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Infinite-dimensional Hamilton-Jacobi equations for
statistical inference on sparse graphs

Tomas Dominguez* Jean-Christophe Mourrat’

Abstract

We study the well-posedness of an infinite-dimensional Hamilton-Jacobi equation posed
on the set of non-negative measures and with a monotonic non-linearity. Our results will be
used in a companion work to propose a conjecture and prove partial results concerning the
asymptotic mutual information in the assortative stochastic block model in the sparse regime.
The equation we consider is naturally stated in terms of the Gateaux derivative of the solu-
tion, unlike previous works in which the derivative is usually of transport type. We introduce
an approximating family of finite-dimensional Hamilton-Jacobi equations, and use the mono-
tonicity of the non-linearity to show that no boundary condition needs to be prescribed to
establish well-posedness. The solution to the infinite-dimensional Hamilton-Jacobi equation
is then defined as the limit of these approximating solutions. In the special setting of a convex
non-linearity, we also provide a Hopf-Lax variational representation of the solution.

1 Introduction and main results

A recent approach to describe the asymptotic free energy of a mean-field disordered system is
as the solution to a Hamilton-Jacobi equation. Spin glass models have typically led to infinite-
dimensional Hamilton-Jacobi equations of transport type [27, 29, 30] while statistical inference
problems have given rise to finite-dimensional Hamilton-Jacobi equations defined on closed con-
vex cones [7, 8, 10, 11, 26, 28]. A general well-posedness theory for the former was established
in [12] while one for the latter was developed in [13]. In [19] we will propose to describe the
asymptotic mutual information in the sparse stochastic block model in terms of a Hamilton-Jacobi
equation posed over a space of probability measures, but featuring derivatives of “affine” rather
than transport type. The purpose of this paper is to develop a well-posedness theory for such an
infinite-dimensional Hamilton-Jacobi equation; we expect that this type of equation will appear in
other mean-field problems with sparse interactions. While our setting is different, the techniques
we use here draw heavily upon the arguments introduced in [12] and [13].

Let us describe the class of infinite-dimensional Hamilton-Jacobi equations that we consider.
We denote by .Z; the space of signed measures on [—1, 1],

%:{u | u is a signed measure on [—171]}, (1.1)
and by . the cone of non-negative measures on this interval,

My = {[J € M | 1 is a non-negative measure}. (1.2)
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We follow the convention that a signed measure can only take finite values, and in particular, every
U € ./ must have finite total mass. We fix a continuously differentiable function g : [—1,1] — R,
and for each measure u € .#, define the function Gy, : [—1,1] — R by

1
Gul) = [ ) du(s). (13)
‘We introduce the cone of functions
G ={Gu | 1 €M} (1.4)

as well as the non-linearity Co : 4. — R defined on this cone by

CalG) =1 [ Guan =1 [ [ st duts)ant). (15

This non-linearity is well-defined by the Fubini-Tonelli theorem. Indeed, if G, = Gy for some
measures U,V € .4, then

[ Guwant) = [ Guaue = [ [ gtorautavis) (16)

while
[ awav = [ Gumaveo= [ [ storautav, (17

and the symmetry of the map (x,y) — g(xy) implies that these two expressions coincide. Given a
function f: [0,%0) x .#4 — R and measures u,v € .#4, we denote by Dy, f(t, u; V) the Gateaux
derivative of the function f(z,-) at the measure u in the direction v,

Duf(t,[.L;V>:;i_l’f(l)f(t’u—i_g‘;)_f(t,u). (1.8)

We will say that the Gateaux derivative of f(z,-) at the measure u € .# admits a density if there
exists a bounded measurable function x — Dy, f(z, i, x) defined on the interval [—1, 1] with

1
Duf(t,pt:v) = [ Duf(t.p.x) dvi (1.9)

for every measure v € .#. We will often abuse notation and identify the density Dy, f (¢, u,-) with
the Gateaux derivative Dy, f (¢, ). The purpose of this paper is to establish the well-posedness of
the infinite-dimensional Hamilton-Jacobi equation

{8[f(t,u) = Ca(Dyf(t,p)) onRugx Ay, (1.10)

FO,u) =wy(u) on M.

under appropriate assumptions on the kernel g and the initial condition v : .Z — R. In particular,
these assumptions will imply that, in a suitably weak sense, the Gateaux derivative of the solution



Dy, f(t, 1) belongs to the cone . for all + > 0 and u € .#.. Before stating these assumptions and
the results they lead to precisely, let us describe the general strategy we will follow.

To obtain the well-posedness of the Hamilton-Jacobi equation (1.10), we will project it from
the infinite-dimensional space of measures . to a family of finite-dimensional spaces of mea-
sures ,///J(r ) with dimension monotone in some integer parameter K > 1. The well-posedness of
each of these projected equations will be obtained using techniques similar to those in [13], and
the limit as K tends to infinity of these projected solutions will be shown to exist using techniques
similar to those in [12, 27, 29]; we take the limit thus obtained as the definition of the solution to
the infinite-dimensional Hamilton-Jacobi equation (1.10).

In previous works, derivatives of transport type were the primary focus of investigation, and
it was thus natural to discretize the space of measures by restricting to measures of the form
K~! ):le Oy, only allowing the x;’s to vary but keeping the weight of each atom fixed. Due
to the nature of the derivatives appearing in (1.10), we choose instead here to define our finite-
dimensional approximating space as the cone of non-negative measures supported on dyadic ra-
tionals in the interval [—1,1]. That is, we allow the weights to vary, provided that they remain
non-negative, but keep the positions of the atoms fixed. Given an integer K > 1, we write

@Kz{kzziK|—2K§i<2K} (1.11)

for the set of dyadic rationals on [—1,1] at scale K. It will be convenient to index vectors using
the set of dyadic rationals, writing x = (xX¢)ke g, € R7Z&. We denote the set of discrete measures
supported on the dyadic rationals at scale K in the interval [—1,1] by

%iK) = {H eM|u= Y xi6y for some x = (xp)reg, € R>§} (1.12)

1
1] &5,
(K)

A natural way to project a general measure U € .# onto ./’ is via the mapping

O () = (12| [l +275) ) o € RZK. (1.13)

For u e # (K ), the image of i 1s simply the sequence of weights of the measure y at each pomt
in Pk, up to multiplication by |Zk|. The inverse of this mapping assigns to each x € R;g the
measure

(K) _ (K)

N xk O € M (1.14)

H 2% le keZ@K k Ok

We can use these projections to devise finite-dimensional approximations to the Hamilton-Jacobi
equation (1.10). These will be posed on the cone R>¢ x R . Indeed, any real-valued function
f1]0,00) x Ay Y LR may be identified with the function

F®1,x) = £, ™) (1.15)

defined on R>p x R g Moreover the Gateaux derivative at the measure U € ///j_ ) may be iden-
tified with the gradient | Zx |V ) (r,xX) (1)) by duality. Indeed, for any direction v € s

Duf(t,u;v) = f(K)(t,x(K)(u)+8x(K)(v)) = V& ¢ xXBOu) B (v).  1.16)

dele



The additional factor of |Zk| appears because x(K)(v) has ¢!-norm |Zx| whenever v is a proba-
bility measure. The corresponding initial condition becomes the function l[/(K) : R?g — R defined
by -
K
y®) () = y(u). (1.17)
The cone (1.4) and the non-linearity (1.5) may be projected in a similar manner. We introduce the

symmetric matrix
1

GK —
| Zk|?

(8(kK)) wegs, € R7EZK, (1.18)

and observe that for every u € ///j(LK) and k € %k,

/ / 1 /
Guk)= ¥, s(kku®) =177 3 glkk B (e =12k (GFO (W), (1.19)
k’e_@K K k’G@K

This motivates the definition of the projected cone,
Gx = {G(K)x(K)(,u) eR% |ue ///LK)} - {G<K>x eR% |xe ng}, (1.20)
and the projected non-linearity Cx : $x — R defined by

1 1
Cx(GFx) = GWx.x= ——
K( ) 2 2| @K|2 k,kg@K

g(kk )33 = Coo (G 0 - (1.21)
This projected non-linearity can be shown to be well-defined using the same argument that showed
the non-linearity (1.5) was well-defined. With this notation, our finite-dimensional approximation
of the Hamilton-Jacobi equation (1.10) reads

af®(1,0) = Cx(VF®)(1,x)) on RogxRZ (1.22)

subject to the initial condition fX)(0,x) = y&)(x) on Rgg . To study this equation we will in-
troduce an appropriate extension Hg : RZK — R of the non-linearity Cg, and instead consider the
Hamilton-Jacobi equation

0B (t,x) = Hg (VB (1,x)) on RugxRZK (1.23)

subject to the initial condition f(%)(0,x) = y®)(x) on ng. Notice that we have used the cone
ng as opposed to the more intuitive cone RZj. As detailed below, the monotonicity of the
projected non-linearity (1.21) and the ideas regarding boundary conditions of Hamilton-Jacobi
equations with suitable non-linearities developed in [ 13, 18, 31] make these two choices equivalent.
In particular, it will not be necessary to endow the projected Hamilton-Jacobi equation with a
boundary condition. Remembering that this Hamilton-Jacobi equation appears in the context of
statistical inference makes this insight rather reassuring. Indeed, the statistical inference model
does not suggest an obvious choice of boundary condition—given that we are ultimately interested
in the identification of the value of the solution at a point in R>o x {0}, we would at least not want
to use a Dirichlet boundary condition there! In earlier works, the imposition of a Neumann-type
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boundary condition was observed to be a workable option [27, 28, 29]. In [13], it was shown that
this somewhat artificial choice is not necessary, and no boundary condition needs to be specified,
because the non-linearity “points in the right direction”.

We now state the precise assumptions that will allow us to obtain the well-posedness of the
projected Hamilton-Jacobi equations and establish the convergence of their solutions. In the same
spirit as [12, 13, 27, 29], we will need the initial conditions l,l/(K) and y to satisfy a certain number
of Lipschitz continuity assumptions. Given an integer d > 1, we introduce the normalized-¢! and
normalized-¢!* norms, defined for every x,y € R by

d
el = g Xbsland [l = s (124
The underlying dimension d > 1 will be kept implicit but will always be clear from the context.
The normalized-¢' norm is meant to measure elements of RZ with a scaling that is consistent
with our identification of this space with the space of measures ///j(LK). The normalized-#'"* norm
serves to measure elements of the dual space, and is defined so that the Holder-type inequality
-y < [lellly Hliyllly . is valid.

The key continuity assumption on the projected initial condition y (K) that will make it possible
to establish the well-posedness of the projected Hamilton-Jacobi equations will be Lipschitz con-
tinuity with respect to the normalized-¢! norm. Another way to encode this property is to require
the initial condition y : .#Z, — R to be Lipschitz continuous with respect to the total variation
distance on .,

TV(u,v) =sup{|u(A) — v(A)| | A is a measurable subset of [—1,1]}. (1.25)

The normalized-¢!* norm will play its part when discussing the Lipschitz continuity of the pro-
jected non-linearity (1.21). To determine the convergence of the projected solutions, it will be
important to assume that the initial condition y : .#, — R is Lipschitz continuous with respect to
the Wasserstein distance on the set of probability measures Pr[—1,1],

1 1
W(P,Q) = sup{‘/lh(x) dP(x) —/ 1h(x) d@(x)‘ | 1A]lLip < 1}. (1.26)
Here ||-||Lip denotes the Lipschitz semi-norm
h(x) — h(x'
|AllLip = sup Intx) Z )] ,( ) (1.27)
x#x' e[—1,1] |x_x ’

defined on the space of functions & : [—1, 1] — R. The final assumption on the initial condition will
ensure that, in a sense to be made precise, the solution to the projected Hamilton-Jacobi equation
has a bounded gradient close to the projected cone %k defined in (1.20). It would of course be
more convenient to assume that the gradient really belongs to %%, rather than only being close
to it, but unlike in earlier works, this stronger property does not hold in the context of the main
application we have in mind in [19]. To impose the boundedness of the gradient, fix a > 0, and for
each integer K > 1 introduce the closed convex set

Hpg = {G<K>x € R7K | x e RZE and [|lx]||, < a} C %x. (1.28)
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Given a closed convex set # C RY, write

H'=H +B,1(0) (1.29)

1/2

for the neighborhood of radius d~!/2 around .#" in the normalized-¢!-* norm. Here

Bi(x) = {x' e R | ||| — x|l , < r} (1.30)

denotes the closed ball of radius r > 0 centered around x € R¥ relative to the normalized-£!* norm.
We will say that a Lipschitz continuous function 4 : Rd>o — R has its gradient in JZ" if

Vhe L™ (R ). (1.31)

Recall that a Lipschitz continuous function is differentiable almost everywhere by Rademacher’s
theorem (see Theorem 6 in Chapter 5.8 of [20]), so the spatial gradient V4 is well-defined as an
element of L™, and the condition (1.31) requires that this object take values in %" almost every-
where. A non-differential criterion for the gradient of a Lipschitz continuous function to lie in a
closed convex set is given in Proposition B.2, and will be used frequently throughout the paper. As
will be shown below, assuming that the initial condition has its gradient in %, suffices to ensure
that the gradient of the solution remains in this set at all times. Notice that this is insufficient to
be able to evaluate the non-linearity Cg at the gradient of the solution; however, under suitable
Lipschitz continuity properties of the extension Hg, it ensures that the projected Hamilton-Jacobi
equation (1.23) should be an adequate replacement for the Hamilton-Jacobi equation (1.22). In
particular, it justifies defining the solution to the infinite-dimensional Hamilton-Jacobi (1.10) as
the limit of the solutions to the projected Hamilton-Jacobi equation (1.23). Besides some smooth-
ness, the only constraint we will impose on the kernel g : [—1,1] — R is that it be strictly positive.
Among other things, this assumption ensures that a non-negative measure [ € .# cannot have
a large total mass unless the function G, takes large values. In summary, the assumptions on the
kernel g : [—1, 1] — R and the initial condition y : .Z, — R required for the validity of our main
results are the following.

H1 The kernel g : [—1,1] — R is continuously differentiable and bounded away from zero by
some positive constant m > 0,
g(x) > m. (1.32)

H2 The initial condition y : .Z — R is Lipschitz continuous with respect to the total variation
distance (1.25),

(W) — v < [[WllLipvTV (1, v) (1.33)
for all measures v, € 4.

H3 There exists a > 0 such that the initial condition ¥ : .Z; — R has the property that each of
the projected initial conditions (1.17) has its gradient in the set 7,

vy e L= (R ;47 x). (1.34)



H4 The initial condition y : Pr[—1,1] — R is Lipschitz continuous with respect to the Wasser-
stein distance (1.26),

W (P) — w(Q)| < [ ¥l|LipwW (P,Q) (1.35)
for all probability measures P,Q € Pr[—1, 1].

Observe that the hypothesis (H2) on the initial condition implies that the projected initial conditions
(1.17) are Lipschitz continuous with respect to the normalized-¢! norm,
W @) -y O] < WV (1) < Wlpavlle =Xl (136)
With these assumptions at hand, it is natural to wonder why we cannot simply invoke the main
result in [13] to obtain the well-posedness of the projected Hamilton-Jacobi equation (1.23). The
setting proposed in [13] is that of a Hamilton-Jacobi equation posed on a cone 4" and with a non-
linearity that is defined over the cone % as well; the key assumption to establish well-posedness is
that the non-linearity and the initial condition have their gradients in the cone % . In our context, the
non-linearity is initially only well-defined on the cone %.., or ¢k for the projected equations, and
we must make sure that the gradient of the solution remains in this space. This suggests that we try
to use the results in [13] with ¢ = %, or €k for the prOJected equations. However, our problem,
say for the projected equations, is naturally posed over R g rather than %%, and moreover the
gradient of the non-linearity that appears in our setting is not in ¢, although it is in ]R>0 To make
matters more complicated, the gradient of the finite-dimensional initial condition, and therefore
also of the solution, does not quite belong to @k, although it is in the closed convex set .7 .
Despite all this, we will show that the somewhat richer geometry of our problem can be dealt with
using arguments that are similar to those in [13].

We now describe the structure of these arguments in more detail, and state our main results.
We will first show that for any R > 0, it is possible to define a non-linearity Hg g : RZ& — R which
agrees with the projected non-linearity Cg on a large enough ball ¥k NBg(0), and is uniformly
Lipschitz continuous. We will then obtain the well-posedness of the projected Hamilton-Jacobi
equation

oW (t,x) =Hk (VB (1,x)) on RsgxRZE (1.37)

subject to the initial condition f&)(0,x) = w(®)(x) on RZ. Finally, we will show that the solu-
tions to these projected Hamilton-Jacobi equations admit a limit as K tends to infinity. We will
verify that this limit does not depend on the choice of the extension Hg g, provided that R is cho-
sen sufficiently large, and define it to be the solution to the infinite-dimensional Hamilton-Jacobi
equation (1.10).

To state our main well-posedness results, we introduce additional notation. Given functions
h: Rio — Rand u: [0,00) X R‘io — R, we define the semi-norms

h(x) —h(x' u(t,x) —u(0,x
T e e

and introduce the space of functions with Lipschitz initial condition that grow at most linearly in
time,

L={u:[0,00) x RY 0 — R | u(0,) is Lipschitz continuous and [u]y < oo}, (1.39)
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as well as its subset of uniformly Lipschitz continuous functions,
Sunir = {u € & suplut Mlyip <=} (1.40)
1>

The main well-posedness results for the projected Hamilton-Jacobi equation (1.37) and the infinite-
dimensional Hamilton-Jacobi equation (1.10) now read as follows.

Theorem 1.1. Under assumptions (H1)-(H3), the projected Hamilton-Jacobi equation (1.37) with

R > 0 admits a unique viscosity solution [y~ € Lyuir subject to the initial condition l//(K). More-
over, f,gK) has its gradient in the set Ji/a’ x and satisfies the Lipschitz bound
K K
sup 1178 (¢, Mlgpr = MY E i < 1WlLipv- (1.41)

t>0

Theorem 1.2. Suppose (H1)-(H4), and given an integer K > 1 and a real number R > || y||Lip. TV,
denote by fr"' € Lunir the unique viscosity solution to the Hamilton-Jacobi equation (1.37) con-
structed in Theorem 1.1. For every t > 0 and every measure | € M+, the limit

Fle) = lim £ (x5 () (1.42)

exists, is finite and is independent of R. The value of this limit is defined to be the solution to the
infinite-dimensional Hamilton-Jacobi equation (1.10).

As is apparent, and similarly to [27, 29], we content ourselves here with identifying the solution
to (1.10) as the limit of our finite-dimensional approximations. This will suffice for our present
purposes, and we leave open the question of providing a more intrinsic characterization of the
solution to (1.10), as was achieved in [12] in a related context.

In addition to these well-posedness results, we also obtain a Hopf-Lax variational representa-
tion for the solution to the infinite-dimensional Hamilton-Jacobi equation (1.10) in the case when
the non-linearity C. is convex. Hopf-Lax formulas for related problems have been explored in
[9, 10, 12, 13]. In [19], this variational representation will allow us to verify that, in the disassorta-
tive regime, our conjectured asymptotic mutual information for the sparse stochastic block model
coincides with the value of the asymptotic mutual information established in [14]. The convexity
condition on C. boils down to the requirement that the mapping (x,y) — g(xy) be non-negative
definite, and can be phrased as follows.

H5 The kernel g : [—1,1] — R satisfies the property

[ [ st autoanc) =0 (143

for every signed measure U € ..

Theorem 1.3. If (H1)-(HS) hold, then the unique solution f:[0,0) x .#+ — R to the infinite-
dimensional Hamilton-Jacobi equation (1.10) constructed in Theorem 1.2 admits the Hopf-Lax
variational representation

1
o) = swp {wlurm)- 3 [ Guave)} (144
vel -1
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for everyt >0 and U € M. Moreover, the supremum in (1.44) is achieved at some V* € .,
and whenever the initial condition Wy admits a Gateaux derivative at the measure 1L +tv* with a
density x — Dy y(u +1tv*,x) belonging to the cone 6., we have

Gy =Dy (u+1tv*,.). (1.45)

For the purposes of our companion work [19], it will also be important to identify solutions to
equations of the form (1.10) with a kernel g that does not satisfy the positivity assumption (H1).
The idea will be to introduce a new kernel which satisfies (H1) by translating g, and to deduce
the well-posedness of the equation with kernel g from the well-posedness of the equation with the
translated kernel. For this strategy to work, we will replace the assumption (H3) on the initial
condition by a stronger assumption which we now describe.

For every a € R introduce the set of measures with mass a,
Moy = {1 € My | p[-1,1] =a}, (1.46)

as well as the set of functions
Gueo = {Gu | W E My} (1.47)

The assumption (H3) on the initial condition will essentially be replaced by the assumption that its
Gateaux derivative lies in the set 6 .. for some a € R. As before, it will be convenient to state this
as an assumption on the projected initial conditions (1.17). For every integer K > 1 introduce the
set of projected measures with mass a,

M = {ue///i’{) !u[l,l]za}, (148)
and write
Heak = {GFx e R7F | x e RZS and |||, = a (1.49)

for its associated set of functions. We replace (H3) by the following stronger assumption.

H3’ There exists a > 0 such that the initial condition ¥ : .#Z, — R has the property that each of
the projected initial conditions (1.17) has its gradient in the set .#_ 4K

vyE) e L= (R o 42 ). (1.50)

Formal calculations now suggest a way to modify the solution to the infinite-dimensional
Hamilton-Jacobi equation (1.10) if the kernel g is not assumed to satisfy (H1) but is translated
by a large enough constant so that it becomes positive. Given a continuously differentiable kernel
g:[—1,1] = R, fix b € R such that the modified kernel

gp(z) =g(z) +b (1.51)

is strictly positive. For every i € .#, define the modified function éb# =1,1] = R,
- 1
Gpu(x) = / (8b(xy)du(y), (1.52)
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the modified cone of functions,
Choo = {Gop | L€ MY, (1.53)

and the modified non-linearity Eb o - %2 o — R,

Cpre(Gops) = /Gbu )du(x 2//gbxy d(y) du(x). (1.54)

Notice that the additional constant b in g;, induces a shift in the expression above that depends only
on the total mass of the measure . This suggests that, under assumption (H3’), if f;, is a solution
to the infinite-dimensional Hamilton-Jacobi equation

{a,ﬂr,u) = Cpee (D f (1)) o0 Rog X A, (155
f(onu) = ii}b(:u) on %-f—a
for the initial condition y, : .# — R defined by
1
Vo) = ylw)+ab [ du (1.56)
then the function
~ 1 a’bt
ot ) = Jolo) —ab [ ap—CF (1.57)

should be a solution to the infinite-dimensional Hamilton-Jacobi equation (1.10). We omit the
dependence of f,, f, and Y, on a since this constant is given to us and fixed by (H3’). The
following result renders this construction precise and ensures that it is independent of the choice
of b.

Theorem 1.4. Fix a continuously differentiable kernel g : [—1,1] — R and assume that (H2),
(H3’), and (H4) hold. Let b € R be such that the function gp defined in (1.51) is positive on [—1,1],
let y;, be defined by (1.56), and let f;, be the solution to the infinite-dimensional Hamilton-Jacobi
equation (1.55) constructed in Theorem 1.2. The function f;, given by (1.57) does not depend on
the choice of b € R, and. it is defined to be the solution to the infinite-dimensional Hamilton-Jacobi
equation (1.10).

Combining this well-posedness result with the Hopf-Lax representation formula in Theorem 1.3
shows that under the additional assumption (HS), the function (1.57) admits a variational repre-
sentation.

Theorem 1.5. Fix a continuously differentiable kernel g : [—1,1] — R satisfying (H2), (H3’) and
(H4). Suppose that there exists b € R such that the translated kernel g, in (1.51) is strictly positive
on [—1,1] and satisfies (H5). Suppose moreover that for every L € #., the initial condition Wy
admits a Gateaux derivative with density x — Dy y(l,x) belonging to the set €, . Then, the
unique solution f : [0,00) X .4+ — R to the infinite-dimensional Hamilton-Jacobi equation (1.10)
constructed in Theorem 1.4 admits the Hopf-Lax variational representation

Fltm) = sup {w<u+rv>—§ / lle@)dv(y)} (1.58)

Velﬁa,gr
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foreveryt >0 and 1 € M. Moreover, the supremum in (1.58) is achieved at some V* € M,
with
Gy =Dyy(u+tv,). (1.59)

We briefly review related works on Hamilton-Jacobi equations in infinite dimensions. The
study of equations posed on infinite-dimensional Banach spaces was initiated in [15, 16, 17]. The
assumptions imposed on the Banach space preclude the possibility to apply the results presented
there to the space of bounded measures. The existence of solutions is obtained via a connection
with differential games. An example is also given in which solutions to natural finite-dimensional
approximations fail to converge to the solution of the infinite-dimensional equation. We do not
expect this phenomenon to occur for the problem we consider in this paper, and in any case, our
definition of the solution as the limit of finite-dimensional approximations is the one we make use
of in our companion work [19]. Moreover, for the equations of transport type appearing in the
context of mean-field spin glasses, it was shown in [12] that finite-dimensional approximations do
converge to the intrinsic viscosity solution of the infinite-dimensional equation.

Equations that are posed over a space of probability measures, or more general metric spaces,
have been considered in a number of works including [1, 4, 5, 6, 21, 22, 23, 24]. These works
revolve around equations involving derivatives of transport type for probability measures over R<.
Since transportation of mass over R? can be carried without limit, questions of boundary conditions
do not arise there, unlike in the more recent works [12, 27, 29] already cited above in which
probability measures over ]Rio or the space of non-negative definite matrices are considered. We
are not aware of previous works considering equations that involve derivatives of “affine” type, as
we do here. In this context, the natural “movements” are different from those appearing for the
transport geometry, and our additional constraint that we must deal with non-negative measures is

the source of the necessity to address boundary issues.

We close this section with a brief outline of the paper. In Section 2, we introduce a non-
decreasing and uniformly Lipschitz continuous non-linearity Hx g which agrees with the projected
non-linearity (1.21) on the intersection between the projected cone (1.20) and a large enough ball,
and we define the appropriate notion of solution to the projected Hamilton-Jacobi equation (1.37).
The definition of the function Hg  is inspired by Proposition 6.8 in [27] and Lemma 2.5 in [13].
We then leverage the well-posedness results established in Appendix A to prove Theorem 1.1. In
Section 3, with the well-posedness of the projected Hamilton-Jacobi equations (1.37) at hand, we
modify the arguments in Section 3.2 of [29] and Section 3.3 of [12] to obtain the convergence of
solutions as described in Theorem 1.2. In Section 4 we proceed as in Section 6 of [13] to obtain
an approximate Hopf-Lax variational representation for the solution to the projected Hamilton-
Jacobi equation (1.37). By taking an appropriate limit in this variational formula, Theorem 1.3 is
established in Section 5. Section 6 is devoted to the proof of Theorem 1.4 and Theorem 1.5. So
as to not disrupt the flow of the paper, the main technical arguments required to establish the well-
posedness of the projected Hamilton-Jacobi equation (1.37) have been postponed to Appendix A.
All the results in this appendix appear in [13] in some form but have been reproduced here for
the reader’s convenience. It is also worth pointing out that we treat a slightly different setting
to the one in [13]. Indeed, our initial condition has its gradient close to a convex set and not in
it, and our non-linearity is monotonic with respect to a different convex set, as discussed below
(1.36). Appendix B reviews a fundamental duality theorem from convex analysis, establishes a
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non-differential criterion for a Lipschitz function to have its gradient in a closed convex set and
provides a refresher on the basic properties of semi-continuous functions, which play a role in
Appendix A when running Perron’s argument for the existence of solutions.

Acknowledgements. We would like to warmly thank Hong-Bin Chen and Jiaming Xia for sharing
a preliminary version of [13] with us. Their work considerably simplified our task, allowing us in
particular to discard the much more complicated approach we had originally envisaged.

2 Construction of finite-dimensional approximations

In this section, we prove Theorem 1.1, and in particular establish the well-posedness of the pro-
jected Hamilton-Jacobi equation (1.37). Throughout the paper, we say that a function & : RY — R
is non-decreasing if for every x,x’ € R? with x' —x € R, we have A(x') — h(x) > 0. More gen-
erally, given a closed convex cone ¥ C R?, and denoting its dual cone by €* (see (B.1) for the
definition), we say that a function 4 : R? — R is ¥*-non-decreasing if for every x,x’ € R? with
x' —x € €*, we have h(x') — h(x) > 0. In the case when & is Lipschitz continuous, this is equiva-
lent to the requirement that 4 have its gradient in € (see Proposition B.2). To alleviate notation and
strive for generality, fix an integer dimension d > 1 and a symmetric matrix G € R4*¢ for which
there exist positive constants m, M > 0 with

m M
7 < G < 72 (2.1)
for all 1 < k,k’ < d. Consider the cone
¢ ={GxreR!|xe Ry}, (2.2)
the closed convex set
Hy={GxeR? | x e R% and |||x]||, <al, (2.3)
and the non-linearity C : 4 — R defined by
1
C(Gx) = EGx~x. (2.4)

This mapping is well-defined, for the same reason as that explained below (1.5). Recall the defini-
tion of the enlarged set (1.29) and of the normalized-¢! and normalized-¢!* norms in (1.24). The
first important result of this section will be the definition of a uniformly Lipschitz continuous and
non-decreasing non-linearity Hg : R? — R which agrees with C on the intersection of the cone %
and a large enough ball. We will then obtain the well-posedness of the Hamilton-Jacobi equation
associated with this non-linearity,

0 f(t,x) =Hr(Vf(t,x)) on R.gxRZ, (2.5)
subject to a Lipschitz continuous initial condition y : R‘éo — R with
W) = wO) < IWlllpallle=ylll; and V€ L7 (R 7). (2.6)

12



By (H3) and (1.36), the Hamilton-Jacobi equation (2.5) corresponds to the projected Hamilton-
Jacobi equation (1.37) for the choices d = |Zk|, G = G'8) and y = wK). Theorem 1.1 will
therefore be an immediate consequence of the main well-posedness result of this section.

To establish the well-posedness of the Hamilton-Jacobi equation (2.5) using the results in Ap-
pendix A, it will be important that the extended non-linearity Hgz : R — R be Lipschitz continuous
and non-decreasing. Let us start by verifying that these properties are satisfied locally on the cone
by the original non-linearity (2.4). It will be convenient to note that

1
[keflly < Gl 2.7

for all x € RY,).

Lemma 2.1. The non-linearity (2.4) is locally Lipschitz continuous with respect to the normalized-
Y norm,

IC) —COI <

(I A Y Ty =311 (2.8)

1
m
forally,y € 6.

Proof. Fix y,y' € € with y = Gx and y = Gx’ for some x,x’' € R‘éo. The symmetry of G and the
Cauchy-Schwarz inequality imply that

IC(y) = CONI < IG(x =) - x[+|G(x—=x) x| < ([l + )y =l -
It follows by (2.7) that
1CO) = CON< = (VM + Y )y =511

This completes the proof. [

S

Lemma 2.2. The non-linearity (2.4) is non-decreasing.

Proof. Fix y,y' € € with y <y’ (by this we mean that y —y € Réo)’ and let x,x’ € R‘éo be such
that y = Gx and y/ = Gx’. Observe that

2C(y))=Gx-x=y-x<y x=Gx x=Gx-X¥' =x -y <y =G - ¥ =2C().
This completes the proof. [
Extending the non-linearity (2.4) to R¢ while preserving these two key properties requires some
care. For each R > 0, we will define a non-decreasing function Hg : RY — R which is uniformly
Lipschitz continuous with respect to the normalized-¢!** norm and agrees with the non-linearity

(2.4) on the intersection of the cone (2.2) and the ball Bg = Bg(0) defined in (1.30). The definition
of this extension is inspired by Proposition 6.8 in [27] and Lemma 2.5 in [13].

Proposition 2.3. For every R > 0, there exists a non-decreasing non-linearity Hg : R — R which
agrees with C on € N Bg and satisfies the Lipschitz continuity property

8RM
[Hr(y) =HRON < —=llly='lll1 . (2.9)

forally,y € R
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Proof. The proof proceeds in two steps: first we regularize C by defining a non-decreasing and
uniformly Lipschitz continuous function which agrees with C on 4 N Bg, and then we extend this
regularization to R¢,

Step 1: regularizing C.

By Lemma 2.1, the non-linearity (2.4) satisfies the Lipschitz bound

4R
ICly) —CO)| < g|||y—y’|||1,*

for all y,y’ € € N Byg. With this in mind, let L = %R, and define the regularized non-linearity
Cr:% — Rby

Caly) - {ma" (CONCO+2Llslly ~R)) irve @B,
C(O)+2L (Il ~ R) ify € ¢\ B

To see that ER agrees with C on 4 M Bg, observe that for any y € 4 N Bg,
C(0) +2L([lly[ll; . —R) < C(0) =0 < C(y),

where the last inequality uses the non-negativity of the components of G. It will also be convenient
to note that by Lipschitz continuity of C on ¢ N Byg,

C(0)+2L([lIyllly » — B) = C(0) +2LR = C(0) + L|I¥l[ 1 . = C(v)

for any y € €' N dByg. This shows that Cg is continuous. To establish the non-decreasingness of
Cr, fix y,y’ € € withy <y'. If y,y’ € Bog, then the non-decreasingness of C in Lemma 2.2 implies
that C(y) < C(y’). Combining this with the fact that |||y]||, , < |||[']||, . reveals that Cg(y) < Cg()).
On the other hand, if y € Bog and y' € € \ By, then ’ ’

Cy) < CO) +Llll . < CO) +LIYI . +L1I1]

1x — 2R) = ER()”)

and
C(0)+2L([I[ylll, . — R) < C(0)+2L(|IIYIll,., — R) = Cr().

Once again Cr(y) < Cg(y"). Finally, if y € €'\ Bog, then 2R < [|ly|ll, . < [I[lll;.. s0 ' € €\ Bag

and clearly Cg(y) < Cg(y’). This establishes the non-decreasingness of the regularized non-linearity
Cg. We now show that this non-linearity is uniformly Lipschitz continuous. The reverse triangle

inequality implies that the map y — C(0) + 2L(||[y/|l, o R) is Lipschitz continuous with Lipschitz

constant at most 2L. Recall that the maximum of two Lipschitz continuous maps with Lipschitz

constants at most Ly and Ly, respectively, is Lipschitz continuous with Lipschitz constant at most

max(Ly,Ly). This means that Cg is Lipschitz continuous with Lipschitz constant at most 2L when

it is restricted to ¢’ N Bag or € \ Bag. For y,y’ € € with y € Byg and y' € €'\ Bog, we distinguish

two cases. On the one hand, if Cg(y) = C(0) +2L(]||y|]] . —R), the reverse triangle inequality

shows that

|Cr(y) = CrO)| < 2L[[[Iyllly o = Y111y o < 2LI[1y =¥l -
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On the other hand, if Cg(y) = C(y), then the reverse triangle inequality reveals that

Cr(y) — Cr(Y) < C(O)+LI[I¥ll 1. — C(0) —2L(|[lY'|
<L|lly =¥l .

L —R) < Lllly =yl +LER=y']ll;..)

while the lower bound Cg(y) = C(y) > C(0) + 2L(\Hy\|\1’* —R) yields

Cr(Y) = Cr(y) = 2L(IIIY Il = YN0 < 2LI[y =Yl 1

This shows that Cg is a non-decreasing function which agrees with C on 4 N Bg and satisfies the
Lipschitz continuity property

~ ~ 8R
[Cr() = CrO)[ < —llly =Yl (2.10)

forall y,y € €.
Step 2: extending to R.

To extend the regularization of the non-linearity (2.4) to R?, define the function Hg : RY — R by
HR(y):inf{ER(w) |w€<€withw2y}. (2.11)

Let 1= (1,...,1) € R? and observe that the vector v = % belongs to % and satisfies the bounds

l_ M
— V —_—
d= %= dm

(2.12)
for I <k <d. In particular, the infimum in (2.11) is never taken over the empty set. Moreover, the
non-decreasingness of Cg and the fact that this function agrees with C on % N Bg imply that Hg
also agrees with C on 4’ N Bg. To see that Hg is non-decreasing, fix y,y’ € ]Rj with y >/, and let
w € € be such that w > y'. Since w > y, the definition of Hg gives Hg(y) < Cg(w), and taking the
infimum over all such w shows that Hg(y) < Hg()"). To establish the Lipschitz continuity of Hg,
fix y,y’ € R? and let z = [||ly— /|||, ,v € €. Recalling (2.12) reveals that for any 1 <k <d,

1
Y=Y < =yl = Sy =3l e < vellly =1l = 26
This means that z > y—y’. In particular, if w € € is such that w > y/, then w+z € € withw+2z > y.

It follows by (2.10), (2.11) and (2.12) that

~ ~ ~ 8R 8RM
Hi(s) — Ca(w) < Calw+2) = Co(w) < el . < = 5 lly =¥l

Taking the infimum over all such w and reversing the roles of y and y’ completes the proof. |

With this extended non-linearity at hand, we can now establish the well-posedness of the
Hamilton-Jacobi equation (2.5). The appropriate notion of solution for (2.5) will be that of a
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viscosity solution. With Appendix A in mind, let us fix a non-linearity H: RY — R and a do-
main & C Rd>o’ and define the notion of a viscosity solution for the more general Hamilton-Jacobi
equation

o f(t,x) =H(Vf(t,x)) on R.ogx 2. (2.13)

A brief review of the definition and elementary properties of semi-continuous functions is provided
in Appendix B.

Definition 2.4. An upper semi-continuous function u: [0,00) X 2 — R is said to be a viscosity
subsolution to (2.13) if, given any ¢ € C“((O,oo) X .@) with the property that u — ¢ has a local
maximum at (t*,x*) € (0,00) X P,

(99 —H(V9))(r",x") <0. (2.14)

Definition 2.5. A lower semi-continuous function v : [0,00) x 9 — R is said to be a viscosity su-
persolution to (2.13) if, given any ¢ € C°°((0,<>o) X .@) with the property that v — @ has a local
minimum at (t*,x*) € (0,00) X 7,

(90 —H(V9)) (", x") > 0. (2.15)

Definition 2.6. A continuous function f € C ([0, 00) X 9) is said to be a viscosity solution to (2.13)
if it is both a viscosity subsolution and a viscosity supersolution to (2.13).

The existence and uniqueness results for Hamilton-Jacobi equations on positive half-spaces
developed in Appendix A now give the well-posedness of the Hamilton-Jacobi equation (2.5). It
will be convenient to remember that any closed and convex set .2~ C R? may be represented as the
intersection of the closed and affine half-spaces which contain it,

H ={xeR!|x-v>cforall (vc) € o}, (2.16)
where
o ={(vc) € R | x-v>cforallx € # and ||v]| = 1} (2.17)
for any norm ||-||. A proof of this classical result may be found in Corollary 4.2.4 of [25].

Proposition 2.7. For every R > 0, the Hamilton-Jacobi equation (2.5) admits a unique viscosity
solution fg € Lunit subject to the initial condition . Moreover, fr has its gradient in the set %,
and satisfies the Lipschitz bound

sup [k (£, llip.1 = W lleip,1- (2.18)
t>

Proof. To alleviate notation, we fix R > 0 and omit all dependencies on R > 0. We invoke Corol-
lary A.12 to find a viscosity solution f € £,if to the Hamilton-Jacobi equation (2.5) subject to the
initial condition y with
Sug”’f(tf)H‘LipJ = llWlllLip,1- (2.19)
>

We will now show that f has its gradient in the closed convex set %, . Denote by <7 the set (2.17)
associated with %, and the Euclidean norm ||-||,. For each (v,c) € & introduce the closed convex
cone

%’ﬁ,:{xERﬂx-vZO}
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as well as the function g, : [0,00) x Réo — R defined by g,,.(t,x) = f(t,x) — cx-v. It is readily
verified that g, . satisfies the Hamilton-Jacobi equation

a,g(t,x) = ﬁR(Vg(t,x)) on Ry x Réo

subject to the initial condition g,,.(0,x) = y(x) — cx- v for the non-linearity Hr(y) = Hr(y+cv1),
where 1 = (1)g, € R7K. Moreover, this initial condition is .7#*-non-decreasing (the definition
of being 7" -non-decreasing was introduced at the beginning of this section). Indeed, we have
" = Ry by the biduality result in Proposition B.1. Moreover, for any x,x' € RZ, with ¥ —x=tv
for some ¢ € R, the fact that (x' —x) -z > tc for all z € ¥, and the characterization of ¥ having its
gradient in the set %, given in Proposition B.2 imply that

guclt) — guc(x) = V() — Y(x) — (¥ —x) v =1~ tev-v =0,

It follows by Proposition A.13 that gw is J¢,"-non- decreasmg We now fix x,x’ € R <o with the
property that for all z € .7, we have (X' —x)-z>c. If v = W=l 2 ” and ¢/ m then (v,c') € o
so the function g, .+ is .77, -non-decreasing. This implies that

S0 = F(0.2) = gy (03 [~ allav) — g0 (0.2) + € —xlavev >
which means that f has its gradient in %, by Proposition B.2. This completes the proof. |

Proof of Theorem 1.1. Writing Hg g for the extension of the non-linearity Cg constructed in Propo-
sition 2.3, the desired result is now an immediate consequence of Proposition 2.7 and the Lipschitz
bound (1.36). |

3 Well-posedness of the infinite-dimensional equation

In this section, we establish the convergence of the solutions to the projected Hamilton-Jacobi
equations (1.37) as stated i 1n Theorem 1.2. In the notation of Theorem 1.1, given an integer K > 1
and some R > 0, write fR € Lunir for the unique solution to the Hamilton-Jacobi equation (2.5)

subject to the initial condition y (K), Recall that SR ) has its gradient in the set %, ’ "k and satisfies
the Lipschitz bound

K
sup L/ ()i = I iy < 1Wlhipary, G.)

To prove the existence of the limit

frlt,p) = lim fo (6,5 (W) (3.2)
we will appropriately adapt the arguments in Section 3.2 of [29] and Section 3.3 of [12] Given
two integers K’ > K, it will be convenient to introduce the projection map P> K . R>’(§’ ]Rj S
defined by

pKK) . ((K) (H;EK )) (3.3)
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as well as the lifting map LX) : RZk — RZk’ given by

KK — (}k)ke P (3.4)
where x; = (xg,...,x;) € ]R{ZK/_K. A key observation in proving the existence of the limit (3.2) is
that

pEK) KK — . (3.5)

The following technical lemmas will also play their part. The first two translate non-differential
properties of a non-differentiable function into differential properties of a smooth function at any
point where the difference of these functions is locally maximal. The third analyzes the transfor-
mation of the pairs (v,c) in the representation (2.16) of a closed convex set by the projection map
(3.3), and the fourth shows that these pairs can be used to quantify the distance from a point to the
closed convex set they define.

Lemma 3.1. Fix a Lipschitz function u € C((0,00) x RL ) with L = sup, |||u(t, Mlpipy <o If
pecC” ((0,00) X ]Rio) is a smooth function with the property that u— ¢ has a local maximum at
the point (t*,x*) € (0,00) x R, then IV, x*)|ll; . < L. An identical statement holds at a local
minimum.

Proof. Since u— ¢ has a local maximum at (£*,x*) € (0,00) x RY

< o> for every € > 0 small enough
and x € Réo,

P17 x" +£x) — (1%, x°) > u(t”,x" +£x) —u(t* x) = —€L|x]|.
Dividing by € and letting € tend to zero reveals that
Vo™, x") - x = —L|||xl];-

Choosing x; = —d sgn (dy, ¢ (t*,x*)) ¢ for each 1 < k < d completes the proof. [

Lemma 3.2. Fix a closed convex set #"' C R? and a Lipschitz function u € C ((0,00) X Rio) with
Vu € L((0,00)xRY ;. #").  Any smooth function ¢ € C((0,00) x R? ) with the property that
u— ¢ has a local maximum at (t*,x*) € (0,00) x R?  is such that V¢ (t*,x*) € . An identical
statement holds at a local minimum.

Proof. Recall the representation (2.16) of the closed convex set %" as the intersection of the closed
and affine half-spaces which contain it, and fix (v,c) € 7. Since u — ¢ has a local maximum at
(t*,x*) € (0,00) x R, for every € > 0 small enough,

Ot x"+ev)—o(t",x") > u(t*,x" +ev) —u(t*,x*) > ec.

The second inequality uses the characterization of Vu € J#” given in Proposition B.2 and the fact
that x- €v > &c for all x € #”. Dividing by € and letting € tend to zero reveals that

Vo ,x*)-v>c
for all (v,c) € <. It follows that V@ (*,x*) € #”. This completes the proof. |
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Lemma 3.3. Fix two integers K' > K large enough and a pair of vectors (v,c) € RZx" x R with
IIVllly = 1 such that, for every x € %, ., we have v-x > c. Then, for everyy € J, .,

, 2
PEK)y > ¢ (3.6)

=" 2K/2"
Proof. Fixy € J, g, and find vectors u'®) e ng and w&) € R with

1

y =GR 4w ® ) <a and HIW(K)H!L*SW-

Consider the vector
L& _ Tkl )
k |-@K| k

in RZx', and for each k' € Py, write k' for the unique dyadic k' € Pk with k' € [k, k' +27K).
Observe that

1{K' € %}

PUK .y = pIK) G (K) 4 UK ) — (G (K) 4 KDY 4 pUEKD,, L (K)

for the vector oK) € RZx’ defined by

o) = ¥ (s(kk) —g(kk))ull".
|@K,| kK eDy
Since GKulK) € ¢ ., the defining property of v, the fact that |||v|||; = 1 and Holder’s inequality
give the lower bound
! ! ! 1
PEKDy.y > e~ = WSl = e =[S, - K2 (3.7)

where we have used that |||P&X)y|||, <||[v]||, and |HW(K)|||1’* < 27K/2_ The mean value theorem
reveals that

/ 18]l allg'[l
oMl = S e < =5

Substituting this into (3.7) and taking K large enough completes the proof. |

Lemma 3.4. Fix a closed convex set %" C RY, and recall its representation (2.16) with ||-| = ||| - |||
as the intersection of the closed and affine half-spaces which contain it. If x € R? and € > 0 are
such that x-v > ¢ — € for all (v,c) € </, then there exist y € #"' and z € RY with x =y +z and
2lll1 . < &

Proof. Let y € ¢ denote a projection of x € R¢ onto the set .#” with respect to the normalized-
¢* norm. More precisely, let y € #” be any minimizer of the map y’ > |||y’ —x|||, , over points
y' € . The existence of such a projection is guaranteed by the fact that 7" is closed. If y=x,
then the desired conclusion is immediate, so from now on we assume that y # x. Introduce the set

I ={k<d|d—yl = llx—Hlll;.}
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of indices at which [[[x —y[[[, , is achieved, and define the vector v € R4 by

d
k= T sgn(yg —xx)1{k € }.
7]
We now show that (v,¢) € o for ¢ = v-y. By construction |||[v]||; = 1, so suppose for the sake of
contradiction that there exists y' € #” with (y) —y)-v=y"-v—c < 0. This means that
d
(y=y)-v= WAl Y = i) sen(ye —xi) > 0.
| | ke s
In particular, a coordinate k* € .# at which the quantity (yx — y})sgn(yx — x) is maximized over
k € .# must satisfy
(Vg = Yier) sgn(gs — xp) > 0.
At this point, fix r € (0, 1) small enough so that sgn(yx — xi +1(y;, — y&)) = sgn(yx — x) for every
k € .. For such a value of r > 0,

Iy =x+20" =9Il . = dre =2 +1 (3 —va)) sgn(yie —23) < [le—yllly .

Since the point y/ = y+¢(y' —y) is a convex combination of y,y’ € #”, it must lie in the convex
set #”. This contradicts the fact that y minimizes the map y” — |||y — x|||, , over points y” € #”,
and shows that (v,c) € o7. It follows that

ezc—xv=v-(y—x) ==yl .
Setting z = x —y completes the proof. [
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. To alleviate notation, until otherwise stated, we fix R > ||y/||rip Tv and keep
all dependencies on R implicit. The existence of the limit (3.2) will be established by showing
that the sequence (f&)(¢,xK)(u)))x is Cauchy. With this in mind, fix K’ > K and introduce the
function

PR 1) = 190 (1, PEH) G8)

defined on R x ng’. Since xK) (1) = PEX)x(K) (1), the Cauchy condition may be expressed
in terms of this function as

P aO@)) = 10 (6O ) | = [ (18O ) = O A @) | 39

To control the right-hand side of this expression, we will first show that f(K K') is an approximate
viscosity solution to the Hamilton-Jacobi equation (2.5) satisfied by f (K') and then we will lever-
age the comparison principle in Corollary A.12.

Step 1: f (KK') is an approximate viscosity solution.

Consider a function ¢g/ € C°°((O, o0) X ng') with the property that f (KK') _ @g’ achieves a local
maximum at (*,x*) € (0,00) x R_§'". To be more precise, suppose that

sup (FEK) o) = (FEK) — gpr) (¢, 27,

BK/(V)
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where s

By(r) = {(r,x) € (0,00) x RZY
is the ball of radius r > 0 centered at (*,x*). Decreasing r > 0 if necessary, assume without loss
of generality that

=1+ =l < r}

By(r) C (0,00) x RZK'.

Assume also that ¢g € C”((O,oo) X RQK’); this can be ensured by replacing ¢ with 1 @g: for
some N € C* (R@K’) which is identically one on Bg/(r) and vanishes outside R>0 With these
simplifications at hand, introduce the smooth function

(PK(t?y) = ¢K/ (I,X* +L(K7K,)y — L(K7K/)P(K7K')x*)

defined on (0,0) X ng We will now show that the function ¢ admits a local maximum at
(t*, PEK) x*) Tt will be convenient to notice that for any y € ]Rg s

PEK) (4 KKy _ [ (KK) pRK) ) — pIRKD ey pEK) o+ — y e RZK (3.10)
by (3.5). To simplify notation, let y* = PKK)x* ¢ ng and introduce the ball
Bic(r) = {(1,y) € (0,00) x RZG | [t ="+ [lly =" lll; < 7} € (0,00) x RZ

of radius r > 0 centered at (¢*,y*). Given (t,y) € Bx(r), let z, = x* + LIKK)y — [(KK) p(KK) i
such a way that by (3.10),

f(K)(t7y) _¢K(S,Y) :f(KJ()(t?Zy) _¢K’(t7z)’)'
Observe that
=1+ [llzy = x|, = [t =]+ [[|ILEK)y — LEED || = Je =%+ |[ly = y7|l], < 7

o (t,zy) € Bgs(r). It follows that
sup (/= 06) < sup (F040 = gio) = (1) = 90 ) (%) = (79— 0} (°5")
K\ kT

which means that ¢x admits a local maximum at (t*,y*) € (0,0) X R‘z’g . Since £ is a viscosity
subsolution to the Hamilton-Jacobi equation (2.5) with V f(K) ¢ Ji/a’ x> Lemma 3.2 implies that

Vo (t*,y*) € #x and  (9,¢x —Hk(Vox))(*,y") <O0.
To write this expression in terms of the original test function @k, notice that

|Zk|

KK')V (8 5.

at¢K(t*7y*) :al‘(pK’(t*?)C*) and V¢K(I*7y )

This means that

|Zk|

K

|-@\
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The first of these conditions gives vectors u(K) € RZ& and w(X) € RZ¢ with

4
| Dk |

Observe that

PEKIV g (1t x) = 6RO 4w, ]| <a and - [Jw® G311

|H1 * = 2K/2

D 1 1

K) (K ‘ (K,K') * K
’HG( )u( ) < |@ “HP V¢K'(t X )H‘l* 2K/2 < ’HV(PK’(t )X )|||17*+W

Since f (KK _ ¢k achieves a local maximum at (¢*,x*), Lemma 3.1 and (3.1) imply that
IVex (%231« < [IWllLip v

Recalling that R > ||y/||Lijp v and taking K large enough ensures that GK)uK) € €x N Bg. 1t
follows by the Lipschitz continuity of Hx established in Proposition 2.3 that

* x v % Dy / . s 8RM
0176 = Ci (G < 3 ) — i (2 PRIV ) 4
8RM

= 2K/2p2°
At this point, introduce the vector u&) e ng’ defined by

u,(f) —||@ |’ J1{K € 7k}
in such a way that

/ 1
Co(GWu)) = oy X sk g = Ce(G1ult),
k k/GQK

and therefore, SRM

We now show that, up to an error vanishing with K, the term GE)u(K") in this expression may be
replaced by Vg (¢*,x*). This is where Lemma 3.3 will play its part. Recall the representation
(2.16) with ||| = [[[-[[[; of £ as the intersection of the closed and affine half—spaces which
contain it, and fix (v,c) € & ‘with |Iv|]]; = 1. The characterization of V&) ¢ H, k given in
Proposition B.2 and Lemma 3.3 imply that for every € > 0 small enough,

¢K/(t*,x*+8v> —q)K/(t*,x ) >f (t PKK)X _|_8P(KK) ) _f(K) (t*,P(K’K/)X*)

S 2
- & C—m

Dividing by € and letting € tend to zero reveals that Vg (t*,x*) - v > ¢ —
gives oK) eRS K’ and BK) € R with

5K /2 Invoking Lemma 3.4

Vo (t*,x*) = GK)a®) 1 pE) 10| <a and ||p*) (3.13)
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At this point, fix k € Zx and k' € [k,k+27K). The mean value theorem implies that

|9K'||( K/))k/ Ox, O (1*,X7)| = ) (k/k”)“kv — | D10k, Ox (17, X7)

|@K|k”€@
<12k (GBI u®)), — | Dk |0, 90 (¢, x7)|

18"l 11111,

+ K

Remembering (3.11) and (3.13), noticing that |Zx| = 2X*! and using the mean value theorem once
again shows that

2K'—K 4
k% K
26 (), =126 X, 0y Gl )~ |k |wi
_ |@K| S ¢ " 2 K- (K)
Tioer B X e k)il XAl i
K -K /
1Zx| * v 1 o (K) g ll=lll ", 3
— TS 1 7" o
0 &y i S e

N 4 . 5
=7k (GK X)), + 0 (W) = | Dk 0x, Px (17, X7) + O (W)

where we have written X =Y + &|(Z) to mean that |X — Y| < Z. In the third equality we used
that |||[3(K)|||17*+ |||w(K)|||17* <3-27K/2 and in the fourth equality we used that |||aX)|||, <a
and increased K if necessary. It follows that

N (k! . 5 ,allglle_ 6
[1GEu ) — Vg (1, x I < 2K/2 + 7K < Dk

where we have used that |||u®)|||; < a and increased K if necessary. Combining this bound with
the Lipschitz continuity of Hgs established in Proposition 2.3 and (3.12) reveals that

at(b[(/([*,x*)—HK/<V¢K/<[*,)C*)) < &k (3.14)
for the error term
S6RM
2K/22°
In particular, the function (¢,x) — f (K.K') (t,x) — &kt is a viscosity subsolution to the Hamilton-
Jacobi equation (2.5) satisfied by f(K ). Anidentical argument shows that (¢,x) — f (K.K) (t,x) + Ekt
is a viscosity supersolution to the Hamilton-Jacobi equation (2.5) satisfied by f (K')
Step 2: comparison principle.
Using (3.1) and (1.36), it is readily verified that & K') and & K') are uniformly Lipschitz continu-

ous in the x variable relative to the normahzed ¢' norm with Lipschitz constant at most L = || V||Lip,TV-
Indeed, for any r > 0 and all x,x’ € R>g',

P x) = P55 1) | < N lipav PSS = PR < g el =1

Ex =
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If V = |||Hk[[[Lip,1 > then the comparison principle in Corollary A.12 implies that for any R R,
the map -

(' X)) = fEKN G Xy = fEY ) — L+ D) (|1, + Ve — R), — &t (3.15)

achieves its supremum on {0} x R‘@’(' We now choose R’ = |||[x(&) (u1)]||, 4 V' and distinguish two
cases. On the one hand, if /' =0 and [[€'[]; > (2L+ 1)R’, then (3.15) is bounded by

2L[|Illly = QLA D(INll, = R =R = [II¥[ll, <0, (3.16)

where we have used the fact that f&X)(0,0) = f((0,0). On the other hand, if # = 0 and
&[]y < (2L+1)R’, then (H4) 1rnphes that (3.15) is bounded by

|W(K/)(x/) . I[I(K)(P(KK )’ < ||WHL1pW|||x I W( ¥ )’ﬂ;ﬁ)ﬂ’)x’)' (3.17)

To estimate this Wasserstein distance, fix a Lipschitz function 4 : [—1,1] — R with ||A[|Lj, < 1 and
observe that

2]( —K—1
it 0] < (ko 557) ~10)
[ o) il ) 0] < ‘ @K,’kgg; Lo fnles ) —h®)
K'—K—1
1 ? Y /i Rl
|@K/| veoe =0 k+27 2K = 9K

Taking the supremum over all such 4 and recalling (3.17) shows that (3.15) is bounded by

| wl|Lip,w (2L+ 1)R’
2K

(3.18)

whenever ¢/ = 0 and ||[x|||; < (2L+ 1)R’. Combining this with (3.16) reveals that the map (3.15)
is uniformly bounded by (3.18). Choosing ¢/ =t and X’ = X&) (1), and recalling the choice of R’
yields

/ ! U / |‘l/ ip, (2L+1) !
FEE (2,6 () — £ (6,65 () < | Hvasz (ISl + Vi) + St

Together with (3.9) and an identical argument with the roles of f&X) and fX") reversed, this
implies that

‘f(K') (t,x(K/)(u)) _f(K) (I,X(K)(/.L))| < H‘/’HLip,gfISZL—i—l) (u[—l,l] —I—Vt) T &t

Since V = |||Hk|||ip 1 « is independent of K by Proposition 2.3 and &k tends to zero as K tends
to infinity, the sequence (f)(r,xX)(u)))g is Cauchy. This establishes the existence of the limit
(3.2) for each fixed R > || y||Lip,Tv. All that remains is to show that this limit is independent of R.
Step 3: independence on R.

To show that the limit (3.2) is independent of R, fix ' > R > ||y/||ripTv as well as K > 1 large
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enough. The idea will be to show that, ug to an error vanishing with K, the function fng) satisfies
the Hamilton-Jacobi equation defining flg, ). The equality of the limit (3.2) associated with R and R’
will then follow from the comparison principle in Corollary A.12. Consider ¢ € C* ((0, 00) X Rf" )
with the property that fIgK) — ¢ achieves a local maximum at the point (#*,x*) € (0,00) X R;g .
Since fp ’ is a viscosity subsolution to the Hamilton-Jacobi equation (2.5) associated with the
non-linearity Hg g,

(0 —Hg r(V9))(t*,x") <0.

The fact that fIgK) has its gradient in the set %/a’ x together with (3.1), Lemma 3.1 and Lemma 3.2
implies that

Vo(t",x") € Ay and [[[VO(r",x")]

It is therefore possible to find u € Rgg and w € RZ% with

1 < [[WllLip v

* * 1
Vo (r*,x*) = GEu+w, llulll; <a and [[[w]]]; , < K3
Observe that
NG ullly . < [IVOE™ x4, + Wl . < HW|’Lip,TV+_2K/2;

so increasing K if necessary, it is possible to ensure that GKly e Gx NBr C 6x N Bg. It follows
by the Lipschitz continuity of Hk g established in Proposition 2.3 that

30— He (VO)) (F*.5%) < 90 (1™ — Cr (GE ) 1+ KM
( 1 — Hg gi( ‘P))(f X)) <9t x") — K( ”)+2K/2m2
. . S(R+RM
< (80— Hea(V9)) " )+ SE TRV g
for the error term
o _ BR+R)M
K= 2K /22

In particular, the function (¢,x) — fX(¢,x) — &kt is a viscosity subsolution to the Hamilton-Jacobi
equation (2.5) defining /5. An identical argument shows that (,x) — fx (£,x) + &kt is a viscosity
supersolution to the Hamilton-Jacobi equation (2.5) defining flf,. It follows by the comparison
principle in Corollary A.12 that for every u € .#, and t > 0,

7 (0 G0) = £ (04 ()] < i

Letting K tend to infinity completes the proof. |

4 Approximate Hopf-Lax formula in finite dimensions
In this section, we revisit the Hamilton-Jacobi equation studied in Section 2, and under the ad-

ditional assumption that the matrix G € R4%d in (2.1) is non-negative definite, we establish an
approximate Hopf-Lax formula for the unique solution to the Hamilton-Jacobi equation (2.5). By
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an approximate Hopf-Lax formula we mean that the error between the Hopf-Lax function we will
define and the solution to the Hamilton-Jacobi equation constructed in Proposition 2.7 tends to zero
when the dimension d tends to infinity. This will be used in the next section to establish an exact
Hopf-Lax formula for the solution to the infinite-dimensional Hamilton-Jacobi equation (1.10). It
will be convenient to introduce the bilinear form

(x,y)g =Gx-y (4.1)
associated with the non-negative definite matrix G, as well as its induced semi-norm
Ixlle = v/ (x,x)g. (4.2)
In this notation, the non-linearity (2.4) may be written as
1 1
qawzzamx:?u%. (4.3)

In particular, the non-linearity (2.4) is a convex function. This convexity property will allow us to
establish an approximate Hopf-Lax formula for the Hamilton-Jacobi equation (2.5). We define the
Hopf-Lax function fi, : [0,e0) X ]R‘éo — R by

_ IbIE
SfuL(t,x) = sup S y(x+y) ) 4.4)

yGR‘éO 2t
The main result of this section is the following.

Proposition 4.1 (Hopf-Lax). Fix an initial condition y : R>0 — R satisfying (2.6) with its gradi-
ent in the set ¥/, let R > H|l//|||Llp \» and denote by f :[0,00) X Rio — R the unique solution to
the Hamilton-Jacobi equation (2.5) constructed in Proposition 2.7. If G € R4 s non-negative
definite, then for all (t,x) € [0,00) X Rio’

8&M) (4.5)

£(tx) fHL<zx>r<ﬁ(R+ T

To prove this result, we first verify that the convex dual of the mapping y — ||y||%/2 is the
non-linearity C. We next show that the function (4.4) satisfies the right initial condition, and that
the supremum in its definition is attained. We next argue that this function satisfies a semigroup
property, and deduce that it belongs to £,ir. Finally we show that, in a sense to be made precise, it
is an approximate solution to the the Hamilton-Jacobi equation (2.5). The estimate (4.5) will then
be a consequence of the comparison principle in Corollary A.12. It will be convenient to note that

fOI' evVery z ¢ R , WE have
y >0
d

2 M 2
l2lle > 25 X wze =mlllzllly (4.6)
kk'=1

Lemma 4.2. If G € R4 is non-negative definite, then for every z € €,

Il
C(z) = sup Yo T 4.7)

Moreover, the supremum is attained at any point x € R So with z= Gx.

26



Proof. We can represent each z € € in the form of Gx for some x € Rio. Using that G is non-
negative definite, we can appeal to the Cauchy-Schwarz inequality to assert that

1 1
v Gx = (x.))6 < |lxlc lle < 5Ixllg + 5 1116

We thus obtain that

S T HE
(Gx) = 5 xl% > sup (y-Gr—12G).
2 yeRd, 2

For the converse inequality, we simply test the supremum with y = x. |

Lemma 4.3. If G € R is non-negative definite and y : Rio — R is a Lipschitz continuous
initial condition with Vy € L”(R‘éo; ), then for every x € ]RZO,

fHL(O,x) = l//(x) (4.8)

Proof. For t =0, we interpret the definition of f as

faL(0,x) = sup y(x+y). 4.9)
yER%O
[[¥ll¢=0

Recalling (4.6), we see that the only y € Réo with |ly||g = 0 is y = 0. Together with (4.9), this
completes the proof. |

It will slightly simplify our arguments below to notice that the supremum in (4.4) is achieved.

Lemma 4.4. Fix an initial condition y : R‘éo — R satisfying (2.6). If G € R*? is non-negative
definite, then for any point (t,x) € (0,00) X R‘éo, there exists y € Réo with

IvliE

o (4.10)

JuL(t,x) = y(x+y)
Proof. Combining (4.6) with the Lipschitz continuity of y reveals that

B "
28 < @)+ 1 (W lpa — S

Y(x+y)
We can thus restrict the supremum in (4.4) to those y’s in R‘éo that satisfy |||y|||; < %HW/!HUP’I.
Since we are now optimizing a continuous function over a compact set, it is clear that the supremum
is achieved. |

Lemma 4.5 (Semigroup property). Fix an initial condition y : Rio — Rsatisfying (2.6). If G € R4*¢
is non-negative definite, then for every pairt > s > (0 and x € Rgo,

2
ﬁﬂ@ﬁ)zsma{ﬁmhm+y%—uﬂb } 4.11)

yERéo 2(1'—5)
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Proof. Fix y,z € RY So- Since || - |2 is a convex mapping, we have

2

y+z <SP 2 t—s|| z
sG t r—s G'
Substituting this bound into (4.4) yields
t||ly+z 2 y t—s|| z
R B
fuL(t,x) 2 w(x+y+z) 2H . > y(x+y+z) N
Taking the supremum over all y € R>o gives
JaL(t,x) > fuL(s,x+2) — I2lig ;
- 2(r—s)

and taking the supremum over all z € R% <o establishes the lower bound

~ vliE
SfuL(t,x) > sup < fuL(s,x+y) )

yeRéo 2(1'—5)

To obtain the matching upper bound, we invoke Lemma 4.4 to find y € Réo such that

_ vz
fu(t,x) = ylxty) == =
Defining z = —y € R>0, we observe that
Yy _y-z
t—s t s

In particular, testing the supremum in (4.4) withy —z = fy € R>0 gives

ly —zlg Iy —zlI¢
fi(s,x+2) 2 Wletzy—2) = =5 ¢ = ylrty) - =5,
and thus, using also (4.12), we obtain
IzlI% ly—zlg  lzlE
B Il G _ _
falsx+2) =307 G 2V =5 =50
_ IyllE

Taking the supremum over z € Réo and then over y € R‘éo completes the proof.

We next prove some regularity properties of the function fyr in (4.4).
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Lemma 4.6. Fix an initial condition y : Réo — R satisfying (2.6). If G € R¥*? is non-negative
definite, then fyr, € Lunit with

2
Wi,

o (4.13)

Sup [ fue (8 ) llip,1 < MW lllipy  and - [fiwlo <
t>

Proof. Fix (t,x,x') € (0,00) X Réo X Réo and invoke Lemma 4.4 to find y € R‘éo with

_ vz
JuL(r,x) = y(x+y) — T
Taking this y € Réo in (4.4) gives the lower bound
' / ||y||2G
SaL(t,x') >y +y) - o

and thus
SaL(t,%) = fuL (6, %) < wx+y) =y +y) < [WlllLip e =X

Reversing the roles of x and x’ gives y' € R‘éo with

San(t,x) = fun(t,x) <y +) =y +y) < [l e — X1

Combining these two bounds yields the first inequality in (4.13). To establish Lipschitz continuity
in time, fix x € R‘éo as well as r > s > 0. The semigroup property in Lemma 4.5 with y = 0 implies
that

JuL(t,x) > fuL(s,x). (4.14)
Using Lemma 4.5 in combination with the first inequality in (4.13) and (4.6) gives

2 2
mlly il
S x) < () + sup 4wl ol — ZUPIL o g (s 4 WYL
yeRd, 2(t —s) 2m

1

where we have used the fact that r — r — Jar? achieves its maximum at » = 1/a. Combining this
with (4.14) completes the proof. [ |

We are finally in a position to prove Proposition 4.1.

Proof of Proposition 4.1. Denote by &; an error term that will be defined in the course of the proof.
We will proceed in three steps; first, we will show that the function f (z,x) = fyr(¢,x) + &t is a
viscosity supersolution to the Hamilton-Jacobi equation (2.5), then we will show that the function
f—(t,x) = fuL(t,x) — &yt is a viscosity subsolution to the Hamilton-Jacobi equation (2.5), and fi-
nally we will conclude using the comparison principle in Corollary A.12.

Step 1: fy viscosity supersolution.

Consider a smooth function ¢ € C*((0,0) x RY ;) with the property that f; — ¢ has a local mini-
mum at (¢*,x*) € (0,00) X Rio. Using Proposition B.2, it is readily verified that fy has its gradient
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in %, as y does. It follows by Lemma 3.2 that V¢ (¢*,x*) € #,. Tt is therefore possible to find
ue Rio and w € RY with

* * 1
Vo', x") = Gutw, |lullly <a and [[jwl],, < —=.

Vd

On the one hand, if s > 0 is sufficiently small that t* — s > 0, then
fr(t® =5, x" 4 su) — ¢(t* — s,x" +su) > fr (5, x7) — ¢ (", x7).

On the other hand, taking su € Réo in Lemma 4.5 reveals that

lullg

Fa(t*,x°) > fup(t* — s, x* +su) —s——C 5

It follows that

2
Ot x*) — (" — s5,x" +su) —|—s”u2HG — &ys > 0.

Dividing by 0 < s < #* and letting s — 0 yields

000" ) -V x) + 145 g, >
Recalling that V¢ (*,x*) = Gu+ w and using Lemma 4.2, we obtain
o0(t",x") —C(Gu) —u-w— &y > 0.

By Lemma 3.1 and Lemma 4.6, we have

* * 1
[1Gullly . < NIVl . + 73 s <lI¥lllip.s +—= \/— <

so the Lipschitz continuity of the non-linearity Hg established in Proposition 2.3 implies that

8RM a 8RM
>

bemeva T VA md

This shows that f; is a supersolution to the Hamilton-Jacobi equation (2.5) provided that

(019 —Hr(V9))(r",x") = &4 — |

o> a +8RM
1=Va " ma

Step 2: f_ viscosity subsolution.

Consider a smooth function ¢ € C*((0,) x RY ;) with the property that f- — ¢ has a local maxi-
mum at (1*,x*) € (0,00) x R? . Since fiyr has 1ts gradient in .7 as y does, we have Vo (t*,x*) €
;] by Lemma 3.2. It is therefore possible to find u € Rd Coand w € R? with

* * 1
Vo', x") = Gutw, |lullly <a and [[wl],, < —=.

vd
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Suppose for the sake of contradiction that there exists 8 > 0 with
(09 —Hgr(V9))(t*,x*) > 6 > 0.
Arguing as in the previous step, this implies that

SRM
m2\/d

By Lemma 4.2, this may be recast as the assumption that

20(t*,x*) —C(Gu) > &

2
8RM
A0 x") - Gut 1 > 5

2 m2\/d

forally € R4 . By continuity, of d:¢ and V¢, up to redefining 6 > 0, we may in fact assume that
>0- PY y p g y

i =yl lHiwlll
w
m2\/d 1 1%

2
o' x)—y- Vo' x')+ % > 68— (4.15)

for all y € R, and (¢',x’) sufficiently close to (+*,x*). Recalling Lemma 4.5 and arguing as in the
proof of Lemma 4.4, it is possible to find R > 0 such that, for every s > 0 sufficiently small, there
exists ys € Réo with |||ys|/|; < Rs and

lyslg

S (e, x") = fuL(t™ —s,x" +ys) s

It follows by the fundamental theorem of calculus and the absurd assumption (4.15) used with
_ Vs d
y =% e RY that

1
O(t",x") — o (t" —s5,x" +ys5) :/0 %(p(rzwr(l —r) (" —s),rx" +(1 —r)(x*+ys))dr

- /01 (Sat¢ _ys'v¢)<t* —l—(l’— 1)57X* +(1 —r)ys)dr

lysllz ~ 8RM
;S —smz\/g—|HysHM|\W||h,*

> 50 —

8RM R
2fHL(t*,X*)—fHL(t*—s,x*+ys)+s(6— )

m2\/d - ﬁ
Rearranging shows that for s sufficiently small,

S8RM R n
m2/d d

This contradicts the fact that f — ¢ admits a local maximum at (¢*,x*) provided that

F( 5,0 ) = O — 5,2+ y5) > s<6— efd) L) — ().

&> R Jr8RM
T Vad T med
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Step 3: comparison principle.
Combining step 1 and step 2 shows that, if we define

5d:L R+a+—|,
Vd m?

then f is a viscosity supersolution to the Hamilton-Jacobi equation (2.5) while f_ is a viscosity
subsolution to this equation. Together with Lemma 4.3, Lemma 4.6 and the comparison principle
in Corollary A.12, this implies that for every (z,x) € [0,00) x R‘éo,

|fHL(2,x) — f(2,%)] < &gt

as required. [

S Hopf-Lax formula for the infinite-dimensional equation

In this section, we apply Proposition 4.1 to the projected Hamilton-Jacobi equation (1.37) and let K
tend to infinity in the resulting variational formula to establish Theorem 1.3. In addition to the as-
sumptions (H1)-(H4), we will suppose that the kernel g : [—1, 1] — R is non-negative definite in the
sense that it satisfies (HS). This assumption is equivalent to the non-negative definiteness of each
of the matrices (1.18), and therefore to the convexity of each of the projected non-linearities (1.21).
In particular, Proposition 4.1 implies that the unique solution fX) : [0,e0) x RZ¢ — R to the pro-
jected Hamilton-Jacobi equation (1.37) in £, subject to the initial condition IV(K ) satisfies

2
S8 (1,69 () = sup {W(K) () +) _%}Jrﬁ(ﬂ%ll/z)- (5.1)
yeng

Remembering the definition of the projected initial condition (1.17), the projected non-linearity
(1.21) and its relationship (1.24) to the non-linearity C. in (1.5) shows that

Coe(Gy)

£ (1)) = sup {w(u+V)—

vep///er)

}+ﬁ(z|%(|“/2), (5.2)

where we have made the substitution y = x(§) (v) for v € ///iK). Using Theorem 1.2 and a simple

continuity argument to let K tend to infinity in this expression gives the variational representation
formula

s = s {wiwv) - [ Gioave)) 63
- o {psm-3 [Lo0rmo} o

The second of these expressions follows from the first by setting v/ =tv. To establish Theorem 1.3,
we need to show that the supremum in (5.4) is achieved at some v* € .Z,, and that whenever the
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initial condition admits a Gateaux derivative at the measure y +v* with density x — D, y(u +
tV*,X) in 6o,
Gy =Dy(u+1v*,-). (5.5)

If we ignore the constraint that the optimizers in (5.4) must be non-negative measures, then this
latter property is clear from the first order conditions on a maximizer. To prove this rigorously,
we first show that a maximizer exists, and we then establish a Cauchy-Schwarz inequality for the
non-negative definite kernel g(x,y) = g(xy).

Lemma 5.1. For everyt > 0 and 1L € 4, there exists V* € M with

t r!l
Fea) = y(p+v) =3 [ Gu()dv' (). (56)

Proof. Fix a probability measure v € Pr[—1,1] and a positive constant A > 0. The Lipschitz
continuity (H2) of the initial condition implies that

V(u+Atv) < yw(p)+ [ wllLiprvTV(0,A1v) < w(u) + 224t ||LipTv-
On the other hand,

[ Gnmaanm = [ [ g)avgave) = am

Combining these two bounds reveals that

Atm
2

t 1
w(u +tv)—§/1Gv(y)dV(y) < y(u) + 221 yllLiprv —

The supremum in (5.4) can therefore be restricted to measures in .#, with bounded total mass.
The existence of a maximizer is now an immediate consequence of Prokhorov’s theorem. Indeed,
if (v,) C .# denotes a maximizing sequence, we may assume without loss of generality that each
measure in this sequence has total mass bounded by the same constant. It follows by Prokhorov’s
theorem that this sequence is pre-compact, and therefore admits a subsequential limit with respect
to the weak convergence of measures. By continuity of the functional being maximized in (5.4),
this weak limit must be a maximizer. This completes the proof. |

Lemma 5.2. If g satisfies (H5) and W, v € . are signed measures, then

(/_11 Gv(x)du<x))2 < (/_11 Gu(X)dN(x)> (/_11 Gv(x)dv(x)), 5.7)

Proof. This is the Cauchy-Schwarz inequality for the non-negative definite kernel g(x,y) = g(xy),
and can be proved in a standard way. Indeed, for every ¢ € R, let

PO = [ [ sttt mdt+ o
1 1
:/_1G”(x)du(x)—i—2t/_le(x)d,u(x)+t2/

11 Gy(x)dv(x).
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This polynomial is non-negative by (HS). In particular, its discriminant cannot be positive. This

means that
22(/11 Gv(x)du(x)>2—4</_ll G”(x)du(x)> (/_11 Gv(x)dv(x)) <0.

Rearranging completes the proof. |
We are finally in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Fix t > 0 and u € .#,. Combining Theorem 1.2 with (5.4) shows that
the unique solution to the infinite-dimensional Hamilton-Jacobi equation (1.10) admits the Hopt-
Lax variational representation (1.44). Moreover, Lemma 5.1 ensures that the supremum in (5.4) is
achieved at some v* € .Z_ . To establish the final statement in Theorem 1.3, suppose that the initial
condition Y admits a Gateaux derivative at the measure u +1v* with density x — Dy y(u +1v*,x)
in %. For any measure 1) € ., the Gateaux derivative of the functional

1

Ve yr) =2 [ Gumave)

at the measure v* in the direction of n — v* is

1 1
D (+1vie(n —v)) —t/l/lg(xy)d(n—v*)(x)dv*(y). (5.8)

Moreover, for every € € [0, 1], we have that v* 4+ &(n — v*) belongs to .Z, and is thus a valid
candidate for the optimization problem in (5.4). As a consequence, the quantity in (5.8) must be
non-positive. Using also the definition of the Gateaux derivative density in (1.9), we get that

1

7 11 (Duwu+ev )= [ gla)av' ) d(n—v)x) <o, (5.9)

for every n € .#.. The assumption that the density x — Dy y(u +1v*,x) belongs to the cone €.
gives a measure N* € .#, with Gy« (x) = Dy y(1 +1v*,x). Applying (5.9) to the measure n = n*
reveals that

/11 /llg(xy)d(n* —v)(y)d(n* —v*)(x) <0.

Together with (1.43), this implies that

1/l
[ [ stoan —vymam v <o

Applying Lemma 5.2 to the signed measures n* — v* and &, for some x € [—1, 1] shows that
1

[ st —v)o) = [ svaa(n’ v mas) =o

Rearranging gives Gy+(x) = Gp+(x) = Dy (1 +1v*,x). Since x € [—1, 1] is arbitrary, this completes
the proof. [
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6 The infinite-dimensional equation with arbitrary kernel

In this section, we extend the main results of this paper to the Hamilton-Jacobi equation (1.10)
associated with a kernel g that is not necessarily assumed to be positive. Fix b € R, and recall the
definition of the modified kernel g; in (1.51), of the modified Hamilton-Jacobi equation (1.55) and
of the modified solution f} in (1.57). Introduce the symmetric matrix

~ 1
GZ(JK) _ | K|2 (gb(kk/))hk/e_@[( e R.@]{X.@K 6.1)

the projected cone
Cox = {6,(?’(&(’()(“) cR |pe ///LK)} - {é,(f)x eR% |xe ng} 6.2)

and the projected non-linearity EI% K: %’ x — R defined by

- 1~ 1 _
Co(Gy %) = Gy - x = WMZ@ 2 (kK )iy 6.3)
K €Dk

Also define the closed convex set

—~

Aapi = {GOx e R | x € RZS and |||, =a} 64)

The first order of business will be to verify that the function f; is well-defined by ensuring that
(H1)-(H4) are satisfied in the context of the infinite-dimensional Hamilton-Jacobi equation (1.55).

Lemma 6.1. Under the assumptions of Theorem 1.4, the kernel g, in (1.51) and the initial con-
dition Wy, in (1.56) satisfy (H1)-(H4). Moreover, each projected initial condition WIE ) has its
gradient in F_, p k.

Proof. The kernel g, satisfies (H1) by the choice of b, while the initial condition y}, satisfies (H2)
by the triangle inequality and the bound

1 1
ab/ d,u—ab/ dv’§a|b\|u[—171]—v[—1,1]]§a|b|TV(/,L,v).
—1 —1

An identical argument shows that the initial condition y, satisfies (H4). To verify (H3), introduce
the closed convex set

Fanse=4{ G x e R7% | x e RZg and x|, <a},

and fix ¢ € R and x,x’ € RZ% such that (x' —x) - z>cforeveryz€%/' . Now fix y € %, g, and
represent it as y = G( Ju+w for some u € R? OandwE]Rd W1th|||u|||1—aand||]w]||l*§2 /2,
_ LK)
If z=G, 'u+w, then
2 =GB u+b|||u]]|,1x +w = y+ abix

for the vector tx = (|Zk| ey, € ng. Since z € . abk C A Wb K

(X —x)-y=(—x)-z— (X —x)-abtx > c— (¥ —x) - abix.
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The assumption (H3’) and Proposition B.2 therefore imply that
yB () =y (x) > ¢ — (x' —x) - abig.

Noticing that x - tx = |||x|||, and rearranging reveals that

) = 5, () > e

Together with Proposition B.2, this establishes (H3). Notice that this argument only needed the
assumption that (x' —x) -z > ¢ for every z € #_, g so it also shows that IT/bK has its gradient in
H_qp.x by Proposition B.2. This completes the proof. [

Together with Proposition 2.7 this result implies that for every R > 0, the Hamilton-Jacobi
equation N _ N

OB (t,x) = Hpx (VSE) (1,x)) on Ropx RZK (6.5)

(K)

admits a unique viscosity solution ]A‘ZII? € Zunif subject to the initial condition 1/7b
the Lipschitz bound

which satisfies

sup|||f§,’;><r,->|r|upj = 195" .1 (6.6)

Here H bKR: : RZk — R denotes the extension of the non-linearity Cb x provided by Proposition 2.3.
Since the projected initial condition l//lg ) has its gradient in the closed convex set .Z”_ bK by
Lemma 6.1, an identical argument to that in Proposition 2.7 shows that the solution f;[? also has
its gradient in ¢’ ap k- Moreover, Theorem 1.2 allows us to define the solution to the infinite-

dimensional Hamllton Jacobi equation (1.55) by
~ . K
Folt, ) = lim 5 (1,65 (). (6.7)

and guarantees that this limit is independent of R > 0 provided that R > ||y||LipTv. Using the
comparison principle in Corollary A.12 we now show that the limit defining the function (1.57),

2
ottty = fim (7551 - apll 0, - 5" ). 68)

is independent of b by establishing Theorem 1.4.

Proof of Theorem 1.4. Let b,b' € R be such that the kernels g, and gj, are positive on [—1,1], and
fix R > || Wp||Lip.Tv + || Wi ||Lip.,Tv. The idea will be to show that the function

a*(b—b')t

1.2 = 702 = alo =) Il - =2

satisfies the Hamilton-Jacobi equation defining f;,K ) up to an error vanishing with K. We have
omitted the dependence on R, and will continue to do so throughout this proof, as this constant
will remain fixed. The equality of f;, and f;; will then follow from the com}Parlson principle
in Corollary A.12. Consider ¢ € C°°((O,oo) X Rf’o‘ ) with the property that fb b’ — ¢ achieves a
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local maximum at the point (*,x*) € (0,00) x ng . Since fb(K) is a viscosity subsolution to the
Hamilton-Jacobi equation (6.5),

a*(b—b)

5+ 99 (t*,x*) — Hp i (alb—b)ig + Vo (1*,x*)) <0

for the vector ix = (|Zk|™Vieay, € ng . The fact that f;K) has its gradient in J%/Z ..k together
with (3.1), Lemma 3.1 and Lemma 3.2 implies that

a(b—b )+ V(" x) € Ay i and la(b =B+ V(" x|y . < [[WolLipv-

It is therefore possible to find u € Rgg and w € RZ% with

* % ~(K 1
alb—H)y+ V93 = G utw, el =a and [l < S

Observe that

~K * *
G ull,, < lla(b— )k + Vo (e )|l ,

2[(/2’

so increasing K if necessary, it is possible to ensure that legK)u € CKNZ,,KHBR. It follows by the
Lipschitz continuity of Hj, x established in Proposition 2.3 that

M + 09 (t",x*) — Eb,K (521()11) < 21852]‘:12.
Observe that
Cox(G) = 3G = 2GSt bl = 264wt (b~ )
= Eb’,K (61(,{{)@ + —(bz_ A
so in fact SRM
99 (°x") = G (G u) < s

To replace 61(){()u by Vo (*,x*) observe that

G\ u = GOu+ (b — by |lulll, = alb—b )i + Vo (", x*) —w+a(b — bk
- V(p(t*aX*) —Ww,

and leverage the Lipschitz continuity of H v k established in Proposition 2.3 to deduce that

(99 — ﬁb’,K(V‘P))(I*,X*) <&

for the error term
16RM

oK = Ko
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In particular, the function (z,x) — £} b,(t x) — &kt is a viscosity subsolution to the Hamilton-Jacobi
equation defining fb, An identical argument shows that (f,x) — fb 0y (t,x) + &kt is a viscosity
supersolution to the Hamilton-Jacobi equation defining fb, It follows by the comparison principle
in Corollary A.12 that for every u € .4,

£ 2 ® () = £ (1B )| = |15 (66 w) = 5 (025 ()| < .
Letting K tend to infinity completes the proof. |

Combining this well-posedness result with the Hopf-Lax representation formula in Theorem 1.3
we now prove the Hopf-Lax variational representation for f = f;, stated in Theorem 1.5.

Proof of Theorem 1.5. Fix b > 0 large enough so the kernel g, is positive on [—1, 1] and satisfies
(HS). Lemma 6.1 and the Hopf-Lax representation formula in Theorem 1.3 imply that for any
t>0and u € .4,

~ I
fo(t, ) = sup {lTI;,(,u —Hv)—%/ Gb7v(y)dv(y)}. (6.9)
vel s -1

Since the Gateaux derivative density x — D, y(l +1Vv) belongs to the set €, . by assumption,
there exists a measure 1) € .#, _ with Dy, y(u +1tv,-) = Gy. This means that

1 1
DuGi(u+1v.0) = Duy(u+1v,x) +ab = [ glydn()+ab= [ g(xw)dn(y),

so another application of Theorem 1.3 implies that the supremum in (6.9) is achieved at some
v* € /. with N N

Gpy = DpWp(u+1v*,-) = Gy p.
Evaluating this equality at x = O reveals that

w0) [ 0 =50 [ a0 =a0

Since g5(0) > 0 by the choice of b, this means that v* € .#, ; and

_ _ t 1~
Aty = s L) -4 [ Gutaven .
VE//,LJr -1
It follows by (1.57) that
2bt
fo(t, ) = sup { Yp(p+1v) ——/ Gpy(y)dv(y —ab/ du ——=

VGLﬁaHr

a’b
= sup {l//(u—i—tv —|—abt/ dv——/ Gy(y)dv(y) / / dvdv — t}
VE./%(,H. 2/

= sup {1lf(u+tv)—£ Gv()dv(y)}-

VGL%QQL 2

This completes the proof. [
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A Hamilton-Jacobi equations on positive half-spaces

In this appendix we fix a non-linearity H : RY — R and an initial condition v : Réo — R with the
properties that

A1 the non-linearity H : RY — R is Lipschitz continuous with respect to the normalized-¢'*
norm,

H) = HOO < IHllip, 1 lly = 111 (A.1)

for all y,y’ € RY;

A2 the non-linearity is non-decreasing,

H(y) <H() (A2)
for all y,y' € R¢ with y <y';

A3 the initial condition y : R‘io — R is Lipschitz continuous with respect to the normalized-¢'
norm,

w(x) = WO < MWlllip b= Xll1 (A.3)

for all x,x’ € ]R‘éo;
and we establish the well-posedness of the Hamilton-Jacobi equations
o f(t,x) =H(Vf(t,x)) on R.gxRL, (A.4)

and
0, f(t,x) =H(Vf(t,x)) on R.oxR%, (A.5)

subject to the initial condition y. The appropriate notion of solution for these equations will be
that of a viscosity solution as described in Definition 2.6. To establish the well-posedness of these
equations we will closely follow [13]. We found it useful to provide full details when applying
Perron’s method, although our arguments will certainly be seen as classical by experts, and we
hope that the reader will also find these details helpful. To be more specific, first, we will use
the assumptions (A1) and (A3) to prove a comparison principle for the Hamilton-Jacobi equa-
tion (A.5) which will ensure the uniqueness of solutions to this equation. This will be the content
of Section A.1. In Section A.2, we will combine (A1)-(A3) with the classical Perron method to
obtain the existence of a solution to the Hamilton-Jacobi equation (A.5). Finally, in Section A.3,
we will leverage (A2) to show that solutions to (A.4) and (A.5) coincide. In the last section of this
appendix we will show that the unique solution to the Hamilton-Jacobi equations (A.4) and (A.5)
preserves the monotonicity of its initial condition. It will be convenient to remember the definition
of the function spaces (1.39) and (1.40).
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A.1 Comparison principle and Lipschitz continuity of solutions on Réo

In this section, we use the arguments in Proposition 3.2 of [29] to obtain a comparison principle on
Lunif for the Hamilton-Jacobi equation (A.5). Together with the observation that any solution in £
to the Hamilton-Jacobi equation (A.5) is uniformly Lipschitz continuous with Lipschitz constant
bounded by that of its initial condition, this comparison principle will imply the uniqueness of
solutions in £ to the Hamilton-Jacobi equation (A.5). The Lipschitz continuity of the solutions
to the Hamilton-Jacobi equation (A.5) will be obtained using the arguments in Proposition 3.4 of
[29]. For every r € R, we denote the positive part of r by r = max(r,0).

Proposition A.1. Fix a non-linearity H : R — R satisfying (A1), and let u,v € £ynis be a subsolu-
tion and a supersolution to (A.5). Write L = max (sup, |||u(z,-) ILip.1>SuPsso V(7 ')H’Lip,l) and
V =|[[HllLip.1 + For every Q> 2L and all R € R, the map

(t,2) = u(t,x) = v(t,x) = Q([lIx[ll, + Vi —R) (A.6)
achieves its supremum on {0} x R‘éo

Proof. Suppose for the sake of contradiction that there exists 7 > 0 with

sup  (u(r,x) —v(t,x) — @(t,x)) > sup (u(0,x) —v(0,x) — ¢(0,x)), (A7)
[0,T]xR<,, RY,

where ¢(t,x) = O(|||x[||; + Vi —R) .- The proof proceeds in three steps: first we smoothen and
perturb (A.7), then we use a variable doubling argument to obtain a system of inequalities, and
finally we contradict this system of inequalities.

Step 1: smoothing and perturbing.

Given & € (0, 1) to be determined, let 8 € C*(R) be an increasing function with

(r—e&)+<06(r)<ry
for all € R. Consider the smoothed normalized-¢! norm,

d
ellly e = Z 7+ 807,

and introduce the function
(1) = 00 (||l ., + V7 — R)

defined on R>¢ x Réo. The choice of 8 and the bound (a+b)+ < ay + b, imply that
0(1,x) < ®(t,x) + 0o < 9(1,%) + g}/ + Qe
where we have used that (a + b)% < a?+b2 fora,b > 0. It follows by (A.7) that

sup (u(0,x) —v(0,x) —®(0,x)) < sup  (u(t,x) — v(t,x) — D(t,x)) + Qo + Ogy %,
Rgo [O,T}ngo
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so choosing & > 0 small enough guarantees that

sup (u(t,x) —v(t,x) — CI)(t,x)) > sup (u(O,x) —v(0,x) — @(O,x)). (A.8)
[0.7]xRY, RY,

This is a smoothed version of the absurd hypothesis (A.7). For technical reasons, it will be conve-
nient to perturb the function ®. Given € > 0 to be determined, introduce the function

€
t,x) =P(t —_—
1(t,%) = (0,2 + =
defined on R>¢ X ]R‘éo. Choosing € > 0 small enough ensures that

sup  (u(t,x) —v(t,x) — x(t,x)) > sup (u(0,x) — v(0,x) — 2(0,x)). (A9)
0,7]xRZ, RY,

This is a smoothed and perturbed version of the absurd hypothesis (A.7).
Step 2: system of inequalities.
For each o > 1, define the function Wy, : [0, 7] x Réo x [0,T] x ]Ri‘éo — RU{—co} by

Wolt,x,t',x') = u(t,x) —v(t',x') — %(|l —P+ e =XM1 ¢,) — 2(2,%). (A.10)
By doubling the variables and introducing the potential in this way, we ensure that whenever o >
4(L+ 1), the function ¥, achieves its supremum at a point (fo,X¢, 5, X, ) Which remains bounded
as o tends infinity. Indeed, if we write C > 0O for a constant that depends on 7', Q, R, V, u(0,0),
[u]o, v(0,0) and [v]o whose value might not be the same at each occurrence, then for any x € RZ,
with [[|x[[[; ¢ > R+ 1, the bound ®(#,x) > O([|x]|[, ¢ +V—R— 1) reveals that -

o
Wo(t,x,t',x") <u(0,x) —v(0,x') — E|Hx—x’|\|17€0 —d(t,x)+C

(04
< L(|llll + L) = 5 e =210, — Qb
o
< L= Q)+ (L= 5 )l =¥l ¢, +C
< 2L-9)|llx(ll, +C.

16 tC

Remembering that Q > 2L and observing that the supremum of (A.10) is bounded from below
by ¥¢(0,0,0,0) ensures that this upper semi-continuous function achieves its supremum at some
point (fg,Xq, 15, x4 ) which remains bounded with respect to the normalized-¢! norm as « tends to
infinity. In particular, the potential

o (Jta = t6* + lllxe =55 llly) < (e — 1| +[llxe — x5

[1e0)

must remain bounded as & tends to infinity. It follows that, up to the extraction of a subsequence,
there exist 79 € [0, 7] and xo € RZ; such that 14 — to, t5, — to, Xo — Xo and x}, — xg as & — 0. The

term % in the definition of ) guarantees that #y € [0,7). On the other hand, the semi-continuity

of u, v and x together with the bounds
(u— v—x) (t,%) < Wo(to,Xa,ty,xXy) < ulte,xe) —v(ty,x) — X (tosxa)
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imply that
(u—v—x)(to,x0) = sup (u—v—y).
[0,7]xR<,,
By (A.9) it must be the case that 7y € (0,7'). This means that 4,7, € (0,T) for all & large enough.
We have therefore found a sequence of quadruples ((fq,Xq,fh, X))o With 7o, 75 € (0,T) such that
W, achieves its supremum at (¢, X, 7y, Xy ) for o large enough. With this in mind, fix o > 1 large
enough, and introduce the smooth functions ¢, ¢’ € C*((0,T) x R,) defined by

a
0 (1,%) = vt x0) + = (It — 16> + e =261l ¢,) +x(2,),
a
¢'(t',x) = u(ta, xa) — E(V — ta|*+||l¥ —xalll1 g) = X (ters Xat)-

Since (fg,Xq,tp,X,) maximizes Wy, the function u — ¢ achieves a local maximum at the point
(ta,Xo) € (0,00) x R, while v — ¢ achieves a local minimum at (), x},) € (0,00) x R . Tt fol-
lows by definition of a viscosity solution that

(010 —H(V9))(ta,x¢) <O and (9,9 —H(VY'))(1g.xy) > 0. (A.11)

This is the system of inequalities that we now strive to contradict.
Step 3: reaching a contradiction.
A direct computation gives

(310 — H(V9)) (tarsxa) = Clte — 1) + (e, + %)2 —H(V(ta,xa)),

(T
(at¢l - H(V¢'))(l&,xix) = a(ta —ty) — H(V¢I(I¢vaxix))a
where
O O (Ta, X)) = o (e _xg‘)k =+ 0y Dt X))
2d (o — Xp)7 + €0)2
o (xa _x&)k

O, 0 (), X)) = — - )
k¢(a OC) 2d ((Xa—xix)/%+80)%

It follows by the definition of V = [[[H[[|;, ; . that

(99" —H(V$)) (tg,x,) < 0t —1) = H(VP (ta,xa)) + VIV (ter, X)) = V' (15, x0) ] 1.
< oftq —tg) —H(VO(ta,xa)) +Vd lrillgd\&xk(b(ta,xaﬂ.

A direct computation shows that Vd|d, P(t¢,xq)| < 0 P(te,xq), so this can be bounded further
by

(919" —H(V")) (1, ) < 0tlte, — 1) + Pt Xa) — H(VE (ta,xa))
< (3¢ —H(V9)) (ta,xa) <0,

where the strict inequality is due to the term ﬁ and the final inequality leverages the first

inequality in (A.11). This contradicts the second inequality in (A.11) and completes the proof. W
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Corollary A.2. Fix a non-linearity H : R? — R satisfying (A1). If u,v € Lunir are respectively a
subsolution and a supersolution to (A.S), then

sup  (u(r,x) —v(t,x)) = sup (u(0,x) —v(0,x)). (A.12)
R>o xR, RL,

Proof. Suppose for the sake of contradiction that there exists (*,x*) € (0,00) x R‘éo with

u(t™,x*) —v(t*,x*) > ?Rl;p (u(0,x) —v(0,x)).

Applying the comparison principle in Proposition A.1 with R = |||x*|||, +V¢* yields a contradiction
and completes the proof. [

Proposition A.3. Fix a non-linearity H : R? — R satisfying (A1). If f € £ is a viscosity solution
to the Hamilton-Jacobi equation (A.S), then

fglngf(t, MlLipa = N£O, ) MLip.1- (A.13)

Proof. Let L = ||| f(0,")][|L;p,;» and suppose for the sake of contradiction that there exists 7 > 0
with

sup (f(t,%) = f(t,2) = Lfl[x =[]l

[0,T] xR‘éO xR‘éO
>0> sup (f(0,x)—f(0,x)—L[[x=X1],). (A.14)

xx'€RL

The proof proceeds in three steps: first we perturb (A.14), then we use a variable doubling argument
to obtain a system of inequalities, and finally we contradict this system of inequalities.

Step 1: perturbing.

Given & € (0, 1) to be determined, let 8 € C*(RR) be an increasing function with

(r—&)y <0(r) <ry

for all r € R, and consider the smoothed normalized-¢! norm,

d
11ll1 ey = Z 3 +e)?.
For a constant R € R to be chosen, Q > 2L and V = [[[H[l|;, ; . introduce the function

D(1,x) = QO (|[|][]; ¢, + V1 —R)

defined on R x RY ). Given € > 0 to be determined, consider the functions

up(t,x) = f(z,x)—cp(z,x)—TLt and  v(1,x) = f(t,x) +D(t,%)
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defined on [0,T] X Réo- Remembering (A.14) and choosing R > 0 large enough and €,& > 0
small enough guarantees that

sup  (ue(t,x) —v(t,x) = Llllx = x'[||; )
[0,T]xRLy xR,
> sup (ue(0,x) —v(0,x") —L||[x—=x||,).  (A.15)

d d
Rzo X Rzo

This is a perturbed version of the absurd hypothesis (A.14). Before moving onto the variable
doubling argument, observe that ue is a viscosity subsolution to the Hamilton-Jacobi equation
(A.5) while v is a viscosity supersolution to this equation. Indeed, fix ¢ € C~ ((O, ) X R‘io) with
the property that ue — ¢ has a local maximum at (¢*,x*) € (0,00) x R . This means that the map

(1,%) = £(1,%) = (0(6,) + D(1, ) + TL—)

has a local maximum at (t*,x*) € (0,00) x R . It follows by the viscosity subsolution criterion

for f that
£

(T —1)?
A direct computation shows that dV |dy, (1", x*)| < d;P(1*,x"), so the definition of V = ||[H[[[ ;. .
implies that

A0 (t* ) + (1, x*) + —H(V(¢ +®))(t*,x") < 0.

(09 —H(V9)) (r",x") < 99(r",x") —H(V(9 +@)) (", x") + V[[[VO(t*,x7)[[]; , <O

which means that u, is a viscosity subsolution to the Hamilton-Jacobi equation (A.5). An identical
argument reveals that v is a viscosity supersolution to this equation.

Step 2: system of inequalities.

Fix § € (0,1), and for each a > 1 define the function W, : R>0 X RL( X Rz x RE ) — RU{—eo}
by

o
5\t—t’|2—(L+5t)|\|x—x’|||1780. (A.16)

By doubling the variables and introducing the potential in this way, we ensure that the function
W, achieves its supremum at a point (¢¢,Xq,%,X,) Which remains bounded as o tends infinity.
Indeed, if we write C > 0 for a constant that depends on T, Q, R, V, £(0,0) and [f]p whose value
might not be the same at each occurrence, then for any x € RZ, with |[[x[|| g > R+1,

Wol(t,x,t' x') = ue(t,x) —v(t',x') —

o (t,x,t',x) < L([IIxlll; + [II¥[1l;) — @(r,x) — Lfllx =[], + € < L= Q)]|Ix[ll; +C

where we have used the bound ®(#,x) > Q(|||x[[[, ¢, +V#—R—1)+. An analogous bound can be
obtained with x replaced by x’. Remembering that Q > 2L and observing that the supremum of
(A.16) is bounded from below by ¥(0,0,0,0) ensures that this function achieves its supremum
at some point (fg,Xq, 14, X, ) Which remains bounded with respect to the normalized-¢! norm as o
tends to infinity. In particular, the term o[t —¢'|> must remain bounded as « tends to infinity. It
follows that, up to the extraction of a subsequence, there exist 79 € [0, 7] and xo,x{, € Rio such
that tq — 19, o — to, Xq — Xo and xy — x, as & — co. The term =& in the definition of ug
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guarantees that fo € [0, 7). On the other hand, if C1 > T (|[[xalll; ¢, + I[[x|
the semi-continuity of u together with the bound

1’80) for all o > 1, then

Yo lo,XastqXe) > —C18+  sup  (ue(t,x) —v(t,x') = Ll[[x=x'[[]; )
[O,T]xRéox]Rféo

implies that

W o (to,X0,20,%y) > —C1 6 + sup (ug(t,x)—v(t,x’)—L|||x—x'|]|17£0). (A.17)
[0,T] xR‘éO ngO

To leverage this bound, observe that
lPlX(Oax0707x6) = u8(07x0) - v<0>x6) - (L+ 5I)H|X() _xé)ml,so
< sup  (ug(0,x) —v(0,x") — L|[]x—x|||;) (A.18)
R4 xR,

and

£
W (t0,x0,70,%0) = ue(fo,x0) — v(f0,x0) < sup ( —2P(t,x) — T—> :
0,7]xR<,, —t

Since 0 is non-decreasing this can be bounded further by

W (0, %0,0,x)) < sup (—2q>(o,x) - 5) < sup  (ue(0,x) —v(0,x) —L|[[x—¥[],), (A.19)
RY r RZ,xRY
>0 >0 >0
where we have used the fact that —2®(0,x) — £ = u(0,x) — v(0,x). Combining (A.17), (A.18)
and (A.19) with the absurd assumption (A.15) and choosing 6 small enough shows that 7y € (0,7)
and xo # x,. This means that, taking a subsequence if necessary, it is possible to guarantee that
ta,ty € (0,T) and xo # x}, for all a large enough. We have therefore found a sequence of quadru-
ples ((for, X, 1y, X))o With tg,2, € (0,T) and xq # x|, such that ¥, achieves its supremum at
(tasXa,thy, X)) for a large enough. With this in mind, fix @ > 1 large enough, and introduce the
smooth functions ¢,¢’ € C*((0,7) x RZ ) defined by

o
o(t,x) = v(tg,xg) + Elf—f&\er (L+81)[[lx = x4 -
o
¢'(¢',x") = ug (o, Xar) — §|t/ —tg]* = (L+ 6tg)|||xa —X’Hh,eo-

Since (fg,xq,th,x,,) maximizes ¥, the function us — ¢ achieves a local maximum at the point

(ta,xa) € (0,00) X Rdzo while v — ¢ achieves a local minimum at (z;,,x},) € (0,00) x Réo- It fol-

lows by the observation that ug is a viscosity subsolution while v is a viscosity supersolution that
(8,¢ — H(V¢)) (t,xo) <0 and (8t(p' — H(V¢)'))(t(’x,xﬁx) > 0. (A.20)

This is the system of inequalities that we now strive to contradict.
Step 3: reaching a contradiction.
A direct computation gives

(019 —H(V9)) (ta: xa) = 0t(ta — 1) + 8] [lx = xg Il ¢, —H (VO (e, xa))
(99" —H(V9")) (1, x,) = axlter —tg,) —H(V'(1,x5))
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where
L+6ta ) (xa_xix)k

4 ((xa =)} +eo)?
It follows by the second inequality in (A.20) that
(919 —H(V$)) (ta,xa) = (39" —H(V$')) (g, x5) + 1llx — x5 Il ¢, > O.

This contradicts the first inequality in (A.20) and completes the proof. |

axk¢(foc,xa) =

= Xk¢/(t(lxuxix)'

Corollary A.4. Fix a non-linearity H : R? — R and an initial condition v : R? — R satisfying
(A1) and (A3). If fi1,f> € £ are viscosity solutions to the Hamilton-Jacobi equation (A.5) with
initial condition y, then f| = f>.

Proof. This is an immediate consequence of Proposition A.3 and Corollary A.2. |

A.2 Existence of solutions on R?

In this section, we fix a non-linearity H : R? — R and an initial condition  : Rio — R satisfying
(A1)-(A3), and we use the classical Perron method to establish the existence of solutions to the
Hamilton-Jacobi equation (A.5). We closely follow the arguments in Chapter 5 of [2]. It will be
convenient to fix a positive constant

K >sup {[H(y)| |y € R with [|lylll; . < [Wllluip: }- (A.21)
and to define the continuous functions u,u : [0,00) X R‘éo — R by
u(t,x) =y(x)— Kt and u(t,x)=y(x)+Kz. (A.22)

The importance of these functions stems from the fact that they are a viscosity subsolution and a
viscosity supersolution to the Hamilton-Jacobi equation (A.5), respectively.

Lemma A.5. Fix a non-linearity H : R? — R and an initial condition v : R‘éo — R satisfying
(A1)-(A3). The functions u and u defined in (A.22) are a subsolution and a supersolution to the
Hamilton-Jacobi equation (A.S), respectively.

Proof. Consider a smooth function ¢ € C* ((O, ) X R‘éo) with the property that ¥ — ¢ has a local
maximum at a point (r*,x*) € (0,00) x Réo. For any x € ]R‘éo and every € > 0,

O, x" +ex)— (", x") > u(r",x" +ex) —u(t*,x") = y(x" +ex) — y(x¥).

Dividing by € and letting € tend to zero shows that V@ (t*,x*) - x > Vy/(x*) - x for all x € Réo- It
follows that V@ (1*,x*) > Vy(x*), so (A2) and the fact that r* > 0 imply that

(00 —H(V9)) (t*,x") < du(r*,x") —H(Vy(x*)) = =K —H(Vy(x")). (A.23)

d

4, % € R and € > 0 small enough,

To bound this further, observe that for every x € R
y(x+ex') —w(x) <elllwlllp X1l
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Dividing by € and letting € tend to zero gives

Vy(x) - x" < [[[Wlllip, XN

Choosing x" = dsgn(dy, y(x))ex shows that [[[Vy(x)[l]; . < [[[y]l|;p - It follows by continuity
that [[[Vy (x*)[l]; . < [l|WlllLip.1 so (A.23) and the definition of K imply that u is a subsolution to
the Hamilton-Jacobi equation (A.5). An identical argument shows that % is a supersolution to the
Hamilton-Jacobi equation (A.5). This completes the proof. |

The main result of this section will be that the function f : [0,e0) X Réo — R defined by

f(t,x) = sup u(t,x) (A.24)
ue.s
for the set
= {u:0,00) X R‘éo — R |u <u<uand u* is a subsolution to (A.5)} (A.25)

is a viscosity solution to the Hamilton-Jacobi equation (A.5). We refer to Appendix B for the
definitions and basic properties of lower and upper semi-continuous envelopes of a function u,
which we denote by u, and u* respectively. The strategy will be to show that f* is a viscosity
subsolution to the Hamilton-Jacobi equation (A.5) while f; is a viscosity supersolution to this
equation. The comparison principle in Corollary A.2 will then imply that f is a viscosity solution
to the Hamilton-Jacobi equation (A.5). Throughout this subsection, we will write

Bo(t*,x*) = {(t,x) € (0,00) x Ry [ |t — * 2+ |x —x*|3 < 2. (A.26)

for the Euclidean ball of radius r > 0 centered at the point (#*,x*) € R x Réo' It is readily verified
that f* is a subsolution.

Lemma A.6. If H: RY — R satisfies (A1), then the upper semi-continuous envelope f* of the
function (A.24) is a viscosity subsolution to the Hamilton-Jacobi equation (A.S). In particular,

fes.

Proof. Consider a smooth function ¢ € C*((0,e0) x RZ) with the property that f* — ¢ has a strict
local maximum at the point (¢*,x*) € (0,e0) X Réo. To be more precise, suppose that

(f*_¢)(t*7x*)> (f*_(P)(t?x)

for all (¢,x) € B.(r*,x*)\ {(¢*,x*)}. By definition of the upper semi-continuous envelope and
continuity of @, it is possible to find points (#,,x,) € B.(t*,x*) converging to (t*,x*) with

U—¢X%%02Lﬁ—¢XﬁJﬂ—%

for every integer n > 1. Similarly, by definition of f, it is possible find a sequence of functions

(uy) C .7 with
1

f(tmxn) - ; < Mn(tnaxn>
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for all integer n > 1. If (¢, x),) € B,(¢*,x*) denotes the maximum of «} — ¢ on B,(¢*,x*), then the
fact that u; is a subsolution to (A.5) implies that

(3 —H(V9)) (1, x,) <O. (A.27)

Notice that u; — ¢ achieves its maximum on the compact set B,(t*,x*) as it is an upper semi-
continuous function by Proposition B.3. Remembering that u); > u,, reveals that

(f* = 0)(tn,x) = (= O) (10 %) = (n — f)(tn,Xn) + (f = ) (tn,n) = (f* = ) (1",7) — =

where we have used that uy < f* as u, < f. If (t,,x.,) denotes any subsequential limit of (¢}, x/),
then the upper semi-continuity of f* established in Proposition B.3 gives

(f =) (1o xe) = (f7 = 9)(1",x").

Since (t*,x*) is a strict local maximum of f* — ¢ on B, (t*,x*), this implies that (r.,,x,) = (¢*,x*).
Letting n tend to infinity in (A.27) shows that f* is viscosity subsolution to the Hamilton-Jacobi
equation (A.5). It is clear by the definition in (A.24) that u < f <u so f € .. This completes the
proof. |

Showing that f; is a viscosity supersolution requires more work, and relies upon the following
modification of Lemma 2.12 in [2].

Lemma A.7. Fix a non-linearity H : R4 — R satisfying (A1) and (A2). If u € .% is such that u, is
not a viscosity supersolution to the Hamilton-Jacobi equation (A.S), then there exists v € . with
v(t,x) > u(t,x) for some (t,x) € (0,00) X R‘éo.

Proof. The assumption that u, is not a viscosity supersolution to the Hamilton-Jacobi equation
(A.5) gives ¢ € C*((0,00) x R%)) and (r*,x*) € (0,00) x RZ, with the property that u, — ¢ has a
strict local minimum at (#*,x*) but (d;¢ —H(V¢))(¢t*,x*) < 0. To be more precise, we will assume
that

(e — @) (1,%) > (u— @) (1%, x7) (A.28)
for all (¢,x) € B,(t*,x*) \ {(+*,x*)} and

(90 —H(V$))(1,x) < —¢ (A.29)
(¢

for some € > 0 and all (¢,x) € B,(¢*,x*). Notice that we must have u, (r*,x*) < u(t
if this were not the case, the assumption that u € . would imply that u, (*,x*)

therefore

,x*). Indeed,
u(t*,x*), and

(=) (t,x) > (e —9) (t,%) > (s — §)(1",x7) = (T — ) (", x7)
for all (¢,x) € B.(*,x*) \ {(+*,x*) }. In other words, the supersolution  would be such that # — ¢

achieves a local maximum at (t*,x*). This would contradict (A.29). Decreasing r > 0 if necessary
and using the continuity of ¢ and #, it is therefore possible to find 6 > 0 with

u (", x")+ 6 <u(r*,x*)— 8 <u(t,x) and ¢(t,x) < ¢(r",x") +g (A.30)
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for all (t,x) € B,(t*,x*). With this in mind, given &’ < }min(r?,§), introduce the function
w(t,x) = @(t,0) + € — x—x*[3 — |1 — 1"+ (10— 9) (1*,27),

and define v : [0, e0) X Réo — R by

Wt x) = {max (u(t,x),w(t,x))  if (1,x) € B, (t*,x*),
) u(l,x) if (l‘,x) ¢ Br(l‘*,x*),

It is clear from the assumption u € . that v > u > u. Moreover, for (t,x) € B,(t*,x*),

o0 o
W(t.2) S Q)+ 5 5+ (10— )" x) = lt”,2) +8 < lr.x),
where we have used (A.30) and the fact that & < § /2. Together with the assumption u € ., this
shows that v < u, and therefore u < v < u. Furthermore, the definition of the lower semi-continuous
envelope gives points (t,,x,) € B.(t*,x*) with (t,,x,) — (¢*,x*) and u(t,,x,) — u.(t*,x*). Since
v > won B,(t*,x*), it follows that
liminfv(t,,x,) > liminfw(t,,x,) = ¢ (t*,x") + € + (us — ) (t*,x") = u (t*,x*) + €.

n—o0 n—oo

This means that for any n large enough

/
V(tn,Xn) > u(ty,x,) + 7 > u(ty,Xn),

so there exists a point (¢,x) € (0,00) x RZ  with v(¢,x) > u(t,x). All that remains is to verify
that v* is a subsolution to the Hamilton-Jacobi equation (A.5). Consider 8 € C°°((O,oo) X Rio)
and (f9,x0) € (0,00) x R, with the property that v* —  has a strict local maximum on B, (f,Xo)
at (f9,xo). The definition of the upper semi-continuous envelope gives points (¢,,x,) € B, (t,xo)

converging to (tp,xp) with
1
V(tny Xn) > V¥ (t0,%0) — = (A.31)
n

Since v(t,,x,) is either equal to w(t,,x,) or u(t,,x,), passing to a subsequence, it is possible to
assume that v(t,,x,) = w(ty,x,) for all n > 1 or that v(t,,x,) = u(ty,x,) for all n > 1. We treat
these two cases separately.

Case 1: v(ty,xp) = w(ty,x,) foralln > 1

In this case, we must have (t,,x,) € B-(t*,x") for all n > 1. Indeed, for (¢,x) & B, >(t*,x"),

2 2

(w—u)(t,x) < (w—u)(1,x) < (‘P_M*)(I,X)—l-é'/—%—I—(u*—(]))(t*,x*) < g’—% <0

where we have used (A.28) and the fact that & < r?/4. If (¢},x,) denotes the maximum of w — f3
on B,(t*,x*) N B (tg,xp), arguing as in the proof of Lemma A.5 shows that

OBt x) = Opw(ty, x,) = 0,9 (1, %3) — 2(t, —17),
VB (t:%7) = Vw(ty,x,) = VO (1,x7) — 2(x), —x7).
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It follows by (A2), (A1) and (A.29) that

(9B —H(VB))(ty,x,) < 0,9 (1,,) = H(V(1337)) + 2115 — [+ 20 [Hll i 1 o[, =71

< =&+ 20ty — £+ 2d||[H][|ip, 1 |12, = x7J2-

1,

Decreasing r if necessary, it is therefore possible to ensure that (d;8 —H(VB))(z},x,) <0. To
leverage this bound, observe that by (A.31), the continuity of B and the fact that (7,,x,) converges

to (l‘(),X()),

2
(V" = B)(tsxn) = (w = B) (1, 30) = (= B) (ts%0) = (v = B) (t,0) = (v = B) (10,%0) — .
In particular, any subsequential limit (z.,,x.,) of (z,,x],) must satisfy

(V' = B)(t5,x%) = (v* = B)(to,%0) and (9B —H(VB))(t..,x.) <0.

Since (#p,xp) is a strict local maximum of v* — 8 on B,/ (to,Xp), the first of these inequalities shows
that (z,,x.,) = (fo,xo) while the second implies the required subsolution criterion.

Case 2: v(ty,xn) = u(ty,x,) for alln > 1

In this case, let (¢,x,) denote the maximum of u* — f3 on B, (fo,xp). Since u* is a viscosity
subsolution to the Hamilton-Jacobi equation (A.S),

(atﬁ - H(VB))(t,g,x;) <0.

On the other hand, the inequality v > u and (A.31) reveal that

(V= B)(tn,x0) > (u* = B)(17,%,) > (" — B) (tn, Xn) > (10— B)(tn, Xn) = (v — ) (tn, %)
> (V*_ﬁ)(tO;XO)_%;

so any subsequential limit (¢,,x.,) of (¢,,x]) must satisfy

(V' = B)(t5,x%) = (v* = B)(to,%0) and (9B —H(VB))(t..,x.) <0.

Since (tp,xp) is a strict local maximum of v* — 8 on B,(to,Xp), the first of these inequalities shows
that (¢2,,x.,) = (f,xo) while the second implies the required subsolution criterion. This completes
the proof. [

Corollary A.8. IfH : R — R satisfies (A1) and (A2), then the lower semi-continuous envelope
[« of the function (A.24) is a viscosity supersolution to the Hamilton-Jacobi equation (A.S).

Proof. Suppose for the sake of contradiction that f, is not a supersolution to the Hamilton-Jacobi
equation (A.5). Combining Lemma A.6 and Lemma A.7 gives a function v € .¥ and a point
(t,x) € (0,00) X Réo with v(z,x) > f(t,x). The contradiction

F(t,x) = sup u(t,x) > v(t,2) > £(,%)
uey

completes the proof. [
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Together with Lemma A.6 and the comparison principle in Corollary A.2, this result allows us
to establish the well-posedness of the Hamilton-Jacobi equation (A.5).

Proposition A.9. IfH:R? — R and y : R, — R satisfy (A1)-(A3), then the Hamilton-Jacobi
equation (A.S) admits a unique viscosity solution f € £ subject to the initial condition Y. More-
over,

sup [|Lf () llLip1 = W llLip,1- (A.32)
t>0

Proof. Denote by f € £ the function defined in (A.24). Combining Lemma A.6 and Corollary A.8
shows that f* is a viscosity subsolution to the Hamilton-Jacobi equation (A.5) while f, is a vis-
cosity supersolution to this equation. By Proposition B.3 and continuity of u and %, it is clear that
u < fi. < f < f* <u. Moreover, any function 4 : [0,0) X Rio — R with u < h < u satisfies the
bounds

y(x) = u(0,x) < h(0,x) <u(0,x) = y(x),
h(t,x) —h(0,x) <u(t,x) — y(x) = Kt,
h(0,x) —h(t,x) < y(x) —u(t,x) < Kzt.

forall > 0 and every x € Rio. In particular, we have i € £, and therefore f,, f, f* € £. It follows
by the comparison principle in Corollary A.2 that f* < f.. Since f, < f < f* by Proposition B.3,
we must have f = f, = f*. In particular, the function f € £ is a continuous viscosity solution to
the Hamilton-Jacobi equation (A.5). The uniqueness of such a viscosity solution is guaranteed by
Corollary A.4. Recalling Proposition A.3 gives the Lipschitz bound and completes the proof. W

A.3 Equivalence of solutions on Réo and Rio

In this section, we leverage the monotonicity assumption (A2) of the non-linearity to show that
viscosity solutions to the Hamilton-Jacobi equations (A.4) and (A.5) coincide. Combining this
with Proposition A.9 gives a well-posedness theory for the Hamilton-Jacobi equation (A.4).

To ignore the boundary of the upper half-plane, we proceed as in Proposition 2.1 of [13] which
is inspired by [18, 31]. The main difference between [13] and [18, 31] is in the definition of a
distance-like function to the boundary of the domain on which the Hamilton-Jacobi equation is
defined. Since this distance-like function will reappear in the next section when we show that the
solution to the Hamilton-Jacobi equation (A.5) preserves the monotonicity of its initial condition,
we will define it for a general closed convex cone % C R4, Given a closed convex cone .# C RY,
denote by

H*={xeR?|x-y>0forallye %} (A.33)
its dual cone, and define the distance-like function d : Z* — R>( by
d(x)= inf y-x. (A.34)
lyllly =1
yeHX

The notion of a dual cone is reviewed in Appendix B. Before stating the main properties of this
distance-like function, recall that the super-differential of a function & : ™ — R at a point x €
int(£) is the set

oh(x)={pe RY | h(x') < h(x)+p- (X' —x)4+0(x' —x) asx’ — xin A} (A.35)
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Lemma A.10. The function d : 2" — R defined in (A.34) satisfies the following basic proper-

ties.

1.
2.

The infimum defining d(x) is achieved for every x € J¢*.
d(x) =0ifand only ifx € 0.

d is Lipschitz continuous with respect to the normalized-£' norm. Moreover, it has Lipschitz
constant at most one.

d is concave and & *-non-decreasing.

Ifx €int(A™), then dd(x) C A and |||pl||, , < 1 for any p € dd(x).

Ifh: RY — R is a differentiable function and x — h(x) — ﬁ achieves a local maximum at a
point xo € int(#™), then —d(x0)*Vh(xo) € dd(xp).

Proof. We treat each property separately.

1.

Consider a sequence (y,) C £ with |||y,|||, ., = 1 and y, - x — d(x). Since (y,) is uniformly
bounded, it admits a subsequential limit y € %" with |||y||| 1+ = land y-x=d(x). We have
used the equivalence and continuity of norms as well as the fact that ¢ is closed. This
shows that the infimum in the definition of d(x) is attained.

If d(x) = 0, then there exists y €  with [[|y[|[, , = 1 and y-x = 0. This shows that x € d "
On the other hand, if x € d_#*, then there exists a non-zero z € J# with z-x = 0. Taking
y=2z/|llzlll, . gives y € & with [[[y|[|, , = 1 and d(x) < y-x= 0. This shows that d(x) = 0.

Fix x,y € ™, and let z € X with [[|z[||, , = 1 be such that d(y) = z-y. By the Cauchy-
Schwarz inequality,

d(x) —d() <z x—z-y =2z (y=x) <|llzllly .My —xlll; = [lly=lll;-

Reversing the roles of x and y shows that d is Lipschitz continuous with Lipschitz constant
at most one.

Fix x,y € #* as well ast € [0,1], and let z € .#" achieve the infimum for d(zx+ (1 —1¢)y). It
is clear that

d(tx+ (1 —1)y) =z- (tx+ (1 —1)y) =1(z-x) + (1 —1)(z-y) > td(x) + (1 —1)d(y).

This shows that d is concave. To see that d is .# *-non-decreasing, fix x,x’ € #* with
x'—x € #*, and lety € ¢ attain the infimum defining d(x’). Since X' —x € ¥,

d@)—dx) >y- ¥ —y-x=(x —x)-y>0

as required.
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5. Fix x €int(£™), z€ ™ and p € dd(x). Notice that dd(x) # 0 as d is concave. Since
ez € X" for every € > 0, the J# *-non-decreasingness of d and the definition of the super-
differential imply that

0<d(x+ez)—d(x) < p-ez+o(€z).

Dividing by € and letting € tend to zero shows that p-z > 0 for all z € £ *. It follows by
Proposition B.1 that p € #** = J¢". To see that |||p|||, , < 1for p € dd(x), find € > 0 small
enough so that x+ €y € #* for all y € R? with ||]y]|]1: 1. Fix p € dd(x) and y € R? with
ly|ll; = 1. Since x — €y € .%*, the definition of the super-differential implies that

d(x—ey) <d(x) —ep-y+o(ey).
Rearranging and using the 1-Lipschitz continuity of d reveals that
ep-y < l[lylll; +o(ey) = e +o(ey).

Dividing by € and letting € tend to zero shows that p-y < 1 for every y € R? with |||y|||; = 1.
Choosing y = dsgn(px)ex gives |||p||| 1,% <1

6. Fix z € #*. Since xq € int(.#*) is a local maximum of the map x — h(x) — -1, for every

d(x)”
€ > (0 small enough,

> h(x0+€Z) - m

Rearranging and using the 1-Lipschitz continuity of d as well as the differentiability of &
reveals that

d(xo+ €z) < d(xo) —d(xo) d(xo + €z) (h(xo + €2) — h(x0))
= d(xg) —d(x0)*Vh(xo) - €2+ 0(€z).
This shows that —d(x)>Vh(xo) € dd(xo) and completes the proof. |

Proposition A.11. IfH : R? — R is a continuous non-linearity satisfying (A2), then a continuous
function u : [0,00) X Rd>o — R is a viscosity subsolution to the Hamilton-Jacobi equation (A.4)
if and only if it is a viscosity subsolution to the Hamilton-Jacobi equation (A.5). An identical
statement holds for viscosity supersolutions.

Proof. The argument for viscosity subsolutions and viscosity supersolutions being almost identi-
cal, we focus exclusively on the case of viscosity subsolutions. To begin with, suppose that u is
a viscosity subsolution to the Hamilton-Jacobi equation (A.5), and let ¢ € C* ((O, ) X R‘io) be a
function with the property that u — ¢ has a local maximum at (r*,x*) € (0,00) x R? . After modi-
fying ¢ outside of a neighborhood of (*,x*) so that it becomes a smooth function defined on the
larger domain (0,e0) X Rio, we can apply the subsolution criterion for (A.5) and obtain the result.

Conversely, suppose that u is a continuous viscosity subsolution to the Hamilton-Jacobi equa-
tion (A.4), and consider a smooth function ¢ € C*((0,00) x RZ ) with the property that u — ¢
has a local maximum at (£*,x*) € (0,00) x RZ . If x* € RY | there is nothing to prove, so assume
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that x* € 3Rd>o- Perturbing the test function ¢ by a small quadratic function if necessary, suppose
further that (¢*,x*) is a strict local maximum of u — ¢. To be more precise, assume that

u(t,x) — @ (t,x) <u(t*,x*)—@(*,x") (A.36)
for any (z,x) other than (#*,x*) in the closure of the open neighborhood
Or=(t"—rt*+r) x (int(B.(x")) NRY,).

Decreasing r > 0 if necessary, it is possible to ensure that (t* — r,#* 4 r) C (0,0). To establish the
subsolution criterion for (A.5), we proceed in two steps: first we show that there exists an almost
maximizer of u — ¢ in 0, and then we use a variable doubling argument to conclude.

Step 1: almost maximizer in O',.

Introduce the distance-like function d : Réo — R defined by

d(x)= inf y-x.
I[lly =1
yE]Ri

This corresponds to the function (A.34) for the cone % = R>0 = (R‘éo)*. For each € > 0, define
the function g : (0,0) x Réo — RU{—co} by

€
d(y)’

Since W, is upper semi-continuous with values in R U { —oo}, there exists (s¢,ye) € O, with

WE(S7y) = u<s>y) —q)(s,y) -

Ve (e, ve) = sup Ve (s, ).
(s,y)€O,

Decreasing r if necessary and combining the continuity of u — ¢ with (A.36) gives (¢,x) € &, such
that

u(s,y) = ¢(s,y) <u(t,x) — ¢(z,x)
for all (s,y) € O, with s € {t* —r,t*+r} or y € dB,(x*) NRL,. This means that for every & >
0 small enough, we must have We(s,y) < We(t,x) for all (s,y) € &, with s € {t* —r,t* +r} or
y € 0B, (x*) NRY . Together with the term &/d(y) in Ve, this ensures that (s¢,ye) € O
Step 2: doublingithe variables.
Fix £,8 > 0, and a smooth function & : R x RY — [0, 1] with

supple C 0, and  (e(se,ye) = 1.

Given 0 < &) < 1 to be determined, consider the smoothed normalized-/ I horm,

d
lellly e = Z 2+ )

For each 6 > 0 introduce the modulus of continuity of u on &,

COM(G) = Sup{lu(tvx) —M(S,y)‘ | (s,x),(s,y) Gﬁr and |t_S|2+ H|x_}7||’1 < 92}
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Since u is continuous, and therefore uniformly continuous on &,, it is possible to find 6 >0
sufficiently small that @, (6) < 6. With this 8 > 0 at hand, define the function W, 5 ¢: 0, x 0, — R
by

€ 2M, 2M
We,5.0(1,%:5,3) = ult,0) = 0(5.9) = g5 = gl = oI = T3 e =l g, + 8Ge(s,3),

where M,, = sup(l7x)egr\u(t,x)\. Observe that W, 5 ¢(s,,5,y) = We(s,y) +6Le(s,y). We now show
that the maximizer (fy,xo,50,y0) of this function belongs to the open set &, x &,. Given points
(t,x),(s,y) € O, x O, with |t —s|> +|||x —y|||; < 62, the triangle inequality and the definition of
the modulus of continuity reveal that

&
d(y)

On the other hand, for (z,x), (s,y) € O, x O, with |t — s>+ |||x — y|||; > 62, the triangle inequality,
the bound |[[[x —yl[[; ¢ > [/lx— |||, and the definition of M, imply that

lPS,&G(tax?S?y) < (DM(G) —|—M(S,y) - ¢(S,y) - +5C8(Say) = (Du(e) + W&‘(Say) +5C€(Say>‘

&
d(y)

It follows that for any (¢,x) € 0, and every (s,y) € O, \ supp e,

W 5.0(t%,5,y) <u(s,y) —d(s,y) — +68e(s,y) < @0u(0) + We(s,y) + 68 (s,y).

‘P875,9(tax7s7y) < (Du(e) + WS(S&yS) +5C8(S7y) = (Du(e) +T6,5,9(S87y87s8’y8) -0
<T€,5,9(S€7y87sc‘57y£)7

where we have used that {¢(se,ye) = 1 and @,(6) < 8. This means that (sg,yo) € supp&e C 0.
To show that (9, xo) also belongs to this open set, suppose that |ty — so|> + |||xo — yol||; > 6%. The
triangle inequality, the bound |[|xo — yo|ll; ¢, > I/[Xo —yoll|; and the definition of M,, imply that

€
We 5.0(10,X0,50,y0) < u(to,x0) — ¢ (s0,y0) — a00) 2M,, + 88 (50,50) < e 5.0(50,50,50,0),

s0, up to replacing (g, xp) with (sg,yo), we may assume without loss of generality that
70— s0|* +[1|x0 — yolll; <67 (A.37)

Decreasing 6 if necessary and recalling that &, is open shows that (#y,x9,0,y0) € &) X 0. Since
the function (z,x) — W, 5 ¢(¢,x,50,y0) has a local maximum at (y,xo), the subsolution criterion
for (A.4) implies that

4AM,

92

2M,
(to —s0) — H ( ez”z) <0 (A.38)
for the vector z € R? defined by

(X0 —Y0)x ‘
d((x0 — yo)2 +&)?

k=
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On the other hand, since the function (s,y) — ¥¢ 5 ¢ (0, X0, 5,y) achieves its maximum at an interior
point (sg,y0) € O, a direct computation together with Lemma A.10 shows that

4M,,
9%9(50,50) = ~g7 (fo = 50) = 89 Ce(50,30) =0, (A.39)
d(yo)? 2M,, .
();0) (W’(So,yo) tgr i 5VC€(S0,YO)> € dd(yo),

for the vector 7 € R? defined by

~ — X
5 — o—Xo)k .

d((yo —x0)2 + &)

Remembering that d d(yg) C (Rdzo>* = R‘éo by Lemma A.10, it is possible to find p > 0 with
2M,,
92
Substituting this and (A.39) into (A.38) and using the fact that the non-linearity H is non-decreasing
reveals that

7= V¢(s0,y0) — 8V Le(s0,y0) — P

9,9 (80,0) — 89 Ge(s0,y0) —H(V 9 (s0,50) — 8V e (s0,50)) <O. (A.40)

Recalling that (s, yo) € supp §e depends on &,8 and 6, and that 6 was chosen small enough in
terms of 8, we would now like to let 6 — 0 and then 6 — 0 in this inequality. Observe that for any
(t,x) € O,

u(to,xo) — @ (s0,y0) — @ + 68 (s0,0) > e, 5,6 (10, X0,50,0)
> u(t,x) — ¢ (1,x) — %
e (t,x) + 8L (t,%).

If we denote by (t1,x1) € supple C O, and (1],x]) € supp e C O, subsequential limits of the
sequences (fo,Xo) and (so,y0) as O — 0 and then § — 0, we must have ¢; = 7] and x; = x| by
(A.37). Moreover, the subsequential limit (z;,x;) must satisfy the inequality

+ 68 (t,x)

E E

e > u(t,x) — @ (t,x) — @

u(ty,x1) — @(t1,x1) > ulty,x1) — @(t1,x1) —

for all (¢,x) € 0. Writing (t2,x;) € O, for a subsequential limit of the sequence (¢1,x1) as € — 0
we find that

u(tr,xp) — @ (t2,x2) > u(t,x) — (t,x)

for all (t,x) € €. By continuity of u — ¢, this inequality extends to O,. Since (t*,x*) is a strict
local maximum of u — ¢ on &, we must have (3,x;) = (*,x*). It follows by letting 6 — 0, then

0 — 0 and finally € — 0 in (A.40) that
90 (r",x*) — H(Vq)(t*,x*)) <0

This completes the proof. [
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Corollary A.12. If H: R? 5 R and Vv R‘éo — R satisfy (A1)-(A3), then the Hamilton-Jacobi
equation (A.4) admits a unique viscosity solution f € £ subject to the initial condition Y. More-
over,

sup [[| £ (7, )llLip = WlllLip,1- (A.41)
>0

and if u,v € Lyi are respectively a continuous subsolution and a continuous supersolution to
(A.4), then

sup  (u(t,x) —v(t,x)) = sup (u(0,x) — v(0,x)). (A.42)
R>oxR%, R<,
To be more specific, if L = max (SuPt>o |||M(t»‘)|||Lip,1aSUPz>o IIv(z, ‘)|||Lip,1) and V = |||H|||Lip,1,*’

then for every Q > 2L and R € R, the map

(I,X)|—>M(I,X)—V(I,X)—Q(‘||X"’1+VI—R) (A43)

+

achieves its supremum on {0} x Réo-

Proof. This is an immediate consequence of Proposition A.9, Proposition A.1, Corollary A.2 and
Proposition A.11. u

A.4 Monotonicity of solutions on Réo

Recall that the notion of being % *-non-decreasing is introduced at the beginning of Section 2. In
this section, we follow the arguments in Section 4 of [13] to show that the solution to the Hamilton-
Jacobi equation (A.5) preserves the monotonicity of its initial condition. To be more specific, we
assume that

A4 the initial condition y : RY — R is ©*-non-decreasing for some closed convex cone ¢ C R,

and under a mild assumption on the dual cone %*, we show that the solution to the Hamilton-
Jacobi equation (A.5) constructed in Proposition A.9 is also € *-non-decreasing. This result will
be used in Section 2 when the well-posedness of the projected Hamilton-Jacobi equations (1.37)
is established by means of Proposition A.9. Indeed, it will allow us to verify the first condition in
(2.14) and (2.15).

Proposition A.13. Fix a non-linearity H : R — R and an initial condition y : Rdzo — R satisfying
(A1)-(A4). If R‘éo Nint(¢™) # 0 and f € £ is a viscosity solution to the Hamilton-Jacobi equation
(A.5) subject to the initial condition , then f is €*-non-decreasing.

Proof. Introduce the set Q = {(x,x’ ) € ]Réo X ]Réo | X' —x € ‘5*}, and suppose for the sake of
contradiction that there exists 7 > 0 with

sup (f(6,%) = f(1,x)) > 0> sup (f(0,x)— f(0,x')). (A.44)
t€[0,T] (xx)EQ
(xx)eQ

The proof proceeds in three steps: first we perturb (A.44), then we use a variable doubling argument
to obtain a system of inequalities, and finally we contradict this system of inequalities.
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Step 1: perturbing.
Let V = |[[H]||.;p 1 » and fix a constant L > 0 with

L>[[[lllipy and  [f(t,20) = wlx)| < Lt

for all (¢,x) € Rop X Rgo. The existence of such a constant follows from the assumption f € £.
Denote by d : ¢ — R the distance-like function (A.34) associated with the cone €,
d(y)=_inf -y
1l =1
ye¥€
Fix yo € R oNint(€*) as well as xy € ]R>0, and let 6 € C*(R) be an increasing function with

ri < 0(r) < (r+1); for all r € R. Given 0 < & < 1 to be determined, consider the smoothed
normalized-¢! norm,

d
Ix[ly ¢ = Z X3+ €) 2
and introduce the function
®(1.x) = O(|Ix]l, 5, + Ve~ R)

defined on R>¢ x R?, where R > 0 is chosen large enough so that ®(0,xy) = 0. Increasing R > 0
if necessary, it is possible to perturb the inequality (A.44) to ensure that

sup (f(t,x) — f(t,x) —CID(t,x)) >0> sup (f(O,x) — £(0,x") —dD(O,x)).
(; Ex[f))ggz (xx")eQ

Picking 6 > 0 small enough, it is also possible to guarantee that

0 2
su t,x)— f(t,x) =8t —C(t,t) —D(t,x) — ———~ —25|||x — &'
S (£03) = £(00) = 8t=L0.0) = D(t0) = s =28kl )
(xx)EQ
0 2
o / o o - o /
>(xig)gg(f<o,x> F(0.) = £(0,0) = @(0.0) = g5 =28l ) (A43)
for the perturbation function
) = 3+
T —t Tt

This is a perturbed version of the absurd hypothesis (A.44).
Step 2: system of inequalities.
For each a > 1, define the function Wy : [0,7] X [0,T] x Q x €* — RU{—o0} by
‘P(X<t7t/ax7x,7y) = f(t,X) - f(/,x’)—@(t,x) - Wa(xax/ay)
—6t—¢(t,t")—alt— t’]z — 6|Hx—x’]Hi€0, (A.46)

where

0
Vol ¥,y) = |l —x—y]l[{ o, + d()+5H|y|||180

58



Observe that Wy (¢,2,x,x', X' — x) coincides with the function being maximized in (A.45). By dou-
bling the variables in this way, we ensure that the function W, achieves its supremum at a point
(fasthys Xois Xl Yo) Which remains bounded as « tends to infinity. Indeed, if we temporarily fix
a > 1 and let (ta7n,t&7n,xa7n,x&7n, Ya,n) be a maximizing sequence for W, then the choice of x
implies that when 7 is large enough,

lPOC(tOt,Vhtgc?n;x(x,n,xiLn)yOC,n) Z \P(x(())()?xo;xo +YO7y0) = CO (A47)

for the constant Cy = f(0,x0) — £(0,x0 +yo) — £(0,0) — (yo) —26|lyo H . We have used the fact
that yg € R S and that ]Rd S0 18 a cone. Combining this with the Lipschitz bound

3 = f ) SLO+) + L= SLO+E) + Ll =¥l (A48)
and the fact that ®(#,x) > [||x[[[, o, — R reveals that
Lign + Ly Lllan Xl o+ Rl
2
= 8llxon =X ulll} ¢, = Co- (A49)

Noticing that 7,1, 2 <T due to the presence of { in the function W, and observing that the
quadratic function r — Lr — 82 is bounded by T fj gives the uniform boundedness of x4 , and yq
in both n and & with respect to the normalized-¢' norm. Rearranging the lower bound (A.49) also
shows that

2T + Lo — Xyl o, +B—Co > 85— Xl

which gives the uniform boundedness of x¢ , — x7,, and hence x;, ,, in both 7 and & with respect
to the normalized-¢! norm. It is therefore p0s51b1e to let n tend to infinity along a subsequence
to obtain a maximizer (f,f},Xq,Xy,Ve) Of ¥q all of whose components are bounded by some
constant C; > 0 that is independent of o with respect to the normalized-¢! norm. Choosing &
small enough, these components will also be assumed to be bounded by C; > 0 with respect to
the smoothed version of the normalized-¢! norm. We now obtain some essential bounds on the
components of this maximizer. Taking the limit as n tends to infinity in the inequality (A.47)
reveals that

)
f(ta,xa) — f(ty,xy) — 0~

Combining this with (A.48) gives

2
— g 14 = 8ll[va — %I}, > Co.

o
a|ta_t‘lx|2+d(ya) §L(ta—i—tfx)+L||\xa—xix\||l’80—5|||xa—x'a|||igo—Co
<2LT—|—L2 C
45 "

where we again used the fact that the quadratlc function r — Lr — 8r* is bounded by £ 7 6 If we
introduce the constant C; = max (2LT + L 5 — Co, 1) this upper bound implies that

8))
5 (A.50)

(8)) o)
lto —tg| < Pl d(ye) > %
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In particular yo € int(%™*), so |||p]||; . < 1 forevery p € dd(yq) by Lemma A.10. To leverage this
observation, notice that y — W (tq, 1), X0, X, y) achieves a local maximum at yg, and therefore
so does y — — Wy (Xg, Xy, y). It follows by a direct computation and Lemma A.10 that the vector
p € R? defined by

2d(ya) (Yo — Yo —Ya)k (Vo)
pe= 20 (a1~ xa— vl oy Iy gy
((xt —Xa —Ya)i 1 €)? ((va)i +€0)2
belongs to the super-differential d d(yy). This means that
@l v vallly s, | TS0y,
kst ] (v~ 30— yo)} +e0)2 | T 24d0) A

where we have used the bounds |[|pl||; , <1 and |(ye)i| < ((va)z + €0)2. To bound this further,
suppose that
e = xa = yallly ¢, > € (A51)

for some constant C to be determined, and lelt 1 <k* <d be such that ((xﬁx —Xg — ya)%* + 80)% >C.
Observe that for any z € RY with (z2. + &)2 > C,

wl  keltvEVE /& _C—&

(2 +e) (Z+e)? (2+e)? C C

where we have used the fact that |z¢| + /€ > (2 + &) 2. Together with (A.50), this implies that

a(C — /&)

0
/
T|||xa—xa—ya|||17eo < W+5|||Ya|||1,so <K

2
for thle c}cl)nstant K= 2(51_25 + v/ 0C,. Rearranging, remembering (A.51) and choosing C = /&) + g
reveals that

KC K
Xt — Xa —Yalll; < Ilxe — *o —yoc|||1,eo < max <C7 a(C——\/e_o)) = +/&.
Letting & tend to zero in this upper bound yields
K
e = %o =yalll; < = (A.52)

o

Combining this with the first bound in (A.50) and the fact that each component in the sequence
of maximizers (tq,f, X, Xy, Ve ) is uniformly bounded by a constant independent of ¢ gives the
existence of a subsequential limit (Zeo, foo, Xoo, Xoo, Xo, — Xoo) With respect to the normalized-£ " norm.
Observe that for any ¢ € [0,7) and every (x,x') € Q,

f(tasxa) = fltg: o) = Ota — E(taste) — Pltas Xa) — i0a) Sllyalllf e, — 8lllva —alll ¢,

Z lP(XOOCat:x?xOhxlavyOl) 2 lPOt(tvt;xvxlaxl —X).
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Taking the supremum over (¢,x,x") € [0,T] x Q, recalling that ¥ (z,7,x,x',x' — x) coincides with
the function being maximized in (A.45) and letting o¢ — oo shows that 7., > 0. At this point, we can
use the fact that f is a viscosity solution to the Hamilton-Jacobi equation (A.5) to obtain a system
of inequalities. Using the second inequality in (A.50), the bound (A.52) and the observation that
f > 0, fix o > 1 large enough so that x, — x4 € int(¢*) and 74,7, > 0. Introduce the smooth
functions

O(t,x) = f(t,x) = Pal(t,tg,%,xy,va) and  @'(7',x") = f(t',.x) +Po(ta,' xa: X, ya)

defined on (0,00) x Rdzo- Since (fg,th,Xe Xy, Vo) Maximizes Wy, the function f — ¢ achieves a
local maximum at (4, x¢) € (0,50) x R ) while the function f — ¢’ achieves a local minimum at
(thy,x) € (0,00) x RZ . Tt follows by definition of a viscosity solution that

09 (ta,xa) —H(VP(ta,xe)) <0 and 0,9 (g, xy) —H(V' (15, xy)) > 0. (A.53)

This is the system of inequalities that we now strive to contradict.
Step 3: reaching a contradiction.
The choice V = [[[H]|| ., ; . and a direct computation reveal that

99’ (e xq) —H(V' (1, %)) < 8+ (T —to)? +V|[[V@(ta,xa)ll]) . +2a(te — 15)
—la
—H(V(tg,xa))-
Another direct computation shows that

o
m + 8;CI)(ta,xa) +2(X(fa — f&)
o

and that dV |0y, P(t¢,xq)| < dP(te,Xa). It follows by the first inequality in (A.53) that
019’ (1g:x5) —H(V (15 %5,)) < 09 (ter;xa) —H(VO(ter,x0)) <O

which contradicts the second inequality in (A.53) and completes the proof. |

8f¢<t067x06) = 6+

B Background material

In this appendix, we establish three elementary results in analysis. The first is a classical result in
convex analysis regarding the bidual of a closed convex cone. Recall that the dual of a convex cone
# C R is the closed convex cone

H*={xeR?|x-y>0forallye % }. (B.1)

It is clear that any convex cone %" is always a subset of its bidual Z**. Since .#** is closed, a
necessary condition for this containment to be an equality is that J#" be closed; it turns out that
this is also a sufficient condition. This is often deduced from the Hahn-Banach separation theorem
[25] or the Fenchel-Moreau theorem [3]. For the reader’s convenience we prove this duality result
using the Hahn-Banach separation theorem as stated in Theorem 4.1.1 of [25].
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Proposition B.1. If # C R? is a non-empty closed convex cone, then # = & **.

Proof. 1t is clear that £~ C JZ**. Suppose for the sake of contradiction that there exists x € & **
with x ¢ . Since J is a non-empty closed convex set, the Hahn-Banach separation theorem
gives o € RY with

o-x>sup{o-y|ye A} (B.2)

Given xg € #, the assumption that " is closed implies that 0 = lim,,_,c %xo € . Together with
(B.2), this means that a - x > 0. If there were yg € % with -y > 0, the fact that J#” is a cone would
imply that oc-x > A - yo for all A > 0, and letting A tend to infinity would give a contradiction. It
follows by (B.2) that

o-x>0=sup{a-y|ye.x},

where we have used that 0 € #". The lower bound implies that — € Z* while the upper bound
gives x- (—a) < 0. This contradicts the assumption that x € #** and completes the proof. [ |

The second also belongs to the realm of convex analysis, and it gives a non-differential charac-
terization of a Lipschitz function having its gradient in a closed convex set.

Proposition B.2. If % C R? is a closed convex set and y : R? — R is a Lipschitz function, then
Vy € ¥ if and only if the following holds. For every ¢ € R and x,x' € R? with the property that
foreveryz € X, (X' —x)-z> ¢, we have y(X') — y(x) > c.

Proof. Suppose that Vy € 7, and fix ¢ € R and x,x € R? with (x' —x) -z > ¢ for every z €
2. 1If we knew that ¥ was almost everywhere differentiable along the line joining x and x/,
we could apply the fundamental theorem of calculus to the one-dimensional Lipschitz function
t — y(x+1(x¥ —x)) and conclude that

1
v(x) —y(x) = /0 Vy(x+1(x' —x))- (' —x)dr > c.

Although v could fail to be differentiable almost everywhere on the line joining x and x’, we will
now fix € > 0 and show that it must be differentiable almost everywhere on some line joining some
point x¢ € Bg(x) and some point x, € B¢(x’). Denote by

= {yGRd |y (¥ —x) =0} >~ Rd-1
the hyperplane perpendicular to the line segment joining x and x’, and write
ey = Be(x) N (x4 7)

for the cross-section of B¢ (x) through x and perpendicular to the line segment joining x and x’.
Denote by . the set of line segments between points in .27 , and points in <7 ,» which are parallel
to the line segment joining x and x’. For each y € @7 ,, write ¢, € . for the unique line segment
in .27 , through y, and introduce the set

Py = {z € £y | y is not differentiable at 7}
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of points on £, at which y is not differentiable. If &, were a set of positive one-dimensional
Lebesgue measure m;(%),) > 0 for every y € o7 ,, then the d-dimensional Lebesgue measure of
the set of points in Uyc o, £, at which y is not differentiable would have positive measure,

2,)dy > 0.
/%,xml( y) y

This would contradict Rademacher’s theorem on the almost everywhere differentiability of Lips-
chitz functions (see Theorem 6 in Chapter 5.8 of [20]). It is therefore possible to find x, € o7 , with
mi(Zx,) = 0. If we write x, € @7  for the right endpoint of /., then the fundamental theorem of
calculus implies that

1
V) =) = [ Vel —xe) - (¢ —x)dr =

Letting € tend to zero shows that w(x") — y(x) > ¢ as required. Conversely, suppose that for every
¢ € Rand x,x' € R? with the property that for every z € %, (X' —x) -z > ¢, we have w(x') — y(x) >
c. Assume for the sake of contradiction that there exists y € R? with Vy(y) ¢ #. The Hahn-
Banach separation theorem gives v € R? and § > 0 with

v-Vy(y)+6 <inf{v-z|z€ 2}

It follows that
y(y+ev) —y(y) >e(v-Vy(y) +6).

Dividing by € and letting € tend to zero reveals that Vy/(y)-v > v- Vy/(y) 4+ 6. This contradiction
completes the proof. [

The third elementary result in analysis that we will prove regards the basic properties of semi-
continuous envelopes. To strive for generality, fix a set X C RY endowed with a norm |-||. Recall
that a function u : X — R is said to be upper semi-continuous at a point x € X if

u(x) > limsupu(y) := I%sup{u y) |y € X with [[y—x|| <r}, (B.3)

y—X

and it is said to be lower semi-continuous at a point x € X if

u(x) <liminfu(y) := liminf {u(y) | y € X with |ly —x|| < r}. (B.4)

y—x ™0
Moreover, the upper semi-continuous envelope of u is the function u* : X — R defined by

u*(x) =limsupu(y) = lgr(l)sup{u y) |y € X with ||y —x|| < r}, (B.5)

y—Xx

while its lower semi-continuous envelope is the function u, : X — R defined by

y—Xx

Uy (x) = liminfu(y) = 1{nmf{ y) |y €X with |[y—x| <r}. (B.6)

The following proposition collects the basic properties of semi-continuous envelopes. This result
is used in Appendix A.2 with X = [0,0) X R‘éo and || (z,x)|| = [¢] + ||[x]]-
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Proposition B.3. The semi-continuous envelopes of a locally bounded function u : X — R satisfy
the following basic properties.

1.
2.

4.
5.

U (x) < u(x) <u(x)forallx€X.

u*(x) = min{v(x) | u < v and v is upper semi-continuous} for all x € X. In particular, u* is
upper semi-continuous.

u,(x) = max{v(x) | v < u and v is lower semi-continuous} for all x € X. In particular, u, is
lower semi-continuous.

u is upper semi-continuous at x € X if and only if u(x) = u*(x).

u is lower semi-continuous at x € X if and only if u(x) = u.(x).

Proof. To deduce properties of the lower semi-continuous envelope from the corresponding prop-
erties of the upper semi-continuous envelope we will leverage the observation that

1.
2.

U (x) = }i\r%inf{u(y) |y€X with |ly—x|| <r}

= _}i\r_‘r(l)sup{ —u(y) |y € X with ||y —x|| < r} = —(—u)*(x). (B.7)

This is immediate from the definition of the semi-continuous envelopes in (B.5) and (B.6).

If v is an upper semi-continuous function with u < v, taking the limsup as y tends to x on
both sides of the inequality u(y) < v(y) and leveraging the upper semi-continuity of v reveals
that

u*(x) =limsupu(y) < limsupv(y) < v(x).
y—x y—x

This implies that
u*(x) < inf{v(x) | u < v and v is upper semi-continuous}.

To show that this infimum is achieved and that this inequality is in fact an equality, it suffices
to prove that u* is itself upper semi-continuous. Fix x € X as well as € > 0, and find r > 0
with

w*(x)+ &> sup{u(y) |y € X with ||y —x|| < r}.

The triangle inequality reveals that for any z € X with ||z —x|| < r,
w*(x)+ & >sup{u(y) |y € X with [y —z|| < r—|[lx—z[|} > u*(2).

It follows that limsup,_, u*(z) < u*(x) so u* is upper semi-continuous at x. Since x is arbi-
trary, this establishes the claim.

. Combining the previous part with (B.7) shows that

i, (x) = —(—u)*(x) = max { —v(x) | —u < v and v is upper semi-continuous }.

Observing that v is upper semi-continuous if and only —v is lower semi-continuous estab-
lishes the claim.
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4. If u is upper semi-continuous at x, then

u*(x) = limsupu(y) < u(x).

y—Xx

Together with the inequality u(x) < u*(x), this shows that u(x) = u*(x). On the other hand,
if u*(x) = u(x), then
limsupu(y) = u*(x) = u(x) < u(x)
y—x

SO u 1S upper semi-continuous at x.

5. Observe that u is lower semi-continuous at x € X if and only if —u is upper semi-continuous
at x € X. The previous part implies that this is the case if and only if —u(x) = (—u)*(x).
Invoking (B.7) completes the proof. |
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