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Using the criterion that a crack will extend along the direction of maximum circumferential stress, this
paper demonstrates the influence of the coupling between the crack-parallel 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the tip speed
𝑣𝑐 on the directional (in)stability of dynamics cracks in brittle materials, i.e., branching, turning and
limiting velocities. The proposed (in)stability criterion evolves within the theory of dynamic fracture:
we build on the work of Ramulu and Kobayashi (1983) by introducing a reference distance 𝑟𝑐 ahead of
the crack-tip to incorporate the contribution of the higher-order terms in the asymptotic solution of
the elastic crack-tip fields. The theoretical aspect is first explored, a methodology to numerically (and
experimentally) advocate the instability - as a co-action of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and a fast running crack - is then
proposed and validated on Borden et al. (2012)’s branching benchmark. An experimental setup combining
Ultra-High-Speed High-Resolution (𝑈𝐻𝑆 − 𝐻𝑅) imaging with advanced Digital Image Correlation (𝐷𝐼𝐶)
algorithms and a novel crack-branching inertial impact test enables for never-seen-before quantification of
the rich dynamical behaviour of the fracture. This permits the experimental validation of the developed
crack (in)stability criterion.

Keywords dynamic fracture, 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , crack branching, limiting crack velocity

1 Crack (in)stabilities within the theory of dynamic fracture
Dynamic fracture mechanics predicts that the Rayleigh wave speed 𝑐𝑅 is the limiting velocity of a
mode 𝐼 stable crack propagation. However, experimental observations show the existence of
limiting velocities typically around 40% of 𝑐𝑅 , above which, instabilities emerge and eventual
branching occurs. The limiting velocities are found to depend on the material, the geometry
and boundary conditions. Besides, numerical simulations such as phase-field approaches to
dynamic fracture are shown to successfully reproduce experimental crack patterns, i.e., initiation,
coalescence, branching positions and branching angles Liu et al. (2016); Pham et al. (2017);
Ren et al. (2019); Ambati et al. (2015). In the same spirit, it is found that the tip speed of stable
cracks in phase-field simulations of dynamic fracture are also limited around the same order of
magnitudes (∼ 40% of 𝑐𝑅) as the experiments (with some discrepancy, e.g., Borden et al. (2012)).

The instantaneous crack (in)stabilities, i.e., branching/turning and limiting velocities under
mode 𝐼 are at the core of this paper; more specifically, the ability to explain crack branching at
slower tip speeds than the ones predicted within the theory of dynamic fracture mechanics is
sought. It’s noted that the (in)stability in question does by no mean regard the instability as
considered by Aleksandr Lyapunov; it’s more about the directional stability as tackled in Streit
and Finnie (1980a); Ramulu and Kobayashi (1983)’s works.

In the literature, a multitude of criteria were proposed for crack extension and fracture
Cotterell and Rice (1980); Erdogan and Sih (1963); Hussain et al. (1974); Gupta (1976); Palaniswamy
and Knauss (1978); Williams and Ewing (1972). The most fundamental ones assume that the crack
should advance in the direction that maximises the energy release rate Hussain et al. (1974);
Gupta (1976); Palaniswamy and Knauss (1978) (energy-based criteria). An alternative theory
suggests that locally, the crack will choose the direction at which the local stress field at the tip is
symmetric (similar to mode 𝐼 , no mode 𝐼 𝐼 sliding) to advance (stress-based criteria). Among these
criteria, the maximum circumferential stress criterion (𝜎\\ ) was first proposed in quasi-statics by
Erdogan and Sih (1963). It was adopted in dynamics by many authors Williams and Ewing (1972);
Streit and Finnie (1980a); Finnie and Saith (1973). Its success rests on its simplicity since an
analysis of the stress state near the crack-tip is sufficient to predict its extension behaviour
(Equation 1):
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\0 = arg
\

max𝜎\\ , with 𝜎\\ > 0 (1)

where \0 is the direction that maximises 𝜎\\ > 0.
The maximum circumferential stress criterion has previously been analysed in the vicinity of

a moving crack-tip (𝑣𝑐 ) by considering the leading terms, i.e., the stress intensity factors 𝑆𝐼𝐹
Freund (1998). By proposing an expression of the stress fields around a moving crack-tip (𝑣𝑐 ) as a
function of (𝑆𝐼𝐹 ) terms, the stresses at position (𝑟, \ ) from the crack tip are given by Freund
(1998) as:
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For mode 𝐼 opening:

𝑆 𝐼11(\, 𝑣𝑐) =
1

𝐷 (𝑣𝑐)

[
(1 + 𝛽2

𝑠 ) (1 + 2𝛽2
𝑑
− 𝛽2

𝑠 )
cos \𝑑

2√
𝛾𝑑

− 4𝛽𝑠𝛽𝑑
cos \𝑠

2√
𝛾𝑠

]
𝑆 𝐼12(\, 𝑣𝑐) =

2𝛽𝑑 (1 + 𝛽2
𝑠 )

𝐷 (𝑣𝑐)

[ sin \𝑑
2√

𝛾𝑑
−

sin \𝑠
2√
𝛾𝑠

]
𝑆 𝐼22(\, 𝑣𝑐) = − 1

𝐷 (𝑣𝑐)

[
(1 + 𝛽2

𝑠 )2 cos \𝑑
2√

𝛾𝑑
− 4𝛽𝑠𝛽𝑑

cos \𝑠
2√

𝛾𝑠

] (3)

and for mode 𝐼 𝐼 plane shear loading:
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with
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where 𝑐𝑑 , 𝑐𝑠 and 𝑐𝑅 are dilatational, shear and Rayleigh wave speeds respectively.
Figure 1(a) shows the typical angular variation of a normalised circumferential tensile

stress around the moving crack-tip for a material of Poisson ratio a = 0.3 for several values of
normalised crack speeds 𝑣𝑐 . Figure 1(b) shows the of the direction of maximum circumferential
stress 𝜎\\ that is computed following Equation 1.

Consequently, it is seen that the circumferential stress reaches a maximum 𝜎0
\\

at a \0 ≠ 0
angle when the crack-tip speed exceeds a critical velocity threshold ≃ 0.72𝑐𝑅 . This feature
was first observed by Yoffe (1951) 60 years ago. Although this derivation was able to predict that
the limiting velocity for a stable crack is lower than 𝑐𝑅 (≃ 0.72𝑐𝑅), unfortunately, it could not
explain the lower critical velocities observed in experiments and equivalently in phase-field
simulations (≃ 0.4 − 0.5𝑐𝑅).
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Figure 1: Angular distribution of (𝜎\\ ) at different 𝑣𝑐 Yoffe (1951) (a), and the direction \0 maximising 𝜎\\
as a function of the normalised crack-tip speed (b)
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On the theory of brittle fracture and its foundation
LEFM and its dynamic counterpart are found around the notion of small-scale yielding. The small
scale yielding incorporates the notion that the leading 𝑆𝐼𝐹 terms still govern the deformation
state inside a small confined zone (fracture process zone) at the crack-tip. However, it is becoming
more recognised that non-singular stresses can become significant depending on the geometry
and loading of the specimen, and the role of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 for instance has been extensively studied
in quasi-static Gupta et al. (2015) and also in fatigue to determine the influence of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on
the size of the plastic zone at the crack tip Brugier et al. (2015); Brugier (2015).

In dynamic fracture, we believe that the finite size of the medium in real life applications and
in the simulations of fracture brings reflections of stress-waves from the boundaries to interact
with the running cracks and modifies the stress state near the crack tip. This might be the reason
the limiting speeds observed experimentally or numerically are much smaller than the theoretical
predictions. A quantification of these modifications is needed.

2 Incorporation of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠
The analysis of the angular stress distribution as a criterion for crack (in)stability is retained,
however, we build on the work of Ramulu and Kobayashi (1983) and introduce higher order terms
in the analysis. As per Ramulu and Kobayashi (1983), a non-singular uniform term, i.e.,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠
could be added to the expression of the stresses parallel to the crack path. For a semi-infinite
crack propagating along the 1 direction at crack-tip speed 𝑣𝑐 under mixed loading, the stress
component 𝜎11 becomes:

𝜎11(𝑟, \, 𝑣𝑐) =
∑︁
𝑘=𝐼 ,𝐼 𝐼

𝐾𝑘𝐷√
2𝜋𝑟

𝑆𝑘11(\, 𝑣𝑐) + 𝑻 (7)

When incorporating 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 in the analytical solution, it’s assumed that fracture growth
is dictated by the stress field at a given distance 𝑟𝑐 ahead of the crack-tip introducing thus a
non-local effect through this length scale 𝑟𝑐 at which the contribution of the higher-order terms
become significant to the fracture process. Beyond enabling the assessment of higher-order
terms, the assumption of such given distance was shown to be physically reasonable by many
authors Rice (1970); Ritchie et al. (1973); Streit and Finnie (1980a) arguing that 𝑟𝑐 corresponds to a
distance from a crack-tip at which micro-defects can coalesce as an extension of the crack. Of
course, this 𝑟𝑐 would depend on the materials’ heterogeneities at the microscopic levels.

When adding the𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠 to the stress solution, Equation 1 should be rewritten at a distance
𝑟 from the crack-tip as:

\0(𝑟, 𝑣𝑐 ,𝑇 ) = arg
\

max 𝜎\\ (𝑟, \, 𝑣𝑐 ,𝑇 , 𝐾𝐼𝐷 ), with 𝜎\\ > 0 (8)

Within this context, Ramulu and Kobayashi (1983) proposed a criterion that predicts the
instabilities for crack-tip speeds 𝑣𝑐 < 0.67𝑐𝑠 = 0.72𝑐𝑅 1 based on the introduction of a reference
distance scale 𝑟𝑜 . From Equation 8, finding the expression of \0, and setting it to zero (stable), a
sufficient condition for stability emerges as a function of 𝐾𝐼𝐷 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , and the crack velocity
𝑣𝑐 . Indeed, the crack propagation is considered stable when it tends to propagate along its
direction of growth, i.e., at \0 = 0, and unstable else-wise. This condition brings forth a unique
reference distance 𝑟 = 𝑟𝑜 as a function of the 𝐾𝐼𝐷 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack velocity 𝑣𝑐 , valid
in 0 ≤ 𝑣𝑐 ≤ 0.67𝑐𝑠 = 0.72𝑐𝑅 . 𝑟𝑜 represents a distance below which the crack propagation is
dominated by the 𝑆𝐼𝐹 , i.e., the direction of propagation is along the extension of the crack in
the range 0 ≤ 𝑣𝑐 ≤ 0.67𝑐𝑠 = 0.72𝑐𝑅 , which means that the directional stability of a mode 𝐼
propagating crack is maintained. For a material of critical distance 𝑟𝑐 , the sufficient stability
condition relating 𝑟𝑐 to the (in)stability reference distance 𝑟𝑜 reads:

𝑟𝑜 ≥ 𝑟𝑐 (9)

1 In this range of crack-tip speeds 0 ≤ 𝑣𝑐 ≤ 0.67𝑐𝑠 = 0.72𝑐𝑅 , the classical solution (without non-singular terms) would
give stable crack propagation (\0 = 0)
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(a) (b) (c)

Figure 2: The stability criterion 𝑟𝑜 ≥ 𝑟𝑐 as proposed by Ramulu and Kobayashi (1983). 𝑟𝑐 is a material
parameter stating the distance at which damage may occur. 𝑟𝑜 can be seen as a representation of the stress
field. In 𝑟 ≤ 𝑟𝑜 , a 𝐾-dominant zone is omnipresent. The criterion stands for 0 ≤ 𝑣𝑐 ≤ 0.67𝑐𝑠 = 0.72𝑐𝑅
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Figure 3: The stability criterion 𝑟𝑜 ≥ 𝑟𝑐 . Influence of the crack-tip speeds (a) and the 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 (b). At
𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 0, the criterion gives an ever-stable crack (in the range 0 ≤ 0.67𝑐𝑠 = 0.72𝑐𝑅 , coherently with
the classical solution Yoffe (1951))

So 𝑟𝑐 falls in an 𝑆𝐼𝐹 -dominated region (stable crack propagation).
Figure 2 shows a schematic representation of the criterion. Stable and unstable cases are

shown. The red zone corresponds to a zone where 𝐾 is not dominant, and far-field stresses
play a major role in determining the angular distribution of the crack direction. The blue zone
corresponds to the stability zone, in which 𝑆𝐼𝐹 (𝐾𝐼𝐷 ) is dominant.

For an arbitrary material of critical crack growth distance 𝑟𝑐 , Figure 3 shows the evolution
of 𝑟𝑜 at fixed 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 as a function of the crack-tip speeds. It also shows the influence of
𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on 𝑟𝑜 at two fixed speeds (one comparable to a quasi-static propagation and another
one at 𝑣𝑐 = 0.5𝑐𝑅). As Equation 9 states the stability condition being 𝑟𝑜 ≥ 𝑟𝑐 , in Figure 3(a)
this translates to an unstable crack growth for a crack starting 𝑣𝑐 ≃ 0.67𝑐𝑅 - for the considered
arbitrary material, under an arbitrary 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 . Of course, 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 0 would yield an
ever-stable crack under this criterion (within its range of application 0 ≤ 0.67𝑐𝑠 = 0.72𝑐𝑅),
coherently with the classical solution Yoffe (1951).

In Figure 3(b), Ramulu and Kobayashi (1983)’s criterion predicts unstable crack propagation
even under negative 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 at low crack-tip speeds, which is in contradiction with multiple
works (see e.g., Gupta et al. (2015) for a review of the influence of𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠 on crack propagation).
Moreover, it’s evident how a faster running crack (e.g., 𝑣𝑐 = 0.5𝑐𝑅 versus 𝑣𝑐 = 1𝑒−4𝑐𝑅) is more
prone to instabilities at lower 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 levels.

Further, this criterion might suffer from some limitations:
• The inability to incorporate branching at fast running cracks from the classical solution,
for example, under complex stress-wave propagation and reflection (in real-life appli-
cations/advanced simulations), 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 would be extremely volatile and building a
criterion that is able to predict instabilities in the absence and presence of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 is
crucial;

• Prediction of crack instability at negative 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 under near quasi-static loading, which
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Figure 4: Behaviour law following Kanninen and Popelar (1985) with 𝐾𝐼𝐶 = 1.66𝑀𝑃𝑎
√
𝑚 and𝑚 = 0.465

was contradicted by various authors Gupta et al. (2015).

Remark 1 In Ramulu and Kobayashi (1983, 1985); Kobayashi and Ramulu (1985)’s work,
experimental validation of their proposed criterion is followed and the determination of the
critical distance 𝑟𝑐 is made across multiple experiments by determining 𝑟 𝑖𝑛𝑠𝑡𝑜 , which is the value
of 𝑟𝑜 just before the instability, and noting 𝑟𝑐 = 𝑟 𝑖𝑛𝑠𝑡𝑜 . In the 1980𝑠 , the ability to estimate highly
resolved (in time) 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and crack-tip speeds experimentally was lacking, so 𝑟𝑐 was
considered as the smallest 𝑟𝑜 computed across the experiments.

3 Material (in)stability map: a comprehensive criterion
We build on the work of Ramulu and Kobayashi (1983) to further shed light on the role played by
the 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on the angular distribution of the stresses and hence on the dynamic (in)stabilities.
We expose the assumptions required for building an illustrative example showcasing the
(in)stability criterion:

1. Fracture is driven by the stress-field in the local neighbourhood of a moving crack-tip
Freund (1998)

2. The material obeys the maximum circumferential stress criterion
3. Dynamically, the crack advances at 𝐾𝐼𝐷 = 𝐾𝐼𝐷𝐶 , and its propagation behaviour law is

known (e.g., following Kanninen and Popelar (1985)’s crack propagation law relating 𝐾𝐼𝐷𝐶

to 𝐾𝐼𝐶 and the crack tip speed 𝑣𝑐 )
4. A reference distance 𝑟𝑐 that adequately combines the effect of the𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and 𝐾𝐼𝐷 along

with the crack-tip speed 𝑣𝑐 is known and is a material parameter
To build a map that embodies a criterion for the transition between stable and unstable crack
propagation for crack-tip speeds 0 ≤ 𝑣𝑐 ≤ 𝑐𝑅 , the goal is to determine, for a given material
(knowing its density 𝜌 , its elastic properties 𝐸, a , its fracture toughness𝐾𝐼𝐷𝐶 - or crack propagation
behaviour - 𝐾𝐼𝐷𝐶 ∝ 𝑣𝑐 , 𝐾𝐼𝐶 , etc., and its material constant 𝑟𝑐 ) the loadings (in terms of fracture
mechanics, i.e., 𝐾𝐼𝐷 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , 𝑣𝑐 ) under which crack growth is stable and the loadings under
which crack growth is not.

For this purpose, a large range of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and crack-tip speeds 𝑣𝑐 are swept (representing
the crack propagation behaviour) and the analytical solution is evaluated to find the direction \0
of maximum circumferential stress 𝜎0

\\
at distance 𝑟𝑐 from the crack-tip (Equation 8). This allows

the construction of a 2𝐷 surface that gives \0 as a function of crack-tip speed 𝑣𝑐 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 .
We take an arbitrary set of material parameters (Table 1), and we assume that as the crack

advances at 𝐾𝐼𝐷𝐶 = 𝐾𝐼𝐷 , the material obeys the empiric law proposed by Kanninen and Popelar
(1985) (Equation 10) relating the critical dynamic stress intensity factor 𝐾𝐼𝐷𝐶 , to its static
counterpart 𝐾𝐼𝐶 .

𝐾𝐼𝐷𝐶 =
𝐾𝐼𝐶

1 − ( 𝑣𝑐
𝑐𝑅
)𝑚

(10)

where 𝐾𝐼𝐶 is the static counterpart of the fracture toughness and𝑚 is a material constant.
The material (in)stability map is constructed and showcased in Figure 5(a) in the (𝑣𝑐 ,𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠)

space. We analyse 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 between −30𝑀𝑃𝑎 and +30𝑀𝑃𝑎. Figure 5(b) shows the equivalence
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𝜌 1200𝑘𝑔/𝑚3 𝑐𝑑 2594𝑚/𝑠
𝐸 6𝐺𝑃𝑎 𝑐𝑠 1387𝑚/𝑠
a 0.3 𝑐𝑅 1287𝑚/𝑠
𝐾𝐼𝐶 1.66𝑀𝑃𝑎

√
𝑚

𝑚 0.465
𝑟𝑐 2𝑚𝑚

Table 1: Arbitrary material for the illustrative example showcasing the material (in)stability map

in the (𝐾𝐼𝐷𝐶 ,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠) space (as 𝐾𝐼𝐷𝐶 can be related to 𝑣𝑐 via Kanninen and Popelar (1985)’s
Equation Kanninen and Popelar (1985)).

In this range of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 (Figure 5) one can observe the following:
▶ At 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 0, the classical solution is recovered (Figure 1(b))
▶ For crack-tip speeds 0 ≤ 𝑣𝑐 ≤ 0.8𝑐𝑅 , a negative 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 stabilises the crack.
▶ Even at slow crack-tip speeds, e.g., 𝑣𝑐 = 0.05𝑐𝑅 , the presence of a 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 can foster

instabilities and eventual branching.
▶ Above 𝑣𝑐 = 0.8𝑐𝑅 , independently of the values of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , instability is prominent.
▶ Dependently of the intensity of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , different limiting velocities can be reached

(transition zone between stable and unstable crack propagation).
▶ The sharpness of the transition zone between the stable and unstable crack growth varies

with the crack-tip speed and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 .

Remark 2 These observations only stand for the (in)stability map herein considered, of course
each material would have a unique (in)stability map, e.g., a material with the same mechanical
properties but which critical distance 𝑟𝑐 is much bigger than 2𝑚𝑚 would withstand even less
𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 at stable propagation, since more weight would be given to the contribution of the
uniform 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on the stress-state thus modifying its angular distribution away from \0 = 0.
To show this influence, three equivalent materials are considered and only the reference distance
𝑟𝑐 is different for each material 𝑟𝑐 = 2𝑚𝑚, 500`𝑚, 8𝑚𝑚 (this difference might come for instance
from the difference in the distribution of microstructural defects or other in the materials). Figure
6 shows the transition zone between a stable and unstable for the three materials.

Remark 3 A commonly used scheme to ensure directional stability at high crack-tip speeds is to
side groove the test pieces. This would normally allow the cracks to reach near-sonic crack-tip
speeds. Regarding the fact that the (in)stability map Figure 25 shows a limiting velocity always
smaller than 𝑐𝑅 , in the case of a side-groove, complex state of stress on the specimen that cannot
be taken into account in the (in)stability map are created. So this side grooving exercise is out of
the scope of this study.

Remark 4 We recall that in this directional (in)stability study, the interest is only drawn onto
mode 𝐼 propagating cracks. Once a crack branches, the coexistence of two crack-tips redistributes
the stresses. The study thus can no longer be followed.

Remark 5 Of course, a mixed-mode loading would affect the direction of propagation of the
crack, however, this does not fall in the scope of analysing the (in)stability as seen in this paper
(occuring namely at fast-running cracks in mode 𝐼 deviating from their initial direction of
propagation). We mention that the proposed criterion is directly applicable to mixed-mode crack
propagation by adding the Mode 𝐼 𝐼 terms in the elastic solution at the crack-tip - from Freund
(1998) for instance, and the direction of propagation will be predicted. The influence of 𝐾𝐼 𝐼 on the
direction of propagation will be coupled with the role played by the crack-tip speed and the
present 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 .
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(a)

(b)

Figure 5: (In)stability map showing the emergence of both stable and unstable crack propagation
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Figure 6: Influence of 𝑟𝑐 on the transition zone in the (in)stability. A synthetic 𝑟𝑐 = 100𝑚 is added to
validate the limiting theoretical velocity at 𝑣𝑐 = 𝑐𝑅

4 Validation of the role of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on the crack branching in
Borden et al. (2012)’s simulation benchmark

After theoretically advocating the dynamic crack instabilities, we turn into their numerical
validation on the interesting benchmark proposed by Borden et al. (2012), where crack branching
(an instability) occurs. The section starts with a brief introduction to the benchmark and
simulation results. An emergence of a positive 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 is then showcased before branching,
even though no external loadings along the direction of crack propagation exist. This section is
wrapped-up by building the (in)stability map of the material in question and superposing the
crack-tip’s loading history (𝑣𝑐 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠) onto the map which would give insights not only
on the branching, but also on the damage band thickening observed in the phase-field simulation
before branching - as it will be seen.

4.1 The benchmark Borden et al. (2012)
Borden et al. (2012) propose to model a pre-notched rectangular plate loaded dynamically in
tension. The geometry and boundary conditions of the problem are shown in Figure 7(a). A
constant traction load (of 1MPa) is applied on the top and bottom boundaries of the specimen.
The other boundaries are free. It is noted that the initial crack is modelled both geometrically and
by imposing a phase-field value 𝛼 = 1 (fully damaged) as Dirichlet boundary condition on the
initial crack surface. The ingredients of the phase-field model and the material properties from
Borden et al. (2012) are recalled in Table 2.

Figure 7(b) shows the final damage state of the material, and Figure 7(c) showcases the crack
tip speeds.
▶ the crack is initiated after 𝑡 = 12`𝑠
▶ no branching occurs at the crack’s maximum speed (𝑡 = 31`𝑠), only broadening of the

damage band (until 𝑡 = 36`𝑠)
▶ the crack decelerates and two branches bifurcate at an angle \0 = ±25𝑜 at 𝑡 = 48`𝑠

Regarding the damage band width:
▶ The damage band broadens from 𝑡 = 31`𝑠 to 𝑡 = 36`𝑠; afterwards, the crack propagates

stably
▶ The damage band broadens from 𝑡 = 43`𝑠 before branching at 𝑡 = 48`𝑠 .
The problem can be resumed as follows: No external loading along the direction of

crack propagation is present, yet the crack branches at relatively low crack-tip speeds.
From here, the following questions emerge:

(i) Why does the crack not branch at its peak speed (𝑡 ≃ 31`𝑠)?
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(a) Geometry and boundary conditions for the crack branching
benchmark Borden et al. (2012)

(b) Final damage state

0 20 40 60 80 100
0

500

1000

1500

(c) Branch tip speeds in time

Figure 7: The geometry and boundary conditions of the benchmark from Borden et al. (2012). The notch
is modelled both geometrically and by imposing a phase-field value 𝛼 = 1 on the notch surface (as an
initial crack) (a). The final damage state and the evolution of the branch tip speeds in time are shown in (b)
and respectively (c).
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Time stepping Explicit Li et al. (2016)
Crack density function Quadratic Miehe et al. (2010)
Strain split Orthogonal Nguyen et al. (2020)
Plane strain assumption

Boundary condition Traction load (Figure 7(a)) Borden et al. (2012)
𝐸 (Young’s modulus) 32𝐺𝑃𝑎
a (Poisson ratio) 0.2
𝜌 (Material density) 2450𝑘𝑔/𝑚3

𝑔𝑐 (Material toughness) 3𝐽/𝑚2

𝑙𝑐 (Length-scale) 0.25𝑚𝑚
𝑐 (Elastic-threshold for AT2) 0

Table 2: Overall phase-field model and material parameters considered for the simulation of the benchmark
from Borden et al. (2012)

(ii) Why does it branch after, at lower speeds? and finally,
(iii) What does the broadening of the phase-field at the branching position and beforehand

actually mean?
The answers to these questions are sought by analysing the angular distribution of the stresses
along the crack propagation and analysing the (in)stabilities (from the notch until the branching
point).

Remark 6 We note that the widening of the damage band before the moment of branching is
similar to other phase-field simulations reported in Borden et al. (2012); Schlüter et al. (2014),
and to non-local integral damage model Pereira et al. (2017). From a more physical point of
view, this widening of the damage band could be the signature of the roughening of the crack
surfaces experimentally observed to occur prior to branching Ramulu and Kobayashi (1985).
In phase-field models, Bleyer and Molinari (2017) show how the micro-branching process is
indeed a three-dimensional instability and is directly linked to surface patterns observed prior to
macro-branching Sharon and Fineberg (1996).

4.2 (In)stability analysis
The proposed methodology to analyse the dynamic (in)stabilities should stand both numerically
and experimentally. In fact, having full-field measurement of the kinematics (from numerical
simulations, or their estimations from 𝐷𝐼𝐶 algorithms in the experimental application), one
can estimate the crack-tip position (and crack-tip velocity 𝑣𝑐 ), the 𝑆𝐼𝐹 and higher order terms
(e.g., 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠), automatically following Roux and Hild (2006); Roux et al. (2009). In brief, by
projecting the displacement fields in a zone of arbitrary size around the crack-tip on the analytical
solution of the displacements Williams (1957), the relevant quantities relative to fracture can be
estimated. The methodology is detailed in A for interested readers.

On the considered benchmark, the extraction (𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , 𝑣𝑐 ) holds solely between
the moment of crack initiation (around 𝑡 = 12`𝑠) and the moment of branching around 48`𝑠 .
Afterwards, a redistribution of the stress states occurs due to the coexistence of two neighbouring
crack-tips and the extraction become erroneous. We note that a quasi-static solution Williams
(1957); Roux and Hild (2006); Roux et al. (2009) for the projection space is considered; as the crack
tip-speeds are not significantly large, the induced error from considering the quasi-static solution
instead of the more complex dynamic one is marginal as the effect of crack-tip speeds increase or
decrease.

The estimated crack-tip velocities 𝑣𝑐 , 𝐾𝐼𝐷 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 can then be injected into the
elastodynamics solution of the stress-field in the vicinity of the moving crack-tip Freund (1998).
The fracture direction ±\0 can be subsequently computed for each frame of the advancing crack,
based on the criterion of maximum circumferential stress. The scheme of analysis is summarised
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Figure 8: 𝑆𝐼𝐹 , the higher order term 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack-tip speed estimated in Borden et al. (2012)’s
benchmark, the error-bar corresponds to the sensibility to the projection zone (the size of the zone around
the crack tip in which the analytical solution is supposedly accurate A). The crack-tip speed 𝑣𝑝𝑐 corresponds
to the speed reported in Figure 7(c) computed from the phase-field

Figure 9: Evolution of the predicted circumferential stress 𝜎0
\\

and the fracture direction \0 along the
crack propagation of the benchmark in Borden et al. (2012)

as follows:

𝑢 → 𝑆𝐼𝐹, 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠, crack-tip position, and 𝑣𝑐 → 𝑟𝑐 → 𝝈 and \0

4.2.1 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and crack-tip speed 𝑣𝑐
The first step of the application scheme requires the evaluation of 𝑆𝐼𝐹 ,𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠 and the crack-tip
speed 𝑣𝑐 . Multiple extraction zone sizes (A) are considered to validate the robustness of the
extraction and accurately evaluate the relevant quantities. The results are shown in Figure 8.

From 𝑥 = 0.05𝑚 to the position of branching, both 𝐾𝐼𝐷 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 are increasing but the
crack-tip speed is oscillating. A peak in the crack-tip velocity is found at 𝑡 = 31`𝑠 . The errorbar
shows inaccuracy of the extraction results (𝐾𝐼𝐷 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , and crack-tip speed) after 𝑡 = 50`𝑠 ,
suggesting that the branching may have occurred around this time step 2.

To adequately assess the influence of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on the angular stress distribution, the critical

2 From the simulation’s damage field, branching is found to occur at 𝑡 = 48`𝑠 , after some widening of the damage band
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distance 𝑟𝑐 should be determined next.
The sample’s critical distance 𝑟𝑐 can be obtained by computing 𝑟 𝑖𝑛𝑠𝑡𝑜 as being 𝑟𝑜 Ramulu and

Kobayashi (1983) at the supposed branching frame, and setting the (in)stability condition 𝑟𝑐 = 𝑟 𝑖𝑛𝑠𝑡𝑜 .
Since 𝑟𝑐 = 𝑟𝑜 preconises the limit of instability, one can foresee that for any 𝑟𝑜 ≥ 𝑟 𝑖𝑛𝑠𝑡𝑜 = 𝑟𝑐 , the
propagation is also unstable so 𝑟𝑐 = 𝑟 𝑖𝑛𝑠𝑡𝑜 should be a first candidate at estimating 𝑟𝑐 . 𝑟𝑐 can then
be manually optimised (trial and error) to accurately predict the actual branching angles in the
simulation. Since the phase-field modelling does not explicitly represent the crack (regularisation
of the discontinuity), the exact frame of branching cannot be accurately determined, this might
lead to slightly inaccurate predictions of 𝑟𝑐 . As previously mentioned, in phase-field models,
branching might be preceded by a widening of the damage band Borden et al. (2012); Schlüter
et al. (2014), this widening starts earlier (earlier than the time the branches are detected). The
computation of the critical distance 𝑟𝑐 for instabilities at the moment of damage band broadening
just before branching seems a reasonable speculation, it estimates 𝑟𝑐 around 600`𝑚.

Using this value of 𝑟𝑐 , Figure 9 shows the fracture angle \0 and 𝜎0
\\

along the crack propagation
from the notch to its branching position. For the crack-tip between 𝑥 = 0.05𝑚 and the position of
branching, the predicted fracture direction from these data is obtained in the elongation of the
crack, consistently with the simulation observation (straight crack). The maximum 𝜎0

\\
stress in

this region of propagation increases rapidly from 6MPa at 𝑣𝑐 = 0.23𝑐𝑅 to a plateau at 8MPa
along the stable crack propagation before branching. 𝜎\\ increases as the direction of fracture \0
deviates from 0𝑜 to 25𝑜 at the branching position.

The arisen instability at this location (the increase in the maximum stress with a change in
the fracture angle) induces the branching. Consistently, the estimated branched angle from
the simulation is equal to \ = 55𝑜 ≃ 2\0. Branching occurs at a relatively low crack-tip speed
(𝑣𝑐 =∼ 0.4𝑐𝑅) in the presence of a positive 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 ≃ 1.3MPa.

We have seen how adding the higher-order term 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 in the stress solution is reflected
on the modification of the direction of crack propagation at 𝑟𝑐 at the branching position
(where the crack advances at 𝑣𝑐 lower than the threshold predicted by the classical solution)
which eventually translates to branching (crack instability).

4.2.2 Material (in)stability map
After advocating the roles played by the 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 along with 𝑣𝑐 on crack (in)stabilities, we
construct the material (in)stability map and superpose the history of the dynamic loading. The
construction requires:

• the materials elastic properties reported in Table 2 from Borden et al. (2012)’s benchmark;
• the reference distance 𝑟𝑐 = 600`𝑚 numerically computed from the application of Ramulu
and Kobayashi (1983)’s criterion on 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and 𝑣𝑐 as 𝑟𝑜 at the supposed branching
moment.

• The crack dynamic propagation law that should be determined: as the full-field kinematics
provide estimates of 𝐾𝐼𝐷 and 𝑣𝑐 , it’s found that the empiric law proposed by Kanninen and
Popelar (1985) Equation 10 relating the critical dynamic stress intensity factor 𝐾𝐼𝐷𝐶 , to its
static counterpart 𝐾𝐼𝐶 and the eventual crack-tip speeds fit well the 𝐾𝐼𝐷 and 𝑣𝑐 data: with
𝐾𝐼𝐷 = 0.445MPa

√
𝑚 and𝑚 = 3.2 (Figure 10).

Remark 7 With the absence of data-points at both low crack-tip speeds 𝑣𝑐 ≤ 0.2𝑐𝑅 and high
crack-tip speeds 𝑣𝑐 ≥ 0.6𝑐𝑅 , the validity of the fit (Figure 10) in these range is questionable. Of
course, this would limit the soundness of the analysis for cracks propagating at speeds in the
range 0.2𝑐𝑅 ≤ 𝑣𝑐 ≤ 0.6𝑐𝑅 , whereas this does not affect the results in this example since the
analysis is lead on crack propagating within these speed ranges.

The (in)stability map is given in Figure 11. The focus will be shed on the (𝑣𝑐 ,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠) space.
The crack propagation history is superposed on the map. From the notch, the crack propagates
at increasing 𝑣𝑐 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 . It heads towards the transition zone around 𝑣𝑐 = 0.54𝑐𝑅 and
𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 1.07MPa at 𝑡 = 31`𝑠 This time corresponds to the beginning of crack widening
observed in Figure 7(b). The propagation history then shows a decelerating crack that would
enter the transitional zone at 𝑣𝑐 = 0.38𝑐𝑅 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 2.49MPa, corresponding to 𝑡 = 43`𝑠 ,

version of February 1, 2023 13



Eid et al. Crack branching at low tip speeds: spilling the 𝑇

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2
numerical data
fit

Figure 10: Numerical 𝐾𝐼𝐷 and 𝑣𝑐 (rectangular markers) with the fit corresponding to the crack propagation
behaviour law following Kanninen and Popelar (1985) 𝐾𝐼𝐶 = 0.445MPa

√
𝑚 and𝑚 = 3.2 are found

the time at which the damage band is observed to broaden just before its branching.
The (in)stability map also predicts that maximum stress would occur at the first widening of

the damage band (𝑡 = 31`𝑠). Once again, the maximum value of 𝜎0
\\

herein reached does not
necessarily account for crack branching as \0 stays null. Here, the closeness to the transition zone
destabilises the crack and broadens the damage band but without inducing branching because the
actual combination of 𝐾𝐼𝐷 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 at this stage does not lead to a deviation of \0 away
from 0. Then as the crack propagation history curve enters the transitional zone, the damage
band is observed to broadens before branching. Having \0 ≠ 0 is a sufficient condition for
branching while having the stress surpass a certain threshold is only necessary.

5 Experimental validation of the role of𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠 on crack branch-
ing in an inertial impact test

After theoretically elaborating the (in)stability criterion and validating the role played by𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠
on dynamic (in)stabilities on a numerical phase-field simulation, we turn to an experimental
validation on a novel experimental setup. The specimen geometry from Grégoire et al. (2007)
is combined with the test configuration from Pierron et al. (2014) to enable interesting crack
propagation interaction with stress-waves; knowingly:
▶ compressive waves from the impact are converted to tensile ones and initiate the crack

propagation;
▶ the propagating crack meets reflected stress-waves from the boundaries and bifurcates into

two symmetric branches.
▶ the two branches propagate at similar velocities and along similar symmetrical paths.

All these phenomena and more will be investigated in details.
The available cutting edge technologies (gas gun,𝑈𝐻𝑆−𝐻𝑅 camera) combined with advanced

𝐷𝐼𝐶 skills 3 (in-lab-developed state-of-the-art calibration methodology Vinel et al. (2021)), at
Ecole Centrale de Nantes, enabled the investigation on advanced experimental configurations
inspired from Pierron et al. (2014) and Grégoire et al. (2007): where full-field measurements of a
high-velocity impact test (∼ 30𝑚/𝑠) are exploited to extract meaningful fracture mechanics
quantities (𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , crack-tip position, crack-tip speeds, etc.) and to analyse the fracture
behaviour.

5.1 Loading and test configuration
The specimen shown in Figure 12 is to be loaded dynamically via an impact on the edge
perpendicular to the notch as schematised in Figure 13. The specimen is mounted on a waveguide
to ensure proper compressive wave entering the specimen Van Blitterswyk et al. (2018); Vinel
et al. (2021), and to hold the sample while keeping all other boundaries free. The impact should
induce a compressive wave; however, the presence of the hole creates a tensile zone sideways
opening thus the notch and enabling the fracture initiation Grégoire et al. (2007). As compared

3 The open-source in-lab-developed software UFreckles is provided via https://zenodo.org/record/1433776
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(a)

(b)

Figure 11: (In)stability and maximum circumferential stress maps of the benchmark, constructed from
Borden et al. (2012)’s simulation results. The history of the propagation is shown in purple, the initiation
from the notch (circular marker), the two widenings of the damage band (square markers), and the
branching (upward-pointing arrow) are all reported on the maps
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Figure 12: Sample geometry and dimensions for the inertial impact test Grégoire et al. (2007). The hole
converts the compressive wave from the input to a tensile loading at the notch

Figure 13: A schematic representation of the experimental configuration

to Grégoire et al. (2007), the absence of an impedance at the right-hand side boundary (in his
case, the use of Hopkinson’s bars with similar mechanical properties to those of the specimen),
stress-waves will be fully reflected from the right-hand side boundary and will deliver new
loading-unloading conditions of the crack-tip probably modifying its advancement (as we’ll see
shortly).

5.2 Experimental and imaging setup
The sample is laser-cut from a commercial PolyMethyl Methacrylate (PMMA) manufactured by
Arkema. The laser’s beam diameter (𝑑𝑙𝑎𝑠𝑒𝑟 = 200`𝑚) is taken into account for the dimensioning.
The pre-crack’s width matches the beam’s. A synthetic speckle pattern is laser-engraved onto the
sample surface following Vinel et al. (2021) (useful for ensuring quality and reproducibility of the
pattern for the application of the 𝐷𝐼𝐶 procedure). The projectile and the waveguide are both
machined from a polyoxymethylene (POM) cylinder of diameter 𝑑𝑝𝑟𝑜 𝑗 = 𝑑𝑤𝑔 = 40𝑚𝑚; both
are 80𝑚𝑚 long. POM is used because it has similar material properties as PMMA (regarding
the speeds of elastic waves). The specimen is mounted to the waveguide 3⃝ with the help of a
machined sleeve. It’s then glued before removing the sleeve. The ensemble (specimen-waveguide)
is systematically positioned on a PMMA support bed at the end of the gun (on optical positioners
4⃝) to secure the proper alignment with the projectile at the moment of impact. A projectile
is fired by a gas gun 1⃝ to reach a velocity of 𝑉𝑝𝑟𝑜 𝑗 just before the impact (impact with the
waveguide on which the specimen is mounted). The sudden expansion of the gas inside the
barrels is what impels the projectile towards the waveguide.

A shock absorber 2⃝ is needed to neutralize the impact of the 0.12𝑘𝑔 travelling at ∼ 30𝑚/𝑠
from the gun end.

All images are captured using the 𝑈𝐻𝑆 − 𝐻𝑅 Cordin Model 580 6⃝ (at 400𝑘 𝑓 𝑝𝑠 with a
resolution of 3296 × 2472𝑝𝑥 ). At such ultra high speed and high resolution, the camera records
the entire test: from the first compressive waves induced by the impact to the total failure of the
specimen (about 200`𝑠 , 78 frames). Two Pro-10 Profoto flashes 5⃝ (2 × 2400𝐽 provided in 1000`𝑠)
provide enough lighting for the camera sensors.

A schematic graph of the triggering of the camera and flashes (Figure 16) is plotted in Figure
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Figure 14: Imaging setup: automatic triggering of the camera and the flashes

14. The flashes are triggered via an infrared light-gate system (SPX1189 series Honeywell)
7⃝ mounted at the end of the gas gun 1⃝. When obscured by the projectile 0), it sends a 5𝑉
TTL signal 1) (rise time = 5`𝑠). The signal is then delayed by 200`𝑠 2) via a delay generator 8⃝
before igniting the flashes 3). The delay takes into account for the air-travel time of the projectile
(from the outlet of the gas gun to the impact) + the time it takes the stress waves induced in the
waveguide to reach the specimen - the warm-up time of the flashes (Figure 14). An aluminium film
is bonded onto the projectile. Two pieces of aluminium film are bonded onto the waveguide 3⃝
and connected to a circuit (open) between a 5V generator and the camera trigger 6⃝ , so that
when the projectile hits the waveguide, it contacts 4) both pieces of film closing thus the circuit
and providing the triggering signal for the camera. The camera is then triggered with a delay of
40`𝑠 (delay generator 8⃝), which corresponds to the time the stress waves (generated at the
impact with the projectile) take to reach the boundary of the specimen through the waveguide.

On the operating mode of the CordinModel 580𝑈𝐻𝑆−𝐻𝑅 camera: the light beam, represented
by the black arrows in Figure 15, enters the camera through its objective lens. It then encounters
a cubic beam splitter which will either transmit the light or reflect it at a 45𝑜 angle. The light is
then reflected off mirrors until it hits a lens. After this lens, another mirror reflects the light beam
onto a three-sided rotating mirror. Finally, the light passes through a lens, used to attenuate the
bias induced by the rotation of the mirror on the exposure time of the individual sensor, and
finally reaches the sensor.

Such an exotic multi-sensor technology provides a combined temporal-spatial resolution (up
to 4𝑀𝑓 𝑝𝑠 at 8𝑀𝑝𝑖𝑥) and recording length (78 images) that are simply unreachable for other
technologies. Such a resolution gain is of prime interest when investigating fracture mechanics
problems; nevertheless, it comes at a cost of complex optical distortions (3 × 78 independent
lens-mirror-sensor combinations) and varying image sharpness (due to varying beam angle with
respect to the rotating mirror). Main parts of the bias can be cancelled-out using the in-house
developed calibration method detailed in Vinel et al. (2021). Despite the application of the
calibration, 𝐷𝐼𝐶 results still come with sub-pixel uncertainty levels one order of magnitude
higher than the standards with classical cameras (around 10−1 pixels compared to 10−2 in the
standard cameras). Table 3 summarises the overall 𝐷𝐼𝐶 parameters.

A photo of the test bench can be found in Figure 16. One identifies:
1. The gas gun
2. The shock absorber
3. The specimen mounted on the waveguide
4. The PMMA support bed on the optical positioners
5. The flash lights
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(a) A photograph of the Cordin Model 580

(b) Schematic diagram of th eoperating mode of the Cordin Model 580 d’acquisition de la Cordin Model 580. L : Lens,
M: Mirror, CCD: CCD sensors Vinel et al. (2021)

Figure 15: The Cordin Model 580 and its operating mode

Figure 16: Experimental set-up for the inertial impact tests
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Figure 17: Post-mortem photograph of sample TAF1 (impact velocity 𝑉𝑝𝑟𝑜 𝑗 = 30.5𝑚/𝑠)

6. The𝑈𝐻𝑆 − 𝐻𝑅 camera: the Cordin Model 580
7. A light-gate: the SPX1189 series Honeywell infrared sensor
8. The delay generator

Camera Cordin Model 580
Image resolution 3296 × 2472𝑝𝑥
Dynamic range Detector 12 bits
Acquisition rate 400𝑘 𝑓 𝑝𝑠
Lens Tamron SP 90𝑚𝑚 Di Marco
Aperature 𝑓 /2.8
Field of view 154.25𝑚𝑚 × 115.69𝑚𝑚
Image scale 1𝑝𝑥 = 0.0468𝑚𝑚
Patterning technique Laser etching of a synthetic speckle (Vinel et al. (2021))

𝐷𝐼𝐶 software Ufreckles https://zenodo.org/record/1433776
Shape function T3P1 linear triangular elements
Metric Element-wise ZNSSD
Data processing Tikhonov regularisation (over 3 elements)
Data post-processing Temporal Savitzky Golay filter (kernel size = 5 frames, order 2)
Experimental uncertainty (Vinel et al. (2021)) 𝑈𝐷𝐼𝐶 : ±0.2𝑝𝑥 (displacement)

Y𝐷𝐼𝐶 : ±2𝑚Y (strain)
¤Y𝐷𝐼𝐶 : ±50𝑠−1 (strain rate)

Table 3: 𝐷𝐼𝐶 parameters

A series of impact tests (Figure 16) were performed at Ecole Centrale de Nantes. Four representative
samples are analysed (designated TAF1, TAF2, T3DE and THOM). Only results and full-field
measurements of the TAF1 sample will be detailed. Related material to TAF2, T3DE and THOM
are showcased in B, C D, respectively.

5.3 Post-mortem state of the sample
By precautionarily setting the gas guns pressure to 1.49𝑎𝑡𝑚 and 1.55𝑎𝑡𝑚, the projectile’s speed 4

just before the impact was respectively around 20𝑚/𝑠 and 30𝑚/𝑠 (22𝑚/𝑠 for TAF2 and THOM,
30.5𝑚/𝑠 for TAF1, and 31.8𝑚/𝑠 for T3DE).

Figure 17 shows the crack(s) paths on the sample TAF1 (post-mortem). As seen, a crack
is observed at the left-hand side of the hole. Undoubtedly, Poisson effect coming from the
horizontal compression is responsible for the initiation. A little curve on the crack suggests a

4 The projectile’s speed is computed from images taken at lower frame rate, (10000𝑓 𝑝𝑠) with a standard high speed
camera
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Figure 18: 𝐷𝐼𝐶 finite-element mesh for the TAF1 specimen - mesh size : 20 − 32𝑝𝑥 per element

small misalignment in the mounting of the specimen on the waveguide, or between the waveguide
and the projectile. On the right, a crack is initiated from the notch, it travels horizontally (24𝑚𝑚)
before branching into two branches (at an angle \ = +40𝑜 and \ = −15𝑜 ). Each branch displays
two convexities; stress-wave reflection at the free boundaries are expected to play a predominant
role on these deviations. Two vertical cracks are also present at the top and the bottom of the
hole.

The samples consistently show the same crack patterns (B for TAF2 and C for T3DE)
suggesting a repeatability of the setup, and interesting phenomena waiting to be explored.

Highly resolved ultrafast imaging combined with 𝐷𝐼𝐶 enables the validation of the big role
played by the stress-waves on the cracks patterns, but before exploring the measurements, we
give some pertinent remarks regarding the 𝐷𝐼𝐶 data processing :

Remark 8 The displacement fields are filtered in time with a Savitzky Golay (kernel size = 5
frames, order 2) filter to smoothen the first derivative (velocity fields); moreover, spatial noise
is filtered out via a Tikhonov regularisation of the 𝐷𝐼𝐶 problem (with a cut-off wavelength
60𝑝𝑖𝑥 = 3× the finite element size of the 𝐷𝐼𝐶 mesh).

Remark 9 The strain-rate fields are derived by spatial differentiation of the velocities; velocities
are derived from temporal differentiation of time-filtered displacement fields.

Remark 10 The time origin (𝑡 = 0) corresponds to the camera trigger.

5.4 𝐷𝐼𝐶 displacement fields
An unstructured mesh with twin nodes along the crack path is considered for the 𝐷𝐼𝐶 problem
on each specimen (following Vinel et al. (2021)). Figure 18 shows the unstructured mesh (in
blue) deformed and superimposed onto the final frame taken during an impact test. The use of
twin nodes in the mesh allows the opening of the latter thus correctly capturing the jumps of
displacement at the lips of the crack(s). The construction of such mesh is a two-step procedure,
interested readers are referred to Vinel et al. (2021); Réthoré et al. (2008) for further details.

Remark 11 Crack-tip speed can be calculated from the opening of the crack lips along the crack
path (twin nodes along the crack path). Figure 20 showcases the tip-speeds of the two main cracks
(on the left and right-hand sides of the holes) and of the branch. Details regarding the crack-tip
speeds are discussed in the next section. The apparent speed computed from the opening of the
twin nodes along the crack path is only a rough estimation of the actual crack-tip speed since it
can be affected by local noise, lighting of the crack lips and pixel resolution. A more precise
estimation is to be evaluated via Roux and Hild (2006); Roux et al. (2009)’s projection method.

Figure 19 shows displacement fields, longitudinal and transverse strain rate fields of the TAF1
specimen at three different time steps. The following phenomena occur around these time steps:
at 10`𝑠 (figures on the left), the first stress-waves entering the specimen are shown, at 60`𝑠
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(a) 𝑡𝑖𝑚𝑒 = 10`𝑠
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(b) 𝑡𝑖𝑚𝑒 = 60`𝑠
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(c) 𝑡𝑖𝑚𝑒 = 95`𝑠
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(f) 𝑡𝑖𝑚𝑒 = 95`𝑠
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(h) 𝑡𝑖𝑚𝑒 = 60`𝑠
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(i) 𝑡𝑖𝑚𝑒 = 95`𝑠

Figure 19: Sample TAF1 - 𝐷𝐼𝐶 displacement fields (up), longitudinal (middle) and transversal (down)
strain rates at three time steps. A Savitzky Golay (kernel size= 5 frames, order 2) filter smoothens the
displacements’ first derivative (velocity fields). Spatial noise is filtered-out via a Tikhonov regularisation of
the 𝐷𝐼𝐶 problem

(figures in the middle), the crack on the right-hand side of the hole is initiated from the notch, at
95`𝑠 (figures on the right), the crack bifurcates into two branches.

Remark 12 The initiation and the bifurcation frames are determined from the opening of the
crack lips (twin nodes along the crack path) in the images from the𝑈𝐻𝑆 − 𝐻𝑅 camera.

For the other specimens, see Appendices B, C, D.
The ability to register 78 snapshots at 400𝑘 𝑓 𝑝𝑠 enables capturing never-seen-before details

regarding stress-wave and crack propagation. The apparent crack-tip speeds (calculated from the
crack opening) are shown in Figure 20. The most compelling phenomena are listed under ▶.
▶ The initiation of the impact and the first compressive waves enter the specimen (at

500𝑠−1𝑠𝑡𝑟𝑎𝑖𝑛 − 𝑟𝑎𝑡𝑒𝑠 , shown at 𝑡 = 10`𝑠 in Figure 19(d);
▶ The role of the hole in creating traction zones sideways (at 𝑡 = 10`𝑠 in Figure 19(g)),

As seen in the previous section 5.3, two main cracks are observed sideways of the hole (a first
one at left-hand side of the hole and another one from the notch). Observation from the 𝐷𝐼𝐶
displacement fields show that surprisingly,
▶ the crack at the left-hand side of the hole is first initiated (𝑡 = 40`𝑠). Once its length

reaches 15𝑚𝑚,
▶ the second crack initiates from the notch at the right-hand side of the hole (at around
𝑡 = 60`𝑠).

After initiating from the notch around (𝑡 = 60`𝑠), the crack accelerates to around velocity of
roughly 700𝑚/𝑠 corresponding to 0.55𝑐𝑅 (refer to Figure 20).
▶ Compressive stress-waves are reflected as traction waves from the right-hand side boundary,
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Figure 20: Experimental apparent crack-tip speeds of TAF1 sample obtained from the crack opening

𝜌 1200𝑘𝑔/𝑚3 𝑐𝑑 2594𝑚/𝑠
𝐸 6𝐺𝑃𝑎 𝑐𝑠 1387𝑚/𝑠
a 0.3 𝑐𝑅 1287𝑚/𝑠

Table 4: Material properties for the PMMA identified from the full-field measurements via the in-house
FEMU identification method

and they overlap the tip of the crack.
The crack decelerates and reaches the branching position while travelling at around 𝑣𝑐 =

650𝑚/𝑠 = 0.5𝑐𝑅 (Figure 20).
▶ Bifurcation of the crack into two branches happen at 𝑡 = 95`𝑠 .
▶ The two branches advance at particularly close velocities (Figure 20).
▶ Complex stress-wave orthogonal to the crack branches supposedly deviate the branches.
Even though the same geometry as Grégoire et al. (2007) is used, it’s clear that the stress-wave

propagation history is fundamentally different (the absence of an impedance at the right-hand
side of the specimen). Stress-wave reflections from the right-hand side boundary deliver new
loading-unloading events of the crack-tip, which indeed enables distinctive crack patterns. Also,
the higher impact velocity can be related to the higher level of energy transmitted to the specimen
yielding the formation of several fragments (due to crack branching).

5.5 (In)stability analysis
The ability to quantify the rich dynamical behaviour of the cracks (initiation, acceleration,
deceleration, branching) was enabled thanks to the novel experimental setup and the advanced
𝐷𝐼𝐶 skills.

The focus is shed on the branching phenomenon. As observed, the branching occurs after a
certain duration of time in which the main crack appears to be decelerating. Questions regarding
the presence of a limiting velocity from one side and regarding the crack branching at lower
crack-tip speeds from the other are asked.

For this purpose, we follow the application scheme previously proposed and numerically
validated: It starts by estimating the 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , the crack-tip position and the crack-tip
speed 𝑣𝑐 from the experimental full-field kinematics following. And it is followed by determining
𝑟𝑐 which enables the assessment of the angular distribution of the stresses along the crack
propagation (between the notch and the branching position).

We commence by showcasing the 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and crack-tip speed results computed
directly from the 𝐷𝐼𝐶 displacement fields, as intermediate results from the analysis scheme.

The elastic properties of the PMMA specimen are required to be known to estimate these
quantities (Roux and Hild (2006); Roux et al. (2009)). The elasticity tensor is determined via an
in-house FEMU (Finite Element Model Updating Method) identification method.
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Figure 21: Experimentally measured velocities at the boundary (here we show the average velocity
of the nodes of the boundary at each frame measured from 𝐷𝐼𝐶) applied as a boundary condition on
the numerical simulations for the identification of the elastic parameter taking into account the global
viscoelasticity (strain-rate effect)

Even though PMMA exhibits viscoelastic material properties, it is hard to identify the effective
viscoelastic parameters due to the complexity of loading and unloading (inertial effects). From
here, it is assumed that the samples exhibit linear elastic behaviour, with a modification on the
elastic properties (as compared to the quasi-static properties) to take the global strain-rate effects
into account.

To build the identification problem for the FEMU, several numerical dynamic simulations are
launched having as boundary conditions the longitudinal and transverse displacements of the
nodes of the mesh at the edge impacted, obtained through the 𝐷𝐼𝐶 measurements. The figure 21
shows the average longitudinal velocity of the nodes of the impacted edge of the samples TAF1,
TAF2, TAF3 and THOM. Note how the impact velocity of the projectile found previously (22𝑚/𝑠
for TAF2, 30.5𝑚/𝑠 for TAF1, 31.8𝑚/𝑠 for T3DE and 22𝑚/𝑠for THOM) is reflected on the edge
velocity of each.

The simulations are stopped just before any crack initiation. The simulated displacement
fields𝑈

𝑠𝑖𝑚
and those experimentally measured𝑈

𝐷𝐼𝐶
are then compared, and we write :

𝐹 𝑣𝑖𝑠
𝑜𝑏 𝑗

=

𝑡=𝑡𝑖∑︁
𝑡=0

| 𝑈
𝐷𝐼𝐶

(𝑡) −𝑈
𝑠𝑖𝑚

(𝑡,𝐶𝑣) |2 (11)

The minimisation of the equation 11, gives the isotropic elasticity tensor 𝐶𝑣 which best
reproduces the global response of the material. From 𝐶𝑣 , and assuming plane strains, we obtain a
Young’s modulus 𝐸 = 6𝐺𝑃𝑎 and a Poisson’s ratio a = 0.3.

Table 4 summarises the identified material properties under the plain strain assumption.

5.5.1 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and crack-tip speed
Figure 22 shows the extraction results, namely 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack-tip speed 𝑣𝑐 . The
robustness of the extraction (vis-à-vis its parameter, i.e. sizes of extraction zones, A) is also
reported by the error-bars.

From Figure 22, the following observations can be drawn:
▶ From 𝑡 = 60`𝑠 (crack initiation from the notch) to 𝑡 = 95`𝑠 , 𝐾𝐼𝐷 increases from 𝐾𝐼𝐷 ≃

2.68MPa
√
𝑚 to a plateau at 𝐾𝐼𝐷 ≃ 6MPa

√
𝑚.

▶ The velocity of the elastic crack-tip on the other hand reaches a plateau around 𝑣𝑐 = 0.5𝑐𝑅
at 𝑡 = 70`𝑠 , oscillations around this plateau are observed and the maximum velocity
𝑣𝑐 = 0.55𝑐𝑅 is reached at 90`𝑠 . Afterwards, the crack-tip starts decelerating until it reaches
𝑣𝑐 ≃ 0.52𝑐𝑅 at the moment of branching, around 𝑡 = 95`𝑠 .

▶ Regarding the first higher order term, knowingly the 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 , an initial decrease
is observed from 11MPa initially to a minimum of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 2.46MPa at 𝑡 = 77`𝑠 .
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Figure 22: Experimental 𝑆𝐼𝐹 , the higher order term 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack-tip speed in TAF1 sample.
The error-bar corresponds to the sensibility to the extraction zone Roux and Hild (2006); Roux et al. (2009),
the crack-tip speed 𝑣𝑜𝑐 corresponds to the one reported in Figure 20 (computed from the crack opening).
Crack branching occurs around 𝑡 = 95`𝑠

Figure 23: Evolution of the predicted fracture direction \0 along with the maximum circumferential
stress computed at 𝑟𝑐 = 2𝑚𝑚 in TAF1 sample (𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and 𝑣𝑐 from 𝐷𝐼𝐶 experimental fields). The
modification of the fracture angle \0 at the position of branching and the evolution of 𝜎0

\\
mirror the

experimental branching.

Afterwards,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 rockets through𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 13.46MPa at the moment of branching.
The rapid increase of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 before the crack branching echoes the tensile stress-wave
reflected from the right-hand side boundary that was observed in Figure 19 and discussed in
Section 5.4. The increase of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 before branching is also observed in TAF2, T3DE and
THOM samples.

Since the 𝐷𝐼𝐶 provides good estimates of the frame (± one frame) at which the branching
occurs, the sample’s critical distance 𝑟𝑐 can again be obtained by computing 𝑟 𝑖𝑛𝑠𝑡𝑜 as being 𝑟𝑜 at
the branching frame, and setting the (in)stability condition 𝑟𝑐 = 𝑟 𝑖𝑛𝑠𝑡𝑜 . The value 𝑟𝑐 = 2 ± 0.16𝑚𝑚
is consistently found across the four experiments, which proves it to be a material constant
as previously preconised Rice (1970); Ritchie et al. (1973); Ramulu and Kobayashi (1983). The
identification is directly obtained from 𝑟𝑐 = 𝑟

𝑖𝑛𝑠𝑡
𝑜 without manual optimisation.

The evolution of the direction ±\0 at different positions of the crack-tip inside the material is
reported in Figure 23.

Observing the obtained trend of \0, it is clear how:
▶ the fracture direction is always along the crack growth from the notch till before the

branching position;
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Figure 24: Experimental 𝐾𝐼𝐷 and 𝑣𝑐 (circular markers) with the fit corresponding to the crack propagation
behaviour law following Kanninen and Popelar (1985) 𝐾𝐼𝐶 = 1.66MPa

√
𝑚 and𝑚 = 0.465 are found, the

colours corresponds to experimental data from the different samples

▶ at the branching position, the direction of propagation is accurately predicted by the
change of \0 (increase from \0 ≃ ±0 to ±10𝑜 and then to ±32𝑜 );

▶ 𝜎\\ increases and reaches a plateau around 55MPa before branching.

5.5.2 General results of the four samples
The following observations are drawn from analysis of the samples TAF1, TAF2, T3DE and
THOM:
▶ For the 4 samples, themaximum circumferential stress before branching reaches 55MPa±8MPa.
▶ The branching angles are reflected on the change in the direction of fracture \0 at the

branching position; at velocities around 𝑣𝑐 = 0.52𝑐𝑅 for TAF1 and T3DE, and around
𝑣𝑐 = 0.4𝑐𝑅 for TAF2 and THOM.

▶ 𝑟𝑐 = 2 ± 0.16𝑚𝑚 is consistently found across the four experiments.
Hence the unquestionable role played by 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on the branching instability at relatively

low crack-tip speeds (𝑣𝑐 = 0.4 − 0.52𝑐𝑅) is experimentally highlighted thanks to the advanced
imaging and experimental technologies.

5.5.3 Experimental (in)stability map of PMMA
After putting-forth the unquestionable role of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on crack (in)stability, we wrap-up
this experiential study by constructing the PMMA (in)stability map solely from experimental
findings. The construction is as follows:

• the materials elastic properties are experimentally determined via the in-house FEMU and
reported in Table 4;

• the material constant 𝑟𝑐 is experimentally computed from the application of Ramulu
and Kobayashi (1983)’s criterion on 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and 𝑣𝑐 information from full-field
measurements

• The full-field measurements provide 𝑆𝐼𝐹 and 𝑣𝑐 data on the relationship between the stress
intensity factor and the velocity of the crack-tip. Assuming that the crack advances at
𝐾𝐼𝐷𝐶 = 𝐾𝐼𝐷 , where 𝐾𝐼𝐷 is the instantaneous dynamic stress intensity factor estimated
from full-field measurements, it’s found that the empiric law proposed by Kanninen and
Popelar (1985) Equation 10 relating the critical dynamic stress intensity factor 𝐾𝐼𝐷𝐶 , to its
static counterpart 𝐾𝐼𝐶 and the eventual crack-tip speed fits well the experimental data

Figure 24 shows the behaviour law of the crack propagation fitted on data from the 4 samples.
The determined parameters 𝐾𝐼𝐶 = 1.66MPa

√
𝑚 and𝑚 = 0.465 accurately portray the dynamic

crack propagation behaviour in the PMMA samples.
Having all the required information, the material (in)stability map is constructed and

showcased in Figure 25 in the (𝑣𝑐 ,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠) space. We analyse an arbitrary range of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠
between −30MPa and +30MPa.
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Figure 25: (In)stability map of PMMA, constructed from experimental measurements and fitted to
Kanninen and Popelar (1985)’s empiric law. The history of the crack propagation in each sample is
displayed; from the initiation at the notch (circular marker) until the branching position (upward-pointing
arrow) ± 1 frame, the map accurately predicts the (in)stability at the branching position with the change of
\0

5.5.4 Experimental crack-tip-loading paths

The history of the crack propagation from the notch until its branching for the 4 samples are
displayed in Figure 25. The circular marker on the curves corresponds to the (frame ± 1 frame) at
which the crack initiates from the notch (usually most south-west point in these experiments)
and the arrowhead corresponds to the frame at which the crack branches (± 1 frame) (usually
most north-east point in these experiments).

In the (𝑣𝑐 ,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠) space (Figure 25), the 4 growth patterns are similar, where a decrease in
𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 with an accelerating crack are observed followed by a increase in 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 . Two
different crack propagation behaviours are observed for two couples of samples (TAF1 and T3DE
from one side, TAF2 and THOM from the other):

▶ the cracks TAF1 and T3DE branch at 𝑣𝑐 = 0.52 ± 0.0002𝑐𝑅 in the presence of a 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠
= 14.23 ± 1MPa

▶ the cracks TAF2 and THOM branch at lower crack-tip speeds 𝑣𝑐 = 0.41 ± 0.1𝑐𝑅 , in the
presence of a 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 = 13.46 ± 0.3MPa

Remark 13 The similarity in the crack scenarios (by pair) is probably due to the fact that the
impact velocities (Section 5.3) are similar for TAF1 and T3DE (𝑉𝑝𝑟𝑜 𝑗 = 30.5𝑚/𝑠 and 31.8𝑚/𝑠)
from one side, and for TAF2 and THOM from the other (𝑉𝑝𝑟𝑜 𝑗 = 22𝑚/𝑠).

We plot in Figure 26 the evolution of the maximum circumferential stress, i.e., along the
direction \0 in the (𝑣𝑐 ,𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠) space. From Figure 26, one observes that the maximum value of
𝜎0
\\

does not necessarily account for crack branching as one would expect (the maximum value of
𝜎0
\\

is reached prior to the branching moment, i.e., before the arrowhead). In fact, as long as
the crack propagation direction is \0 = 0, the maximum stress (whatever its value) is along the
extension of the crack, stabilising thus the propagation. However, if the crack direction diverges
from the direction of the extension of the crack, instabilities and eventual branching occur. The
deviation from \0 = 0 is hence a sufficient condition to foster the instabilities, while the stress
value is a necessary condition.
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Figure 26: Maximum circumferential stress map of the PMMA samples, constructed from experimental
measurements and fitted to Kanninen and Popelar (1985)’s empiric law. The history of the crack propagation
in each sample is displayed; from the initiation at the notch (circular marker) until the branching position
(upward-pointing arrow) ± 1 frame

6 Concluding remarks
The unquestionable influence of the stress-waves on the crack propagation and their interactions
with a moving crack-tip in a homogeneous material are highlighted. The analysis is lead in the
𝑆𝐼𝐹 (dynamic fracture mechanics) concepts.

We build on the work of Ramulu and Kobayashi (1983) to mount a comprehensive (in)stability
criterion that enables the assessment of the unquestionable role played by 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on crack
branching and instabilities at relatively low crack-tip speeds. Indeed, this criterion predicted
crack instabilities at lower crack-tip speeds than the ones elaborated in the classical dynamic
fracture theory.

Moreover, the proposed formulation overcomes the limitations suffered by the criterion in
Ramulu and Kobayashi (1983), namely, (1) the false prediction of crack instability at negative
𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 under near quasi-static loading (2) and the limitation related to the assessment crack
speeds in the range 𝑣𝑐 < 0.67𝑐𝑠 = 0.72𝑐𝑅 , making our proposition a comprehensive criterion for
crack (in)stability assessment.

A validation of the analysis scheme is lead on crack-branching phase-field simulations and on
a novel experimental setup.

We combine 𝑈𝐻𝑆 − 𝐻𝑅 imaging technologies with cutting edge 𝐷𝐼𝐶 algorithms on a
novel experimental inertial impact test. A distinctive geometry that would yield interesting
crack propagation and branching phenomena is considered. This configuration allowed the
measurement of never-seen-before 400𝑘 𝑓 𝑝𝑠 full-field kinematics. The most compelling captured
phenomena are the compressive stress-waves entering the specimen, the cracks initiation and
propagation, and of course crack branching as tensile stress-waves lengthwise of the crack meet
its tip.

𝐷𝐼𝐶 measurements allow the extraction of relevant information regarding the fracture
process, knowingly 𝑆𝐼𝐹 , 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack-tip speeds. From here, we showcase the role
played by 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 on the crack branching phenomena by analysing the direction of maximum
circumferential stress at a reference distance 𝑟𝑐 from the crack-tip along the propagation. Indeed
instabilities are fostered as a co-action between the rapid propagating crack and the presence of a
stress lengthwise of the crack direction 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 . The most compelling findings regarding the
dynamic (in)stabilities are summarised as follows:

(i) 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 plays a major role in dynamic (in)stabilities and limiting crack velocities. This
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role is put forth theoretically, numerically (phase-field simulations) and experimentally
(highly resolved ultra-high-speed imaging + 𝐷𝐼𝐶). Understanding the role of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 in
dynamic crack propagation is of great interest as the stress-state biaxiality at the crack-tip
is inevitably continuously modified due to the stress-wave reflected from the boundaries
and those emitted by the crack-tip interacting with the crack-tip itself. This is the case
for example in architectured material (Glacet et al. (2018); Eid et al. (2021); Somera et al.
(2022)), usually used as shock absorber, where the multiplication of free edges makes the
’𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 loading condition’ of a propagating crack varying all the time. The current
work would provide crucial information for the design of such structures with respect to
crack propagation.

(ii) The (in)stability map constitutes a straightforward visual tool for assessing dynamic
(in)stabilities based on simple fracture mechanics concepts. The modification of the angular
distribution of the stresses at a distance from the crack-tip due to its speed and the presence
of 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 are at its core.

(iii) We validate the capability of the proposed method to predict branching in phase-field
simulation on a crack branching benchmark in which no loading along the crack propagation
exist, and hence intuitively no𝑇−𝑠𝑡𝑟𝑒𝑠𝑠 should appear. Surprisingly, the observed branching
develops as a positive 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 appears at the crack-tip.

(iv) In phase-field simulations, damage bands are observed to widen. From the instability map,
we see how the widening coincides well with a deviation into the transition zone (between
stable and unstable crack propagation)

Although the proposed numerical and experimental tests seem to showcase the robustness of
the advanced criterion, we believe that further investigation on testcases where cracks propagate
and branch within larger ranges of tip speeds are needed. By that means, a more accurate fitting
of the crack propagation law Kanninen and Popelar (1985) can be enabled, from one side, and a
more accurate 𝑟𝑐 can be determined, from the other, making the criterion analysis incontestable.

7 On the potential of such criterion for crack branching
From 𝐷𝐼𝐶 algorithms, coupled with𝑈𝐻𝑆 − 𝐻𝑅 imaging, one can propose a sound strategy that
would allow a more rigorous identification of the phase-field parameters based on a coupling
between the crack tip speed, extractions of 𝑆𝐼𝐹 and higher order terms (inspired from Réthoré
and Estevez (2013).

Even though the phase-field modelling is a robust approach that requires no artificial criteria
for crack initiation, crack coalescence or crack branching, the computation of the so-called damage
field is usually made over the whole domain which naturally makes simulations computationally
heavy especially since the mesh size is required to be at least smaller than 0.5 the internal
length of the model leading to meshes with a large number of elements. From the material
(in)stability a simple criterion for crack branching naturally emerges. We expect computationally
efficient methods like X-FEM Moes et al. (1999) to be enriched with such an effective criterion to
judge crack branching. Instead of the more costly methodologies, knowingly the ones based on
enriching the classical displacement field to model a multiple branched crack (via ‘junction’
functions Daux et al. (2000) to relate two or more cracks), or the ones based on the loss of
hyperbolicity in damage models Belytschko et al. (2003), we believe that the herein proposed
criterion can be a lighter alternative to study the branched crack using X-FEM. Evaluating
𝑇 −𝑠𝑡𝑟𝑒𝑠𝑠 via an interaction integral method for example Paulino and Kim (2004), or the projection
method used herein Roux and Hild (2006); Roux et al. (2009) is a relatively straightforward task,
and by carefully incorporating the critical distance 𝑟𝑐 , the (in)stability map enables an effortless
analysis of the (in)stabilities and crack branching.

8 On the reference distance 𝑟𝑐
Can 𝑟𝑐 be linked to the notion of a process zone? We believe that 𝑟𝑐 , as a critical distance that
embodies a non-locality in the problem which allows the explanation of phenomena near the crack
tip that couldn’t be explained via the theory of dynamic fracture otherwise, is a philosophically

version of February 1, 2023 28



Eid et al. Crack branching at low tip speeds: spilling the 𝑇

sound concept to be related to the notion of a process zone. In statics, Döll (1983) measures
a process zone in the PMMA of size 30 − 40`𝑚 by Optical interference measurements. More
recently, Réthoré and Estevez (2013) find a process zone size of the same order of magnitude
(20`𝑚) by identifying a cohesive model using microscopic 𝐷𝐼𝐶 displacement fields in the vicinity
of the process zone (in the region where the 𝐾−fields are dominant). In dynamics, Bjerke and
Lambros (2003) via a thermally dissipative cohesive zone model found a cohesive zone length up
to 1206`𝑚 = 1.2𝑚𝑚. We believe that linking these quantities is an interesting avenue to be
explored and more research has to be done around this subject.
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A Automatic 𝑆𝐼𝐹 and crack-tip detection
A.1 𝑆𝐼𝐹 Theoretical aspect
The 𝑆𝐼𝐹 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 measurement is essential for validating the role of non-singular terms
on crack branching at low crack tip speeds. In this section, the considered methodology for
the simultaneous detection of the crack path, the crack tip, the 𝑆𝐼𝐹 and higher order terms
from displacement fields is put forth. The extraction scheme in Roux and Hild (2006); Roux
et al. (2009) is considered; it overcomes the inevitable sensitivity to noise found in previous
methods; it can be indeed applied for extractions on curved cracks, and most prominently, is
robust enough to be considered for analysing experimental displacement fields obtained via 𝐷𝐼𝐶
on Ultra-High-Speed-High-Resolution images.

For a semi-infinite straight crack in a 2D elastic body subjected to a mechanical load, Williams
(1957) proposes analytical solutions of symmetric (mode 𝐼 ) (Eq. 12) and antisymmetric (mode 𝐼 𝐼 )
(Eq. 13 ) fracture modes. The elementary solutions are indexed by 𝑛, and 𝑖 is the pure imaginary
number

√
−1.

Φ𝑛
𝐼 (𝑟, \ ) = 𝑟

𝑛/2
(
^𝑒𝑖𝑛\/2 − 𝑛

2𝑒
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)
(12)
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The displacement field for a stationary crack around its tip can be written as:

𝑢 (𝑟, \ ) =
∑︁
𝑘=𝐼 ,𝐼 𝐼

∞∑︁
𝑛=−∞

𝑎𝑛
𝑘
Φ̄𝑛
𝑘
(𝑟, \ ) (14)

𝑟 and \ are the polar coordinates in the local frame of the crack tip (𝑥 ′1, 𝑥 ′2). ^ is the Kolossov’s
constant. Φ̄𝑛

𝑘
are the projection of Φ𝑛

𝑘
onto the (𝑥1, 𝑥2) coordinate system, 𝑎𝑛

𝑘
represent different

coefficients in the solution, i.e., for 𝑛 = 1, 𝑎1
𝐼
relates to 𝐾𝐼 , and 𝑎1

𝐼 𝐼
relates to 𝐾𝐼 𝐼 . Following

Roux and Hild (2006); Roux et al. (2009), the displacement fields 𝑢 -whether experimentally or
numerically obtained-, are projected onto what is known as a truncation of the Williams’ series
Williams (1957). The solutions that are used for projecting the displacement in a least-squares
sense fields and extracting the fracture parameters are truncated between 𝑛 = 𝑛𝑚 = −3 and
𝑛 = 𝑛𝑀 = 7 lowering the degrees of freedom of the inverse problem while maintaining a family
of solutions that contains sufficient information about the crack features:

𝑛 = 0, rigid body translation,
𝑛 = 1, asymptotic terms (𝐾𝐼 , 𝐾𝐼 𝐼 ),
𝑛 = 2, 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and rigid body rotations,
In practice, especially in the experimental case, potential non-linear behaviour (plasticity,

damage) close to the crack tip takes place. Since the methodology is based on an elastic description
of the solid, only the mechanical behaviour outside a confined zone near the crack tip (Figure 27)
should thus be studied. This bridging of the far-field elastic loading to the local crack tip happens
without any issues regarding probable non-linear behaviour near the crack tip.

A.2 𝑆𝐼𝐹 Extraction procedure
The extraction advanced in Roux and Hild (2006); Roux et al. (2009) proceeds as follows:

(i) a crack path is proposed - in the numerical simulations the crack path is easily tracked
thanks to the damage variable 𝛼 . During actual experiments, crack path is obtained from images
of the deformed sample transformed back to the Lagrangian configuration (see e.g. Vinel et al.
(2021)).

(ii) the size of the pacman-shaped extraction domain is defined by a circular area of radius
𝑟𝑒𝑥𝑡 from which a small band of width 𝑟𝑖𝑛𝑡 is removed around the crack tip (Figure 27).

(iii) the choice of the loading conditions (plane strain/plane stress) through ^ is made. It’s
noted that ^ can be added as a degree of freedom of the problem further validating the choice on
the plane strain/plane stress conditions.
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Figure 27: the pacman-shaped extraction domain

Throughout the extraction, the elastic crack tip position is updated using the first super-
singular term 𝑛 = −1, and the instantaneous 𝑆𝐼𝐹 and 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 are detected. The crack tip
velocity 𝑣𝑐 can be calculated consequently.
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B TAF2 Sample: 𝐷𝐼𝐶 fields and 𝑆𝐼𝐹 results
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Figure 28: Sample TAF2 - 𝐷𝐼𝐶 displacement fields (up) and longitudinal strain rates (down) at three time
steps. A Savitzky Golay (kernel size= 5 frames, order 2) filter smoothens the displacements’ first derivative
(velocity fields). Spatial noise is filtered-out via a Tikhonov regularisation of the 𝐷𝐼𝐶 problem

Figure 29: Sample TAF2 - 𝑆𝐼𝐹 , the higher order term 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack tip speed. The error-bar
corresponds to the sensibility to the extraction zone Roux and Hild (2006); Roux et al. (2009)
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Figure 30: Sample TAF2 - Evolution of the predicted fracture direction \0 along with the maximum
circumferential stress computed at 𝑟𝑐 = 2𝑚𝑚. The modification of the fracture angle at the position of
branching and the evolution of 𝜎0

\\
mirror the branching.

C T3DE Sample: 𝐷𝐼𝐶 fields and 𝑆𝐼𝐹 results
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Figure 31: Sample T3DE - 𝐷𝐼𝐶 displacement fields (up) and longitudinal strain rates (down) at three time
steps. A Savitzky Golay (kernel size= 5 frames, order 2) filter smoothens the displacements’ first derivative
(velocity fields). Spatial noise is filtered-out via a Tikhonov regularisation of the 𝐷𝐼𝐶 problem
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Figure 32: Sample T3DE - 𝑆𝐼𝐹 , the higher order term 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack tip speed. The error-bar
corresponds to the sensibility to the extraction zone Roux and Hild (2006); Roux et al. (2009)

Figure 33: Sample T3DE - Evolution of the predicted fracture direction \0 along with the maximum
circumferential stress computed at 𝑟𝑐 = 2𝑚𝑚. The modification of the fracture angle at the position of
branching and the evolution of 𝜎0

\\
mirror the branching.
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D THOM Sample: 𝐷𝐼𝐶 fields and 𝑆𝐼𝐹 results
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Figure 34: Sample THOM - 𝐷𝐼𝐶 displacement fields (up) and longitudinal strain rates (down) at three
time steps. A Savitzky Golay (kernel size= 5 frames, order 2) filter smoothens the displacements’ first
derivative (velocity fields). Spatial noise is filtered-out via a Tikhonov regularisation of the 𝐷𝐼𝐶 problem

Figure 35: Sample THOM - 𝑆𝐼𝐹 , the higher order term 𝑇 − 𝑠𝑡𝑟𝑒𝑠𝑠 and the crack tip speed. The error-bar
corresponds to the sensibility to the extraction zone Roux and Hild (2006); Roux et al. (2009)
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Figure 36: Sample THOM - Evolution of the predicted fracture direction \0 along with the maximum
circumferential stress computed at 𝑟𝑐 = 2𝑚𝑚. The modification of the fracture angle at the position of
branching and the evolution of 𝜎0

\\
mirror the branching.
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