N
N

N

HAL

open science

Stability results for the KdV equation with time-varying
delay

Hugo Parada, Chahnaz Timimoun, Julie Valein

» To cite this version:

Hugo Parada, Chahnaz Timimoun, Julie Valein. Stability results for the KdV equation with time-

varying delay. 2022. hal-03819356v1

HAL Id: hal-03819356
https://hal.science/hal-03819356v1

Preprint submitted on 18 Oct 2022 (v1), last revised 7 Jul 2023 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03819356v1
https://hal.archives-ouvertes.fr

Stability results for the KdV equation with time-varying
delay

Hugo Parada* Chahnaz Timimoun T Julie Valein?

September 29, 2022

Abstract

In this paper, we consider the Korteweg-de Vries equation with time-dependent
delay on the boundary or internal feedbacks. Under some assumptions on the time-
dependent delay, on the weights of the feedbacks and on the length of the spatial
domain, we prove the exponential stability results, using appropriate Lyapunov func-
tionals. We finish by some numerical simulations that illustrate the stability results
and the influence of the delay on the decay rate.

Key words. KdV equation, stability, time-depending delay.

1 Introduction

In this work, we are interested in the effect of a time-varying delay in the boundary
or internal stabilization of the Korteweg-de Vries equation (KdV). The KdV equation is
given by vt + Yy + Yzze + Yy = 0, this third-order nonlinear one-dimensional equation was
introduced in [I2] to model the propagation of long water waves in a channel. In recent
years, the controllability and stabilization properties of the KdV have been very studied,
see [15, 22]. We also refer to [3] 23] for a complete introduction to these problems.
Time delay phenomena appear in many applications, for example in biology, mechanics
or engineering. Delay terms are unavoidable in practice due to measurement lag, analysis
time, or computation time. A very active research has developed recently on stability
problems of partial differential equations with delay. It is well known that even a small
delay in the feedback mechanism can destabilize a system (see for example [5] [6]). But
a delay term can also improve the performance of the system ([I]). The problems of
stability of systems with delay are of both theoretical and practical interest.

Recently, the problem of robustness with respect to constant time-delay of the KdV equa-
tion was studied in [2, 19, 24] using Lyapunov theory or deriving suitable observability
inequalities. The stability of PDE’s involving time-varying delays was analyzed in [I8]
for one-dimensional heat and wave equations, in [16, [I7] for wave equations in domains
in R™ and in [7] for general second-order evolution equations. We can also mention [20]
where a weak viscoelastic beam equation with time-varying delay was considered and
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the recent work [11] studying exponential stability of piezoelectric beams. In our best
knowledge, there is no work dealing with this problem for the KdV equation.
In this work, we are going to consider the two following systems

ye(, ) + yu (2, 1) + Yooz (2, t) + y(2, )y (z,t) =0, t >0, z € (0,L),

y(0,t) = y(L,t) =0, t>0,

Yo (L, 1) = ayz(0,t) + By=(0,t — 7(1)), t>0, (1.1)
y($70) = yO(x)a T € (07L)a

Yz (0,t — 7(0)) = 29(t — 7(0)), 0<t<7(0),

and

yt(xﬂt)+y$( )+yxwx( ()+y($7t)y$(x7t)

ol t) 4 byt ) =0 £50, 2 € (0.L),
y(0,t) = y(L,t) = y,(L,t) =0, t>0, (1.2)
y(CL‘,O) - yo(l’), VS (O’ L)7
y(x,t —7(0)) = z0(x, t — 7(0)), 0<t<7(0), z€(0,L),

where L > 0 is the length of the spatial domain, y(z,t) is the amplitude of the water
wave at position x at time t. We assume that the delay 7 is a function of time ¢, which
satisfies the following conditions

0<71o<7(t) <M, Vit >0, (1.3)
Ht)y<d<1l,  Vt>0, (1.4)

where 0 < d < 1, and
TeW»>([0,7)), VT >0. (1.5)

Moreover, we assume that «, 8, d in ([1.1]) are real constants satisfying

o —1+|8] afl )
The matrix ®, 53 = is definite negative. 1.6

o= (" as " g Blany ; -
In (1.2), a = a(x) and b = b(x) are nonnegative functions belonging to L>°(0,L). We
will also assume that supp b = w and

b(x) >by >0 in w, (1.7)

where w is an open nonempty subset of (0, L). We assume that the coefficients a and b
satisfy the following assumption:
2—d
deg >0, ———b(x)+co<alr) in w. (1.8)
2 —2d
Then w = supp b C supp a and a(x) > by + ¢y > 0 in w.

Remark 1.1. We can note the following points on the coefficients of the boundary or
internal feedback:

e A sufficient condition to obtain is |a| 4+ |8] +d < 1. Indeed, on the one hand,
we have tr(®n5) =+ B2 -1+ |Bld <0 a®+ B2 +|6ld < 1, and
o+ B2+ |Bld < |a| + 8] +d < 1. On the other hand we have
det(®q, ) B(8% = 2|8 + 1 — o + da® — d + |B|d)
= 1B —18))* +d(I8] — 1) + a*(d — 1))
= |BI((L =181 = |B] = d) + a?(d — 1))
> |B](a? + a?d — a?) = |Ba?d > 0.

Then, |a| + |8] + d < 1 implies that @, g is definite negative.



o Ifd=0, (L.O) (resp. (1.8)) is equivalent to ||+ |B] < 1 (resp. b(z) + co < a(z)

in w) which corresponds to the assumption for a constant time-delay given in [2]

(resp. [24]).

2—d
o [fd— 17, 324 — +00, and so we need that the weight a of the internal feedback

without delay to be very large.

In [2], two different approaches for the exponential stability of the nonlinear KdV equa-
tion with boundary (constant) time-delay feedback were studied. The first was a Lya-
punov functional approach with an estimation of the decay rate, but with a restrictive
assumption on the length L of the spatial domain. The second one was an observabil-
ity inequality approach without estimation on the decay rate and for any non-critical

lengths (i.e. L ¢ N = {277\/ W, k,le N*}) The asymptotic stability of the non-

linear KdV equation with (constant) time-delay internal feedback was studied in [24].
A semiglobal stability result for any lengths was proven in the case where the weight
of the term with delay is smaller than the weight of the term without delay, using an
observability inequality directly on the nonlinear system. A local exponential stability
result was given in the case where the support of the term with delay is not included in
the support of the term without delay.

The aim of our work is to extend these results in the case where the delay depends on
the time. An important fact about systems and is that due to the effect of the
time-varying delay, these systems are no longer invariant in time. Thus, the observability
inequality approach does not work anymore and we have to choose a new appropriate
Lyapunov functional. An other difficulty, beyond the difficulty of dealing with a nonlinear
equation, is that the first order linear operator depends on time (contrary to constant
delay case) and the well-posedness is not trivial.

The outline of this paper is as follows. In Section [2, we prove the well-posedness results,
firstly for the boundary case, secondly for the internal case. The stability results are
proved in Section |3} Finally we illustrate our results by some numerical simulations in
Section [l

2 Well-posedness results

The goal of this section is to prove appropriate well-posedness results of and .
We first prove the well-posedness result of the linearization around 0 of (resp.
(1.2)). The proof will be based on the semigroup theory and on introducing a new
function for the delayed term. Then, we add a source term that plays the role of the
nonlinearity. Finally, using a fixed-point approach, we show the well-posedness of the

nonlinear systems (1.1]) and (|1.2)).

2.1 Well-posedness results of (|1.1))
The goal of this section is to prove appropriate well-posedness results of (|1.1)).



2.1.1 Well-posedness result of the linear system

In this part, we put our focus in the study of linearization around 0 of (1.1]), that is

ye(x, t) + yu (2, t) + Ypga(x,t) =0, t>0, z€(0,L),

y(0,t) =y(L,t) =0, t>0,

Ya(L,t) = ayz(0,t) + By (0, — 7(t)), >0, (2.1)
y(z,0) = yo(x), z € (0,L),

yz(0,t — ( )) = 20(t — 7(0)), 0<t<7(0).

Now, classicaly, we introduce a new variable that takes into account the delay term (see,
for instance, [18]). Let z(p,t) = y.(0,t — 7(¢)p) for p € (0,1) and ¢ > 0. Then, z verifies
the following transport equation

( )Zt(P, ) (1 - %(t)/’)zp(/%t) =0, t>0, pe (07 1)7
2(0,4) = (0, 1), >0, (2.2)

2(p,0) = 20(—7(0)p), p € (0,1).

Define U = <Z), then U satisfies

Y Yz — Yzzax
U= ( ) — [ #tp-1
2t — 2,
7(t)

This problem can be rewritten as the following first-order evolution equation

Uit) = ADU(t),  t>0
(2.3)

where the time-dependent operator A(t) is defined by
y Yz = Yzzx
A (1) = 2o =17 ).
()
with domain
D(A(t)) = {(y,2) € (H?(0,L) N Hg(0, L)) x H'(0,1), 2(0) = 2(0), ya(L) = ay.(0) + Bz(1)} -

Note that the domain of the operator A(¢) is independent of time ¢, i.e., D(A(t)) =
D(A(0)), t > 0. Now, we introduce the Hilbert space H = L?(0, L) x L?(0, 1), equipped
with the usual inner product

()= e [

endowed with the norm || - ||z. To prove the well-posedness of we follow [I8]. The
proof is based on showing that the triplet {4, H, YV}, with A = {A(t) : ¢t € [0,T]}, for
some T' > 0 fixed and Y = D(.A(0)), forms a constant domain system (CD-system), see
[8, 10]. The following theorem gives the existence and uniqueness results and is proved
in [§]:



Theorem 2.1. Assume that
1. Y = D(A(0)) is a dense subset of H,
2. D(A(t)) = D(A(0)), for allt >0,

3. for all t € [0,T], A(t) generates a strongly continuous semigroup on H and the
family A = {A(t) : t € [0, T} is stable with stability constants C and m indepen-
dent of t (i.e. the semigroup (Si(s))s>0 generated by A(t) satisfies ||S¢(s)Ul|g <
Ce™ ||U||g, for allU € H and s > 0),

4. OpA(t) belongs to L ([0,T], B(Y, H)), the space of equivalent classes of essentially
bounded, strongly measure functions from [0,T] into the set B(Y, H) of bounded
operators from Y into H.

Then, problem ([2.3)) has a unique solution U € C([0,T],Y)NC*([0,T], H) for any initial
datum in Y.

In particular, we are going to prove the following result.

Theorem 2.2. Assume (1.3)-(1.6). Let Uy € H, then there ezists a unique solution
U € C([0,4+00), H) to (2.3). Moreover, if Uy € D(.A(0)) then U € C([0,+0o0), D(A(0)))N
C*([0,+00), H).

Proof: Clearly, the space ) = D(A(0)) is a dense subset of H and, by definition,
D(A(t)) = D(A(0)), for all ¢ > 0. Now, to prove the third point of Theorem [2.1} we

introduce the following time-dependent inner product on H to use the variable norm

< <Z> ’ (g> >t = /OL yydz +|B|7(t) /01 2Zdp,

with associated norm denoted by ||-||¢. By (1.3]), the norms || ||z and || - ||; are equivalent
in H:

technique of Kato

¥t 20, V(y,2) € H,  (1+18l0)l(y. 2)E < [y, 2)lF < L+ By, )7 (2:4)

We first observe that

W <em T w0, 1), (2.5)

where U = (y,z) € H and c is a positive constant. Indeed, for all ¢, s € [0, T], we have

c e L . 1
017 = U1 = (1= ) [y 13l () - re)en ) [
0

0
We notice that 1 —ew '™ *l < 0. Moreover, 7(t) —T(s)e%‘t_sl < 0 for some ¢ > 0. Indeed,
7(t) =7(s) + 7(a)(t —s), where a € (s,t),

and thus,

™, Ha)

T(s) = 7(s)

|t — s|.



Recalling that, by (|1.5)), 7 is bounded and, therefore, we have
7(t)

c < |
—~ <1+ —|t—s|<em
0

7(s)

t—s|

which proves ([2.5).
Now, we calculate (A(t)U,U); for a fixed t € [0,7]. Take U = (y, 2)T € D(A(t)), then

Yz — Yzax
(AT, U), = < Hi)p—1 ) , (y>>
@

L 1
= / (—Y2 — Yzaz)ydz + |B| / (7(t)p — 1)zpzdp.
0 0

t

By integrating by parts in space and in p, we have

1
AUy = 3k - 0 [ 2 Bliewn - 021

Moreover using the boundary conditions, we obtain

1
AOU. 0 = 5 (aa(0) + 80P 520D+ [ 2ap+ Dl o020+ 2000

Now, by ([1.4) we derive

(ADU, U, — w6 (U, U, < % <yzcc((10))>T oo s (ym(0)> |

(0 + )2

where k(t) = =T and where @, 5 is defined by (1.6). Finally, using (|1.6]), we
T
get

(AU, Uy — w(t)(U,U)y < 0.

The above inequality proves the dissipativeness of A(t) = A(t) — x(t)I for the inner
product (-, -)4.

Let us prove that for all ¢ € [0,T1], A(t) is maximal, i.e., that A — A(¢) is surjective for
some A > 0.

Let t € [0,T] be fixed, and (f,h)”T € H. We look for U = (y, 2)T € D(A(t)) solution of
(M — A(t)U = (f,h)T, that is

( Ay_i_yx"i_ya:aca}:fa

Az + (W) 2, =h,

y(0) = y(L) =0, (2:6)
yx(L) = ayac(o) + ,82(1)7
2(0) = 4(0).

Following [18], if we find y with the appropriate regularity, then we can obtain z, given
by
) In(1-7 ORI
Yz (0)6)\% ln(liT(t)p) + 6)\% ln(lfT(t)p)

P h(o)T(t) —ATWin(1—3(t)0) s
_— 7(t)
Z(p): X/O 1—7"(15)(76 ) dO’, lfT(t)#O,
Y (0)e AP L 7 (1)eAT(0p / AN (o) do, if 7(t) = 0.
0

6



In particular z(1) = y,(0)go(t) + gn(t), where

T(t) .
golt) = 4 T it i 20,
e M®), if 7(t) =0,

T(t . 1 T(t -
AT (=7 (0) / Mo)r(t) B (=09 g g 2 (8) £ 0,
gn(t) = 0 1=7(t)o
T(t)e A0 / W (5)do, if 7(t) = 0.
0

This implies that y must satisfy

AY + Yo + Yzza = [,
y(0) = y(L) =0,
y=(L) = (a+ Bgo(t))y=(0) + Bgn(t).

Ba(z — L)gn(t)
L(1+a+ Bgo(t))
After some computations, we can observe that ¢ = y — 9 solves

)‘(P+()0:B+S0$xx:f::f_A¢_¢x_w$xx7
¢(0) = ¢(L) =0, (2.7)
‘Pfc<L) = d‘Pr(O)'

Consider now (z) = (t is fixed here) and & = a(t) = a + Bgo(t).

As t is fixed, the problem can be seen as (A — Ag)p = f where the operator Ag is
defined by Azp = —¢' — ¢, with D(A4z) = {p € H3(0,L) N H}(0, L), ¢'(L) = a¢'(0)}
and where f € L2(0,L) (since ¢ € C*([0,L]) and f € L?(0,L)). To conclude, we use
the following lemma.

Lemma 2.3. If |a| < 1, then the operator A, is mazimal.

Proof: Consider |o| < 1, clearly A, is closed. Let us prove that A, and A} are
dissipative. Let ¢ € D(A,), then we get

L
1
(o Plron) = [ (=0 = ¢")oda = 50> = DO <0,

The dual of the operator A, is defined by A%( = ¢’ + ¢ with domain D(A%) = {¢ €
H3(0, L) Hy(0,L),¢'(0) = a¢’(L)}. Similarly, for ¢ € D(A?) we have (A%¢,C)r2(0,1) =
%(oﬂ—l)(((L))2 < 0. Thus, by [21], A, is the generator of a Cjy semigroup of contraction
on L?(0,L). By the Lumer-Phillips theorem (see [2I, Thm. 4.3]), A, is a maximal

operator. O

It is not difficult to show that |go(t)] < 1. Then |&| < |o| + |B8] < 1 by (1.6). Therefore,
by Lemma we have the existence of ¢ € D(Ag) solution of and hence (y, 2)T €
D(A(t)) solution of ([2.6)).

We have then shown that A\ — A(t) is surjective. Then, as k() > 0, we have that
M — A(t) = (A + r(t))I — A(t) is surjective for some A > 0 and ¢ € [0,7]. We conclude
that A(t) generates a strongly semigroup on H and A = {A(t),t € [0,T]} is a stable
family of generators in H with a stability constant independent of ¢, using , by [8,
Prop 3.4] (see also [10]).



Finally, #(t) =

)7 (t) _ fE®*+)?

27(t)(7(t)2+1)1/2

(1.5)) and we have

) =TT (H)p —1)

-
with

which proves the fourth point of Theorem [21]

7(t)?

bounded on [0, 7] by (L.5). Thus,

%A(t) € L ([0, T], B(D(A(0)), H)),

Therefore, all assumptions of Theorem are verified, thus the problem

{@wzﬂwmm
0(0) =

t>0

is bounded on [0,7] for all T > 0 (by

has a unique solution U € C([0,00), H) and U € C([0,0), D(A(0))) N C*([0,00), H) if
Up € D(A(0)). Lastly, we can check that our solution of (2.1)) is U(t) = elo R()ds Ty (¢),

Indeed,

U(t) = r(t)el nis)ds

= AU,

which concludes the proof.

2.1.2 Well-posedness of the linear system with extra source term

Consider now ({2.1) with a source term f in the y-equation

yt(l', t) + yx(w,t) + ymrx(xyt) = f(.%’,t),
T(t)ze(p, 1) + (L = 7()p)zp(p,t) =0,

Yy Oat) = y(Lat) = 07

Yo (L, t) = ay,(0,t) + Bz(1,1),

y(x,0) = yo(z),

(
ZEO’ t) = Yz (0’ t),
(p,0) = 20(=7(0)p),

N

t>0, z€(0,L),
t>0, pe(0,1),
t>0,

t >0,

t>0,

z e (0,L),

p € (0,1).

(2.8)

Proposition 2.4. Assume that (1.3)-(1.6) hold. Let Uy = (yo,20) € H and f €
LY((0,00), L2(0, L)). Then there exists a unique solution U = (y,z) € C([0,+00), H)
to (2.8)). Moreover, for T > 0, the following estimates hold

1w, 2)lleqo,my < C (0ol + £l o.1),0200,1)))

Iyl 20,1y, 11 0,0)) < C (WWoller + 1 F L2 0.1),120,1))) -



Proof: The above system can be written as U(t) = A(t)U(t) + (f,0). Using [9, Th
2] we can show that if Uy € H and f € L'((0,00),L?(0, L)), then there exists a unique
solution U € C([0,00), H). Furthermore, U € C([0,00), D(A(0))) N C1([0,0), H) if
Uy € D(A(0)) and f € C([0, 50), L2(0, L)) 1 L}((0, 50), D(A(0))).

Now take U = (y, z) a classical solution of (2.8 . Let us choose the following energy

L T 1
E(t):;/o V(. )+ W‘Q@/O 2(p, t)dp (2.11)

corresponding to the time-dependent norm |||, on H. Differentiating (2.11)), we obtain

L 1 1
E(t)—/O yyrdz + Ll ()/0 z2dp+]6\7'(t)/0 zzdp.

Now, using (2.8)) and integrations by parts, we derive

E(t) = 5

Using (T4)-(L6) we get

T L
. yw(oa t) 71 yx(o t)
B0+ () Cpen (U0 < [ vsa
Notice that —®,, g is a symmetric positive definite matrix. Then there exists C' > 0 such
that

L
1102 = 1+ B)Y2(0,1) + 208y (0,6)2(1,£) + (8 — |B](1 - #(£))22(1, )] + /0 yfdz.

L
B(t) +2(0.8) + 2(1,1) < o/ yfda.
0
Now take 0 < s <T and integrate the above expression on [0, s] to obtain
s s s pL
E(s) +/ yg(O,t)dt—i—/ 2(1,t)dt < C (/ / yfdxdt + E(O)) . (2.12)
0 0 0o Jo
Thus, by (2.4) and the Cauchy-Schwarz inequality, we have

1y (- 8), 2( )7 < C (106llEH + 11 0.1y, 020,00 | (W 2l o1, 1)) -

Taking the maximum for s € [0,7] and using the Young inequality, we conclude ({2.9)).
In addition, taking s = T in (2.12) and using (2.9) we obtain the following hidden
regularity:

T T
/0 yz(0, t)dt +/0 2(1,t)dt < C (HU0||12H + Hf“%l((O,T),LQ(O,L))) : (2.13)

Multiplying y—equation of (2.8) by zy, integrating on (0,7") x (0, L) and performing
integration by parts, we get

1
2/ xy (x, T)dx + = // dmdt /myodac—i— // y2dudt
0 0
1
+/ Lyi(L,t)Jr/ / zfy
2 Jo 0o Jo



and then
5 L ) T rL ) T ) T )

+/(]T/0Lfydxdt>.

Finally, using (2.9) and (2.13]) we derive (2.10]). O

2.1.3 Well-posedness of the nonlinear system

Now we are ready to prove the local well-posedness result for the nonlinear system (|1.1]).
Let T > 0 and introduce the space B = C([0,T], L*>(0, L))NL?((0,T), H(0, L)) endowed
with the norm

lyllB = llylleqo,m,z20,0)) + 1Yl L2(0,7),110,1))-
Now, to consider the nonlinearity yy.., the next proposition will be crucial; its proof can
be founded in [22].

Proposition 2.5. Let y € L?((0,T), H'(0,L)). Then yy, € L*((0,T), L*(0,L)) and the
map
y € L*((0,7), H'(0, L)) = yya € L'((0,7), L*(0, L))

is continuous. Moreover, there exists K > 0 such that, for anyy, 5 € L*((0,T), H*(0, L)),
we have

T
/0 lyye =72l 200,y < K (19l 20,10 0,0)) + N9l 2¢07), 11 0,2)) 19=3l 12007, 182 0,1.))-

Theorem 2.6. Let T > 0, L > 0 and assume that (1.3)-(1.6) hold. Then there exist r,
C > 0 such that for every (yo,z0) € H satisfying ||(vo, z0)||z < r, there exists a unique
solution y € B of the system (1.1)) verifying ||yl < C||(yo, 20) ||z -

Proof: Let (yo, 20) € H such that ||(yo, 20)||z < r for 7 > 0 chosen small enough later.
Take § € B and consider the map P : B — B, defined by P(y) = y, where y is the
solution of

Y (2, 1) + yu (2, ) + Yozo (2, t) = —y(z, )G (z,t), t >0, x € (0,L),

y(0.1) = y(L,1) =0, t>0,

Yo(L,t) = ayz(0,t) + Byz(0,t — 7(1)), t>0, (2.14)
y(@,0) = yo(x), z € (0,L),

yz(0,t —7(0)) = 20(t — 7(0)), 0 <t<7(0).

Clearly, y € B is a solution of ({1.1)) if and only if y is a fixed point of P. Now from
Proposition we find that the map P is well-defined and from Proposition (2.9)-

(2.10), we get

IP@)5 = llylz < C ([l(o, 20|l + 198l £1(0,1),22(0,)))
< C (/I(yo, 20) | + 1311%) -

Following the same arguments, we can show that

1P(51) = P(g2)lls < C(lonlls + [19218) 91 — vl 5-
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Now we restrict P to the closed ball {g € B, |||z < R}, where R > 0 to be chosen
later. Then,

IP@)lp < C(r+R*), |P@@)— P@)|s <2CR||j — j:|l5-

Finally, it is enough to consider R < % and r < %. With this choice, P maps the
closed ball {g € B, ||g|| < R} into itself and ||P(71) — P(92)||p < 2CR||§1 — §2||p with
2CR < 1. Lastly, we deduce the well-posedness result by invoking the Banach fixed
point theorem on the map P. O

2.2  Well-posedness results of (|1.2))

The goal of this section is to prove appropriate well-posedness result of (|1.2)). We adopt
the same methodology as in subsection so we skip here some details.

2.2.1 Well-posedness of the linear system

In this subsection, we will study the well-posedness result of the KAV equation ([1.2)
linearized around 0, that is

ye(z,t) + ym( ;t) + Yz (z,t) + a(:c)y(x,t)

+b(x)y(z,t —7(t)) =0, t>0, z€(0,L),
y(0,t) = y(L,t) = y(L,t) =0, t>0, (2.15)
y(@,0) = yo(x), z e (0,L),
y(z,t —7(0)) = zo(x,t — 7(0)), 0<t<7(0), x€(0,L).

As previously, we introduce z(z, p,t) = y, (z,t — 7(t)p) for any = € w, p € (0,1) and
t > 0, and define U = (y, 2)”. This problem can be rewritten as the following first-order
evolution equation

{ Ui(t) = AU (),  t>0 (216)
U(0) = (yo, z0(-, —7(0)-))T =: Uy, :
where the time-dependent operator Ay(t) is defined by
As(t) (Z> = Tty -1, 7
T(t)

where Z(.,1) € L?(0, L) is the extension of z(., 1) by zero outside w, with domain

D(Az(t) = {(y,2) € H*(0,L) x L*(w, H'(0,1)), y(0) = y(L) = ya(L) = 0, 2(z,0) =y, ()} .

The domain of the operator As(t) is independent of the time ¢, i.e D(As2(t)) = D(A2(0)),
t > 0. The Hilbert space H = L?(0,L) x L?(w x (0,1)), is provided with the time-
dependent inner product

< <Z) , (g) >t - /OL yjdz + 7(t) /w /01 §(w)22dpdz,

where £ is a nonnegative function in L>°(0, L) such that supp £ = supp b = w and

T4 b(x) +co < &(x) < 2a(z) —b(x) —cy in  w. (2.17)
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This choice of £ is possible due to (|1.8)).

It is clear that the norm || - ||; is equivalent to the usual norm || - ||z on H:
vt >0, Y(y, 2) € H, (1+70bo)ll(y, )15 < I(y, 2)IIF < (1 + 2M Jalloo) I (y, 2)II7  (2.18)

using and ( .

The followmg theorem gives the existence and uniqueness results of (2.16]).

Theorem 2.7. Assume - , that a and b are nonnegative functions belong-
ing to L>(0,L) satisfying . and that Uy € H. Then there exists a unique
mild solution U € C([0,+0o0), H) to (2.16). Moreover, if Uy € D(A(0)) then U €
C(]0, +00), D(A2(0))) N CL([0, +00), H).

Proof: As for Theorem we prove the four assumptions of Theorem We have,
for all t > 0, D(Ax(t)) = D(A2(0)), which is a dense subset of H.

Let t € [0,T] be fixed. To prove 3. of Theorem [2.1] we start by computing (A2 (t)U, U);.
Let U = (y,2) € D(A3(0)). Similarly to the proof of Theorem integrating by parts
in space and in p, we obtain

L
(Aalt)0.U)s =5 021§~ [ ala)yida - / bo)s(a, Dy(a)do + 5 [ €@)(FE) - D2, Dda

/f :UO .%‘—*7' //{ dedac

/wb(a:)zQ(a:, 1)dx+;/wb(a:)y2da:,

Since we have

N =

—/b(m)z(az,l)y(m)dmé

ba) | €G)
(AU D), < — 332(0) - /( R / (—a(az) + 2 2) ()

/w (b(;) N f(x)(%;t) = 1)) 2o 1)de ;*(t)[u/olg(x)Zdedx.

b
Taking ¢ such that (2.17) is satisfied and from (1.4)), we get —a(x) + 5 +>—=<0

bx) , E@)(F) ~1) _ be) | {@)d-1)
0 2 * 2 S 2 * 2

+

< 0.

and

() + D12

(A2(t)U,U) — 6(t)(U,U); <0, where k(t) = 27 (@) ,

which involves that the operator Ay (t) := Ay (t) — r(t)] is dissipative.

Now we will compute (Az(t)*U,U), where Az(t)* is the adjoint of Ay(t). The adjoint
As(t)* is defined by

Yz + Yzax — ay+£( )2( )
As(t)* (y) R, e, ).
0 T

12



with domain
D(Ax(t)*) = {(y,2) € H*(0, L) x L*(w, H'(0,1)), y(0) = y(L) = y.(0) =0,

e
1) = g )}

Then, for all U = (y, z) € D(Ax(t)*), we get, integrating by parts in space and in p,
1 L
Aty V. = = 502 = [ aladn+ [ @@=t 00d

5 [ [ ew 2dpdx+w§ [ cwia-iop2ha - [ [ ewro2ap.

Then, using the boundary conditions, we have

(As(t) U U, = — 1yg(L,t) / Vlde+ | £ 0)dar

2 [ et
// £(x 2dpdx+;/w£ 1—7 yQ(z)daz—;/wﬁ(x)ZQ(z:,O)dx.

Using Young’s inequality, we obtain

(Ax(t)*U, Uy < /OL \wa (z)y?dx — ;/w <2a g(@?i(t))) yide

/ / ()22 dpdz.

By (2.17) and (|1.4]), we have

2 T 2 T
€(0) < 20(a) (o) — o < 2ala) ~ kDo — 0 < 2a(o) — g s
B()

> 0.

since b(z) < &(z)(1 — d) (see (2.17)). Consequently 2a(z) — &(z) — 0 —7) =

Hence,

(A2(t)*U,U)¢ — 6(t)(U,U): <0,

which involves that the operator As(t)* = Ay(t)* — k(t)] is dissipative.

Since ;l;(t) and Zl;(t)* are dissipative and .Z;(t) is a densely defined closed linear op-
erator, then 2;(15) is the infinitesimal generator of a Cp semigroup of contraction on H
(see [21]) for any t € [0, 7] be fixed.

As the proof of Theorem we can easily prove .

Consequently, for all ¢ € [0, 7], Avg(t) generates a strongly continuous semigroup on H
and the family Ay = {.2(2(75) :t € [0,T)} is stable with stability constants C' and m
independent of ¢ (see Proposition 3.4 of [8]). These mean that 3. of Theorem is
satisfied.

Finally, we can also prove, similarly to the proof of Theorem that

%Z@(t) € L([0,T7, B(D(A2(0)), H)).
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Since all assumptions of Theorem are verified, then the problem
Ui(t) = Ax(t)U
U(0) = Uy

has a unique solution U € C([0, +-00), D(A2(0))) N CL([0, +00), H) for Uy € D(As(0)).
The requested solution of (2.16)) is then given by U(t) = eJo #()ds 7 (t), similarly to the
proof of Theorem [2.2] O

2.2.2 Well-posedness of the linear system with a source term

In this subsection, we will study the well-posedness of the following linear KdV equation
with a source term

yi(w,t) + ym( 7t) + Yzza (2, ) + ( Jy(z,t)
+b(@)y(z,t — 7(1)) = f(=,1), t>0, z€(0,L),
y(0,t) = y(L,t) = y.(L,t) =0, t>0, (2.19)
( ) - y0($ ) S (O,L),
y(z,t —7(0)) = zo(x, t — 7(0)), 0<t<7(0), x€(0,L).

Proposition 2.8. Assume — and that a and b are nonnegative functions be-
longing to L>(0,L) satisfying (L.7)-(L.8). For any (yo,z0(.,—7(0).)) € H and f €
LY(0,T,L%(0, L)) there exists a unique mild solution (y,y(.,t—7(t).)) € Bx C([0,T], H)
to . Moreover, there exists C' > 0 independent of T such that and
hold.

Proof: The proof is similar to the proof of Proposition and is left to the readers
(see also [24]). O

2.2.3 Well-posedness of the nonlinear system (|1.2))

Finally, we will show the global well-posedness result of the nonlinear system ((1.2]).

Theorem 2.9. Let L > 0 and assume (1.3)-(1.5) and that a and b are nonnegative func-

tions belonging to L*°(0, L) satisfying (1.7) and (L.8)). Then for any (yo, zo(., —7(0).)) €
H, there ezists a unique y € B solution of system (1.2]).

Proof: Following [I5], we can get the global existence of the solution by showing the
local (in time) existence and using the decay of the energy. Let § € B, we consider the
map ¥ : B — B defined by ¥(g) = y where y is the solution of the following system

yt(:li,t) + yz(xat) + yx:ca:(% ) + a(x)y(wvt)
+b(x)y(z,t — T(t)§ = —y(x,t)gp(x,t), t>0, x €(0,L),
t

y(0,t) = y(L,t) = y.(L,t) =0, t>0, (2.20)
y(IL‘,O) = yO(':L‘)v T e (07L)a
y(x,t —7(0)) = 20(z,t — 7(0)), 0<t<7(0), z€(0,L).

We can prove similarly to the proof of |24, Proposition 4] (see also Theorem that ¥
is a contraction on the closed ball {y € B/|ly||z < R} for some chosen R. Hence, from
the Banach fixed point theorem, the map ¥ has a unique fixed point y € B which is the
solution of the nonlinear system . O
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3 Exponential stability results

In this section, we prove the exponential stability results, firstly with the boundary
damping, secondly with the internal damping.

3.1 Boundary stability result

We start this section showing that for a solution of (1.1) the energy is a not-increasing
function of time. We recall that the energy of (|1.1)) is defined by

1 (L 1

B0 =5 [ v+ Blr) [ 20,0 - rwnap (3.1)
0 0

Proposition 3.1. Suppose that (1.3))-(1.6) be satisfied. Then for all reqular solution of
(1.1), the energy defined by (3.1)) is not increasing and satisfies

T
; 1 Y2(0,1) > ( Y2(0,1) >
Et) < - o, <0. 3.2
=5 (it ) 202 (o %oy &2
Proof: It is enough to follow the proof of Proposition and notice that for y €
HY(0,L), [iF yPyeda = 0. O

Consider the following new Lyapunov candidate
V(t) = E(t) + mVa(t) + p2Va(t), (3.3)
where FE is defined by (3.1)), u1, u2 > 0 and

L
Vi(t) :/0 zy’(z, t)dx (3.4)

1
Va(t) = (1) / (1 - p)2(0.t — 7(t)p)dp.

Note that V; is classical for the KdV equation and V5 comes from the delay term de-
pending on time.

Theorem 3.2. Suppose that - are satisfied and assume that the length L ful-
fills L < m\/3. Then, there exists r > 0 such that, for every (yo,z20) € H satisfying
l(yo, 20)ll0 < 7, the energy of the system decays exponentially. More precisely,
there exist two positive constants v and C' such that

E(t) < Ce "' E(0), Vt >0, (3.5)

where, for w1 and pa small enough,

2 _ar2 _ or3/2,. 2 _
(972 —3L* —2L°*rm* ) (1 — d)pe } (3.6)

< min )
v= { S2(1+2Lm) M2z +]5))

2
Cc< 1+maX{Lu1, |g’2}

Remark 3.3. We note that the decay rate v decreases when the upper bound M of the
delay 7(t) increases, as shown in the estimation of the decay rate (3.6). We can also
observe the same phenomenom when d tends to 1.
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Proof: Note that the function V is equivalent to the energy E. More precisely, for
every t > 0,

E(t) < V() < (1 + max {Lm, 2@‘?}) E). (3.7)

Thus, it suffices to show that V decays exponentially. Let v > 0 to fix later, we are going
to prove that V(t) + 29V (t) < 0. Let y solution of with (yo, z0) € D(A(0)) such
that [|(yo, 20)|lo < r with r > 0 chosen later.

First, we differentiate V; and use integration by parts to have

L
Vi(t) = La’y2(0,t) + 2LaBy. (0, )y, (0, — 7(t)) + LA%*y2(0,t — 7(t)) — 3 / yada
0

L 9 L
+/ yide + / yid.
0 3 Jo

1 1
Ta(t) = #(t) /0 (1- ) (0, 17 (1) p)dp+27 (1) /0 (1= )y (0, £ (£) )y (0. t—(t) ) dp.

Noting that —7(¢)0y»(0,t — 7(t)p) = (1 — 7(t)p)0,y=(0,t — 7(t)p) and performing inte-
gration by parts, we get

(3.8)
Similarly, we differentiate V5

1
Va(t) = - /O (1= +(B)p)2(0,t — 7(t)p)dp + y2(0,1). (3.9)

Joining (3.2)), (3.8) and (3.9) we have

Vo4 <, 6 %Qa»)T 390+ V] (12 )~ [ e G [t

L 1
a4y 4 2Lp) /0 y2da + (VIBIM + 2059 M — ps(1 — d) /O y2(0,¢ — 7(t)p)dp,
where the matrix ¥, g is defined by

U <LM1042 + p2 M1a5L>
(o - 2 N
praBL p =L

Then, as ®, g is definite negative and by the continuity of the trace and the determinant,
we find that for g1 and po small enough, the matrix %@aﬁ + W, g is negative definite.

For the term involving fOL y3dz, note that

L L
/0 y’dr < HyH%OO(O,L)/O lyldz < [yl Feo.0) 19l 22(0.0) V-

By the injection of H(0,L) into L>(0, L) we know that ||y[| o,y < \/EHy:vHLQ(O,L)7
then

L
/0 yide < D2lyal2ago oyl 20 1)

Finally, using Propositionwe can obtain ||y|| r2(0,z) < 7 and hence invoking Poincaré’s
inequality

: L2 2 L
V(t) + 29V (t) < <7T2(M1 + 5+ 2Luy) + §L3/2ru1 - 3u1> / yydo
0

1
F(BIM + 2 M — o1 — ) /0 y2(0,¢ — 7(8)p)dp.
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Now, following [2], as L < 7/3, it is possible to choose  small enough to have r <
3(372—L2)

513722 - Lhen, we can choose 7 > 0 such that

2
%(Nl + v+ 2Lpmy) + §L3/2T,u1 —3u1 <0,
VIBIM + 2p2yM — p2(1 —d) < 0.
Thus, we can easily obtain (3.6)). Therefore we have V(t) + 29V (t) < 0 and hence

V(t) < V(0)e=®? for all t > 0. Using (3.7) we obtain (3.5)). Since D(A(0)) is dense in
H, we can take (yg, 20) € H. O

3.2 Internal stability result

In this section, we will study the local stability of ([1.2) using some Lyapunov functional.
We consider the following definition of the energy of the nonlinear system (|1.2))

L 1
E(t) = ;/0 v (x, t)dx + T(;) / /0 E(x)y?(z,t — 7(t)p)dpdz, (3.10)

where ¢ is defined by (2.17)).

In the following proposition, we will prove the decay of the energy of the nonlinear system

(1.2).

Proposition 3.4. Assume (1.3)-(1.5) and that a and b are nonnegative functions be-

longing to L>°(0, L) satisfying (1.7) and (1.8). Then, for any reqular solution of (1.2,
the energy E defined by (3.10) is non-increasing and satisfies

1

B(t) < ~512(0.0) = 5 [ (20(0) = b(o) — () (o)

_ / a(2)y?(x, t)dz — ;/(f(x)(l —d) = b(@))R(@, b — r(®)dr <0. (3.11)
(0,L)\w

w

Proof: The proof is similar to the proof of the dissipativity of As2(t), noting that
fOL y?>y.dz = 0 (see also the proof of Proposition . O

Now we take the following Lyapunov functional
V(t) = E(t) + mVi(t) + p2Va(t), (3.12)

where 1 > 0 and po > 0 are fixed constants taken small enough, F is the energy defined

by (3.10]), V4 by (3.4]) and V5 is defined by

1
V() =(t) [ [ (oot~ r(t)p)dpda. (3.13)
wJO
From the definition of V'(¢) and E(t), we have, for any ¢ > 0,
E(t)<V(t) < <1 + max{ Ly, ’;2}) E(t). (3.14)
0
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Indeed, from (|1.7)) and (2.17)), we have

L 1
E(t) < V(1) = E(t) + /0 ey (e, ) 4 (1) / /0 (1= o)y (.t — (1) p)dpda

7(t)

L 1
< B(t) + mL /0 (e, e+ 2T / /0 fé?y%,t_f(t)p)dpdx

g(1+mmﬂwbafgﬁmy

In the following theorem, we will prove that the energy of the nonlinear system (|1.2))
decays exponentially.

Theorem 3.5. Assume - and that a and b are nonnegative functions belonging
to L>°(0, L) that satisfy and , and assume that the length L satisfies L < m/3.
Then, there exists v > 0 small enough, such that, for every (yo,z0) € H satisfying
(Yo, z0)[j0 < 7, the energy of the nonlinear system decays exponentially. More
precisely, there exist two positive constants v and C' such that

E(t) < Ce ' E(0), Vt >0,

where, for w1 and ps small enough,

2 _ar2_ 9713/2,. 2 _
+ < min { (97 35 2L° 2rm )Ml’ (1 —d)us } (3.15)
3L2(1+2Lu) M2p2 + 1€l e (0,2))
210
C <1+ max Lul,b— .
0

Remark 3.6. We note that the decay rate v decreases when the upper bound M of the
delay 7(t) increases, as shown in the estimation of the decay rate (3.15). We can also
observe the same phenomenom when d tends to 1.

Proof: Since F and V are equivalent from (3.14)), we will prove that V' decays expo-
nentially, so we will prove that V(t) + 2V (t) < 0 for all ¢ > 0. Assume that y is a

solution of ([1.2) with (yo, 20(., —7(0).)) € D(A2(0)) satisfying ||(yo, z0(., —7(0).))]|0 < r.
We start by differentiating V; and integrating by parts, we get

L L L L
Vi(t) = —3/ y2(z,t)dx —|—/ y? (x, t)dx + 2/ v (x, t)dx — 2/ za(z)y?(z,t)dx
0 0 0 0

L
- 2/0 xb(x)y(z, )y(x, t — 7(t))dz.

Now, we differentiate V5 and integrating by parts, we get, using —7(¢)0wy(x,t — 7(t)p) =
(1= 7(t)p)Opy(x,t — 7(t)p),

1
Ta(t) = / V2 (, t)da — / /O (1 - +B)p)y? (.t — 7(t)p)dpd.
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Then

V(t) + 2’7V(7f) <
(0,L)\w

(b(z) — (1 = d)é(x) + 2 Lb(x))y* (2, t — 7(1))dx

+

N = o) -
E\-va\.,

L L L
2
+(+v+ 2W1L)/ y*(z,t)dz — 3 / va(@, t)dz + S / y?(x, t)da
0 0 0

1
n / /0 (E()r(t) + 2ypar(t) — izl — d))yP (., t — 7(t)p)dpd.

Using Poincaré’s inequality, we obtain

V) + 2V ) < / (~2a(z) + b(x) + £(z) + 24 Lb(x) + 2412)y? ()

+3 /w(b(x) = (1= d)(x) + 24 Lb(a))y? (£ = 7(t))de

L2(uy + v + 2y L L 2 L
+( 2+ 2n )—:ml) | etde+ S [ w0
0 0

1
" / /0 (VE@)M + 2y M — (1 — d)ua)y? (. t — 7(t)p)dpda.

From (2.17), we can choose p; and pe small enough to get —2a(x) + b(x) + &(x) +
2u1Lb(x) + 2ps < 0 and b(z) — (1 — d)é(x) + 2u1 Lb(x) < 0 in w. More precisely, by
(2.17), we can take

2.
&
|
S
—~
8
~
|

. E(z) (1-d)é(z) - b(x)
H1 < %&fu{ 20b(x) ’ 2Lb(z) }

pa < 5 {2(x) — () — £(x) — 2 L)}

From the Cauchy-Schwarz inequality and (3.11]), we get, as in the proof of Theorem

L
/0 v (2, t)de < LVLr||y. (., 0)l|72 (0.1
Finally, we obtain

. L? v L 9 1,3/2 L
Vo) + (o < (S gy ZED) [ a
0

T 3

1
+ / /0 (V€)M + 29 M — (1 — d)ua)y(, t — 7(t)p)dpd

. L2 92 L 9 L3/2
To get V (t)+27V (t) < 0, it is sufficient to have (o + 7; il )_3M1+u <0
T
and v§(x)M + 2ypaM — (1 — d)ue < 0. Hence, we take v as in (3.15) where 7 can be
9n? — 3L2
chosen such that 972 — 3L2 — 2L3/2r72 > 0 which means that 0 < 7 < ——— >~ and

2L3/272
which is possible since 0 < L < /3.
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Finally, we integrate V (t) + 2V (t) < 0 over (0,t), and we obtain V (t) < V(0)e=2", for
all ¢ > 0. From (3.14]), we obtain

2
E(t) < E(0) <1 + max{ L, % ) e 2t vt > 0.
0

Since D(Az2(t)) is dense in H, we can take (yo, 20(., —7(0).)) € H. a

4 Numerical simulations and conclusion

The aim of this section is to illustrate the stability results obtained in this work with
some numerical simulations that adapt the schemes used in [2 14 19]. We choose a
final time T and build a uniform spatial and time discretization of N, + 1 and Ny + 1
points, respectively, separated by the steps Ax = L/N, and At = T'/N;. We present now
the numerical scheme in the case of boundary delay. The internal case follows similar
ideas, (see [19] for a similar scheme in the case of constant delay in a network). We
choose the delay step Ap = 1/N,. Now we introduce the notation y(iAxz, nAt) = y7'
and z(kAp,nAt) =z} fori =0,--- Ny, k=0,--- ,Nyand n =0,---,N;. We use the
following approximation for the derivatives:

D+y~ _ Y1~ Yi

s e > —
Ty = X Yi —Yi 1’ D,yi = Yi+1 — Yi—1 Dt — k+1 k‘
X

Az N

Dy =
) yl 2A:L' 9 P k AIO

x
To approximate the term of third order 82, we use D D}D,. To approximate the
nonlinear term, we use explicit approximation y{”D;ﬁ'yf Note now that by the boundary
conditions we have that y3 = yg = 0, 2§ = yi/Ar and y§ | = —ayf — ,BA:rzR,p for
allm =0,---, N;. Then, taking C = Dy DD, +D,, 7" = 7(nAt) and 7" = 7(nAt), our
scheme can be seen as

= -t _yz+(cy?+1)1+y?Dz_y?:07 i:]-a"'aNm’_]-?n:]-v"'th_]'
ZIZH — 2 + 1
7l (At) + (1 —7"EkAp) (DS 227 ) =0, k=1,---,N,—1, n=1,--- , N, —1,
y]T\L/T = yg)l = 07 n 17 7Nt7
Zg:y?/AQI, ’I’Lzl, 7Nta
YnN,—1 = 7O[y? - BA‘TZN ’ n= 13 7Nta
v = yo(iAx), 1=1,--, Ny,
20 = 20(—7(0)kAp), k=1,---,N,.

(4.1)
Now, we use this scheme with the following parameters L = 1 and T = 10. For the
discretization, we use N, = 100, N, = 100 and N; = 100. The initial conditions are
yo(x) = 0.5(1 — cos(27x)), z0(p) = —0.5sin(2mp) and the delay is 7(¢) = d(1.5 + sin(t)).
For Figure [l we use « = 0.1 and 8 = 0.1. We can observe how the decay rate depends
on the size of d, as mentioned in Remark [3:3] In particular, in the case d = 1.3 which
not satisfies , the energy is not decreasing.

20



s
time

Figure 1: Time-evolution of ¢ — In(E(t)) for different values of d (boundary delay).

For Figure [2| we consider the internal delay where the feedback terms are constant in
their support supp a = supp b = (0, L/2), a(z) = 2, b(z) = 1 and £(x) = 2.1. The initial
conditions are yo(x) = 1 — cos(2mz), zo(x, p) = (1 — cos(2mx)) cos(2mp) and the delay is
T(t) = M + Smgﬂ We can observe how the decay rate depends on how large M is, as
explained in Remark

o
time

Figure 2: Time-evolution of ¢ — In(E(t)) for different values of M (internal delay).

Finally, in Figure [3] and Figure [f] we present a comparison between the action of time-
varying delay and constant delay for boundary and internal feedbacks. We take 7(t) =
d(1.5 4 sin(t)), Tmaz = 2.5d and T, = 0.5d. In both figures, we see how the energy
associates to time-varying delay is oscillating between the associated to 7,4, = 2.5d and
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Figure 3: Time-evolution of ¢t — In(E(t)) in the case of constant and varying boundary
delay.

In(E()

0
time

Figure 4: Time-evolution of ¢t — In(E(t)) in the case of constant and varying internal
delay.

In this paper, we presented some boundary and internal stability results for the nonlinear
KdV equation with time-varying delay. We prove appropriate well-posedness results,
and we study the local stability using some Lyapunov functionals. Finally, numerical
simulations were presented to illustrate the results obtained. We mention here some
possible future research: the cases of mixed boundary and internal damping with time-
varying delay, time- and spatially-varying delay as in [I3] or study the stabilization
problem when the delay (constant or variable) is in the nonlinear term as in [14] 25] for
Burger’s and Kuramoto-Sivashinsky equations, respectively.
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