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In gas turbines, flow fluctuations generated by the flame are accelerated through the turbine and produce sound that may trigger combustion instabilities when propagating back to the combustor and contributes to community noise when leaving the engine. The development of safe and quiet engines requires fast and reliable models to predict these noise sources. Following the recent theoretical developments of Brind and Pullan (International Journal of Turbomachinery Propulsion and Power, Vol. 6, 2021), a frequency-dependent analytical model is developed to predict noise scattering as well as entropy-and vorticity-noise production through a 2D stator cascade. The flow is inviscid and subsonic and perturbations are one-dimensional (planar waves). Validations are provided with comparisons to numerical simulations and the sensitivity of the results to input parameters is highlighted. Noise scattering is correctly captured by the model for all the frequencies considered, whereas the agreement is limited to a few hundred Hertz for entropy forcing when shear dispersion is not accounted for analytically. When shear dispersion of the entropy waves is included in the model, entropy-based transfer functions collapse with the numerical results for all the frequencies considered. The model also qualitatively predicts vorticity noise production. This noise comes from the acceleration and deviation of vorticity perturbations by the mean flow upstream of the blade leading edge and its contribution to the global indirect noise is negligible.

Greek letters γ ratio of specific heats

Introduction

Urban densification around airports and heliports results in severe regulations concerning community noise [START_REF] Acare | Aeronautics and air transport: beyond vision 2020[END_REF]. Historically, aircraft noise was largely dominated by jet noise and efforts concentrated on its reduction. This was particularly achieved through the increase of the by-pass ratio and the size of the engines, and other noise sources that were previously masked now start to emerge. Among those sources, combustion noise is significant in the mediumfrequency range during approach and efforts are required for its reduction [START_REF] Dowling | Combustion noise[END_REF][START_REF] Ihme | Combustion and engine-core noise[END_REF].

The contribution of combustion noise is even more important for turboshaft engines where no jet or fan noise is present. In addition, combustion noise may couple with the flame inside the combustor and generate thermoacoustic instabilities that can damage or even destroy the engine [START_REF] Candel | Combustion dynamics and control: progress and challenges[END_REF].

Combustion noise refers to two distinct phenomena [START_REF] Tam | Combustion noise: modeling and prediction[END_REF]. Direct combustion noise is related to noise emitted by the flame and caused by fluctuations of heat release during turbulent combustion [START_REF] Strahle | Some results in combustion generated noise[END_REF][START_REF] Hassan | Scaling of combustion generated noise[END_REF]. The incomplete and turbulent combustion process also leads to heterogeneities in the flow, such as hot (entropy) spots, turbulent (vorticity) spots and fuel and burnt gases (compositional) spots.

When accelerated by the mean flow, through a nozzle or a turbine, these spots generate additional noise, referred to as indirect combustion noise [START_REF] Marble | Acoustic disturbance from gas non-uniformities convecting through a nozzle[END_REF][START_REF] Morfey | Amplification of aerodynamic noise by convected flow inhomogeneities[END_REF][START_REF] Magri | Compositional inhomogeneities as a source of indirect combustion noise[END_REF].

The current work focuses on the modeling of indirect combustion noise. For nozzle flows the literature is abundant and covers a wide range of configurations, including 1D isentropic compact solutions [START_REF] Magri | Compositional inhomogeneities as a source of indirect combustion noise[END_REF][START_REF] Marble | Acoustic disturbance from gas non-uniformities convected through a nozzle[END_REF][START_REF] Huet | A nonlinear model for indirect combustion noise through a compact nozzle[END_REF], non-compact and 2D

modeling [START_REF] Bohn | Response of a subsonic nozzle to acoustic and entropy disturbances[END_REF][START_REF] Moase | The forced response of choked nozzles and supersonic diffusers[END_REF][START_REF] Giauque | Analytical analysis of indirect combustion noise in subcritical nozzles[END_REF][START_REF] Duran | Solution of the quasi-one-dimensional linearized euler equations using flow invariants and the Magnus expansion[END_REF][START_REF] Duran | On the reflection and transmission of circumferential waves through nozzles[END_REF][START_REF] Mahmoudi | Acoustic and entropy waves in nozzles in combustion noise framework[END_REF][START_REF] Emmanuelli | Description and application of a 2D-axisymmetric model for entropy noise in nozzle flows[END_REF] or non-isentropic flows [START_REF] De Domenico | A generalised model for acoustic and entropic transfer function of nozzles with losses[END_REF][START_REF] De Domenico | Compositional and entropy indirect noise generated in subsonic non-isentropic nozzles[END_REF], for instance. Literature data on turbine modeling are scarcer and people usually use the compact model of Cumpsty and Marble, whose validity is limited to the very low frequency range [22]. To partially get rid of this limitation, Bauerheim et al. [START_REF] Bauerheim | Transmission and reflection of acoustic and entropy waves through a statorrotor stage[END_REF] apply the compact model separately to the stator and the rotor while the influence of frequency is accounted for during the propagation of the waves between the two elements. This modeling allows capturing noise production and scattering in the low-frequency range but fails when the frequency rises. In a different way, Bodony [START_REF] Bodony | Scattering of an entropy disturbance into sound by a symmetric thin body[END_REF] and Guzmán-Iñigo et al. [START_REF] Guzmán-Iñigo | A model for the sound generated by entropy disturbances interacting with isolated blades[END_REF] address this low-frequency limit by applying the Rapid Distortion Theory to a 2D profile but the validity remains restricted to medium frequencies and the method cannot deal with realistic turbine geometries. Recent improvements allows Guzmán-Iñigo et al. [START_REF] Guzmán-Iñigo | Scattering of entropy waves into sound by isolated aerofoils[END_REF] to consider aerofoils with large thickness, camber or incoming angle of attack, but in that case the model is valid only for low frequencies and low Mach numbers.

To end, Kaji and Okazaki [START_REF] Kaji | Propagation of sound waves through a blade row i. analysis based on the semi-actuator disk theory[END_REF] evaluate non-compact noise scattering and noise production from incident vorticity by modeling the blade rows as flat-plate cascades with finite chord. This approach is extended by Brind and Pullan [START_REF] Brind | Modelling turbine acoustic impedance[END_REF] by discretizing the blade into multiple elements to reproduce the blade camber as well as the mean flow evolution along the geometry.

The present paper builds on the model proposed by Brind and Pullan [START_REF] Brind | Modelling turbine acoustic impedance[END_REF].

Physically, The main difference between the two models holds in the inclusion of the upstream and downstream flows in the current work, which allows to evaluate vorticity noise generation even when the upstream flow angle is nil.

Numerically, an implicit resolution of the linear system is proposed, in opposition to its explicit resolution with a superposition method by Brind and Pullan.

The objective of the work is to provide a detailed evaluation of the model for an isolated stator with physical analysis through comparisons with reference numerical simulations. Particular attention is given to the sensitivity of the model to the input parameters, the modeling of the mean flow and the prediction of the acoustic and thermoacoustic (entropy forcing) transfer functions of the system, including the phases that are of crucial importance for the onset of combustion instabilities. Contribution of incident vorticity fluctuations to global noise is also evaluated and a mechanism for vorticity noise production is proposed. The paper is organized as follows. The analytical model, with the compact modeling of Cumpsty and Marble and its non-compact extension, is detailed in Section 2. The geometry and the operating conditions of the test case are presented in Section 3, along with the numerical methods. The assessment of the analytical model is provided in Section 4 before conclusions are given in Section 5. This discretization is valid only for low-frequency perturbations and, to deal with larger frequencies, one needs to take into account the flow evolution in the inter-blade channel. To do so, in the non-compact model the geometry is represented as a succession of control volumes, see Fig. 1 (c). These volumes are rectangles aligned with the mean flow. Waves are propagated analytically in each volume and the compact model provides the jump relations between successive volumes. This approach already proved successful for modeling entropy noise through a nozzle by Mahmoudi et al. [START_REF] Mahmoudi | Acoustic and entropy waves in nozzles in combustion noise framework[END_REF].

Analytical model

(a) (b) (c)
The basic assumptions used for the derivation of the model are the following:

(i) the flow is inviscid, adiabatic, and composed of a single gas, (ii) the fluid is calorically perfect (constant heat capacities), (iii) the flow is 2D and subsonic, (iv) the mean flow is uniform in each control volume, (v) perturbations are one-dimensional (planar waves), and (vi) fluctuations are small (linear regime).

Recent numerical simulations indicate hypotheses (i), (ii) and (iii) sound reasonable: viscous effects are limited to the boundary layers which are expected to be thin and without significant impact in the stator [START_REF] Emmanuelli | Numerical simulation and modelling of entropy noise in nozzle and turbine stator flows[END_REF][START_REF] Bach | Unsteady RANS simulation on the effect of film cooling on entropy noise generation in a two-dimensional stator cascade[END_REF][START_REF] Huet | Influence of viscosity on entropy noise generation through a nozzle[END_REF]; thermal protection of the turbine blades by film cooling makes the adiabatic assumption invalid in practice, but its impact on stator transfer functions is very limited [START_REF] Bach | Effect of film cooling on entropy noise generation in a stator blade row[END_REF]; temperature-dependent heat capacities do not significantly alter noise production and scattering [START_REF] Huet | Influence of calorically perfect gas assumption and thermal diffusion on indirect noise generation[END_REF]; 3D-flow effects have little impact on entropy noise generation [START_REF] Emmanuelli | Numerical simulation and modelling of entropy noise in nozzle and turbine stator flows[END_REF]. To end, hypotheses (iv) and (v) do not apply to 2D numerical simulations. Their assessment is part of the validation process presented in Section 4.

For the sake of completeness, in the following the compact model of Cumpsty

and Marble [22,[START_REF] Bauerheim | Transmission and reflection of acoustic and entropy waves through a statorrotor stage[END_REF][START_REF] Leyko | Simulation and modelling of the waves transmission and generation in a stator blade row in a combustion-noise framework[END_REF] is recalled in a first step prior to its extension to the non-compact regime. Let us first consider waves propagating in a uniform flow. Any planar wave ϕ writes

Waves in a uniform 2D flow

w ϕ (x) = A ϕ e i(ωt-k ϕ •x) (1) 
The mean flow velocity u makes an angle θ with the x axis whereas the wave is inclined with an angle ν ϕ , as illustrated in Fig. 2. For 2D stator flows four waves need to be considered (entropy wave, vorticity wave and upstream-and downstream-propagating acoustic waves). Their associated nondimensional wave numbers K ϕ = k ϕ c/ω write [22, 23, 34]

K s = 1 M cos ν s -θ , K v = 1 M cos ν v -θ , K + = 1 1 + M cos ν + -θ , K -= -1 1 -M cos ν --θ (2)
These waves are linked to the flow variables through the matrix [M] [22, [START_REF] Bauerheim | Transmission and reflection of acoustic and entropy waves through a statorrotor stage[END_REF][START_REF] Leyko | Simulation and modelling of the waves transmission and generation in a stator blade row in a combustion-noise framework[END_REF]]

        s ′ /c p u ′ /c p ′ /γp θ ′         = [M]         w s w v w + w -         (3) with [M] =          1 0 0 0 0 -i sin(ν v -θ) K v K + cos(ν + -θ) (1-K + M cos(ν + -θ)) K -cos(ν --θ) (1-K -M cos(ν --θ)) 0 0 1 1 0 i cos(ν v -θ) K v K + sin(ν + -θ) M (1-K + M cos(ν + -θ)) K -sin(ν --θ) M (1-K -M cos(ν --θ))          (4) 

Compact model

The stator is considered as a discontinuity between the upstream and downstream regions. The matching conditions between the control volumes correspond to the conservation of entropy, mass flow rate and stagnation temperature 140 and write, for linear perturbations

s ′ c p up = s ′ c p dwn (5) ṁ′ ṁ up = ṁ′ ṁ dwn (6) 
T ′ t T t up = T ′ t T t dwn (7) 
with

ṁ′ ṁ = p ′ γp + 1 M u ′ c -θ ′ tan θ - s ′ c p (8) 
T ′ t T t = µ (γ -1) p ′ γp + (γ -1) M u ′ c + s ′ c p (9) 
and

µ = 1 + (γ -1)M 2 /2 -1
. To close the system, they are complemented with a general unsteady form of the Kutta condition

θ ′ dwn = αθ ′ up ( 10 
)
The standard Kutta condition is recovered for α = 0.

It is worth noting the matching conditions, Eqs. ( 5)- [START_REF] Hassan | Scaling of combustion generated noise[END_REF], are identical to those used for the compact modeling of the nozzle [START_REF] Marble | Acoustic disturbance from gas non-uniformities convected through a nozzle[END_REF], where vorticity is absent.
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For the stator case, the generation of vorticity is the consequence of the Kutta condition: downstream of the stator, acoustic waves propagate along the x axis whereas the mean flow is strongly deviated. Vorticity perturbations are therefore generated at the blade trailing edge to align the velocity fluctuation with the mean velocity.

150 Next, Eqs. ( 5)- [START_REF] Hassan | Scaling of combustion generated noise[END_REF] and Eq. ( 10) are recast to link the flow perturbations upstream and downstream of the stator.

[E up ]         s ′ /c p u ′ /c p ′ /γp θ ′         up = [E dwn ]         s ′ /c p u ′ /c p ′ /γp θ ′         dwn (11) 
with

[E up ] =         1 0 0 0 -1 1/M up 1 -tan θ up µ up (γ -1) µ up M up (γ -1) µ up 0 0 0 0 α         (12) 
[E dwn ] =         1 0 0 0 -1 1/M dwn 1 -tan θ dwn µ dwn (γ -1) µ dwn M dwn (γ -1) µ dwn 0 0 0 0 1         (13) 
Combining Eq. [START_REF] Marble | Acoustic disturbance from gas non-uniformities convected through a nozzle[END_REF] with Eq. (3) provides the compact system of Eq. [START_REF] Moase | The forced response of choked nozzles and supersonic diffusers[END_REF], where W = (w s , w v , w + , w -) T is the vector of the waves evaluated just upstream and downstream of the discontinuity. 

[E up ][M up ] [Bup] W up = [E dwn ][M dwn ] [B dwn ] W dwn (14) 

Flow description

The procedure to evaluate the mean flow is similar to that used for quasi-1D

nozzle flows [START_REF] Anderson | Computational Fluid Dynamics -the basics with applications[END_REF]. The flow being adiabatic, stagnation pressure and temperature are conserved and mass conservation directly provides the Mach number from the knowledge of the section. Concerning the perturbations, changes in waves amplitudes between control volumes are provided by the compact model. To complete the non-compact model, one only needs to include the convection of the entropy and vorticity waves and the propagation of the acoustic waves in each volume. Each wave in the j th control volume writes

w ϕ j (x) = A ϕ j e i(ωt-k ϕ j •(x-x in j )) (15) 
Considering the perturbations are not attenuated during their convection/propagation, the waves at the exit of the control volume therefore write as a function of the waves at the inlet

W j x out j =         e -ik s j •∆x j 0 0 0 0 e -ik v j •∆x j 0 0 0 0 e -ik + j •∆x j 0 0 0 0 e -ik - j •∆x j         [P j ] W j x in j (16) 
where ∆x j = x out j -x in j .

[P] is the phase shift matrix. The combination of Eqs. ( 14) and ( 16) links the amplitude of the waves between the inlets of ducts j and j + 1

[E up,j ][M j ] [B up,j ] [P j ]W j x in j = [E dwn,j+1 ][M j+1 ] [B dwn,j+1 ] W j+1 x in j+1 (17)
The full geometry is discretized with n points and needs the determination of 4n complex wave's amplitudes. Jump relations, Eq. ( 17), provide 4 equations between successive control volumes, hence 4n-8 equations for the full geometry.

Four equations are provided by the propagation of the waves in the last volume using Eq. ( 16). The last four equations are provided by the boundary conditions and correspond to the waves entering the stator, namely the entropy wave (w s 1 ), vorticity wave (w v 1 ) and downstream-propagating acoustic wave (w + 1 ) entering from the upstream end and the upstream-propagating acoustic wave (w - n ) entering from downstream. In the present case, we consider the stator is isolated: the boundaries are non-reflecting and the amplitude of these waves is directly imposed by the user. The complete system therefore writes 

                          [B up,1 ][P 1 ] -[B dwn,
                                                    A s 1 A v 1 A + 1 A - 1 . . . . . . A s n A v n A + n A - n                           =                            0 . . . . . . . . . . . . 0 A s,f 1 A v,f 1 A +,f 1 A -,f n                            (18) 
where [I] is the identity matrix and

A s,f 1 , A v,f 1 , A +,f 1 and A -,f
n are the useddefined amplitudes of the incoming waves. Numerical resolution of Eq. ( 18)

provides the transfer functions of the system. If the stator is not isolated, noise may be scattered by or generated in upstream and downstream mechanical ele-175 ments, e.g. a nozzle or additional turbine stages. The impact of these reflections on the noise in the stator may be evaluated from the isolated transfer functions by expressing the linear relations between the waves entering and leaving the different elements. The reader may refer to the Appendix A of Huet et al. [START_REF] Huet | Entropy noise modelling in 2D choked nozzle flows[END_REF] for details. • In the regions upstream and downstream of the blade, lateral periodic boundary conditions impose the waves to propagate along the axial direction, hence ν = 0 for all waves. The model only needs to account for the phase shift of the waves between successive ducts. For a uniform flow, it is obvious from Eq. ( 17) that this is achieved with α = 1. project RECORD [START_REF] Knobloch | Experimental assessment of noise generation and transmission in a high-pressure transonic turbine stage[END_REF] and have been complemented with more recent experimental investigations, e.g. [START_REF] Gaetani | Transport of entropy waves within a high pressure turbine stage[END_REF][START_REF] Gaetani | Computational and experimental study of hot streak transport within the first stage of a gas turbine[END_REF][START_REF] Pinelli | Computational and experimental study of the unsteady convection of entropy waves within a high-pressure turbine stage[END_REF][START_REF] Pinelli | Effect of clocking on entropy noise generation within an aeronautical high pressure turbine stage[END_REF], as well as numerical reproductions of the test cases with either RANS [START_REF] Pinelli | Computational and experimental study of the unsteady convection of entropy waves within a high-pressure turbine stage[END_REF][START_REF] Pinelli | Effect of clocking on entropy noise generation within an aeronautical high pressure turbine stage[END_REF] or LBM (Lattice Boltzmann Method) [START_REF] Winkler | Lattice Boltzmann simulations of wave propagation through a high-pressure turbine stage[END_REF] calculations. In the present simulation of the isolated stator, the 2D profile used is extracted at 50% of the 3D blade height. Its chord is approximately 60 mm and its axial chord is c x = 30.6 mm. The operating point is provided in Table 1 and corresponds to the subsonic condition investigated experimentally at Politecnico di Milano. These conditions lead to a Mach number of 0.117 in the upstream duct. The flow is accelerated in the inter-blade channel and rises to M ∼ 0.650 before decreasing to M ∼ 0.600 in the downstream region. [ [START_REF] Guillaume | Crest-factor minimization using nonlinear chebyshev approximation methods[END_REF][START_REF] Zheng | Analytical and numerical study of the indirect combustion noise[END_REF] For entropy forcing, a temperature fluctuation T ′ /T of 0.5% (1.6 K) is imposed for each frequency, which results in a variation of 1.6% (5.2 K) at maximum in the multi-harmonic case. A similar threshold is used for velocity and pressure perturbations associated with acoustic and vorticity excitations. Each storage area is composed of 21 planes aligned with the pressure wave fronts.

Numerical simulations

Geometry and operating conditions

Numerical methods

Velocity and pressure fluctuations are 1D-averaged in each plane and used to reconstruct the acoustic waves using either the Riemann invariants or a Direct Mode Matching method, where the pressure fluctuations and their axial derivatives are projected on a modal basis composed of the upstream and downstream propagating planar acoustic waves. This method proved to be efficient in previous studies performed at ONERA and the interested reader may refer to Zheng [START_REF] Zheng | Analytical and numerical study of the indirect combustion noise[END_REF], Emmanuelli [START_REF] Emmanuelli | Description and application of a 2D-axisymmetric model for entropy noise in nozzle flows[END_REF][START_REF] Emmanuelli | Numerical simulation and modelling of entropy noise in nozzle and turbine stator flows[END_REF] and Huet et al. [START_REF] Huet | Entropy noise modelling in 2D choked nozzle flows[END_REF] for additional details. Finally, the waves are phase-shifted to reference locations in the upstream and downstream ducts (respectively 2c x upstream and downstream of the blade leading edge) before the construction of the transfer functions.

The confidence in these simulated transfer function is comforted by the very good agreement with the numerical results of Bach et al., who evaluated the thermoacoustic transfer functions of the same stator blade with similar operating conditions [START_REF] Bach | Effect of film cooling on entropy noise generation in a stator blade row[END_REF].

Assessment of the analytical model

To ensure the results presented hereafter do not depend on the discretization of the geometry, a convergence study was performed where the number of points used to model the geometry was varied from 16 to 401. The convergence of the thermoacoustic transfer functions was reached with 61 points (corresponding to 10 control volumes for the stator blade and 50 volumes for the upstream and downstream ducts). This convergence criterion is in the same order of magnitude as observed by Brind and Pullan [START_REF] Brind | Modelling turbine acoustic impedance[END_REF] (50 control volume for the stator blade).

The discrepancy may be explained by a different blade geometry or operating condition. In the following, the geometry is discretized with 401 points. This discretization is far above the convergence threshold and ensures convergence is always reached. A key parameter of the model is the generatrix considered for the discretization of the geometry. In this section, the generatrix is a streamline extracted from the CFD simulation and the dependence of the results on the streamline used is investigated. To this end, the 5 different streamlines located at 10%, 290 30%, 50%, 70% and 90% of the duct height at the inlet of the geometry are considered. These streamlines are reproduced in Fig. 5 (a) along with the simulated Mach number cartography whereas the modeled flow obtained with the streamline located at 70% of the duct height is reproduced in Fig. 5 (b). The model globally captures the simulated flow evolution. The main difference is observed in the downstream region and is a consequence of the absence of the wake in the analytical modeling: numerically, the fluid velocity is slowed down in the wake and therefore accelerated outside the wake for mass conservation purpose. The acoustic transfer functions with upstream forcing ([w - 1 /w + 1 ] and [w + n /w + 1 ]) modeled using the different streamlines are reproduced in Fig. 7 along with the compact solutions [22] and their simulated counterparts. At 1000 Hz, the acoustic wavelength in the upstream and downstream regions is approximately 10 times larger than the axial chord of the stator. The latter is therefore expected to be acoustically compact, which is recovered numerically. All the modeled transfer functions converge towards the compact solution at low frequencies whereas differences appear in the amplitude as frequency rises and a maximum difference of about 25% is observed at 1000 Hz. This highlights the role of the flow gradients in the scattering of acoustic waves, all the more important as the wavelength is short. The phase of the transfer functions is essentially driven by the length of the acoustic pathway and phases do not significantly differ for the streamlines considered. Generally speaking, the modeled transfer functions are close to the numerical results. The best agreement is obtained with the streamlines close to the pressure side and discrepancies arise when the streamlines are moved to the suction side, leading to high-frequency noise increase. These discrepancies are associated to non-compact effects, in particular 

Concerning the vorticity transfer functions [w -

1 /w v 1 ] and [w + n /w v 1 ], Fig. 10, the analytical compact solution predicts no production of sound in the upstream and downstream regions in the low frequency limit. In the analytical expressions, the noise produced is proportional to sin θ 1 [START_REF] Leyko | Simulation and modelling of the waves transmission and generation in a stator blade row in a combustion-noise framework[END_REF] and θ 1 = 0 in the present case. This silent behavior in the low-frequency limit is correctly reproduced by the model. As frequency rises, the numerical simulation predicts production of noise. This noise generation is qualitatively recovered with the non-compact analytical model, even if the level of noise produced is strongly dependent on the streamline considered. This streamline-dependent behavior is particularly visible for the phase: in the low-frequency limit, it converges towards either π/2 or 3π/2 depending on the streamline considered. From comparisons with the numerical simulation, the best modeled results are obtained with 50%-and 90%-height streamlines. It is worth noting vorticity noise is very low and is therefore not expected to contribute significantly to indirect combustion noise originating from a real combustor.

The mechanism leading to noise production from vorticity in the non-compact limit is now investigated in the light of the analytical model. Such noise production may appear counterintuitive because the non-compact model is built on the compact model, which predicts no noise in the present case. As pointed out previously, in the inter-blade channel the hard walls together with the planar wave assumption forbids the presence of planar vorticity fluctuations, they therefore vanish at the leading edge and cannot produce noise when accelerated in the stator or scattered by the trailing edge. Noise is hence produced upstream of the leading edge. From Fig. 6, in the region -1 ≤ x/c x ≤ 0 the flow is not uniform but slightly accelerated, which produce sound that will be partly reflected by and transmitted through the stator. In addition, in Fig. 5 one can see clearly that the streamlines do not remain perfectly horizontal in the upstream region but are deviated near the leading edge, so that θ ̸ = 0 at the stator inlet and vorticity is expected to produce noise even in the compact limit.

The important variability in the modeled transfer functions can be explained by the very different mean velocity gradient and inlet angle observed for the various streamlines considered.

Modeling of the entropy shear dispersion

It is pointed out in the previous section that the discrepancies observed in the modeling of the thermoacoustic transfer functions come from the shear dispersion of the entropy wave, that is not accounted for in the model. This is illustrated in Fig. 11. Figure 11 ( in the transfer functions. To get rid of this restriction, Brind and Pullan [START_REF] Brind | Modelling turbine acoustic impedance[END_REF] account for shear dispersion using the approach of Bauerheim et al. [START_REF] Bauerheim | Transmission and reflection of acoustic and entropy waves through a statorrotor stage[END_REF]: from 

s ′ c p (l) = s ′ c p (l = 0) exp -iω l 0 dζ u(ζ) (19) 
where the integration is performed along the streamline. An illustration of the reconstructed 2D entropy fluctuation (with 100 streamlines) is visible in Fig.

11 (c), where it compares very favorably with the numerical data of Fig. 11 (a). Second, the associated 1D-averaged, attenuated entropy wave is evaluated through a spatial averaging of the 2D entropy field. We assume the attenuation of the entropy wave occurs during its convection from the inlet to the outlet of each control volume, spatial averaging is therefore performed on the outlet face of each volume. The evolution of this 1D attenuated entropy wave is illustrated in Fig. 12. The abscissa corresponds to the axial coordinate of the 70%-height streamline used as generatrix in the present case. As the entropy wave is convected through the stator, its dispersion rises and the 1D-averaged wave is damped. Similarly, the attenuation increases with frequency, because larger frequencies correspond to smaller wavelengths and hence to larger amplitude variations on the averaging planes. Attenuation reaches 30% at the blade trailing edge at 500 Hz, and more than 50% at 1000 Hz. Without shear dispersion, the entropy fluctuation at the outlet of each control volume is deduced from its value at the inlet and convection by a uniform flow, see Eqs. ( 16)-( 17). These relations do not hold anymore for entropy with shear dispersion, because the amplitude of the attenuated entropy wave at the outlet of each volume becomes a parameter of the model. A general way to include this parameter is to consider it as an additional unknown, which leads to a total of 5 unknowns in each volume. These unknowns write in each volume

j W j =             w s j x in j w s j x out j w v j x in j w + j x in j w - j x in j             =            A s,in j A s,out j A v,in j A +,in j A -,in j            (20) 
and the jump relation between successive volumes, Eq. ( 17), becomes

[ E up,j ][ M j ] [ B up,j ] [ P j ] W j = [ E dwn,j+1 ][ M j+1 ] [ B dwn,j+1 ] W j+1 (21) 
with

[ M j ] =   1 0 0 [M j ]   (22) [ E up,j ] =         0 1 0 0 0 0 -1 1/M j 1 -tan θ j 0 µ j (γ -1) µ j M j (γ -1) µ j 0 0 0 0 0 α         (23) 
E dwn,j =         1 0 0 0 0 -1 0 1/M j 1 -tan θ j µ j 0 (γ -1) µ j M j (γ -1) µ j 0 0 0 0 0 1         (24) 
[

P j ] =      1 0 0 0 1 0 0 0 [ Pj ]      , [ Pj ] =      e -ik v j •∆x j 0 0 0 e -ik + j •∆x j 0 0 0 e -ik - j •∆x j      (25) 
The complete system finally writes 

                                      [ B up,1 ][ P 1 ] -[ B dwn
     A s,in 1 A s,out 1 A v,in 1 A +,in 1 A -,in 1 . . . A s,in n-1 A s,out n-1 A v,in n-1 A +,in n-1 A -,in n-1 A v,out n-1 A +,out n-1 A -,out n-1                                       =                                         0 . . . . . . . . . . . . 0 A s,in,f 1 A v,in,f 1 A +,in,f 1 A -,out,f n-1 A s,out,f 1 . . . . . . A s,out,f n-1                                         (26) 
The main difference between Eq. ( 18) and Eq. ( 26) lies in the n -1 additional lines in the latter, which correspond to the definition of the amplitude of the transfer functions are rather insensitive to the streamline used as generatrix, and as a consequence to the mean velocity gradients considered along the geometry:

the key parameter for the prediction of entropy noise is indeed the accurate modeling of the convection and attenuation of the entropy wave through the stator. It is also worth recalling modeled shear dispersion only impacts the evolution of entropy fluctuations, and not acoustic or vorticity waves; shear dispersion has therefore no impact on acoustic and vorticity transfer functions.

From a numerical point of view, once the mean flow is computed the evaluation of the thermoacoustic transfer functions with URANS (10 frequencies from 100 Hz to 1000 Hz) requires approximatively 9,000 hours of computational time on ONERA's cluster, whereas these transfer functions are evaluated in less than 2 minutes with the analytical model (100 frequencies) on a personal computer. Despite some possible optimizations in both processes, the model will always remain much faster and is well adapted for the acoustic evaluation of a stator.

Conclusions

A non-compact model for the evaluation of indirect combustion noise generated through a stator is presented. The flow is inviscid and subsonic and the geometry is 2D. The model builds on the compact model of Cumpsty and Marble [22] where the wavelengths are much larger than the blade dimension, which limits its validity to low frequencies. Conservation of mass, stagnation temperature and entropy fluctuations through the discontinuity together with the Kutta condition provide the relations linking the outgoing waves to the ingoing ones. The model is extended to higher frequencies by taking into account the flow evolution in the inter-blade channel following the work of Brind and Pullan [START_REF] Brind | Modelling turbine acoustic impedance[END_REF]. The stator is described as a succession of control volumes with uniform mean flow; convection of entropy and vorticity waves and propagation of acoustic waves in each volume is evaluated analytically and compact solutions are used to relate the amplitude of the waves between successive elements.

The validation of the model is performed through comparisons with numerical simulations and particularly focuses on two aspects. First, the model correctly reproduces the mean flow evolution along the stator and the acoustic transfer functions of the system. For thermoacoustic transfer functions the agreement is limited to a few hundred Hertz when shear dispersion is not accounted for analytically. Including shear dispersion as an attenuation of the entropy waves in the model, thermoacoustic transfer functions collapse with the numerical data for all the frequencies considered. The model also qualitatively predicts noise production from incident vorticity. Second, the model helps understanding the mechanisms of this vorticity noise production. Planar (onedimensional) vorticity fluctuations vanish in the inter-blade channel because of the solid walls so that noise is produced upstream of the blade leading edge. In this region, theory predicts no vorticity noise production when the mean flow is perpendicular to the stator cascade. However, in practice the flow is accelerated and deviated near the trailing edge, with the consequence of producing sound.

From a practical point of view, the model provides a fully analytical solu-tion for quick evaluation of noise scattering and production through a stator.

Its very short restitution time makes it suitable for integration in conception tools to design optimized turbines. On the one side, the prediction of the turbine impedance will help the engineers preventing the occurrence of combustion instabilities in future combustors and possibly adapting the turbine geometry to suppress such instabilities. On the other side, the acoustical optimization of the turbine will contribute to design quieter engines and therefore to reduce community noise.
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Figure 1 :

 1 Figure 1: Illustration of the geometry and its modeling. (a) real geometry, (b) compact modeling, (c) non-compact modeling.

Figure 2 :

 2 Figure 2: Description of the mean flow and waves inclinations with respect to the x axis.
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 3231 Discretization of the geometryFor the non-compact model the geometry is discretized by a succession of control volumes of different sections and angles relative to the x-axis. The determination of these parameters is obtained from a reference line, referred to as a generatrix of the mean flow. This generatrix can be a streamline obtained from a Reynolds-Averaged Navier-Stokes (RANS) simulation or an analytical profile, for instance. A generatrix composed of n points (n -1 elements) will lead to a modeling of the geometry with n -1 control volumes. Each volume is oriented along its corresponding element and its section, evaluated in the direction normal to the generatrix, is identical to that of the real geometry.Upstream and downstream of the stator, where no solid walls are present, virtual boundaries are considered to evaluate the section. These boundaries are the streamlines associated with the stagnation points at the leading and trailing edges. By construction, the mean flow cannot cross the lateral boundaries whereas perturbations can pass through them in the upstream and downstream regions. An example of such a modeled geometry is sketched in Fig.1 (c) and will be illustrated more in details later in Fig 5 (b).

180 185 •

 185 To end this section, let us now precise the flow parameters to be set in each volume. The Mach number M and the flow angle θ correspond to the values determined analytically during the mean flow evaluation, but α and the waves angles ν ϕ take different values depending on the region of the geometry considered. In the inter-blade channel the waves are oriented along the mean flow so that ν = θ for all waves. The presence of solid walls in this region forbids the development of planar vorticity fluctuations. This is ensured by setting α = 0, which imposes no fluctuation of the flow angle (θ ′ = 0): the acoustic waves being oriented along the mean flow, this condition is verified only if no vorticity fluctuations are present. Note that to ensure θ ′ = 0 in the first volume modeling the inter-blade channel, one must set α = 0 in the volume just upstream, that is to say the last volume of the upstream region.

Figure 3 :

 3 Figure 3: Illustration of the numerical domain.

Figure 4 :

 4 Figure 4: Detail of the numerical grid at blade trailing edge.
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 41 Initial position of the generatrix

Figure 5 :

 5 Figure 5: Illustration of the (a) numerical and (b) modeled mean Mach number field. Black lines correspond to streamlines in the CFD simulation. Initial position of the streamline at upstream end (in % of duct height): -10%, --30%, -• 50%, --70%, -• • 90%.

Figure 6 :

 6 Figure 6: Evolution of the Mach number along different streamlines for the simulated and modeled mean flow. Initial position of the streamline at upstream end (in % of duct height):CFD -10%, --30%, -• 50%, --70%, -• • 90%; model -■ 10%, -▲ 30%, -▼ 50%, -▶ 70%, -◀ 90%.

Figure 7 :

 7 Figure 7: Simulated and modeled acoustic transfer functions with upstream forcing (w + 1 ). • CFD. ■ compact solution. Non-compact model with initial position of the streamline at upstream end (in % of duct height): -■ 10%, -▲ 30%, -▼ 50%, -▶ 70%, -◀ 90%.

  330for 0.5 ≤ x/c x ≤ 1 where the Mach number is large and the wavelength of the retrograde acoustic waves becomes comparable to the chord of the blade.

Figure 8 :

 8 Figure 8: Simulated and modeled acoustic transfer functions with downstream forcing (w - n ). • CFD. ■ compact solution. Non-compact model with initial position of the streamline at upstream end (in % of duct height): -■ 10%, -▲ 30%, -▼ 50%, -▶ 70%, -◀ 90%.

Figure 9 :

 9 Figure 9: Simulated and modeled thermoacoustic transfer functions (forcing w s 1 ). • CFD. ■ compact solution. Non-compact model with initial position of the streamline at upstream end (in % of duct height): -■ 10%, -▲ 30%, -▼ 50%, -▶ 70%, -◀ 90%.

Figure 10 :

 10 Figure 10: Simulated and modeled vorticity transfer functions (forcing w v 1 ). • CFD. ■ compact solution. Non-compact model with initial position of the streamline at upstream end (in % of duct height): -■ 10%, -▲ 30%, -▼ 50%, -▶ 70%, -◀ 90%.

  a) reproduces the evolution of the entropy fluctuation at 1000 Hz in the numerical simulation and the 2D deformation of the wave during its convection through the stator is clearly visible. On the opposite, Fig. 11 (b) reproduces the evolution of the entropy wave with the model. The 1D nature of the waves in the model leads to an incorrect evolution of the entropy fluctuation through the stator, hence the discrepancies observed

Figure 11 :

 11 Figure 11: Entropy fluctuation through the stator at 1000 Hz. (a) CFD simulation, (b) Model without shear dispersion, (c) Model with shear dispersion. Flow fields have been duplicated along the y (periodic) direction for clarity.

Figure 12 :

 12 Figure 12: Attenuation of the equivalent 1D-averaged entropy wave through the stator.

420

  attenuated entropy wave at the outlet of the n -1 control volumes. These amplitudes are imposed in the RHS through the terms A s,out,f j , which require the numerical evaluation of the attenuated entropy wave prior to running the model.The modeled thermoacoustic transfer functions including shear dispersion are reproduced in Fig.13and compared with the compact and numerical solutions. They collapse with the CFD data for all the frequencies considered for both amplitude and phase, which illustrates the dominant role of shear dispersion in the production of entropy noise in the stator. It particularly evidences that the assumption of a locally 1D entropy wave is sufficient to recover the 430 entropy-generated noise, as long at the amplitude and phase of this wave is representative of the 2D entropy fluctuations. It is all the more true that the

Figure 13 :

 13 Figure 13: Modeled thermoacoustic transfer functions (forcing w s 1 ) with shear dispersion. • CFD. ■ compact solution. Non-compact model with initial position of the streamline at upstream end (in % of duct height): -■ 10%, -▲ 30%, -▼ 50%, -▶ 70%, -◀ 90%.

Table 1 :

 1 Operating conditions of the simulated configuration

	Inlet Temperature Inlet velocity outlet pressure
	322 K	42 m s -1	109216 Pa

The blade geometry corresponds to the stator blade of a real, engine-representative single stage high-pressure turbine operated in the high-speed closed-loop test rig of the Laboratorio di Fluidodinamica delle Macchine (LFM) of the Politecnico di Milano. The stator and rotor rows are made of 22 and 25 blades respectively, with minimal and maximal radii of 150 mm and 200 mm

[START_REF] Gaetani | Investigation of the flow field in a high-pressure turbine stage for two stator-rotor axial gaps -part i: three-dimensional time-averaged flow field[END_REF]

. Entropy noise generation and noise scattering were first investigated during the European-FP7
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