H1{2pΓq

À }u}
H|β`|´1{2

pΓq
}Q5}

H|β´|`1{2
pΓq

À }u}H5pΩq}Q5}H7{2pΓq

À Ef pE2
f `D2

f q.

(4.110)

Substituting (4.104), (4.105), (4.106), (4.107), (4.109), (4.110) into (4.103), we
obtain

d

dt

ż

Ω

ρ0|B
β
hu|

2 `

ż

Ω

µ|SBβhu|
2 À ε3pE2

f ` }∇u3}
2
H4pΩqq ` Ef pE2

f `D2
f q

` ε´27p}u3}
2
L2pΩq ` }η}

2
L2pΓqq.

(4.111)

By Korn’s inequality (C.5), one has
ż

Ω

µ|SBβhu|
2 Á }∇Bβhu}

2
L2pΩq.

Hence, we deduce from (4.111) that

d

dt

ż

Ω

ρ0|B
β
hu|

2 ` }∇Bβhu}
2
L2pΩq À ε3pE2

f ` }∇u3}
2
H4pΩqq ` ε

´27p}u3}
2
L2pΩq ` }η}

2
L2pΓqq

` Ef pE2
f `D2

f q,

Integrating the resulting inequality in time, we obtain (4.82).

To prove (4.83), we compute from (4.81) that
$

’

&

’

%

ρ0B
2
t B
β
hu`∇BtBβhq ´ µ∆BtB

β
hu´ gρ

1
0B
β
hu3e3 “ ´gB

β
hQ1e3 ` BtB

β
hQ2 in Ω,

divBtB
β
hu “ BtB

β
hQ3 in Ω,

pBtB
β
hqId´ µSBtB

β
huqe3 “ gρ`B

β
hu3e3 ` gρ`B

β
hQ4e3 ` B

β
hQ5 on Γ.

(4.112)
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For any β P N2 with |β| “ 1 or 2, multiplying by BtB
β
hu on both sides of (4.112)1

and integrating over Ω, one has the identity
1

2

d

dt

ż

Ω

pρ0|BtB
β
hu|

2 ´ gρ10|B
β
hu3|

2q `

ż

Ω

p∇BtBβhq ´ µ∆BtB
β
huq ¨ BtB

β
hu

“

ż

Ω

p´gBβhQ
1BtB

β
hu3 ` BtB

β
hQ

2 ¨ BtB
β
huq.

Using the integration by parts, one has
1

2

d

dt

´

ż

Ω

ρ0|BtB
β
hu|

2 ´

ż

Ω

gρ10|B
β
hu3|

2
¯

`

ż

Γ

pBtB
β
hqId´ µSBtB

β
huqe3 ¨ BtB

β
hu

“

ż

Ω

BtB
β
hqdivBtB

β
hu´

µ

2

ż

Ω

|SBtBβhu|
2 `

ż

Ω

p´gBβhQ
1BtB

β
hu3 ` BtB

β
hQ

2 ¨ BtB
β
huq

By (4.112)2,3, we observe

1

2

d

dt

´

ż

Ω

ρ0|BtB
β
hu|

2 `

ż

Γ

gρ`|B
β
hu3|

2 ´

ż

Ω

gρ10|B
β
hu3|

2
¯

`
1

2

ż

Ω

µ|SBtBβhu|
2

“

ż

Ω

p´gBβhQ
1BtB

β
hu3 ` BtB

β
hQ

2 ¨ BtB
β
huq `

ż

Ω

BtB
β
hqBtB

β
hQ

3

´

ż

Γ

pBtB
β
hQ

5 ` gρ`B
β
hQ

4e3q ¨ BtB
β
hu.

(4.113)

We now estimate each integral in the r.h.s of (4.113). For the first and third integral,
we use Cauchy-Schwarz’s inequality and (4.84), (4.85) to have
ż

Ω

B
β
hQ

1BtB
β
hu3 `

ż

Ω

BtB
β
hqBtB

β
hQ

3 À }Btu3}H2pΩq}Q1}H2pΩq ` }Btq}H2pΩq}BtQ3}H2pΩq

À Ef pE2
f `D2

f q.

(4.114)

With the same notations β˘ (4.108), we use Cauchy-Schwarz’s inequality again and
(4.85) to bound the second integral as

ˇ

ˇ

ˇ

ż

Ω

BtB
β
hu ¨ BtB

β
hQ

2
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ż

Ω

BtB
β`
h u ¨ BtB

β´
h Q2

ˇ

ˇ

ˇ
À }Btu}H|β`|pΓq}BtQ

2}
H|β´|pΩq

À }Btu}H3pΩq}BtQ2}H1pΩq

À Ef pE2
f `D2

f q,

(4.115)

and to bound the fourth integral as
ˇ

ˇ

ˇ

ż

Γ

BtB
β
hu ¨ BtB

β
hQ

5
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ż

Γ

BtB
β`
h u ¨ BtB

β´
h Q5

ˇ

ˇ

ˇ
À }BtB

β`
h u}H´1{2pΓq}BtB

β´
h Q5}H1{2pΓq

À }Btu}H|β`|´1{2
pΓq
}BtQ5}

H|β´|`1{2
pΓq

À }Btu}H3pΩq}BtQ5}H3{2pΓq

À Ef pE2
f `D2

f q.

(4.116)

Thanks to the trace theorem and (4.84), we bound the fifth integral as
ż

Γ

BtB
β
hu3B

β
hQ

4 À }BtB
βu3}H´1{2pΓq}B

βQ4}H1{2pΓq

À }Btu3}H|β|´1{2pΩq}Q4}H|β|`1{2pΓq

À }Btu3}H2pΩq}Q4}H5{2pΓq

À E3
f .

(4.117)
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In view of (4.114), (4.115), (4.116) and (4.117), we get

d

dt

´

ż

Ω

ρ0|BtB
β
hu|

2 `

ż

Γ

gρ`|B
β
hu3|

2 ´

ż

Ω

gρ10|B
β
hu3|

2
¯

`

ż

Ω

|SBtBβhu|
2 À Ef pE2

f `D2
f q.

Integrating in time and using Korn’s inequality (C.5), we obtain

}BtB
β
huptq}

2
L2pΩq `

ż t

0

}∇BtBβhupsq}
2
L2pΩqds

À E2
f p0q ` }B

β
hu3ptq}

2
L2pΩq `

ż t

0

Ef pE2
f `D2

f qpsqds.

Combining the resulting inequality and (4.82), the inequality (4.83) follows. Proof
of Proposition 4.6 is complete. �

4.4. Estimates of the perturbation density. We continue deriving the energy
evolution of the space-time derivatives of ζ. We rewrite (2.9)1 as

Btζ “ KBtθB3ζ ´ ujAjkBkζ ´ ρ
1
0u3 ´ ρ0Q3 ` Q̃1, (4.118)

where

Q̃1 “ ρ20KθBtθ ´ qAlkBkul ´AlkBkpρ
1
0θulq ´ pAlk ´ δlkqBkpρ0ulq. (4.119)

We first present the estimate of Q̃1.

Lemma 4.6. There holds

}Q̃1}H4pΩq À Ef pEf `Df q. (4.120)

Proof. We use (C.1), (C.10) and Lemma A.1 to have that

}ρ20KθBtθ}H4pΩq À p1` }K ´ 1}H4pΩqq}θ}H4pΩq}Btθ}H4pΩq

À p1` }η}H9{2pΓqq}η}H7{2pΓq}Btη}H7{2pΓq.

Combining (4.22) and the resulting inequality, we have

}ρ20KθBtθ}H4pΩq À E2
f . (4.121)

Using Lemma A.1 again and (C.1), (C.12), one has

}AlkBkpρ
1
0θulq}H4pΩq À p1` }A´ Id}H4pΩqq}θ}H5pΩq}u}H5pΩq

À p1` }η}H9{2pΓqq}η}H9{2pΓq}u}H5pΩq

À Ef pEf ` }∇u}H4pΩqq

(4.122)

and

}pAlk´δlkqBkpρ0ulq}H4pΩq À }A´Id}H4pΩq}u}H5pΩq À Ef pEf`}∇u}H4pΩqq. (4.123)

Thanks to Gagliardo-Nireberg’s inequality also and (C.12), we obtain

}qAlkBkul}H4pΩq À p1` }A´ Id}H4pΩqqp}q}H2pΩq}∇u}H4pΩq ` }q}H4pΩq}∇u}H2pΩqq

À Ef pEf ` }q}H4pΩq ` }∇u}H4pΩqq,

(4.124)

Those above estimates, (4.121), (4.122), (4.123) and (4.124) imply

}Q̃1}H4pΩq À Ef pEf ` }q}H4pΩq ` }∇u}H4pΩqq À Ef pEf `Df q.

Lemma 4.6 is proven. �

We derive the following proposition.
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Proposition 4.7. The following inequality holds

}ζptq}2H4pΩq ď C9

´

E2
f p0q ` ε

3

ż t

0

p}ζpsq}2H4pΩq ` }u3psq}
2
H5pΩqqds

¯

` C9

´

ε´27

ż t

0

}pu3, ζqpsq}
2
L2pΩqds`

ż t

0

Ef pE2
f `D2

f qpsqds
¯

.

(4.125)

Proof. It can be seen from (2.11)1 that

1

2

d

dt
}ζ}2L2pΩq “ ´

ż

Ω

ρ10u3ζ `

ż

Ω

Q1ζ À p}u3}L2pΩq ` }Q1}L2pΩqq}ζ}L2pΩq.

Due to (4.84), we thus have
d

dt
}ζ}2L2pΩq À }u3}L2pΩq}ζ}L2pΩq ` E3

f .

This yields

}ζptq}2L2pΩq À E2
f p0q `

ż t

0

}pu3, ζqpsq}
2
L2pΩqds`

ż t

0

E3
f psqds

À E2
f p0q `

ż t

0

pε3}u3psq}
2
L2pΩq ` ε

´3}ζpsq}2L2pΩqqds`

ż t

0

E3
f psqds

(4.126)

For α P N3, 1 ď |α| ď 4, we have from (4.118) that

BtB
αζ “ KBαpBtθB3ζq `

ÿ

0‰βďα

BβKBα´βpBtθB3ζq ´ B
αpujAjkBkζq

` Bαp´ρ10u3 ´ ρ0Q3 ` Q̃1q

“ pKBtθB3B
αζ ´ ujAjkBkB

αζq `
ÿ

0‰βďα

KBβBtθB
α´βB3ζ

`
ÿ

0‰βďα

BβKBα´βpBtθB3ζq ´
ÿ

0‰βďα

BβpujAjkqB
α´βBkζ

` Bαp´ρ10u3 ´ ρ0Q3 ` Q̃1q.

(4.127)

We deduce from (4.127) that
1

2

d

dt
}Bαζ}2L2pΩq “

ż

Ω

pKBtθB3B
αζ ´ ujAjkBkB

αζqBαζ `
ÿ

0‰βďα

ż

Ω

KBβBtθB
α´βB3ζB

αζ

`
ÿ

0‰βďα

ż

Ω

BβKBα´βpBtθB3ζqB
αζ ´

ÿ

0‰βďα

ż

Ω

BβpujAjkqB
α´βBkζB

αζ

`

ż

Ω

Bαp´ρ10u3 ´ ρ0Q3 ` Q̃1qBαζ.

(4.128)

We bound each integral in the r.h.s of (4.128). For the first integral, using the
integration by parts, one has

2

ż

Ω

pKBtθB3B
αζ ´ ujAjkBkB

αζqBαζ “

ż

Ω

pKBtθB3|B
αζ|2 ´ ujAjkBk|B

αζ|2q

“

ż

Γ

pKBtθ ´ ujAj3q|B
αζ|2

´

ż

Ω

pB3pKθq ´ BkpujAjkqq|B
αζ|2.
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On Γ, we have KBtθ ´ ujAj3 “ 0 by the definition of A (2.8) and by (2.9)4. This
yields

2

ż

Ω

pKBtθB3B
αζ ´ ujAjkBkB

αζqBαζ “ ´

ż

Ω

pB3pKθq ´ BkpujAjkqq|B
αζ|2.

Due to Sobolev embedding and the product estimate (C.1), it can be seen that
ż

Ω

pB3pKθq ´ BkpujAjkqq|B
αζ|2

À }B3pKθq ´ BkpujAjkq}H2pΩq}ζ}
2
H4pΩq

À pp}K ´ 1}H3pΩq ` 1q}θ}H3pΩq ` }u}H3pΩqp}A´ Id}H3pΩq ` 1qq}ζ}H4pΩq.

Owing to Lemma A.1 and (C.10), (C.12), we have
ż

Ω

pB3pKθq ´ BkpujAjkqq|B
αζ|2 À p1` }η}H7{2pΓqqp}η}H5{2pΓq ` }u}H3pΩqq}ζ}

2
H4pΩq

À E3
f .

(4.129)

For the second integral in the r.h.s of (4.128), we use Cauchy-Schwarz’s inequality,
(C.8) and Lemma A.1 to obtain

ÿ

0‰βďα

ż

Ω

KBβBtθB
α´βB3ζB

αζ À p1` }K ´ 1}L8pΩqq}Btθ}H3pΩq}B3ζ}H3pΩq}ζ}H4pΩq

À }Btη}H5{2pΓq}ζ}
2
H4pΩq.

In view of (4.22), one has
ÿ

0‰βďα

ż

Ω

KBβBtθB
α´βB3ζB

αζ À E3
f . (4.130)

Next, for the third integral, we use Cauchy-Schwarz’s inequality and the product
estimate (C.1) to have

ÿ

0‰βďα

ż

Ω

BβKBα´βpBtθB3ζqB
αζ À }∇K}H2pΩq}BtθB3ζ}H3pΩq}ζ}H4pΩq

À }∇K}H2pΩq}Btθ}H3pΩq}ζ}
2
H4pΩq.

Owing to (C.10), Lemma A.1, and (4.22) again, we deduce
ÿ

0‰βďα

ż

Ω

BβKBα´βpBtθB3ζqB
αζ À }η}H7{2pΓq}Btη}H5{2pΓq}ζ}

2
H4pΩq

À E4
f .

(4.131)

For the fourth integral, we continue using Cauchy-Schwarz’s inequality and (C.12)
also to observe

ÿ

0‰βďα

ż

Ω

BβpujAjkqB
α´βBkζB

αζ À p}A´ Id}H4pΩq ` 1q}u}H4pΩq}ζ}
2
H4pΩq

À p1` }η}H9{2pΓqq}u}H4pΩq}ζ}
2
H4pΩq

À E3
f .

(4.132)

Let us bound the fifth integral. Thanks to Young’s inequality, we have
ż

Ω

Bαpρ10u3qB
αζ À }Bαζ}L2pΩq}u3}H|α|pΩq À ε3}Bαζ}2L2pΩq ` ε

´3}u3}
2
H4pΩq
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By Young’s inequality again and (C.7), this yields
ż

Ω

Bαpρ10u3qB
αζ À ε3}Bαζ}2L2pΩq ` ε

´3pε6}u3}
2
H5pΩq ` ε

´24}u3}
2
L2pΩqq

À ε3p}Bαζ}2L2pΩq ` }u3}
2
H5pΩqq ` ε

´27}u3}
2
L2pΩq.

(4.133)

Thanks to (4.85) and (4.120), we have
ż

Ω

Bαp´ρ0Q3 ` Q̃1qBαζ À p}Q3}H4pΩq ` }Q̃1}H4pΩqq}ζ}H4pΩq

À E2
f pEf `Df q.

(4.134)

We substitute (4.129), (4.130) (4.131), (4.132), (4.133) and (4.134) into (4.128)
to have

d

dt
}Bαζ}2L2pΩq À ε3p}ζ}2H4pΩq ` }u3}

2
H5pΩqq ` ε

´27}u3}
2
L2pΩq ` Ef pE2

f `D2
f q.

Integrating the resulting inequality from 0 to t, together with (4.126), one has
(4.125). Proof of Proposition 4.7 is complete. �

In addition, we have the following estimate.

Proposition 4.8. There holds

}Btζ}
2
H2pΩq ` }B

2
t ζ}

2
L2pΩq ď C10p}u3}

2
H2pΩq ` }Btu3}

2
L2pΩq ` E4

f q. (4.135)

Proof. It follows directly from (2.11)1 and (4.84) that

}Btζ}
2
H2pΩq À }u3}

2
H2pΩq ` }Q

1}2H2pΩq À }u3}
2
H2pΩq ` E4

f (4.136)

and

}B2
t ζ}

2
L2pΩq À }Btu3}

2
L2pΩq ` }BtQ

1}2L2pΩq À }Btu3}
2
L2pΩq ` E4

f . (4.137)

Hence, we obtain (4.135) by combining (4.136) and (4.137). �

4.5. Elliptic estimates. We use the elliptic estimate (C.3) to derive some inequal-
ities.

Proposition 4.9. There holds

}u}2H4pΩq ` }q}
2
H3pΩq ` }Btu}

2
H2pΩq ` }Btq}

2
H1pΩq

ď C11

´

}B2
t u}

2
L2pΩq ` }u3}

2
L2pΩq ` }ζ}

2
H2pΩq ` }η}

2
H5{2pΓq ` }Btη}

2
H1{2pΓq ` E4

f

¯

.

(4.138)

Proof. We derive from (2.11) that
$

’

&

’

%

´µ∆Btu`∇Btq “ ´ρ0B
2
t u´ gBtζe3 ` BtQ2 in Ω,

divBtu “ BtQ3 in Ω,

pBtqId´ µSBtuqe3 “ gρ`Btηe3 ` BtQ5 on Γ.

(4.139)

Applying the elliptic estimate (C.3) to (4.139), it tells us that

}Btu}
2
H2pΩq ` }Btq}

2
H1pΩq À }B

2
t u}

2
L2pΩq ` }Btζ}

2
L2pΩq ` }Btη}

2
H1{2pΓq

` }BtQ2}2L2pΩq ` }BtQ
3}2H1pΩq ` }BtQ

5}2H1{2pΓq.

Note that from (2.11)1 that ,

}Btζ}
2
L2pΩq À }u3}

2
L2pΩq ` }Q

1}2L2pΩq.
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Hence, we have

}Btu}
2
H2pΩq ` }Btq}

2
H1pΩq À }B

2
t u}

2
L2pΩq ` }Btη}

2
H1{2pΓq ` }u3}

2
L2pΩq ` }Q

1}2L2pΩq

` }BtQ2}2L2pΩq ` }BtQ
3}2H1pΩq ` }BtQ

5}2H1{2pΓq.

Due to (4.84), this yields

}Btu}
2
H2pΩq ` }Btq}

2
H1pΩq À }B

2
t u}

2
L2pΩq ` }u3}

2
L2pΩq ` }Btη}

2
H1{2pΓq ` E4

f . (4.140)

Meanwhile, we obtain from (2.11) that
$

’

&

’

%

´∆u`∇q “ ´ρ0Btu´ gζe3 `Q2 in Ω,

divu “ Q3 in Ω,

pqId´ µSuqe3 “ gρ`ηe3 `Q5 on Γ.

(4.141)

Owing to (4.84) and by applying the elliptic estimate (C.3) again to (4.141), we
observe that
}u}2H4pΩq ` }q}

2
H3pΩq À }Btu}

2
H2pΩq ` }ζ}

2
H2pΩq ` }Q

2}2H2pΩq ` }Q
3}2H3pΩq

` }η}2H5{2pΓq ` }Q
5}2H5{2pΓq

À }Btu}
2
H2pΩq ` }ζ}

2
H2pΩq ` }η}

2
H5{2pΓq ` E4

f .

(4.142)

Combining (4.140) and (4.142), one has (4.138). Proof of Proposition 4.9 is com-
plete. �

Let us define the "horizontal" dissipation Dh ą 0 as follows,

D2
h :“

ÿ

βPN2,|β|ď4

}∇Bβhu}
2
L2pΩq `

ÿ

βPN2,|β|ď2

}∇BβhBtu}
2
L2pΩq ` }∇B

2
t u}

2
L2pΩq. (4.143)

The next proposition is to compare Df (4.2) and Dh (4.143).

Proposition 4.10. Assuming δ0 sufficiently small (see (4.173)), there holds

D2
f ď C12

´

D2
h ` ε

3E2
f ` ε

´9p}pζ, uq}2L2pΩq ` }η}
2
L2pΓqq ` E3

f

¯

. (4.144)

To prove Proposition 4.10, we use the two lemmas below.

Lemma 4.7. For any s ě 0, there holds

}f}2Hs`1{2pΓq À }f}
2
H1{2pΓq `

ÿ

βPN2,|β|“s

}B
β
hf}

2
H1{2pΓq. (4.145)

Proof. Since Γ “ 2πL1Z ˆ 2πL2Z ˆ t0u, we exploit the definition of the Sobolev
norm on Γ to have that

}f}2Hs`1{2pΓq “
ÿ

nPZ2

p1` |n|2qs`1{2|f̂pnq|2,

where f̂ is the Fourier series of f . By Cauchy-Schwarz’s inequality, one has

}f}2Hs`1{2pΓq À
ÿ

nPZ2

p1` |n|2q1{2|f̂pnq|2 `
ÿ

βPN2,|β|“s

ÿ

nPZ2

p1` |n|2q1{2|nβ f̂pnq|2,

which immediately yields (4.145). �

Lemma 4.8. Let us write

W :“
b

}ζ}2L2pΩq ` }u}
2
H1pΩq ` }η}

2
L2pΓq ` E3

f .

The following inequalities holds

}Btu}L2pΩq À }∇Btu}L2pΩq `W , (4.146)
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and
}B2
t u}L2pΩq À }∇Btu}L2pΩq ` }∇B2

t u}L2pΩq `W . (4.147)

Proof. Let us show (4.146) first. Multiplying by Btu on both sides of (2.11)2, we
obtain

ż

Ω

ρ0|Btu|
2 “ ´

ż

Ω

∇q ¨ Btu` µ
ż

Ω

∆u ¨ Btu´

ż

Ω

gζBtu3 `

ż

Ω

Q2 ¨ Btu

“ ´

ż

Γ

pqId´ µSuqe3 ¨ Btu`

ż

Ω

qdivBtu´
µ

2

ż

Ω

Su : SBtu

´

ż

Ω

gζBtu3 `

ż

Ω

Q2 ¨ Btu,

after using the integration by parts. Using (2.11)3,5, this yields
ż

Ω

ρ0|Btu|
2 “ ´

ż

Γ

gρ`ηBtu3 ´

ż

Γ

Q5 ¨ Btu`

ż

Ω

qBtQ3 ` µ

ż

Ω

Su : SBtu

´

ż

Ω

gζBtu3 `

ż

Ω

Q2 ¨ Btu.

(4.148)

By Cauchy-Schwarz’s inequality, we have
µ

2

ż

Ω

Su : SBtu´
ż

Ω

gζBtu3 À }u}H1pΩq}Btu}H1pΩq ` }ζ}L2pΩq}Btu3}L2pΩq. (4.149)

Using also the trace theorem, we have
ż

Γ

gρ`ηBtu3 À }η}L2pΓq}Btu}H1pΩq. (4.150)

Because of (4.84) and the trace theorem again, one has
ż

Γ

Q5 ¨ Btu`

ż

Ω

qBtQ3 `

ż

Ω

Q2 ¨ Btu À p}Q5}L2pΓq ` }Q2}L2pΩqq}Btu}H1pΩq

` }BtQ3}L2pΩq}q}L2pΩq

À E3
f .

(4.151)

Combining (4.149), (4.150) and (4.151), we obtain from (4.148) that

}Btu}
2
L2pΩq À }Btu}L2pΩqp}η}L2pΓq ` }u}H1pΩq ` }ζ}L2pΩqq

` }∇Btu}L2pΩqp}η}L2pΓq ` }u}H1pΩqq ` E3
f .

Using Young’s inequality, we get further that for any ν ą 0,

}Btu}
2
L2pΩq À ν}Btu}

2
L2pΩq ` }∇Btu}

2
L2pΩq ` p1` ν

´1qW . (4.152)

Let ν ą 0 be sufficiently small, the inequality (4.146) follows from (4.152).

To prove (4.147), we differentiate (2.11)2,5 with respect to t and then eliminate
the terms Btζ, Btη by using (2.11)1,4 to deduce that

$

’

&

’

%

ρ0B
2
t u`∇Btq ´ µ∆Btu´ gρ

1
0u3e3 “ BtQ2 ´ gQ1e3 in Ω,

divBtu “ BtQ3 in Ω,

pBtqId´ µSBtuqe3 “ gρ`ue3 ` gρ`Q4e3 ` BtQ5 on Γ.

(4.153)

Multiplying both sides of (4.153)1 by B2
t u, we obtain that

ż

Ω

ρ0|B
2
t u|

2 `

ż

Ω

p∇Btq ´ µ∆Btuq ¨ B
2
t u´

ż

Ω

gρ10u3B
2
t u3 “

ż

Ω

pBtQ2 ´ gQ1e3q ¨ B
2
t u.

(4.154)
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Using the integration by parts, we have that
ż

Ω

ρ0|B
2
t u|

2 “ ´

ż

Γ

pBtqId´ µSBtuqe3 ¨ Btu`

ż

Ω

BtqdivBtu´
µ

2

ż

Ω

SBtu : SB2
t u

´

ż

Ω

gρ10u3B
2
t u3 `

ż

Ω

pBtQ2 ´ gQ1e3q ¨ B
2
t u.

Substituting (4.153)2,3 into the resulting equality yields
ż

Ω

ρ0|B
2
t u|

2 “ ´

ż

Γ

gρ`u3B
2
t u3 ´

ż

Γ

pgρ`Q4e3 ` BtQ5q ¨ B2
t u`

ż

Ω

BtqBtQ3

´
µ

2

ż

Ω

SBtu : SB2
t u´

ż

Ω

gρ10u3B
2
t u3 `

ż

Ω

pBtQ2 ´ gQ1e3q ¨ B
2
t u.

(4.155)

We estimate each integral in the r.h.s of (4.155). For the first integral, we use
Cauchy-Schwarz’s inequality and the trace theorem to have

´

ż

Γ

gρ`u3B
2
t u3 À }u3}L2pΓq}B

2
t u3}L2pΓq À }u3}H1pΩq}B

2
t u3}H1pΩq. (4.156)

For the fourth and fifth integral, we bound as

´
µ

2

ż

Ω

SBtu : SB2
t u´

ż

Ω

gρ10u3B
2
t u3 À }Btu}H1pΩq}B

2
t u}H1pΩq ` }u3}L2pΩq}B

2
t u3}L2pΩq.

(4.157)

For the other integrals, we use (4.84) to obtain
ż

Ω

pBtQ2 ´ gQ1e3q ¨ B
2
t u`

ż

Ω

BtqBtQ3

À p}BtQ2}L2pΩq ` }Q1}L2pΩqq}B
2
t u}L2pΩq ` }Btq}L2pΩq}BtQ3}L2pΩq

À E3
f ,

(4.158)

and use the trace theorem also to obtain
ż

Γ

pgρ`Q4e3 ` BtQ5q ¨ B2
t u À p}Q4}L2pΓq ` }BtQ5}L2pΓqq}B

2
t u}H1pΩq

À E2
f }B

2
t u}H1pΩq.

(4.159)

Substituting (4.156), (4.157), (4.158) and (4.159) into (4.155) yields

}B2
t u}

2
L2pΩq À p}u}H1pΩq ` }Btu}H1pΩq ` E2

f q}B
2
t u}H1pΩq ` E3

f

À p}u}H1pΩq ` }Btu}H1pΩq ` E2
f qp}∇B2

t u}L2pΩq ` Ef q.
(4.160)

Combining (4.160) and (4.146) gives us that

}B2
t u}

2
L2pΩq À p}∇Btu}L2pΩq `W qp}∇B2

t u}L2pΩq `W q. (4.161)

Thanks to Cauchy-Schwarz’s inequality, the resulting inequality (4.161) implies
(4.147). Lemma 4.8 is shown. �

We are able to show Proposition 4.10.

Proof of Proposition 4.10. We apply the elliptic estimate (C.4) to
$

’

&

’

%

´µ∆Btu`∇Btq “ ´ρ0B
2
t u` gpρ

1
0u3 ´Q1q ` BtQ2 in Ω,

divBtu “ BtQ3 in Ω,

Btu “ Btu on Γ,
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to have that

}Btu}
2
H3pΩq ` }Btq}

2
H2pΩq À }B

2
t u}

2
H1pΩq ` }u3}

2
H1pΩq ` }pQ

1, BtQ2q}2H1pΩq

` }BtQ3}2H2pΩq ` }Btu}
2
H5{2pΓq.

This yields

}Btu}
2
H3pΩq ` }Btq}

2
H2pΩq À }B

2
t u}

2
H1pΩq ` }u3}

2
H1pΩq ` }Btu}

2
H5{2pΓq ` E2

f pE2
f `D2

f q,

(4.162)

due to (4.85) also. It follows from (4.145) and the trace theorem that

}Btu}
2
H5{2pΓq À }Btu}

2
H1{2pΓq `

ÿ

βPN2,|β|“2

}B
β
hBtu}

2
H1{2pΓq

À }Btu}
2
H1pΩq `

ÿ

βPN2,|β|“2

}B
β
hBtu}

2
H1pΩq.

(4.163)

Combining (4.162) and (4.163) gives us that

}Btu}
2
H3pΩq ` }Btq}

2
H2pΩq À }pu, Btu, B

2
t uq}

2
H1pΩq `

ÿ

βPN2,|β|“2

}B
β
hBtu}

2
H1pΩq

` E2
f pE2

f `D2
f q.

(4.164)

Thanks to the interpolation inequality (C.7), we get that, for ν ą 0,

}B
β
hBtu}

2
L2pΩq À }Btu}

2
H2pΩq À ν}Btu}

2
H3pΩq ` ν

´2}Btu}
2
L2pΩq.

Hence, it follows from (4.164) that

}Btu}
2
H3pΩq ` }Btq}

2
H2pΩq À }pu, Btu, B

2
t uq}

2
H1pΩq ` ν}Btu}

2
H3pΩq

`
ÿ

βPN2,|β|“2

}∇BβhBtu}
2
L2pΩq ` E2

f pE2
f `D2

f q.

Let ν ą 0 be sufficiently small, one has

}Btu}
2
H3pΩq ` }Btq}

2
H2pΩq À }pu, Btu, B

2
t uq}

2
H1pΩq `

ÿ

βPN2,|β|“2

}∇BβhBtu}
2
L2pΩq

` E2
f pE2

f `D2
f q.

(4.165)

Meanwhile, applying the elliptic estimate (C.4) to
$

’

&

’

%

´µ∆u`∇q “ ´ρ0Btu´ gζe3 `Q2 in Ω,

divu “ Q3 in Ω,

u “ u on Γ,

we have

}u}2H5pΩq ` }q}
2
H4pΩq À }Btu}

2
H3pΩq ` }ζ}

2
H3pΩq ` }Q

2}2H3pΩq

` }Q3}2H4pΩq ` }u}
2
H9{2pΓq.

Using (4.165) and (4.85), we further obtain

}u}2H5pΩq ` }q}
2
H4pΩq À }pu, Btu, B

2
t uq}

2
H1pΩq ` }ζ}

2
H3pΩq ` }u}

2
H9{2pΓq

`
ÿ

βPN2,|β|“2

}∇BβhBtu}
2
L2pΩq ` E2

f pE2
f `D2

f q.
(4.166)
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Using (4.145) again and the trace theorem, we obtain that

}u}2H9{2pΓq À }u}
2
H1{2pΓq `

ÿ

βPN2,|β|“4

}B
β
hu}

2
H1{2pΓq

À }u}2H1pΩq `
ÿ

βPN2,|β|“4

}B
β
hu}

2
H1pΩq.

(4.167)

Notice from (C.7) again that, for ν ą 0,

}B
β
hu}

2
L2pΩq À }u}

2
H4pΩq À ν}u}2H5pΩq ` ν

´4}u}2L2pΩq. (4.168)

In view of (4.167) and (4.168), we deduce from (4.166) that

}u}2H5pΩq ` }q}
2
H4pΩq À }pu, Btu, B

2
t uq}

2
H1pΩq ` }ζ}

2
H3pΩq ` ν}u}

2
H5pΩq

`
ÿ

βPN2,|β|“4

}∇Bβhu}
2
L2pΩq ` E2

f pE2
f `D2

f q.
(4.169)

Let ν ą 0 be sufficiently small, the inequality (4.169) implies that

}u}2H5pΩq ` }q}
2
H4pΩq À }pu, Btu, B

2
t uq}

2
H1pΩq ` }ζ}

2
H3pΩq

`
ÿ

βPN2,|β|“4

}∇Bβhu}
2
L2pΩq ` E2

f pE2
f `D2

f q.
(4.170)

Keep in mind the definition of Dh (4.143), we obtain from (4.165) and (4.170) that

}u}2H5pΩq ` }Btu}
2
H3pΩq ` }q}

2
H4pΩq ` }Btq}

2
H2pΩq

À D2
h ` }pu, Btu, B

2
t uq}

2
H1pΩq ` }ζ}

2
H3pΩq ` E2

f pE2
f `D2

f q.

Thanks to the definition of Df (4.2), that implies

D2
f À D2

h ` }pu, Btu, B
2
t uq}

2
L2pΩq ` }ζ}

2
H3pΩq ` E2

f pE2
f `D2

f q. (4.171)

Thanks to Lemma 4.8, we deduce from (4.171) that

D2
f À D2

h ` }u}
2
H1pΩq ` }ζ}

2
H3pΩq ` }η}

2
L2pΓq ` E3

f ` E2
fD2

f .

We continue using (C.7) to further have

D2
f À D2

h ` ε
3p}u}2H2pΩq ` }ζ}

2
H4pΩqq ` ε

´3}u}2L2pΩq ` ε
´9}ζ}2L2pΩq ` }η}

2
L2pΓq

` E3
f ` E2

fD2
f .

That means

D2
f ď C13

´

D2
h ` ε

3E2
f ` ε

´9p}pζ, uq}2L2pΩq ` }η}
2
L2pΓqq ` E3

f ` E2
fD2

f

¯

. (4.172)

Restricting further

C13δ
2
0 ď

1

2
, (4.173)

we obtain (4.144) from (4.172). Proposition 4.10 is proven. �

4.6. Proof of Proposition 4.2. Let us denote
$

’

’

’

&

’

’

’

%

C1,ε “ pC1 ` C2 ` C3 ` C4qε
3 ` C5 ` C6 ` C7 ` C8 ` C9,

C14 “
ř9
i“1 Ci,

C2,ε “ pC1 ` C2 ` C3 ` C4qε` pC7 ` C8 ` C9qε
3,

C3,ε “ C5 ` C6 ` pC7 ` C8 ` C9qε
´27.
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We obtain from Propositions 4.3, 4.4, 4.5, 4.6, 4.7 that

ε2
´

}ηptq}2H4pΓq ` }Btηptq}
2
H2pΓq ` }B

2
t ηptq}

2
L2pΓq ` }ηptq}

2
H9{2pΓq

¯

` }ζptq}2H4pΩq ` }pu, Btu, B
2
t uqptq}

2
L2pΩq `

ż t

0

}∇pu, Btu, B2
t uqpsq}

2
L2pΩqds

`
ÿ

βPN2,1ď|β|ď4

ż t

0

}∇Bβhupsq}
2
L2pΩqds`

ÿ

βPN2,1ď|β|ď2

ż t

0

}∇BtBβhupsq}
2
L2pΩqds

ď C1,εE2
f p0q ` C6E3

f ptq ` C14ε
3

ż t

0

E2
f psqds` C2,ε

ż t

0

D2
f psqds

` C3,ε

ż t

0

p}pu, ζqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C1,ε

ż t

0

Ef pE2
f `D2

f qpsqds.

(4.174)

Keep in mind the definition of Dh (4.143). It follows from (4.174) that

ε2
´

}ηptq}2H4pΓq ` }Btηptq}
2
H2pΓq ` }B

2
t ηptq}

2
L2pΓq ` }ηptq}

2
H9{2pΓq

¯

` }ζptq}2H4pΩq ` }pu, Btu, B
2
t uqptq}

2
L2pΩq `

ż t

0

D2
hpsqds

ď C1,εE2
f p0q ` C6E3

f ptq ` C14ε
3

ż t

0

E2
f psqds` C2,ε

ż t

0

D2
f psqds

` C3,ε

ż t

0

p}pu, ζqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C1,ε

ż t

0

Ef pE2
f `D2

f qpsqds.

(4.175)

Chaining (4.175) with (4.144) in Proposition 4.10, we get that

ε2
´

}ηptq}2H4pΓq ` }Btηptq}
2
H2pΓq ` }B

2
t ηptq}

2
L2pΓq ` }ηptq}

2
H9{2pΓq ` }ζptq}

2
H4pΩq

¯

` }pu, Btu, B
2
t uqptq}

2
L2pΩq `

1

C12

ż t

0

D2
f psqds

ď C1,εE2
f p0q ` C6E3

f ptq ` pC14 ` 1qε3

ż t

0

E2
f psqds` C2,ε

ż t

0

D2
f psqds

` C4,ε

ż t

0

p}pu, ζqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` pC1,ε ` 1q

ż t

0

Ef pE2
f `D2

f qpsqds,

(4.176)

where C4,ε “ C3,ε ` ε
´9. Let 0 ă ε ď 1 be sufficiently small such that

C2,ε ď
1

2C12
.

So that, the inequality (4.176) implies

ε2
´

}ηptq}2H4pΓq ` }Btηptq}
2
H2pΓq ` }B

2
t ηptq}

2
L2pΓq ` }ηptq}

2
H9{2pΓq ` }ζptq}

2
H4pΩq

¯

` }pu, Btu, B
2
t uqptq}

2
L2pΩq `

1

2C12

ż t

0

D2
f psqds

ď C1,εE2
f p0q ` C6E3

f ptq ` pC14 ` 1qε3

ż t

0

E2
f psqds` pC1,ε ` 1q

ż t

0

Ef pE2
f `D2

f qpsqds

` C4,ε

ż t

0

p}pu, ζqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds.

(4.177)



RAYLEIGH-TAYLOR INSTABILITY 61

By dividing both sides of (4.177) by ε2, we have

}ηptq}2H9{2pΓq ` }ηptq}
2
H4pΓq ` }Btηptq}

2
H2pΓq ` }B

2
t ηptq}

2
L2pΓq

` }ζptq}2H4pΩq ` }pu, Btu, B
2
t uqptq}

2
L2pΩq `

ż t

0

D2
f psqds

ď C15

´

ε´2E2
f p0q ` ε

ż t

0

E2
f psqds` ε

´2

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C15ε
´29

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C15ε

´2E3
f ptq.

(4.178)

Combining (4.138) and (4.178), one has

ε1{4
´

}uptq}2H4pΩq ` }qptq}
2
H3pΩq ` }Btuptq}

2
H2pΩq ` }Btqptq}

2
H1pΩq

¯

` }ηptq}2H9{2pΓq ` }ηptq}
2
H4pΓq ` }Btηptq}

2
H2pΓq ` }B

2
t ηptq}

2
L2pΓq

` }ζptq}2H4pΩq ` }uptq}
2
L2pΩq ` }B

2
t uptq}

2
L2pΩq `

ż t

0

D2
f psqds

ď C11ε
1{4

´

}pB2
t u, u3qptq}

2
L2pΩq ` }ζptq}

2
H2pΩq ` }ηptq}

2
H5{2pΓq ` }Btηptq}

2
H1{2pΓq

¯

` C15

´

ε´2E2
f p0q ` ε

ż t

0

E2
f psqds` ε

´2

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C15ε
´29

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C15ε

´2E3
f ptq ` C11ε

1{4E4
f ptq.

(4.179)

Let us refine ε so that

C11ε
1{4 ď

1

2
,

it follows from (4.179) that

ε1{4
´

}uptq}2H4pΩq ` }qptq}
2
H3pΩq ` }Btuptq}

2
H2pΩq ` }Btqptq}

2
H1pΩq

¯

`
1

2

´

}pB2
t u, uqptq}

2
L2pΩq ` }ζptq}

2
H4pΩq ` }ηptq}

2
H9{2pΓq ` }Btηptq}

2
H2pΓq

¯

` }η}2H4pΓq ` }B
2
t ηptq}

2
L2pΓq `

ż t

0

D2
f psqds

ď C15

´

ε´2E2
f p0q ` ε

ż t

0

E2
f psqds` ε

´2

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C15ε
´29

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C15ε

´2E3
f ptq ` C11ε

1{4E4
f ptq.

(4.180)

Dividing both sides of (4.180) by ε1{4, one has
2
ÿ

j“0

p}B
j
tuptq}

2
H4´2jpΩq ` }B

j
t ηptq}

2
H4´2jpΓqq ` }ζptq}

2
H4pΩq ` }η}

2
H9{2pΓq

` }qptq}2H3pΩq ` }Btqptq}
2
H1pΩq `

ż t

0

D2
f psqds

ď C16

´

ε´9{4E2
f p0q ` ε

3{4

ż t

0

E2
f psqds` ε

´9{4

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C16ε
´117{4

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C16ε

´9{4E3
f ptq.

(4.181)
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Combining (4.181) and (4.135) in Proposition 4.8, we obtain
2
ÿ

j“0

p}B
j
tuptq}

2
H4´2jpΩq ` }B

j
t ηptq}

2
H4´2jpΓqq ` }ζptq}

2
H4pΩq ` }η}

2
H9{2pΓq

` }qptq}2H3pΩq ` }Btqptq}
2
H1pΩq `

ż t

0

D2
f psqds` ε

1{4p}Btζ}
2
H2pΩq ` }B

2
t ζ}

2
L2pΩqq

ď C16

´

ε´9{4E2
f p0q ` ε

3{4

ż t

0

E2
f psqds` ε

´9{4

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C16ε
´117{4

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds

` C16ε
´9{4E3

f ptq ` C10ε
1{4p}u3}

2
H2pΩq ` }Btu3}

2
L2pΩq ` E4

f ptqq.

(4.182)

We continue refining ε so that

C10ε
1{4 ď

1

2
.

It follows from (4.182) that
2
ÿ

j“0

p}B
j
tuptq}

2
H4´2jpΩq ` }B

j
t ηptq}

2
H4´2jpΓqq ` }ζptq}

2
H4pΩq ` }η}

2
H9{2pΓq

` }qptq}2H3pΩq ` }Btqptq}
2
H1pΩq `

ż t

0

D2
f psqds` ε

1{4p}Btζ}
2
H2pΩq ` }B

2
t ζ}

2
L2pΩqq

ď C17

´

ε´9{4E2
f p0q ` ε

3{4

ż t

0

E2
f psqds` ε

´9{4

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C17ε
´117{4

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C17pε

´9{4E3
f ptq ` ε

1{4E4
f ptqq.

(4.183)

Let us recall the definition of Ef (4.1) and divide both sides of (4.183) by ε1{4 to
deduce

E2
f ptq `

ż t

0

D2
f psqds

ď C18

´

ε´5{2E2
f p0q ` ε

1{2

ż t

0

E2
f psqds` ε

´5{2

ż t

0

Ef pE2
f `D2

f qpsqds
¯

` C18ε
´59{2

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds` C18ε

´5{2E3
f ptq.

(4.184)

Switching ε1{2 by ε in (4.181), one has (4.6). Proof of Proposition 4.2 is finished.

5. Nonlinear instability

Note again that, we compactly write U “ pζ, u, q, ηq throughout this paper.

Thanks to Proposition 3.7, we will consider a sequence of approximate solutions
eλnpkqVnpk, xq to the nonlinear equations (2.11), that are solutions to the linearized
ones (2.13). Let us fix a k “ k0 P SΛ such that (2.30) holds. We recall (2.31),

UM pt, xq :“
M
ÿ

j“1

cje
λjpk0qtVjpk0, xq

and require that the coefficients cj satisfying (2.32)-(2.33). Due to the compati-
bility conditions (4.4), we cannot set UM p0, xq as the initial data for the nonlinear
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equations (2.11). With the help of an abstract argument in [11, Section 5C], we
obtain the modified initial data Uδ,M0 pxq.

Proposition 5.1. There exist a number δ0 ą 0 and a family of initial data

Uδ,M0 pxq “ δUM p0, xq ` δ2U δ,M‹ pxq (5.1)

for δ P p0, δ0q such that

(1) Uδ,M0 satisfies the compatibility conditions (4.4) and Ef pU δ,M‹ q ď C‹M ă 8

with C‹M being independent of δ,
(2) the nonlinear equations (2.11) with the above initial data U δ,M0 has a unique

solution U δ,M satisfying that sup0ďtăTmax Ef pU δ,M ptqq ă 8.

5.1. The difference functions. Set

Udpt, xq “ Uδ,M pt, xq ´ δUM pt, xq.

Since U δ,M solves the nonlinear equations (2.11) and UM solves the linearized
equations (2.13), we obtain that Ud satisfies

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btζ
d ` ρ10u

d
3 “ Q1pU δ,M q in Ω,

ρ0Btu
d ´ µ∆ud `∇qd ` gζde3 “ Q2pU δ,M q in Ω,

divud “ Q3pUδ,M q in Ω,

Btη
d “ ud3 `Q4pU δ,M q on Γ,

ppqd ´ gρ`η
dqId´ µSudqe3 “ Q5pUδ,M q on Γ.

(5.2)

The initial condition for (5.2) is

Udp0q “ pζd, ud, ηd, qdqp0q “ δ2U δ,M‹ . (5.3)

Let }U}Ef :“ Ef pUq, which is defined as in (4.1). Let FM ptq “
řM
j“jm

|cj |e
λjt and

0 ă ε0 ! 1 be fixed later (5.39). There exists a unique T δ such that δFM pT δq “ ε0.
Let

C19 “ }U
M p0q}Ef , C20 “

b

}pζM , uM qp0q}2L2pΩq ` }η
M p0q}2L2pΓq. (5.4)

We define

T ‹ :“ sup
!

t P p0, Tmaxq|}Uδ,M ptq}Ef ď 2C19δ0u,

T ‹‹ :“ suptt P p0, Tmaxq|}pζδ,M , uδ,M qptq}L2pΩq ` }η
δ,M ptq}L2pΓq ď 2C20δFM ptq

)

.

(5.5)

Note that

}U δ,M p0q}Ef ď δ}UM p0q}Ef ` }U
dp0q}Ef ď C19δ ` C

‹
Mδ

2 ă 2C19δ0,

we then have T ‹ ą 0. Similarly, we have T ‹‹ ą 0.

The aim of this part is to derive the bound in time of }pζd, udqptq}L2pΩq `

}ηdptq}L2pΓq in the following proposition.

Proposition 5.2. For all t ď minpT δ, T ‹, T ‹‹q, there holds

}pζd, udqptq}2L2pΩq ` }η
dptq}2L2pΓq

ď C21δ
3
´

N
ÿ

j“jm

|cj |e
λjt `maxp0,M ´Nq max

N`1ďjďM
|cj |e

2
3 Λt

¯3

.
(5.6)
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In order to prove Proposition 5.2, we need the following bound in time of
}U δ,M ptq}Ef .

Proposition 5.3. For all t ď mintT δ, T ‹, T ‹‹u, there holds

}Uδ,M ptq}Ef ď C22δFM ptq for all t ď mintT δ, T ‹, T ‹‹u. (5.7)

Proof. We fix a sufficiently small constant ε such that

C0ε ď
λM
4

(5.8)

and Proposition 4.2 holds. Hence, it follows from (4.6) that

E2
f ptq `

ż t

0

D2
f psqds ď

λM
4

ż t

0

E2
f psqds` CλM

´

E2
f p0q `

ż t

0

Ef pE2
f `D2

f qpsqds` E3
f ptq

¯

` CλM

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds.

(5.9)

Refining also δ0, we get

CλM δ0 ď
1

2
and CλM δ0 ď

λM
4
, (5.10)

one thus has
1

2
E2
f ptq `

1

2

ż t

0

D2
f psqds ď CλME2

f p0q `
´λM

4
` δCλM

¯

ż t

0

E2
f psqds

` CλM

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds

ď CλME2
f p0q `

λM
2

ż t

0

E2
f psqds

` CλM

ż t

0

p}pζ, uqpsq}2L2pΩq ` }ηpsq}
2
L2pΓqqds.

(5.11)

Consequently, for all t ď mintT δ, T ‹, T ‹‹u,

}Uδ,M ptq}2Ef ď 2CλM }U
δ,M p0q}2Ef ` λM

ż t

0

}Uδ,M psq}2Ef ds

` 2CλM

ż t

0

p}pζδ,M , uδ,M qpsq}2L2pΩq ` }η
δ,M psq}2L2pΓqqds

ď λM

ż t

0

}U δ,M psq}2Ef ds` C23δ
2F 2

M ptq.

Applying Gronwall’s inequality, the resulting inequality tells us that

}U δ,M ptq}2Ef ď C23

´

δ2F 2
M ptq ` δ

2

ż t

0

eλM pt´sqF 2
M psqds

¯

. (5.12)

Note that λM ă λj for all 1 ď j ďM ´ 1, we have
ż t

0

eλM pt´sqF 2
M psqds ďM2

M
ÿ

j“jm

ż t

0

eλM pt´sq|cj |
2e2λjsds

ďM2eλM t
M
ÿ

j“jm

|cj |
2 e
p2λj´λM qt

2λj ´ λM
.

(5.13)

Substituting (5.13) into (5.12), this yields (5.7). We deduce Proposition 5.3. �
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We now prove Proposition 5.2.

Proof of Proposition 5.2. Differentiating (5.2)2,5 with respect to t and then elimi-
nating the terms Btζd, Btηd by using (5.2)1,4, we deduce from (5.2) that
$

’

&

’

%

ρ0B
2
t u
d `∇Btqd ´ µ∆Btu

d ´ gρ10u
d
3e3 “ BtQ2pU δ,M q ´ gQ1pUδ,M qe3 in Ω,

divBtud “ BtQ3pUδ,M q in Ω,

pBtq
dId´ µSBtudqe3 “ gρ`u

de3 ` gρ`Q4pUδ,M qe3 ` BtQ5pUδ,M q on Γ.

(5.14)
Multiplying both sides of (5.14)1 by Btud, we obtain that

1

2

d

dt

ż

Ω

ρ0|Btu
d|2 `

ż

Ω

p∇Btqd ´ µ∆Btu
dq ¨ Btu

d ´

ż

Ω

gρ10u
d
3Btu

d
3

“

ż

Ω

pBtQ2pU δ,M q ´ gQ1pU δ,M qe3q ¨ Btu
d.

(5.15)

Using the integration by parts, we deduce from the resulting equality that

1

2

d

dt

´

ż

Ω

ρ0|Btu
d|2 ´

ż

Ω

gρ10|u
d
3|

2q `

ż

Γ

pBtqId´ µSBtudqe3 ¨ Btu
d

“

ż

Ω

Btq
ddivBtud ´

µ

2

ż

Ω

|SBtud|2 `
ż

Ω

pBtQ2pUδ,M q ´ gQ1pUδ,M qe3q ¨ Btu
d.

Substituting (5.14)2,3 into (5.15), we have

1

2

d

dt

´

ż

Ω

ρ0|Btu
d|2 ´

ż

Ω

gρ10|u
d
3|

2
¯

`

ż

Γ

gρ`Btu
d
3Btu

d
3

`

ż

Γ

pBtQ5pU δ,M q ` gρ`Q4pUδ,M qe3q ¨ Btu
d

“

ż

Ω

Btq
dBtQ3pUδ,M q ´

µ

2

ż

Ω

|SBtud|2 `
ż

Ω

pBtQ2pUδ,M q ´ gQ1pUδ,M qe3q ¨ Btu
d.

This yields

1

2

d

dt

´

ż

Ω

ρ0|Btu
d|2 ´

ż

Ω

gρ10|u
d
3|

2 `

ż

Γ

gρ`|u
d
3|

2
¯

`
µ

2

ż

Ω

|SBtud|2

“

ż

Ω

pBtQ2pUδ,M q ´ gQ1pUδ,M qe3q ¨ Btu
d `

ż

Ω

Btq
dBtQ3pUδ,M q

´

ż

Γ

pBtQ5pU δ,M q ` gρ`Q4pUδ,M qe3q ¨ Btu
d,

(5.16)

Note that
ż

Ω

pBtQ2pUδ,M q ´ gQ1pUδ,M qe3q ¨ Btu
d

À p}BtQ2pUδ,M q}L2pΩq ` }Q1pU δ,M q}L2pΩqqp}Btu
δ,M}L2pΩq ` δ}Btu

M }L2pΩqq.

In view of (4.84), (5.3) and the definition of UM , we have
ż

Ω

pBtQ2pU δ,M q ´ gQ1pUδ,M qe3q ¨ Btu
d À }U δ,M}2Ef p}U

δ,M}Ef ` δ}Btu
M }L2pΩqq

À δ3F 3
M ptq.

(5.17)
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Similarly, we observe
ż

Ω

Btq
dBtQ3pUδ,M q À }BtQ3pUδ,M q}L2pΩqp}Btq

δ,M}L2pΩq ` δ}Btq
M }L2pΩqq

À δ3F 3
M ptq.

(5.18)

We continue applying (4.84), (5.3) and use the trace theorem to get
ż

Γ

pBtQ5pUδ,M q ` gρ`Q4pUδ,M qe3q ¨ Btu
d

À p}BtQ5pUδ,M q}L2pΓq ` }Q4pUδ,M q}L2pΓqq}Btu
d}L2pΓq

À p}BtQ5pUδ,M q}H1{2pΓq ` }Q4pU δ,M q}H1{2pΓqq}Btu
d}H1pΩq

À δ3F 3
M ptq.

(5.19)

Substituting (5.17), (5.18) and (5.19) into (5.16), we obtain that
ż

Ω

ρ0|Btu
dptq|2 `

ż t

0

ż

Ω

µ|SBtudpsq|2ds

ď z1 `

ż

Ω

gρ10|u
d
3ptq|

2 ´

ż

Γ

gρ`|u3ptq|
2 ` C24δ

3F 3
M ptq,

(5.20)

where

z1 “

ż

Ω

ρ0|Btu
dp0q|2 ´

ż

Ω

gρ10|u
d
3p0q|

2 `

ż

Γ

gρ`|u
d
3p0q|

2.

Thanks to Lemma 3.6, we deduce from (5.20) that
ż

Ω

ρ0|Btu
dptq|2 `

ż t

0

ż

Ω

µ|SBtudpsq|2ds

ď z1 ` Λ2

ż

Ω

ρ0|u
dptq|2 `

1

2
Λ

ż

Ω

µ|Sudptq|2 ` C23δ
3F 3

M ptq.

(5.21)

Using Cauchy-Schwarz’s inequality, we have that
ż

Ω

µ|Sudptq|2 “
ż

Ω

µ|Sudp0q|2 ` 2

ż t

0

ż

Ω

µSudpsq : SBtudpsqds

ď

ż

Ω

µ|Sudp0q|2 `
1

Λ

ż t

0

ż

Ω

µ|SBtudpsq|2ds` Λ

ż t

0

ż

Ω

µ|Sudpsq|2ds

(5.22)

and that
d

dt

ż

Ω

ρ0|u
d|2 ď

1

Λ

ż

Ω

ρ0|Btu
d|2 ` Λ

ż

Ω

ρ0|u
d|2. (5.23)

Three above inequalities (5.21), (5.22) and (5.23) imply that

d

dt

ż

Ω

ρ0|u
dptq|2 `

1

2

ż

Ω

µ|Sudptq|2 ď
z1

Λ
`

ż

Ω

µ|Sudp0q|2 ` 2Λ

ż

Ω

ρ0|u
dptq|2

` Λ

ż t

0

ż

Ω

µ|Sudpsq|2ds` C24δ
3F 3

M ptq,

(5.24)

It follows from Udp0q “ δ2Uδ,M‹ that z1 À δ4, this yields

z1

Λ
`

ż

Ω

µ|Sudp0q|2 À δ4.
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Hence, the inequality (5.24) implies

d

dt

ż

Ω

ρ0|u
dptq|2 `

1

2

ż

Ω

µ|Sudptq|2 ď 2Λ

ż

Ω

ρ0|u
dptq|2 ` Λ

ż t

0

ż

Ω

µ|Sudpsq|2ds

` C25δ
3F 3

M ptq,

(5.25)

In view of Gronwall’s inequality, we obtain from (5.25) that
ż

Ω

ρ0|u
dptq|2 `

1

2

ż t

0

ż

Ω

µ|Sudpsq|2ds ď C25δ
3

ż t

0

e2Λpt´sqF 3
M psqds

ď C26δ
3

ż t

0

e2Λpt´sqFM p3sqds.

(5.26)

Due to (2.30), we obtain for 1 ď j ď N ,
ż t

0

ep3λj´2Λqsds “
1

3λj ´ 2Λ
pep3λj´2Λqt ´ 1q ď

1

3λj ´ 2Λ
ep3λj´2Λqt (5.27)

and for j ě N ` 1,
ż t

0

ep3λj´2Λqsds “
1

3λj ´ 2Λ
pep3λj´2Λqt ´ 1q ď

1

2Λ´ 3λj
. (5.28)

Substituting (5.27) and (5.28) into (5.26), we observe that if M ď N ,

}udptq}2L2pΩq `

ż t

0

}∇udpsq}2L2pΩqds ď C26δ
3
´

M
ÿ

j“jm

|cj |

3λj ´ 2Λ
e3λjt

¯

(5.29)

and if M ě N ` 1,

}udptq}2L2pΩq `

ż t

0

}∇udpsq}2L2pΩqds

ď C26δ
3
´

M
ÿ

j“jm

|cj |

3λj ´ 2Λ
e3λjt `

M
ÿ

j“N`1

|cj |

2Λ´ 3λj
e2Λt

¯

.

(5.30)

We then estimate }ζdptq}L2pΩq. Due to (5.2)1, we obtain

}ζdptq}2L2pΩq À }ζ
dp0q}2L2pΩq `

ż t

0

p}ud3psq}
2
L2pΩq ` }Q

1pU δ,M qpsq}2L2pΩqqds. (5.31)

Note that ζdp0q “ δ2ζδ,M‹ and thanks to (4.84) also, the inequality (5.31) implies

}ζdptq}2L2pΩq À δ4 `

ż t

0

p}ud3psq}
2
L2pΩq ` }U

δ,M psq}4Ef qds

À δ4 `

ż t

0

p}ud3psq}
2
L2pΩq ` δ

4F 4
M psqqds.

(5.32)

Note that δFM ptq ď ε0 ď 1 for any t ď T δ. Hence, we have

δ4

ż t

0

F 4
M psqds À δ3

ż t

0

F 3
M psqds À δ3

ż t

0

FM p3sqds,

this yields

δ4

ż t

0

F 4
M psqds À δ3

M
ÿ

j“jm

|cj |e
3λjt. (5.33)
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Combining (5.29), (5.30) and (5.33), we deduce from (5.32) that, if M ď N ,

}ζdptq}2L2pΩq ď C27δ
3

M
ÿ

j“jm

|cj |e
3λjt (5.34)

and if M ě N ` 1,

}ζdptq}2L2pΩq ď C27δ
3
´

M
ÿ

j“jm

|cj |e
3λjt `

M
ÿ

j“N`1

|cj |e
2Λt

¯

. (5.35)

To estimate }ηdptq}L2pΓq, we use (5.2)4 and the trace theorem to obtain

d

dt
}ηd}2L2pΓq ď }η

d}L2pΓqp}u
d
3}L2pΓq ` }Q4pUδ,M q}L2pΓqq

À }ηd}L2pΓqp}u
d
3}H1pΩq ` }Q4pUδ,M q}L2pΓqq.

This yields
d

dt
}ηd}L2pΓq À }u

d
3}H1pΩq ` }Q4pU δ,M q}L2pΓq.

Thanks to (4.84) and (5.3), we further get

}ηdptq}2L2pΓq À }η
dp0q}2L2pΓq `

ż t

0

p}ud3psq}
2
H1pΩq ` }U

δ,M}2Ef qds

À δ4 `

ż t

0

p}ud3psq}
2
H1pΩq ` δ

4F 4
M psqqds.

Using (5.29), (5.30) and (5.33) again, we have that }ηdptq}2L2pΓq is bounded above
like (5.34) or (5.35). Together with (5.29), (5.30), (5.34) and (5.35), Proposition
5.2 is proven. �

5.2. Proof of Theorem 2.2. Since jm “ mintj : 1 ď j ď N, cj ‰ 0u, we have

}uM ptq}2L2pΩq “

M
ÿ

i“jm

c2
i e

2λit}ui}
2
L2pΩq ` 2

ÿ

jmďiăjďM

cicje
pλi`λjqt

ż

Ω

ui ¨ uj . (5.36)

It can be seen that

}uM ptq}2L2pΩq ě

M
ÿ

j“jm

c2
je

2λjt}uj}
2
L2pΩq ` 2

ÿ

jm`1ďiăjďM

cicje
pλi`λjqt

ż

Ω

ui ¨ uj

´ |cjm |}ujm}L2pΩq

´

M
ÿ

j“jm`1

|cj |}uj}L2pΩq

¯

epλjm`λjm`1qt.

By Cauchy-Schwarz’s inequality, we obtain

2
ÿ

jm`1ďiăjďM

cicje
pλi`λjqt

ż

Ω

ui ¨ uj

ě ´
ÿ

jmďiăjďM

|ci||cj |e
pλjm`1`λjm`2qt}ui}L2pΩq}uj}L2pΩq

ě ´epλjm`1`λjm`2qt
´

M
ÿ

j“jm`1

|cj |}uj}L2pΩq

¯2

.
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This implies

}uM ptq}2L2pΩq ě

M
ÿ

j“jm

c2
je

2λjt}uj}
2
L2pΩq ´ e

pλjm`1`λjm`2qt
´

M
ÿ

j“jm`1

|cj |}uj}L2pΩq

¯2

´ |cjm |e
pλjm`λjm`1qt}ujm}L2pΩq

´

M
ÿ

j“jm`1

|cj |}uj}L2pΩq

¯

.

Due to the assumption (2.33), we deduce that

}uM ptq}2L2pΩq ě

M
ÿ

j“jm

c2
je

2λjt}uj}
2
L2pΩq ´ c2

jme
pλjm`1`λjm`2qt}ujm}

2
L2pΩq

´ c2
jme

pλjm`λjm`1qt}ujm}
2
L2pΩq.

This yields

}uM ptq}2L2pΩq ě c2
jm

´

e2λjm t ´ epλjm`1`λjm`2qt ´ epλjm`λjm`1qt
¯

}ujm}
2
L2pΩq

`

M
ÿ

j“jm`1

c2
je

2λjt}uj}
2
L2pΩq.

Notice that for all t ě 0,

e2λjm t ´ epλjm`1`λjm`2qt ´ epλjm`λjm`1qt ě
1

2
e2λjm t.

Hence, we have
}uM ptq}L2pΩq ě C28FM ptq, (5.37)

for all t ď mintT δ, T ‹, T ‹‹u.

Let

c̃pMq “ max
N`1ďjďM

|cj |

|cjm |
ě 0.

Now, we show that
T δ ď mintT ‹, T ‹‹u (5.38)

by choosing

ε0 ă min
´2C19δ0

C22
,

C2
20

C21p1`M c̃pMqq3
,

C2
28

4C21p1`M c̃pMqq2

¯

. (5.39)

Indeed, if T ‹ ă T δ, we have from (5.7) that

}Uδ,M pT ‹q}Ef ď C22δFM pT
‹q ă C22δFM pT

δq “ C22ε0 ă 2C19δ0,

which contradicts the definition of T ‹ in (5.5). If T ‹‹ ă T δ, we obtain from the
definition of C20 (5.4) and the inequality (5.6) that

}pζδ,M , uδ,M qpT δq}L2pΩq ` }η
δ,M pT δq}L2pΓq

ď }pζd, udqpT δq}L2pΩq ` }η
dpT δq}L2pΩq ` δp}pζ

M , uM qpT δq}L2pΩq ` }η
M pT δq}L2pΓqq

ď
a

C21δ
3
2

´

N
ÿ

j“jm

|cj |e
λjT

δ

`maxp0,M ´Nq
´

max
N`1ďjďM

|cj |
¯

e2ΛT δ{3
¯3{2

` C20δFM pT
δq.

(5.40)

Notice from (2.30) that for N ` 1 ď j ďM ,

|cj |δe
2
3 ΛT δ ă

|cj |

|cjm |
pδ|cjm |e

λjmT
δ

q ă
|cj |

|cjm |
δFM pT

δq “
|cj |

|cjm |
ε0.
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Then, it follows from (5.40) that

}pζδ,M , uδ,M qpT δq}L2pΩq ` }η
δ,M pT δq}L2pΓq

ď C20δFM pT
δq `

a

C21δ
3{2p1`M c̃pMqq3{2F

3{2
M pT δq

ď C20ε0 `
a

C21p1`M c̃pMqq3{2ε
3{2
0 .

Using (5.39) again, we deduce

}pζδ,M , uδ,M qpT δq}L2pΩq ` }η
δ,M pT δq}L2pΓq ă 2C20ε0 “ 2C20δFM pT

δq,

which also contradicts the definition of T ‹‹ in (5.5). So, (5.38) holds.

Once we have (5.38), it follows from (5.6) and (5.37) that

}uδ,M pT δq}L2pΩq

ě δ}uM pT δq}L2pΩq ´ }u
dpT δq}L2pΩq

ě C28δFM pT
δq

´
a

C21δ
3{2

´

N
ÿ

j“jm

|cj |e
λjT

δ

`maxp0,M ´Nq
´

max
N`1ďjďM

|cj |
¯

e2ΛT δ{3
¯3{2

.

Thanks to (5.39) again, we conclude that

}uδ,M pT δq}L2pΩq ě C28ε0 ´
a

C21p1`M c̃pMqq3{2ε
3{2
0 ě

1

2
C28ε0 ą 0.

Theorem 2.2 follows by taking δ0 satisfying Propositions 4.2, 5.1 and the inequality
(5.10), ε0 satisfying (5.39) and m0 “

1
2C28.

Appendix A. Poisson extension

We define the appropriate Poisson sum that allows us to extend η defined on Γ
to a function θ defined on Ω. For any k P L´1

1 Zˆ L´1
2 Z, we write

f̂pkq “

ż

T2

fpxhq
e´ik¨xh

2π
?
L1L2

dxh (A.1)

and define the Poisson sum on Ω by

ppfqpxh, x3q “
ÿ

kPL´1
1 ZˆL´1

2 Z

eik¨xh

2π
?
L1L2

e|k|x3 f̂pkq (A.2)

We then have p : HspΓq Ñ Hs`1{2pΩq is a bounded linear operator for s ą 0.

Lemma A.1. For q P N, let Hq
h be the usual homogeneous Sobolev space of order

q and pf be the Poisson sum of a function f in Hq´1{2
h pΓq. There holds

}∇qpf}2L2pΩq À }f}
2

H
q´1{2
h pΓq

. (A.3)

Proof. Thanks to Fubini’s theorem and Parseval’s formula, we obtain

}∇qpf}2L2pΩq À
ÿ

kPL´1
1 ZˆL´1

2 Z

ż 0

´8

|k|2q|f̂pkq|2e2|k|x3dx3

À
ÿ

kPL´1
1 ZˆL´1

2 Z

|k|2q´1|f̂pkq|2.

The inequality (A.3) then follows. �
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We extend η defined on Γ to be a function defined on Ω,

θpt, xq :“ ppηqpt, xh, x3q (A.4)

for all xh P T2, x3 ď 0. Lemma A.1 implies in particular that if η P Hq´1{2pΓq,
then θ P HqpΩq for q ě 0.

Appendix B. Nonlinear terms

The nonlinear terms Qip1 ď i ď 5q in (2.12) are presented by that

Q1 “ ´Kρ20θu3 `KBtθpB3ζ ` ρ
2
0θq ´Kρ

1
0θpAu1 `Bu2q

´ u1B1ζ ´ u2B2ζ ´Ku3B3ζ `KB3ζpAu1 `Bu2q
(B.1)

that

Q2
1 “ ´pζ ` ρ

1
0θqBtu1 ´ pρ0 ` ρ

1
0θ ` ζqKBtθB3u1 `AKpB3q ´ gρ

1
0θq

´ pζ ` ρ0 ` ρ
1
0θq

´

u1pB1u1 ´AKB3u1q ` u2pB2u1 ´BKB3u1q `Ku3B3u1

¯

` µ

˜

pK2 `A2 `B2 ´ 1qB2
33u1 ´ 2AKB2

13u1 ´ 2BKB2
23u1

pKB3KpA
2 `B2 ` 1q ´ B1pAKq ´ B2pBKq ´AB1K ´BB2KqB3u1

¸

,

(B.2)

Q2
2 “ ´pζ ` ρ

1
0θqBtu2 ´ pρ0 ` ρ

1
0θ ` ζqKBtθB3u1 `BKpB3q ´ gρ

1
0θq

´ pζ ` ρ0 ` ρ
1
0θq

´

u1pB1u2 ´AKB3u2q ` u2pB2u2 ´BKB3u2q `Ku3B3u2

¯

` µ

˜

pK2 `A2 `B2 ´ 1qB2
33u2 ´ 2AKB2

13u2 ´ 2BKB2
23u2

pKB3KpA
2 `B2 ` 1q ´ B1pAKq ´ B2pBKq ´AB1K ´BB2KqB3u2

¸

,

(B.3)

Q2
3 “ ´pζ ` ρ

1
0θqBtu3 ´ pρ0 ` ρ

1
0θ ` ζqKBtθB3u3 ` p1´KqpB3q ´ gρ

1
0θq

´ pζ ` ρ0 ` ρ
1
0θq

´

u1pB1u3 ´AKB3u3q ` u2pB2u3 ´BKB3u3q `Ku3B3u3

¯

` pK ´ 1qpB2
13u1 ` B

2
23u2q ` B1KB3u1 ` B2KB3u2

´ B1pAKB3u3q ´AKB3pKB3u1 ` B1u3 ´AKB3u3q

´ B2pBKB3u3q ´BKB3pKB3u2 ` B2u3 ´BKB3u3q

` 2pK2 ´ 1qB2
33u3 ` 2KB3KB3u3,

(B.4)

that

Q3 “ p1´KqB3u3 `AKB3u1 `BKB3u2,

Q4 “ ´u1B1η ´ u2B2η,
(B.5)
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and that

Q5 “ B1η

¨

˚

˚

˚

˝

q ´ gρ`η ´ 2µpB1u1 ´AKB3u1q

´µpB1u2 ` B2u1 ´AKB3u2 ´BKB3u1q

´µpB1u3 ´AKB3u3 `KB3u1q

˛

‹

‹

‹

‚

` B2η

¨

˚

˚

˚

˝

´µpB1u2 ` B2u1 ´AKB3u2 ´BKB3u1q

q ´ gρ`η ´ 2µpB2u2 ´BKB3u2q

´µpB2u3 ´AKB3u3 `KB3u2q

˛

‹

‹

‹

‚

´ µ

¨

˚

˚

˚

˝

p1´KqB3u1 `AKB3u3

p1´KqB3u2 `BKB3u3

2p1´KqB3u3

˛

‹

‹

‹

‚

.

(B.6)

The terms F j,lp1 ď j ď 5q in (4.30) are given by

F 1,l “ BltF
1 ´

ÿ

0ăjďl

Cjl B
j
tAjkBkpρ0B

l´j
t ujq, (B.7)

F 2,l
i “ BltF

2 `
ÿ

0ăjďl

Cjl µpAjkBkpB
j
tAjmB

l´j
t Bmuiq ` B

j
tAjkB

l´j
t BkpAjmBmuiqq

´
ÿ

0ăjďl

Cjl pρ0B
j
tAikBkB

l´j
t ζ ` Bjt pζ ` ρ

1
0θqBtpB

l´j
t uiqq,

(B.8)

F 3,l “ ´
ÿ

0ăjďl

Cjl B
j
tAikBkpB

l´j
t uiq,

F 4,l “
ÿ

0ăjďl

Cjl B
j
tN ¨ B

l´j
t u,

(B.9)

F 5,l
i “ µ

ÿ

0ăjďl

Cjl pB
j
t pAikNmqBkB

l´j
t um ` B

j
t pAmkNmqBkB

l´j
t uiq

`
ÿ

0ăjďl

Cjl B
j
tNiB

l´j
t pgρ`η ´ qq.

(B.10)

Appendix C. Some useful estimates

Product estimate. Suppose that Σ “ Ω or Γ, let f P Hs1pΣq, g P Hs2pΣq,

(1) if 0 ď r ď s1 ď s2 and s2 ą r ` 3{2, then fg P HrpΣq,
(2) if 0 ď r ď s1 ď s2 and s1 ą 3{2, then fg P HrpΣq.

In both cases, we have

}fg}HrpΣq À }f}Hs1 pΣq}g}Hs2 pΣq, (C.1)

We refer to [8, Lemma 10.1] for the proof of (C.1).

Gagliardo-Nirenberg’s inequality. Let s ě 0, Σ “ Ω or Γ and f, g P HspΣq X
L8pΣq, we have

}fg}HspΣq À }f}HspΣq}g}L8pΣq ` }f}L8pΣq}g}HspΣq. (C.2)
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Elliptic estimates. Let r ě 2 and φ P Hr´2pΩq, ψ P Hr´1pΩq and α P Hr´1{2pΓq.
There exist unique u P HrpΩq and q P Hr´1pΩq solving

$

’

&

’

%

´∆u`∇q “ φ in Ω,

divu “ ψ in Ω,

pqId´ µSuqe3 “ α on Σ.

Moreover, we have

}u}2HrpΩq ` }q}
2
Hr´1pΩq À }φ}

2
Hr´2pΩq ` }ψ}

2
Hr´1pΩq ` }α}

2
Hr´3{2pΩq. (C.3)

thanks to [8, Lemma A.15] for example.

We also recall the classical regularity theory for the Stokes problem with Dirich-
let boundary conditions (see [27, Theorem 2.4] after using the domain expansion
technique). Let r ě 2 and f P Hr´2pΩq, g P Hr´1pΩq and h P Hr´1{2pΓq such that

ż

Ω

g “

ż

Γ

h ¨ ν, where ν is the outward unit normal vector to the boundary.

There exist uniquely u P HrpΩq and q P Hr´1pΩq solving
$

’

&

’

%

´∆u`∇q “ f in Ω,

divu “ g in Ω,

u “ h on Γ.

There also holds

}u}2HrpΩq ` }q}
2
Hr´1pΩq À }f}

2
Hr´2pΩq ` }g}

2
Hr´1pΩq ` }h}

2
Hr´1{2pΓq. (C.4)

Korn’s inequality. The following Korn’s inequality is proven in [17, Theorem
5.12],

}∇u}2L2pΩq À }Su}
2
L2pΩq. (C.5)

Commutator estimates.

Let J “
a

1´ B2
1 ´ B

2
2 and let us define the commutator

rJ s, f sg “ J spfgq ´ fJ sg.

We have

}rJ s, f sg}L2pΓq À }∇f}L8pΓq}J s´1g}L2pΓq ` }J sf}L2pΓq}g}L8pΓq. (C.6)

The proof of (C.6) is similar to that one of [16, Lemma X1].

Interpolation inequality. It can be found in [1, Chapter 5] that

}u}HjpΩq À }u}
1{pj`1q
L2pΩq }u}

j{pj`1q
Hj`1pΩq

.

That implies for ε ą 0, there is a universal constant Cpjq such that

}u}HjpΩq ď ε}u}Hj`1pΩq ` Cpjqε
´j}u}L2pΩq. (C.7)

Coefficient estimates. If }η}H5{2pΓq À 1, we have

}J ´ 1}L8pΩq ` }N ´ 1}L8pΓq ` }K ´ 1}L8pΓq À }η}H5{2pΓq. (C.8)

Also, the map Θ defined by (2.6) is a diffeomorphism. We refer to [9, Lemma
2.4] for the proof of (C.8). In the following lemma, we provide some additional
estimates.
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Lemma C.1. Under the assumption }η}H9{2pΓq À 1, the following inequalities hold

}BltpA,Bq}HspΩq À }B
l
tη}Hs`1{2pΓq for any 0 ď l ď 2 and 0 ď s ď 4, (C.9)

and
$

’

’

’

’

&

’

’

’

’

%

}K ´ 1}HspΩq À }η}Hs`1{2pΓq for 0 ď s ď 4,

}BtK}HspΩq À }Btη}Hs`1{2pΓq for 0 ď s ď 2,

}B2
tK}L2pΩq À }B

2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓq

,

}B3
tK}L2pΩq À }B

3
t η}H1{2pΓq ` }Btη}H5{2pΓq}B

2
t η}H1{2pΓq ` }Btη}

3
H5{2pΓq

,

(C.10)

and
$

’

’

’

’

&

’

’

’

’

%

}pAK,BKq}HspΩq À }η}Hs`1{2pΓq for 0 ď s ď 4,

}BtpAK,BKq}HspΩq À }Btη}Hs`1{2pΓq for 0 ď s ď 2,

}B2
t pAK,BKq}L2pΩq À }B

2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓq

,

}B3
t pAK,BKq}L2pΩq À }B

3
t η}H1{2pΓq ` }Btη}H5{2pΓq}B

2
t η}H1{2pΓq ` }Btη}

3
H5{2pΓq

,

(C.11)
and
$

’

’

’

’

&

’

’

’

’

%

}A´ Id}HspΩq À }η}Hs`1{2pΓq for 0 ď s ď 4,

}BtA}HspΩq À }Btη}Hs`1{2pΓq for 0 ď s ď 2,

}B2
tA}L2pΩq À }B

2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓq

,

}B3
tA}L2pΩq À }B

3
t η}H1{2pΓq ` }Btη}H5{2pΓq}B

2
t η}H1{2pΓq ` }Btη}

3
H5{2pΓq

.

(C.12)

Proof. To prove (C.9), we use Lemma A.1 to obtain

}BltpA,Bq}HspΩq “ }B
l
tpB1θ, B2θq}HspΩq À }B

l
tθ}Hs`1pΩq À }B

l
tη}Hs`1{2pΓq.

We then claim (C.10). Since K ´ 1 “ J´1p1´ Jq “ ´J´1B3θ, we have

}K ´ 1}HspΩq À }J
´1B3θ}HspΩq À }θ}Hs`1pΩq À }η}Hs`1{2pΓq.

Note that K “ J´1, we have BtK “ ´J´2BtJ . Owing to the product estimate
(C.1), Lemma A.1 and the fact that }J ´ 1}L8pΩq À 1 (C.8), we get

}BtK}HspΩq À }J
´2BtB3θ}HspΩq À }BtB3θ}HspΩq À }Btη}Hs`1{2pΓq.

Since B2
tK “ ´J´2B2

t J ` 2J´3pBtJq
2, we continue applying Sobolev embedding,

Lemma A.1 and (C.8) to obtain

}B2
tK}L2pΩq À }J

´2B2
t B3θ}L2pΩq ` }J

´3pBtB3θq
2}L2pΩq

À }B2
t B3θ}L2pΩqp1` }B3θ}H2pΩqq ` }BtB3θ}L2pΩq}BtB3θ}H2pΩq

À }B2
t η}H1{2pΓqp1` }η}H5{2pΓqq ` }Btη}H1{2pΓq}Btη}H5{2pΓq

À }B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓq.

Similarly, we have

B3
tK “ ´J´2B3

t J ` 6J´3BtJB
2
t J ´ 6J´4pBtJq

3.

This yields

}B3
tK}L2pΩq À }J

´2B3
t B3θ}L2pΩq ` }J

´3BtB3θB
2
t B3θ}L2pΩq ` }J

´4pBtB3θq
3}L2pΩq

À }B3
t B3θ}L2pΩq ` }BtB3θ}H2pΩq}B

2
t B3θ}L2pΩq ` }BtB3θ}

2
H2pΩq}BtB3θ}L2pΩq

À }B3
t η}H1{2pΓq ` }Btη}H5{2pΓq}B

2
t η}H1{2pΓq ` }Btη}

3
H5{2pΓq.

Hence, (C.10) is proven.
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We combine (C.9) and (C.10) to prove (C.11). Note that XK “ XpK ´ 1q `X
for X “ A or B, we use Sobolev embedding and (C.10) to obtain that

}XK}L2pΩq À }X}L2pΩqp1` }K ´ 1}H2pΩqq À }η}H1{2pΓq.

We make use (C.1) and (C.9), (C.10) to obtain

}XK}H1pΩq À }X}H1pΩqp1` }K ´ 1}H3pΩqq À }η}H3{2pΓq

and if s “ 2, 3 or 4, we use also Gagliardo-Nirenberg’s inequality to have

}XK}HspΩq À }X}HspΩqp1` }K ´ 1}H2pΩqq ` }X}H2pΩqp1` }K ´ 1}HspΩqq

À }η}Hs`1{2pΓq.

We further obtain

}BtpXKq}HspΩq À }BtX}HspΩq ` }BtXpK ´ 1q}HspΩq ` }XBtpK ´ 1q}HspΩq.

If s “ 0, we use Sobolev embedding and (C.9), (C.10) again to have

}BtpXKq}L2pΩq À }BtX}L2pΩqp1` }K ´ 1}H2pΩqq ` }X}H2pΩq}BtK}L2pΩq

À }Btη}H1{2pΓqp1` }η}H5{2pΓqq.

If s “ 1 or 2, we use (C.1) and also (C.9), (C.10) to obtain

}BtpXKq}H1pΩq À }BtX}H1pΩqp1` }K ´ 1}H3pΩqq ` }X}H3pΩq}BtK}H1pΩq

À }Btη}H3{2pΓqp1` }η}H7{2pΓqq.

or

}BtpXKq}H2pΩq À }BtX}H2pΩqp1` }K ´ 1}H2pΩqq ` }X}H2pΩq}BtK}H2pΩq

À }Btη}H5{2pΓqp1` }η}H5{2pΓqq.

Similarly, it can be seen that

}B2
t pXKq}L2pΩq À }B

2
tX}L2pΩq ` }B

2
tXpK ´ 1q}L2pΩq ` }BtXBtpK ´ 1q}L2pΩq

` }XB2
t pK ´ 1q}L2pΩq

À }B2
tX}L2pΩqp1` }K ´ 1}H2pΩqq ` }BtX}L2pΩq}BtK}H2pΩq

` }X}H2pΩq}B
2
tK}L2pΩq

À }B2
t η}H1{2pΓqp1` }η}H5{2pΓqq ` }Btη}H1{2pΓq}Btη}H5{2pΓq

` }η}H5{2pΓqp}B
2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓqq

À }B2
t η}H1{2pΓq ` }Btη}

2
H5{2pΓq.

In a same way, we have

}B3
t pXKq}L2pΩq À }B

3
tX}L2pΩqp1` }K ´ 1}H2pΩqq ` }B

2
tX}L2pΩq}BtK}H2pΩq

` }BtX}H2pΩq}B
2
tK}L2pΩq ` }X}H2pΩq}B

3
tK}L2pΩq

À }B3
t η}H1{2pΓq ` }Btη}H5{2pΓq}B

2
t η}H1{2pΓq ` }Btη}

3
H5{2pΓq.

Thus, the proof of (C.11) is complete.

Note that

}BltpA´ Idq}HspΩq ď }BltpK ´ 1q}HspΩq ` }B
l
tpAKq}HspΩq ` }B

l
tpBKq}HspΩq.

Hence, (C.12) follows from (C.9), (C.10) and (C.11). �
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Appendix D. Proof of Lemma 3.2

Note that the quotient

2k2pφ1p0qφp0q ´ φ1p´aqφp´aqq
ş0

´a
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx3

(D.1)

is bounded because of the embeddingH2pp´a, 0qq ãÑ C1pp´a, 0qq. To prove Lemma
3.2, let us consider the Lagrangian functional

Lkpφ, βq “ β
´

ż 0

´a

ppφ2q2`2k2pφ1q2`k4φ2qdx3´1
¯

´2k2pφ1p0qφp0q´φ1p´aqφp´aqq,

for any φ P H2pp´a, 0qq. Using Lagrange multiplier theorem again, we find that
the extrema of the quotient (D.1) are necessarily the stationary points pφk, βkq of
Lk, which satisfy

ż 0

´a

ppφ2kq
2 ` 2k2pφ1kq

2 ` k4φ2
kqdx3 “ 1 (D.2)

and

βk

ż 0

´a

pφ2kθ
2 ` 2k2φ1kθ

1 ` k4φkθqdx3

“ k2pφ1kp0qθp0q ` φkp0qθ
1p0q ´ φ1kp´aqθp´aq ´ φkp´aqθ

1p´aqq.

(D.3)

for all θ P H2pp´a, 0qq.

Taking the integration by parts, we obtain that

βk

ż 0

´a

pφ
p4q
k ´ 2k2φ2k ` k

4φkqθdx3 ` βkpφ
2
kθ
1 ´ φ3k θ ` 2k2φ1kθq

ˇ

ˇ

ˇ

0

´a

“ k2pφ1kp0qθp0q ` φkp0qθ
1p0q ´ φ1kp´aqθp´aq ´ φkp´aqθ

1p´aqq.

(D.4)

Restricting θ P C80 pp´a, 0qq, the resulting equality yields

φ
p4q
k ´ 2k2φ2k ` k

4φk “ 0 on p´a, 0q. (D.5)

Hence, (D.4) tells us that
$

’

’

’

&

’

’

’

%

βkφ
2
kp0q “ k2φkp0q,

βkp´φ
3
k p0q ` 2k2φ1kp0qq “ k2φ1kp0q,

βkφ
2
kp´aq “ k2φkp´aq,

βkp´φ
3
k p´aq ` 2k2φ1kp´aqq “ k2φ1kp´aq.

(D.6)

Any solution φk of (D.5) is of the form

φkpx3q “ pAx3 `Bq sinhpkx3q ` pCx3 `Dq coshpkx3q, (D.7)

with A,B,C,D are four constants such that A2`B2`C2`D2 ą 0. Let us compute
from (D.7) that

φ1kpx3q “ pA` kD ` kCx3q sinhpkx3q ` pC ` kB ` kAx3q coshpkx3q,

φ2kpx3q “ p2kC ` k
2B ` k2Ax3q sinhpkx3q ` p2kA` k

2D ` k2Cx3q coshpkx3q.

and

φ3k px3q “ p3k
2A` k3D ` k3Cq sinhpkx3q ` p3k

2C ` k3B ` k3Ax3q coshpkx3q.

Substituting these formulas into (D.6), we obtain
#

βkp2kA` k
2Dq “ k2D,

βkp´k
2C ` k3Bq “ k2pC ` kBq,

(D.8)
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and
$

’

’

’

’

’

&

’

’

’

’

’

%

βk

´

´ p2kC ` k2pB ´Aaqq sinhpkaq ` p2kA` k2pD ´ Caqq coshpkaq
¯

“ k2p´pB ´Aaq sinhpkaq ` pD ´ Caq coshpkaqq,

βk

´

´ p3k2A` k3pD ´ Caqq sinhpkaq ` p3k2C ` k3pB ´Aaqq coshpkaq
¯

“ k2p2βk ´ 1q
´

´ pA` kpD ´ Caqq sinhpkaq ` pC ` kpB ´Aaqq coshpkaq
¯

.

(D.9)

System (D.8) is equivalent to
#

kpβk ´ 1qB “ pβk ` 1qC,

kpβk ´ 1qD “ ´2βkA.
(D.10)

We also obtain that (D.9) is equivalent to
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

´

p´βkpka sinhpkaq ` 2 coshpkaqq ` ka sinhpkaq
¯

A` pβk ´ 1qk sinhpkaqB

`

´

p2 sinhpkaq ` ka coshpkaqqβk ´ ka coshpkaq
¯

C ` p´βk ` 1qk coshpkaqD “ 0,
´

´ pβk ` 1q sinhpkaq ` pβk ´ 1qka coshpkaq
¯

A` p´βk ` 1qk coshpkaqB

`

´

p´βk ` 1qka sinhpkaq ` pβk ` 1q coshpkaq
¯

C ` pβk ´ 1qk sinhpkaqD “ 0.

(D.11)
Substituting (D.10) into (D.11), we deduce

#

ka tanhpkaqp´βk ` 1qA` pp3βk ` 1q tanhpkaq ` kapβk ´ 1qqC “ 0,

p´p3βk ` 1q tanhpkaq ` kapβk ´ 1qqA` p´βk ` 1qka tanhpkaqC “ 0.

Hence, system (D.6) is equivalent to
$

’

’

’

&

’

’

’

%

pβk ` 1qC ´ kpβk ´ 1qB “ 0,

2βkA` kpβk ´ 1qD “ 0,

ka tanhpkaqp´βk ` 1qA` ptanhpkaqp3βk ` 1q ` kapβk ´ 1qqC “ 0,

p´ tanhpkaqp3βk ` 1q ` kapβk ´ 1qqA` ka tanhpkaqp´βk ` 1qC “ 0.

(D.12)

System (D.12) admits a nontrivial solution pA,C,B,Dq if and only if the determi-
nant of the corresponding matrix is equal to zero. This yields

k2pβk´1q2
´

pkaq2 tanh2
pkaqpβk´1q2´

´

pkaq2pβk´1q2´tanh2
pkaqp3βk`1q2

¯¯

“ 0.

Equivalently,

k2pβk ´ 1q2ppkaq2pβk ´ 1q2 ´ sinh2
pkaqp3βk ` 1q2q “ 0. (D.13)

We have three possible values of βk, which are solutions of (D.13) and ordered as

1 (multiplicity 2) ą ´
sinhpkaq ´ ka

3 sinhpkaq ` ka
ą ´

sinhpkaq ` ka

3 sinhpkaq ´ ka
.

Let us take the maximal value βk “ 1. Clearly, we obtain A “ C “ 0 from
(D.10) and

φkpx3q “ B sinhpkx3q `D coshpkx3q.

Substituting the above φk into (D.2), we have
ż 0

´a

pB sinhpkx3q `D coshpkx3qq
2dx3 `

ż 0

´a

pD sinhpkx3q `B coshpkx3qq
2dx3 “

1

2k4
.
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Equivalently,

pB2 `D2q

ż 0

´a

coshp2kx3qdx3 ` 2BD

ż 0

´a

sinhp2kx3qdx3 “
1

2k4
.

We directly have

1

2
sinhp2kaqpB2 `D2q ´ 2 sinh2

pkaqBD “
1

2k3
.

This yields
$

&

%

D is arbitrary and

B “
2 sinh2

pkaq˘
b

sinh2pkaqp2 cosh2pkaq`coshp2kaqqD2` 1
k3

sinhp2kaq

2 sinhp2kaq .
(D.14)

Let us consider the minimal value βk “ ´
sinhpkaq`ka

3 sinhpkaq´ka . It can be seen from
(D.12) that

D “ ´
sinhpkaq ` ka

2k sinhpkaq
A, C “

coshpkaq ´ 1

sinhpkaq
A, (D.15)

and

B “ ´
psinhpkaq ´ kaqpcoshpkaq ´ 1q

2k sinh2
pkaq

A. (D.16)

Hence, φkpx3q “ Azkpx3q, where

zkpx3q “

´

x3 ´
psinhpkaq ´ kaqpcoshpkaq ´ 1q

2k sinh2
pkaq

¯

sinhpkx3q

`

´coshpkaq ´ 1

sinhpkaq
x3 ´

sinhpkaq ` ka

2k sinhpkaq

¯

coshpkx3q.

To find A, we trace back to (D.2). That means

A2

ż 0

´a

ppz2kq
2 ` 2k2pz1kq

2 ` k4z2
kqdx3 “ 1. (D.17)

From the above cases, we conclude that

‚

max
φPH2pp´a,0qq

2k2pφ1p0qφp0q ´ φ1p´aqφp´aqq
ş0

´a
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx3

“ 1.

That variational problem is attained by functions

φpx3q “ B sinhpkx3q `D coshpkx3q,

where B,D satisfy (D.14).
‚

min
φPH2pp´a,0qq

2k2pφ1p0qφp0q ´ φ1p´aqφp´aqq
ş0

´a
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx3

“ ´
sinhpkaq ` ka

3 sinhpkaq ´ ka
.

That variational problem is attained by functions

φpx3q “ pAx3 `Bq sinhpkx3q ` pCx3 `Dq coshpkx3q,

where A,B,C,D satisfy (D.17), (D.16) and (D.15).
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