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BARRED GALAXIES: STUDYING THE
CHAOTIC AND ORDERED NATURE OF
ORBITS

T. Mano$'t and E. Athanassoula

*Center for Research and Applications of Nonlinear Systems (CRANS), Department of
Mathematics, University of Patras, GREECE.
TObservatoire Astronomique de Marseille-Provence (OAMP), 2 Place Le \errier, 13248 Marseille
cedex 04, FRANCE.

Abstract. The chaotic or ordered character of orbits in galactic moehn important issue, since
it can influence dynamical evolution. This distinction candzhieved with the help of tigmaller
ALingmentindex - SALI). We describe here briefly this method and its advantagesn Tve
apply it to that case of 2D and 3D barred galaxy potentialgpdrticular, we find the fraction of
chaotic and ordered orbits in such potentials and present how this fraction changesine
main parameters of the model are varied. For this, we considéels with different bar mass, bar
thickness or pattern speed. Varying only one parameteriaig e find that bars that are more
massive, or thinner, or faster, have a larger fraction obtharbits.

Keywords: Barred galactic potentials, Chaotic motion, Ordered nmtitamiltonian systems
PACS: 95.10.Ce, 95.10.Fh, 05.45.-a, 98.62.Hr, 98.62.Dm

INTRODUCTION

The chaotic and ordered motion in dynamical systems is aingpgrtant issue in non
- linear sciences in general and in dynamical astronomy itiqogar. The qualitative
distinction of the motion is, generally, not that trivialdait becomes harder in systems
of many degrees of freedom. Thus, it is necessary to use rfidspiecise methods to
indicate the nature of the orbits.

Many methods have been developed over the years trying agivanswer to this
problem. The inspection of the successive intersectiors arbit with a Poincaré sur-
face of section (PSS)I[1] has been used mainly for 2 dimeasi(#D) maps and 2
degrees of freedom Hamiltonian systems. One of the most @ymmethods of chaos
detection is the computation of the "Maximal Lyapunov Clegeastic Number" (LCN)
[2],[8], which can be applied for systems with many degreesemdom. Another very
efficient method is the "Frequency Map Analysis" [4],[5].retent years new methods
have been introduced such as the study of spectra of "Shug Dyapunov Characteris-
tic Numbers"|[6],[7] or "Stretching Numbers'! [€],[9] andghSpectral Distance" of such
spectral[10], as well as the study of spectra of helicity avistiangles|[11]|[12],[13]. In
addition, Froeschlé, Lega & Gonzi|14] introduced the "Rastpunov Indicator” (FLI),
while Vozikis, Varvoglis & Tsiganisi[15] proposed a methodsked on the frequency
analysis of "Stretching Numbers".

Recently, a new, fast and easy to compute indicator of thetithar ordered nature
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of orbits, has been introduced [16] and was applied sucassi different dynamical
systems|[16],[17].[18].[19].[20].[21].[22],[23], theoscalled 'Smaller Alignmentl ndex
(SALI)", or, as elsewhere calletllignmentindex(Al) [24],[25]. In the present paper,
we first recall its definition and then we show its effectivenim distinguishing between
ordered and chaotic motion, by applying it to a barred paéot 2 and 3 degrees of
freedom.

DEFINITION OF THE SMALLER ALIGNMENT INDEX

Let us consider tha - dimensional phase space of a conservative dynamicalmsyste
which could be a symplectic map or a Hamiltonian flow. We cdesalso an orbit in
that space with initial conditiof(0) = (x1(0),%2(0),...,Xn(0)) and a deviation vector
v(0) = (dx1(0),dx2(0),...,dxn(0)) from the initial pointP(0). In order to compute the
SALI for a given orbit one has to follow the time evolution dfet orbit with initial
condition itself and also of two deviation vectatgt), vo(t) which initially point in two
different directions. The evolution of these deviationtees is given by the variational
equations for a flow and by the tangent map for a discretegiyatem. At every time step
the two deviation vectorg; (t) andv,(t) are normalized and the SALI is then computed

as.
vit) | ve(t) vit)  va(t)
TOIRTOL ' ] ||v2<t>||H}‘ 0

The properties of the time evolution of the SALI clearly diguish between ordered
and chaotic motion as follows: In the case of Hamiltonian #aw dimensional sym-
plectic maps witm > 2, the SALI fluctuates around a non-zero value for orderedxrb
while it tends to zero for chaotic orbits [16],[18],/19]. the case of 2D maps the SALI
tends to zero both for ordered and chaotic orbits, followiowever completely differ-
ent time rates, which again allows us to distinguish betwlertwo cases. In 2 and 3
degrees of freedom Hamiltonian systems the distinctiowéen ordered and chaotic
motion is easy because the ordered motion occurs on a 2D corB tespectively on
which any initial deviation vector becomes almost tangéetr a short transient period.
In general, two different initial deviation vectors becotaagent to different directions
on the torus, producing different sequences of vectordhy@aALI does not tend to zero
but fluctuates around positive values. On the other hanatHaotic orbits, any two ini-
tially different deviation vectors tend to coincide in thieedtion defined by the nearby
unstable manifold and hence either coincides with eachr,adhéecome opposite. This
means that the SALI tends to zero when the orbit is chaotictarad non-zero value
when the orbit is ordered. Thus, the completely differettaweor of the SALI helps us
to distinguish between ordered and chaotic motion in Hamidén systems with 2 and 3
degrees of freedom and in general in dynamical systems behidimensionality.

SALI (t):min{‘




THE MODEL

A 3D rotating bar model can be described by the Hamiltoniarction:

1
H :§(p§+ P2+ P2) +V (X,Y,2) — Qp(XPy — YPXx), )

wherex is the long axisy the intermediate andthe short axis around which the bar
rotates. Thepy, py and p, are the canonically conjugate momenta. FinaMyjs the
potential, Qp, represents the pattern speed of the bar ldnid the total energy of the
system.

The potential of the mod#& consists of three components:

a) A disc, represented by a Miyamoto disc [26]:

B GMp
\/x2+y2+(A+ V72 +B?)?
whereMp is the total mass of the disé, andB are the horizontal and vertical scale-

lengths, ands is the gravitational constant.
b) Thebulge is modeled by a Plummer sphere with the potential:

GMs
VY2 + 2+ €2

Vb

(3)

Vs =

(4)

whereg;s is the scalelength of the bulge ahty is its total mass.
¢) The triaxial Ferrerdar, the densityp(x) of which is:

1-m)?2 m<1
p(x) = 4 Pelt ) , 5)
0 ,m>1
wherep, = 19°%Vs the central densityg is the total mass of the bar and
NV
n]zzg—f—@—i_?, a>b>c>0, (6)

with a,b and ¢ are the semi-axes andlg the mass of the bar component. The
corresponding potentidg and the forces are given in D. Pfenniger (1984) [27].

Applicationsin the 2D case

We first apply the SALI index to the 2 degrees of freedom bapeidntial. In this
case, we can have a Poincaré Surface of Section (PSS) anteantbe effectiveness
of the SALI, by comparing the results.

In figure 1, we present two orbits of different kind: (B,y, px, py) = (1.5,0, px(H),0)
and (i) (X,y, Px, Py) = (—0.9,0, px(H),0). For this applicatiorH = —0.3. In panels a)
and b) of figure 1, we show the orbit projections in {ixgy)-plane and in panel c) we
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FIGURE 1. Projections of the orbits (i) and (ii) in th&,y)-plane (panels a), b)). PSS of these two
orbits in panel ¢). Behaviour of the SALI of the same orbitar(gl d)).

draw their corresponding PSS, where we can see that theicluabit (i) tends to fill
with scattered points the available part of {xex) plane and that the ordered orbit (ii)
creates a closed invariant curve. Finally, in panel d) weyaghie SALI method for these
two orbits. For the chaotic one, the SALI tends to zgr61%) exponentially after some
time steps while for the regular orbit, it fluctuates aroumpasitive number. By choosing
initial conditions on the linex = 0 of the PSS and calculating the values of the SALI,
we can detect very small regions of stability that can notibealized easily by the PSS
method. Repeating this for many values of the energy, weldeeta follow the change
of the fraction of chaotic and ordered orbits in the phaseeja the energy of the orbit
varies.

Applicationsin the 3D case

In figure 2 we present percentages of chaotic, intermedraderegular trajectories,
where we vary the mass of the bar component (panels A3-B3}rantength of the
short zaxis (panels A2-B2) of the initial models Al and B1l. The tvaos differ in
the way we give the 27000 initial conditions. For the Al, weeghitial conditions in
the plang(x, py,z) with (y, px, pz) = (0,0,0) and for the B1, in the plang, py, pz) with
(y,z px) = (0,0,0). By comparing the results, we see that the increase of thenbas



causes more chaotic behavior in both cases (panels A3, BB)cdnfirms the results by
Athanassoula et al. (1983) |28] in 2 degrees of freedom. @mther hand, it is obvious
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FIGURE 2. Percentages of regular (first and second bar) and chadtid &hd forth bar) orbits, for our
standard model (first row of panels), a model with a thick lsacénd row) and a model with a massive
bar (third row). The two columns show two different ways obohking the orbital population.
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FIGURE 3. The percentages of the chaotic and ordered orbits for theliffieyent values of the pattern
speeds. Panel A correspond$tg= 0.0367032 and panel B 1@, = 0.0554349. The latter presents more
chaotic behavior.

that when the bar is thicker, i.e. the length of thaxis larger, the system gets more
regular.

Finally, we calculated the same percentages for differattem speed€),. From
the orientation of periodic orbits, Contopoulos (1980)][2Bowed that bars have to
end before corotation, i.e. that > a, wherer the Lagrangian, or corotation, radius.
Comparing the shape of the observed dust lanes along thedeadiges of bars to that
of the shock loci in hydrodynamic simulations of gas flow inrbd galaxy potentials,
Athanassoula (1992a,h) [30],/31] was able to set both ardamel an upper limit to
corotation radius, namely = (1.24+0.2)a. This restricts the range of possible values
of the pattern speed, i.€, = 0.0367032, that corresponds to the Lagrangian radius
r. = 1.4a andQp = 0.0554349, that corresponds ito = 1.0a. Using the extremes of
this range, we investigated how the pattern speed of thefleatathe system and found
that the percentage of the regular orbits is greater in skns.b

CONCLUSIONS

In this paper, we applied the SALI method in the Ferrers lohgalaxy models of 2
and 3 degrees of freedom. We presented and discussed olis resuparing the SALI
index with traditional methods, such as the PSS method &2 thegrees of freedom and
showed its effectiveness. We also, calculated percentafgagsaotic and regular orbits
and how they change with the main model parameters, for tlegReds of freedom case.
In more detail, we calculated percentages of chaotic andreddtrajectories, as some
important parameters, as the mass, the length of the slars and the pattern speed of
the bar vary in the initial basic model.
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