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Abstract

We consider the local null controllability of a modified Navier-Stokes system where we include nonlocal
spatial terms. We generalize a previous work where the nonlocal spatial term is given by the linearization of a
Ladyzhenskaya model for a viscous incompressible fluid. Here the nonlocal spatial term is more complicated
and we consider a control with one vanishing component. The proof of the result is based on a Carleman
estimate where the main difficulty consists in handling the nonlocal spatial terms. One key point corresponds
to a particular decomposition of the solution of the adjoint system that allows us to overcome regularity
issues. With a similar approach, we also show the existence of insensitizing controls for the same system.
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1 Introduction

Assume € is a domain of R?, d = 2,3 with a smooth boundary 9Q. We are interested in the control of the
Navier-Stokes system with nonlocal spatial terms:

8tzAz+Z</ zdx) D +Vp+(2-V)z=f+1,u in(0,T)xQ,

divz=0 in (0,T) x Q, (1.1)
z=0 on (0,T) x 0Q,
2(0,-) =2 in Q.

The control  is localized in a nonempty domain w C . A similar system was considered in [16] for controllability
issues, and in that article, the nonlocal spatial term appears from the linearization of a model considered by
Ladyzhenskaya [19]. Some authors have also considered the controllability of partial differential equations with
nonlocal spatial terms in [2], [13] 14} 17, 18] 20} 21], 22] 24]. Note in particular that in [14], the authors consider
a general nonlocal term in the heat and in the wave equation of the form

/ k(z,y)z(t,y) dy.
Q

The nonlocal term in can be written as above by setting k(z, y) Z a9 (x . In [I4], the authors do

not need this particular form of the kernel and show the null- controllablhty of the heat equation but their method
is based on a compactness-uniqueness argument that does not permit to deduce directly a controllability result
on the nonlinear systems. Moreover, their kernel has to satisfy analytical conditions. Let us also emphasize that
n [13], the authors consider a nonlinear heat equation with a nonlocal term similar to the one here. They first
show the approximate controllability of the linearized system by using a compactness-uniqueness argument and
then deduce the approximate controllability of the nonlinear system by using a Kakutani fixed point argument.
They obtain the local exact controllability to trajectories with a passage to the limit. In [I6], we consider a
kernel of the above form but with n = 1. Here we deal with the case n > 1 and we use a control with one
vanishing component. We also consider the insensitizing control problem.

Controllability of fluid systems with vanishing components for the control has been studied in several articles,
see, for instance, [], [3], [7] and [I2]. Note that in [8], the authors obtain the local null controllability of the
Navier-Stokes system in dimension 3 with a control having two vanishing components. Their method is different
than the previous works and is based on a particular linearization and on results of Gromov. In the case of
insensitizing controls, the problem associated with vanishing components for the control is tackled in [6] and in
[5]. Let us remark that with the method developed here we slightly improve the result obtained in [6]. Indeed
their observability results are obtained with more regularity on the source terms than what is needed here.

In order to study the controllability of (L.1]), we linearized it as follows

8tz—Az—|—Z</b(i)~zdx>a(i)—|—Vp:f+1wu in (0,T7) x Q
Q

i=1
divz=0 in (0,T) x Q, (1.2)
z=0 on (0,T) x 99,
2(0,-) =2" inQ,

and we show the observability of the corresponding adjoint system that writes as follows:

—Opp — Aap%—Z(/a(l godx)b(i)+V7T:g in (0,
Q

i=1
x , (1.3)

o(T,) =@r inf.



A standard method to obtain such an observability inequality on a the above system was introduced in [I5] and
is based on Carleman estimates (see, [I0] for a general presentation and [II] for the use of Carleman estimate
to deal with the Navier-Stokes system).
In what follows, we assume that d = 2 and we suppose that our control u in satisfies the following
condition
u-eg =0, (1.4)

where (eg, es is the canonical basis of R2. One can obtain the same results as the one state in this article for
d =3 or for u-e =0 for any vector e € R®.

Let us present here our hypotheses on the functions a® and b9, i = 1,...,n. First we the following
regularity conditions on a™ and b@:

a' e H2(0,T;L*(Q), b e H*(0,T;L*(Q)) N L*(0,T; H*(Q)). (1.5)

Then, we introduce
b = (Abg” — 8,, div b<i>) . (1.6)

Note that from Sobolev embedding (since d = 2, but it would also holds for d = 3), we have

b e C°([0,T] x Q).

We assume the existence of nonempty open sets w; (i =1,...,n) and of a constant ¢ > 0 such that
U wi Ew (1.7)
i=1
and such that for any i = 1,...,n,
‘E“) S>e, W =0 (j>i) in(0,7)x ws (1.8)

Notation. In the whole paper, we use C' as a generic positive constant that does not depend on the other terms
of the inequality. The value of the constant C' may change from one appearance to another. We also use the
notation X <Y if there exists a constant C' > 0 such that we have the inequality X < CY.

Let us state our first main result:

Theorem 1.1. Let us consider T > 0 and assume (1.5)), (L.8)) and (L.7). There exist continuous functions
0;:[0,T] = Ry, i =1,2,3, with o; >0 in [0,T), 0;(T) =0 such that any solution ¢ of (L.3) satisfies

||U380||L2(07T;L2(Q)) + [l(0, ’)||L2(Q) S ||U2801‘|L2(0,T;L2(w)) + ”O'lg||L2(07T;L2(Q)) : (1.9)

The functions o1, 09,03 are defined precisely by (3.1), (3.2]) in Section [3| by using the Carleman weights
that we describe in Section By standard methods (see, for instance, Section 4 in [16]), we deduce from
Theorem [1.1] the following result:

Corollary 1.2. Assume (L.5), (1.7) and (1.8). There exists a continuous function og : [0,T] — Ry, with
o0 >01in[0,T), oo(T) = 0 such that the following property holds: for any
Y€ Hy(Q), divz® =0, L e L*((0,T) x Q),

03

there exists u € L(0,T; L*(w)) satisfying (T.4) and such that the solution z of (1.2)) satisfies

f

03

z

g0

+ ZO||H1(Q)> . (1.10)

<C
L2(0,T;H2(Q))NCO([0,T]; H (Q))NH(0,T;L2(%2)) ( L2((0,T) %)



In particular, z(T,-) = 0.
Assume moreover (3.5). Then there exists a constant ¢y such that if

g3

< Co,
L2((0,T)xQ)

||ZO||H1(Q) +

there exists u € L*(0,T; L*(w)) such that the solution z of (1.1)) satisfies (I.10) and in particular, z(T,-) = 0.
The precise definition of og is given by (3.3) by using the Carleman weights in Section

Let us consider the existence of insensitizing controls for ([1.1)). More precisely, we assume that the initial
condition contains uncertainties, and we consider the corresponding system:

Orzr — Nzr + ) (/ b . 2, d:c) a + Vp, + (2 - V)zr = f+ Ly,u in (0,T) x Q,
i=1 \/&

divz; =0 in (0,7) x Q, (1.11)
zr =0 on (0,T) x 09,
2:(0,-) =2 +72° in Q,

where ||§0HL =1 and 7 € R} is assumed to be small. For 7 = 0, we write z instead of z, (so that z is the

2 Q)
solution of (1.1f) with w replaced by wy). We have replaced w by wy since we need here a control region larger

than for the controllability result of the previous section. The system is observed by a sentinel J chosen here

as )
T(zr) == // |z, dz dt,
2 0, T)xO

where O is a nonempty open subset of 2. The insensitization problem consists in finding a control u such that

dJ(z;)

dr

=0 V22 e L*(Q), |2, =1 (1.12)
7=0

However, by considering the system

fatwaerZ (/Qa(i) Sw dI) b 4+ Vg + (V) w—(z2-V)w=zlp in (0,T) x €,
i=1
divw =0 in (0,T) x €, (1.13)
w=0 on (0,7) x 09,
w(T,-)=0 in Q,

one can write p
jd(jT) . = /Qw(O,x) Eo(ac) dx.

Consequently, it is equivalent to search for a control u such that the solution w of (1.13)) satisfies w(0,-) = 0.
Since the right-hand side of w is z1¢p where z is the solution of (1.1f), we deal with a controllability problem for

a cascade system with a forward equation and a backward equation. It is usual to avoid some possible issues at
t = 0 by assuming 2° = 0. In order to show this null-controllability result, we consider the linearized system:

Oiz — Az + Z (/ b . 2 dac) a4+ vp=fO0 4 ly,u in (0,T) x Q,
=1 Q

—0w — Aw+ Y (/ o™ - w dz) b +Vg=fY+21o in(0,T)x 9, (1.14)
=1 Q

divz=divw =0 1in (0,7) x £,
z=w=0 on (0,7) x 09,
2(0,-)=0 inQ, w(T,)=0 inQ,




and its adjoint system:
n . .

—0ip — Ap + Z </ a? . da:) b + V7, =19lo + g® in (0,7) x Q,
i=1 /&

O — A+ ( / b g dx) a4+ Vry =g in (0,
i=1 WO

divp =divy =0 in (0,
p=1%=0 on(0,T)x 09,
o(T,)=0 inQ, (0,:)=¢" inQ.

x 1, (1.15)

We introduce ‘ 4 ‘
a® = (Aag” — 8, div a(’)) . (1.16)

We assume that oY and b(i) satisfy (1.5)), (1.8) and we add the following hypotheses: first we suppose the
additional regularity on a® 4
a e L0, T; HY(Q)). (1.17)

Note that from Sobolev embeddings, (since d = 2, but is also holds for d = 3), we have

a e ([0, 7] x Q).

Then, we assume the existence of nonempty open sets &; (i =1,...,n), @ and a constant ¢ > 0 such that
n
U@i@@@(’), wy = wU@ (1.18)
i=1

with the following properties 5

bi=0 in(0,T)x& (i=1,...,n), (1.19)
and for any i =1,...,n,
>c¢, a9=0 (j>4) in(0,T)x ;. (1.20)

Remark 1.3. We don’t need to have the same order as ([1.8) and we can permute the index 4 in (|1.20]).

Theorem 1.4. Assume (1.5)), (1.7), (1.8), (1.17), (L.18), (1.19) and (1.20). There exist continuous functions
0;:[0,T] = R4, i =1,2,3, with g; > 0 in (0,7T], 5;(0) = 0 such that any solution (p,¥) of (L.15) satisfies

1039l L2 0, 7522(02)) + 193¢l 20,722 ()

] . (1.21)
L2(0,T:L2(9))

7]

~ ~ (0
S ||02(‘01”L2(07T;L2(wu)) + Halg( )’ L2(0,T5L2(Q))

We give the precise definitions of 7;, ¢ = 1,2, 3 in Section

Remark 1.5. As explained above, if we remove the nonlocal spatial terms of our system, the above result
improves the corresponding result in [6] since in this previous work, one need ¢g(¥ € L2(0,T; H'(Q)) with our
approach we manage to remove this condition. A tool that we introduce here to deal with these regularity
problems is an adequate decomposition of the solution of the adjoint system. In many articles devoted to the
controllability of the Navier-Stokes system, the solution of the adjoint system is decomposed into two functions
and here we show how to generalize such a decomposition by splitting the solution in several functions which
allows to work with a regular solution for the Carleman estimate. A similar decomposition is already proposed
in [I] but they need to modify the Carleman weights so that they are regular at ¢ = 0. Such a strategy can not
be applied in the context of insensitizing controls since we have to work with a forward system and a backward
system. We thus need to consider another decomposition as in [I].



We deduce from the above result the existence of insensitizing controls for the linear and for the nonlinear
problem:

Corollary 1.6. Assume (1.5)), (L.8), (1.7)), (L.17), (1.20]), (1.18), and (1.19). There ezists a continuous function
00 : [0,T] = Ry, with a9 > 0 in (0,T], 50(0) = 0 such that for any

0) £(1)
—fA 7—{ € L*((0,T) x Q),
g3 g3

there exists u € L*(0,T; L*(w)) satisfying (T.4) and such that the solution (z,w) of (L.14)) satisfies

(z.w) (@, ) 1)
90 lL2(0,15m2(@)nCo (0TI @) NH (0.T5L2(2) 93 L2((0,T)xQ)
In particular, w(0,-) = 0.
Assume moreover (4.8). Then there exists a constant co such that for any
:f < Co,
I3 1{lL2((0,1)xQ)
there exists u € L*(0,T; L*(w)) such that the solution (z,w) of (L.I)-(T.13) with 2° = 0 satisfies
‘ (2, w) <L . (1.23)
90 lL2(0,T;H2(2))NCO([0,T);H (Q))NH (0,T5L2(2)) 93 1lL2((0,T)xQ)

In particular, w(0,-) = 0.

The precise choice for gy is given by in Section

The outline of the article is as follows: in the next section, we start by some well-posedness and regularity
results for linear systems of the form and . Then we introduce the Carleman weights we will use
to show Theorem [I.I] and we recall some classical Carleman estimates. In Section [3| we show Theorem [I.]
by introducing our new decomposition for the solution of the adjoint system and then performing a Carleman
estimate on one of the terms of this decomposition. Finally, Section {4 is devoted to the proof of Theorem
and Corollary by using a similar decomposition as the one used in the proof of Theorem (1.1

2 Preliminaries

2.1 Well-posedness results

Notation. To simplify the notation in the article, we write

L(p,m) = (g,4°) (2.1)
if B
GtwA¢+Z</b(i)~wdx)a(i)+V7rg in (0,7) x Q,
— Q
' divyy =0 1in (0,7T) x Q,
=0 on (0,T) x 09,
¢(07 ) = wo in Qa
and
ﬁ*((p’ﬂ') = (97@T) (22)



if
6tg0A<p+Z(/ a(i)~<pdx>b(i)+Vﬂ'—g in (0,7) x Q,
Q

i=1
divp=0 in (0,T) x Q,
90:0 on (O,T) XaQ,
SO(TV ) = T in €.

We also set

Xy = L0, T; H*(Q)) 0 H'(0,T; L*()),

Xy = L*(0,T; HY(Q)) N H*(0,T; L*(Q)),

Xy := L*(0,T; H°()) 0 H*(0,T; L*(92)).

Note that by interpolation, we have

k k—1
Xe= | (H O, T;52D@) | | () (0, T); B>~ (Q))
j=0 =0

We have the following results that can be obtained in a standard way:

Proposition 2.1. Assume (L.5). Then for any or € H}(Q), diver = 0 in Q and g € L*(0,T; L*(2)), there
exists a unique solution of [R2.2) (p,7) € X1 x L*(0,T; H'(Q)/R) and we have the estimate

lellx, + IV7l 201 0200)) S Nerll o) + 19l 220,02 (0)) -

Assume g € X1, with g(T,-) = 0. Then the solution of L*(p, ) = (g,0) satisfies ¢ € Xo with the estimate

lellx, S llgllx, -
Assume g € Xo, with g(T,-) = 0¢g(T,-) = 0. Then the solution of L* (¢, 7) = (g,0) satisfies p € X3 with the
estimate

lellx, S llgllx, -

Proposition 2.2. Assume (I.5) and (T.17). Then, for any ¢° € HL(Q) such that divy)® = 0 in Q and for any
g € L*(0,T; L*(Q)), there exists a unique solution of R.1) (v, 7) € X1 x L*(0,T; H (Q)/R) and we have the
estimate

11, + 197l Lo o.7z20)) S 18] i1y + 1902200, 7522(02) -
Assume g € X1, with g(0,-) = 0. Then the solution of L(¢,7) = (g,0) satisfies p € Xo with the estimate

1Plx, < ll9llx, -

Assume g € Xo, with g(0,-) = 0¢¢(0,:) = 0. Then the solution of L(1, ) = (g,0) satisfies » € X3 with the
estimate

1Pl x, < ll9llx, -

2.2 Some standard Carleman estimates

We recall here some Carleman estimates that were obtained in previous articles. Let us first introduce the
weights functions. Using [I5] (see also [23, Theorem 9.4.3, p.299]), there exist for any i = 1,...,n, n; € C*(Q)
satisfying

7; >0in Q, n; =0 on 99, mgxm—zl, Vni #0in Q\ w;. (2.3)



We use 7; to define the following standard functions:

exp {A\(2m + 2)} — exp{A(2m + 7;())} exp{A(2m + n;(z))}
i t’ e s 4 t’ = 5 24
i (t, ) T N = (2.4)
where
m>11, A > 1.
The minimum and the maximum of these functions with respect to x do not depend on i:
exp {A(2m + 2)} — exp{2 m} . exp{2Am}
ay(t) = max o, (t,x) = , t) =miné;(t,r) = ———F~—, 2.5
A(6) = maxa(t.2) T &) =ming(t) = DECNEL(29)
, exp {A\(2m + 2)} —exp{A\(2m + 1)} exp{A(2m + 1)}
a,(t) =minq;(t,x) = , t) =max§&;(t,x) = ————————, 2.6
(1) = mino(t.2) — 6(t) = maxg,(t,7) = “TIED) - (20)
so that
&G <ELE, et Le M Le™™ (i=1,...,n). (2.7)
We also have the following useful formula: for any ¢ € (0,1), if A > —1Ine, then
e Lemsmoan Cems(=E)ay (5 5 e (1., n}). (2.8)
Note that we have the following useful relations: for any j > 1, there exists a constant C' > 0
dag|  |dE e\ 1ti/m
, —| < CTV e 2.9
ot 2 (@) (29)
We also have n
& 2 Tom- (2.10)
In particular, for so > 0, if s > soT?™,
s&y = 504" (2.11)
We can now state a Carleman estimate for the gradient operator (see, for instance, [7, Lemma 3]):
Lemma 2.3. Assume i € {1,...,n} and r € R. There exists C > 0 depending on the geometry and on n; such
that for any A > C, s > CT*™ and v € L*(0,T; H'(Q)),
// e 25 (sAE) T2 ul? da dt
(0, T)xQ
< / / (sA&)" €725 |V da dt + / / (sAE) T2 e 2% u? da dt.
(OaT)XQ (O,T)Xwi
In particular, for any v € L*(0,T),
// e 2% |yl? dedt < // e 2% y|? dx dt. (2.12)
(0, T)xQ (0,T)xw;

The second Carleman estimate we recall here corresponds to the Laplace operator (see, for instance, [7]
Lemma 4]):

Lemma 2.4. Assume i € {1,...,n} and r € R. There exists C > 0 depending on the geometry and on n; such
that A > C, s = CT*™ and u € L*(0,T; H*(Q) N H} (Q)),

// ST+4)\T+6§:+46_2sai‘u|2 d.%‘dt-i—// Sr+2)\r+4§:+2e—2sai‘vu|2 da dt
(0,T)xQ (0,T)xQ

< // sTTINTREr o= 250 | Ay|? d dt + // §TTANTTOer T =2s0 1y)2 G dt.  (2.13)
(0,T)x€2 (0,T)xw;



Finally, we recall a Carleman estimate for the heat equation with Neumann boundary conditions:

du+ Au=fO in (0,7) x Q,

% =@ on (0,T) x 9.
n

(2.14)

The following lemma is obtained in [9] (see also [7, Lemma 5]):

Lemma 2.5. Assume i € {1,...,n}. There exists C > 0 depending on the geometry and on n; such that for
any
A=C, 5= 0T +TM),

FO € LX0,T; L*(Q), fP € L*(0,T; L*(09)),
and u € L*(0,T; H*(Q)) N C°([0, T); L*(2)) weak solution of [@.14),

// 53)\45136*250"' u\z dx dt + // sAZg e 25
(0,T)x (0,T)xQ
/S // e 2sai f(l)‘Z dx dt+// SA€ﬁ€72sau‘f(2)|2 d")/dt
(0,T)xQ (0,T)x 0%

4 // 83A4€?e—25ai
(0,T)xw;

Vul? dxdt

ul* dedt.  (2.15)

3 Proof of Theorem [I.1]

This section is devoted to the proof of Theorem [I.I] The functions o1, 09,03 are defined below by using the
weights defined by Section More precisely, let us consider N1, Ny > 0. We write N := Nj + No. We define

e~ Nasay in z,T e~ (N+1/2)soy in Z,T
2 2 (3.1)
g1 .= , 09 = y .
T T T T
—Nasay - : - —(N+1/2)say - . -
[e ]<2> in {0,2} [e }(2) in [0,2]
83>\4€§%6—(N+1)50¢n in |:§,T:|

03 =

(3.2)

T T
3V4¢3 _ —(N+1)sa :
|:S A §ﬁ€ ( ) u:l <2> m |:O7 2:|
Note that o3(T) =0i=1,2,3.

We are going to show the existence of sp > 0 and Ay > 0 such that for A > Ay and s > so(T™ + T2m),
Theorem [[.1] with o; defined as above.
Then for Corollary [I.2] we assume Ny > 1 and we define

e~ (Na—1)say in {Z,T]

[e—<N2—1>S%} (g) in {07 ﬂ

Note that ,
g9 g3 0'00'1 0o
—, —,—— € L>(0,T 3.4
o o T e (0, T) (3.4)
and if

Ny > Ny + 3, (3.5)



then, we have
2

%0 ¢ 1%(0, 7).
o3

These properties allow us to deduce Corollary - 2| from Theorem - (see, for instance, Section 4 in [16]) by
again assuming A > Ao and s = so(T™ + T2m) for some sg > 0 and Ag > 0.

3.1 Decomposition of the adjoint system

In order to prove Theorem we decompose the solution of (1.3 into three parts. We recall that Ny, No > 0
and that N = Ny + Ns. Then we set

pi = e Nt (i =1,2) (3.6)
and we consider the following decomposition of the solution (p, ) of -
pio2p = prpt + @ 4+ o1, (3.7)
where
‘C*(Sp(l)7 71—(1)) = (p297 0)7 (3'8)
L (@, 7®)) = (staépm(”,O) , (3.9)
L*(e®, 7)) = (Nsozg (cp(Q) + <p(3)) ,0) i (3.10)

We are going to use Proposition [2.1] to estimate <p ) and <p ) and we show a Carleman estimate on <p(3). In
order to state this estimate, we introduce to quantities associated with <p(3):

I(p®) = / / =2 <5A2§ ’VzAga 3" + 53N ’vmp‘f”’ > dz dt
0, T)xQ2
+// o250 < 5\6¢5 ’A% ’ 4 OASES ’Vgp ’ +88)\10£8‘ (3)’ > de dt
(0,T)x 92

+// 6728(1‘156)\8@? ‘w(g)‘ drx dt (3.11)
(0, T)xQ

and

169) = e o

(v 1% L2(0,T:H2(Q)) * |0 L2(0,T;L2(Q))

: 2 o2
+ oo + a0 + Jonoe )|
L2(0,T;H4(Q)) L2(0,T;H2( Q)) L2(0,T; Lz(Q))
2

0 3>‘ Haa <3>’ He 82 <3>‘ Ha 3>‘ 3.12
+H 3¥ L2(0TH6(Q))+ 3%y L2(0,T;H4(Q)) e L2(0TH2(Q))+ 3 tw L2(0,T:L2(Q)) ( )
where

Oy = 527N (g)P T M e gy = S RN ()T M e g = s (g) T/ M e (3.13)

With the above notation, we can state the Carleman estimates we obtain for ¢(®):

Proposition 3.1. Let us consider T' > 0 and assume , ) and (1.7). There exist s > 0 and Ag > 0
such that for X = Ao and s > so(T™ + sz) and for any solutzon @ of (1.3) can be decomposed as in ,

BR), (3-9) and (310) and the functions ), @ and ) satisfy

H<P ot H@ . S p29ll 2 o,my <) » (3.14)

10



and

I(e®) + J(e®) < 2 —son (o) dg at 3.15
@)+ J(e )N||P29|\L2((0,T)x9)+ € ¥1 € at. (3.15)

(0, T)xXw

In particular, ¢ verifies the following estimate:

// 86A8€?e—2(N+1)san |30‘2 dr dt
(0, T)xQ

< // e 225 012 g dit + // e *CN+tDas |0 12 dg dt. (3.16)
(0,T)xQ2 (0, T)xXw

We deduce Theorem from Proposition in a standard way by using the well-posedness of ([1.3) (see
Proposition [2.1]). In the remainder of this section, we prove the above proposition.
Applying Proposition 2.1} we have

[e®1,.. S p20llzao.1y 0y (3.17)
Using , we deduce that for s > T,
Hsaaplncl([O,T]xﬁ) Sl
The above estimate and ((3.17) imply
Hstaéplw(l)Hxl S o292 0,1y <) (3.18)
and combining this with Proposition we deduce
[e®1]., % 1p20llz20.2y 0y (3.19)
and we have proved (3.14)). Then, from (3.10)), we deduce
£ (0:99,0m) = (Nstraf (92 + ¢@) - 0162, 0), (3.20)
L (020D, 0,7P)) = (Nsﬂzozé (so(” + 90(3)) — 059, 0) : (3.21)
L* (03030373 = (Nsﬁgaé ((p(2) + go(?’)) AV 0) . (3.22)
From ([3.13)

1 —1/m —i/m —sa
0, = <2 - m) s271m (g e — sayf).
From (2.9) and [@2.11)), for s > T™ + T°™,
|Nstrah| + |07 < s*Atefe . (3.23)

Using the above estimate and (3.19)), and applying Proposition to (3.20]), we deduce

2

2
(3) 2 344 3 —say, (3)
HGM Hxl S llo2glze o)<y + HS A (&) e ’ L2((0,1)xQ)

Combining this estimate with (3.23)), we obtain
2

2 2

+ H@latnp(g)‘

(3) ‘

< 2 H AL (g)? e . (3.24
L2(0,T;H%(Q)) LQ(O,T;LQ(Q))N||p2g||L2((O’T)XQ)+ SN e 4 L2((0,T) %) ( )

11



From (3.13)), we have the following formulas:

2 —2/m .
b= (1= 2 ) 172/t () e — sal,
m

m

_ 28272/mA4 ( ) (fu) 2/m ugﬁefsau _ 80({{02 + 52 (%)292,
(saéeg)/ = s0yy 0y + 5,05
From the above relations, (2.9) and (2.11]), we have for s > T™ + T°™,

|Nsayf| + |05 < 61, ‘Ns (%92)’ 04| < s*Atefe oo, (3.25)

Thus, from ([3.24)

2
HNSHQO[& (@(2) + ¢(3)) — Gégp(@HXl < HpQgHi?((O,T)XQ) + H53)\4 (511)3 e~ 3)‘

L2((0,T)xQ)

Applying Proposition to (3.21) and using the above estimate yield

2 2 3 —sa
H92<p(3)HX2 < ||P2g||L2((07T)xQ) + H33/\4( ) e “(p(3)’

Using (3.23)) and ([3.24), we deduce

L2((0,T)x)

s

o, Josoze],
L20TH4(Q))+H 200 L2(0TH"‘(Q))+ 20

< ||p29||L2((0 T)xQ) —+ HS )\ 5]1)3 73011190(3)’

L2(0,T;L2())

(3.26)

L2((0,T)x)

From (3.13)), we have the following formulas:

3 . .
0 = —s=3/mA L (g) 3/m e %% — sayfs,
m

3 3 —2_ 2 3
0 —3/m\4 1 2—3/m —sa —3/m\4 S 1-3/m S s
g / >\ m ( L) (fﬁ) (€é> o / )\ m ( ﬁ) é/ n

3 —1-3/m
+ 81_3/7")\4% (&) 8/ Eage™ % — 5003 — 503,

3 3 3 _3— 3 9 3 —2—
e —S/m)\47 14+ 2 94 2 3=3/m (&1 —say —3/m)\47 142 2=3/m ¢t 11 —say
3 =5 (24 ) (&) (&) e +s 1) &) §icie

m

B 3 3 —9-3/m 2, _ _ 3 —1-3/m -
941 3/m)\47 14+ = 2-3/ / I —say 3/m)\47 / ", —so
5 m + m (&) (fu) aye 5 m (&) § e

3 —1-3/m ) 3 m _
+281_3/m>‘4a(€ﬁ) 1-3/ gé/aée—san+81—3/m)\4% (gﬁ) 1-3/ f/ // sy

3 -1- 2
_ 2—3/m)\4 1=3/m &1 / —say ne., _ "ol _ ng _ rg!
8 m (&) fﬁ (%) e Sy U3 — say U3 — say b3 — saybs,
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d
7 (saé@;;) = sayy 03 + 5,03,
2

dt2 (
From the above relations, . ) and (| -, we have for s > T%™,

saﬁeg) = saﬁ 05 + 25% 0% + sanH

’Nsozﬁ93| + 65| < 6o, ‘Ns yf3) ‘ + 1604 < 64, ‘Ns O‘ﬁ‘% ‘-1- 0] < sPA* (gﬁ)?» oS (3.27)
Thus, using ([3.24) and (3.26)), we deduce

HNSH;;O[Q ( 2) -|—<p ) — 0/ 3)H < HP2QHL2((0 TYxQ) + HS )\4 fﬁ)j 780(“)0 3)‘

L2((0,T)xQ)

Applying Proposition to (3.22)), we obtain

0569 S MoaglEsqoimyna + 5530 @) e

Using (3.27)), (3.26)), (3.24]), we deduce

L2((0,T)x)

s, Jes2re], Jost o, Jos o
H 39 (0,T;HS () s L2(0,T;H*(R)) ||fse L2(0,T;H2(R)) v L2(0,T;L2(2))
3 P
< ||P29||L2((0 Tyxa) + Hs (&) e n(p(B)’ (0 ) (3.28)
Gathering (3.28), (3.26]) and (3.24]) and recalling (3.12) yield
(3) 3 4 3
T@9) % lpagliaoryey + |53 @) e 5@ (3.29)

3.2 Carleman estimates

Taking the divergence of the first equation of (3.10), we obtain the following relation for 73

Ar®) — _ Z (/ a® . B dm) divb®. (3.30)
Q

i=1

In particular, recalling that b is given by (L.6), we can get rid of the pressure in the first equation of (3.10)
by applying the operator VA on its first component:

~0, VAP — AVARY + 3 ( / a® . @ dx) Vb = Nsd (VA(p + VAgagS)) in (0,T) x Q. (3.31)
Q

i=1

Then we apply Lemma [2.5] to the above system with ¢ = 1,

2
// SN 25n VA(pP‘ dxdt+// sAZE e 25
(0,T)xQ (0 TYxQ
< // 52 (ozg)2 e~ 25 VA(pg dx dt + // s? O‘ﬂ g~ 25
0,T)xQ 0,T) x
) 0
+ // e~ s (/ a® . o dx) dx dt + // SAEge 25 | —
Z 0,T)xQ Q (0,T)x 99 ¢ on
+// 83)\453 —2sa1
(0,T) xwy

2
VQAgpg?’) ‘ dz dt

VA%Q)‘ dz dt

2

VAap?) drydt

VAcp(g) dedt. (3.32)
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Note that, from and (| . for s >

\saée“"‘“\ < (€)M e,

In particular, using (| and - there exists so > 0 such that for s > (T2m + Tm)

2
// 3N 25n VA(pP‘ da:dt+// sAZE e 25
(0,T)xQ (0,T)xQ
n 2
< llp2gll? + // o (/ a® . o dw) da dt
L2((0,T)x Q) ; 01)x0 ;

2
+ / / age 2 | Lgap®| dydr + / / s Algfe 2
(0,T)x 8 on (0,T)Xw;
Then, we apply Lemma and Lemma (with ¢ = 1) to deduce
811048 —2sa; | (3 61846 —2sa
s°ATETe oy ‘ dz dt + 5°A%¢E e !
(0,T)x (0,T)xQ
2
+// sO\6gP 25 Agogs)’ dx dt < // s3\Igde25n
(0,T)xQ (0,T)xQ

2
+// 55)\6&:’6725“1 Acpgs)' dzdtJr// 58)\10@67280‘1
(0,T) xw1 (0,T) xwy

Moreover, using the Poincaré inequality and the divergence condition, we also obtain

2
// 36)\8556_250‘” @ég)‘ dx dt < // sO\Bgbe25m
(0,T)xQ (0,T)xQ

Combining the above estimate with (3.33)) and (3.34)) and recalling (3.11)), we deduce that

2
169) $ 92000y +§ : / [ ([a© o ar) aoar
T)><Q Q

+ / / e~ 25 ( axigd [Vag®| + a0t [ag®| + soxogh oY) ) do dt
(0,T)xwy

+ // $A€u€723aﬁ 8
(0,T) x99 on

2
VQAgp(l?’)‘ dz dt

VA

2
w?" dz dt

2
VAcpgg) ‘ dx dt

2
w?" dz dt.

VAcp(g)

The above estimate and (3.29)) yield

n 2
Ie®) + J(p®) < ||ng||iz((0,T)XQ) +Z// . Qefzsal (/Q a® . @ dx) dx dt
: X

+// o250 ( 3\1eD ‘VA% ‘ +85)\6£5’A¢ ’ 4 sSAL0g ‘90(3)’ ) de di
(0 T)le

4 // 5)\§ﬁ672saﬁ 6
(0,T)x 02 on

From the trace theorem, interpolation results, (2.10) and the fact that m > 9, we also have

el it =
(0,T)x 99 on

VAQO(?))

3/2 1/2

dy dt < A~ Hegwﬁ‘

L2(0,T;H4(R)) L2(0,T;HS(Q))

14

2
VAgogg) ’ dz dt.

2
4,0&3) ' dx dt.

dy dt.

(3.33)

(3.34)

dy dt.

(3.35)



Therefore, the above estimate and (3.35) imply the existence of constants Ao > 0 and C' > 0 such that for
A > >\07

2
I(¢(3)) ( ) < ||P29||L2 (0.T)x€) +Z// o250 (/ a® . p3) dx) dr dt
0,T)xQ Q

2 2
+ // e ( S\igs ‘VAgp(g)‘ + s906¢2 ‘Acpg?’)‘ + s5A10¢8 ’@53)‘ ) dx dt. (3.36)
(0,T) xw1

3.3 Removing the nonlocal spatial terms

We set
1

T Bm+1)
Using (2.8) and Lemma there exists C' > 0 such that if A > C and s > CT*™,

2 2
// e~ 25 (/ a™ . p3) dx) dr dt < // e 2(1=0)san (/ a™ . p3) dx) dx dt
(0,T)x9 Q (0,T)xQ Q
2
< // e2(1=9)san (/ a™ . p® dx) dx dt. (3.37)
(OvT)Xwn Q

Using (3.30) and applying the operator A on the first component of the first equation of (3.10) we deduce
—6,5A<p§3) - AQLpgg) + Z (/ a® . p® dm) b = Nsa (A(pl + A(pES)) in (0,7) x Q, (3.38)

where we recall that b is given by (|1.6]). Using (L.8]) for ¢ = n, we deduce from ({3.37) and the above equation
that

2
/ / e ( / a™ - o® dx) dv dt < / / —20-0m0n (,Ag®)" de dt
(0, T)xQ Q (O,T)an
2 2
N / / o200 (A%0)" dr di + / / e 200 (st Ap(V) du di
(0,T) Xwn, (0,T) Xwn,
2
+ HP29||L2((0 myxa) Z// 2(1—6)san </ a® . S0(3) dx) dx dt (3.39)
T)><Q Q

Then we can proceed by induction, using (1.8)), and we deduce from ([3.36) that
2
1) + T(0®) < llp29ll 20y x

—2s 3143 @) 516 ¢5 @) 8110.8 | (3)]?
+ e ST ‘VAS% ‘ + sA7EY ‘AS% ‘ + A6 “P1 ‘ dx dt.
(0,T) xw1

+Z//o Tyxe; e AT e ((3 Aw(g)) (A2w§3))2+ (sagAgof‘))Q) dx dt. (3.40)

Using ([1.7)), let us consider open subsets o@D i=1,...,5, such that

YwiedWe.. . ed® cw. (3.41)
=1
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We also consider smooth functions
@ e C>=(R?; [0, 1)), Y =1ino®, suppx®@ c &ty (i=1,...,4).
We deduce from ([3.40) and (2.8)) that
1(e®) + J(®) S p29ll72 (0.1 x0)
2 2 2 2 2
+ / / e~25(1- 3 ) ( VA + \A@?)j + M‘)‘ + (0aef) " + (A% ) de dt. (3.42)
(0,7)xw®
We have

// o 25(1- e (A%(f’))Q dr dt < // W 2s(i=g5)a (A2¢§3))2 dx dt
(0,T) x5 (0,T)x5®

= _// X(l)e_QS(l_‘l%)auVA2<P§3)'VASOgS) dx dt—// e—23(1—4%)anA2<pg3)vX(1)'vA@gS) de dt
(0,T)x&® (0,T) x5

// 6—23(1—4%)%
L2(0,T5H5(Q)) (0,T)x&®

We can proceed similarly to estimate successively

// 6—25(1—%4)% VA@%S)‘z dz dt, // 6_25(1—4%)%
(0,T)x&® (0,T)x&®)

// 6728(174%)0%
(0,T)x&®
For the last term, we integrate by parts in time:

2
e 25(1=35)en (8tA<p(13)) do dt = — e 2e(1=35)s (33A<p§3)) (Aso(f)) dz dt
(0,T) x5 (0,T)xw)

" % //(O,T)x<7;<1) (6_28(1_4%)%)” (Awg?)))? du dt

) 1/2
// e~ 203w Aﬁ”( dz dt
L2(0,T;H?()) (0,T)x&(3)

+ // e—25(1—4%)0¢u
(0,T)xw3)

Using the above computations, we deduce (3.15]) from (3.42)). We obtain (3.16]) by combining (3.15)) with (3.7)
and (3.14). This ends the proof of Proposition (and thus of Theorem [1.1)).

N H93<P(3)‘

) 1/2
VAgog?’) ’ dz dt) .

2
AptY ‘

dx dt,
2
w(f’)‘ dz dt.

N ”933390(3)‘

2
Acp(13) ’ dx dt.

4 Proof of Theorem [1.4]

This section is devoted to the proof of Theorem |1.4] First we need to define the functions 32 1=1,2,3. Asin
Section there exist (see [I5] or [23, Theorem 9.4.3, p.299]) for any i = 1,...,n, 1; € C*(Q) satisfying

7; >0in Q, 7; =0 on 99, m(&zxxﬁizl, Vi #0in Q\ @;. (4.1)

We use 7); to define the following standard functions:

. _exp{A2m +2)} —exp{A(2m +Wi(x))} 2 _ exp{A(2m +7;(x))}
ai(tv m) = tm(T — t)m s gz(ta SU) = tm(T — t)m

, (4.2)
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where m > 9, A > 1. Recalling the definitions (2.5 and (2.6)), we have
& < El <&, e g e 50 L eI (i=1,...,n). (4.3)

Let us consider My, My > 0 and let us write M := My + M. We recall that Ny, Ny and N are defined at
the beginning of Section [3] We assume

No>M+1 (4.4)
and we define
e~ Masay in {0, 12? e~ Msay in [0, Z}
6’1 = T ) 6’2 = T ’ (45)
[e*MQSO‘ﬁ] ( > in |:27 T:| [estozn] < 5 > in |:27 T:|
e—(N+1)sau in |:0, T:|
Gy i 2 (4.6)

o] (3) i [L1]
2 2
Note that 7;(0) =0¢=1,2,3.

We are going to show the existence of sp > 0 and \g > 0 such that for A > Ay and s > so(T™ + sz),
Theorem [T.4] holds with the weights defined as above.
For Corollary we assume My > 1 and we define

e~ (Mz2—1)say in {O,Z}
ZT\O = (47)
[e—(M2—1)San} f in I,T
2 2
Note that PO
2, 28 200 e L(0,T)
gg Op )
and if
2Ms > N + 3. (4.8)
then, we have
52
2 € L>(0,T). (4.9)
03

We are going to show Corollary with the above choices and for for A > Ap and s > so(T™ + T%™), where
sp > 0 and \g > 0 are large enough.

Remark 4.1. There exist Ny, Na, M; and Ms satisfying (3.5)), (4.4) and (4.8). For instance one can take
Ny =2 Ny=13, M; =2, My =09.

4.1 Decomposition of the adjoint system

As for the proof of Theorem we first start by decomposing the solution of (|1.15]) into three parts. We only
need to focus on 1 since we have already obtained a Carleman estimate for ¢ in Proposition [3.1] We recall that
My, Ms > 0 and that M = M7 + M. We set

i = e Misa" (1=1,2). (4.10)
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From (|1.15) and using the notation (2.1]), we see that 1 is solution of

L, my) = (9W,97), (4.11)
Let us consider the following decomposition of 1:
prpy = Py + ) 4 ), (4.12)
where
LW, 7)) = (5291, 0), (4.13)
L@, 7?) = <7M25a§ﬁ1¢(1)70> : (4.14)
L@®, 7 = ( Msal. (w@) o 3)) ) (4.15)

We estimate w(l and w 2) by using Proposition E 2| and their regularity properties allow us to perform a
Carleman estimate on 1/1(3) Let us introduce the following quantities associated with w(?’)

~ ~ ~ 2 2
Tw®) = / / 2 <s>\2§1 [T 20| + 228 V2| ) do dt
(0,1
~ 2 2
+ / /( L (55A6§;’vmp§3>‘ + s |Auf?| > d dt
0,T7) x

2
+ / / e 20 gT\BET ‘¢<3>‘ dz dt  (4.16)
(0,T)xQ

and
~ - 2
) = 50 0
v 1 L2(0,T;H2(Q)) + |0 L2(0,T;L2(Q))
sl + o], + ot
* H 2Y L2(0TH4(Q)) 200 L2(0TH2(Q 2000 L2(0TL2(Q))
], + [0 o], o], 117
+ H 3¥ L2(0,T;HS(Q)) 3 tw L2(0,T;H4(Q)) +||0s9 9 L2(0,T;H2(Q)) + L2(0,T:L2(Q)) ( )

where we have set

~

0, := §9/2=1/m 4 (gﬁ)5/271/m e~ 5o 52 . g3/2-2/my4 (gﬁ)3/272/m e

~

O3 = s1/273/m N\t () /273 M e (4.18)

Using (|1.18)), we consider an open set &y such that

Uaieao ea. (4.19)
i=1

With the above notation, we can state the Carleman estimates we obtain for w(3):

Proposition 4.2. Assume (L.F), (1.7), (L3 , (1.17), (L.18]), (1.19) and (1.20). There exist so > 0 and )\0 > 0
such that for )\ > Mo and s > so( Tm +T°™), the solution ¢ of (4.11), can be decomposed as in , ,

and | and the functions ¥ M w(Q and w(g‘) satisfy
o1, + 2]
X1 X

<5 <1>‘ 4.20
~ Hng L2((0,T)x) (4.20)
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and

Ay

‘ 2

~ ~ 2
T(0®) + J(u® SHA <1>‘ +// e~ 21— ) dz dt. 4.21
W)+ T 22297 L oy o (4.21)

In particular, any solution (¢,v) of (L.15|) verifies the following estimate:

// e 2NHDses | o2 o dt + // e 2(MFses 2 dy dt
(0,T)xQ2 (0,T)xQ2
5 // e*QMsau g(O)‘z dr dt+// 6721\/[2804”
(0,T)xQ (0,T)xQ

+// e Mas o) dr dt. (4.22)
(0,7) x (wUD)

We now prove the above proposition. Applying Proposition we obtain

2
g(l)‘ dx dt

(1)’ < HA <1>’ 4.23
H¢ x; ™ P29 L2((0,T)x<) (4.23)
Mosal s <1>‘ <HA <1>‘ 4.24
H 2501 X~ P29 L2((0,T)xQ) (4.24)
(2)’ <HM 15 <1>‘ <HA <1>‘ , 4.25
Hw x, S |[Masaipr™| S ||P2g (0T (4.25)

We thus deduce (4.20). Then, from (4.15)), we deduce
LOW®, 0,7 = (—Msé}ag (W) + ¢(3)> +09®, 0) : (4.26)
L0209, 827 ) = (~Mshaa (0@ + 9@ + 8@, 0), (4.27)
L@@, 0,7 = (stéga; (W) + ¢<3>) +OLp®), 0) . (4.28)

By similar computations as Section (see (3.29)), and using Proposition one can show that J (1/)(3))
defined by (4.17)) satisfies

2 2

j( <3)) < HA (1)‘ H /204 (£,)7/2 o= 50 (3)‘ , 4.99
V) SP297 omreey TP (&) ey (0T %) (4.29)
4.2 Carleman estimates
Taking the divergence of the first equation of (4.15]), we obtain the following relation for wfp‘o’):

A = 3 ( /Q b dm) div o (4.30)

i=1

Then, applying the operators A and VZA on the first component of the first equation of (4.15), we deduce
a8y — A%+ 3 ( / b . 3 dx) i@ = ~Msaj (Av? + Ap{”) in (0,7) x @ (4.31)
i=1 /&
and

Q

i=1

= —Msa, (v%w@ + V2A¢§3)) in (0,T)x Q (4.32)
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where @) is defined by (L.16]). We continue by following the steps in Section first, we apply Lemma to
(14.32):

- 2 ~ ~
// 83)\4’\{)6—2&11 V2A¢§3)‘ dax dt + // s)\2fle—2sa1
(0,T)xQ (0,T)xQ
< 2 (N2 25 |3 aLB) ] 2 (12, —2sa
S 5% (o) e V°AY, ’ dx dt + 5% (o) e !
0, T)xQ2 (0, T)xQ2
n 2 6
+ Z// 6—25011 ( b(z) . w(g‘) d$) dx dt T // SA§ﬁ€_2sau 7V2A’Lp£3)
=1 Y 7 (0,T)xQ Q (0,T)x 89 on

+ // 83)\421136—23&1
(0,T) xwy
// 52 (ag)2 o 2501
(0, T)xQ

can be absorbed by the right-hand side of (4.33) and by using (4.25)), we have

2/ 1\2 —2sa,
//(O,T)XQS (aﬂ) ‘

Then, we apply Lemma [2.3] to deduce

~ 2 ~
/ / sTASE] e~ 20 Azpf’)’ du dt + / / SAGem 2o
(0, T)xQ2 (0, T)xQ

5 // 53)\45)6728&1
(0, T)xQ

2
V3A¢§3>] dz dt

2
v%wﬂ dz dt

2
dry dt

2 813
VAP dedt.  (4.33)

The term
3 ®|?
V=AY, ‘ dzx dt,

2 2
Viap?| dedt < |pag)|

L2((0,T)xS)

2
vmz)?)‘ de dt

2
vmpf‘)‘ dz dt

2 ~
VQMJ?)‘ de dt + / / $PASgfe 2
(0,T)x@1

+ // 37)\856725&
(0,T)x &1

Using the ellipticity of the Laplace operator with Dirichlet boundary conditions, we deduce that

2 2 .
// sTAE e 20 (‘1ﬁ§3)‘ + ‘ngg)‘ ) dr dt < // sTASE] e 250
(0,T)xQ (0,T)xQ

Moreover, using the Poincaré inequality and the divergence condition, we also obtain

2
/ / sTasglem 2ot || dodt 5 / / STASE 200
(0,T)xQ (0,T)xQ

Combining the above estimate with (4.35)), (4.34)) and (4.33]), we deduce that I (¢®) defined by (#.16) satisfies

9 n R ‘ 2
+ e 2501 ( / b ) dx) dx dt
L2((0,T)x$) ; //(O,T)xsz Q

Iy 2 2 2
+ / / e~ 20 (ﬁx‘*é’f‘v%w?" +55A6€f‘vmp§3>‘ +sTASET ]Aw@‘ ) dz dt
(0,T)x w1

2
A¢§3)’ dedt. (4.34)

2
Aw?" dz dt. (4.35)

2
’ da dt.

vyl

Tw®) < g

0

2
+ / / sA&e 2 | =AY | dydt.
(0,T)x 0% on
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Combining the above inequality with (4.29) we deduce

2 n _ . ) 2
+ e~ 250 (/ b . p3) dm) dz dt
L2((0,T)x) ; //(O,T)XQ Q

—~ . 2 2 2
+ / / e~ 250 <53A4§f‘v2A¢§3>‘ +55A6§f]vm§3>] + sTASET ]mp?)‘ ) dz dt
(0,T)xw1

F®) + T0®) 5 s

2
—nv%w?) dv dt.

(0,T) x 59 0

Then, from trace theorems and interpolation inequalities

O o r 3 2 1/2 3/2
el TR (O U R L A L W
/aQ an” S TR ooy 1P Mooy ~ 1P sy 1Y e
Thus, using ([.18) and (2.10)), we have for m > 11, and s > T?™ + T™,
2
/ / e | L0206 ®| dy de S AT [2u@] v [ " :
(0,7)x 092 on ~ L2(0,T;H4()) L2(0,T; HS (1))

Combining the above estimate and (4.36]), we deduce the existence of Ag > 0 such that for A > Ao,

2 n R . ] 2
+ e 250 ( / b® . p(3) dm) dx dt
L2((0,T)x) ; //(O,T)xsz Q

~ 2 .
+ // 6725041 <83>\4gi’> ‘V2A"¢J§3)’ + S‘J)\Gé\i)
(0,T)x @1

Tw®) + Tw®) 5 729

2 2
VMF’)] + sTASET ’Au)ﬁ" ) de dt.

4.3 Removing the nonlocal spatial terms

We set
1

0= —.
45(n + 1)
Using (2.8) and Lemma there exists C' > 0 such that if A\ > C and s > CT?*™,

2 2
// e~ 25 (/ b ) dx) dz dt < // e—2(1-9)san (/ b™ . p® dm) dz dt
(0,T)xQ Q (0,T)xQ Q
2
< // e~ 2(1=0)sa, (/ b)) dx) dr dt.
(0,T)X&n Q

Using (1.20) for ¢ = n, (4.31]) and the above equation, we deduce that

~ 2 e 2
/ / e~ ( / b . (3 dx) do dt < / / e~ 2(1=0)san (atmp@) d dt
(0,T)xQ Q (0,T) X &,

_ 2 _ 2
+ // e~ 2(1=0)san <A21/J§3)> dx dt + // e~ 2(1=0)san (saéAwg?’)) dz dt
(0,T)X @, (0,T) X &,

2 n-1 R ' 2
+ Z // e~2(1-9)san (/ b .3 dx) dx dt
L2((0,1)x) = JJ(0,1)xQ Q

+ |72
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(4.36)

(4.37)

(4.38)

(4.39)



Then we can proceed by induction by using ([1.20)), and we deduce from (4.37) that

Tw®) + 7)< g™

L2((0,T)x Q)

Y 2 2 2
+ / / e~ 250 (ﬁx‘*é’f‘v%w?" +55A6§‘vmp§3>‘ 4 sTASET ]Aw@‘ ) dz dt
OT)le

. 2 2
+ Z// ¢~2(1=(n-it1)o)sd ((awa ) + (a27) + (sajau®) ) dv dt. (4.40)
0,T)Xw;
Using (4.19)), we can consider open subsets o®i=1,... , 3, such that

& e e v® ew® =3, (4.41)

‘C§

i=1

and smooth functions
¥ e c®(R?%[0,1]), xP =1mo®, suppyx® c oY (i=1,2).

We deduce from (4.40)) that

Tw®) + 7w®) 5 720

L2((0,T)x )

+// e~ 25(1- 35 ) (‘v%w ]2+ (atA¢§3>)2+‘VAzp§3)f+)mp?)‘z) dr dt. (4.42)
(0,7)x (1)

By integrating by parts and by using (4.18]), we have

// o250 ) <A21/J(3) dr dt < // D280~ F5)a (A%“’) de dt
(0,7)xw(®) (0,T)xw2)

— 7\// X(l)e*QS(lfﬁ)auVAQdJ?),vAw?) dx dt*/\/’ 6725(174%)04‘1A2¢§3)VX(1).vAw?) dr dt
(0,T) X2 (0,T)x&(®

// 6725(174%1)au
L2(0,T;H5(2)) (0,T)x&®)
We can proceed similarly to estimate

il s [ i
(0,T)><<1;<2) (O,T)xa;(l)

For the last term, we integrate by parts in time:

// 6725(174%)0411 (atAw?))Q dr dt = _// 6725(174%)0411 (atQA,w?)) (Aw?)) dx dt
(0,7)xw(®) (0,T)x oM
1 “2s(1- %)y )" [ Agy®)
+ = e 4 A dzx dt
2//(0,T)xa;<1>< ) ( " )
1/2
—25(1—3)a (3) 2 /
e 43/ A’Lljl ’ diL’ dt
L2(0,T;H?(2)) (0,T)x®

+// 6725(174%)04‘1
(0,T)xw(3)

S H§31/J(3)’

) 1/2
vm@’ dz dt) .

V2AY 3>‘ dz dt.

< [fepu

2
Ay ’ dz dt.
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Using the above computations, (4.42)) yields (4.21)). Recalling (4.16]), (4.12), and (4.20), we have

2

+I(p®).

~2s03 STABET |5 5o b2 dar dit < HA (1)‘
e S i
//(O,T)XQ & o2l ~ ||P29 L2((0,T)x%)

On the other hand, since ¢ satisfies (|1.15]), it is solution of (1.3 with
g9:=1vlo+g9.

Applying (3.16) yields

2 2

Hs3>\4§§’e_(]v+l)sa“ 90‘

— Nosa 2 —Nasa
) < He No MpHL%(O,T)xQ) + He No ﬁg(O)‘

L2((0,T) x L2((0,T)x9)

_|_// 675(2N+1)O‘ﬂ |<,01|2 dr dt
0, T)xw

and since Ny > M + 1, we can combine this relation with (4.21) and deduce

2 2

f(¢(3)) +j(¢(3)) T "83)\4636—(N+1)sans0’

T “37/2)\45;/26_(1‘/[“)3"”1/)’

L2((0,T)xQ)
2

L2((0,T)xQ)
2

<z <1>’ H <o>}

~ ng L2((0,T)xQ) * P29 L2((0,T)x)

+ // 6_8(2N+1)0‘ﬁ |301|2 dx dt+ // 6_25(1_4%5)04ﬂ
(0,7)xw (0,T)xw(3)

4.4 Removing the local term in ¢
Using ([#.19), there exists ¥ € C°(R?;[0,1]), such that

2
Awf’)( dz dt. (4.43)

y=1in0® =&y, suppyC®

and we can write

// 6—25(1—4%)04“
(0,T) xw®

2
Azpf’)’ dz dt

2
A¢§3)‘ da dt < // Xe—zs(l—fd)a,i
(0,T)x&
_ / / ge (7300 (g (imasts — vl - A6 dodr. (4.44)
(0,T)xw
Applying the operator A on the first component of the first equation of (1.15) and using (1.19), we deduce

—0, Ay — A20; = Ay + Agl” i (0,7) x @.

Combining the above relation with (4.44), we find

// 6723(174%)0411
(0,7)xw3)

2
Azp?)‘ dz dt

< _// )26728(174%)% (Aw?)) (ﬁlﬁﬂ?tASOl
(0,T)x@

+ 201 + 21520\ + pagtt + A¢§2)> do dt. (4.45)

23



Now, we estimate each term of right-hand side of the above relation. First,

-/ /( X (80?) Ginoide) do d
0,T)xw

2 /
= / / 675(2+M*T3)"‘ﬂ) (Axmp@ +2vy - VAp® + >2A21p§3)> o1 do dt
0,T)x®

+ / / ems(2HM =)oy (A;@AW’) +2Vy - 0, VAP® 4 x0,A2 f’”) o1 do dt
(0.7)x

so that, using (4.18),
- / / ve (1= (A¢§3>) (P17201Ap1) da dt
(0,T)x&

[P

S (Hé\gaﬂﬁw)‘

L2(0,T;HA(Q))

Similarly,

—//( ) )Ze_%(l_ﬁ)‘” (qu?)) <ﬁ1,52A2<p1> dx dt
0,T)xw

S ”531/1(3)’

- //( ) )V(ei%(liﬁ)au (A@/J?)) <ﬁ1b\2Ag§0)> dx dt
0,T)xw
// 725 (1+M—% )y
L2(0,T;H4(9)) 0,T)x@

< o)

<foa)

L2(0,T;H4(Q))

and

- / / e 2s(1= 35 )ou (A¢§3>) <51A¢§” +A¢§2>> da dt.
(0.7)x@

X
s(// e~1-3)es (ay?)’ dxdt) (HM
(0,T)x&

S “51111(3)‘

Gathering (4.43)), (4.45), (4.46)—(4.49) and using Ny > M + 1 imply

L2(0,T;H2( Q))

TW®) + J(w®) + H St o~ (N+1) saw‘

L2((0,T)xQ)

S Hﬁzg(l ‘

+ leng( )’

L2((0,T)x) L2((0,T)x )

+// e~ s2N+1)oy |¢1| dx dt+// 6—28(1+M——)an \<p1| d dt.
(0, T)xw (0, T)xw
The above relation implies (4.22]) and this concludes the proof of Proposition

24

1/2
) // 725(1+M7—)an ‘(p1| dr dt .
L2(0,T;H*(Q)) (0,T)x&

1/2
// 2 (M=) |12 gy |
2o \JJorxe

1/2
|2
9 ’ dx dt)

L2(0,T3L2(2))

LQ(O,T;Hz(Q))>

L2(0,T;:H?())

“87/2)\457/26_(1‘/1“)3% ‘ 2

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)



4.5 Controllability results
First let us deduce Theorem [I.4] from Proposition [4
Proof of Theorem[I.]} Since Ny > M + 1,
N+1>M > M,

and there exists P > 2 such that

(1 P2 \" N+1<N+1
] .

4(P-1 M M,

In particular, from
—(N + 1)say(T/2) + Mysay(T/P) <0, —(N + 1)say(T/2) + Msay(T/P) < 0. (4.51)
We consider xo € C*°([0,T]) such that
Xo=0 in[0,T/P], xo=1 in[T/2,T], |xol<1/T.
Then we deduce from that

L* (Xog, XoTy) = (Xo¢1o+><og” x6<p70>,
L(xo%, xomy) = (XOQ( +xow,0>-

Then, combining Proposition 2.1 and Proposition 2.2 we deduce

(4.52)

’|

||X0<PHL2(0,T;L2(Q)) + HXO¢|\L2(0T L2(Q)) ~ HXOQ + HXOQ(I)’

L2(0,T;L2()) L2(0,T;L2(Q))

+ IX0®l 120,722y + 1X0¥ N 20,7 12(02)) -
In particular, from (4.5)), (4.6) and (4.51)),

15321 L2 /2,7:22(0)) T 103U L2707 12(0))

< e~ (N+D)sag(T/2)+Mzsas(T/P) ( 0)‘

1)‘

HU g L2(T/P,T;L2(R)) H L2(T/P,T; L2(Q)))
1 - t-1e% S -~ o
+ e (N1 (T/2)+ Mooy (T/P) (||0290||L2(T/P,T/2;L2(Q)) + H0277/1||L2(T/P,T/2;L2(Q))) :

< Hﬁlg“’)‘

~

# [

+ 020l L2/ p1/2:1200)) 102 27/ P2 12 (02)) - (4:53)

L2(0,T;L%(Q)) L2(0,T;L2(Q))

Then, we deduce from (4.22)) that

1032l L20,7/2:12(02)) + 193% 1 L2(0,7/2:22(2))

< (0) 5. (1) > ~
Holg ‘ L2(0,T;L2(9)) + Halg ‘ L2(0,T5L2(92)) 121l 07502 w0 -
Combining the above relation and (4.53]) yields the result. O

The proof of Corollary is completely standard and we only present the main ideas to prove it from
Theorem [T.4] First, we define the space

Xo = {(<p,7r<p,¢,7r¢)€C°°([O,T]xQ) s divp=divy =0, ¢=1%=0o0n (0,T) x 09,

/W¢d$=/ﬁw dx:O},
Q Q
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the operators

L ¢ := —0ip — Ago-i—Z(/a(l godx)b(i)
Q

L’lﬂ::@ﬂb—Alﬁ-ﬁ-Z(/ b“).wdaz) a®
i=1 W8

and the bilinear symmetric form

(01T, 0), (B oy B o)) = //@T) I+ 7, ~vlo) - (L9 + T, = ilo) da i

+ // (L + V) - (L*p + Viy) dr dt + // Gap1py1 da dt.
(0,7)xQ (0,T) % (w

)
From (|1.21)), we deduce that
~ ~ /2
||0390||L2(0,T;L2(Q)) + ||U31/JHL2(0,T;L2(Q)) S ey Ty s ) i= (9, o, ¥, ), (03 s ¥, ) /

and thus || - ||+ is a norm and we can define the completion X of Xy for this norm.

We also define
(@ ptdm) = [[ (50 p+s® ) de i
0,T)x$2

From (4.54)), we deduce that £ is a linear continuous form of X and

o f(1

[l S
03 O3

L2((0,T)><Q) L2((0,T)><Q)'

Thus from the Riesz theorem, there exists a unique (p, 7,, %, 7y) € X such that

V(@,ﬁw,zﬁ,ﬁw) € X’ <(9077T<P7¢77Tw)7 (‘ﬁvﬁwvi&vﬁw»X = 5((@»%»&»%))
We set
=03 (L*p+ Vr, —¥lp), w:i=03(Ly+ V), u:i=—03p1e1,
and from (4.55)), we deduce that

f(O)

03

z w u

)
" L
o

L2((0,T)xQ)

+
L2((0,T)x )

+
L2((0,T)x Q)

o1 o1 02 L2((0,T) x (wU®)) ~ L2((0,T)x)

and that

// z.(L*<p+vm—1oz/3)dxdt+// w - (L) + Viy) dr dt
(0,T)xQ

(0,T)xQ

// ugod:vdt—i—// god;vdt—i—// fO 4 da dt.
(0,T) xwy 0T)><Q 0, T)xQ2

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

The last relation yields that (z,w) is a weak solution of (1.14). We recall that 7y is defined by (4.7). We can

check that

E (f?f) = (f;@ - ?‘:E/J;',()) 9
gp Oy (o) )

(1)
P <i”,3) _ f+1o+io;”,o),
2] g0 gg
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and thus using (3.4)), Proposition and Proposition we deduce that
1 fo

03

w

00

a <

+ ~Y
X1

X1

(4.60)

~

g3

00 L2((0,T)xQ) L2((0,T)xQ) '
This implies in particular that w(0,-) = 0.
In order to prove the existence of insensitizing controls for (|1.1)) and (1.13), we define
0 @
= {(1000) s L e o < o)
g3 03
and the mapping
N:Fs= Fo, (FO5D) 5 (f = (2 V)2 = (V) w + (2 V)w)

where (z,w) is the above solution, that is given by (4.56) and that satisfies (4.60) and (4.58)).
Using (4.9), one can check that the map A is well-defined and from (4.60]), we can also show that if

Ai <
931l L2((0,1)xQ)
and if r is small enough, the closed ball
(0) 1)
Bs:=<feFs; f,\ fT < 2r
03 llL2((0,1)x) 03 llL2((0,1)x )

is invariant by N and is a strict contraction on this set. This yields the existence of a fixed point for A/. The

corresponding solution (z,w) satisfies (1.1)) and (1.13), and (1.23). This concludes the proof of Corollary
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