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ON THE EXISTENCE OF MONGE MAPS FOR THE
GROMOV-WASSERSTEIN PROBLEM

THEO DUMONT?, THEO LACOMBE', AND FRANCOIS-XAVIER VIALARDT

ABSTRACT. The Gromov—Wasserstein problem is a non-convex optimization problem over the poly-
tope of transportation plans between two probability measures supported on two spaces, each equipped
with a cost function evaluating similarities between points. Akin to the standard optimal transporta-
tion problem, it is natural to ask for conditions guaranteeing some structure on the optimizers, for
instance if these are induced by a (Monge) map. We study this question in Euclidean spaces when the
cost functions are either given by (i) inner products or (ii) squared distances, two standard choices
in the literature. We establish the existence of an optimal map in case (i) and of an optimal 2-map
(the union of the graphs of two maps) in case (ii), both under an absolute continuity condition on
the source measure. Additionally, in case (ii) and in dimension one, we numerically design situations
where optimizers of the Gromov—Wasserstein problem are 2-maps but are not maps. This suggests
that our result cannot be improved in general for this cost. Still in dimension one, we additionally
establish the optimality of monotone maps under some conditions on the measures, thereby giving
insight on why such maps often appear to be optimal in numerical experiments.
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2 EXISTENCE OF MONGE MAPS FOR THE GROMOV-WASSERSTEIN PROBLEM

1. INTRODUCTION

Finding correspondences between objects that do not live in the same metric space is a problem
of fundamental interest both in applications and in theory appearing in very different fields such as
computer vision and shape analysis [Ume88; MS04; MS05; BBMO05; Mém07; Mém11], mathematics
[Stul2], biology [Dem+20] and machine learning [Red+20; AJ18]. Graph matching [ZD15] is a promi-
nent example of such a problem. A usual situation is when the objects of interest are metric spaces
themselves, whose comparison is of practical and theoretical importance [Gro+99]; in this context, the
Gromov-Hausdorff distance has been used in different settings [Mém08; MSW21] and its relaxation to
L? spaces, the Gromov—Wasserstein distance, has been explored in [Stu06; Mém07; Mém08]. Following
this line of research, comparing metric measure spaces (i.e. metric spaces endowed with probability
measures) using Wasserstein-type distances has attracted a lot of interest [Mém11; Stul2]. Follow-up
works over the past decade include for instance [SVP21; DM22], which propose extensions to the case
of metric spaces with positive measures (whose total volume is not normalized to 1). The Gromov—
Wasserstein distance and its extensions are applied successfully in machine learning [GJB19; Bun+19;
Xu+20] and biology [Dem-+22].

Following [Mém07], the Gromov—Wasserstein approach consists in seeking for a correspondence be-
tween two metric measure spaces, called transport plan, or coupling [San15], that is of lowest distortion.
In general, transport plans may not be deterministic: a point can be paired with (or transported to)
several points of the other space, and conversely. A natural question is thus to ask for conditions
under which optimal transport plans for the Gromov—Wasserstein problem can be guaranteed to be
deterministic, that is to be supported on the graph of a map from one space to the other. This problem
has been put forward by Sturm [Stul2, Challenge 3.6] and by Mémoli and Needham [MN22b, Ques-
tion 2.14]. However, in contrast to optimal transport, which is a linear programming problem, the
formulation of the Gromov—Wasserstein problem falls in the class of non-convex quadratic assignment
problems [KB57], whose global optimizers are computationally harder to solve and theoretically harder
to characterize. As a consequence, it is not surprising that fewer results are available in the literature,
though some particular instances can be computed in polynomial time [Mém-+23].

In optimal transport, the fact that the optimization can, under mild conditions, be restricted to the
space of maps has been developed a lot since Brenier’s work [Bre87] and further generalized by McCann
[McCO1]. Brenier’s result essentially states that, in Euclidean spaces, when the cost function is the
squared Euclidean distance and the initial measure has a Lebesgue density, the optimal transport plan
is a map that is given by the gradient of a convex function. Such results on the structure of optimal
plans/maps are of great interest for reducing the optimization set [Mak+20]. They heavily depend
on the choice of the cost function, and the same can be said for the Gromov—Wasserstein problem, as
detailed in this work.

In this work, we address the question of the existence of optimal maps for the L2-Gromov-Wasserstein
problem in Euclidean spaces in two particular cases. The first one is when the distortion is measured
in terms of Euclidean inner products, in which we establish the existence of optimal maps and detail
their structure. The second is when the distortion is measured in terms of squared Euclidean dis-
tances, in which we establish the existence of optimal 2-maps (plans supported on the union of the
graphs of two maps) in general, and of optimal maps in specific cases. In both cases, we require an
absolute continuity condition similar to the one of Brenier’s theorem. We also study the second case
(squared distances) in dimension one, which has attracted recent attention [Vay-+19; BHS22]. We pro-
vide numerical evidence for a counter-example to the existence of optimal maps, suggesting that our
result asserting the existence of optimal 2-maps cannot be improved in general. Furthermore, it was
numerically observed in [Vay+19] that monotone (non-decreasing or non-increasing) maps between
discrete measures in dimension one were often optimal; however, a counter-example to this claim was
designed in [BHS22]. Yet, we show that this holds under suitable conditions, shedding light on why
the approach developed in [Vay+19] seems to work well in practice. We refer the reader to Section 1.3
for a detailed account of our contributions, while the background and state-of-the-art are presented
respectively in Sections 1.1 and 1.2.
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Notation. In the following, P(X) is the set of probability measures on a Polish space X, Leb,, is the
n-dimensional Lebesgue measure on R"™, voly; is the volume measure on a manifold M, < denotes
absolute continuity, Tz 1 is the pushforward of a measure p € P(X) by a measurable map 7' : X — Y,
namely the measure of P()) defined on Borel sets A by Tuzu(A) == u(T~*(A)), xs is the indicator
function of a set S, O, (R) is the set of orthogonal matrices of dimension n x n with real entries, &,, is
the set of permutations, 1,, is the vector of R"™ with entries all equal to 1, and “a.e.” means “almost
everywhere” or “almost every” depending on the context. Also, to alleviate notation, (-,-) and || - ||
respectively denote the inner product and the 2-norm || - |2 on R™ for any n > 1.

1.1. The Gromov—Wasserstein problem.

1.1.1. Formulation. The Gromov—Wasserstein (GW) problem, initially introduced by Mémoli [Mém07],
can be seen as an extension of the Gromov-Hausdorff distance [Gro+99] to the context of (prob-
ability) measure spaces (X, pu) and (), v) equipped with cost functions cy : X x X — R and
cy : Y x Y — R (typically, cxy and ¢y can be distance functions on X and Y, respectively). The
GW problem seeks a correspondence 7 (i.e. a joint law) between u and v that would make the quan-
tity Ergr[|lc(X, X') — ¢(Y,Y")||Lr] as small as possible, where (X,Y) ~ 7 and (X',Y’) ~ 7 are
independent coupled random variables. The formal definition is as follows.

Definition 1.1 (GW problem). Let X and Y be Polish spaces and p > 1. Given two probability
measures 4 € P(X) and v € P(Y), two continuous symmetric cost functions cxy : X x X — R and
cy : Y xY =R, the LP-Gromov-Wasserstein problem aims at finding

1/
GW,(u,v) = inf (/ / |cX(sc,:1:’) - Cy(y7y’)‘p dr(z,y) dw(x’,y’)) p, (GW)
mell(p,v) N Jxxy Jaxy

where II(u, v) denotes the subset of P(X x )) of probability measures that admit p and v as first and
second marginals. Such an element 7 € TI(y, v) is said to be a plan between u and v. If there exists
a measurable map T : X — Y such that © = (id, ), then T is said to be a map between p and v
(because of the marginal constraints on , this is equivalent to requiring T p = v). Plans m € II(p, v)
that solve (GW) will be called optimal correspondence plans between p and v, and maps such that
(id, T) s solves (GW) will be called optimal correspondence maps, or Gromov-Monge maps, between
p and v (see Remark 1.4 for a note on the terminology we adopt).

While the existence of optimal correspondence plans holds under mild assumptions by compactness
arguments as long as the above minimum is not +o0o, much less is known about the existence of optimal
correspondence maps, even in simple cases. In this work, we restrict to the case X C R® and Y C R?
for two integers n > d, we fix p = 2 and omit the “L?” when referring to the Gromov—Wasserstein
problem for the sake of conciseness. We now consider the following two specific instances of (GW):

(i) the inner product case [AJ18; Vay20], where cy and cy compare angles in R” and R?, respec-

tively:
min / / [z, 2") — (y,y')|2 dr(z,y)dr(2’,y"), (GW-IP)
mell(pv) Jxxy Jxxy
(ii) and the squared distance case [Stul2; Vay20], where cy and ¢y are the squared Euclidean 2-norms
on R™ and R?, respectively:

win [ [ ey P deog) el ) (GW-SD)
TI'EH(;AJ/) xxyJxxy

The choice (ii) is standard, as it fits the more general setting of ¢y and ¢y being powers of some distance
functions dx and dy on X and ). In this case, if 4 and v have full support, GW, (¢, v) = 0 is equivalent
to the metric measure spaces (X,dx,u) and (Y,dy,v) being isomorphic, where by isomorphic we
mean that is there exists an isometry ¢ : (X, dx) — (), dy) such that pup = v [Stul2, Lemma 9.2]."

INote that in the inner product case, GW(u,v) = 0 implies that the metric measure spaces are isomorphic, but the
converse is not true—for instance in cases where (X, dx,u) and (Y, dy,v) are point clouds in an Euclidean space that
simply differ by a translation, meaning Y = T'(X), dx = dy the Euclidean distance, and v = Ty, where T : & — x4+ 0.
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A subcase of problem (ii) is given when p = %Zf\; 0z, and v = %Zj\;l dy, are uniform probability
measures supported on N points each. In this scenario, optimal correspondence plans 7w can be chosen
as permutations o of {1,..., N} (see [ML18, Theorem 1] and [Vay20, Theorem 4.1.2]), and the problem
optimizes over the set of such permutations Gy,
. 2
min > [l — 2511* = lvo@) — Yo I7] 5 (QAP)
(2%

cEGN

which is a particular case of the Quadratic Assignment Problem, first introduced in [KB57].

Remark 1.2 (Assumptions on the cost functions). The Gromov—Wasserstein problem has been care-
fully studied in [MémO07; Mém11; Stul2] in the context of metric measure spaces, where it is therefore
required that the cost functions cx and cy are distance functions on X and ), respectively. It was
further observed by Sturm in [Stul2, Section 5] that the definition of GW can be extended not only to
powers of distance functions but also to the more general setting of gauged spaces, where cost functions
are merely required to be symmetric and square-integrable—in particular, they are no longer required
to satisfy the triangle inequality. Chowdhury and Mémoli [CM19] then studied network spaces, where
the symmetry assumption is further removed. Our definition of the GW problem solely requires cost
functions to be continuous and symmetric.

1.1.2. Relation with the optimal transportation problem: a tight bilinear relaxation. Let us first recall
the formulation of the Optimal Transportation (OT) problem, which will play an extensive role in this
work.

Definition 1.3 (OT problem). Let X and Y be Polish spaces. Given two probability measures
w € P(X) and v € P(Y) and a continuous cost function ¢: X x Y — R, we consider the problem

min / c(z,y)dnr(z,y). (0OT)
XxY

mell(p,v)

Plans 7 € II(u, v) that solve (OT) are called optimal transport plans between p and v, and maps such
that (id,T")xp solves (OT) are called optimal transport maps, or Monge maps, between p and v.

Remark 1.4 (A note on terminology). Note that while elements of II(u, v) will always be called plans
in this work, optimal plans for (OT) and (GW) will respectively be called optimal transport plans and
optimal correspondence plans. By doing so, we deviate from the terminology of “optimal couplings”,
standard in the literature [Stul2; CM19; MN22a], that does not differentiate between optimality for
(OT) and optimality for (GW). We make this distinction to avoid confusion in the rest of the paper,
as we will be sometimes simultaneously dealing with plans that are optimal for (OT) and others that
are optimal for (GW). The same remark holds about Monge and Gromov-Monge maps.

The minimization problem in (GW) can be interpreted as the minimization of the map 7 +—
F(m,m) = [[kdr®@n where k((z,y),(2",v')) = |cx(z,2") — cy(y,y')]?, and F is a symmetric bi-
linear map. The first-order optimality condition ensures that if 7* minimizes (GW), then it also
minimizes 7 — 2F (7w, 7). Letting Cr+ (x,y) == fXxy kE((z,y), (2',y")) dr*(2',y), this is up to a factor
2 the linear problem

min / Cr(z,y)dr(x, y), (1.1)

m€l(n,v) Jxxy

which is nothing but the (OT) problem induced by the cost Cr« on X x ). Therefore, any optimal
correspondence plan for (GW) with costs cy, ¢y must be an optimal transportation plan for (OT)
with cost Cr«. A crucial point, proved in [SVP21, Theorem 3] as a generalization of a result by
Konno [Kon76], is that if k is symmetric negative on the set of (signed) measures on X x ) with null
marginals, that is [ kda®a < 0 for every such «, then the converse implication holds: any solution
~v* € I(u,v) of the (OT) problem with cost Cy+ is also a solution of the (GW) problem, that is

F(r,7%) = F(y*,7") = F(r*, 7). (1.2)

This result is useful in the present article to derive theoretical properties on the minimizers but also for
the alternate minimization algorithms that were first proposed in [Mém07] and extended in [SVP21].
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The question of the existence and structure of optimal transport maps has been extensively studied in
optimal transportation and a review can be found in Section 1.2.1. Since in this case, the solutions of
GW are in correspondence with the solutions of an OT problem, the tools and knowledge from optimal
transportation theory can be used to derive existence and structure of optimal correspondence maps.
In particular, this holds for our two problems of interest (GW-SD) and (GW-IP): if a denotes a finite
signed measure on X x J) C R™ x R? with null marginals, observe that

2
/ llz = /12— |ly - /|| da®alz, v, 2/, )

:/nxfx’uzda@w/||yfy'u2da®a - 2/||xfx'||2||yfy'||2da®a
=0 =0

2 [ (Jal = 20, + o) (ol = 2005 + ' |P) dao

Expanding the remaining integrand involves nine terms. Given that « has null marginals (in particular,
null total mass), we get [ ||z]?||ly[*da®a = 0 (and similarly for the terms involving ||z’|?||y’[?,
lz|2|ly' > and [|2/]|?||y[|?), as well as [ ||z|*(y,y')da®a = 0 (and similarly for the other terms).
Eventually, the only remaining term is

—8/<:c,x'><y,y'> da®a = —SH /azyT da(:ﬁ,y)Hi <0, (1.3)

where || - || denotes the Frobenius norm of a matrix. The same holds for non-finite « by density. The
negativity of this term ensures that solutions of (GW-SD) are exactly the solutions of an OT problem.
Computations for (GW-IP) are similar—actually, they immediately boil down to the same last two
equations. More generally, let dy and dy be distance functions on X and Y. When one considers the
cost (dx(x, ") — dy(y,y’))?, by expanding the square, the only term that matters in the optimization
is —2dx(z,2")dy(y,y’). Whenever it is possible to write dx and dy as squared distances in Hilbert
spaces, namely dx(z,2") = [¢(z) — ()%, and dy(y,y') = |[¥(y) — P(y")l[, for an embedding
¢ : X — Hy in a Hilbert space Hy and similarly for ), computation (1.3) holds. Such a property
depends on the metric space. When it is satisfied, the metric space is said to be of negative type, or the
distance to be Hilbertian. Several important Riemannian manifolds are of negative type; among them
the real hyperbolic space, the sphere, and the Euclidean space. Counter-examples are for instance
the hyperbolic space on the quaternions [['H74] or the 2-Wasserstein space on R? for d > 3 [ANN18].
We refer to [Lyol3] for a thorough discussion. Another equivalent formulation is to say that dy is a
conditionally negative definite kernel on X.

Definition 1.5 (CND kernel). A function ky : X x X — R is a conditionally negative definite (CND)
kernel if it is symmetric and for all N > 1, x1,...,xny € X and wq, ...,wy € R such that vazl w; =0,
one has Zﬁvj:l wiwjkx (z;,z;) <O0.

Every CND kernel can be written as kx(z,2") = f(z) + f(2') + 3 ||¢(x) — ¢(2')||} for an embedding
¢ : X — H with H a Hilbert space and f : X — R a function [Sch38]. As far as the Gromov—
Wasserstein functional is concerned, our discussion above shows that cx and ¢y can actually be replaced
with CND kernels and that the relaxation still holds. Obviously, due to the square in the L?-GW
problem, the “sign” of both kernels does not matter. The following proposition sums up the discussion.

Proposition 1.6 (Tight bilinear relaxation of GW). Let (X, kx,p) and (Y, ky,v) be two Polish spaces
endowed each with a conditionally negative definite kernel (or each with a conditionally positive definite
one) and a probability measure. Then the bilinear relazation of GW is tight, in the sense of (1.2). The
corresponding kernel k((z,y), (2',y")) yields a non-positive quadratic form on signed measures with null
marginals on X X ).
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1.2. Related work.

1.2.1. Monge maps for the OT problem. The (OT) problem has been extensively studied (see [San15;
Vilog; PC19] for a thorough introduction) and particular attention has been devoted to situations
where the existence of Monge maps, or variations of, can be ensured. Brenier’s theorem [Bre87],
stated below, is the best-known of these results.

Theorem 1.7 (Brenier’s theorem). Let X = ) = R?, ¢(z,y) = ||z — y||?, and p,v € P(R?) such
that the optimal cost between p and v is finite. If p < Leby, then there exists a unique (up to a set
of pu-measure zero) solution 7 of (OT) and it is induced by a map, which is the gradient of a convex
function f :R* — R:
T = (id, V) ph.
This central result admits a generalization in the manifold setting, initially proposed by Mc-
Cann [McC01], that we shall use later on:

Theorem 1.8 ([Vil08, Theorem 10.41]). Let X = Y = M be a Riemannian manifold with geodesic
distance d, and c(x,y) = d(z,y)?. Let p,v € P(M) with compact support. If i < volys, then there

exists a unique solution 7 of (OT) and it is induced by a map, which is the gradient of a d?/2-conver
function f: M — R (see Remark 1.10):

7" = (id, exp, (V f)) wp.

This theorem can be extended in a few directions. The condition that p has a density can be
weakened to the fact that it does not give mass to sets of Hausdorff dimension smaller than d — 1
(e.g. hypersurfaces), and ¢ can be more general than the squared distance function, as long as it
satisfies the twist condition, defined below. In the following, X and ) are complete Riemannian
manifolds and ¢: X x Y — R is a continuous cost function, differentiable with respect to x. We refer
to [MG11; Vil08] for more information on the twist condition, to [CMN10; AKM11; McC12] for the
introduction of the subtwist condition, and to [Moal6] for that of the m-twist and generalized twist
conditions.

Proposition 1.9 (Twist condition). We say that ¢ satisfies the twist condition if
forallzg € X, yw— Vac(xo,y) € Ty X is injective. (Twist)

Suppose that ¢ satisfies (Twist) and assume that any c-concave function is differentiable p-a.e. on its
domain. If p and v have finite transport cost, then (OT) admits a unique optimal transport plan 7
and it is induced by a map, which is the gradient of a c-convex function f: X — R:

7 = (id, c-exp, (V f))w .

Remark 1.10 (c-convexity, c-exponential). The notion of c-convexity is a generalization of plain
convexity, and we refer for instance to Villani for the definition [Vil08, Definition 5.2] as well as some
intuition on d?/2-convex functions [Vil08, pp. 355-356]. Following Loeper [Loc09, Definition 2.6] and
Villani [Vil08, Definition 12.29], we also recall that the c-exponential map is defined such that c-exp, (p)
is a y € Y satisfying V,c(z,y) + p = 0, when it exists and is unique. This notion reduces to the usual
Riemannian exponential map when ¢ = d?/2.

Remark 1.11 (Local twist condition and uniqueness). Suppose X and ) d-dimensional and p and
v compactly supported. McCann et al. [MPW12] showed that if additionally ¢ is C? and satisfies the
weaker condition of non-degeneracy det D3, c(x,y) # 0 for all (z,y) € X x Y, any solution of (OT)
is supported on a d-dimensional Lipschitz submanifold (instead of 2d in full generality); but with no
guarantee of uniqueness. General conditions for the uniqueness of the solutions of the (OT) problem
to hold have recently been established in [MR20].

Costs of the form ¢(x, y) = h(x—y) with h strictly convex, and in particular the costs c¢(z,y) = ||z —y|?
for p > 1, do satisfy the twist condition. Unfortunately, it cannot be satisfied for smooth costs on
compact manifolds. Two weaker notions can however be introduced to retain some (but less) structure
on optimal plans.
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Proposition 1.12 (Subtwist condition). We say that ¢ satisfies the subtwist condition if

forallyy #ys €Y, © € X — c(x,y1) — c(x,y2) has no critical points,

save at most one global maximum and at most one global minimum. (Subtwist)

Suppose that ¢ satisfies (Subtwist) and is bounded. If u vanishes on each hypersurface, then (OT)
admits a unique optimal transport plan 7™ and it is supported on the union of a graph (map from X
to V) and an anti-graph (map from Y to X):

7 = (id, G)ji + (H,id) (v — Gufi)

for some (Borel) measurable maps G : X — Y and H : Y — X and non-negative measure i < j1 such
that v — G [i vanishes on the range of G. We call such a plan a map/anti-map.

Proposition 1.13 (m-twist condition). We say that ¢ satisfies a m-twist condition if
for all (zg,yo0) € X x Y, the set {y | Vyc(xo,y) = Vic(zo,yo)} has at most m elements. (m-twist)

Suppose that ¢ is bounded, satisfies (m-twist), and assume that any c-concave function is differentiable
p-almost surely on its domain. If p has no atom and p and v have finite transport cost, then each
optimal plan 7™ of (OT) is supported on the graphs of k < m measurable maps, i.e. there exists
non-negative functions o; : X — [0,1] and (Borel) measurable maps T; : X — Y such that

k
7T* = Z ai(id7 Tl)#:u/a
i=1
in the sense 7 (S) = Zle Sy ci(@)xs(x, Ti(x)) du(z) for any Borel S C X x Y. We call such a plan
a m-map.

Example 1.14 (2-twist for squared distance GW in dimension one). If X = Y = R and ¢(z,y) =
x%y? + Axy for some X # 0, the 2-twist condition holds and there exists an optimal correspondence
2-map, i.e. a plan that is supported on the graph of two maps. As we shall see in Section 3.3, such
costs are closely related to the GW problem with squared distance cost (GW-SD) in dimension one.

Remark 1.15 (Simplifying assumptions). When measures p and v have compact support and p has
a density—which are assumptions that we make in the following—, the conditions on measures pu and
v of Propositions 1.9, 1.12 and 1.13 required to apply the twist conditions are satisfied [Vil08, Remark
10.33].

1.2.2. Gromov-Monge maps for the GW problem. Besides being an interesting mathematical question
in itself and in addition to reducing the computational complexity of the problem, preferring Gromov—
Monge maps in the Gromov—Wasserstein setting is interesting for registration purposes via mappings
in imaging, shape analysis, machine learning, and simulation-based inference [HGL21; Zha+22]. The
interest of restricting the Gromov—Wasserstein problem to the class of mappings is discussed by Mémoli
and Needham in [MN22b], where it is shown that this formulation retains some properties of a metric
(Theorem 3). Cases where doing so doesn’t change the value of the (GW) optimization problem are
discussed in [MN22a].

In sharp contrast with the optimal transportation problem, there are very few results that ensure the
existence of a Gromov—Monge map for the GW problem, even in the particular cases considered in this
work. The following Propositions 1.16 to 1.18 ensure the existence of a Gromov-Monge map under
restrictive conditions, either on the symmetry of the measures p and v or on the rank of a matrix that
depends on an optimal correspondence plan, which is nontrivial to check in practice as we usually have
no such plan beforehand. For the inner product case, one has the following result by Vayer:

Proposition 1.16 (Inner product GW, [Vay20, Theorem 4.2.3]). Letn > d and pu,v € P(R") x P(R?)
two measures of finite second order moment with p < Leb,,. Suppose that there exists a solution m* of
(GW-IP) such that M* == [yx" dn*(z,vy) is of full rank. Then there exists an optimal correspondence
map between p and v, which can be written as T = V f o M* with f : R* = R convex.
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For the squared distance case, in [Vay-+19] is claimed that in the discrete case in dimension one with
uniform mass and same number of points N, the optimal solution of the discrete GW problem (QAP)
would either be the identity o (i) =4 or the anti-identity o(i) = N + 1 — i (Theorem 3.1). However, a
counter-example to this assertion has been recently provided by Beinert et al. [BHS22]. To the best
of our knowledge, the only positive results on the existence of Gromov-Monge maps for the squared
distance cost are the following.

Proposition 1.17 (Squared distance GW, [Stul2, Theorem 9.21]). Let u,v € P(R™). Assume that
w, v < Leb,, and that both measures are rotationally invariant around their barycenter. Then every
solution ™ of (GW-SD) is induced by a map, unique up to composition with rotations, which rearranges
the radial distributions of p and v around their barycenter in a monotone non-decreasing way.

Proposition 1.18 (Squared distance GW, [Vay20, Proposition 4.2.4]). Let n > d and p,v € P(R™) x
P(R?) with compact support. Assume that u < Leb,, and that both u and v are centered. Suppose
that there exists a solution ™ of (GW-SD) such that M* = [yx" dn*(z,y) is of full rank. Then
there exists f : R — R conver such that T = Vf o M* pushes p to v. Moreover, if there exists a
differentiable convex function F : R — R such that ||T(z)||? = F'(||x||?) p-a.e., then T is an optimal
correspondence map between u and v.

It is of interest to note that Proposition 1.17 implies that the optimal correspondence map between
two Gaussian measures in dimension one is a monotone map (non-decreasing or non-increasing). Yet,
in higher dimensions, the optimal correspondence plan in the Gaussian case is not known unless more
constraints on the structure of the plan are imposed [SDD21, Theorem 4.1].

1.3. Outline, contributions and perspectives. This work is organized in the following way. Sec-
tion 2 provides a general setting in which the existence of optimal transport maps can be shown for
optimal transport problems with costs that are invariant on the fibers of some projection. We provide
two versions of the result: Theorem 2.1 requires no structure and is fairly general, and Theorem 2.4
imposes a more structured setting and therefore yields more structure for the optimal maps. The
latter has the benefit of being more usable in further theoretical or computational analysis. Its proof
requires a measurability argument which is addressed in detail in Proposition 2.10. In Section 3, these
two results are applied to the GW problem in Euclidean spaces. When the cost functions are inner
products (GW-IP), we establish the existence of Gromov—-Monge maps (see Theorem 3.2), improving
on [Vay20, Theorem 4.2.3] (see Proposition 1.16) by dispensing with the rank assumption, difficult to
check in practice. When the cost functions are squared distances (GW-SD), we establish the existence
of optimal 2-maps in the general case (see Theorem 3.6). Yet, we show that Gromov—Monge maps can
occur as well in some specific settings that depend on the rank of some matrix, akin to Theorem 4.2.3
in [Vay20].

An important question is to know if the result in the squared distance case (GW-SD) is tight,
that is if one can prove or disprove the existence of a Gromov-Monge map in general, rather than
merely a 2-map. We address this question in Section 3.3 in the one-dimensional case. We first prove
some structural properties of the optimal plan, then conduct a numerical exploration that suggests the
tightness of Theorem 3.6 in dimension one. Namely, we numerically exhibit two measures that satisfy
the assumptions of our Theorem 3.6 and for which the solution of (GW-SD) is a 2-map but not a
map. We also prove a positive result on the optimality of the monotone rearrangements, which partly
explains why such plans are often optimal in practice. Notably, this result highlights the importance
of the long-range effects of the squared distance cost function. In comparison, Sturm’s result [Stul2]
(Proposition 1.17 above) concerns symmetric measures and does not account for the frequent optimality
of the monotone rearrangements in dimension one. As a possible extension, it is of interest to know if
Sturm’s optimality result is stable with respect to the input measures. We show that this is not the
case in dimension one: there exist small perturbations of symmetric measures (namely, the degenerate
u = v = §p) for which the monotone rearrangements are not optimal. Note that this result does not
prove the instability in non-degenerate symmetric cases. We also exhibit empirically a non-symmetric
case with instability.
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Several questions and research directions are left open by our work. Among them, we may mention
the following ones: (1) Characterize (or at least give examples of) cost functions that yield a proper
Gromov—Wasserstein distance (that would notably equal 0 if and only if the metric measure spaces
are isomorphic, contrary to the inner product case, see discussion in Section 1.1.1) and that guaran-
tee the existence of Gromov-Monge maps. Note that such cost functions, although well-behaved in
the sense of our study, may not fit every practical application. Indeed, being free to choose the cost
regardless of whether it defines a distance, for instance to favor local or long-range effects, may be
highly relevant since it directly affects the optimal correspondence plans, as well as the optimization
problem. (2) Establish sharper sufficient conditions for the optimality of the monotone rearrangements
in dimension one for (GW-SD) than the one we obtain in Section 3.3.3. (3) Assess the stability of
optimal correspondence plans or maps with respect to the input measures to understand the impact
of discretization, sampling, etc, for computational matters. For instance, when attempting to solve
(GW-SD) between two measures with densities on R in Section 3.3, we naturally rely on a finite-grid
discretization of the real line to run computations and assume that the thus obtained optimal corre-
spondence plan between our discretized measures (which is a 2-map) is a faithful approximation of the
optimal correspondence plan between the underlying measures (which is thus expected to be a 2-map,
though we have no formal proof of this). (4) Design algorithms that leverage the knowledge our work
gives on the structure of the optimizers of (GW-IP) and (GW-SD) (roughly speaking, they can be
parameterized by gradients of convex functions), for instance by learning such a map modeled as an
Input Convex Neural Network [AXK17] in the vein of [Kor+21; KSB22].

2. EXISTENCE OF MONGE MAPS FOR FIBER-INVARIANT COSTS

This section provides the main result on the existence of Monge maps for OT problems for which
the cost satisfies an invariance property. As detailed in Section 3, this property will be satisfied by the
transport costs Cy+ arising from the first-order condition of (GW-SD) and (GW-IP)—see Section 1.1.2.

2.1. Statement of the results. We briefly present the main idea, also represented on Figure 1. Let
i, v be two probability measures supported on a measurable space (E, X g) and consider a measurable
map ¢ : E — B, for some measurable space (B, Xg), referred to as the base space later on. We shall
omit to mention the o-algebras afterward. Let (uy)uecp and (v )ucp denote disintegrations of p and
v with respect to ¢ (see Appendix C or for instance [AGS05, Theorem 5.3.1] for a definition). Let
¢: E x E — R that is invariant on the fibers of ¢, that is ¢(x,y) = ¢(o(z), ¢(y)) for all (x,y) € Ex E
and some cost function ¢ : B x B — R. Solving the OT problem between p and v on F x E with cost
¢ reduces to solving the OT problem between pxp and ¢xv on B x B with cost ¢. Assuming that
there exists a Monge map tp between @upu and pxv, we build a Monge map T between p and v by (i)
transporting each fiber i, onto vy, (,) using a map T, and (ii) gluing the (T%)uecp together to define
a measurable map T' satisfying Ty = v. This map T will be optimal as it coincides with g on B and
the cost ¢ does not depend on the fibers (¢~ (u)),ep. We emphasize that ensuring the measurability
of the map T is non-trivial and crucial from a theoretical standpoint.

We propose two theorems to formalize this idea: the first one (Theorem 2.1) guarantees the exis-
tence of a Monge map for the (GW) problem in a fairly general setting, but its construction is quite
convoluted and there is little to no hope that it can be leveraged in practice, either from a theoretical
or computational perspective. Assuming more structure (Theorem 2.4), in particular on the fibers of
, enables the construction of a Monge map for (GW) with a structure akin to the one of Theorem 1.8.
As detailed in Section 3, both (GW-SD) and (GW-IP) fall in the latter setting.

Theorem 2.1. Let X and Y be two measurable spaces for which there exist two measurable maps
Py : X = R? and @y : Y — R? that are injective, and whose inverses are measurable. Let i € P(X)
and v € P(Y) be two probability measures. Let ¢ : X x Y — R and By, By be two measurable
spaces along with measurable maps ¢ : X — By and ¢ : Y — By. Assume that there exists a cost
¢: Bx x By = R such that

c(z,y) = ép(2),d(y))  forall (z,y) € X xY
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F1GUrE 1. Illustration of the construction of a Monge map between p and v: we
optimally transport the projections of the measures in B and then “lift” the resulting
map tp to E by sending each fiber u, onto the fiber v, (), resulting from the disin-
tegrations of p and v by ¢.

and that there exists a Monge map tp : Bx — By between g and Yuv for the cost é. Assume that
there exists a disintegration (., )uep. Of i with respect to ¢ such that pyp-a.e., p, is atomless.
Then there exists a Monge map T between p and v for the cost c. Furthermore, it can be chosen to
project onto tg through (v,), in the sense that (¢, ) (id, T)xp = (id, t5)# (@pn).

The proof of this theorem is provided in Section 2.2.

Remark 2.2 (Atomless assumption). The atomless assumption on the disintegration (g, )., is a natural
minimal requirement to expect the existence of a map (without specific assumption on the target
measure v) and implies in particular that the fibers (¢ ~!(u))yep, should not be discrete (at least
pup-a.e.). Indeed, if for instance X = Y = By = By = R and ¢ : z — |z|, the fibers of ¢
are of the form {—wu,u}, hence the disintegrations (p,)u>0 and (v4,),>0 are discrete and given by
g (1) 8y, + (1 — iy (w))d—y, and vy, (w)dy, + (1 — vy (u))d_, and there is no map T, between two such
discrete measures unless we assume that g, (u) = v, (u) or 1 — v, (u), pup-a.e.

Observe also that ¢4 pu may have atoms: as we assume the existence of the Monge map ¢, it would
imply in that case that 141 also has atoms.

Remark 2.3 (Projection of Monge maps). The map T projects onto tp, in the sense of Theorem 2.1,
or equivalently ¢ o T'(x) = tp o p(x), for u-a.e. x. A more general statement, that is “any Monge map
T between p and v projects onto a Monge map between ¢4 pu and ¢4v” may not hold in general: T
may send two elements of the same fiber onto two different fibers and therefore not project onto a
map downstairs. The statement is however true if we can guarantee that there is a unique optimal
transport plan between ¢4 and ¥ v and that it is induced by a map tg (e.g. if we can apply Brenier’s
Theorem 1.7). In that case, any T necessarily projects onto tp in the aforementioned sense.

Under additional assumptions, we can build a more structured Monge map. Namely, as our goal is to
apply Theorem 1.8, we will assume that the (common) basis B = By = By is a manifold, that almost
all the fibers of ¢ : E — B are homeomorphic to the same manifold F', and that all source measures
of interest i, p, and pxp have a density. We also introduce the following convention: if y € P(E)
for some measurable space E, E' C E, and ¢ : E' — B, we let pxu be the (non-negative) measure
supported on B defined by @xu(A) = u(p~(A)) for A C B measurable. Note that if y(E’) = 1, then
pup defines a probability measure on B. This formalism allows us to state our theorem even when
some assumptions only hold p-almost everywhere.
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Theorem 2.4. Let Ey be a measurable space and By and F be complete Riemannian manifolds. Let
w, v € P(Ey) be two probability measures with compact support. Assume that there exists a set E C Ey
such that u(E) =1 and that there exists a measurable map ® : E — By x F that is injective and whose
inverse, when restricted to its image, is measurable as well. Let pg and pr denote the projections of
By x F on By and F respectively, and let p .= ppo® : E — By. Let ¢c: Ey X Ey — R and suppose
that there exists a cost function ¢ : By X By — R satisfying the twist condition such that

c(z,y) = cle(x), e(y))  for all (x,y) € Eg x Ep.

Assume that pxp < volg, and let thus tp denote the unique Monge map between pxp and @uv for
this cost. To alleviate notation, we let p' = ®yup and V' :== Oyv in the following. Suppose that there
exists a disintegration (u,)uep, of 1’ by pp such that for puu-almost every u, ), < volp.
Then there exists an optimal map T : E — E between p and v for the cost ¢, which can be decomposed
as

0T o®  (u,0) = (tp(u), tr(u,v)) = (-exp, (V (1)), exp, (Vgu(v))). (2.1)
where f : By — R is é&-convez, and g, : F — R are d% /2-convez for pup-a.e. u. Note that tr could
actually be any measurable function that sends each fiber pl, onto ugB(u).

The proof of this theorem is provided in Section 2.3. Let us give a simple example that illustrates
the role played by our assumptions. This example has connections with (GW-SD) as detailed in
Section 3.2.

Example 2.5 (Squared distance GW). Let Ey = R? and E = Ey\{0}, let By = R and F = S971 =
{z € Ey | ||z|| = 1} be the (d — 1)-dimensional sphere. For convenience, we also introduce the space
B = Rxq. Consider the cost function ¢(x,y) = (||z]| — |ly||)?, so that ¢ only depends on the norm of
its entries. The fibers of the map x — ||z|| are spheres, with the exception of 2 = 0, which invites us
to consider the diffeomorphism

P:E—-Roygx S '=BxFCByxF, x|z, z/|z]).

From this, we can write c(z,y) = é(¢(z), ¢(y)) where ¢(z) = ||z|| and é(u,u’) = (u—u')? (which satis-
fies the twist condition). Now, if u has a density on R?, so does p/ on By x F as ® is a diffeomorphism.
The coarea formula gives the existence of a disintegration (p)uep of ¢’ by pp : (u,v) — u (note that
pe#i’ = pup also has a density) such that all the u/, admit a density on S¢-1.

Theorem 2.4 thus applies, ensuring the existence of a structured Monge map between p and (any) v for
the cost c. It decomposes for almost every z € R% as a Monge map on the basis By = R (although it is
actually only characterized on the image of ¢, that is B = R<() obtained as the gradient of a convex
function f (there is no need for the exponential map here and Vf is the non-decreasing mapping
between the quantiles of pyu and p4v) and a Monge map on each fiber F = S9! also built from
gradients of convex functions (via the exponential map on the sphere).

Note that our theorem only requires all the conditions to hold almost everywhere on Eq = R, which
is important since it allows one to ignore the singularity of ¢ at x = 0.

2.2. Proof of Theorem 2.1. The proof is composed of three steps.

o Step 1: Existence and optimality of lifts. We know, by assumption, that there exists a Monge map
tp that is optimal between the pushforward measures ¢4 and Yuv.

As our goal is to build a Monge map between the initial measures p and v, we first show that (i) there
exists a transport plan 7w € II(u, v) such that (¢, ¥)xm = (id,tp)xp and that (ii) any such 7 is an
optimal transport plan between p and v for the cost c¢. This is formalized by the following lemmas.

Lemma 2.6 (Existence of a lift). For any transport plan © € II(@up, Yuv), there exists a transport
plan 7 € I(p, v) such that (¢, Y)um = 7.

Proof. Let (piu)ueBs and (vy)vep, be disintegrations of p and v by ¢ and 1), respectively. Given

7 € (ppp, Ypv), we define
= // (o, ® ) A7t (s, v),
B,\{XB);
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which belongs to II(y, v) since T has g4 p and 1»v as marginals and, by disintegration, fBX fo d(pppt) =
i (and same for v). The relation (¢, )4 p = 7 then follows from the fact that by disintegration g, is
exactly supported on ¢! (u) so one has p, (o 1 (U)) = 6y (u) for any measurable U C By (and same
for v,). O

Lemma 2.7. Letc: X xY — R and ¢ : Bx X By = R such that
c(z,y) = c(p(x),¥(y)) for all (z,y) € X x Y.

Then optimal plans for the base space cost ¢ are the projections of optimal plans for c: writing I (p, v)
the set of optimal transport plan between p and v for the cost ¢, and similarly for II5(pup, Y4v), one
has

IE (Pt o) = (s )3 I0E (1, v)-

Proof. Let us first remark that the relation between ¢ and ¢ implies that for any = € II(u,v) and
T = (p,¥)xm, one has {c,m) = (¢ 7). Now, let 7 € IIi(pup,Yxr); by Lemma 2.6, there exists
a m € II(u,v) such that (¢, ¥)gm = 7*. Then for any v € II(y,v), one has (¢,m) = (& 7*) <
(€, (¢, 1)xy) = (c,7), hence the optimality of w. Conversely, let 7* € II%(u, v); by Lemma 2.6, for any
A € (g, Yuv) there exists a v € II(p, v) such that (¢,9)xy = 4. We then have (¢, (¢, ¢)pn*) =
(e, 1) < {c,7v) = (¢,7), hence the optimality of (¢, 9)xm*. O

o Step 2: Existence of Monge maps between the fibers. Using Lemma 2.6 with 7 = (id,t5)x(pau),
we know that we can build an optimal transportation plan 7 € II(u, ) that essentially coincides with
tp on By x By and transports each fiber y, onto vy, for p-a.e. uw € By. To build a Monge map
between p and v, we must show that one can actually transport almost every p.,, onto v, () using a
map rather than a plan. For this, we use the following result by Santambrogio [Sanl5, Remark 1.23,
Lemma 1.28, Corollary 1.29].

Proposition 2.8. Let a, 3 be two measures supported on R* and suppose o atomless. Then:
(i) if d = 1, there exists a transport map T that pushes a onto 3. Furthermore, it is the unique
optimal map between these measures for the squared distance cost (xz,y) — ||z — yl|%;
(ii) there exists a map o4 : R — R (that does not depend on «,[3) that is (Borel) measurable,
injective, and its inverse is measurable as well.

As we assumed that the ground spaces X’ and ) can be embedded in R using the injective, measurable
maps ®x and Py, we can apply Proposition 2.8 using oy = 040 Py and oy = 040 Py. As oy is
injective, o x4 i, is atomless on R, and we can thus consider the unique Monge map T, between O x4
and oyuvy, () for the squared distance cost on R.

From this, as the maps oy and oy are measurable and injective (thus invertible on their image), we
can define T, = 051 OTu ooy : X — ), which is a (measurable) transport map between p,, and Vi (u)-

e Step 3: Building a measurable global map. Now that we have maps (T,), between each u, and
Vip(u), it may be tempting to simply define a given map 7' : X — ¥ by T'(z) = T, (y)(7) whenever
Mo(z) is atomless (which, by assumption, holds p-a.e.). Intuitively, the map 7" induces a transport
plan (id, T')xp satistying (¢, 1) (id, T)xp = (id,t5)#(@4p) on By x By and thus must be optimal
according to Lemma 2.7. A crucial point, though, is to prove that this map T can be defined in
a measurable way. For this, we use the following measurable selection theorem due to Fontbona et
al. [FGM10].

Proposition 2.9 (Measurable selection of maps, [FGM10, Theorem 1.1]). Let (B, %, m) be a o-finite
measure space and consider a measurable function B 3 u > (y,v,) € P(RH2. Let ¢ : R4 x RT — R
and assume that for m-a.e. w € B, there is a unique Monge map T, between u, and v, for the
cost c¢. Then there exists a measurable function (u,z) — T(u,x) such that for m-almost every u,
T(u,z) = Ty(x), pu-a.e.
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We can apply Proposition 2.9 in the case d = 1 to the family of measures (x4 ftu, Oy £V (u))ueBxs
where the reference measure on By is p4u”. This family is indeed measurable: by definition of the
measure disintegration, the map v € By — 1, is measurable; and as the Monge map ¢ is measurable
as well, so is the map Bx > u +— 0oyxv;,(,) as a composition of measurable maps, and thus so is
the map u — (ftu,Vip(u))- Proposition 2.9 therefore guarantees the existence of a measurable map
T : By x R — R such that T'(u,x) = T\, (z) for pxpu-almost every u and o4 pu-almost every xz. Now,
we can define

T:X =), zHajjloT(go(x),JX(z)).

This map is measurable as it is a composition of measurable maps. Let us prove that it is a transport
map between p and v. For any continuous function ¢ : ) — R with compact support, we can write

= o = oo toT, 0
[ caran= [ coran=[ [ (CooyoTiomn)@)dm(r) dppute)

where we use the disintegration of u with respect to ¢ and the fact that the p, are supported on
o (u), allowing us to write T(¢(z),0x(x)) = Ty(ox(x)) on that fiber (pgpu-a.e.). Now, recall that
T, = 03_,1 oT, oox defines a transport map between i, and v;,(,). In particular, the image of the
fiber o~ (u) by this map is ¢»~'(tp(u)) C V. Since vy, () is supported on ¢~ (tp(u)), we get

/ CdTyp = / Cy) vy () dpsep(u) = / C(y) dv(y) dupr(v),
y u€EBx Jyey vEBy Jyey

where we use the fact that tp pushes pupu to 14v; by disintegration of v with respect to v, we then
have Ty = v.

By Lemma 2.7, this map T is optimal if and only if it satisfies (¢, ¥)x(id, T)xp = (id, tg)x(pxp). To
show this, let ( : X x Y — R be a continuous function with compact support. We have

/ C(u,0) A, )3 (i, T) opa(as, ) = / (o), o T(x)) du(x)
Bx X By X

—[ [ duwery! o Tuoox(n)) duuls) desnta)
uEBx Jz€p—1(u)

- / / ¢ (st ()) vy oy (v) dpepa(u)
u€Bx Jyey~1(tp(u))

- / C(u,tp(u) dpyp(u)
uEBx

= / C(u,v)d(id, tg)wpxp(u,v),
Bx X By

proving the required equality and thus that 7" is a Monge map between p and v.

2.3. Proof of Theorem 2.4. We recall that we note p/ := ®xp and v/ := ®xv. We also denote by
B the image of ¢ = pg o ®, so that ', are supported on B x F C By x F.

o Step 1: Construction of the structured Monge map. Given that pup < volg, and that By is a
complete (separable) Riemannian manifold, by Proposition 1.9 and Remark 1.15 there exists a unique
optimal transport plan 75 between ¢ 1 and @4 v for the cost ¢ and it is induced by amap ¢t : By — By
of the form tp = ¢-exp,(Vf), with f being é-convex on By.

By Lemma 2.7, we know that any transport plan = € II(u, v) satisfying (¢, p)xm = (id, tp)xp must
be optimal. Therefore, if 7 happens to be induced by a map T, that is 7 = (id, T') xp, we will obtain
a Monge map between p and v. To build such a T', we proceed as in Section 2.2: we define a Monge
map T, between yi;, and v}, for gy p-a.e. u and build a global map between i’ and v/ by (roughly)

2Note that we cannot apply Proposition 2.9 to the measures (jtu, Vig(u))u and the maps (T )y directly, as T\, may
not be the unique Monge map between the measures, a required assumption of the proposition.
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setting T'(u,z) = Ty(x). As explained in Section 2.2, proving the measurability of such T requires
care.

o Step 2: Transport between the fibers. For pup-a.e. u, ul, < volp and the optimal cost between p!,
and v; »(u) 18 finite by assumption. Whenever ur, has a density, we can therefore apply Theorem 1.8
between p;, and vy, () with the cost d% to establish the existence of a plan , between these fibers
that is induced by a map T, : F' — F, which can be expressed as Ty, (v) = exp,(Vg,(v)) with g, being
d% /2-convex on F.

o Step 3: Measurability of the global map. Now that we have built structured maps T, between
corresponding fibers (through ¢p), it remains to prove the existence of a measurable map T : By X F' —
By x F transporting p' onto v/ satisfying T'(u,x) = (tg(u), Tu(x)) for ¢up-almost every u and g, -
almost every x. For this, we need an adaptation of Proposition 2.9 to the manifold setting. Namely,
we have the following:

Proposition 2.10 (Measurable selection of maps, manifold case). Let M be a complete Riemannian
manifold and (B, ¥, m) a measure space. Consider a measurable function B 3 u > (p, vy) € P(M)2.
Assume that for m-almost every u € B, p, < volys and p,, and v, have a finite transport cost. Let T,
denote the (unique by Theorem 1.8) optimal transport map induced by the squared geodesic distance
cost d3; on M between i, and v,,. Then there exists a measurable function (u,x) — T(u,x) such that

for m-almost every u, T(u,x) = Ty (), py-a.e.

This can be shown by adapting the proof of Theorem 1.1 in [FGM10] to the manifold setting, and
most steps adapt seamlessly. We provide a sketch of proof below. A complete proof, where we stress
the points that need specific care in adaptation, is deferred to Appendix B.2.

Sketch of proof of Proposition 2.10. The map (u,x) — T'(u,x) is defined as being the limit of a Cauchy
sequence (on a complete metric space) of measurable maps (u,z) — T®)(u,z) which are built as
L'-approximations of the T, (z), yielding the relation T'(u,z) = T,(z) for a.e. u,x when k — oo.
More precisely, given a partition (A,x), of M made of cells of diameters smaller than 27% and
given ani, € Ay any fixed point, ") is precisely defined as T™)(u,z) = ank, where a,; is the
single point such that T,(z) € A,k. Since on each set of the form {(u,x) | Ty(x) € Anr}, one has
dpr(T®) (u, ), Ty (z)) < 27" (the diameter of the cell), it follows that T®*) (u,2) — T, (x), at least for
m-a.e. u and p,-a.e. .

The key point is to ensure the measurability of the map T®), which boils down to proving that the set
{(u,z) | Tu(x) € Api} is measurable. This is possible by relying on the theory of measurable set-valued
maps [RW09, Chapters 5 and 14], that we carefully adapt from the Euclidean to the manifold setting
in Appendix B.1. O

We can apply this proposition with the manifold M being the common fiber F' on which the u!,, VéB(u)
are supported for gy pu-a.e. u, and for which we have access to the (unique) Monge map 7T,,. It gives
the existence of a global map tp satisfying tp(u,v) = Ty, (v) for pxp-a.e. u, and p)-a.e. v, and we can
thus define the measurable map T'(u,x) = (tg(u), tr(u, x)).

An elementary computation using the pushforward and disintegration definitions as well as the facts
that Tyug(ty) = Vi) and tpg(pgp) = pgv then guarantees that 7' sends p' to v/, and Tp =
@1 0T o ® therefore sends u to v. Since (p, ¢)4(id, Tr)xp = 7, by Lemma 2.7, T is an optimal
map between g and v.

3. APPLICATIONS TO THE INNER PRODUCT AND SQUARED DISTANCE GW PROBLEMS

In this section, we apply the results of Section 2 to our two problems of interest, (GW-IP) and (GW-
SD), to obtain the existence of Gromov—Monge maps for these GW problems in suitable settings. The
proofs can be sketched in the following way: for both of these problems,

e Let 7* be an optimal plan for the GW problem.

e Counsider the associated linearized problem (1.1) at 7*, which is a standard optimal transportation

problem. From Section 1.1.2; we know that any solution of this OT problem (7* being one of
them) must be a solution of the initial GW problem.
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e Observe that the linearized versions of (GW-IP) and (GW-SD) reduce to optimal transportation
problems with costs satisfying the assumptions of Theorem 2.4, thus guaranteeing the existence
of structured Gromov—Monge maps.

As such, we only focus on detailing this last point in the following subsections.

Remark 3.1 (Non-uniqueness for GW). Our results provide the existence of Gromov—Monge maps
for the GW problems, but their construction depends on the linearization (that is, of the initial 7*
selected). Thus, even though we would have uniqueness of solutions for the linearized problem as given
e.g. by the subtwist condition, this does not give uniqueness of the solution to the corresponding GW
problem: the GW problem may have several optimizers, each leading to a different linearized problem
for which solutions, unique or not, may differ.

3.1. The inner product cost. Expanding the integrand in (GW-IP) and using the fact that [[(z,2')?dr dr =
[z, 2")2dpdy is constant (the same goes for the terms that depend on v), one gets the equivalent
problem

min / / Wy, o) dr(z, y) dr(2 o).

mell(p,v

This problem is not invariant to translations but it is to the action of O, (R) x O4(R). Any optimal
correspondence plan 7* is also an optimal transport plan for the linearized problem (1.1) with cost

Cre(z,y) = */<$,$’><y,y’>dﬂ*(w’,y’) = *</(y’x'T)w dﬂ*(w’,y’),y> = —(M"z,y),

where M* := [y'2'T dn*(a2',y') € R¥™. This linearized cost satisfies the twist condition if and only if
M™ is of full rank, hence in this case 7* is the only solution of the linearized problem and it is induced

by a map, and Theorem 4.2.3 from [Vay20] gives a result on the structure of this map. We can actually
generalize this to the case where M™* is arbitrary, as follows.

Theorem 3.2 (Existence of a Gromov-Monge map for GW with inner product cost). Let n > d and
p,v € P(R™) x P(RY) two measures with compact supports. Suppose that y < Leb,,. Then there exists
an optimal correspondence map T : R — R? for (GW-IP), which can be written as

T:O;OTO opra 0 Oy, (3.1)
where (Ox,0y) € On(R) x Og(R), pga : R* — R? projects on the d first coordinates, and
T, : R — R?, (21, xa) = (VFoX(@1,...,21), Viay,.zn @ni1, - Ta)), (3.2)

where h < d, ¥ € R is diagonal with positive entries, and f : R* — R and all the a1, Ré—
R are convez functions.

To show this, we will need two simple lemmas that essentially state that Brenier’s theorem on optimal
transport maps holds when the inner product is perturbed by homeomorphisms. We state them now
and prove them in Appendix A.

Lemma 3.3. Let u,v € P(E) and let 11,%2 : E — F be homeomorphisms. Let ¢ : F x F — R and
consider the cost c(x,y) = c(¥1(x),v2(y)). Then a map is optimal for the cost ¢ between p and v if
and only if it is of the form 77212_1 oT oty with T : F'x F optimal for the cost ¢ between P1up and Pauv.

The second lemma is a simple corollary of the first:

Lemma 3.4. Let h > 1 and p,v € P(R") with compact supports and such that i < Leby,. Consider
the cost c(x,y) = — (b1 (x),v2(y)) where 1,1y : RP — R are diffeomorphisms. Then there exists a
unique optimal transport plan between p and v for the cost ¢, and it is induced by a map t : R — R?
of the form t = z/gl oV f o, with f: R" = R conve.

We now prove Theorem 3.2.
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Proof of Theorem 3.2. Using a singular value decomposition, we write M* = 05 YOy € RX" with
(Ox,0y) € O,(R) x Oq(R) orthogonal matrices and ¥ € R?*" diagonal with non-negative entries.
The cost Cr+ then becomes

Cr-(2,y) = —(03,20x2,y) = —(X0xz, Oyy).

Using Lemma 3.3, the problem becomes an optimal transportation problem between ' := Oxxp and
V' = Oygv. Up to permutation of the rows and columns of Oy and Oy, we can assume oy > --- >
op > 0 with h := rk(M*) < d, and the problem therefore becomes minz{cs, ) for # € (', v),
where cx(Z,9) = — Z?:l 075 = é(p(Z),p(7)), p being the orthogonal projection on R”. We reduce
to the case where both measures live in the same space by noting that since c¢x(Z,9) = cx(pra(Z),9)
for all £ and g, any map Ty optimal between p” := prayp’ and ' will induce a map T = Tp 0 pga
optimal between ' and v’ (by Lemma 2.7). One can then induce an optimal map between p and
v by composing with Oy and OJT, (Lemma 3.3), hence Equation (3.1). The existence of such a map
To, optimal between p” and v/ and satisfying (3.2), follows from the application of Theorem 2.4 for
E =Fy =R =R"x R4 " = By x F and ¢ := p. Indeed, By and F are complete Riemannian
manifolds, the cost ¢ satisfies the twist condition on By X By, pgp” < Leby, and p!] < Lebg_, as a
conditional probability for a.e. u.

We then make 5 explicit. One has that cx(z,y) = —(Xx,y), where ¥ = diag(c;)1<i<n. As pup” has
a density, we can apply Lemma 3.4 stated above with (¢1,12) = (X,id) to obtain the existence of a
unique optimal transport plan 7} between pxp” and pur/ for the cost ¢y, which is induced by a map

tg : B — B of the form tg = Vf o %, with f convex. d

Remark 3.5 (Recovering Theorem 4.2.3 from [Vay20]). Applying Theorem 3.2 when h = d, the
optimal correspondence map between Ox 4t and Oyxv can be written as Ty o pga with Tp = V f o 3.
The induced optimal correspondence map between p and v is then

T:O;O(VfOiOde)OOX:O;O(VfOE)OOXZV(fOOy)OO;OEOOX:VfOM*,
where f:: f o Oy is convex.

3.2. The squared distance cost. The (GW-SD) problem is invariant by translation of yu and v.
With no loss of generality, we assume that both measures are centered. Expanding the integrand gives

2
Nz =" = [ly = y'I?]" = lle = 2'[|* + [ly = y/'I|* = 2|z — 2"[*|ly — /||,
and the first two terms only depend on g and v, not on w. Expanding the remaining term yields
nine terms. Two of them also lead to a constant contribution: —||z|?||y/||* and —||2||?|ly||*>. Four

lead to vanishing integrals since p and v are centered: 2|z|*(y,v’), 2||z'||*(y,v'), 2||y||*(z,2’) and
2|3/ ||*{x, 2"). The remaining three terms then yield the following equivalent problem:

i [ ol dn(e.p) +2 [ (o) g0 dntony) deta )
Any optimal correspondence plan 7* is also an optimal transport plan for the linearized problem (1.1)
with cost

Cre (2,9) = —ll2*lly )1 ~ 4/<x,r’><y,y’> dr*(a',y) = —llz[[yll* — 4(M*z,y),

where M* = [y'2'T dr*(2/,y') € R¥". In the cases where the rank of M* is d, this linearized
cost satisfies both the subtwist and the 2-twist conditions, yielding an optimal 2-map that is also a
map/anti-map, by compactness of the support of p and v and when p has a density. Similarly, when
the rank of M™ is d — 1, the cost satisfies the 2-twist condition, yielding an optimal 2-map structure.
In the case where rk M* < d — 2, none of the twist conditions hold and there is a priori no obvious
reason for the existence of an optimal correspondence map. Perhaps surprisingly, this property can
actually be guaranteed.
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Theorem 3.6 (Existence of a Gromov—-Monge map or 2-map for GW with squared distance cost).
Let n > d and p,v € P(R™) x P(R?) two measures with compact supports. Suppose that u < Leb,,.
Let 7 be a solution of (GW-SD) and M* := [y'z'T dn*(a’,y'). Then:
(i) if tk M* = d, there exists an optimal correspondence 2-map, which is also a map/anti-map;
(i) if tk M* = d — 1, there exists an optimal correspondence 2-map;
(iii) if tk M* < d — 2, there exists an optimal correspondence map, which can be written as

T:R" - R, T:OJT,OTOOOX,3

where (Ox,Oy) € O,(R)2. Writing any x € R" as z = (zg,r1) € RP x R"™" and defining a
function ® akin to a partial polar change of coordinates

®:R" — (R" x Rsq) x S* "1 = (@, lz?), o /llzo]). (3.3)
. —— ——
one can write the map Ty as B TR

To: R" = R", ® o To(x) = (¢-exp,, (Vf(zB)),exp,, (Vius (zF))),
where explicit expressions for ¢ and ¢-exp are given in (3.6) and (3.7) respectively, h = rk M* <
d—2, f: R 5 R is é&-convex and all the g, : S* "1 = R are d%n,h,l/}com}eaa
Therefore, regardless of the rank of M™*, there always exists an optimal correspondence 2-map.

Proof of (i). We show that in the case where M* is of full rank, both the subtwist and the 2-twist
conditions are satisfied. For the subtwist condition, remark that the equation

0= VoCr (2,91) = Vol (2,92) = =2(Ilya|® = lly2l*) 2 — 4(M*) T (31 — y2)
has no solution in z if ||y1|| = ||y2| and a unique one otherwise. For the 2-twist condition, remark that
any y € Y satisfying — ([[y|* — llyol|*) w0 —2(M*) T (y —y0) = 0 is fully determined by r := ||y[|* — [lyo|I*
as
1 o
y =y~ (M) 0. (3.4)

Taking the norm in (3.4) shows that r is a solution of a polynomial of degree two, and therefore
that there are always at most two such points y. Both subtwist and 2-twist conditions are therefore
satisfied. The uniqueness of optimal plans ensured by the subtwist condition then guarantees that the
unique optimal transport plan for the linearized cost is induced both by a 2-map and a map/anti-map.
Proof of (ii). We show that in the case where rk M* = d—1, the 2-twist condition is satisfied. Lety € Y
such that ||y|%zo + (M*) Ty = ||lyol|?zo + (M*) Tyo =: v. Up to singular value decomposition, suppose
M* rectangular diagonal in R9™ with sorted singular values and write 3 = diag(oy, ..., 0,) € RP*?
with h = rk(M*). Decompose each vector z of R™ or R? as z = (2,2, ), where zyz € R and z,
contains the remaining coordinates. The equation becomes:

lyllPzn + Ly = v

IylPz. = ..
This imposes y to live in the intersection of a (d — 1)-dimensional sphere and of a (d — r)-dimensional
affine subspace of R?. As r = d — 1, the latter subspace is a line and y therefore belongs to a set of at
most 2 points, proving that the 2-twist condition is satisfied.
Proof of (iii). The case tk M* < d — 2 is a consequence of Theorem 2.4 and the proof is as follows.
We consider the measure v as a measure on R"™ with d-dimensional support. Similarly to the inner
product case, using a singular value decomposition, the cost C'r+ becomes

Cre (2,y) = —[|z]?[lyl|* — (03 Oxz,y) = ~[|Oxz|?[Oyyl* — (EOxz, Oyy).

By Lemma 3.3 the problem reduces to minz(cs,7) for @ € II(Oxgp, Oyxr), where cx(z,y) =
—[lz]|?||ly||?> — (Sz,y). Up to permutation of the rows and columns of Oy and Oy, we further as-
sume oy > --- > op, > 0. Writing any z € R as z = (2,21 ) € R" x R*™"

es(@,y) = ~llealPlyall® = leg P lyL)? = locPlyal® = e Plyl? = Sem,ym)

3We consider v as a measure on R™ with d-dimensional support.
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where . is the same as in the proof of (i) above, ¢ : & = (g7, ||z, ||?), and & : (R" xR) x (R" xR) — R
is defined as 3

&((u,r), (v,8)) = —lulol* = sllul® = r[[o]* = 7s — (Xu,v). (3.6)
Indeed, the cost c¢s(x,y) depends on the values of zyx and yg, but merely on the squared norm of =
and y,. A direct computation proves that ¢ satisfies the twist condition.
Now, the same argument as in Example 2.5 applies, but this time with Fy = R* x R*™" E =
Eo\(R" x {0}), By = R" x Rand F = S" " ! = {x € Ey | |z.|| = 1}. Using Theorem 2.4, one
obtains the existence of a Monge map Ty : R™ — R™ between p and v for the cost cx. It has a structure
akin to Equation (2.1) and decomposes into a map on the basis By = R"*! and a map on each fiber

F=g8n—h-1
P oTy(x) = (5- XP(ay ey 2y (VI @m, lzL]%))s expy /e (Vg(mH,uxq\?)(xi/HﬂMH))),
where @ is defined in (3.3). Note that the ¢-exponential map is given in closed form by
ijl(w — 2tu)
t— |27 w — 2tu)
where (u,r) € R" x R is the base point and (w,t) € R" x R the tangent vector. Lastly, note that

the case where M* = 0 has not been explicitly treated. In this case, the cost is simply c(x,y) =
—|1z|I?ly||* = é(¢(x), ¢(y)) and the strategy above directly applies. O

- exp(y, (W, t) = < |2) €R" xR, (3.7)

3.3. Complementary study of GW with squared distance cost in the one-dimensional case.
The (GW-SD) problem being invariant by translation, we assume that measures p and v below are
centered. In the one-dimensional case X,Y C R, the linearized GW problem (1.1) reads, with 7* an
optimal correspondence plan:

min / (—x?y? — dmay) dn(z,y), where m = 'y dr* (o', y), (3.8)
m€l(pn,v) Jxxy xXxY

and for any plan m € II(u,v) (not necessarily optimal), we denote by m(r) := [zydr(z,y) the
covariance of 7. Let us denote the OT cost function associated with (3.8) by ¢ (z,y) = —2%y*—4may,
as it only depends on the real parameter m. Let us apply Theorem 3.6: when m # 0, there exists
an optimal transport plan that is a 2-map and a map/anti-map, and when m = 0, there exists an
optimal transport plan that is a 2-map. In the following sections, we study the tightness of this result,
asking if there are cases where the optimal plan for this cost can be a map. In the one-dimensional
case, the submodularity property of the cost function, or Spence—Mirrlees condition, will prove useful.
It guarantees the optimality of the non-decreasing rearrangement n]  , that match the quantiles of 4
and v with each other [Car12; Sanl15; PC19]. We also define the non-increasing rearrangement m
that match the quantiles in reverse, and call these two plans the monotone rearrangements.

Definition 3.7 (Submodular cost). Let X', C R be two intervals. A function ¢: X x Y — R is said
to be submodular if for all (x,y) € X x Y and 01,2 > 0 such that (z + §1,y + d2) € X x Y,

C(.’Il,y) +C(x+617y+62) < C(x’y+62) +C(.’I,'—|—(517y)

If ¢ is twice differentiable, this global condition on the rectangle X x ) is equivalent to the local
condition

for all (z,y) € X x Y, 0Opyc(z,y) <O0. (Submod)
Supermodularity is defined with the reversed inequality.

We now state the well-known consequence of submodularity on the structure of optimal plans [Carl2;
McC12; Sanl5].

Proposition 3.8 (Optimality of monotone rearrangements). Let u, v € P(X)XxP(Y) of finite transport
cost. If c satisfies (Submod), then 7} .. is an optimal plan for (OT), unique if the inequality is strict
everywhere on X x Y. Similarly, supermodularity induces the optimality of %

mon*
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S+

x— —m/x

FIGURE 2. Submodularity region ST (blue) and supermodularity region S* for the
linearized GW cost ¢, with parameter m > 0 (Left) or m < 0 (Right), with an
example of a rectangle R C S (red) defined by a decreasing matching (zo,yo) —
(x1,%1) that allows to obtain the monotonicity of optimal plans on ST (see proof of
Proposition 3.9). The same argument does not apply to rectangles in S¥ (dashed
red), see Remark 3.10. Up (1) and down (\,) arrows are drawn in regions where the
monotonicity of optimal correspondence plans is given by Proposition 3.9.

The linearized GW cost with parameter m > 0 is submodular on the region ST := {(x,y) | zy > —m}
and supermodular on S¥ == {(x,y) | vy < —m} (see Figure 2 for an illustration), so we cannot directly
apply this proposition. In general, for a given cost in dimension one, there are regions of sub and
supermodularity and this property gives only few information without knowledge of any particular
structure of the regions: to be applicable, submodularity requires a rectangular region. Given the
form of the regions of sub and supermodularity in our particular case, we can state the following.

Proposition 3.9 (Monotonicity of optimal plans on a subdomain). Let m > 0 and denote by 7 an
optimal transportation plan for the cost cy,. Then, [7*] g+ (the plan restricted to the submodularity
region) is the non-decreasing rearrangement between its marginals. Similarly, if m < 0, [W*]‘S¢ (the plan
restricted to the supermodularity region) is the non-increasing rearrangement. If m = 0, there are four
regions of sub/supermodularity, and on each of these regions, the plan is a monotone rearrangement.

Figure 2 illustrates the regions, with up () and down (\,) arrows, where the monotonicity of optimal
correspondence plans is given by this proposition.

Proof. In this proof, we use the fact that if 7* is optimal, then it is also optimal when restricted on a
domain between the corresponding marginals. In particular, when m > 0, the plan [7*] g+ is necessarily
optimal for the cost ¢, between its marginals. Consider (xo,y0) and (1,y1) in supp([7*]g+) such that
ro < x1 and yo > y;. The particular geometry of the space ST ensures that in this particular
configuration, the rectangle R = [xg, 2] X [y1,vo] is necessarily contained in ST (see Figure 2). As
a consequence, the strict submodularity of the cost applies on R to prove that [7*]|z is the non-
decreasing rearrangement plan, contradicting the configuration. The proof goes similarly when m < 0.
The case m = 0 yields four different regions of sub/supermodularity which are quadrants. Since these
regions are unions of rectangles on which the cost is strictly sub/supermodular, the argument above
applies. O

Remark 3.10 (Rectangular regions). Let us underline that it is not possible to apply the argument to
the whole region ST since any two points of ST are not necessarily contained in a rectangle included in
ST. The proof above only uses the fact that this property is used for some particular configuration of
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points, namely whenever zg < x1 and yo > y1, which is (somewhat fortunately) exactly the configura-
tion we want to consider when wondering if a map may be non-increasing. For instance, this argument
does not apply to S¥, although the property is of course satisfied on every rectangle contained in it.

Before going into further details on our complementary study, we recall the discrete formulation
of (OT) in dimension one. Given two sets {x1,...,zx} and {yi1,...,ya} of elements of R and two
probability vectors a and b, the (OT) problem between the discrete measures p = Zi\; a;0,, and
v= Z;\il b;d,, reads

min (C,7
weU(a,b) < ’ >’
where U(a,b) = {m € RVM | 71, = a,7n"1x = b} is the transport polytope, C = (c(z4,y;))i;
is the cost matrix and (-,-) is the Frobenius inner product. In the case of the linearized problem
(3.8), we denote by Caw(m) the cost matrix, that has entries (Cawm))i; = —w%y?- — 4max;y; with
m = (Cqpy, ") and (Cyy)i,; = x;y;. In our notation, the index of any cost matrix C' is its associated
OT cost function.

In the following sections, we study the optimality of the monotone rearrangements 7} . and 7k, .
It is worth noting that by submodularity of the map (z,y) — —=zy, these two plans have respective
covariances mmyin and Mmpyax, where

{mmin = min, <Cwy7 7T>

Mmax = MaXy <Cly7 7T>

5 with (Czy)i,j = l’iyj, (39)

and that for any correspondence plan 7, the value of its covariance m(7) lies in the interval [mmin, Mmax]-
We provide in the following a complementary study of the squared distance cost in dimension one,
namely
(i) a procedure to find counter-examples to the optimality of the monotone rearrangements;
(ii) empirical evidence for the tightness of Theorem 3.6;
(iii) a proof of the instability of having a monotone rearrangement as an optimal correspondence
plan;
(iv) a new result on the optimality of the monotone rearrangements when the measures are com-
posed of two distant parts.
All experiments are reproducible and the code can be found on GitHub®.

.
/

3.3.1. Adversarial computation of non-monotone optimal correspondence plans. Theorem 3.1 of [Vay-+19]
claims that in the one-dimensional discrete case with N = M and a = b = 1, the optimal solution of
(QAP) is either the non-decreasing rearrangement 7 or the non-increasing one ;. It seems to be
the case with high probability empirically when generating random discrete measures. While this claim
is true for N = 1,2 and 3, a counter-example for N > 7 points has recently been exhibited in [BHS22].
We further propose a procedure to automatically obtain additional counter-examples, demonstrating
empirically that such adversarial measures occupy a non-negligible place in the space of discrete mea-
sures. We propose to perform a gradient descent over the space of discrete measures on X' x ) using
an objective function that favors the strict sub-optimality of the monotone rearrangements. Let us
now detail this procedure.

For N > 1, we consider the set of discrete measures over X x J) = R x R with N points and uniform
mass, i.e. of the form © = % ZZI\; O(x:,y:)- Such plans 7 can be seen as the identity mapping between
vectors X = (z1,...,zy) and Y = (y1,...,yn), and we therefore note 7 = id(X,Y’). Denoting by
caw the functional that takes a correspondence plan and returns its cost on the GW problem, we then
define F : RN x RV — R by

]:(X7 Y) = CGW (77> — min {CGW(WITHOH)7 CGW(FIJ‘I’lOn)} )

where 7 = id(X,Y) and 7, and 7}, are the monotone rearrangements between X and Y. This

quantifies how well the plan 7 compares to the two monotone rearrangements. We generate N points

4The link of the code is https://github.com/theodumont/monge-gromov-wasserstein.
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at random in [0,1]? and then perform a simple gradient descent over the positions of the points
(X,Y) = (z4,v:): to minimize the objective function F(X,Y) over (X,Y) € (RY)2. We include an
early-stopping threshold —7 < 0 since when F(7) becomes negative—i.e. we found an adversarial
example—, the objective function often decreases exponentially fast. The procedure can be found in
Algorithm 1 below. We implemented it using PyTorch’s automatic differentiation [Pas+19] and used
[Blo+20] to implement a differentiable sorting operator sort to compute the monotone rearrangements.
Adversarial plans m,qy = id(Xadv, Yadv) obtained by Algorithm 1 are not a priori optimal for the GW
cost between their marginals; but they have at least a better cost than the monotone rearrangements
since F(Xadv, Yadv) < 0, proving the sub-optimality of the latter.

Algorithm 1 Simple gradient descent over the positions (z;); and (y;);.

Parameters:
e N > 1: number of points of the measures
o Niier > 1: maximum number of iterations
e 1 > (: step size
e 7 > (: early stopping threshold

Algorithm:

1: X < N random values in [0, 1], then centered
2: Y < N random values in [0, 1], then centered
3: for i € {1,..., Njjr } do

4: Thhon < 1d(sort (X),sort(Y)) > id is the identity mapping
5: Thon ¢ id(sort(X),reverse(sort(Y)))

6: T — id(X, Y)

7. F(X,Y) + GW(m) —min(GW (] ), GW(mh 0D > GW computes caw
8: if F(X,Y) < —7 then stop > early stopping
9: (X,Y)« (X,)Y)—-nVF(X,Y) > step of gradient descent
10: end for

11: return m,q, = id(X,Y)

Output: a plan 7,4, with better GW cost than 7 and 7}

mon

On Figure 3 is displayed an example of adversarial plans obtained following this procedure. It can
be observed that during the descent, the plan 7 has difficulties getting out of what seems to be a saddle
point consisting of being (close to) a monotone rearrangement between its marginals. Moreover, it is
worth noting that the marginals of our typical adversarial plans, such as the one of Figure 3, are often
similar to the counter-example proposed in [BHS22], where both measures have their mass concentrated
near zero, except for one outlier for u, and two for v, one on each tail.

Furthermore, examining the optimal correspondence plan for these adversarial examples allows to
exhibit cases where it is not a map, providing empirical evidence for the following conjecture.

Conjecture 3.11 (Tightness of Theorem 3.6). There exist measures p and v for which no optimal
correspondence plan for (GW-SD) is a map, but always a union of two graphs (that of two maps or
one map and one anti-map). This result holds even if ;1 has a density, classical assumption for the
existence of an optimal transport map.

In order to approximate numerically the case of a measure that has density with respect to the
Lebesgue measure, we convolve our adversarial measures piagy = (Xadv, 1n) and vaay = (Yadv, 1n)
with a Gaussian measure of standard deviation o and represent them in Eulerian coordinates a,q, and
badv; that is we evaluate the closed form densities on a fine enough regular grid. When o is large, the
optimal correspondence plan is probably induced by a monotone rearrangement, as it is the case very
frequently empirically; on the contrary, if o is sufficiently small, i.e. when the measures are very close
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10-2 Objective function F(X,Y) Initial plan 7o, (generated at random) Final plan 7y (iter. 66)
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FIGURE 3. Gradient descent results with parameters N = 122, n = 26, 7 = 2.

to their sum of Dirac measures discrete analogous, the optimal correspondence plan should not be a
monotone rearrangement, by construction of p,qy and v,qgy.

Remark 3.12 (Counter-examples from Algorithm 1 sometimes agree with Conjecture 3.11). Because
of the adversarial nature of 7,4, for the sub-optimality of 7} = and 7} ., we know that when o is
sufficiently small, the optimal correspondence plan is not a monotone rearrangement. Still, it could
be the case that this optimal plan is a map, but not a monotone one, and there is a priori no reason
to believe that m,q, will agree with Conjecture 3.11. Surprisingly, it sometimes does, as the numerical

experiments below suggest.

In order to find the optimal correspondence plan 7* between p,qy and v,.qy, we leverage the fact
that 7* is a solution of its associated linearized problem. Therefore, a minimizer of the GW functional
is given by

arg min {GW(WT*H) | mp € argmin  (Caw(m), ™), m € [mmin,mmax]}, (3.10)
T m€U (aadv,badv)

where (Caw(m))ij = —xfy?- —4dma;y;. We therefore compute both muyin and mmax by solving the
linear programs in (3.9), discretize the interval [mpin, Mmax] With Ny, points, and solve the corre-
sponding linear optimization problem for every value of the parameter m and evaluate the GW cost
on each optimal plan for the given parameter m. We then check if the optimal plan exhibits a 2-map
structure. The procedure is described in Algorithm 2.

We display the results on Figure 4, where we plot the optimal correspondence plan 7* in two cases,
starting from an adversarial plan:

(i) with both marginals paqy and v,4, convolved as to simulate densities;

(ii) with only the first marginal p1,4, convolved and the second marginal v,q, being a discrete measure

with uniform mass.

To facilitate the reading of Figure 4, we draw a blue pixel at locations x on the discretized z-axis if z
has two images (making 7* a 2-map), and at locations y on the y-axis if y has two pre-images (making
m* a anti-2-map). In both cases, we observe that 7* is not a map but a 2-map instead, similarly to
[CMN10, Section 4.5]. Note that in case (ii), v being atomic, there cannot exist a map from v to u,
so in both (i) and (ii) we numerically exhibit an instance where there is a priori no map from neither
@ to v nor v to u. We also plot the submodularity regions of the linearized GW cost function with
parameter m(7*) as an overlay and we observe that when the optimal plan gives mass to a region
where the cost is submodular or supermodular, it has respectively a non-decreasing or non-increasing
behavior in this region.

3.3.2. Empirical instability of the optimality of monotone rearrangements. The above study demon-
strates that there exist probability measures p and v for which property

P(u,v): ml ., orm: isan optimal correspondence plan between p and v
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Algorithm 2 Generating 2-maps from adversarial examples.

Input: an adversarial plan 7,4y = id(Xadv, Yadv) obtained from Algorithm 1

Parameters:
e o: standard deviation of convolution
e N,: discretization precision
e N,,: discretization precision of the interval [mumin, Mmax)

Algorithm:
1: Qaqv ¢ convolution(Xaqv,o, N;)
2: baqy < convolution(Yagy, o, N,) > (optional for vagy)
3: Mumin  Milzepy(a,p) (Coy, T) > solve linear programs
4 Mmax ¢ MaXrepy(ap) (Cay, T)
5: scores < []
6: for m € {Mmin, - - -, Mmax} do > with NV, points
7: T, = argmin ey (q.p) (Caw(m), T) > solve linear program
8: append GW(7%,) to scores
9: end for
10: T* - arg max, scores > take best plan for GW
11: b+ “7* is a 2-map”

12: return 7*, b

Outputs:
e 7*: optimal plan for GW
e b: boolean asserting if 7* is a 2-map

T i i : f T > X T i T i T > X
50 100 50 100

(i) Convolving both marginals. (ii) Only convolving the first marginal.

FIGURE 4. Optimal correspondence plan (in log scale) obtained with our procedure,
with 2-map and anti-2-map coordinates (red) and submodularity regions (blue). Pa-
rameters: o = 5.1073, N, = 150, N,, = 2000.

does not hold. However, as it is very likely in practice when generating discrete measures at random,
one could ask if property P is at least stable, i.e. if when we have po and vy satisfying P(ug, 1) there is
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a small ball around 1 and vy (for a given distance, say Wasserstein-2) inside which property P remains
valid. A negative answer to this—besides, in the symmetric case—is given by the counter-example by
Beinert et al. [BHS22] with an increasing number of points:

Proposition 3.13 (Instability of the optimality of monotone rearrangements). There exists two sym-
metric measures p,v on R and sequences (fin)n, (Vn)n that weakly converge to u, v such that optimal
plans m, between p, and v, are never a monotone rearrangement.

Proof. We consider y = v = & and the discrete measures p, = 3" 5, and v, = 13" 5,
defined as follows for n > 7:

-1 fori=1 -1 fori=1
T; = (zf%ﬂ)% fori=2,...,n—1 and y;:= —1+# fori=2
1 fori=mn (i—2)% fori=3,....,n

which is simply the counter-example from Beinert et al. [BHS22] with n points and &, = 1/n?. Since
n>7 e, <2/(n—3) and the identity or anti-identity mappings are not optimal between p,, and v,.
By direct computation,

W3 (60, ptn) = O(2/n + e5n®) =75 0,

and the exact same goes for v = §y and v,,. O

One can actually obtain non-degenerate (although not symmetric anymore) examples of such mea-
sures u, v. We start from the counter-example given in [BHS22] with N = 7 points and & = 1072,
that we convolve with a Gaussian measure of standard deviation o as before. We then plot as a func-

tion of m € [Mmin, Mmax| the (true) GW cost of a plan 7%, optimal for the linearized GW problem:

7wy, € argmin, (Cqw(m), 7). The minimum values of this graph are attained by the covariances of

optimal correspondence plans, as explained in Section 3.3.1. Hence if ¢ is small, optimal correspon-
dence plans are not monotone by construction and the minima are not located on the boundary of the
domain. On the contrary, when o is large, a monotone rearrangement is optimal again. To study the
phase transition, we plot on Figure 5 the landscape of m — GW(r},) while gradually increasing the
value of o.
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FIGURE 5. Evolution of the graph of m — GW(x},) when making o vary on the
counter-example of Beinert et al. [BHS22] with N = 7 points and € = 10~2. Parame-
ters: N, = 100, N,,, = 150.

Looking at Figure 5, it is worth noting that there is an incentive for optimal plans at covariances
close t0 Mmin Or Mpax to be the monotone rearrangements, as the horizontal portions of the plot
suggest. More importantly, it can be observed that when ¢ = g3 or g4, the monotone rearrangements
are optimal, as their covariances realize the minimum of m — GW(x})); unlike for oy and oy, for
which the minimum value of the plot is located near zero. Hence there should exist a gg € (09, 03) for
which the convolved measures have both 7l 7wt and another 7y as optimal correspondence plans;

it is direct that property P does not hold in the neighborhood of these specific measures pg and vyg.
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3.3.3. A positive result for measures with two components. In the following, 1, po, v1 and vy are four
probability measures supported on a compact interval A C R. Denote A := diam(A), and fix t € (0,1)
and K > A. Let 7x : © — x+ K denote the translation by K, and A+ K = 7x(A) = {a+ K | z € A}.
Now, introduce the measures

o= (1 —t)u1 + trreppo and vi=(1—-1t)r +tTr4Vs.

Note that ;1q and Txxus have disjoint supports, and same for v1 and Tgx1v2. We have the following
result.

Proposition 3.14 (Optimality of monotone rearrangements for measures with two components). For
K large enough, the unique optimal plan for the squared distance cost between pu and v is given by one
of the two monotone rearrangements (non-decreasing or non-increasing).

Remark 3.15 (Long-range correspondences). Conditions of Proposition 3.14 illustrate that monotone
rearrangements are favored when g and v both contain one or more outliers. The proof actually shows
the importance of long-range correspondences or global effects over the local correspondences on the
plan. In other words, even though monotone rearrangements may not be optimal locally, global
correspondences favor them. Moreover, these global correspondences have proportionally more weight
in the GW functional since the cost is the squared difference of the squared distances. In conclusion,
pairs of points that are at long distances tend to be put in correspondence. In turn, this correspondence,
as shown in the proof, favors monotone rearrangements. This argument gives some insight into the
fact that a monotone rearrangement is often optimal and it is made quantitative by Proposition 3.14.

We first prove the following lemma:

Lemma 3.16. In the setting described above, there exists Ko > 0 such that if K > Ky, every m optimal
plan for GW (i, v) can be decomposed as m = w1 + 72, where either:
(i) m is supported on Ax A and w2 on (A+ K) x (A+ K) (that is, we separately transport uy to
v and Trppe to Tkuva), or
(#i) w1 is supported on A X (A+ K) and o on A x (A+ K) (that is, we separately transport py to
Tr#Vy and pg to Trpvr).

Furthermore, whenever t # %, only (i) can occur.

Proof. Consider first the case t = 1/2. To alleviate notation, we introduce A; := A and Ay = A+ K.
We can now decompose any plan 7 as w11 + m12 + 21 + 722 where 7;; denotes the restriction of the
plan 7 to the product A; x Aj, for 4,5 € {1,2}. Let us also denote by r the mass of mj5. One has
0 <7 <1/2 and by symmetry, one can choose r < 1/4—otherwise, we switch the roles of A; and As
for v since the cost is invariant by isometries. Remark that, due to marginal constraints, the total mass
of 711 and mag is 1/2 —r and the mass of mo; is 7. Therefore, it is possible to consider a transport plan
711 between the first marginal of w15 and the second marginal of 7o;. Similarly, let 72 be a transport
plan between the first marginal of m5; and the second marginal of m2. We then define a competitor
plan 7 = 717 + W11 + 7o + 7oo. Slightly overloading notation, we introduce

GW(m,~) = /cdw ® 7. (3.11)
The first step is to get a lower bound on the term GW (m, 7). We expand it by bilinearity:
GW(m,m) = Y GW(mj,miy) = > GW(m,7j5) + R,
VRV 0,J
where R is the remainder that contains 12 terms from which one can identify two types. (i) 8 terms are
of the type GW (712, m11) > r(1/2 — 7)(K? — A%)2. Indeed, since one compares pairs of points (z, )

and (y,y') satisfying (z,y) € A1 x A; and (2/,y’) € Ay x As, (x — 2’)? is upper-bounded by A? and
(y — y)? lower-bounded by K2. The bound above then follows after integrating. (ii) The 4 remaining



FIGURE 6. Visual sketch of the proof of Lemma 3.16.
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terms are of the type GW (72, m21) > 0. Summing everything yields R > 8r(1/2 — r)(K? — A%)2. We
now upper-bound the competitor. Similarly, one has

GW(7,7) = ZGW(Wii,Wjj) +R
i,
where
R = QGW(’f(ll,’ﬂ'QQ + ’ﬁQQ) + 2G‘W(7~T22,'/T11 + 7?11) + 2GW(7T11,7~T11) + QGW(T(QQ,'H—QQ).

The last two terms are upper-bounded by 2r(1/2 —r)AZ2, since one compares squared distances within
A;. By elementary inequalities again (see Figure 6), the first two terms can be upper-bounded by
r(2KA + A?%)2. Note that the total mass of the plan 7y + 713 is 1/2, which explains why (1/2 —7)
does not appear. Therefore, the difference between the two values of GW is

GW(m, ) — GW(7,7) > r (8(1/2 — r)(K? — A®)* —4(1/2 — r)A® — 22K A + A®)?) . (3.12)

Then, since 1/2 — r > 1/4, the polynomial function in K on the right-hand side of Equation (3.12)
tends to 400 uniformly in r € [0, i] when K goes to infinity, and the result follows: there exists K > 0
such that the polynomial function above is non-negative, for instance, K := max(0, Ko) where Ky is
the largest root of the polynomial.

The proof in the case t > 1/2 is even simpler: since t —r > t—1/2, there is no choice in the matching
of the two measures and it is determined by the corresponding masses. One can then directly apply
the argument above. The same reasoning applies to the case t < 1/2. g

We now prove Proposition 3.14.

Proof of Proposition 3.14. Thanks to Lemma 3.16, we know that we can restrict to transportation
plans m = m; 4+ mo where, up to flipping v, we can assume that 7 is supported on A x A and w5 on
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(A+ K) x (A+ K).” Using again the bilinear form GW(r,~) defined in (3.11), the objective value
reached by any transport plan m = m; + 72 actually decomposes as

GW(m,m) = GW(my,m1) + 2GW(my, m2) + GW (g, 72).
Now, assume that we found 75 optimal. Let us minimize in m; the resulting quadratic problem:
min GW (71, m) +2GW(m,7}).

We know that if 77 is a minimizer of this quantity, it must also be a solution of the linear problem
min GW(my,77) + GW(m,73),
™1

which is exactly the optimal transportation problem for the cost
o= [ (@-aP -y am) 2 [ (- -y ) e,
AxA (A+K)?

Now, using the relation ((z —2")% — (y — y”)2)2 =((z—y)— @ - y”))z((:c +y) — (2" + y”))2 and
the fact that 73 is a transportation plan between 7Tx 4o and Tguvs so that we can make a change of
variable, observe that

() = /A (= = =/ dri )

b (e - @ =) (@) - @y 20 A i),
AxA

Now, observe that d,yc(z,y) is a polynomial function in K, z,y whose dominant term in K is simply
—2K?, and recall that A is compact, so that this polynomial function is bounded in (z,y). We conclude
that for all (z,y) € A x A,

Opyc(x,y) = —2K* + O(K) <0 for K large enough.

The plan 77 is optimal for a submodular cost, and by Proposition 3.8 must be the non-decreasing
rearrangement between g and vq. By symmetry, so is 5. 0
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APPENDIX A. PROOFS OF LEMMAS 3.3 AND 3.4

In this section, we prove Lemmas 3.3 and 3.4. Let us first recall the statement of Lemma 3.3:

Lemma 3.3. Let p,v € P(F) and let 1,1y : E — F be homeomorphisms. Let ¢ : F x F' — R and
consider the cost c(x,y) = c(v1(x),v2(y)). Then a map is optimal for the cost ¢ between p and v if
and only if it is of the form w;l oT oty with T : F' x F optimal for the cost ¢ between Y1y and Popuv.

Proof. Remark that the continuity of ¥, ¥s and their inverse ensures their measurability. We have
the following equalities:

argmin [ (s (o), 2 (9) drn(e,y) = angmin [ o(u,0) A, vz) (o)

m€(p,v) m€l(p,v)

(1/}1_1,1/)2_1)# arg min /6(u,v) d7(u,v)

TETL(Y14 11,024 V)

since the mapping (wl_l,wz_l)# is a one-to-one correspondence from IT(1)14pu, Yopr) to I(u,v) by
bijectivity of 17 and 1. This bijectivity ensures that any optimal deterministic transport plan 7*
between 1 xp and o4 induces an optimal deterministic transport plan 7* between p and v, and
vice versa. Writing 7* = (id, T')x(11/), this plan 7* is given by

™ = (Y1t ey ) p
= (@1 g g (d, T) pthrp
:(id,d)gloTowl)#u. O

We now recall the statement of Lemma 3.4:

Lemma 3.4. Let h > 1 and p,v € P(R") with compact supports and such that j < Leby,. Consider
the cost c(x,y) = — (b1 (x),v2(y)) where 1,1y : RP — R are diffeomorphisms. Then there exists a
unique optimal transport plan between p and v for the cost c, and it is induced by a map t : R — R"?

of the form t = 1/){1 oV f o, with f : R" = R conve.

Proof. As 1144 has a density with respect to the Lebesgue measure since 1), is a diffeomorphism and
144 and Poyv have compact support, Brenier’s theorem states that there exists a unique optimal
transport plan between q4p and 1o4v and that it is induced by a map V f, where ¢ is a convex
function. Using Lemma 3.3 then yields the result. 0

Remark A.1 (Hypothesis of Lemma 3.4). In the proof of Lemma 3.4, we only needed (i) ¥1, ¥2 and
their inverse to be measurable, (ii) 1144 to have a density with respect to the Lebesgue measure, and
(iil) Y14p and oxr to have compact support. Imposing ¥ to be a diffeomorphism and 2 to be a
homeomorphism ensures both (i) and (ii) and is natural to expect.

APPENDIX B. MEASURABLE SELECTION OF MAPS IN THE MANIFOLD SETTING

B.1. Measurability of set-valued maps. Let X and U be two topological spaces, and let B denote
the Borel o-algebra on X. A set-valued map S is a map from X to P(U) (the set of subsets of U)
and will be denoted by S : X = U. The idea is to introduce a notation that is consistent with the
case where S(z) = {u} for all z in X, where we want to retrieve the standard case of maps X — U.
Definitions are taken from Rockafellar and Wets [RW09], where measurability is studied when U = R™.
Most results and proofs adapt to a more general setting, in particular when U is a complete Riemannian
manifold M, which we shall assume in the following. For the sake of completeness, we provide all the
proofs and highlight those that require specific care when replacing R™ by a manifold. Of importance
for our proofs, we define the pre-image of a set B C U by 5,

ST (B)={xec X |S(x)nB # @},
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and the domain of S, defined as S™1(U) = {z € X | S(x) # @}. We will often use the following
relation: if a set A can be written as A = |J, Ay, then S™1(A) =, S~ (A4y). Indeed,

z€SHA) <= S@NA#2 < Tk, S@)NA #0 < Tk, € S (Ax) <= z e, S (Ar).
A set-valued map S : X = U is said to be measurable if, for any open set O C U,
S~1(0) e B.

Note that if S is measurable (as a set-valued map), then its domain must be measurable as well (as an
element of A). We say that S : X = U is closed-valued if S(x) is a closed subset of U for all x € X.

Proposition B.1 ([RW09, Theorem 14.3.c]). A closed-valued map S : X = U is measurable if and
only if the property “S=1(B) € B” holds either:

(a) for all B C U open (the definition);

(b) for all B C U compact;

(¢) forall BC U closed.

Proof.
e (a) = (b): For a compact B C U, let By = {z € U | d(z, B) < k~'} for k > 0 (which is open).
Note that

r€SYB) <= S(x)NB+#2 < S(x)N By # o for all k,

because S(z) is a closed set. Hence S™1(B) =, S™!(Bx). All the S~!(By) are measurable, and
so is S7!(B) as a countable intersection of measurable sets.

e (b) = (a): Fix O an open set of U. As we assumed U to be a complete separable Riemannian
manifold, O can be written as a countable union of compact balls: O = J,, B(xpn, 7).

e (b) = (c): Immediate.

e (c) = (b): A closed set B can be obtained as a countable union of compact sets by letting

B =/, BN B(xg,n) for some xg. Hence S~ (B) =J,, S~1(B N B(zg,n)) is in B. O

Now, we state a result on operations that preserve the measurability of closed-set valued maps. The
proof requires adaptation from the one of [RW09] because the latter uses explicitly the fact that one
can compute Minkowski sums of sets (which may not make sense on a manifold).

Proposition B.2 ([RW09, Proposition 14.11], adapted to the manifold case). Let S; and Sz : X = U
be two measurable closed-set valued maps. Then
o P:x— Si(x) x Sa(x) is measurable as a closed-valued map in U x U (equipped with the product

topology).
e Q:x— Si(x)NSy(x) is measurable.
Proof. The first point can be proved in the same spirit as the proof proposed by Rockafellar and Wets.
Namely, let O’ be an open set in U x U. By definition of the product topology, O’ can be obtained
as |, O x 08 where O and O are open sets in U. Then P~1(0’) = U, P~1(0{™ x 0{").
Now, observe that
P Y (AxB)={x|S(z) x So(x) € Ax B} = {z | Si(x) € A and Sy(z) € B} = S;*(A)n Sy *(B),

so that finally, P=1(0") = U, S (0{™) n 55 1(0{") is measurable as a countable union of (finite)
intersection of measurable sets (given that S; and Sy are measurable). Note that this does not require
S1 and Ss to be closed-valued.

Now, let us focus on the second point, which requires more attention. Thanks to Proposition B.1, it
is sufficient to show that Q~1(C) € B for any compact set C' C U. In [RW09], this is done by writing

QHC) ={x | Si(x) N Sa(x) NC # @} = {z | Ry(x) N Ry(z) # @}
={z|0€ (Ri(x) — Ra(x))} = (R1 — R2)~(0),

where R;(xz) = S;(xz) N C (which is also closed-valued), and using the fact that the (Minkowski)
difference of measurable closed-valued maps is measurable as well [RW09, Proposition 14.11.c]. To
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adapt this idea (we cannot consider Minkowski differences in our setting), we introduce the diagonal
A ={(u,u) |ue U} CU x U. Now, observe that

Ri(z) NRa(z) £ 2 <= (Ri(z) x Ra(z))NA £ 2,

that is € R71(A), where R(z) = Ri(x) x Ra(x). Since the maps R; and Ry are measurable closed-
valued maps (inherited from S, S2), so is R according to the previous point. And since A is closed,
R7Y(A) = Q71(C) is measurable. O

B.2. Proof of Proposition 2.10. Let us first recall the result.

Proposition 2.10 (Measurable selection of maps, manifold case). Let M be a complete Riemannian
manifold and (B,%, m) a measure space. Consider a measurable function B 3 u v+ (fiy, vy) € P(M)2.
Assume that for m-almost every u € B, j, < volys and p,, and v, have a finite transport cost. Let
T, denote the (unique by Theorem 1.8) optimal transport map induced by the squared distance cost
d%; on M between p, and v,. Then there exists a measurable function (u,x) + T(u,x) such that for
m-almost every u, T(u,x) = T, (), fy-a-e.

The proof is essentially an adaptation of the one of Theorem 1.1 from Fontbona et al. [FGM10],
with additional care required since we do not have access to a linear structure on the manifold M. It
relies on the measurability of set-valued maps (see [RW09, Chapters 5 and 14] and Appendix B.1 for
a summary). In the following, we consider a partition (A,z), of M made of cells with diameter < 27F
and such that (Ay;), is a refinement of (A,x), in sense that each A,y is itself partitioned by some
Ay The crucial point regarding measurability is the following proposition.

Proposition B.3. The set By, = {(u,x) | Tu(z) € Apir} is measurable.

Its proof relies on a core lemma:

Lemma B.4. Let F C M be a closed set. Then the set By = {(u,z) | To.(z) € F} is measurable.
The key will be to identify this set as the domain of a measurable set-valued map, see Appendix B.1.
Proof of Lemma B./. Observe that

Br ={(u,z) | {2} x F) N gph(T.) # 7},
where gph(T,) = {(z,Tu(z)) | © € M} denotes the topological closure of the graph of the optimal
transport map T, that pushes p, onto v,. Let Sy : (u,x) — {z} x F and Sy : (u,z) — gph(Ty), so
that Bp = dom(S), where S(z) = S1(x) N S2(x). According to Proposition B.2, given that S; and So
are closed-valued, if they are measurable, so is S, and so is Br as the domain of a measurable map.
Establishing the measurability of these two maps can be easily done by adapting the work of [FGM10].
We give details here for the sake of completeness.

e Measurability of S1: Let O C M x M be open. Observe that
S7HO) = {(u,z) | {x} x FNO # @}y =B x {z | {z} x FNO # &}.

Fix z € F. There exists € > 0 such that B(z,e) x{z} C O (since O is open), and thus B(z,e) x FNO #
@, proving that there is a neighborhood of z included in {z | {z} x F N O # @} which is thus open,
making in turn S;!(O) open (hence measurable), hence the measurability of S;.
o Measurability of Sa: Given that u — (fuy, 1,,) is measurable by assumption, and that measurability
is preserved by composition, we want to show that

(i) the map S : (u,v) — II*(u, v) (the set of optimal transport plans between p and v for the squared

distance cost on M) is measurable, and

(ii) the map 4l : m € P(M?) — supp 7 satisfies that 44=1(O) is open for any open set O C P(M?).
From these two points, we obtain the measurability of (U o S)~1(O), thus the measurability of Ss.
To get (i), observe first that S is closed-valued, so that it is sufficient to prove that S~1(C') is measurable
for any closed set C C P(M?) according to Proposition B.1. Let C C P(M?) be closed. Then,
S=HC) = {(p,v) | T*(u,v) N C # @}. Consider a sequence (i, Vn)n in S7H(C) that converges to
(p,v) for the weak topology. Let m, € II*(py,v,) N C. According to [Vil08, Theorem 5.20], (my)n
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admits a weak limit 7 in II* (i, v); but since C is closed, m € C, so (u,v) € S~(C), which is closed
(hence measurable), proving the measurability of S.

(ii) simply follows from the fact that

UH0) = {r | suppm N O # &} = {7 | 7(0) > 0},

which is open. Indeed, the Portmanteau theorem shows that if m,, — 7 (weakly) and 7, (O) = 0, then
0 = liminf 7,(0) > 7(O) > 0, so 7(0) = 0. The complementary set of U~1(O) is closed, that is
U~1(O) is open. O
Proof of Proposition B.3. Using that A, can be inner-approximated by a sequence of closed set F; C
Apng, we obtain a sequence of sets (B, ); such that Uj Bp; = Apr. By Lemma B.4, the (Bp;); are
measurable, so is A, as the (countable) union of measurable sets. O

We can now prove our main proposition on measurable selections of maps.

Proof of Proposition 2.10. Recall that we assume that M = || Apx. For each (n,k), select (in a
measurable way) an element a,; € A,x. Then, define the map
T®) . (u,z) — ang, where T,(z) € Ay -
This map is measurable: for any open O C M,
T®-=10) = {(u,x) | Tu(z) € Apx} = B,

which is measurable by Proposition B.3. Now, for two maps f,g : B x M — M, let D, denotes the
natural L' distance on M, that is

— [ [ (o). g02)) dpue) dm(u).
BJM

This yields a complete metric space [Chi07], and (T*)),, is a Cauchy sequence for this distance. Indeed,
for k < j two integers, recall that we assumed that (A,;), is a refinement of (A, )n, yielding

D1 ( k)T // T(])( ))d,uu(x)dm(u)
Y e, ) e dm(a)

n n':A, CAnk

[ XN ko) dnldn,) dm(w)

n n'tA, CAnk
<27k

where we successively used (i) that for all u, [, 1p , (u,2)dp.(2) = vu(Au;) by construction, (i) that
the diameter of the partition A, is less than or equal to 27% and (iii) that v, and m are probability
measures. Note that claim (i) is given by

(U,ZE) € Bn/j < Tu(x) € An/j S /Lu(T,Jl(An/j)) = Tu#ﬂu(An’j) = l/u(An/j).

Now, let T denote the limit of (T*)), (which is measurable). It remains to show that T'(u, z) = T, (z),
m-a.e. This can be obtained by proving that
[ o r@ ) dna@) = [ o) (@) dna(a),
M M
for any pair f,g : M — R of bounded Lipschitz-continuous functions [Van(00, Lemma 2.24]. As in
[FGMI10], let [|f]| = sup,_, % + sup,, | f(x)|. The difference between these two terms can be
bounded using the partition (A,x),. We have for m-a.e. u:

\ [ s @) dnate) — [ o) (00, (o)
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’/ ) dp () — /M (@) f(T™ (u, 2)) dpa ()| +[|g ]| £ /M d(T™ (u, ), T(u,z)) dpsu ().
Since T*) — T in Dy, it implies that up to a subsequence, for m-a.e. u, the second term tends to zero:
/ d(T(k)(u7m),T(u7x)) dpn () LaiNG)

M

To treat the first term and show that it tends to 0 as k — oo for a subset of B with full m-measure,
we write for m-a.e. u:

[ s @) dnato) - [ ) 1000 o] < [ ol = 1D )] o)
<Nl | (o). 70 w.a)) dp(a)
<lgllll £1 2-k2uu Ani) 22250,

which concludes the proof. ' O

APPENDIX C. MEASURE DISINTEGRATION
The following definition and theorem are taken from Ambrosio et al. [AGS05].

Definition C.1 (Measure disintegration). Let X and Z be two Radon spaces, p € P(X) and ¢ : X —
Z a Borel-measurable function. A family of probability measures {p, tuez C P(X) is a disintegration
of u by ¢ if:

(i) the function u +— p,, is Borel-measurable;

(ii) g, lives on the fiber o=t (u), that is for pyu-a.e. u € Z,

,Uu(X \ 9071(1‘)) =0,
and therefore 1, (B) = (B N ¢~ (u)) for any Borel B C X’;
(iii) for every measurable function f: X — [0, o],

Jor@ane = [ ([ e amw) dean

In particular, for any Borel B C X, taking f to be the indicator function of B,
u(B) = [ 1 (B) o).

Theorem C.2 (Disintegration theorem). Let X and Z be two Radon spaces, p € P(X) and ¢ : X —
Z a Borel-measurable function. There exists a pup-a.e. uniquely determined family of probability
measures { iy bucz C P(X) that provides a disintegration of u by .
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