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DIFFUSIVE LIMIT OF THE VLASOV-POISSON-FOKKER-PLANCK MODEL:
QUANTITATIVE AND STRONG CONVERGENCE RESULTS

ALAIN BLAUSTEIN
Université Paul Sabatier, Institut de Mathématiques de Toulouse,
118 route de Narbonne - F-31062 TOULOUSE Cedex 9, France;
email: alain.blaustein@math.univ-toulouse.fr

ABSTRACT. This work tackles the diffusive limit for the Vlasov-Poisson-Fokker-Planck model. We
derive a priori estimates which hold without restriction on the phase-space dimension and propose a
strong convergence result in a L2 space. Furthermore, we strengthen previous results by obtaining an
explicit convergence rate arbitrarily close to the (formal) optimal rate, provided that the initial data
lies in some LP space with p large enough. Our result holds on bounded time intervals whose size
grow to infinity in the asymptotic limit with explicit lower bound. The analysis relies on identifying
the right set of phase-space coordinates to study the regime of interest. In this set of coordinates
the limiting model arises explicitly.

CONTENTS
1. Introduction 1
1.1. Physical model and motivation 1
1.2. Formal derivation 2
2. Functional setting and main result 4
3. A priori estimates 5
4. Proof of Theorem 2.1 12
5.  Conclusion 13
Acknowledgment 13
Appendix A. Proof of Proposition 3.2 13
References 14

1. INTRODUCTION

1.1. Physical model and motivation. In this article, we study a plasma composed of moving
electrons and fixed ions. We denote by f¢(¢,x,v) > 0 the density of electron at time ¢t € R, position
x € K? with K € {T, R} and velocity v € R? whereas the density of ions is given by p;(x) > 0 with
pi € Lt (Kd). We focus on the Vlasov-Poisson-Fokker-Planck (VPFP) model, which describes a
situation where the particles interact through electrostatic effects and where electrons are subjected
to collisions with the ion background. Considering the regime in which the electron/ion mass ratio
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and the mean free path of electrons have the same magnitude, the VPFP model reads

1 1 1
(0, /7 + “vVa [Tt BV [T = 5V [T+ Vo]

(1.1) Eg:_vm¢a’ _Am¢a:pa_pi7 pa:/ f‘Ed'U7
Rd

f8(07m7'v) = fg(w7'v)7

where the self consistent electric field E° is induced by Coulombian interactions between charges
whereas the Fokker-Planck operator on the right-hand side of the first line in (1.1) accounts for
collisions with the ion background. A detailed description of the re-scaling process in order to
derive (1.1) may be found in [9, 19]. Since mass is conserved along the trajectories of (1.1), we

normalize f¢ as follows
/ fodedv = 1.
Kd xRd

When K = T, we also impose the compatibility assumption

/ fgd:ndv:/ pide,
KdxR? Kd

which is then satisfied for all positive time ¢ > 0. In this article, we focus on the asymptotic analysis
of (1.1) in the diffusive regime corresponding to the limit ¢ < 1.

1.2. Formal derivation. In this section, we carry out a formal analysis of the diffusive regime.
Our purpose is to derive the limit of f¢ as ¢ — 0 and to explain the key idea of this article in order
to rigorously justify this limit. Considering the leading order term in equation (1.1), we deduce that
as € vanishes, f¢ converges to the following local equilibrium of the Fokker-Planck operator

ff ~ p M,
e—0
where M stands for the standard Maxwellian distribution over R?
1
(12) M(w) = (2m) 92 exp (— : |v|2> ,

and where the spatial distribution p® given in (1.1) solves the following equation, obtained after
integrating the first line in (1.1) with respect to v

1
o p° + Vw-/ vffdv = 0.
E Rd

It is unfortunately trickier to compute the limit of p*. The difficulty stems from the transport
operator in (1.1) which induces a stiff dependence with respect to f¢ in the equation on p*. To
overcome the latter difficulty, the key idea is to consider the following re-scaled version ¢° of f¢

(Tew 9°) (B, 0) = f5(t, @, v),
where 7, g denotes the function obtained by translating any function g in the direction xg € R4,
that is
Two 9(t, 2, 0) = g(t,x + x,v), VY (t,x,v) € RT x K¢ x Re.
Indeed, operating the change of variable * — x 4 ¢ v in equation (1.1), we deduce that the marginal
€ of g° given by

7w (t,x) = / g° (t,x,v) dv :/ T fE (tx,v) dv,
Rd Rd

solves the following equation, obtained after operating the change of variable * — x+¢ v in equation
(1.1) and integrating with respect to v

(1.3) Oy + Vg [/ U (ES ) (t, @, v) dv} — A = 0.
R4
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In the limit ¢ — 0, we have p° ~ 7% and thus E° ~ I, where

(1.4) IF = — Vg, —Agtf =1 — p;.

Furthermore, the translation operator 7! in (1.3) cancels as ¢ — 0. Therefore, the dependence

with respect to f¢ is removed from the non-linear term in (1.3), that is

/RdTg,l(Eafa)(t,x,v) dv ~ T 7.

Therefore, we deduce

™ — P,
e—0

where p solves the following drift-diffusion-Poisson equation

Op+ Va-[Ep] — App =0,
(1.5)

Since we have 7 ~ p°, this leads to the following formal result

ffF— paM.
e—0
As is turns out, the set of coordinates (x + € v,v) is very convenient to study the diffusive regime:
it removes from the equation on p° the stiff dependence with respect to f€ due to the transport
operator, instead we end up with equation (1.3) which is consistent with the limiting model (1.5)
as € vanishes. Therefore, the distribution 7€ will play a key role in our analysis.

The present work consists in rigorously justifying this formal derivation. It is the continuation of a
long process in order to justify the diffusive limit of the VPFP model. The story starts in [19], which
provides local in time and weak convergence in dimension d = 2 and strong convergence on short
time intervals without restriction on the dimension. The present article is somehow close to [19]
since it uses the same functional framework. The case d = 2 in the latter result was then adapted in
[11] to Newtonian interactions. The story goes on with [8] which achieves strong and local in time
convergence without restriction on the dimension d. We also mention [14] in which a similar method
is applied to the situation of a magnetized plasma with time dependent ion density. More recently,
authors adapted hypocoercivity methods to the present situation in order to achieve global in time
convergence. This is the case of [15] which prove global in time and strong convergence in weakly
nonlinear regime (that is, under joint restrictions on the Debye length and the size of the initial data)
when d = 2. We also mention [1], which proves that the linearized model associated (1.1) relaxes
towards equilibrium at an exponential rate which is uniform with respect to €. Authors deduce the
same result on the nonlinear model in the case d = 1. Using similar methods, exponential relaxation
as t — 400 is proved in [13], in a weakly nonlinear setting. In perturbative settings, precise results
are available [21], based on a spectral analysis of (1.1), treating simultaneously the diffusion limit
with explicit convergence rates in € and the long time behavior with optimal exponential rate in t.

In this article, we propose a strong convergence result in some L? space and prove that it occurs
at rate O(e?), with B = (p—d)/(p—1) if f§ lies in some L? space: the (formal) optimal convergence
rate is obtained as p — +o0o0. Our analysis is non-perturbative and it holds in any dimension d > 1.
Our convergence estimate holds on bounded time intervals [0, 7¢], for some explicitly given T° (see
Theorem 2.1) which satisfies 7 — +o00 as ¢ — 0. We point out that it should be possible to
adapt our analysis to Newtonian interactions as long as the macroscopic model does not develop
singularities but we do not follow this path to avoid these issues.

The article is organized as follows: in Section 2, we give our functional setting and state our main
result, in Section 3 we derive uniform estimates for the solution to (1.1), then we conclude with
Section 4 in which we prove our main result.
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2. FUNCTIONAL SETTING AND MAIN RESULT

In the forthcoming analysis, we work with the following norm defined for all exponent p > 1

171, = ( [ ’ z

and denote by LP (M) the set of all function whose latter norm is finite. Furthermore, we denote
|||z the usual norm over LP (K9).

Existence and uniqueness theory for (1.1) has been widely investigated and therefore it will not
be our concern here. We mention [7] in which global classical solutions are constructed in dimension
d =1,2, [17, 18] which extend this result to dimension d = 3 in both the friction and frictionless
cases and notably prove regularizing effects and thus obtain infinite regularity, [3] in which existence
and uniqueness of a global strong solution is obtained when d = 3 and with uniform bounds on the
initial data and then [4] in which regularizing effects are proved for this weak solution, finally, we
mention [6] which treats the case of an initial data in LP and constructs solutions in dimensions
d = 3,4. Since this article does not require any constraint on the dimension, we consider a strong
solution to (1.1) in dimension d > 1. Our main result reads as follows

P 1/p
Mdx d'u) ,

Theorem 2.1. Consider some exponent p > d and set
d p—d
’77/8) = <1_7> .
( p p—1
Suppose that the sequence (f§). -, meets the following assumption
(21) 15l + swp (ool lraus = S5ll,) + <7 1165 = pollzz < o,
x| <

for some positive constant m,, independent of €. On top of that, suppose
(2.2) lpolley + llpillpeer + lpollzge + llpillzg < +oo.

Consider strong solutions (f%)e>0 to (1.1) and p to (1.5) with initial data (f§).~ , and po respec-
tively. For all time T > 0, there exist two positive constants Cp and ep such that for all e < ep,
it holds
1= = p Ml 2oy, r2pyy < Cre”
More precisely, there exists a constant C' only depending on exponent p and dimension d such
that

1= = p Ml 204, 221

I

—1 2 Cpy,p; Ct
S 55 (szp’ eCPO’PiCt + ecpﬂvﬂicmpe 0P )

for all time t less than T¢, with T¢ is given by

1 Cho.p;
TE = Inli1 + P0;Pi e ’
CPOvPiC 4 |||feH|2+C 2 7(1—&—1,%1)
0lllp mpe
where p' = p/(p — 1) and where the constant C,, ,, is given by
2—2/p?
Cpope = max (11035 s 11 15,27 oo Nz 1l pillngs ) -

The main difficulty consists in estimating the nonlinear term E® f¢ in (1.1). Indeed, if we follow
the same method as in [19] and take directly its [[-[|| ,-norm, we end up with the following differential
inequality for || f¢||,, which blows up in finite time

d 2
v L STV
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The key point is therefore to include the re-scaled marginal 7¢ in our computations. More precisely,
we perform the following decomposition

E°=(E°-T°) + (I'—E) + E,

where E and I¢ are given in (1.5) and (1.4) respectively. We rely on a functional inequality to
prove that (E® —I°) is of order &7 || f¢||,, and estimate (I° — E) and E thanks to the properties of
drift-diffusion equation (1.5). It enables to derive the following differential inequality

d 2
i LA S (A

From the latter inequality, we bound || f]|, on time intervals with size of order |Ine| ; this provides
a global in time estimate in the limit ¢ — 0.

3. A priori ESTIMATES

The main object of this section consists in deriving a priori estimates for (1.1) in LP (M) (see
(1) in Proposition 3.3). Building on this key estimate, we deduce that 7€ given by (1.3) converges
towards the solution p to the macroscopic model (1.5) (see (2) in Proposition 3.3) and prove equicon-
tinuity for solutions to (1.1) (see Proposition 3.5). Let us first introduce some notations and recall a
functional inequality that will be used in the proofs of this section. For all function p € LPNL! (Kd)
with p > 1, which in the case K = T meets the compatibility assumption

/ pdx = 0,
Kd

there exists a unique solution Az! p in W?? (K¢) to the Poisson equation (see [10] Section 9.6)

Aa:d) =P,

pde =0, if K=T.
Kd

Furthermore, thanks to Morrey’s inequality, we have the following estimate

(3.1) [Va A" p

g = md,pHPHL’; )

for all exponent p > d, where constant mg, only depends on (d, p) and where ¢ 7 stands for the set
of bounded, y-Holder functions, with v = 1 — d/p. In this section, we denote by A, the dissipation
of LP-norms due to the Laplace operator

Bulol = (0=1) [ 1Vepllop~? do.
and by D), the dissipation of L” (M)-norms due to the Fokker Planck operator
f f
v, |- 4
Y (M M
We start with the following intermediate result which will be essential in order to propagate L? (M)-
norms.

2 p—2

Dp[f]:(pl)/ Mdxdv.

K4 xR4

Lemma 3.1. Consider a smooth solution f¢ to equation (1.1). For all exponent p > d and all
positive €, it holds

IE* — e < Cape?llffll,, VEeRT,

where exponent 7y is given by v = 1 —d/p, and where Cqyp is a constant only depending the
dimension d and exponent p. In the latter estimates, the electric fields E¢ and I¢ are given by (1.1)
and (1.4).



Proof. We consider some positive ¢ and some (¢, ) € Rt x K% We have
(- ) (ha) = / (FF = 720f°) (tya,v) do.
R4

Applying the operator V, A_! to the latter relation and taking the supremum over all  in K¢, we
obtain

|E°— I HL%} < /Rd HV:BA; [fs _ 7':-:_1:1 6] (t"’v)HLgo dv.
To estimate (f° — P °) (t,-,v), we notice that for each v € R, it holds

Ve A" [f7 = oo Sl () [ g < [e0l" [ Ve AL F(E - 0)

€0y

and therefore apply Morrey’s inequality (3.1) which yields

[E" = Tlpe < mape’ /Rd 175 0)ll g o] do.

Then we rewrite the latter inequality as follows
fs (t7 :B7 v)

EE-TI|,- < v
18- Tl < mape [ ([ |5

Applying Hélder’s inequality to the latter relation, we deduce the result

1
p P
da:) lv|” M(v)dv.

p—1

£ € L2 T 13
1B = Flly < maye” ([ ol M@av) 7 17,

We now provide estimates for the macroscopic model (1.5)

Proposition 3.2. Consider a smooth solution p to equation (1.5). For all exponent p, lying in
(1,400), it holds

1-1/p?
1)1l < max (lpollug s NosllH" ), veeRT.
Furthermore, it holds
lpt) e < max(l[pollLge: I pillg) . VEERT.
where p; is given in (1.5).

We postpone the proof of this result to Appendix A since it is not the main point in our analysis.

We turn to the main result of this section, in which we provide estimates in LP (M) for the solution
f€ to (1.1). As a direct consequence, we derive convergence estimates for 7€ and f¢ respectively
towards p and the local equilibrium p® M.

Proposition 3.3. Consider some exponent p > d and sety = 1 — d/p. Let (f%).5, be a sequence
of smooth solutions to (1.1) whose initial conditions meet assumption (2.1) and p be a smooth
solution to (1.5) whose initial condition meets (2.2). There exists a constant C only depending on
exponent p and dimension d such that for all e <1, and all t less than T¢ given in Theorem 2.1

(1) it holds
1,1
17U < 2 (05l + &7 Cpim,y ) cCroniant,

where Cp, p;, and my are given Theorem 2.1;
(2) it holds
|| ﬂ-a —p ||L2 (t) S Eﬁ Cm;p, eCPOvPi ct ,

where B = (p—d)/(p—1) and 1/p' +1/p=1;
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(3) it holds

Hfa — MHLQ([O,t] LL2(M) < ¢ Cd,p m}% eCropiCapt
Proof. The core of this proof consists in deriving item (1) in Proposition 3.3. To do so, we consider
some positive € and for t € R™ define u as follows

u(t) = £l + e == = p) @)IIzy

for some positive o which needs to be determined. Our strategy consists in estimating each one of
the term composing u(t) separately and then to propose a combination of these two estimates which
allow us to close the estimate on u. In order to simplify notations, we omit the dependence with
respect to (¢, «,v) when the context is clear. Furthermore, we denote by Cy, a positive constant
depending only on exponent p and dimension d in this proof.

We start by estimating || f*(¢)[],. We multiply equation (1.1) by (f$/M)P~! and integrate over
K¢ x R?. After an integration by part with respect to v, it yields

1d, en 1 p—1 / f c £
it —D. [f] = Ve [ 5= | EF | — dedv.
P dt |||f ”|p + 52 p[f ] € KdxRd M M M M T dv
Therefore, applying Young’s inequality, we deduce
1d 1 —n p—1 9
2 - E ||| P - D € < £ - ES - ||| P
(3.2) oI+ S D L] < Pt IR I,

for all positive 7. Then we replace ||E°||3.. as follows in the latter estimate

2 2 2 2
IB°)7e <8 (1B = F i + ¥~ Elf; + Bl ) .
and estimate the norm ||E® — I ||, applying Lemma 3.1, the quantities ||I° — E||; o, || E|/ 0
applying Morrey’s inequality (3.1). It yields for all n > 0
1

1d -1 Cq,
(3.3) ol ey + ——Dp[f7] < Tp (627|Hf6\||§ +lm = pl7p + ||P||%g) <N -

€

We now estimate ||(7° — p) (¢)||;». To do so, we consider the difference between equations (1.3)

and (1.5) multiplied by (7° — p)|n® — p|P~? and integrated over K%. After an integration by part,
it yields

1d
b dt |7 — PHig + Ap[n® = pl = A1 + As + A3,
where A;, Ay and As are given by

.&zw—ﬂ/vuf—ﬂ/@ﬁF—Eﬂfwh“wW%%
]Kd Rd

Az = (p - 1)/ Ve (15— p) (BF — T¥) n° |75 — plP 2 de,
Kd

~%=@—D4jdf—mwf—EMMﬂmW%w

A; and A, are error terms which we estimate using Sobolev inequalities whereas we estimate Ajg
using the properties of the limiting macroscopic equation (1.5).

Let us start with 4, which we estimate using Young inequality

1
A1 < nAp 7 = pl + %«4117
n
7



for all positive n and where A;; is given by

Ay = /
Kd

Thanks to Morrey inequality (3.1), we have for all v € R?

750 B = EF|| o < Cap lew|” 6%l -

v

2
/Rd (7o) EF — EF) gf dv| |7° — p|P P da.

After applying Jensen inequality to estimate |[p°[| 2, this yields
e B = B < Cap el (157,

We substitute 7} E¢ — E¢ with the latter estimate in the definition of A;; and deduce

2
A = Cap I | \ [ ot o
Kd Rd

|7 — plP 2 da .
Applying Hélder’s inequality, we obtain

P 2/p
-2
Au < Cap WU 17 = ol ([ | [ oD o7 ao] ae)
x K9 |JRd

To estimate the integral in the latter inequality, we apply Hélder inequality

p 2/p ) 2/p'
(L[ wraaol a) " < ([ o atao) " i

Then we notice that [[¢|, = [|/f*]l, and deduce

4 —2
Air < Cape? I, 17 = pllF,"

In the end, we deduce the following bound for A;
Cyq _
A < B[ = p] + T’%Q” [Pl

To estimate Ao, we follow the same method as before excepted that we apply Lemma 3.1 to
bound Ef — I¢, it yields

Cq, 4 —2
Ay < nlAp[7° = p] + Tp527 AL, F s — PH?; .

We turn to the last term A3, which decomposes as follows
A = A1 + Aszz + Ass,

where the latter terms are given by

st = (p=1) [ Vel = p) (C= B) (= p)ln" = ol da.

i = (p=1) [ Valn = p) (F=B) p | = o o,

| Ass = (p—l)/Kde(WE— p) E (n° = p)|n° — p[' dz.

We start with Aszq, which rewrites as follows after an integration by part
p—1

A1 = ——— 7€ — p|” Vg - (I° — E)dz.
p K¢
Therefore, replacing I¢ and E according to equations (1.4) and (1.5), we deduce the following relation
-1
A = =222 [ 5= P (2° — p)dee.
p K¢
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Since 7° has positive values and taking the absolute value of p, we obtain
p—1
dsr < P ol Il = o1l

Remark 3.4. It is the only time we use the L°°-norm of p in our analysis.

To estimate Ass and Aszz, we use the same techniques as the ones already used to estimate A;
and As. Therefore, we do not detail the computations. In the end it yields

Cq
Asz + Azzs < nlp[7° — p] + T’p Ipll7p || 7= — Pl

for all positive n. Gathering latter computations and taking 7 small enough, we obtain the following
estimate

1d 4 -2
a7 = ol < Cap (VN5 1 = 2155 + (Il + ol ) 12 = iy )

for some constant Cy ), only depending on d and p. Dividing by ||7° — p H[LEQ the latter estimate,
this yields

1
2

d 2 4 2
(3.4) e = oWy < Cap (NG + (Nl + Nolleg ) I = plg) -

It is now possible to obtain item (1) in Proposition 3.3: we set n to 1 in (3.3) and take the
sum between estimate (3.3) divided by || f‘EHg_2 and estimate (3.4), we deduce that u verifies the
following differential inequality

1d . 4 2 2 - 2 2
5 3 U0 < Cap (7 + VP + I = plZg I + Cp (7 N7 = oliZg + IF7I12))

where C), is given by
2
Cy = llol3y + lolzgs
Hence, taking @ = < and applying Lemma 3.2 to estimate C,, we deduce
d
Eu(t) < Cap (7 u(t)® + Cpypy ul?))
where C), p, is given by

2—-2/p?
Coopr = max (110 3511 12,27 1 oo Nz 1 i llngs ) -

We divide the latter estimate by (EV u? + Cho.p; u) and notice that

1 1 1 g7
e7u? + CPO,Pi u Cpo,m u elu+ CPO:P%’ 7

therefore, we obtain

d u(t)
— 1 < ) .
dt n <5"/ u(t) + Cp07pi > =~ CPO,PZ Cdyp

Integrating between 0 and ¢ and taking the exponential in the latter estimate, it yields

-1
U
(3.5) u(t) < uo (1 — & 2 (Coowi Cant 1)) eCrowniCint
PO,
for all time ¢ verifying

1 Cho.pi
t < 1n<1 + po,mg_y>‘
Coo.pi Cip uo

To conclude this step, we estimate ug by applying the triangular inequality

2 — 2 2
(3.6) uo < AN + 27 (I — fill3y + 165 — poll3y) -
9



To estimate ||m5 — pgllpz, we apply Hélder’s inequality to the right hand side of the following
relation 1
—1 pe _ fe T, v p p
76 — poll e = (/ / (e 6 = J5) { )]zsvlﬂ./\/l(v)dv dx ,
* Kd |JRd
(7o' f6 — f5) (x,v)

M) [ev|’
1/p
T — pg < Oy, e” / M(v)dvdzx .
Im — Poll e d.p ( K xR /\/l(fv)|s'v|ﬁ (v) )

Then we split the integral in the right hand side of the latter inequality by distinguishing the case
where |[ev| < 1 from the case where |[ev| > 1, this yields

which yields
P

I — pfllzy < Cape” (IHfSHIp + Sl}gllwo\_ﬂ 70 f5 —féllp) :
To|>

We substitute |[75 — pfll;» according to the latter estimate in (3.6) and apply assumption (2.1), it
yields

14+ 2
wo < N2 + Cupm2 e’ 5%1)

where m,, is the constant in (2.1). Replacing ug in (3.5) thanks to the latter inequality, we deduce
item (1) of Proposition 3.3, that is

141
\wwps2Qwa+ﬁ@ pﬁammﬁé%ﬂ%ﬂ,

for all time ¢ less than T¢, where T¢ is given by

1 Coo
Tf—: = — "~  Inl1 + PO,Pi

Chro.p: C 2
s iy s (50 +" 00 )

e

In order to prove item (2), we consider relation (3.4), replace |[|f°(¢)[[, with the estimate given
by item (1) in Proposition 3.3 and apply Lemma 3.2 to bound p, this yields
d 2 2
P |7 — p HLZ;; < Cap (52’7 m;l, eCropiCapt | Cro,p; |7 — p HL‘;) ,
for all time ¢ less than T°, where m,, and C), ,, are given in Theorem 2.1. Multiplying the latter

estimate by e CrowiCapt, integrating between 0 and ¢ and taking the square root on both sides of
the inequality, we obtain

|7 = pllyy < PronsCant (|25 — poly + &7 Capmit) .

2
Since we already proved in the first step that || 7§ — po HL‘; < Cypmy &7 (1 + p71>, and since 1 < my,
we deduce
I7° = pllpz < & Capmi eCrom it
Item (2) in Proposition 3.3 is obtained applying the following interpolation inequality in the latter

estimate
p—2

P /
I7* = pligz < 7= pliz" 175 = pllTs

where p' is given by 1/p’ + 1/p = 1 and noticing that p'y = .

To prove item (3) in Proposition 3.3, we set p = 2 in (3.2), apply Morrey’s inequality (3.1) to
estimate E° and Jensen’s inequality, which ensures || f¢[l, < || f5H|p. This yields
1d 1
2 dt

- Cq,
Il£el5 + = Dy f] < Tp|||f€|||§-

10



Therefore, taking n = 1/2, integrating the latter estimate between 0 and ¢ and replacing || f°[[, by
the estimate given in item (1) in Proposition 3.3 we obtain

t t
/ Dy[f]ds < g? <|||f§|”; + Cap / mf? eCPO’PiCd7P5d5> ’
0 0

for all time ¢ between 0 and T°. Hence, applying the Gaussian-Poincaré inequality which ensures
Ilfe — pEM\Hg < Dy [ f°], we deduce

/ I1f5 = p° M||2ds < Cype®mit CroniCant

which yields the result by taking the square root of the latter estimate. (|
Building on Proposition 3.3, we are able to prove equicontinuity estimates for f¢ in LP (M).

Proposition 3.5. Consider some exponent p greater than the dimension d and set f = (p—d) / (p—
1). Under assumptions (2.2) on (po, pi) and (2.1) on the sequence of initial conditions (f§)e>o,
consider a sequence of solutions (f)e>o to (1.1). There exists a constant C' only depending on
exponent p and dimension d such that for all positive € less than 1, it holds

— 2 C Ct _
sup [ao P[5 = Ty fllo(t) < eCroni @B sup oo | P 5 — 7, S5,
|:I:0‘§1 \w0|§1

for all time t less than T¢, where T%, m, and C,, ,, are given in Theorem 2.1.

Proof. We consider € > 0 and (t,x0) € RT x K? such that |xg| < 1. We first compute the equation
solved by h® := f¢ — 75, f°. It is given by the difference between equation (1.1) and equation (1.1)
translated by xy with respect to the spatial variable, that is

1 1 1 1
Oh + —v-Vgh® + = (B — 1 B9) - Vo f© + 70, B° - Vo he = — V- [0h° + Vo he] .
€ € € g2

Then we compute the norm of h¢ by multiplying the latter equation by (h®/M)|h¢/M[P~? and
integrating over K¢ x RY. After integrating by part with respect to v, this yields

1d p—1 he [P2 he
he|||P D}f: — v *(Ef — 75, E° h*14, E°) de dv.
ety 5o, =222 [ L ()7 (B = ) 4 07, B
We apply Young s inequality to estimate the right hand side in the latter inequality and deduce
1d e o 21 he P21 )P > 2 )
—_— — — | |E® — 1, E° — 2o EE° .
g <= (5] B = B[ | M da o

After taking the uniform norms of E° — 7, E° and E° and applying Hodler’s inequality to estimate
the cross product between f6 and h®, it yields

1d 2 -2 2 2
T IRE], < (HEa Tao B[ oo (I, + 1B 170 \Hhamﬁ) :
We apply Morrey’s inequahty (3.1) to estimate the uniform norms of E® — 7, E° and Ef, it yields
1 d

2
T A= < CapllP= I -
To conclude, we divide the latter estimate by H|h5||]£71, multiply it by e~ “4» Jo el 45 integrate
between 0 and ¢ and replace || f[|, with the estimate in item (1) of Proposition 3.3, it yields

C,
1l < exp (Gt (S5l + Cagmpet ) cConoons ) i,

for all time ¢ less than T, where T° is given in Theorem 2.1. We obtain the result dividing the
latter estimate by |:L'0]5 , taking the supremum over all &y with norm less than 1 and since according
to Jensen’s inequality it holds [[R°[[ly < [[R7],. O

11



4. PROOF OF THEOREM 2.1
We consider the following decomposition of the quantity that we need to estimate
115 = pMll2og, 2my) < (61 + &+ &) (1),
where &1, & and &3 are given by

&) = [1f6 = P" Mllr2og, L2m)) »
Ea(t) = l1P" = 7l 2 (0., L3 (ma)) -

&(t) = ||I=° — p”m([o,t],L;(Rd)) :
We estimate & and &3 thanks to Proposition 3.3. Indeed, according to item (3), it holds
Ei1(t) = Ce mg eCroriCt
and according to item (2), it holds
E(t) < C &P mgp/ eCroni O

for all time t less than T, where T° is given in Theorem 2.1. We turn to the last term &. To
estimate ||p° — 7|2, we apply Cauchy-Schwarz inequality to the right hand side of the following

relation ,
L 9 1/2
1o — 72 = / / (f_Twlﬁ)(t,m,'v) lev]® M(v)dv| da
e Kd [Jrd M(v) |ev|
It yields
B 9 1/2
e P i L Lt
m KixRrd | M(v) |ev]

where we used that [ lv|*) Mdv < 1. Then we split the integral in the right hand side of the
latter inequality by distinguishing the case where [cv| < 1 from the case where |[ev| > 1, this
yields

o] <1

I7* = pfllpz < € (2 150 + sup |aol ™ |||Twof€_f€|||2> :

Then we apply item (1) in Proposition 3.3 to estimate the norm of f¢ and Proposition 3.5 to estimate
the norm of 7, f¢ — f°. It yields

Hﬂa . PEHLg < 65 (C’mp eCpovpiCt 1 exp (Cp_o%picm;l% ecpo,piCt)) ,

for all time ¢ less than T°, where T¢ is given in Theorem 2.1. Taking the L? norm of the latter
inequality over the time interval [0, ], it yields

—1/2 C C —1 2 _C, C
|7 — pEHLQ([O,t],L%(Rd)) < eP (Cpo,éi my e~ rori b exXp (Cp(),piCmpe P0P; t)) ,

where we used the following inequality to estimate the time integral of the double exponential term

1 d
-1 2 Cpy.piC't -1 2 CpopiC't
exp (CpmpiCmpe POP ) < T2 dtexp (CpoymCmpe POP )
mp

Gathering the estimate on &1, & and &3, we obtain the estimate in Theorem 2.1, that is
2p/ . -1 2 .
1F5 = p Ml 2oy 120 < € (Cmpp %ot + exp (G, Oy ec”O"”Ct)> ’

for all time ¢ less than T, where T is given in Proposition 3.3.
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5. CONCLUSION

We have proposed a method in order to treat the diffusive scaling for the VPFP model which
provides non-perturbative strong convergence results with explicit rates. Our approach may be
regarded as an alternative to compactness methods relying on averaging lemmas widely used in this
context [8, 14, 16, 20] with the advantage that it provides explicit convergence rates. An interest-
ing and challenging improvement would consist in conciliating this approach with hypocoercivity
methods [15, 1, 13] which present the advantage of providing global in time convergence estimates
but which fail, for now, to provide non-perturbative results in the physical case. To be noted that
up to our knowledge, non-perturbative results [5, 2] treating the long time behavior of (1.1) rely
on compactness arguments and are thus non quantitative. Therefore, associating hypocoercivity
methods with the one presented in this article might be a way to treat simultaneously the diffusive
regime € — 0 and the long time behavior ¢ — +o00 in a non-perturbative setting and with explicit
rates. Other natural questions arise from this work such as adapting this method in order to an-
alyze other asymptotic regimes [12] or to check its robustness on other collision operators such as
linearized Boltzmann operators.
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APPENDIX A. PROOF OF PROPOSITION 3.2

Let us start with the case where exponent p is strictly less than +o0o. We compute the time
derivative of || p||7£p by multiplying equation (1.5) by pP~! and integrating with respect to . After
an integration by part, we obtain

ld p—1
2 ol + Aplp] = — D

where D is given by
D = E - VgpPlde.
Kd
Integrating by part and according to equation (1.5), we rewrite D as follows

D= | (pi—p)pPdz = | pipPdz — |pl’}}:.
Kd Kd La

To estimate the D, we apply Holder’s inequality

+1
D < HPZHLP“ HP”Lp+1 - ||PHI£Z+17

and therefore deduce
D <

Pl
ol s Lol < lloil o -

Furthermore, we use that p is a probability measure to apply Jensen inequality and we deduce

2_1)
lellug < ol %0
Injecting this inequality in the latter estimate on D, we obtain
p+1
sz”Lp+1 el zp < Hpi”flzgll)/pQ .
Therefore, we obtain
-1 p+1 - .
i 1ol < @Dl t, o

One can check that for any positive 7, the constant

21
C, = max (HPOHLp ; HPzHLp+1 )/p) n
13



is a super solution to the latter differential inequality. Therefore, it holds for all n > 0

Ipl7, < Cy.

Hence, taking n — 0, we obtain the expected result

1-1/p?
ol < max (llpollg » loill, )

for all time t > 0. The case p = 400 is obtained taking the limit p — o0 in the latter estimate.

(1
2l
B8l
4]

[5]

6
7
8]
9

[10]

[11]

[12]

[13)

[14]

[15]

[16]

17)

18]

[19]

[20]

21]

REFERENCES

Addala, Lanoir and Dolbeault, Jean and Li, Xingyu, and Tayeb, M. Lazhar. L2-hypocoercivity and large time
asymptotics of the linearized Vlasov-Poisson-Fokker-Planck system. J. Stat. Phys., 184(1):34, 2021.

L. L. Bonilla, J. A. Carrillo, and J. Soler. Asymptotic behavior of an initial-boundary value problem for the
Vlasov-Poisson-Fokker-Planck system. SIAM J. Appl. Math., 57(5):1343-1372, 1997.

F. Bouchut. Existence and uniqueness of a global smooth solution for the Vlasov-Poisson-Fokker-Planck system
in three dimensions. J. Funct. Anal., 111(1):239-258, 1993.

F. Bouchut. Smoothing effect for the non-linear Vlasov-Poisson-Fokker-Planck system. J. Differential Equations,
122(2):225-238, 1995.

F. Bouchut and J. Dolbeault. On long time asymptotics of the Vlasov-Fokker-Planck equation and of the
Vlasov-Poisson-Fokker-Planck system with Coulombic and Newtonian potentials. Differential Integral Equations,
8(3):487-514, 1995.

J. A. Carrillo and J. Soler. On the initial value problem for the Vlasov-Poisson-Fokker-Planck system with initial
data in Lp spaces. Math. Methods Appl. Sci., 18(10):825-839, 1995.

P. Degond. Global existence of smooth solutions for the Vlasov-Fokker-Planck equation in 1 and 2 space dimen-
sions. Ann. Sci. cole Norm. Sup., 19(4):519-542, 1986.

N. El Ghani and N. Masmoudi. Diffusion limit for the Vlasov-Maxwell-Fokker-Planck system. TAENG Int. J.
Appl. Math., 40(3):159-166, 2010.

F. Filbet and C. Negulescu. Fokker-Planck multi-species equations in the adiabatic asymptotics. J. Comput.
Phys., 471:Paper No. 111642, 2022.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Springer-Verlag, Berlin,
2001.

T. Goudon. Hydrodynamic limit for the Vlasov-Poisson-Fokker-Planck system: analysis of the two-dimensional
case. Math. Models Methods Appl. Sci., 15(5):737-752, 2005.

T. Goudon, J. Nieto, F. Poupaud, and J. Soler. Multidimensional high-field limit of the electrostatic Vlasov-
Poisson-Fokker-Planck system. J. Differential Equations, 213(2):418-442, 2005.

F. Hérau and L. Thomann. On global existence and trend to the equilibrium for the Vlasov-Poisson-Fokker-Planck
system with exterior confining potential. J. Funct. Anal., 271(5):1301-1340, 2016.

M. Herda. On massless electron limit for a multispecies kinetic system with external magnetic field. J. Differential
Equations, 260(11):7861-7891, 2016.

M. Herda and M. Rodrigues. Large-time behavior of solutions to vlasov-poisson-fokker-planck equations: from
evanescent collisions to diffusive limit. J. Stat. Phys., 170(5):895-931, 2018.

N. Masmoudi and M. L. Tayeb. Macroscopic approximation of a Fermi-Dirac statistics: unbounded velocity space
setting. J. Math. Pures Appl., 158(9):42-70, 2022.

K. Ono. Global existence of regular solutions for the Vlasov-Poisson-Fokker-Planck system. J. Math. Anal. Appl.,
263(2):626—636, 2001.

K. Ono and W. A. Strauss. Regular solutions of the Vlasov-Poisson-Fokker-Planck system. J. Math. Anal. Appl.,
6(4):751-772, 2000.

F. Poupaud and J. Soler. Parabolic limit and stability of the vlasov-fokker-planck system. Math. Models Methods
Appl. Sci., 10(7):1027-1045, 2000.

H. Wu, T.-C. Lin, and C. Liu. Diffusion limit of kinetic equations for multiple species charged particles. Arch.
Ration. Mech. Anal., 215(2):419-441, 2015.

M. Zhong. Diffusion limit and the optimal convergence rate of the Vlasov-Poisson-Fokker-Planck system. Kinet.
Relat. Models, 15(1):1-26, 2022.

14



	1. Introduction
	1.1. Physical model and motivation
	1.2.  Formal derivation

	2. Functional setting and main result
	3. A priori estimates
	4. Proof of Theorem 2.1
	5. Conclusion
	Acknowledgment
	Appendix A. Proof of Proposition 3.2 
	References

