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Flow invariance for non densely defined Cauchy problems

Moustapha Dieye®* Ramseés Djidjou-Demasse’’, Ousmane Seydi®*

1 Ecole Polytechnique de Thi¢s, Département Tronc commun, Thiés BP A10, Sénégal

2 MIVEGEC, Univ. Montpellier, IRD, CNRS, Montpellier, France

Abstract
In this work, we find necessary and sufficient conditions in order that a family of sets {C(¢),t € J} be
invariant for a Cauchy problem. We prove the existence and uniqueness of the solution using viability for time-
dependent closed convex sets to the case of non densely defined Cauchy problem. Moreover, we propose several
characterizations of conditions that lead to the viability theorem. Finally, a comparison principle for semilinear
problems, when the nonlinear part is only defined in a closed convex set, is established.
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1 Introduction

Given a nontrivial time interval J starting at zero and a Banach space X, we consider the

following Cauchy problem

du(t) u "
— = Au(t) + F(t,u(t)), telJ 0
ul0)=reX

where A : D(A) € X — X is an unbounded linear operator and F' is a nonlinear operator
on a subset of J x X. In finite dimensions, differential systems of the type above are of great
importance and the motivation for developing their theory comes from real-world problems. For
instance, we refer for example to [1, 11, 20, 22].

In many situations of interest, the nonlinear term is defined only on a subset of the Banach
space X. Typical examples of such problems are called flow invariance problems [15] or viability
[5]. We recall that a subset Cp C X is said viable with respect to (1) if, for each x € Cp, at
least one solution with initial condition z has values in Cy. It is said flow-invariant if for each
x € Cj all solutions with initial condition x have values in Cy (]2, 5]). Of course, both notions
are equivalent when we have the uniqueness of the solution to (1). Such problems are related
to the existence of solutions of differential equations or differential inclusions whose dynamics
are restricted to closed subsets of the state space. We refer to [2] for a complete overview of the
applications in biology, economy, and finance.

The flow invariance problem we are interested in has been studied by many authors using var-

ious frameworks and techniques. The first flow invariance result is Nagumo’s viability theorem
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for ordinary differential equations [16]. This pioneering work has been rediscovered several times
in the seventies among others by Brezis [4], Crandall [6], Hartman [9] and Martin [14]. Since
then, many extensions were considered in the literature. Among comparison theorem, differen-
tial inequalities, and many other applications, invariant sets for abstract functional differential
equations and reaction-diffusion systems have been studied in [10, 18]. In the monograph of
Motreanu and Pavel [15], the authors studied the flow invariance of densely defined semilinear
Cauchy problems. They detailed the positive invariance for general closed subset subjected to
the tangency condition and also considered the positive invariance of the time-dependent closed
subset. Such results are proved for semilinear differential inclusion problems and densely defined
Cauchy problems.

For the time-independent closed convex subset, Thieme [21] extended the flow invariance for
non-densely defined Cauchy problems with a Hille-Yosida linear operator. We mention that
the later operator is perturbed by a Lipschitz continuous non-linear map. Magal et al. [13]
generalize the work in [21] to prove a viability theorem for a Cauchy problem with respect to
time-independent closed set and for the non-Hille-Yosida case. Motivated by these above works,
here we investigate the non-densely defined Cauchy problems of type (1), with the Hille-Yosida
operator defined on a time-dependent domain. In addition, we characterized the crucial tangency
conditions and showed the applicability of our result, based on viability for the time-dependent
closed convex sets to the case of non densely defined Cauchy problem. Such results include
characterizations of conditions that lead to the viability theorem, the existence and uniqueness
of the solution, and the comparison principle for semilinear problems when the nonlinear part is
only defined in the positive cone of the Banach space X.

The rest of the work is organized as follows. Section 2 is a presentation of the main result,
some basic notations, and materials on the flow invariance of the Cauchy problem. In Section 3,
we find some flexible conditions to characterize the subtangential condition. We apply, in Section
4, the result on viability of the Cauchy problem to obtain a comparison principle in addition to

the positivity of the solution.

2 Semilinear Cauchy problem on time-dependent closed sets

The main objective of this section is to recall the notion of a mild solution to the non-densely
defined Cauchy problems.
Let A: D(A) C X — X be a Hille-Yosida linear operator of type (M4,w4), i.e., the resolvent
set p(A) of A contains a ray (wa, +00) and Ry(A) := (A — A)~! satisfies
M

A —, VA>wa, n=12...

Ry(A)" < —
IR e € (2 s



Let J C R be a non-trivial interval with min(J) = 0. Le C' C X be a nonempty closed convex

subset that meets D(A), and define

Co = C' N D(A)

which is also a closed convex subset of D(A). For all ¢ € J, we denote by C(t) a non empty
closed such that C(t) C Cj, and define

C={(t,x) e IJxCy:xzeC(t)}.
Let F:C C J x Cy — X and consider the Cauchy problem
Qlt) _ pu) + B u@), ¢ > 1o in J

dt (2)
U(to) =T c C(to)

where 0 < ¢y < sup(J).

It is worth mentioning that subsets C'(¢), ¢ € J, are not necessarily convex but the construction
of solutions to (2) required the convexity of Cy. Indeed, we describe a way of approximating
solutions that blow up to a finite time. With a convex interpolation, the existence of such mild
solutions holds. We can, however, easily release the convexity condition on Cy by assuming that
each C(t) is arcwise connected in a certain sense given below (see [10, 18] for more details).

To proceed further, we need the following notion of integral solution for the Cauchy problem

on time-dependent closed sets.

Definition 2.1 Let 7 > 0 such that [to,to+ 7] C J. A function u : [tg,to + 7] = Cy is called an
integral solution to (2) with initial condition x € C(ty) at time t =ty if u € C([to,to + 7], Co),
u(t) € C(t) for allt € [to,to + 7] and

/75 u(s)ds € D(A), Vt € [to, o + 7]

¢
0 ¢

t
ult)=x+ A [ u(s)ds+ [ F(s,u(s))ds, Vt € [to,to+ 7]
to to

We also define the notion of mild solution to (2) which is equivalent to the notion of integral

solution [11, 21]. Before proceeding, let us recall that the part Ay of A in D(A) is the linear
operator A : D(Ap) C X — X with

Apx = Az, Yz € D(Ap) :={x € D(A) : Az € D(A)}.

It is well known that [7, 11, 21] if A is a Hille-Yosida linear operator of type (M4,w4) the Ay

generates a Co-semigroup {74, (t) }+>0 on D(A) with

| T4, )z|| < Mae®2t||z||, Vt >0, Vo € D(A).



Definition 2.2 Let 7 > 0 such that [to,to + 7] C J. A function u : [tg,to + 7] = Cy is called
a mild solution to (2) with initial condition x € C(ty) at time t = to if u € C([to,to + 7], Co),
u(t) € C(t) for allt € [to,to + 7] and
t
u(t) = Ta,(t —to)x + Ahrf Tay(t — $)ARA(A)F(s,u(s))ds, Vt € [to,to + T].
—+00 to
To ensure the existence and uniqueness of the solution, we will require I’ to be regular enough.
In fact, it is well known that with A = 0 the existence of a solution for every continuous F
means that the Banach space X is of finite dimension (see Godunov[8]). For these reasons, the

nonlinear operator F'is assumed to satisfy the following regularity condition :

(F) The non-linearity F' is continuous from J x Cj to X. We assume in addition that for each

70 € J and o > 0, there exists x := k(rg,79) > 0 such that for all ¢ € [0, 7]

1F(t,z) = Ft,y)ll < sllz —yll, Yo,y € Co, [lz] <70, and [ly[| < ro.

A central role in the present work is played by a subtangential condition and some of its char-
acterizations. In fact, when Cjp is closed and dom(F(¢,-)) = Cp, the Lipschitz condition on the
nonlinearity F is not enough to guarantee the existence of solution with value in Cj in both finite
and infinite dimensions. Indeed, when Cj is closed, the "vector field” F' must be tangent to Cy
in a certain sense. More precisely, it is proved in [20] that when C(t) = Cy, for all ¢ € J, and
(F) is satisfied then the following subtangential condition is a necessary and sufficient condition
for the existence of a solution to (2) with value in Cy

lim %dist (T, ()2 + Sa(t)F(£,2): Co) = 0 (3)

t—0t

where S4(t) : X — D(A) is the bounded linear operator given by

t
Sa(t)y = lim / Tao(t — $)ARA(A)yds, Vy € X, ¥t > 0. (4)
0

A——+00

Note that when A is densely defined, then (4) takes the following form
t

Sa(t)y = / Ty, (t — s)yds, Vy € X, V¥t > 0.
0

Therefore, in the case of the densely defined operator A, equality (3) leads to the classical

subtangential condition given in [15]. Henceforth, for more convenience, we will use the notation
Xo = D(A).

The subtangential condition (3) is quite tricky. However, in Section 3, we find a way of
overcoming obstacles in some configurations. For instance, we will prove that if C' is a distance

set or convex and the two below items are satisfied
o X = H is a real Hilbert space with inner product (-, ),
o« MM — A)7IC C C for all large A\ > wa,



then the subtangential condition (3) implies the following assertion : if w € X is a normal vector
to C at z (in a sense to be precised later) then (w, F(¢,x)) < 0.

The above assertion is somehow helpful to better motivate the term subtangential. Thanks
to the following result, see [20, Lemma 2.9], which provides a sufficient condition for obtaining

the subtangential condition (3).

Lemma 2.3 Let C' be a nonempty convex subset. Under condition (F), if the following are
verified

i) A — A)~H(C) C C for all large X > wy;

ii) for each (¢,z) € J x Cy
1
lim gdist(fb +tF(l,z);C) =0, (5)

t—0t

then the subtangential condition (3) is satisfied.

Remark 2.4 When C is open in X then (5) is always satisfied. This can be obtained by sim-
ple arguments. Therefore, only the tangency on the boundary of C is important. Equivalent

characterizations to (5) will be given in Section 3.

To obtain the existence of integral solution to (2), we will need a generalization of the sub-

tangential condition (3) for time-dependent sets. This reads as follows

(S1) For each ¢ € J and x € C(¢)
1
lim —dist (T4, (t)x + Sa(t)F({,z);C(L+1)) =0
t—0+ ¢

where S4(t) is defined in (4).

(S2) If the sequence (tg,xk)k>0 C J x Cp with x € C(t) converges to (t*,z*) € J x Cp
then 2* € C(t*).

Note that condition (S2) is a somehow closedness of the family of non empty sets C(t),
t € J. Of course when the family of sets is closed and does not depends on t € J then (S2) is
automatically satisfied. The following theorem is essentially inspired by [15] where the proof has
been done in the case of a densely defined Cauchy problem. Let us also mention [10, 18] where
such a problem has been applied respectively to the system of reaction-diffusion equations with

infinite delay. Here is the main result of this paper.

Theorem 2.5 Let {C(t) C Cy:t € J} be a family of closed sets such that C(t) is non empty for
each t € J and Cy is closed and convexr. Assume that conditions (F), (S1) and (S2) are satisfied.
Then for each x € C(tg) and 0 < ty < sup(J), there exists a unique mazimally defined integral

(mild) solution to (2) with initial condition x at time t = t.

To throw some light on the definition of the family of subsets C'(t),t € J and some existing
literature, we mention that when C(t) = Cy, for all t € J, Theorem 2.5 has been proved in [20]

while [13] obtained a more general version of this theorem by assuming that A is not Hille-Yosida



and Cp is only closed. However, note that the result in [13] is based on the fact that the non-
linear map F' is defined in the whole J x X. But here, sets C(t), t € J, are only assumed to
be closed subsets of a convex set. Let us show the necessity of the condition (S1) first. It is a

consequence of the following result.

Lemma 2.6 Let {C(t) C Cy:t € J} be a family of closed sets such that C(t) is non empty for
each t € J. Assume that condition (F) is satisfied. If for each © € C(ty) and 0 < tg < sup(J),
there exists a unique mazimally defined integral (mild) solution to (2) with initial condition x at

time t = to then (S1) is verified.

Proof. Let x € C(¢) with ¢ € J. Then there exists 7 > 0 such that u € C([¢(,{ + 7],(p) is a
solution to (2). This means that u(¢ +t) € C(¢ +t) for all t € [0, 7] and
o4t
u(l +1t) =Ta(t)z+ lim Ty (L +t— )N — A) 7 F(s,u(s))ds, ¥Vt € [0, 7].

A—4o00 Jy

Hence, for all ¢t € (0, 7]

dist(Ta, () + Sa(t)F(C,2); C(L+ 1)) < [u(l + ) — Tay (t)x + Sa(t)F(L, 7)),

that is

1 1

L aist(T () + S0 F(6.2): O +1) < 2 o))
with

L+t
v(t) := lim Ty (0 +t— 8)ANA — A)HF(s,u(s)) — F(¢,z)]ds.
A—+o00 Jp

Since

O+t
lo(@)] < Mf;/e A F(s, u(s)) — F(L, )|, vt € (0,7]

it follows that

t—0t

lim %dist(TAO ()2 + Sa(t)F(L,2): C(£ +1)) = 0.

The rest of the proof of our main Theorem will be given in Section 5.

3 Characterization of the subtangential condition

In this section, we give several characterizations of (5) that will be useful in the sequel. These
equivalent characterizations will be used in Section 4 to show how to derive general conditions
for the monotony of the semiflow generated by (2) and comparison principles. To begin with, we

first introduce some definitions.

Definition 3.1 A subset C' C X is called a distance set if for each x € X \ C there exists y € C
such that
dist(z; C) = [z —y]|.

Remark 3.2 [t is worth noting that a distance set is closed.



Definition 3.3 Let C C X be a closed subset. A wvector v € X is said to be tangent to C' at
xeCif

t£%1+ %dist(a: + tv; C) = 0.
The above notion of tangency is usually called tangency in the sense of Federer. The tangency
in the sense of Bouligand is defined similarly by replacing the "lim" by "liminf". We can notice
that if v € X is tangent to C' at x € C' in the sense of Federer, then it is tangent to C' at x € C in
the sense of Bouligand. We now prove an equivalent definition to the tangent vector that turns

out to be useful in the development of this section. This reads as follows.
Lemma 3.4 Let C C X be a closed subset. Then the following properties are equivalent:
i) The vector v € X satisfies
1
lim —dist (z + tv; C) = 0.
t—0t ¢
ii) There exists a map 0 : [0, +00) — X such that

r+to+t0(t) € C, ¥Vt >0 and lim 6(t) =0.

t—0+t
iii) For each sequence (tn)n>0 C [0,+00) such that lir}rl t, = 0, there exists a sequence
= — 400

(On)n>0 C X such that

T4+t +t,0, €C, Yn>0 and lim 4, =0.

n——+00

Proof. 1t is obvious that ii) implies iii). We prove in the following that i) is equivalent to ii) and

iii) implies i). Assume i). Then for each ¢ > 0 there exists u(t) € C such that

dist (x + tv; C) < ||u(t) — x — tv|| < dist (z + tv; C) + 2.

Therefore,
ol et
t—0+ t
Thus, ii) follows by setting
t)—x—1t
o) = =TT 0 and Tim 6(0) = 0.
t t—0+

Assume ii). Then we have for each t > 0

dist (z +tv;C) < |||z + tv] — [z + tv + t0(t)]]]
< o)l
and i) follows. The implication iii) = ¢) can be done similarly by using the sequential charac-
terization of the limit. n

We now make a link between the tangent vector to C' at x € C' and the normal vector to C'

at x € C. Before proceeding, we introduce the following definition due to Bony [3].

Definition 3.5 (Bony) A vector w € X is an outer normal vector to C' at x € C'if the following

properties are satisfied:



i) There exists xg € X \ C' and r > 0 such that B(xg,r) C X \ C;
it) B(xo,r) N C ={x} ;
iti) w = 3 (xo — x) for some h > 0.

The following lemma gives another characterization of an outer normal vector to a set.

Lemma 3.6 Let w € X and x € C' C X be given. The following properties are equivalent:

i) There exists h > 0 such that B(x + hw, h|jw|) N C = {z};
it) w e X is an outer normal vector to C at x € C.

Proof. Assume that i) is satisfied with A > 0. Since x ¢ B(z + hw, h||w||) it follows that
B(z + hw, hl|jw|]) € X\ C. Setting g = z + hw (i.e. w = 5 (x9—)) and r = hllw||, we conclude
that ii) holds true.

Assume that ii) is satisfied. Note that g = 2 + hw and B(zg,r) C X \ C. Since x € C, we have
|z — xo| = h|lw|| > r. Moreover, using the fact that = € B(zg,r) there exists (z,) C B(zo,)
such that z, — = when n — +o0o. As a consequence ||z, — zo|| = ||z, — hw — z|| < r and by
letting n — 400 we obtain hl|w|| < r. This shows that h||w|| = r and the proofs are completed.
[

In preparation for the lemma that gives the relationship between a tangent vector to a set

and an outer normal vector, we recall the following result.

Lemma 3.7 ([19]) Leta,b € R witha <b. Let f : [a,b] — R be continuous such that f(a) = 0.

Assume that there exists ¢ > 0 such that

e S+ R) = f(f)
—_ <

hhrg(l)gf . < cf(t), Vt € [a,b)

with the possible exception of some countable set D C (a,b). Then f(t) <0 for allt € [a,b].

Using ideas from Crandall [6] together with Lemma 3.7 we can prove the following lemma.

Lemma 3.8 (Crandall) Let X be a real Hilbert space with a norm induced by the inner product
(-,-). Let C be a distance set or convex and x € C be fized. Then the following properties are

equivalent:

i) v e X is a tangent vector to C at x i.e.

t—0t

1
lim Edist(x +tv; C) = 0;

ii) For each outer normal vector w € X to C' at x € C' we have (w,v) < 0.

Proof. Since any closed convex set in a Hilbert space is a distance set, we only need to prove
that the lemma holds true when C'is a distance set. Assume that condition i) is satisfied. Then

by Lemma 3.4, there exists a map 6 : (0, +00) — X such that

x+tv+1t0(t) € C, Vt >0 and lim 6(¢t) = 0.

t—0t



Let w € X be an outer normal vector to C at x € C. Thus there exists h > 0 such that
B(z + hw, h||w||) N C = ). From where we obtain

& + tv + t0(t) — [z + hw]|| > Blw], Yt >0

hence
tlo+0@))* — 2 (v+0(t), hw) >0, Vt > 0.

The property ii) follows by letting ¢ — 0. Next, we assume that ii) is satisfied. Recall that C

is a distance set. Then there exists a map y : [0, +00) — C' such that

dist (z 4+ tv; C) = ||z + tv — y(t)|| (6)
that is
|z +tv—z|| > ||z +tv—y(t)]], Vz € C, Vt > 0. (7)
Thus setting
w(t) =x +tv—y(t), Yt >0, (8)

it follows from (7) that
[w(®) +y(t) =zl = w@®)]l, ¥z € C, VL =0,
which means that w(t) is an outer normal vector to C' at y(t). Therefore, we have by assumption
(w(t),v) <0, Vt > 0. 9)
From (6) and (8), we see that to prove item i), it is enough to show that 1[lw(t)|| — 0 when
t — 07. To do this, we note that for ¢, > 0, using the fact that y(¢) € C we have from (7) that

Jw(t +h)[* <llz+ (t+hv—y®OIIF = [hv+w(t)|?
R2{[o)l* 4+ lw(®)]]? + 2R (w(t),v)
hence
lw(t+ h)|I” = [w®)[|* < h?||v]|* + 2k (w(t),v), Vt, b >0..

Using (9) we have 2h (w(t),v) < 0 for ¢,h > 0 so that
lw(t +B)II* = w(®)]* < B?[lv]]?, ¢, h > 0.

To complete the proof, we note that the map ¢ — ||w(t)|| = dist(x+tv, C) is continuous providing
that ¢ — |Jw(t)|? is continuous. Moreover ||w(0)|* = 0 and
t+h)|? = llw()|?
D ()]
h—0+ h

Lemma 3.7 implies that ||w(#)]|?> < 0 for all + > 0 that is ||w(¢)||* = 0 for all ¢ > 0. The proof is

<0, Vt > 0. (10)

completed. [



Remark 3.9 If there exists h > 0 such that B(x + hw, h||w|) N C = {z} then we have

Bz + cw, d[wl) NC = {a}, ¥e € [0,h].
This is a consequence of the fact that ||z + ew —y|| > ||z + hw — y|| — [[(e = h)w|| > h|lw|| — (h —
e)|w] = €||lw|| for all e € [0,h] and y € C.
The next lemma gives another characterization of the outer normal vector which will motivate
the subsequent lemmas.

Lemma 3.10 Let X be a real Hilbert space with a norm induced by the inner product (-,-).

Assume that C' is conver and let x € C be given. Then the following properties are equivalent:
i) we X and (w,x —y) >0 forally € C;
i) w € X is an outer normal vector to C at x.

Proof. Assume that i) is satisfied. Then we have for all y € C
lw+ 2 = ylI* = wl]? + llo = yllI* + 2 (w2 —y) > |w]]?,

that is y ¢ B(w + x, ||w]|). Since x € B(w + z, ||w]]) it follows that B(w + z, ||w||) N C = {z}.
This proves ii). Let us now assume that ii) holds true. Thus, there exists A > 0 such that

B(z + hw, h||w||) N C = {z} and B(x + hw, h||jw|) N C = 0. From where we deduce that

ly — = — bl = hw], vy € C: (1)

In light of Reamark 3.9, we can assume that h € (0,1] so that for each € € (0,1), the convexity

of C' ensures that
r+eh(y—x)eC, VyeC (12)

Therefore, using (11) and (12) we obtain

|l + eh(y — x) — x — hwl|| > h||w||, Ve € (0,1), Vy € C

that is
le(y — 2) —wl| = [[w]], Ve € (0,1), ¥y € C
hence
elly — z||® + 2 (w,x —y) >0, Ye € (0,1), Yy € C.
The result follows by letting € — 0. ]

From the above Lemma 3.10 we can see that if X is a real Hilbert space and C' is convex then

w € X is an outer normal vector to C' at z € C' if and only if

(w, ) = sup (w, y) .
yeC

This motivates the following lemma where a specific case has been proved in [17] when C is a

positive cone. We show that it still holds true when C' is a closed convex set.

10



Lemma 3.11 Assume that C is closed and convex. Let v € X and x € C be given and fized.

Then the following properties are equivalent:

i) There exists 0 : [0, +00) — X such that x +tv +t0(t) € C for allt > 0 and 6(t) — 0 when
t—07;

N A

i) tlg{g gdlst (x +tv;C) =0;

iii) For each x* € X* with x*(x) = sup x*(y) we have z*(v) < 0;
yel

i) For each x* € X* with x*(z) = Z}gg z*(y) we have z*(v) > 0.
Proof. The equivalence between i) and ii) is already obtained in Lemma 3.4. The equivalence
between iii) and iv) follows from the equivalence
z*(z) =supz*(y) <= —2"(x) = inf —2"(y).
yeC yeC
Next, we prove that ii) is equivalent to iv). Assume that ii) is satisfied. Then there exists

6 :]0,400) — X such that z + tv +t0(t) € C for all t > 0 and 0(¢t) — 0 when ¢t — 07. Let

x* € X* with 2*(z) = iné z*(z). Then we have
z€
(x+to+t0(t)) > x*(z), VE > 0= z"(v+6(t)) >0, Vt >0

so that
x*(v) > 0.
Assume that iv) is satisfied. Let us note that the convexity of C' implies that for each A > 0 and
y € C we have
vt (y—2)€C, Ve [0A (13)

so that

t t
dist (x +tv; C) < ||z +tv — (v + E(y —x))| = EHx—&- hv —yl|, t € [0,h], Yy € C. (14)

In the following, we show that there is a contradiction if ii) does not hold true. This will be done
by using the Hann-Banach separation theorem for convex sets. Assume that ii) does not hold

true. This means that there exists € > 0 and a sequence (t,),>0 C (0, +00) such that

lim ¢, =0 and dist (z + t,v;C) > t,e, Yn > 0. (15)

n—-+00

Consider the set
Dy = {y € X | there exists h > 0 such that ||z + hv — y|| < he}.

The set Dy is non empty because x + hv € Dq for each h > 0. Moreover, Dy is convex and
open in X. We now show that Dy N C = (). In fact if y € Dy N C then there exists h > 0 such
that ||z + hv — y|| < eh. Moreover for n large enough we have t,, € [0, h] and (13) implies that
dist (x + t,,v; C) < t,e which contradict (15). Therefore, the Hann-Banach separation theorem

for convex sets ensures that there exists 2* € X* and o € R such that

2¥(z1) < a < x%(29), forall z; € Dyand 2z, € C.
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Therefore, z*(z) > a and
x4+ hv € Dy, YVh > 0= 2" (x + hv) < a, Yh >0

hence letting h — 0% we obtain 2*(z) < « providing that z*(z) = a. As a consequence, we

obtain z*(z) = inf,cc 2*(z). Moreover, we have
x+hv € Dy, z*(x+ hv) < a and 2*(x + hv) = 2*(z) + ha*(v) = o + ha™(v)
providing that
a+hr*(v) <a, h>0= ha*(v) <0, h>0=2"(v) <0

which is a contradiction to iii). [

4 Some consequence of Theorem 2.5 in comparison theory

In this section, we will give conditions to obtain the nonnegativity of the solutions as well as
the monotony with respect to the initial condition of the semilinear Cauchy problem (2) when
C(t) = Xo4 for all t € J, where X = D(A). We also derive the comparison of solutions of
semilinear problems, upper and lower solutions. Henceforth, we assume that the Banach space
X has a positive cone X . Let us note that similar results have been obtained in [12] for the non-
densely defined Cauchy problem by using a different approach. We recall that X is a positive
cone of X if it is a closed convex subset of X such that X; N (—=X;) = 0 and; for all A € R,
z,y € Xy we have v +y € X4, Ax € X,. The positive cone X induced a partial order in X
that is for all z,y € X we have

y>r<=y—xrec Xy <=z <y.

Note that Xo4 := XoN X, = D(A) N X, is also a positive cone of the Banach space X.

4.1 Existence of nonnegative solutions

In this section, we will give criteria for the existence of a nonnegative solution to the semilinear
Cauchy problem (2). Since X4 is closed convex, the existence of a nonnegative solution to (2)
is a direct consequence of the positive invariance of Xy,. The main contribution of this section
is to give general and flexible sufficient conditions. We start first by stating the theorem which
is a consequence of the Theorem 2.5, follows by a discussion of these sufficient conditions.
Theorem 4.1 Under the condition (F), the following properties are equivalent:

i) For each x € Xoy there exists a unique mazimally defined nonnegative solution to (2)

ii) For each ¢ € J and x € X4

lim %dist (T, (D)2 + Sa(t)F(L, 7): Xou) = 0. (16)

t—0+

12



Using Lemma 2.3 one knows that a sufficient condition to satisfy (16) is that there exists w > 0

such that (\[ — A)~'X, C X, for all A\ > w and

1
lim Edist (x+tF(l,x); X4) =0, V(l,z) € J x Xot. (17)

t—0+t
In the following, we give an equivalent condition to (17). In fact, this will be obtained by using
the results in the Section 2. To do so, we recall that the dual cone X7 is defined by
Xi={a"e X" :a"(x) >0, Vo € X }.
The following lemma holds true.
Lemma 4.2 For each x € Xo4 the following properties are equivalent:
1
i) lim —dist (z + tF({,2); Xy) foralll € J;
t—0+ ¢
i) For each x* € X7 with *(x) = 0 we have x*(F({,x)) > 0, for all £ € J.
Proof. Taking advantage of Lemma 3.11 to prove the equivalence between i) and ii), we can

prove that ii) is equivalent to

If 2 € X* with 2*(x) = g}? x*(y) then 2" (F(¢,x)) > 0, YVl € J. (18)
yEX

Assume that (18) is satisfied. Let 2* € X} with 2 (x) = 0 be given. Then we have

Jnf 2*(y) =0=2"(2)

and (18) implies that z*(F(¢,xz)) > 0. Assume that ii) is satisfied. Let z* € X* be given such
that 2*(z) = infyex, *(y). Then we have

0=2"(z) and 0 < z*(y), Yy € X+

that is #* € X7 and 2*(x) = 0 so that 2*(F(¢,z)) > 0. [
Remark 4.3 In addition to the condition \(A\ — A)™1 X C X, for large \, we may have the

following condition

(CM) For each r >0 and 19 > 0 there exists A > 0 such that
F(t,z)+ \x € X4, Vo € Xog, ||z <7, t €]0,70].

It is easy to see that if the condition (CM) is satisfied then condition ii) of Lemma 4.2 is satisfied
but the converse is not true even in finite dimension. The following example from Walter [23]

make it clear. For X =R? and X = {(21,29,73) € R3: 2% + 23 <23 and v3 > 0} let
F(x1, 29, 13) = (—22,21,0).

We clearly have
F(1,0,1) + A(1,0,1) = (A, 1,A) ¢ X, YA > 0.

Lety = (y1,2,y3) € X* = R*\{0} and (1,22, 3) € Xy such that (y, x) = 191 +Ta2ys +T3y3 =
0. Then we have y = h(—x1, —x9,x3) with h > 0 so that

(y, F(x)) = —hxoxy + hx129 + has0 = 0.

13



We conclude this section by giving the following theorem.

Theorem 4.4 Suppose that condition (F) holds and there exists w > wa such that (A —
A)7IX, C X, for all A > w. Assume in addition that one of the following condition hold:

i) For each (¢,z) € J x Xo4 we have tli>%1+ %dist (x+tF(l,x); X+) =0;
i) For each x* € X7 with ™ (x) = 0 we have x*(F({,x)) > 0, for all { € J;
iti) For each r >0 and 19 > 0 there exists X\ > 0 such that F(t,xz)+ Az € X, for every x € Xot
and ¢ € [0, 7] with ||z| <r;

Then for each x € Xg4 there exists a unique nonnegative mazximally defined integral (mild)

solution to (2).

4.2 Comparison of solutions and monotony

The comparison theorem and the monotony are very helpful in studying the boundedness of the
solutions as well as their asymptotic behavior. We will see that this is again a consequence of
the theory developed in Section 4. Let A : D(A) C X — X be a Hille-Yosida linear operator of
type (M4, w4) possibly with non dense domain and G : [0, +00) X Xy — X be given. Consider
the semilinear Cauchy problems

du(t)
3 = Aut) + Gtut), t >t (19)

u(ty) =z € Xo+.

We make the following assumption.
Assumption 4.5 We assume that:
i) G is Lipschitz continuous on bounded sets of [0, +00) X Xoy;

ii) There exists w > wa such that A\ — A)™' X, C X, for all A > w and

1
lim Edist(a: +tG(l,x); X4) =0, V({,x) € [0,+00) X Xo.

t—0t
Then, the following result holds
Theorem 4.6 Let X be a Banach lattice with X, a normal cone. Let Assumption 4.5 be satis-
fied. Assume in addition that there exists v € C([0, +00), Xo4) satisfying

v(t) > Ta,(t — to)v(t) + lim tTAO (t — $)ARA(A)G(s,v(s))ds, t >t

A—=+00 S,

and for all ¢ > 0, x € [0,v({)] we have

Iim %dist(v(é) e [ () — G 2)]: Xy ) = 0. (20)
Then for each to > 0 and x € [0,v(to)] the exists a unique integral (mild) solution u €
C([to, +00), Xoy) to (19) with
0 <u(t) <wo(t), Yt > to.
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Proof. Consider the following time-dependent closed sets
Ct):={r e Xor : 0<xz<w(t)}, vVt >0.

The subsets C(t), t > 0 clearly satisfy closedness condition that is for a convergent sequence
(tn,xy) to (t*,2*) with =, € C(t,) we have z* € C(t*). Let x € C(¢) be given for some ¢ > 0
ie 0 <z < wu(f). Since X is a Banach lattice it follows that Xy is also a Banach lattice with
positive cone Xy,. Thus, we have from [10, Lemma 2.1] that

lim %dist(TAO(t)x—|—SA(t)G(€,x),C(t+l)) < lim %dist(wl(t,é,x),XoJr)

t—0+ t—0+
+tli%1+ EdiSt(U}Q(t,[’x),XOJ’_)
with
wi(t, 0, x) :=Ta,(t)x + Salt)G (L, x)
and
wo(t, b, x) == vl +1t) — Tay(t)x — Sa(t)G(L, x).

Thanks to Assumption 4.5 and Lemma 2.3 we have

1
lim —dist(ws (¢, ¢, x), Xo4+) = 0.

t—0t

Recall that for each ¢ > 0 we have

Sat)y = lim_ ;H T, (0 +t — $)ARx(A)yds, Vy € X.
Thus, for each ¢ > 0 we have
o(+8) = Tay(to(6) + lim ;:TAO(K—&—L‘—s))\R,\(A)G(s,U(s))ds
> T, (t)v(l) ;tAEToo [ Ta (= ARA(A)[Gls.v(s)) = GEv(0))]ds
Flim [T (4t = ARG v(0)ds
so that
walt, 0, x) > TAO(t)[v(E)Z;x]
+ lim - Ty (0 + t — $)ARA(A)[G(5,v(s)) — G(€,v(€))]ds
0im [ Ta (4t = ARAA)[G(L () ~ G (L)) ds
> Ta,(t) [v(f)f; z] + Sa@)[G(C,v(0)) — G(L, x)]
) m [ Ty (= S)ARA(A)[C s v(s)) — GEv(0)]ds.

Hence, it follows that for each ¢ > 0

dist(wo(t, £, x), Xor) < dist(Ta, (t)e[v(é) —z]+ SAW)[G,v(l) — G, x)], Xo+)
+t
4+ lim | T4, (£ +t — s)ARA(A)[G(s,v(s)) — G(L,v())]]| ds.

A—+o00 Jp

15



Next, we note that
1 L+t
t£%1+ . Ali)rfoo | | T4, (€ +t — s)ARA(A)[G(s,v(s)) — G(¢,v())]||ds =0
and infer from (25) and Lemma 2.3 that
tl_i}rén+ %dis‘c(TA0 (O)v(l) —z] + Sat)[G(l,v(0)) — G(¢, x)], Xo+) = 0.

Thus, using Theorem 2.5 one knows that for each ty > 0 and each x € C(tg) there exists a
maximally defined integral solution u € C([to,to + 7), Xo4+ to (19) such that u(t) € C(¢t) for all
t € [to, to+7). Finally using the fact the the cone X is normal and the inequality 0 < u(t) < v(t)
for all ¢t € [tg,to + 7) we deduce that the solution is globally defined in [0, +00), and this ends
the proof of the theorem. [

Using similar arguments as in the proof of Theorem 4.6 we obtain the following result.

Theorem 4.7 Let X be a Banach lattice. Let Assumption 4.5 be satisfied. Assume in addition
that there exists v € C ([0, +00), Xo4) satisfying

v(t) < Ty, (t —to)v(te) + lim tTAO (t — $)ARA(A)G(s,v(s))ds, t >t

A—+o00 Sy,
and for all £ >0, z € [v({),+00) we have
1
lim —dist(z —v(¢) +t[G({,x) — G(L,v(¢))]; X4) = 0. (21)
t—0+ T

Then for each to > 0 and x € [v(ty),+00) the exists a unique mazimally defined integral (mild)
solution u € C([to,to + 1), Xo+), 7> 0, to (19) with

v(t) < wu(t), Vt € [to,to + 7).
Moreover, as consequences of Theorems 4.6 and 4.7, we have the following estimates

Theorem 4.8 Let X be a Banach lattice with X, a normal cone. Let Assumption 4.5 be satis-

fied.
i) Let b € D(A) N Xo4 such that

Ab+ G(t,b) <0, Vi >0 (22)
and for all ¢ >0, x € [0, D]
lim Sdist(b— 2 + €{G(6,b) — G(£, 2)]: X3) = 0. (23)
t—0+

Then for each ty > 0 and x € [0,b] the exists a unique integral (mild) solution u €
C([to, +00), Xoyt) to (19) with, 0 <wu(t) <b, Vt > to.

ii) Let a € D(A) N Xo4 such that

Aa+ G(t,a) >0, ¥t >0 (24)
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and for all ¢ >0, x € [a, +00)
1
lim —dist(x —a+t[G(l,z) — G({,a)], X;+) = 0. (25)
t—0+
Then for each ty > 0 and x € [a,+00) the exists a unique mazimally defined integral (mild)
solution u € C([to,to + 7), Xox), 7 >0, to (19) with, a <wu(t), Vt € [to,to+ 7).

Proof. The proof of item i) of the theorem relies on a suitable application of Theorem 4.6. To

do so, let us set v(t) = b for all £ > 0 and note that
V'(t) = Av(t) + G(t,v(t)) — Ab — G(t,b), Vt >0
hence for all ¢t > ty we have

v(t) = Ta,(t—to)v(ty) + )\ETOO tt Ty, (t — $)ARN(A)[G(s,v(s)) — Ab — G(t,b)]ds

> T, (t —to)v(to) + )\ETOO ; Ty, (t — $)ARA(A)G(s,v(s))ds.
The result follows from Theorem 4.6.
Finally, a similar argument applies for the proof of item ii) as a direct application of Theorem
4.7. |
Now, let us give a comparison of two mild solutions to Cauchy problems. Let H : [0, +00) X
Xo+ — X be given and consider the semilinear Cauchy problem

do(t)
- _ Au(t) 4 H(t,v(t)), t > 1o (26)

v(to) =y € Xos.

Concerning the map H, we will require the following assumption.
Assumption 4.9 We assume that:
i) H is Lipschitz continuous on bounded sets of [0, +00) x Xo;

i) For all (¢,z) € [0,+00) X Xo; we have

1
lim —dist(x +tH (¢, x), X;+) = 0.

t—0+t

Theorem 4.10 Let Assumptions 4.5 and /.9 be satisfied. Assume in addition that one of the

bellow conditions holds:

i) For each t € J, x,y € Xo+ with x —y € Xo4 we have,

1
lim —dist (v —y +¢(G((,2) = H(t,y)); X1) = 0;

t—0+
i) For each x* € XI with x*(x) = 2™ (y) and v > y we have, x*(G({,x)) > x*(H({,y)), for all
leJ;

iii) For each r > 0 and 19 > 0, there exists A\ > 0 such that, if x,y € Xoy and £ € [0, 7o with
Iz, lyll < r and x >y then,

Hll,z)—Gl,y)+ Nz —y) € X3
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therefore, for allty > 0 and x,y € Xoy with x —y € Xy the mild solutions u and v, respectively
of (19) and (26), satisfy u(t) —v(t) € Xot in the common interval of existence.

Proof. The proof will be done by applying Theorem 2.5. To do this, let us consider the semilinear
Cauchy problem

dw(t)
g = Awt) + Pt w(t), t >t (27)

w(to) = wo € Xoy

where F': J x Xoy — X is given by
F(t,z) = G(t,v(t) + z) — H(t,v(t)), Y(t,z) € [0,+00) x Xo.

It is clear that F' satisfies the condition of Theorem 4.4. Therefore for each initial condition
wo € Xoy at time t = ¢y, there exists a unique maximally defined nonnegative integral solution
to (27). The proof is completed by observing that w is a solution to (27) with initial condition

x —y if and only if u = w + v. ]

5 Proof of Theorem 2.5

The proof of Theorem 2.5 is lengthy and will be done throughout several steps and lemmas. To
begin with, let us fix some conditions that will be assumed satisfied in this section. In the sequel,
we will only prove local existence since the proof of the maximality is similar to [18, 10, 21]. Let
xg € Cy and ty € J be given and fixed. Without loss of generality, we set tg = 0. Let rg > 0 be
fixed such that ||zo|| < 7. Let 0 < 7 < sup(J). From condition (F) there exists x := x(rg,7) > 0
such that

|F(t,2) — F(t,p)] < sllz -yl (28)

forall t € [0,7], z,y € Cp and ||z|| < 7o, ||y]| < ro. Next, set

Mo = 2kro + sup ||F(t,z0)],
tel0,7]

so that
|E(t,x)|| < My, Vt €[0,7], = € Cpy, with ||z|| < ro. (29)

We next prove that there exists an integral solution u € C([0,7],Cp) to (2) with 7 € [0,7] and
u(t) € C(t) for all t € [0, 7]. More precisely let us fix 7 > 0 small enough such that

sup [|Ta, (£)z0 — 2o|| + / ATV MEM + Malds + || < 7o (30)
0<t<r 0

with w} = max{wa, 0}.
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5.1 Construction of the knots

Proposition 5.1 Let € € (0,1) be given. There exists a sequence (tg, yi)x>0 € [0,7] x Co such
that y, € C(ty) and the set

| F(ty) — F(te,ye)ll < e,
y € Co, t € [tisti + 1] with |ly —yel <n

— 11
= n€(0,6): EdiSt (Tao(Myre + Sa(n) F(te, yx), Ctr + 1)) <

DN ™

sup || Ta,(t)ye — ykll < €
0<t<n

is nonempty for every k > 0 and the following properties hold true:
i) For every k > 0 we have ty1 = min(tg+g, 7) with i € (nk/2, k) and ni, = sup(Zg) € (0, €;
i) Yo = xo, to = 0 and for every k > 0 we have yi, € C(ty) with
Ykr1 = Tag (b1 — t)ye + Saltirr — te) F(te, yr) + (tesr — te) Hg, VE >0
(32)

Hy € Xo and ||Hyl| < =, Vk > 0.

Do

Proof. Fix tg = 0. Note that for £k = 0 and yg = xg € Cy the following set

[t y) — Fte ye)ll <e,
y e Co, t€ltg,ty +n] with |ly —wul <n

— 1
Tii=yne0e): it (T () + SA0)F (1, ue), Clti + 1)) <

DO

0

sup || Ta,(t)yr — ykll < €
<t<n

is nonempty and bounded so that

no = sup(Zy) > 0,

is well defined. Let 7)o € (10/2,10) and set
t1 = min (tg + 7o, 7) -
Since t; — ty € [0,7)] it follows that

dist (TAO (t1 — to)yo + SA(tl - tO)F(tm yO)a C(tl)) <

DN ™

tr —to
providing that there exists y; € C'(t1) such that

1
t1 —to

| T4y (t1 — to)yo + Salts — to) F(to, yo) — 11| <

NN e

Thus, setting

1
ot —tp

Hy : [y1 — Tay(t1 — to)yo — Sa(ti — to) F(to, o) € Xo (34)

it follows that
€
IHoll < &
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and

y1 = Ta,(t1 — to)yo + Sa(ti — to)F(to, yo) + (t1 — to)Ho € Co.

The result follows by induction on k > 1.

Lemma 5.2 Let (tg, yr)r>o0 € [0, 7] X Cy with yi, € C(tx) be the sequence provided in Proposition

5.1. Then we have the following properties:
i) For all k > m >0 we have

tit1

k—1
Yp = TAO (tk — tm)ym + Z lim TAO (tk — S)AR)\(A)F(Q, yi)ds

A—=+00 J¢,
k—1 tiv1
Z / TAO (tk — t¢+1)HidS
— t

ii) For all k > 0 we have ||yx| < ro

iti) For all k > m >0 we have

i
lue — Tap (te — tim)yml| < Mi/ ewA(tk*S)(M + Mae®4*)ds

m

i) For all k > 0 we have
[yk+1 — yrll < Moe
with
Mo =1+ e“A[M2M + My].

Proof. We first prove item i). Setting
Liy = Tao(tis1 — te)y, Yk =0, Vy € Xo

and

fr = Saltier — ) F(te, y) + (tir — te) He, VE=10,1,...

it follows that
Ye+1 = Ly + fx, k=0,1,...

)

Using the discrete-time variation of constants formula together with the semigroup properties

we obtain for all &k > m

k—1
Uk = Tag(tk = tm)ym + D Tay(te — tix1)[Saltivy — t:) F(ti, y:) + (tigr — ti) Hil.

Next, observe that for i =m, ... k—1
Tao(te — tiv1)Saltivn — ) F(ti yi) =

A—

tiv1—t;
= lim Tay(tr — ti — )ARA(A) F(t;, y:)ds
A—400 Ot
it1
= lim Tay(te — $)ARA(A)F(t;, y;)ds
A—+o00 J¢,
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so that

k-1 tion

vk = Tag(tk —tm)ym + Y /\EIEOO 5 Tao (te — s)ARA(A)F (5, y;)ds
k—1 tiv1 = ' (39)
Z \ TAO (tk - ti+1)Hz‘dS.

To prove ii), we argue by induction. By construction yg = z and ||zo|| < ro. For k > 1, assume
that ||y;|| <7 for i =0,...,k—1. Since € € (0,1), ||H;|| < e < 1and ||F(t;,vy)| < M for all
i=m,...,k—1it follows that for each s € [t;, ;1]

wX(tk—s) )\MA

1T a0 (tr — S)ABA(A)F(ti, yi) || < Mae M, i=m,...,k—1.

and

HTAO (tk — tz’+1)Hi|| < MAewA(tk_ti“) < MAewX(t’“_S).

Therefore for k > m it follows from (39) that

k—1 tis1
Iy = Taglte = twdynll < 3 [ AN + Majds
i=m i (40)

=
< / A=) [MIM + Mylds

tm
and for m = 0 in (40) we obtain
bt 2 T oWt 2
e — Tag ()0 < / RO M2 + Malds < / AT MEM + My]ds.
0 0
Hence
el < Nlye = Tag(tr)zoll + T4, (t)x0 — ol + ||zl
sup || T, (t)xo — xol| +/ ¥ (7=9) [M3M + Malds + ||zol|.
0<t<r 0

IN

and we infer from (30) that ||yx|| < ro. The proof of iii) is already included the proof of ii) by
(40).
Now we proceed to the proof of iv). Note that

Ykr1 — Yk = Yr+1 — Lao (b1 — )Yk + Tao (trsr — te)yk — Y, V>0

and by construction
1 Ta (tv1 — tr)ye — yrll < e.
Using (40) we have

tet1
[ye+1 = Tao (tesr — te)yell < /t a1 MAM + Ma]ds
k
< (ter — te)ea B =8 MM 4+ My]

and since 0 < tg 1 — tx < i, < € we obtain

.
yks1 — yi|| < €+ ee®a (MM + Ma).
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Lemma 5.3 There exists (t*,y*) € [0,7] x C(t*) such that t;, — t* and yr, — y* as k — +o0.

Proof. To prove the lemma, we notice that by construction the sequence (t) is non decreasing
and bounded above so that there exists t* € [0, 7] such that t; — t* as k — +o00. To prove that
(yx) is a convergent sequence, we will show that it is a Cauchy sequence. Indeed, using (36) we

have for all K > j > m

lye = vill < llye — Tag (te — to)ymll + [ Tao (8 — tin)Ym — Y5l
HTao (tk — tin)ym — Tao (L5 — tm)Yml|
tr t;
< / Al [MAM + Malds + | €3G MM + Myds
tTYL

tm

FTao (te = tin)ym — Tao (L5 — tm)Yml|

so that -
limsup |lyx — y;|| < 2/ At =s) [MAM + My]ds
: -

k,j——+o00

Since m is arbitrary and t,, — t* when m — +oo it follows that (yx) is a Cauchy sequence.
Recalling that Cj is closed, we deduce that that there exists y* € Cy such that y, — y* when
k — +o0. Therefore, we conclude that (t*,y*) € [0, 7] x C(t¥). [

Lemma 5.4 The sequence (ti,yr)k>o0 s stationary. That is there exists ne > 1 such that
(tieyyk) = (tn,, Yn.) = (1, y*) for all k > n..

Proof. To prove the lemma, we will argue by contradiction. Let us first note that if there exists
ne > 1 such that ¢, = 7 then for each k > n. we have t;1; = min(tx + 7x/2,7) = 7. Thus, to
argue by contradiction let us assume that ¢ < 7 for all £ > 1. Therefore, using the definition of

the sequence (t)xr>0 it follows that
tk+1Imin(thrﬁk/Q,T):tk+ﬁk/2<7', VE > 0. (41)

Let (t*,y*) € [0,0 4+ 7] x Cy be given by Lemma 5.3 such that ¢, — t* and yr — y* when
k — +oo. Thus, we have
li e = lim 2(t — 1) =0
= Ji 2 =0

and since 7y € (nk/2, Nk) we obtain
lim n =0. (42)

k—+o00

Moreover, using the fact that y* € C(t*) we also have
1
lim — dist (Ta,(h)y* + Sa(h)F(t*,y*),C(t")) = 0. (43)
h—0+ h

Let K be the compact set defined by

K = {yg, F(tx,yx), ", F(t",y") : k > 0}. (44)
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Next, using (43) and (44) it follows that

1E(Ey) = @, y7)| < 35,
y € Co, t€[0,7] with [t =" <3n, |ly —y*|| <3n
1 3 * * * *

st (Tag ()y” + Sa(m F(E,y7), O +n)) <

sup [Ty (t)z 2l < e, z€ K
0<t<2n

5 :=<ne(0e): (45)

o

is non empty and we set n* = %. This ensures that [n*,2n*] C Z*. Using the convergence of

the sequences (ng) and (tg, yx), respectively to 0 and (¢*,y*) it follows that there exists kg > 1
large enough such that
1 F (e, yi) — F(t" y7)| < 5, VE = ko

ly* =yl < n*, Yk > ko

(46)
0<t*—ty <n*, Vk> ko
e < 0", Yk > ko.
Next, we introduce the sequence
spi=t —tp+n >0, VE>0& s+t =t"+n", VE>0 (47)
and observe that
sk €M, 20" C I, Yk > ko and ik, < n* < sg, Vk > ko. (48)
Note that (48) implies that s ¢ Zy for all k& > k. Moreover, we have for all k > kg
(It =t] < sp = [t =17 < 3n") and ([ly — yell < sk = [ly — "] < 3n%). (49)

Thus, using (45) and (49) it holds that if |t — tx| < s and ||y — yk|| < si then for all k > ko
1E @ y) — Fte,ye) | < 1F(Ey) = F@E g9+ [1FE y7) = Flie ye)ll < e

sup (| Tag () yx — il < sup sup [Ty, (1) = 2] <e.
0<i<s z€K 0<t<2n*

(50)

Hence, the above inequalities (48) and (50) ensure that we must have sy & 7, for all k > ko with

1
gdlst (Tao (sk)yx + Salse) F(te, yr), C(tr + sx)) > % (51)

Recalling that from (47) we have ¢ + s, = t* +n* and by letting k¥ — +o00 in (51) we obtain

(52)

NN e

1
FdiSt (Tao()y™ + Sa(" ) F X, y"), C(t* +17)) =

which contradict the fact that n* € Z*. This proves that there exists n, > 0 such that ty, =1¢, =7

for all k£ > n.. To conclude to the stationarity of (yj), we use the relationship

Y1 = Tag(tera = tr)yn + Salthar — te) F(tr, yr) + (tea — tr) Hiy k20
together with S4(0) = 0 to obtain

Yk = Yno, VK > ne.
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5.2 Construction of the approximate solution

Let us now proceed to the construction of the approximate mild solutions. To this end, we define

for k=0,...,n. — 1 the map w§, : [tx, tx41] — X by

wi () == k
k() tey1 — Tk ler1 — Tk

let1 —t t— 1tk

Yk+1, VtE [ty trta). (53)

Since wy, is constructed by a convex combinaison of yj and y1, it follows from Lemma 5.2 that

wi(t) € Cy and ||w,§(t)|| <rgy Vte [tkatk+1]

(54)
wi(t) = yr and wi(te+1) = Ypt-
Moreover using (37) and (53), we also have
|wi () — yrll < Moe, Vt € [ty trs1] (55)

with My the constant defined in (38). From (53), (54) and (55) it is now easy to see that the
map we : [0,7] — X defined by
we(t) == w(t), Vt € [ty tet] (56)
is continuous in [0, 7] and satisfies
we(t) € Cy and ||we(t)|| < ro, Vt €[0,7]
We(ty) =yr, k=0,...,nc (57)
Hwe(t) — ka < Mge, Vt € [tk,thrl], k=0,...,n.— 1.
The next, step is to show that the map w, defined in (57) is an approximate solution to (2) that
is
t
we(t) — Ta,(t)zo — )\lirf / T, (t — S)ARA(A)F(s,we(s))ds = O(e)
—+o00 Jo

and that it converges to a unique solution to (2).

5.3 Convergence of the approximate solution

We proceed into three steps. In the first step, we show that that map v, : [0, 7] — Cj defined by
t

Ve(t) = we(t) — Ta, (t)xo — )\lirf / Ta,(t — $)ARA(A)F(s,we(s))ds, Vt € [0,7]  (58)
—+o0 Jo

is of order e uniformly in [0,7]. This means that w. : [0,7] — Cp is an e-approximate mild
solution to (2). In the second step, we prove that w, : [0, 7] — Cj converges to w € C([0, 7], X).
In the third step we prove that w(t) € C(¢t) for all t € [0, 7].

Step 1: In this step, we do estimate v, on [0, 7]. To this end, note that for ¢ € [ty, tx4+1] with

k=0,...,n. — 1 we have
k=1 ;g
vlt) = wdlt) = Tay(t ) [TAO<tk>xo + im0 [ Ty (0~ AR (1,31
i=0 /%

k=1 oty
= lim Tt 1) Y [ Tyt~ 9ARAAF(s,00(5)) — Flta,plds
—0 t;

A—+o0

— lim t T, (t — S)ARN(A)F(s,we(s))ds

A—+o0 tr
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and recalling that

k-1 tian
ye = TAO(tk x0+z grfoo T, (tr — 8)ARA(A)F(t;,y;)ds
tit1 -
TAO (tk — ti+1)Hl‘dS
—o i
we obtain
ve(t) = welt) = TAo(t = 1k
t’L 1
_ AEI-‘POO . T, (t — S)ARNA)[F(s,we(s)) — F(t;,y;)]ds (59)

Lig1
— lim TAO (t — $)ARA(A)F(s,we(s))ds + Z/ ’ T, (t — tiy1)Hids
t;

A—+oo the

Note that for each ¢ € [tg, tg11]

lwe(t) = Tag(t — tr)yrll < Nlwe(t) = yll + llyr — Tao (t — tr)yrll
< lwe(t) =l +  sup lyk — Tao (s)yel|

0<s<tp+1—tk

and we infer from (57) and the definition of the sequence (¢, y) in Proposition 5.1 together with

tkr1 — tr < ng to obtain
||w€(t) — TAO(t — tk)ka < Mpe+e€, Vt € [tk7t}g+1], k=0,...,n— 1. (60)
Furthermore, for s € [t, tx41], K =0,...,n — 1 we also have

1F(s, we(s)) = F'(tx, yi) 1F(s, we(s)) = F(s, yr) [l + I1F' (s, yx) — F (tr, ye)

<
< Allyr = we()Il + 1E ks ) = F (s, y8)

hence using (57) and the definition of the sequence (¢, yx) in Proposition 5.1 combined with

s —tr < tpr1 — tr < M we obtain
| (t, yk) — F(s,we(9))]] < kMoe + €, Vs € [tg, tir1], k=0,...,n— L. (61)
Since s € [0, 7] and we(s) € Cy with |we(s)|| < ro, the inequality (29) implies that

| F'(s,we(s))]] < M, Vs € [0,7]. (62)
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Now combining (60) (61) and (62), it is easy to obtain from (59) that for all ¢ € [tg, tx41]

lve (@)l

<

IN

IN

IN

M06+6+Z/:l+ MZ%e“4at=9) (5 Mye + €)ds
M2 wi (= S)Mds—&—Z/:z 1MAe (t—tit1) g

Moe+e+2/:+l M2e“5™ (kMoe + €)ds

+ M2 “ATMds—s—Z /: Me“i7eds

tz
+/ M3 Rt S>Mds+2/ M gea U=t ed s
ti t;

Moe + € + tkaleij(nMoe + ¢€)ds

t
+(t—tk)/ MZ%e“s™ Mds + tMae“sTeds

tr

Moe + €+ TMie“XT(/fMge +e€)

+(tk+1 — tk)Miewj{TM + TMAewj‘— €

and since by construction tx11 — tx < 1 < € we obtain

with

”Ue(t)” < EMla vt € [tk»tk—HL k= Oa sy e — 1

My :=My+1+ TMie“XT(/{MO +1)+ Mf,e“’XTM + TMpe¥aT

It is now clear from (64) and (65) that

llve(t)]| < eMy, Vt €0, 7].

(66)

Step 2: In this step, we prove that the map w. € C([0,7],Cp) converges when ¢ — 07. Let
€,0 € (0,1). Then using (58) we obtain

we(t) —ws(t) = ve(t) —

Recalling that by construction we have

[we@)] < 7o, Yt €[0,7]

it follows from (28), (58) and (64) that

[[we(t) = ws()]]

<

IN

[|ve(t) — vs(t) |l +/ M3k |lwe(s) — ws(s)||ds
M, (e + ) / M2 409 gl (s) — ws(s) || ds

2M (e + 6) + / M2k we (s) — ws(s)||ds, Vit € [0,7]
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and by Gronwall’s lemma, we get
|we(t) — ws(t)|] < 2My(e + 0)e™, Vt € [0,7], with kg := MiewXTn.

This shows that we : [0,7] — Cp, € € (0,1) is a Cauchy sequence in C([0,7], X). Since Cp is
closed, there exists w € C([0, 7], Cy) such that
lim we(t) = w(t) in C([0,7],Co).
e—07t
Therefore, using (58) and (64) and letting e — 0% we obtain
t
w(t) =T, (t)xo + )\hIJ’I_l / T4, (t — S)ARA(A)F(s,w(s))ds, t € [0, 7].
—+00 0
Step 3: Let t € [0,7] be fixed. Recall that, by construction, for each € € (0,1) there exists
a sequence (tg, Yk )kefo,....n.} Such that tgy1 — 1t < e and t,, = 7. Since t € [0, 7] there exists
k. € {0,...,nc — 1} such that ¢ € [ty ,tr +1]. This means that for each ¢ € (0,1) there exists
k. € N such that
0 <ty <t<tks

thet1 — Tk <€
tke 6 [077—]

so that ty, — t when € — 07. Next, we note that

[w(t) — || < sup. [w(t) = we(@)]| + lwe(t) — yr.
se|0,7

and by using (57) we obtain
[w(t) =yl < sup Jlw(t) — we(t)]] + Moe.
s€l0,T
Therefore
lim t;, =t and i = w(t
i, and  lim gy, = w(t)

which implies by hypothesis that w(t) € C(t).
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