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Quasi-1D Fluid Model for Hybrid Chemical-Plasma Propulsion Systems IEPC

By developing a quasi-one-dimensional (quasi-1D) equilibrium nozzle flow simulation coupling chemical, fluid, and plasma effects, we systematically examine the performance and feasibility of electromagnetically enhanced chemical propulsion using conventional convergingdiverging nozzles. Through ionized alkali metals mixed with combusted gas, the Lorentz force and Joule heat generated by the applied electromagnetic fields are added to the nozzle flow. The computational results show that specific impulse and thrust of the propulsion system can be increased effectively when the MHD acceleration is applied near but downstream of the throat. Effective acceleration occurs when the electrical power is coupled with the accelerated flow due to Lorentz force or Joule heat addition. The upstream stagnation properties of the nozzle flow affect MHD acceleration effectiveness primarily through the local electrical conductivity, and multistage MHD acceleration is found to be capable of further enhancing propulsion performance when the applied magnetic field is small.

I. Nomenclature

II. Introduction

Propulsion systems play an important role in aeronautical and astronautical applications. Among various propulsion mechanisms, chemical propulsion has been extensively developed and widely used in applications ranging from low-earth orbit insertion to interplanetary transportation missions. Chemical propulsion is characterized by large thrust density, which enables the rocket to leave the surface of the Earth, and low specific impulse 𝐼 sp , which yields low fuel economy [START_REF] Genta | Propulsion for Interstellar Space Exploration[END_REF]. On the other hand, electric propulsion is characterized by low thrust density and high 𝐼 sp due to the high exhaust velocity [START_REF] Choueiri | A Critical History of Electric Propulsion: The First 50 Years (1906-1956)[END_REF][START_REF] Kokal | Development of a Mili-Newton Level Thrust Stand for Thrust Measurements of Electric Propulsion Systems[END_REF].

The limitation of chemical propulsion is due to the limited amount of energy released from breaking chemical bonds of reactants. For instance, one of the highest 𝐼 sp values practically reachable (400 sec) is achieved by liquid oxygen (LOX) and liquid hydrogen (LH2) rockets, while electric propulsion can achieve a few thousand seconds due to its external power input. The motivation of hybrid chemical-plasma propulsion derives from combining advantages of these two types of propulsion, which could be utilized in hypersonic flights whose operation conditions pose serious challenges to both chemical and electromagnetic propulsion mechanisms [START_REF] Urzay | Supersonic Combustion in Air-Breathing Propulsion Systems for Hypersonic Flight[END_REF]. In hybrid chemical-plasma propulsion systems, the gas flow is first energized in the combustion chamber and then propelled through a converging-diverging nozzle under pressure difference. Next, the exhaust gas flow is ionized and further accelerated by external electromagnetic fields applied along the nozzle while the thrust density is maintained [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF]. The acceleration mechanism is described by Lorentz force and Joule heating arising from the nonlinear interaction between the external electromagnetic fields and the conductive nozzle flow.

Previous works have shown the increase of 𝐼 sp in this type of hybrid chemical-plasma propulsion at various working conditions, where hydrogen-oxygen combustion with seeded potassium is considered [START_REF] Schultz | MHD Augmented Chemical Rocket Propulsion for Space Applications[END_REF][START_REF] Nishihara | Experimental and computational studies of low-temperature Mach 4 flow control by lorentz force[END_REF]. More specifically, the acceleration efficiency is found to maximize and reach 50% when providing a power input of 730 kW in the experimental work of Litchford et al. [START_REF] Litchford | Magnetohydrodynamic Augmented Propulsion Experiment: I. Performance Analysis and Design[END_REF], suggesting that optimal configurations and conditions for MHD acceleration may exist. However, the electromagnetic fields have mostly been applied at fixed positions along the nozzle axis, and the influence of the location of the electromagnetic acceleration on the nozzle flow dynamics and thruster performance has only seen very limited analysis [START_REF] Iwaki | Effects of Heat Transfer in Divergent Section of Laval Nozzle on Exhaust Velocity and Area Ratio[END_REF]. Furthermore, coupling of the chemical, electrical, fluid, and plasma effects is expected to play an important role in understanding the physical processes behind the MHD acceleration concept, while many of the numerical works and a few early theoretical analyses [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Culick | Compressible Magnetogasdynamic Channel Flow[END_REF] assume the propellants to be ideal gases with constant heat capacity ratio 𝛾 and electric conductivity 𝜎, thus neglecting the influence of chemical reactions on the thermodynamic and electromagnetic properties of the high-temperature gas flow.

In view of the limitations of previous works mentioned above, the main target of this work is to develop a quasi-one-dimensional (quasi-1D) equilibrium nozzle flow simulation coupling chemical, fluid, and plasma effects, and to systematically investigate the configuration of external electromagnetic fields and the associated fluid response in a contoured nozzle. This paper is structured as follows. We first introduce the problem formulation and briefly describe the numerical method in §III and discuss MHD heating due to flow choking in §IV.A. We then investigate the optimal location for applying MHD acceleration in §IV.B, and study the influence of the upstream stagnation properties of the gas on MHD acceleration in §IV.C. Afterwards, we study a special case of multistage MHD acceleration with two MHD acceleration regions, equal region lengths and magnitudes of electric and magnetic fields in §IV.D.

III. Formulation and Methodology

A. Quasi-1D Fluid Model

The configuration of our model is described in Fig. 1. The contoured nozzle shape is designed using Rao's method [START_REF] Rao | Exhaust Nozzle Contour for Optimum Thrust[END_REF], which has a circular cross section with its non-dimensional radius r ≡ 𝑟/𝐿 taking the following form:

r =          3.964 - √ 11.56 -x2 , -1 ≤ x ≤ 0 2.831 - √ 5.138 -x2 , 0 ≤ x ≤ 0.587 0.1429 x + √ x + 15.41 -3.442, 0.587 ≤ x ≤ 14 , (1) 
where x ≡ 𝑥/𝐿 is the dimensionless axial coordinate, and the reference length 𝐿 is set as 0.275 m. Equation ( 1) yields an expansion ratio of 49.8, allowing the gas flow to reach large exhaust velocity at the outlet. The gas flow through the nozzle contains stoichiometric hydrogen-oxygen combustion products with 5% (mass percentage) of seeded potassium, which are assumed to have been fully mixed upstream to the nozzle inlet. We further assume thermodynamic and chemical equilibrium to describe chemical reactions occurring within the flow. The Faraday configuration is adopted, which means that electromagnetic fields applied in the region 𝑥 𝑙 ≤ 𝑥 ≤ 𝑥 𝑟 are orthogonal and both are perpendicular to the direction of nozzle flow. The electromagnetic fields are assumed to be uniform and time-invariant for simplicity in this study.

Fig. 1 Sketch of the gas flow configuration in a converging-diverging nozzle with electromagnetic accelerator

The quasi-1D nozzle flow is modelled in the axial direction with three conservative variables, namely density (𝜌), momentum (𝜌𝑢), and total energy (𝜌𝜖). The corresponding compressible flow equations are shown below,

𝜕 𝜌 𝜕𝑡

+ 𝜕 (𝜌𝑢) 𝜕𝑥 = -𝜌𝑢 1 𝐴 𝑑𝐴 𝑑𝑥 , (2) 
𝜕 (𝜌𝑢) 𝜕𝑡 + 𝜕 (𝜌𝑢 2 + 𝑝) 𝜕𝑥 = -𝜌𝑢 2 1 𝐴 𝑑𝐴 𝑑𝑥 + J × B, (3) 
𝜕 (𝜌𝜖) 𝜕𝑡 + 𝜕 [𝑢(𝜌𝜖 + 𝑝)] 𝜕𝑥 = -𝑢(𝜌𝜖 + 𝑝) 1 𝐴 𝑑𝐴 𝑑𝑥 + J • E, (4) 
where 𝜌 is the fluid density, 𝑢 is the axial velocity, 𝑝 is the pressure, 𝜖 = 𝑒 + 1 2 𝑢 2 is the specific total energy of the gas, and 𝐴 is the nozzle cross-sectional area. J is the electric current density, which is associated with the external magnetic field B and the electric field E via the generalized Ohm's Law,

J = 𝜎(E + u × B). (5) 
The electrical conductivity is given by Refs. 12 and 13,

𝜎 = 𝑞 2 𝑒 𝑛 𝑒 𝑚 𝑒 𝜈 𝑚 , (6) 
where 𝑛 𝑒 is the electron number density within the gas flow. Considering electron-neutral and electron-ion collisions, the total electron momentum transfer collision frequency is given by,

𝜈 𝑚 = 𝜈 en + 𝜈 ei . (7) 
We approximate the electron-neutral and electron-ion collision frequency as 𝜈 en = 2.5 × 10 -13 𝑛 𝑛 and 𝜈 ei = 2.9 × 10 -12 𝑛 𝑒 Λ𝑇 -3/2 , respectively; where 𝑛 𝑛 is the total number density of neutral particles in m -3 , Λ is the Coulomb logarithm and 𝑇 is the gas temperature in electron volts.

On the right hand side of Eqs. ( 2) -( 4), 1

𝐴 𝑑 𝐴

𝑑 𝑥 accounts for effects of varying cross-section area in the quasi-1D model, J × B represents the Lorenz force, and J • E represents the total electric power input density. For the Faraday-type MHD propulsion system investigated in this work, we may split the electric power input term J • E as follows [START_REF] Jahn | Physics of Electric Propulsion[END_REF][START_REF] Kava | Numerical Simulation of Electron-Beam Powered Plasma Fueled Engines[END_REF]:

𝑞 = J • E = J 2 𝜎 + (J × B) • u, (8) 
which indicates that the total energy input 𝑞 = J • E incorporates both the Ohmic (Joule) heat dissipation and the work of Lorentz force done on the fluid. To close the system of fluid equations ( 2) -( 4), equations of state (EOS) are needed, which describe the interdependence between macroscopic fluid properties 𝜌, 𝑒, 𝑇, 𝑝 and 𝜎. Our assumption of chemical equilibrium allows each of these five to be determined by two other state variables, from which a fitting function can be applied to construct a formula for the equation of state, which will be discussed in §III.C.

B. Equilibrium Chemistry Model

We consider the exhaust gas flow of hydrogen-oxygen combustion with seeded potassium, where combustion reactions between hydrogen and oxygen, oxidization of potassium in the exhaust gas and ionization of potassium atoms under high temperature are included in the reaction model, as discussed in our earlier work [START_REF] Tang | Numerical Study of Ionized Nozzle Flows with Electromagnetic Propulsion Enhancement[END_REF]. Here we further incorporate the plasma generation reactions characterized by significant excitation and ionization of H and O atoms, which might occur when extremely large amounts of Joule heating is added to the nozzle flow [START_REF] Lieberman | Principles of Plasma Discharges and Materials Processing[END_REF][START_REF] Jiménez-Redondo | Chemistry in Glow Discharges of H2/O2 Mixtures: Diagnostics and Modelling[END_REF]:

O + e -← -→ O + + 2 e - H + e -← -→ H + + 2 e - 2 O ← -→ O 2 + + e - H + + O ← -→ O + + H e -+ O ← -→ e -+ O * ,
where O * stands for the metastable oxygen atom, O( 1 D).

The transport equation of the chemical compositions can be written as follows, while maintaining the total density 𝜌 and temperature 𝑇 of the reaction system as with a constant-volume heat bath:

𝑑𝑐 𝑖 𝑑𝑡 = 𝑁 𝑟 ∑︁ 𝑟=1 [𝑏(𝑖, 𝑟) -𝑎(𝑖, 𝑟)] 𝑘 𝑓 (𝑟) 𝑗 𝑐 𝑎 ( 𝑗,𝑟) 𝑗 -𝑘 𝑏 (𝑟) 𝑗 𝑐 𝑏 ( 𝑗,𝑟) 𝑗 , (9) 
where 𝑎(𝑖, 𝑟), 𝑏(𝑖, 𝑟) are the stoichiometric numbers of species 𝑖 as the reactant and product, respectively, for reaction 𝑟, and 𝑘 𝑓 ,𝑟 and 𝑘 𝑏,𝑟 are the forward and backward reaction rate coefficients, respectively. When the mole concentration of each species 𝑐 𝑖 is calculated through solving Eq. ( 9), macroscopic properties of the gas mixture can be obtained, including the pressure 𝑝, specific internal energy 𝑒, specific enthalpy ℎ, and electrical conductivity 𝜎. The pressure is calculated using Dalton's law:

𝑝 = 𝑁 𝑐 ∑︁ 𝑖=1 𝑐 𝑖 𝑅 𝑢 𝑇, (10) 
where 𝑁 𝑐 is the total number of species within the gas mixture. The specific internal energy 𝑒 is calculated by,

𝑒(𝑇) = 𝑁 𝑐 ∑︁ 𝑖=1 𝑐 𝑖 ℎ 0 𝑓 ,𝑖 + 𝑓 𝑛 2 𝑅 𝑢 𝑇 + 𝑒 𝜈,𝑖 (𝑇) , (11) 
where ℎ 0 𝑓 ,𝑖 is the specific enthalpy of each species at 0 K, whose values applied within this work are taken from the NIST-JANAF online thermodynamics tables [START_REF]NIST-JANAF Thermochemical Tables[END_REF], 𝑓 𝑛 𝑅 𝑢 𝑇/2 represents the molecular translational and rotational energy, and 𝑓 𝑛 is the molecular translational and rotational degree of freedom of each species. Here, 𝑒 𝜈,𝑖 (𝑇) is the vibrational energy of diatomic or polyatomic molecules, which is given by statistical mechanics as follows:

𝑒 𝜈,𝑖 (𝑇) = 𝑅 𝑓 𝜈 ∑︁ 𝑖=1 Θ 𝑖, 𝑓 exp Θ 𝑖, 𝑓 𝑇 -1 , ( 12 
)
where 𝑓 𝜈 is the molecular vibrational degree of freedom of each species and Θ 𝑖, 𝑓 is the characteristic temperature of the 𝑖-th vibrational mode. Finally, the number of free electrons 𝑛 𝑒 and neutral particles 𝑛 𝑛 can be determined from mole concentrations. The electrical conductivity is then calculated according to Eq. ( 6) using the mole concentration of free electrons.

C. Numerical Method

Our numerical method is the same as that developed and verified in detail in our previous work [START_REF] Tang | Numerical Study of Ionized Nozzle Flows with Electromagnetic Propulsion Enhancement[END_REF], which we will only briefly describe here. Namely, we first solve Eq. ( 9) iteratively to obtain the steady-state molar concentration 𝑐 𝑖 of each species at different pressure 𝑝 and temperature 𝑇 using the semi-implicit Bulirsch-Stoer method [START_REF] Bader | A Semi-Implicit Mid-Point Rule for Stiff Systems of Ordinary Differential Equations[END_REF] provided by the GNU Scientific Library (GSL) [START_REF] Galassi | GNU Scientific Library[END_REF], which are then used to calculate the macroscopic properties 𝜎, 𝜌 and 𝑒 as discussed in §III.A. We then fit 𝑇, 𝑝 and 𝜎 as functions of 𝜌 and 𝑒 to construct the functional form of the equations of state, as the values of 𝜌 and 𝑒 can be obtained directly from the conservative variable U of the flow equation. The readers are referred to §A for the graphical representations of the equations of state we fitted. The constructed equations of state are then coupled with the fluid equations ( 2) -( 4), which are solved iteratively by a modified finite-volume Roe solver that could handle chemically reactive gas flows [START_REF] Liou | Splitting of Inviscid Fluxes for Real Gases[END_REF]. It is noted that the following scheme is proposed and used in our numerical solver, which guarantees mass conservation at steady-state:

𝑆 𝜌 = 𝐴 𝑗 𝐴 𝑗+1/2 Γ 𝑗-1/2 , ( 13 
)
where 𝑆 𝜌 is the source term due to the varying cross-sectional area in the discretized continuity equation, Γ 𝑗-1/2 ≡ (𝜌𝑢) 𝑗-1/2 is the mass flux at the left boundary of the 𝑗-th grid cell assuming equidistance meshing, and 𝐴 𝑗 and 𝐴 𝑗+1/2 are respectively the cross-sectional area at the center and right boundary of the 𝑗-th grid cell.

IV. Results

We solve the quasi-1D fluid model, i.e., Eqs. ( 2)-(4) using the numerical method discussed in §III.C. 800 grid cells are used along the nozzle axis assuming equidistance meshing, at which the numerical results converge. The following parameters are quantified to assess the overall performance of hybrid chemical-plasma propulsion systems based on the simulation results:

𝜏 ≡ 𝑚𝑢 ex + 𝑝 ex 𝐴 ex , 𝐼 sp ≡ 𝜏 𝑚𝑔 0 , 𝑃 in ≡ ∫ 𝑥 𝑟 𝑥 𝑙 (J • E) 𝐴𝑑𝑥, (14) 
where 𝜏, 𝐼 sp and 𝑃 in are the thrust, specific impulse and total electric power input, respectively; 𝑚 is the mass flow rate throughout the nozzle, 𝑢 ex , 𝑝 ex and 𝐴 ex are the flow velocity, pressure and cross-sectional area at the nozzle outlet, and 𝑔 0 = 9.81 m/s 2 is the standard gravitational acceleration. It should be noted that the influence of the ambient pressure has been neglected in the thrust calculation, which is reasonable for high-altitude propulsion operations.

A. MHD heating due to choking

In this section, we explore the MHD acceleration effects with upstream stagnation pressure 𝑝 0 = 7 × 10 6 Pa and temperature 𝑇 0 = 3300 K, which falls within the range of typical rocket combustion chamber conditions [START_REF] Froehkle | New Experimental Results on Transpiration Cooling for Hydrogen/Oxygen Rocket Combustion Chambers[END_REF]. We vary the applied magnetic field 𝐵 within the range of -6 T to 20 T and the applied electric field 𝐸 within the range of 3.5×10 4 V/m to 5×10 4 V/m to allow for a thorough investigation of MHD effects on flow dynamics, while noting that large magnitudes of 𝐵 beyond 4 T requires implementation of superconducting coils which will add significantly to the overall rocket weight [START_REF] Takahashi | Plasma Filamentation and Shock Wave Enhancement in Microwave Rockets by Combining Low-Frequency Microwaves with External Magnetic Field[END_REF]. The electromagnetic fields for MHD acceleration is applied within the range of [0.275 m, 0.55 m] along the nozzle axis in this section, which we will vary later in §IV.B. Figures 2a and2b show the flow properties when the magnetic field is -6 T for different electric field values. As the magnetic field is negative and the current density is positive, the flow is decelerated in the MHD region due to the reverted Lorentz force in addition to the Joule heat addition. The larger the electric field, the larger the current density, and thus the larger power input to the flow acceleration. Furthermore, Figs. 2a and 2b reveal that the flow becomes choked, a standing shock forms, and the flow becomes locally subsonic within the MHD region for 𝐸 = 5 × 10 4 V/m and 𝐵 = -6 T. The decelerated flow also contributes to more power input as the residence time of the flow increases. In addition, the increased flow temperature leads to larger electrical conductivity, which can nonlinearly increase the MHD acceleration effects. Figure 2a also shows that the flow velocity further downstream to the MHD region increases at a much faster rate, and eventually exceeds the non-choking cases at the outlet, differing from the results of Nishihara et al. [START_REF] Nishihara | Experimental and computational studies of low-temperature Mach 4 flow control by lorentz force[END_REF] where a 3.8% decrease in the outlet velocity is caused by a retarding Lorentz force. This is because the heat addition is deposited into the flow as its stagnation enthalpy increases, which contributes to flow acceleration when there is cross-sectional area expansion. The mass flow rate 𝑚 remains unchanged as the choking at the nozzle throat is unaffected by the large Joule heating applied downstream within the MHD acceleration region.

Similarly, Figs. 3a and3b show the flow properties for 𝐸 = 5 × 10 4 V/m while varying the magnetic field. Similar to Figs. 2a and2b, the flow becomes locally decelerated in the MHD acceleration region, agreeing with the Rayleigh flow theory. When 𝐵 = -5 T and -6 T, it can be seen that the flow is locally choked and the flow temperature increases.

We note that choking and shock formation in a supersonic flow region under large amounts of heat addition has been analyzed by Vermeiren [START_REF] Vermeiren | Supersonic Microwave Plasma: Potential and Limitations for Energy-Efficient CO2 Conversion[END_REF], where it is shown that for supersonic ideal-gas flows with Mach number 𝑀, there exists a critical heat addition value 𝑄 cr that the flow could absorb and remain supersonic,

𝑄 cr = 𝐻 0 (𝑀 2 -1) 2 2(𝛾 + 1) 𝑀 2 1 + 𝑀 2 /2(𝛾 -1) , ( 15 
)
where 𝐻 0 is the upstream stagnation enthalpy of the flow. 𝑄 cr asymptotically approaches 𝛾-1 𝛾+1 𝐻 0 when 𝑀 → +∞, suggesting that supersonic flows could only absorb an amount of heat that is at the same level of its stagnation enthalpy. If the heat addition exceeds 𝑄 cr , a shock forms such that the subsonic flow in its downstream could absorb the excessive heat addition and be accelerated in the meantime, as predicted by the Rayleigh flow theory. This also explains why the shock shifts further upstream at 𝐵 = -6 T compared with 𝐵 = -5 T, as larger values of |𝐵| generate larger amounts of excessive heat addition, and the shock moves further upstream to provide a larger subsonic flow region to allow for absorption of this excessive heat addition. It is to noted that the nozzle flow is assumed to be quasi-1D. In the presence of a standing shock in the converging-diverging nozzle, it is likely that multidimensional effects play a role in the flow dynamics. As the multidimensional effects are neglected in the present quasi-1D nozzle flow simulations, the increase in thrust and specific impulse due to the formation of a standing shock may be overestimated.

B. Effects of the MHD Acceleration Location

We further explore the effects of the axial location for applying MHD acceleration on the propulsion performance in this section. Figures 4a and4b show the specific impulse 𝐼 sp , thrust 𝜏 and 𝑃 in defined in Eq. ( 14) as functions of the center of the MHD acceleration region 𝑥 𝑐 , while the electric field is fixed as 𝐸 = 5 × 10 4 V/m. For 𝐵 ≤ 1 T, Fig. 4a shows that as 𝑥 𝑐 increases, 𝐼 sp and 𝜏 first increase and maximize around 𝑥 𝑐 = 0.96 m and then start to decrease, while this maximum becomes less apparent when 𝐵 = 2 T, as the change in 𝐼 sp is relatively small for 0.55 m ≤ 𝑥 𝑐 ≤ 0.96 m. On the other hand, it could be seen from Fig. 4b that for 𝐵 ≤ 0 T, the total electric power input 𝑃 in continues to increase around 𝑥 𝑐 = 0.96 m, and maximize further downstream at 𝑥 𝑐 = 1.38 m, which suggests that for 0.96 m ≤ 𝑥 𝑐 ≤ 1.38 m the MHD acceleration efficiency decreases as the increase of total electric power input does not contribute to enhancement of propulsion properties. For 𝐵 ≥ 1 T, the change in 𝑃 in becomes much smaller, which could be explained from Eq. ( 5) as the current density 𝐽 decreases with increasing 𝐵 values, and a maximum is reached around 𝑥 𝑐 = 1 m. To clarify the physical mechanisms governing the development of 𝐼 sp , 𝜏 and 𝑃 in observed in Fig. 4, we present the profiles of flow velocity and temperature 𝑇 the nozzle with different 𝑥 𝑐 values in Fig. 5, fixing 𝐸 = 5 × 4 V/m and 𝐵 = 0. It could be seen from Fig. 5 that as the flow is heated, the temperature rises while the velocity decreases within the MHD region according to the Rayleigh flow theory, as has been discussed in §IV.A. It is interesting to note that for 0.96 m ≤ 𝑥 𝑐 ≤ 1.38 m, the flow temperature 𝑇 at the right boundary of the MHD region reaches almost the same maximum of 3200 K, while it becomes lower for 𝑥 𝑐 = 0.82 m and 1.51 m. This is due to the combined effects of the expansion of nozzle cross-sectional area and the decrease of flow temperature with increasing 𝑥 𝑐 ; the former leads to larger volume of the MHD application region ∫ 𝑥 𝑟 𝑥 𝑙 𝐴𝑑𝑥, while the latter leads to less extent of potassium ionization and hence smaller 𝜎 and 𝐽 values. These two competing mechanisms causes 𝑃 in to increase slower for 0.96 m ≤ 𝑥 𝑐 ≤ 1.38 m in Fig. 4b compared with 𝑥 𝑐 ≤ 1.38 m, where the decrease in flow temperature is less significant compared with the expansion of nozzle cross-sectional area. Furthermore, as the MHD acceleration region is moved further downstream and leads to increasing 𝑃 in within the range of 0.96 m ≤ 𝑥 𝑐 ≤ 1.38 m, Fig. 5b shows that the increase of 𝑢 downstream to the MHD region becomes faster; however, the extent of flow velocity increase is limited by the available nozzle length downstream to the MHD region, which explains why 𝐼 sp and 𝜏 maximize at 𝑥 𝑐 = 0.96 m in Fig. 4a.

These results suggest that the MHD region should be placed close but downstream to the nozzle throat, where the electrical power input 𝑃 in could be converted to kinetic energy increase of the flow further downstream by cross-sectional area expansion. It is also noted that in view of the electric circuit geometry for applying MHD acceleration, small cross-sectional areas close to the nozzle throat lead to short anode-cathode gap, where the total voltage required for a given electric field is minimised. The crossed magnetic field is also likely most homogeneous near the throat, as it may vary in space if the coils generating the magnetic field are far apart.

C. Effects of the Upstream Stagnation Properties

In this section, we vary the stagnation pressure 𝑝 0 and temperature 𝑇 0 upstream to the nozzle inlet within the range of 5 × 10 6 Pa ≤ 𝑝 0 ≤ 8 × 10 6 Pa and 3300 K ≤ 𝑇 0 ≤ 3600 K, respectively; and investigate their influence on the MHD acceleration performance. It should be noted that the MHD acceleration region is fixed as [0.275 m, 0.55 m] in this section as in §IV.A.

Figure 6 shows the propulsion parameters as functions of magnetic field 𝐵 at given upstream stagnation pressures 𝑝 0 , while the electric field 𝐸 is fixed as 5 × 10 4 V/m and the stagnation temperature 𝑇 0 = 3300 K. When there is no external electromagnetic fields applied, Fig. 6a shows that the specific impulse 𝐼 sp remains nearly unchanged within the range of 5 × 10 6 Pa ≤ 𝑝 0 ≤ 8 × 10 6 Pa; in the meantime, Fig. 6b shows that the thrust 𝜏 becomes larger with increasing 𝑝 0 , which is due to increase of mass flow rate 𝑚 throughout the nozzle. Furthermore, Fig. 6a suggests that as 𝑝 0 increases, the change of 𝐼 sp with regard to 𝐵 becomes smaller, and the steep increase of 𝐼 sp due to heat-caused flow choking occurs at smaller magnetic fields 𝐵 (larger magnetic field magnitude |𝐵| as 𝐵 < 0), which coincide with the decrease of the total electric power input shown in Fig. 6d. These observations could be explained from Eq. ( 7), as increasing the flow pressure 𝑝 while fixing the flow temperature 𝑇 leads to larger number density of gas molecules, hence larger electron collision rate 𝜈 𝑚 and smaller electrical conductivity 𝜎. This in turn causes the current density 𝐽 and the volumetric power input density 𝐽 • 𝐸 to decrease according to Eq. ( 5), which combined with the increase of mass flow rate 𝑚 makes the MHD acceleration less effective. We note that the flow becoming choked at larger |𝐵| values with increasing 𝑝 0 observed here also agrees with our analysis of Eq. ( 15) in §IV.A, as the critical heat addition 𝑄 cr beyond which flow choking occurs is proportional to the stagnation enthalpy of the flow, which increases with the stagnation pressure 𝑝 0 and mass flow rate 𝑚.

Figure 7 shows the propulsion parameters as functions of magnetic field 𝐵 at given upstream stagnation temperatures 𝑇 0 , while the electric field 𝐸 and stagnation pressure 𝑝 0 are fixed as 5 × 10 4 V/m and 7 × 10 6 Pa, respectively. As the stagnation temperature 𝑇 0 increases, Fig. 7d shows an increase in the total electric power input 𝑃 in at the same electric and magnetic fields, which contributes to the increase of the specific impulse 𝐼 sp and thrust 𝜏 shown in Figs. 7a and7b. This is due to the higher degree of ionization of the alkali metal within the gas flows at higher temperatures, which leads to larger electrical conductivity 𝜎 and hence larger Lorentz force 𝐽 × 𝐵 and power input 𝐽 • 𝐸 according to Ohm's Law [START_REF] Jahn | Physics of Electric Propulsion[END_REF]. Furthermore, as 𝑇 0 increases, the steep increase in 𝐼 sp associated with flow choking is observed to occur at larger 𝐵 values, which is most likely because smaller reversed magnetic field 𝐵 is required to generate the retarding Lorentz force and electric power input that lead to flow choking due to the nonlinear growth of electrical conductivity 𝜎 with flow temperature. Figure 7c also shows that the local maxima in the outlet velocity 𝑢 ex become more pronounced and are reached at positive 𝐵 values with increasing 𝑇 0 , which suggests that the Lorentz force acceleration mechanism becomes more effective in enhancing propulsion performance at higher flow temperatures. Overall, these results show that the stagnation properties of the gas affect MHD acceleration primarily through the local electrical conductivity 𝜎, which is of chief importance in determining the total Lorentz force and Joule heat added to the flow.

D. Towards Multistage MHD Acceleration

In previous sections we have focused on single-stage MHD acceleration, i.e., the electric and magnetic fields are applied in only one continuous section along the nozzle axis. Since applying MHD acceleration could increase flow temperature and electric conductivity, as shown in Figs. 2b and3b, and Fig. 4a shows that moving the MHD acceleration downstream within the range of 0 ≤ 𝑥 𝑐 ≤ 0.96 m could potentially increase the specific impulse 𝐼 sp , it is of interest to investigate whether adding one or more MHD acceleration regions downstream to the first one could further enhance propulsion performance. In this section, we investigate a special case with only two MHD acceleration regions with equal length and the same external electric and magnetic fields, while reserving more general situations of multistage MHD acceleration and the related optimization problem for future work. Figure 8 shows the propulsion properties of the nozzle with multistage MHD acceleration as functions the applied 𝐵, the stagnation temperature and pressure are set as 1 10 6 Pa and 3300 K, respectively, and the applied electric field is 𝐸 = 4 × 10 4 V/m. The two MHD acceleration regions have the same length of 𝐿 MHD = 0.275 m, and their center locations are labelled respectively as 𝑥 c, 1 and 𝑥 c, 2 . In this section, 𝑥 𝑐, 1 is fixed at 0.41 m, while 𝑥 c, 2 is varied within the range of 0.69 m ≤ 𝑥 c, 2 ≤ 1.51 m, with 𝑥 c, 2 = 0.69 m corresponding to the extreme case of two MHD acceleration regions immediately adjacent to each other, forming a single long MHD region with length 2𝐿 MHD . Besides the baseline result with no MHD acceleration, the results of singlestage MHD acceleration with only one MHD region centered at 𝑥 c, 1 = 0.41 m are also shown for comparison. It could be seen from Fig. 8 that for 𝐵 ≤ 3 T, both 𝐼 sp and 𝑃 in increase with 𝑥 c, 2 , which suggests that setting the two MHD acceleration regions further apart could enhance propulsion performance for small applied magnetic fields. On the other hand, when 𝐵 ≤ 4 T, Fig. 8 shows that increasing 𝑥 c, 2 leads to a slight decrease in both 𝐼 sp and 𝑃 in , indicating that multistage MHD acceleration contributes little to enhancement of propulsion performance for large applied magnetic fields.

In order to understand the different effects of multistage MHD acceleration on propulsion enhancement at different magnitudes of applied magnetic fields, we present in Fig. 9 the flow property profiles within the nozzle at 𝐵 = 1 T and 3 T, with varying locations of the secondary MHD acceleration region 𝑥 c, 2 . It could first be seen from Figs. 9a and9c that the flow temperature increases in the downstream of the primary MHD acceleration region at [0.275 m, 0.55 m], while Figs. 9b and9d show that the increase in flow velocity caused by the primary MHD region is not significant. The temperature increase caused by the primary MHD acceleration region increases the electrical conductivity of the flow, which generates larger electric current and power input in the secondary MHD acceleration region at small magnetic fields, further increasing the flow temperature as shown in Fig. 9a. Fig. 9b shows that the flow velocity first decreases slightly within the secondary MHD acceleration, and is then accelerated more rapidly in the downstream, which is characteristic of the coupling between Rayleigh-flow energising and cross-sectional area expansion discussed in §IV.A. On the other hand, Fig. 9d shows the flow being accelerated within the secondary MHD region, which is characteristic of Lorentz force acceleration. However, Fig. 9c shows smaller temperature increase within the secondary MHD region compared with Fig. 9a. This is due to smaller electric current density 𝐽 at larger magnetic fields 𝐵, according to Eq. ( 5), and indicates smaller amount of energy deposited into the flow and therefore smaller extent of flow acceleration by cross-sectional area expansion downstream to the secondary MHD region, which is the reason why 𝐼 sp and 𝜏 decrease with increasing 𝐵. Furthermore, the local flow velocity within the secondary MHD region increases as it is moved further downstream. For larger magnitudes of applied magnetic field 𝐵, Eq. ( 5) suggests that the electric current density 𝐽 decreases faster and could outbalance the volume increase of the secondary MHD region earlier with increasing 𝑥 c, 2 , which explains the opposite effects of moving the secondary MHD region downstream on the development of propulsion properties observed in Fig. 8. In summary, these results suggest that multistage MHD acceleration could potentially lead to further enhancement of propulsion properties via the coupling between local heat addition and non-local cross-sectional area expansion at small magnitudes of applied magnetic fields, while the enhancement is not as effective via Lorentz force acceleration when the magnetic field magnitudes are larger. Future works are still required to explore more general situations with more than two MHD acceleration regions, and the configuration of electromagnetic fields, MHD region length, distance between two adjacent regions where multistage MHD acceleration is optimized.

V. Conclusion

A quasi-1D fluid model for combusted hydrogen-oxygen flow seeded with alkali metal is developed, which is coupled with equations of state constructed from gas properties at thermal and chemical equilibrium. This model is used to systematically investigate the hybrid chemical-plasma propulsion mechanism. The coupling of the electric power to the fluid dynamics, which plays an important role in the MHD acceleration, is investigated by the physics-based model accounting for the coupling between chemical, fluid, and plasma effects. We first found that besides acceleration by Lorentz force, the flow could also be accelerated significantly downstream to the MHD region by the cross-sectional area expansion of the nozzle, despite a local deceleration within the MHD region predicted by Rayleigh flow theory. When the heat addition to the flow exceeds a critical value, the flow becomes choked and a standing shock forms, which enables the subsonic flow in the downstream to accelerate and absorb the excessive amount of heat addition. The MHD acceleration mechanism assuming Faraday configuration is found to be best implemented close and downstream to the nozzle throat, where cross-sectional area expansion downstream to the MHD region is large enough for sufficient acceleration of the heated flow. The upstream stagnation temperature and pressure are found to influence the propulsion performance by determining the local electrical conductivity 𝜎, and multistage MHD acceleration is found to be capable of further enhancing propulsion properties with small magnitudes of applied magnetic fields.

The results presented in this paper systematically examined the effectiveness of MHD acceleration at various axial locations along the nozzle in enhancing propulsion performance, which paves the way for future studies of hybrid chemical-plasma systems. It is noted that our model is quasi-1D and assumes equilibrium chemistry, while more complex physical processes and their mutual interactions are involved in the plasma formation and give rise to additional energy loss mechanisms, such as boundary layers, turbulent flow, and plasma sheaths. Future work includes a systematic investigation of multistage MHD propulsion and its optimal configurations, a performance comparison between our model and conventional afterburners which energize the nozzle flow via secondary combustion reactions; and development of advanced numerical methods, such as multidimensional Navier-Stokes solvers coupled with higher-fidelity plasma models accounting for nonequilibrium chemistry.

A. Equations of State for the Combusted Hydrogen-Oxygen Gas Mixture

The graphic representations of the equation of state constructed for the gas mixture at the stoichiometric condition are shown in Fig. 10, where the state properties are normalized using the reference values with subscript 0, which are given as follows: 𝜌 0 = 1.2922 kg/m 3 , 𝑒 0 = 8.61 × 10 5 J/kg, 𝑝 0 = 1.013 × 10 5 Pa, 𝑇 0 = 3000 K, and 𝜎 0 = 50 S/m. In Fig. 10, the black dots represent the numerical solutions of Eq. ( 9), while the surfaces colored according to the magnitude of the 𝑧 axes represent the equations of state fitted to the numerical data. It could be seen that the fitted surfaces match the numerical data closely within the specified range of 𝜌 and 𝑒 without generating nonphysical oscillations. 
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Fig. 2

 2 Fig. 2 Spatial profiles of the flow velocity 𝑢 (a) and temperature 𝑇 (b) within the nozzle when the magnetic field is fixed as 𝐵 = -6 T. The upstream stagnation pressure is 𝑝 0 = 7 × 10 6 Pa.

Fig. 3

 3 Fig. 3 Spatial profiles of the flow velocity 𝑢 (a) and temperature 𝑇 (b) within the nozzle when the electric field is fixed as 𝐸 = 5 × 10 4 V/m. The upstream stagnation pressure is 𝑝 0 = 7 × 10 6 Pa.
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 4 Fig. 4 Thruster performance of the hybrid chemical-plasma rocket engine: (a) specific impulse and thrust, and (b) total power input, as functions of the center of the MHD acceleration region 𝑥 𝑐 at different magnitudes of magnetic field 𝐵, while the electric field is fixed as 𝐸 = 5 × 10 4 V/m.

Fig. 5

 5 Fig. 5 Spatial profiles of the flow temperature 𝑇 (a), and velocity 𝑢 (b) within the nozzle with different application locations of MHD acceleration. The electric field is set as 𝐸 = 5 × 10 4 V/m, and the magnetic field 𝐵 = 0.

Fig. 6

 6 Fig. 6 Thruster performance of the hybrid chemical-plasma rocket engine: (a) specific impulse, (b) thrust, (c) outlet velocity and (d) total power input, as functions of the magnetic field 𝐵. The baseline results without MHD acceleration are shown in (a)(b)(c) in dashed line. The upstream stagnation pressure 𝑝 0 is varied between 5 × 10 6 Pa and 8 × 10 6 Pa, while the electric field is fixed as 𝐸 = 5 × 10 4 V/m.

Fig. 7

 7 Fig. 7 Thruster performance of the hybrid chemical-plasma rocket engine: (a) specific impulse, (b) thrust, (c) outlet velocity and (d) total power input, as functions of the magnetic field 𝐵. The baseline results without MHD acceleration are shown in (a)(b)(c) in dashed line. The upstream stagnation temperature 𝑇 0 is varied between 3300 K and 3600 K, while the electric field is fixed as 𝐸 = 5 × 10 4 V/m.

Fig. 8

 8 Fig. 8 Thruster performance of the hybrid chemical-plasma rocket engine: (a) specific impulse and thrust, and (b) total power input, as functions of magnetic field 𝐵 with different center locations of the secondary MHD acceleration region 𝑥 c, 2 . The baseline result without MHD acceleration is shown in (a) with dashed line. The upstream stagnation pressure is 𝑝 0 = 7 × 10 6 Pa, the electric field is 𝐸 = 4 × 10 4 V/m, and the center location of the primary MHD acceleration region is 𝑥 𝑐, 1 = 0.41 m.

Fig. 9

 9 Fig. 9 Spatial profiles of the flow temperature 𝑇 (a,c), and velocity 𝑢 (b,d) within the nozzle with different application locations of the secondary MHD acceleration 𝑥 c, 2 . The electric field is set as 𝐸 = 5 × 10 4 V/m, and the magnetic field is 𝐵 = 1 T for (a,b) and 3 T for (c,d), respectively. The temperature and velocity profiles for the single-stage MHD acceleration and baseline results are shown in dash-dotted and dashed lines for comparison.

Fig. 10

 10 Fig. 10 Equations of state for the H 2 -O 2 mixture with 5% seeded potassium using the stoichiometric initial condition. The calculated data points and the fitted equations are represented by black dots and colored surfaces, respectively.
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