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Abstract: The Newtonian Lagrangian perturbation theory is a widely used framework to study struc-
ture formation in cosmology in the nonlinear regime. We review a general-relativistic formulation
of such a perturbation approach, emphasizing results on an already developed extensive formal-
ism including among other aspects: the non-perturbative modeling of Ricci and Weyl curvatures,
gravitational waves, and pressure-supported fluids. We discuss subcases of exact solutions related
to Szekeres Class II and, as an exact average model, Ricci-flat LTB models. The latter forms the
basis of a generalization that we then propose in terms of a scheme that goes beyond the relativistic
Lagrangian perturbation theory on a global homogeneous-isotropic background cosmology. This
new approximation does not involve a homogeneous reference background and it contains Szekeres
class I (and thus general LTB models) as exact subcases. Most importantly, this new approximation
allows for the interaction of structure with an evolving “background cosmology”, conceived as a
spatial average model, and thus includes cosmological backreaction.

Keywords: relativistic cosmology; Lagrangian perturbation theory; exact solutions; cosmological
backreaction

1. Introduction

Relativistic cosmological perturbation theory gave rise to many exciting results re-
garding the early Universe, CMB (Cosmic Microwave Background) physics, and the late
Universe for the formation of large-scale structure. General relativity, unlike other physical
theories describing the weak and strong nuclear forces and electrodynamical interactions,
does not rely on the notion of background, understood as a pre-fixed absolute spacetime.
This fact together with the nonlinearity of general relativity introduces conceptual diffi-
culties in the formulation of a cosmological perturbation theory. Difficulties that can be at
least partially circumvented in the astrophysical context by a suitable choice of boundary
conditions, e.g., asymptotic flatness, but not when we aim at describing the Universe as
a whole.

Whether we consider the inflationary epoch, scalar fields, and semi-classical quantum
gravity (see, e.g., [1,2]) or the matter-dominated, fully classical Universe, we can usually
distinguish two main approaches to relativistic cosmological perturbations, based on which
quantity is being perturbed. In both cases, we have to put a reference background by
hand and the commonly adopted choice is a member of the family of FLRW (Friedmann–
Lemaître–Robertson–Walker) spacetimes. The original work by Lifshitz [3] (see also [4–6],
and follow-up papers of this author) introduced perturbations of the FLRW metric cou-
pled to the perturbations of the stress-energy tensor via the linearized Einstein equations.
This work employs intrinsic comoving coordinates. The issue of coordinate choices later
highlighted the problem of gauge fixing, i.e., choosing the way of mapping the physical
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spacetime to the assumed background, which can be thought of as a mapping between two
distinct manifolds in the framework of gauge-invariant perturbation theory [7–10]. It is worth
noticing that the gauge fixing allows to pullback the physical quantities from the physical
spacetime, resulting in, e.g., curvature perturbations residing as fields on the background
manifold rather than intrinsic geometrical features of the physical manifold. Such a setup
is in the spirit of the Eulerian picture in hydrodynamics where we examine the fluid in
specific, fixed locations as opposed to the Lagrangian picture where we follow the fluid
flow intrinsically [11]. In this context, the background spacetime defines an arbitrary, abso-
lute reference frame. In the seminal paper [12], gauge-invariant variables where defined.
However, although the basic physical perturbation variable is the density contrast, none of
Bardeen’s variables actually represented this quantity. This issue was partially resolved by
John Stewart [13]. A different (although fully compatible) approach was presented in [14],
where 1 + 3 threading of spacetime was utilized. It can be considered as a step towards the
Lagrangian approach to relativistic cosmological perturbation theory despite the fact that
the mapping between two manifolds was still in place. However, in the above-mentioned
work, the authors defined the variables related to the congruence of the world-lines of
the fluid (spatial projections of density gradient and extrinsic curvature) and the mapping
exists between the fluid trajectories not between fixed points in the two manifolds.

While gauge-invariant variables have to be constructed afresh at any order of the
perturbations, a genuine general-relativistic treatment does not suffer from this issue when
we consider trace-free tensors that vanish on the chosen reference background [13]. We shall
be guided by covariant formulations that do not rely on the choice of coordinates, but on
the choice of a foliation of spacetime [15,16]. Gauge choices in the two-manifold approaches
can be mapped to foliation choices in a covariant setting, see [17] and references therein
(e.g., the series of papers by Mario Novello and collaborators). The Lagrangian coordinates,
being intrinsic to the fluid congruence, allow us to keep covariance on spatial leaves of
a 3 + 1 foliation, while the existence of hypersurfaces allows us to define a background
evolution for scalar variables that are conceived as spatial averages of geometric and matter
variables [18].

Before moving to a more detailed description of Lagrangian cosmological perturbation
theory (Newtonian and relativistic), we wish to recall the fundamental problem signalized
at the beginning of this introduction: general relativity does neither rely on the notion of
background, nor does it give us a priori any prescription on how to construct one [19]. One
of the aspects of this ever persistent conundrum is the fact that the FLRW background
metric and the spatially homogeneous density obtained by any averaging or smoothing
procedure involving limits (e.g., integrating or taking the limit of some parameter related
to scale or inhomogeneities) are, by construction, not related to each other through the
Einstein equations. The first part of the problem becomes apparent when we try to define
the average of a tensor, which without any additional assumptions, is an ill-defined concept.
Even if we had defined such an operation, it would not commute with taking the inverse
of the metric and calculating the curvature (due to the quadratic terms), and this would
necessarily lead to an additional term in the Einstein equations, the backreaction term. We
note that already volume-averaging and time-evolution are non-commuting operations,
and their difference consists of positive-definite backreaction terms even before invoking
dynamics or a theory of gravity [20,21]. This also holds for operations such as Ricci-
flow smoothing and scaling in a 3-manifold [22] and for other coarse-graining techniques
such as renormalization [23]. The perhaps simplest and to date widely used approach
to the backreaction problem consists in scalar averaging of Einstein’s equations, within
frameworks of 3 + 1 foliations [16,24,25], 2 + 1 + 1 foliations on the lightcone [26], and
their manifestly 4-covariant formulations [27,28], see also [15,29]. Although essential to
the relativistic perturbation theory, the topic of backreaction lies beyond the scope of this
review except for the part where we describe how a concrete model for inhomogeneities
such as the Lagrangian perturbation theory can serve as a closure condition to the otherwise
under-determined system of averaged equations. It was also not our ambition to give an
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exhaustive account of all of the many developments in cosmological perturbation theory in
general. We rather focus on developments in relativistic Lagrangian perturbation theory,
starting however with a brief introduction into Newtonian Lagrangian perturbation theory.

1.1. A Brief History of Lagrangian Perturbation Theory for Newtonian Flows

The context that led Yakob Zel’dovich to his proposal of extrapolating the Eulerian
linear theory of gravitational instability further into the nonlinear regime may be traced back
to a book project he conducted together with Anatoly Myshkis, in which inertial motion
and the formation of structure was discussed in affectionate spadework [30]. In addition,
Zel’dovich might have been aware of related work in plasma physics such as Dawson’s
discussion of multi-streaming in a cold plasma [31]. In view of this, he must have seen
the superiority of a Lagrangian description of fluid motion over the established Eulerian
perturbation theory for the purpose of understanding and describing structure formation
in the Universe. Upon linearizing the exact solution for Galileian continua, it is evident
that a time-dependent rescaling of the dependent and independent variables suffices
to match both the Eulerian linear perturbation solution on a Friedmannian background
cosmology (see, e.g., [32]) and the powerful nonlinear solution for inertial systems. His early
papers [33–36], already explore in detail the consequences of this idea, which— contrary
to popular opinions at the time (nonlinear evolution was understood, both analytically
and numerically, through spherically symmetric systems)—predicts a highly anisotropic
process of structure formation into high-density objects. He called the first collapsing
objects bliny, the Russian word for small pancakes. He had in mind the local picture which
was later “americanized” to extended Megaparsec-pancakes.

Soon thereafter, confirmations of this idea in the context of the Euler–Newton system
for self-gravitating dust (i.e., pressure-less matter) were advanced within Zel’dovich’s
group. The paper [37] (among others, see, e.g., the considerations on the density probability
distribution in [38–40], investigations on self-similar solutions [41], and trajectories [42])
stands out as a convincing analytical justification. The heart of this work is a test of
self-consistency of Zel’dovich’s approximation, henceforth denoted ZA, conducted through
comparison of the density from (i) the field equations and (ii) from the exact density in-
tegral (this test is explicitly discussed in [43]). As a side-result, this test also shows that
Zel’dovich’s approximation provides a special exact solution for plane-symmetric motions
on a Friedmannian background. In parallel, Sergei Shandarin performed a numerical simu-
lation, at low resolution at the time (see references in [44]), but confirming the above picture,
and reinforcing what was earlier found by Lin, Mestel, and Shu [45] (see also [46,47]).

Further numerical work within Zel’dovich’s group [48,49], and especially Sergei Shan-
darin’s move to Lawrence, Kansas, initiated detailed numerical investigations of the pancake
picture together with Adrian Melott, who developed his expertise in the early 1980’s [50].
The “Eastern” pancake picture was by then popular for massive neutrino-dominated (top-
down structure formation) cosmogonies, in which structure on large scales forms first and
later fragments into smaller units. It was an equal competitor to the “Western” (bottom-up
structure formation) hierarchical cosmogony, in which large-scale structure forms out of
small-scale inhomogeneities in the course of a merger process. The nowadays still accepted
ΛCDM standard model of cosmology performs in between these two scenarios.

Returning to the history of Zel’dovich’s analytical model, the collaboration with Vla-
dimir Arnol’d was probably the final highlight for inhomogeneous dust matter models [51],
in which the Lagrange-singularity theory [52] was employed to furnish a classification scheme
of the building blocks of large-scale structure in the Universe. It came right after two further
analytical pieces that were missing from the picture: the form of Zel’dovich’s approximation
for the modeling of structure formation on Friedmannian background cosmologies with
curvature [53], and the derivation of exact plane-symmetric solutions for self-gravitating
dust flows [54], confirming what was suggested by [37]1. The effect of velocity dispersion
was discussed by Shukurov [56]. Thereafter, an extension of Zel’dovich’s approximation
to phenomenologically access the multi-stream regime was proposed in [57] through
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application of the known solution to the 3D Burgers equation: a Laplacian forcing was
added to the scaled inertial system. A derivation of this adhesion approximation from kinetic
theory was provided in [58]; see the review [59] that also investigates deviations from mean
field gravity2. A further extension was suggested in [65] by including a noise term to lead
to KPZ-type equations. For a summary of the different approximations in a cosmological
context, including non-perturbative approaches and exact integrals of the field equations,
see [66].

Most of these early achievements and a wealth of application work of Zel’dovich’s ap-
proximation were done before a Lagrangian theory for self-gravitating flows and, based on this,
a Lagrangian perturbation approach was even formulated; the basic mathematical framework
(apart from the self-consistency test in [37] and the plane-symmetric investigation in [54])
was still that of inertial motion. Final confirmation and derivation of Zel’dovich’s approxi-
mation were based on the transformation of the full Euler–Newton system to its Lagrangian
form [43,67,68], and, finally, the systematic framework of a Lagrangian perturbation theory,
in which Zel’dovich’s approximation forms a subclass of the first-order solutions [43,69];
closed form solutions at second [70], third [71], and fourth-order [72] can be reconstructed
using the n-th-order perturbation and solution schemes investigated in [73] (see also more
recent work on recursion relations [74,75] and related investigations of time-analyticity
or smoothness of trajectories [76,77]). The early 1990’s can be considered as the birth of
Lagrangian perturbation theory, when other groups started to contribute [78–80] (see the
early review papers [44,73,81], a brief summary [82], the tutorial [83], the more general
review [84], and the more recent review [85]). Most of these investigations employ the
matter model dust; velocity dispersion can be treated as an anisotropic pressure that adds a
Laplacian forcing as in the adhesion approximation [57,58]. In a Lagrangian perturbation
approach, this Laplacian forcing must be transformed to Lagrangian coordinates, which
introduces substantial nonlinearity to the problem [86].

We remark that current simulations of structure formation are initialized by the Zel’-
dovich approximation or its higher-order extensions. What is not well-known is that
this approximation and higher-order extensions also perform well in comparison with
numerical simulations until the present epoch of structure formation, if the initial spectrum
is appropriately truncated to avoid overproduction of structure after shell-crossing [87–91];
for the adhesion approximation [57], see [92]; for recent direct comparisons between
higher-order Lagrangian perturbation solutions and numerical simulations, see [93,94].
Shell-crossing itself was also in the focus of interest [70,95,96], a sustained interest up to
the present day, see, e.g., the recent papers [97–103]. Despite shell-crossing, Lagrangian
schemes are capable of quickly simulating a large number of realizations of Hubble volumes,
a task that is still executed with expensive numerical simulations. This remark is especially
relevant since the current resolution power of numerical simulations still falls short to access
small-scale structure within Hubble volumes, a scale that roughly corresponds to scales
where also the analytical schemes fail. The simulation of mock catalogs is an exception,
see, e.g., [104–109], and references therein. The corresponding general-relativistic schemes
that we shall introduce would in addition allow to map the curvature distribution in mock
catalogs, and from the metric, we will be able to implement concrete ray-tracing methods
along the lightcone for a precise estimation of lensing effects and for realistic estimates of
distances.

Analytical schemes allow for extremely high-resolution studies. After the first study
in two spatial dimensions [43], further insights were obtained for three-dimensional special
and generic initial data [95,110] including hints for a mechanism of gravitational fragmen-
tation at higher orders in Lagrangian perturbation theory3 Detailed studies of 3D pancakes
have been conducted, but did not end up in publications at the time, an example is shown
in Figure 14.
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Figure 1. An illustration of the complexity of caustic formation that already arises in a three-
dimensional inertial system. Shown are four views of the same evolution stage. Yellow surfaces
correspond to caustic surfaces from the degeneracy of the first eigenvalue of the deformation tensor;
red surfaces correspond to secondary degeneracies of the second eigenvalue; third degeneracies are
barely visible and may occur later. A hierarchy of further nested caustics forms by including gravity.
Green dots correspond to cusp singularities, while the blue dots correspond to higher-order singularities.
Pink-grey shaded areas correspond to density contours. Figure by Arno Weiss [112].

During the following decades, many papers referring to Lagrangian approaches have
been published, also guided by improvements of numerical technologies. These works
initiated a revival of Lagrangian perturbation theory at the beginning of this millennium:
the inverse Lagrangian perturbation solutions have been employed for reconstruction tech-
niques, see [113] and references therein to earlier work, Ref. [114] and follow-up papers
of these authors, as well as related techniques [115]. Work is pursued, e.g., for conver-
gence issues [99,116], re-expansions [117], renormalization, re-summation, and recursion
techniques [74,75,118,119], respectively, redshift space distorsions [120,121] and references
therein, and statistical biasing relations between the galaxy and matter distributions [122]
(a certainly incomplete list).

1.2. Relativistic Generalization of Lagrangian Perturbation Theory

For the introduction of a dictionary of Newtonian variables and equations to general
relativity, we first recall the governing equations in Newtonian theory and restrict these
considerations to a self-gravitating dust continuum (i.e., a pressure-less fluid).

1.2.1. Lagrange–Newton System

The description of fluid motion in Newtonian cosmology and, in particular, the prob-
lem of perturbations of the Hubble flow have been largely studied in an Eulerian coordinate
system that is comoving with the Hubble flow, x = a(t)q, with a(t) a solution in the
family of FLRW cosmologies; x are inertial non-rotating coordinates in Euclidean space.
On the contrary, the Lagrangian coordinate system, denoted by X, is a curvilinear, pos-
sibly rotating frame in Euclidean space which is defined such as to move with the fluid
elements. The Lagrangian description enjoys a number of advantages over the Eulerian
one, some of which we shall highlight. This remains true within a perturbation approach.
For an early nice introduction into the Lagrangian framework, see [123], for a systematic
introduction for self-gravitating Newtonian flows, see [73]. For many complementary in-
vestigations of relativistic Lagrangian perturbations see, e.g., [124–129], including gradient
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expansions [130,131] and follow-up papers by these authors, as well as the recent papers
on gradient expansions [132,133].

Summarizing the Lagrange–Newton system briefly, we note that the one-parameter
family of diffeomorphisms, X 7→ x = f(X, t) allows to reduce Eulerian fields to definitions or
provide exact integrals for them, e.g., the velocity field v, the acceleration field (equivalent
to the Newtonian field strength g for a dust matter model), the density $, and the vorticity
ω = ∇× v can be derived from the knowledge of the family of trajectories f:

x := f(X, t) ; v := ḟ(X, t) ; a := f̈(X, t) ; $(X, t) =
$̊

J(X, t)
; ω =

ω̊ ·∇0f
J(X, t)

; etc. , (1)

where $̊ and ω̊ stand for the initial values of the density and vorticity fields, ∇0 for the
nabla operator with respect to the Lagrangian coordinates, and J is the determinant of the
Jacobian matrix ( f a

|j),

J := det( f a
|j)(X, t) =

1
6

εijkεklm f i
|k f j
|l f k
|m , (2)

where we have denoted the spatial derivative with respect to Xi by a vertical slash |i, the par-

tial time derivative by an overdot, εijk being the Levi–Cività symbol.5 The remaining field
equations of the Euler–Newton system, ∇× g = 0 ;∇ · g = Λ− 4πG$, become evolution
equations in the Lagrangian picture, comprising the closed Lagrange–Newton system:

δab f̈ a
|[i f b

|j] = 0 ;
1
2

εabcεikl f̈ a
|i f b
|k f c

|l = ΛJ − 4πG$̊ . (3)

We notice that this is a system of equations for the gradient d f a, i.e., involving matrices
for the derivatives of f that can be easily generalized to tensors as we shall see below.

A Lagrangian perturbation theory results from the ansatz that represents d f a in terms
of a homogeneous-isotropic deformation and expands the Lagrange–Newton system to a
given order in the deviation gradient field dP: df = a(t)(X + dP).

1.2.2. Lagrange–Einstein System

Moving to general relativity, we have to give up the global vector space that is needed
to construct vector perturbations and their gradients. Instead, this global vector space
reduces to the tangent space at a point on the Riemannian manifold. Thinking of Rie-
mannian space sections, we introduce a spatial metric form g with coefficients gij in an
exact (co-tangential) basis dXi ⊗ dX j. We can write any such metric as a quadratic form
of deformation one-forms or co-frame fields, g = δab ηa ⊗ ηb, i.e., in terms of coefficients,
gij = δabηa

iη
b
j. Such a metric form is Ricci-flat, i.e., its Ricci tensor vanishes everywhere, if

there exist functions f a, such that the one-forms can be written as exact forms,

ηa 7→ d f a . (4)

We call (4) the Euclidean restriction. It can be profitably used to either extrapolate
Newtonian fields written in Lagrangian form into general-relativistic expressions through
inversion of (4), or it transforms any general-relativistic (here spatial) expression into
its Newtonian counterpart. This provides a straightforward dictionary that, e.g., in a
flow-orthogonal foliation of spacetime of a dust matter model, does not need to send
the speed of light to infinity as in standard Newtonian limits [134]. We note that the
Eulerian form of the Newtonian equations, written in an inertial coordinate system, depends
on these coordinates; to cure this coordinate-dependence, we can transform to rotating
coordinates and collect the non-inertial forces in connection coefficients (the Newton–
Cartan equations, e.g., [135] and references therein). A connection also arises through
the restriction of the spatial relativistic Levi–Cività connection using (4), leading to an
integrable Newtonian connection in a Lagrangian frame [55]. For any metric, if we can find a
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coordinate transformation xi = f a≡i(X j, t) that transforms the Euclidean metric coefficients,
δijdxidxj = δab f a

|i f b
|jdXidX j, into the metric coefficients gij = δab f a

|i f b
|j, then these latter

are just a rewriting of the flat spatial metric. Given this remark, any perturbation theory that
features metric forms of the integrable form does not describe relativistic inhomogeneities;
metric coefficients of the above form describe Newtonian (Lagrangian) perturbations on a
flat background space. An intrinsic general-relativistic perturbation theory deforms the
background geometry; in other words, the perturbations live in a perturbed space, not on a
reference background. This remark also shows that perturbation terms can be identified
through their integrability in the spirit of (4) to be coordinate artifacts. We shall again
encounter these thoughts when we discuss gravitational wave solutions.

The foundational paper I, [55], and the subsequent series of papers, transforms the
following Einstein equations for the case of irrotational dust in a 3 + 1 representation, i.e.,
the 3 irrotationality conditions on the expansion tensor Θij with its trace denoted by θ, the
6 evolution equations for the 6 components of the symmetric spatial metric gij with the 4
energy and momentum constraint equations:

Θ[ij] = 0 ; (5a)

ġij = 2 gikΘk
j ; Θ̇i

j + θΘi
j = −Ri

j + ( 4πG$ + Λ ) δi
j ; (5b)

θ2 −Θi
j Θj

i = −R+ (16πG$ + 2Λ) ; (5c)

Θi
j||i − θ|j = 0 , (5d)

where Rij denote the coefficients of the spatial Ricci tensor, with R its trace; an overdot
denotes a partial derivative with respect to the coordinate time (being equivalent to the
covariant time-derivative in the present setting); a double vertical slash denotes the co-
variant spatial derivative with respect to the 3-metric, the connection is assumed to be
Levi–Cività; the dust density is given by $ = $̊J−1, J ≥ 0; J defines the coefficient function
of the 3-volume form, J ≡ √g/

√
G, with

√
g d3X the 3-volume form on the exact basis,

g := det(gij(X, t)) and G := det(Gij) = det(gij(X, ti)).
The system (5) is transformed into a set of 13 equations for the three spatial co-frame

fields, i.e., 9 evolution equations for the 9 components of the spatial co-frames and 4 equa-
tions stemming from the 4 constraint equations in the classical metric representation (5).
We call the resulting system the Lagrange–Einstein system:6

Gab η̇a
[iη

b
j] = 0 ; (6a)

1
2J

εabcεikl
(

η̇a
jη

b
kηc

l

)̇
= −Ri

j + (4πG$ + Λ)δi
j ; (6b)

1
J

εabcεmjkη̇a
mη̇b

jη
c
k = −R+ (16πG$ + 2Λ) ; (6c)(

1
J εabcεikl η̇a

jη
b
kηc

l

)
||i
=
(

1
J εabcεikl η̇a

iη
b
kηc

l

)
|j

. (6d)

In this system, we left the Ricci tensor and its trace as well as the covariant derivative
implicit, since writing them out in terms of the co-frames becomes non-transparent for our
discussion.

We can recover the previously presented Lagrange–Newton system through elimina-
tion of the Ricci curvature. We keep the first 3 equations (6a) that also hold for the second
time-derivative of the co-frame fields, and Raychaudhuri’s equation (derived from the trace
of the equation of motion (6b) combined with the energy constraint (6c)):

Gab η̈a
[iη

b
j] = 0 ;

1
2J

εabcεik`η̈a
iη

b
kηc

` = Λ− 4πG$ . (7)
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The dictionary (4) works and reproduces what we call the gravito-electric part of the
Lagrange–Einstein system consisting of 4 equations. Its Euclidean restriction is a closed
system (the Lagrange–Newton system (3)) for the three vector components f a of the
Lagrangian deformation. The 9 components of co-frame fields are solutions of this system
complemented by the gravito-magnetic part of the Lagrange–Einstein system. Perturbation
solutions are tensorial and feature a richer structure within the full system. We can trace
this back to the fact that after elimination of the trace of the Ricci tensor, we are left with
Equation (6b) for the trace-free part of the Ricci tensor. An evolution equation for trace-free
parts is not needed to find Newtonian solutions, e.g., the Newtonian tidal tensor can be
represented in terms of solutions of (3).

1.3. Summary of Results on Relativistic Lagrangian Perturbations

We now discuss the main contents of the series of papers following Paper I [55].
We only briefly mention Paper III [136] in the series that gives the n-th-order perturba-

tion and solution schemes, where emphasis is on the gravito-electric part inspired by the
corresponding perturbation and solution schemes in the Lagrange–Newton framework [73].
We discuss in more detail the results of Paper II [137] in the series that invokes spatial
averaging of the first-order solutions and provides an explicit form of the backreaction
functional. We give a brief account of the basic notions of spatial averaging and the main
results of Paper II in what follows.

Spatially averaging Einstein’s equations, we can write the result in terms of Friedmann-
like equations for a volume scale factor aD :∝ V1/3

D , suitably normalized, that appear to be
sourced by an effective perfect fluid energy-momentum tensor [24,25]; reviews are [138–140]:

3
äD
aD

= −4πG($Deff + 3pDeff) + Λ ;

3H2
D −

3kD
a2
D

= 8πG$Deff + Λ ;

$̇Deff + 3HD($Deff + pDeff) = 0 , (8a)

where the effective densities are defined as

$Deff := 〈$〉D + $Φ ; $Φ := − 1
16πG

QD −
1

16πG
WD ;

pDeff := pΦ ; pΦ := − 1
16πG

QD +
1

48πG
WD . (8b)

In this form, the effective equations suggest themselves to interpret the extra fluctuat-
ing sources in terms of a scalar field (the morphon field [141]), which refers to the inhomo-
geneities in the geometric functionalsWD and QD .7 The variableWD := 〈R〉D − 6kD/a2

D
describes the deviations of the average Ricci scalar curvature from a Friedmannian (even-
tually scale-dependent) constant curvature kD on the domain D, and the variable QD
is the backreaction functional, made up of averaged principal scalar invariants of the
expansion tensor:

QD = 2〈II〉D −
2
3
〈I〉2D . (9)

Let us look at two examples. First, we look at the LTB (Lemaître–Tolman–Bondi)
solution [144–147]. Being an exact solution, the LTB models have been used as a reference
to show that Zel’dovich-type approximations are more accurate than the standard linear
and second-order perturbation theory (although the modeling of the velocity field is not as
accurate as that for the density field) [148].
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Using the relation between the expansion tensor and the metric tensor in the coordinate
form Θi

j := 1
2 gik ġkj, the averaged scalar invariants of the expansion tensor on a simply-

connected LTB-domain can be calculated [137]:〈
I(Θi

j)
〉

LTB
=

4π

VLTB

∫ rD

0

∂r
(

ṘR2)
√

1 + 2E
dr ; (10)

〈
II(Θi

j)
〉

LTB
=

4π

VLTB

∫ rD

0

∂r
(

Ṙ2R
)

√
1 + 2E

dr ; (11)

〈
III(Θi

j)
〉

LTB
=

4π

3VLTB

∫ rD

0

∂r
(

Ṙ3)
√

1 + 2E
dr , (12)

where R and E are functions of the coordinates r, t, and where the volume is given by

VLTB =
4π

3

∫ rD

0

∂r
(

R3)
√

1 + 2E
dr . (13)

These integrals can be straightforwardly solved for E(r) = E0 = const. yielding for
the averaged invariants:〈

II(Θi
j)
〉

LTB
=

1
3

〈
I(Θi

j)
〉2

LTB
;
〈

III(Θi
j)
〉

LTB
=

1
27

〈
I(Θi

j)
〉3

LTB
. (14)

This proves that, for a spatially Ricci-flat LTB model, the backreaction term vanishes.
Second, we calculated in [137] the backreaction model provided by the Relativistic

Zel’dovich approximation (RZA), i.e., the first-order solution of the Lagrange–Einstein system:

RZAQD =
ξ̇2(γ1 + ξγ2 + ξ2γ3

)(
1 + ξ〈Ii〉CD + ξ2〈IIi〉CD + ξ3〈IIIi〉CD

)2 , (15a)

where we have defined the set of initial data featuring the initial principal scalar invariants
of the expansion tensor, their initial average 〈...〉CD := (1/VD(ti))

∫
D(ti)

...J(Xi, ti)dXi, with

J(Xi, ti) = 1 (the first term is the initial backreaction term):

γ1 := 2〈IIi〉CD −
2
3
〈Ii〉2CD = Qinitial

CD
;

γ2 := 6〈IIIi〉CD −
2
3
〈IIi〉CD 〈Ii〉CD ;

γ3 := 2〈Ii〉CD 〈IIIi〉CD −
2
3
〈IIi〉2CD . (15b)

It is interesting to point out the leading, large-scale behavior of this functional: taking
as an example an Einstein–de Sitter background (with vanishing curvature and vanishing
Λ), the leading term is RZAQD ≈ (1/a)Qinitial

CD
. It corresponds to an approximation of the

exact scaling solution of the averaged system, QD = (1/aD)Qinitial
CD

, leading to the same
scaling behavior for the average spatial scalar curvature 〈R〉D , via the following coupling
equation (following from the last equation of Equation (8a)):

0 =
1

a6
D

∂t

(
QDa6

D

)
+

1
a2
D

∂t

(
〈R〉Da2

D

)
. (16)

This shows that the averaged curvature evolution can be very different from the
evolution of a constant-curvature model, and this result can be profitably used to provide a
fit to supernova data without dark energy [149,150].

The backreaction functional (15) was implemented numerically in the GPL-licensed
code [151]. The INHOMOG library performs a numerical integration of the averaged Ray-
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chaudhuri equation for the domain-dependent volume scale factor using the RZA analytical
formula for kinematical backreaction.

As a further result, the RZA backreaction model also predicts vanishing backreaction in
the case of the averaged Ricci-flat LTB model. (For more details, see [139].) A corresponding
Newtonian derivation for the ZA model is provided in [152] and it arises from (15a) and
(15b) through the dictionary (4). The result that only a restricted class of averaged LTB
models is contained in the RZA backreaction functional forms one of the motivations that
led us to generalize the relativistic Lagrangian perturbation theory or the RZA model, to
which we come later.

Remark 1. In Newtonian cosmology, the backreaction functional QT3 also vanishes for the devia-
tions of a Friedmannian background cosmology by employing periodic boundary conditions, i.e.,
confining the deviations to a flat torus T3. This is mainly a result of the flatness of space and the fact
that the principle scalar invariants of the expansion tensor are integrable, i.e., they can be written
as divergences of vector fields as demonstrated in [71]. The backreaction functional can then be
written as integrals over flux terms that have to vanish on a toroidal space T3. The proof can be
found in [20].

Paper IV [153] in the series gives a comprehensive investigation of the linearization
of the tensorial perturbations, involving decompositions into trace and trace-free parts,
where the transverse trace-free part is identified with Lagrangian gravitational waves. This
paper also invokes Hodge theory to provide detailed insight into the integrable parts of the
solution. It also provides a detailed dictionary of the variables if compared with standard
perturbation theory, i.e., it shows which additional steps of linearization are involved to
recover the Eulerian-linearized gravitational waves solutions, and it explains the relation
of the Hodge decomposition to the standard Scalar–Vector–Tensor decomposition. This
paper also makes clear the role of the momentum constraints (6d) for the interpretation
of the trace-free part of the Ricci tensor in (6b): these latter are used to split the trace-free
part of the Ricci tensor into gravito-electric and gravito-magnetic parts, where the former
are tied to the sources (e.g., perturbations evolve according to the trace-solutions), and the
latter to freely propagating waves in the linearized system.

As an example, we give here the evolution equations for the gravito-electric and
gravito-magnetic spatially projected parts of the Weyl tensor. As Eij and Hij are symmetric
and traceless tensors, at first order, the constraints and evolution equations reduce to the
following set:

Eki|k = − 2
3a3 W |i ; (17a)

Hki|k = 0 ; (17b)

Ėij + 3HEij − 1
a ε(i

kl Hj)l|k = −4πG$H σij ; (17c)

Ḣij + 3HHij +
1
a ε(i

klEj)l|k = 0 , (17d)

where $H = ($H)i / a3 denotes the homogeneous part of the density field, W = −4πG$Hδ
is related to the density perturbation δ, and σij are the components of the shear tensor. We
obtained the following second-order propagation equations:

�0Eij − 7HĖij − 4(4πG$H + Λ)Eij = −
1
a5DijW + 4πGH$H σij ; (18a)

�0Hij − 7HḢij − 4(5πG$H + Λ)Hij = −
1
a

4πG$Hε(i
klσj)l|k , (18b)

where �0Xij := −Ẍij +
1
a2 ∆0Xij denotes the Lagrangian d’Alembertian applied to the

tensor field Xij
8.

This work also illustrates the inherently nonlinear character of a Lagrangian lin-
earization, in contrast to a linearized propagation of gravitational waves written in global
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background coordinates, as was mentioned in the Introduction: gravitational waves are per-
turbations of space and they propagate within the perturbed space in a Lagrangian-linear
approach.

Paper V [154] in the series takes pressure into account. Contrary to the Newtonian
treatment of a perfect fluid source [86], the general-relativistic approach needs to account
for a foliation change, invoking a lapse function in the simplest case [25]. This aspect is
also interesting compared with the approach of standard perturbation theory in cosmology:
pressure-supported fluids such as a radiation fluid are treated within the same foliation
of spacetime, while an intrinsic description of a dust and a radiation fluid, respectively,
physically live on different foliations. Since substantial information is drawn from Cosmic
Microwave Background radiation properties—such as the ratio of peaks in the spectrum of
baryon acoustic oscillations—and compared with late-time structure formation in a dust
matter model, such issues might alter those interpretations and it would be worthwhile to
dive deeper into this difference.

2. Non-Perturbative Generalization of Relativistic Lagrangian Perturbation Theory

Paper VI [155] in the series takes its motivation from the remarks of the spatially
averaged LTB model above, but also from an early insight of Masumi Kasai [156] that
the relativistic form of Zel’dovich’s approximation contains some of the exact Szekeres
solutions in a subcase. We face the property that Lagrangian perturbation solutions at
first order (RZA) provide an exact description in the maximally anisotropic case, while, on
average, the opposite behavior is also contained in a subclass, namely the averaged LTB
model. The paper VI [155] headed at making the link to the exact class of Szekeres solutions
precise with the main results that (i) Szekeres Class II solutions are contained in a subclass
of RZA and they furnish exact deviations from a global FLRW background cosmology for
all times, and that (ii) the spatial average of these exact deviations has to vanish. The latter
result reveals a crucial restriction of RZA: vanishing averages of deviations from a global
FLRW background imply that these models cannot describe global backreaction, i.e., the
inhomogeneous deviations evolve according to the chosen background cosmology, but the
background cosmology is not affected by the inhomogeneities. This construction implies
a conservation law for the average scalar curvature in conformity with the background
curvature evolution, which is not the case in general [157]: changes are due to the coupling
of structure formation to the average scalar curvature according to the general conserva-
tion law Equation (16). This remark is equally relevant for general-relativistic numerical
simulations that are globally constructed in the same way: the evolution of the global scalar
curvature can be used to test as to whether the simulation allows for global deviations from
the background curvature model, or whether its architecture is, by construction, limited to
conserve the imposed background curvature.

In view of these remarks, it is natural to ask whether we could generalize the relativistic
first-order solutions and their averages in such a way that, locally, also Szekeres Class I
solutions are contained in a subclass and hence also LTB models with curvature. Before we
come to the proposed generalization, we shall look into the family of Szekeres solutions.

2.1. Szekeres Solutions in the Goode and Wainwright Parameterization

The family of solutions found by Szekeres [158] and later generalized by Szafron [159]
constitutes the most general exact solution to Einstein’s equations that can be regarded as
an inhomogeneous cosmological model. The general line-element can be written in the
form9 [144,146]:

ds2 = −dt2 + e2αdz2 + e2β
(

dx2 + dy2
)

, (19)

where the metric functions α and β, in general, depend on all the comoving coordinates.
The field source of the Szekeres solution is a perfect fluid with inhomogeneous density
but an only time-dependent pressure p = p(t), which for physical models reduces to
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an irrotational but inhomogeneous dust fluid with the cosmological constant as the dark
energy model [160]—see [161] for a discussion on the limitations imposed by this property.

In these coordinates, the solution naturally splits into two classes: class I when β,z 6= 0
and class II when β,z = 0. In general, neither class has symmetries [162], and other well-
known exact solutions are contained as particular cases, e.g., the LTB model follows from the
class I, and some subclasses of the Bianchi models emerge from the homogeneous limit of
class II. In general, both classes have a well-defined FLRW limit. Szekeres models have been
used to examine several astrophysical and cosmological problems, being the first class the one
that has caught the most attention [163–182].

The original solution has been reparameterized multiple times. Among these para-
meterizations, the Goode and Wainwright parameterization [183] is the one that provides
the most direct connection with RZA. In this representation, the line-element (19) is rewrit-
ten as [144,146]

ds2 = −dt2 + S2
(
G2W2dz2 + e2ν

(
dx2 + dy2

))
, (20)

where the scale factor S obeys a Friedmann-like equation:(
Ṡ
S

)2

= − k0

S2 +
2µ

S3 +
Λ
3

, (21)

with k0 = 0,±1 and µ > 0 being an arbitrary function. In addition,

G = A(r)−F (t, z) with F := β+ f+ + β− f− . (22)

One of the most enlightening features of this parameterization is that f± (and then F )
satisfy the same equation that leads to the growing and decaying modes in cosmological
perturbation theory:

F̈ + 2
Ṡ
S Ḟ −

3µ

S3F = 0 . (23)

The functions A(r), e2ν(r), W(z), β+(z) and β−(z) differ for each class, see their
specific form in [146,183] or [155], the latter for a presentation using the notation used in
this paper. Here, we restrict ourselves to highlight the most important characteristics of
each class:

• Class I:
S = S(t, z), µ = µ(z), f± = f±(t, z), β+ = −k0 f µ,z

3µ and β− = fT,z where T (z) is the
time of the initial singularity and f (z) is an arbitrary function.

• Class II:
S = S(t), f± = f±(t), µ = const.,W = 1.

Regardless of the class, the energy density can be integrated to the following compact
expression:

4π$(t, r) =
3µ

S3

(
1 +
F
G

)
. (24)

2.2. Szekeres Models and Lagrangian Perturbation Theory

The starting point to relate the Lagrangian formalism and Szekeres exact solutions is
the comparison of their line-elements. We first identify the initial metric (Gij) and the exact
deviation (hij):

gij ≡ a2(t)γij ≡ a2(t)
(
Gij + hij

)
, (25)

and then find the Szekeres deformation field by solving the equations from the equality of
the Szekeres metric and the bilinear functional of RZA:

hij ≡ Gab

(
δa

iP
b
j + δb

jP
a
i + Pa

iP
b
j

)
. (26)
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Finally, we compare the evolution equation(s) for the thus defined Szekeres deforma-
tion field with the model equations of RZA.

At this point, it is convenient to split the analysis into the two different classes and
treat them separately.

2.2.1. Class II Models as the Exact Limit of RZA

For this class, the parameter µ is a constant, and the conformal scale factor is a function
of the time only. If we set µ equal to the energy density of the homogeneous universe
model at the initial time (3µ = 4π$b(ti)), Equation (21) is precisely the Friedmann equation.
Below, we will relabel S = a(t) and assume that a(t) is initially normalized: a(ti) = 1. The
initial metric is via Gram’s matrix determined by the direct evaluation of (20) at t = ti:

Gab = Diag
[
Ã2, e2ν, e2ν

]
with Ã := A−Fi (and Fi := F (ti)) . (27)

Comparing the line-elements (20) and (26), we obtain that the only non-vanishing
component of hij is h33 (or hzz), which is given by

h33 = −2AF̃ + F̃ 2 = Gab

(
δa

3Pb
3 + δb

3Pa
3 + Pa

3Pb
3

)
= 2Ã2P3

3 + Ã2
(

P3
3

)2
, (28)

where we have defined F̃ = F − Fi. Thus, P3
3 is the only non-trivial component of the

deformation field:
P3

3 = P = −F̃/Ã , (29)

furnishing a locally one-dimensional solution.
It can also be verified by direct substitution that P obeys the evolution equation for the

trace part of the deformation field—the only non-trivial one for Szekeres and equivalent to
Equation (23) for Szekeres models. In addition, all Szekeres fields are reproduced by the
functional expressions of RZA. This analysis can be summarized in the following remark.

Remark 2. The class II of Szekeres models is contained in RZA within its locally one-dimensional
case, and the dynamics is exclusively governed by the first principal scalar invariant of the defor-
mation field. Applying the dictionary (4), we find the exact 3D solutions without symmetry in
Newtonian cosmology [43].

Hence, Szekeres class II emerges from a proper set of the initial data, for which the
constraints are satisfied on the initial hypersurface. This result illustrates the nonlinear
nature of RZA. We note, in particular, that the metric is a bilinear functional of the linearized
perturbation, hence quadratic, and the density is given by the exact integral of the continuity
equation with the second and third principal scalar invariants vanishing. As for the
averages, since the background model is global for this class, the deviation fields lead to a
vanishing backreaction functional for periodic boundary conditions [155].

Although these solutions (Szekeres II and its Newtonian analog) are valuable for
understanding the theory, their applications as cosmological models are limited by the
difficulty of finding initial data without singularities. In Szekeres II models with a flat
associated background, the presence of a growing mode necessarily leads to singularities
on the initial hypersurface. Still, these models have found cosmological applications
considering only the regular part of the manifold [184,185].

2.2.2. Class I Models and Lagrangian Perturbation Theory

The relationship with the Lagrangian perturbation theory is more involved for class
I than for class II models. Since class I lacks a global background, all relevant dynamical
functions (S and f±) exhibit a nontrivial dependence on the spatial coordinates, making it
impossible to separate the space- and time-dependencies.
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Still, we consider the co-frame set as the fundamental dynamical field and retain the
mathematical structure of the Lagrangian perturbation theory. In this way, the field P̂a

i
is reinterpreted as a local deformation field on a Friedmann-like local “reference model”
described by Equation (21)10. Following similar arguments to those used for class II, it can
be shown that such a deformation field has only one non-trivial component, which has the
same functional expression as its equivalent for class II, Equation (29).

To dig more deeply into the connection of RZA and the exact solutions, we exploit
the silent property of Szekeres, under which each world line evolves “independently” of
the others [186–188]. Let us consider an arbitrary world line labeled by the comoving
coordinates r∗. In the evolution of this fluid line, the scale factor

â(t) := S(t, z)|z=r∗ (30)

obeys the Friedmann equations for a model with initial density 4π$b(ti) = 3µ(z)|z=r∗ : the
“reference model”. Then, the local deformation field introduced in the above paragraph
satisfies the RZA evolution equation for its trace part (the only non-trivial one). As for class
II, this evolution equation reduces to (23), and f±(t, z)|z=r∗ are interpreted as the growing
and decaying modes on the “reference model”.

Remark 3. The dynamics of the Szekeres models of class I can be interpreted as a constrained
superposition of world lines satisfying the RZA model equations sourced by different “backgrounds”,
i.e., a local Friedmann-like reference model. All the local quantities characterizing the world lines
can also be obtained from their RZA functional expressions. Averaging over these “local evolutions”
will provide a new global average model that interacts with the inhomogeneities, evolves differently
compared with a Friedmannian model and, hence, includes cosmological backreaction.

This analysis paves the way for a strategy to generalize RZA so that it can reproduce
the entire family of Szekeres solutions (and thus the LTB models) for a proper set of the
initial data.

2.2.3. Rescaled Class I Solution

To examine the relation with RZA, it is convenient to normalize the initial conformal
scale factor. While for class II this can be easily done by a re-scaling of the comoving
coordinates, for class I, the initial scale factor is a function of z: S(ti) = Si(z). Then,
we define A := S/Si, which clearly satisfies A(ti) = 1. Proceeding along these lines,
Equation (21) keeps the form of a Friedmann equation but in terms of space-dependent
curvature and density parameters, k̂(z) := k0/S2

i and 4π$̂(z) := 3µ/S3
i :

(
Ȧ
A

)2

= − k̂
A2 +

8π

3
$̂

A3 +
Λ
3

, (31)

and F remains as the superposition of the growing and decaying modes on the “reference
model” defined by (31):

F̈ + 2
Ȧ
A
Ḟ − 4π$̂

A3 F = 0 . (32)

Other minor changes to the arbitrary functions are also needed to leave the solution
unaltered.

2.3. Generalized RZA: An Exact-Solution-Controlled Model of Structure Formation11

Although RZA cannot reproduce the class I of Szekeres models, both solutions are
governed by the same set of evolution equations. Their difference purely relies on the
constraints. This is a characteristic feature of the silent class of exact solutions to Einstein’s
equations, where some local rotational symmetric and Bianchi solutions and the LTB models
have a common set of evolution equations. It is precisely the constraints that make them
different [186].
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Motivated by these results, we propose a generalization of RZA with as minimal
modifications as possible to contain Szekeres class I as a particular case, while still retaining
the mathematical structure of the Lagrangian perturbation theory. Proceeding along these
lines, the co-frames are kept as the fundamental field of the approach. Next, we introduce a
Friedmann-like “reference model” as a generalization of the homogeneous background
and the deformation field on it,

ηa = ηa
idXi = A

(
δa

i + P̂a
i
)
dXi , A = A(t, r) , P̂a

i = P̂a
i(t, r) . (33)

This “reference model” satisfies Equation (31) with a general curvature (k̂ = k̂(r)) and
density parameter ($̂(r)).

The subsequent approach consists of inserting this co-frame set into the Lagrange–
Einstein system (6) and linearizing the evolution equations in the deformation field. As in
RZA, this formal solution for P̂a

i is injected into the nonlinear functional expressions for the
physical fields, e.g., density, 3D Ricci scalar, expansion scalar, and the (bilinear) metric. We
call this approach Generalized RZA (GRZA).

It is instructive to rephrase the previous analysis in different terms. GRZA results
from adding two extra degrees of freedom to RZA; namely, the constant curvature and
density of the FLRW model are generalized by space-dependent functions:

RZA→ GRZA : k0 → k̂(r) ∧ $b(ti)→ $̂(r) . (34)

This architecture allows reproducing the class I of the Szekeres solutions and its well-
known particular cases, e.g., the LTB models. In addition, RZA and the class II of Szekeres
emerge in the limit when the curvature and density parameters of the reference model
become constant, see Figure 2.

GRZA

Sze-I
RZA

Sze-II
LTB

Figure 2. Special subcases of GRZA. GRZA contains class I of the Szekeres (Sze-I) solutions and all
its subcases, such as the LTB models. In addition, RZA and the class II of Szekeres (Sze-II) emerge in
the limit when k̂(r)→ k0 = const. and $̂(r)→ $b(ti) = const.

An Example of GRZA Numerical Simulation

GRZA has enormous potential to model the large-scale structure formation in general
relativity without suffering from the constraints of a global background architecture. As a
proof of principle, we show a simple numerical example obtained from a set of Szekeres-like
initial data at the last scattering time. This family of models is characterized by a locally
one-dimensional deformation field, where the Szekeres exact expression is modified to
include a fluctuation proportional to the growing and decaying modes:

P̂(t, r) =
F̂ − F̂i

A− F̂i
, F̂ = F + δF , δF = δβ+ f+ + δβ− f− . (35)

In the equation above, F = β+ f+ + β− f− is the Szekeres function introduced in (22).
As thus built, these models retain the characteristic foliation of the hypersurfaces

by non-concentric two-spheres of the quasi-spherical models, but generalize the Szekeres
solution in the way these 2-spheres are arranged. Figures 3 and 4 show the present-day
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projection of the density contrast in the equatorial plane for different solutions with differ-
ent deviations. The function δβ+ is assumed to have the form β+ ∝ α sin3(γπy) sin4(πz);
hence, the case α = 0 corresponds to the exact solution. While the models with α 6= 0 are
not exact, the violation of the constraints remains small throughout the entire evolution,
indicating that they are valid approximate solutions of general relativity. (For these simula-
tions, the largest value of the violation of the constraints at the present cosmic time is of the
order of 10−3 for the case depicted in Figure 4).

Figure 3 illustrates the breaking of the Szekeres “dipolar symmetry”. As can be seen
in the sequence of Figure 3a–c, the characteristic Szekeres pancake-shaped overdensity
splits into three structures (at the present cosmic time) as the value of α increases. Then,
Figure 4 shows the density contrast for a larger value of α, leading to a network of structures
undergoing nonlinear collapse. To achieve a better visualization, in this graph, we have
used a different color scale than the one used in Figure 3—the scale is shown in the right
bar of each graph.
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Figure 3. Density contrast in the equatorial plane at the present cosmic time. The case α = 0
corresponds to an exact Szekeres model; then, the Szekeres pancake-shaped overdensity splits into
three structures. The coordinates are defined as X = A(t0, z)z cos φ and Y = A(t0, z)z sin φ.
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Figure 4. Density contrast in the equatorial plane at the present cosmic time for α = 5.2× 10−3. The
coordinates are defined as in Figure 3.

3. Summary, Discussion and Outlook

After a historical review on the development of the Lagrangian perturbation theory in
Newtonian cosmology, we recalled the Lagrange–Newton system (3) governing the defor-
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mation gradient d f a, which is the starting point of a Lagrangian perturbation expansion
on a global background cosmology. Since the deformation gradient is the only dynamical
variable, we are entitled to calculate any field variable through its exact definition for a
given order of the perturbative expansion.

Through the introduction of a simple dictionary, which replaces the exact one-form
fields d f a by general co-frame fields ηa, we obtain a general-relativistic form of the La-
grangian deformation and its perturbative expansions. We recalled that the same logic
applies to the Einstein equations, exemplified for an irrotational dust continuum in a flow-
orthogonal foliation of spacetime, namely that the Einstein equations can be represented
through the Lagrange–Einstein system (6) for the co-frame fields as the only dynamical
variable. Consequently, we are entitled to calculate any variable in terms of exact func-
tionals of the co-frame fields, e.g., the metric as a bilinear quadratic form of the co-frames,
the expansion and Ricci tensors, etc., valid for any order of the perturbative deformation
that we consider. We remark that the Lagrange–Einstein system can be generalized for
general energy-momentum tensors and general foliations of spacetime, including tilted
foliations (for a comprehensive investigation and the definition of the Lagrangian picture
in the general situation, see [15,16]).

We reviewed the main contents of a series of papers on the general-relativistic form
of the Lagrangian perturbation theory on a global background cosmology. In particular,
we also considered average properties of the Lagrangian first-order solutions that gave
rise to a compact backreaction functional capturing the deviations from the assumed
background cosmology. We listed a few known theorems: backreaction vanishes for
Newtonian cosmological models that employ periodic boundary conditions. The same
applies for spherically symmetric models on a flat space section. These results carry over
to corresponding theorems in general relativity, i.e., for simulations that impose the torus
architecture on flat space sections, and for flat LTB models. In a next step, we looked at
the class of Szekeres solutions, and we have shown that Szekeres Class II is contained in
a subclass of the first-order relativistic Lagrangian perturbation solutions (RZA model).
Integral constraints can be imposed to comply with the torus architecture of relativistic
simulations that are conceived as deviations from a global background cosmology.

We then motivated a non-perturbative generalization of the Lagrangian perturbation
theory with the aim to also include Szekeres Class I and general LTB models. This could be
achieved by using the Goode–Wainwright parameterization of the Szekeres solutions, since
this allowed us to represent the solutions in terms of a Friedmann-like equation for the
“background” and deviations thereof that also comply with the form of the perturbation
equations known in Lagrangian perturbation theory. We presented the results that (i)
Szekeres Class II solutions with a homogeneous scale factor correspond to the general-
relativistic form of the Lagrangian first-order perturbation solutions, while (ii) Szekeres
Class I solutions with an inhomogeneous scale factor still allow us to employ the Lagrangian
formalism, but only locally.

We gave a numerical example of a Szekeres Class I model on the scale of a collapsing
structure in comparison with initial data that were slightly deformed within the class of the
corresponding Lagrangian perturbation solution. These deformations we controlled via
the condition of smallness of violation of the energy constraint.

To proceed further towards a generic situation for the formation of large-scale structure
in the Universe, we have to implement a local background and a corresponding deviation
dynamics that is sourced by this local background evolution for a large-scale simulation. As
this construction is local, we have to average the resulting dynamics to obtain the physical
average cosmology. By construction, the resulting generalization of the Lagrangian model
(GRZA) contains Szekeres Class I solutions in a subclass, but it also provides an exact-
solution-controlled approximation that features an evolving average distribution. The
result is a model that is able to quantify the global cosmological backreaction. It thus
realizes the expectation that fluctuations “talk” to the “global background”, conceived as
the average model.
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Further investigations are needed to numerically realize this new approximation.
We point out that an alternative implementation is possible: instead of locally splitting
the dynamics into a “local background” and deviations thereof, we may directly use the
averaged variables such as the backreaction functional. This approach is quasi-local in the
sense that average properties are implemented on a domain of the size of the resolution
scale that we choose. The limit where the averaging domain D tends to zero agrees with
the local dynamics, so that we may apply averages to sufficiently small domains, then
summing up the quasi-local results by using the exact volume-partitioning formula for the
backreaction functional [157], and the exact volume-partitioning formulas of a multiscale
dynamics [190]. Control on this procedure is provided by the spatially averaged constraints
of general relativity.

A further alternative that is independent of the here proposed strategy is iterative
rather than perturbative in nature: we can set up the deviation dynamics on a large-scale
or “global background model” that is identified with the exact average dynamics. This
approach has been outlined in [18].
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Notes
1 For further discussion of and references to the singularity problem, see [55], Section VB.
2 In this context, it is important to remark that the best numerical methods are simulations in phase space that provide a controlled

and detailed access of the formation of structure via a projection into space [60]. Since the phase space is six-dimensional, this,
however, provides limits of resolution. For recent simulations, see [61,62] and the review [63]. For a discussion of eigenvalues of
the deformation tensor, see [64].

3 In order to achieve even higher resolution, it is possible to interpolate initial data, since they are smooth and the analytical scheme
maps any (calculated or interpolated) point to the nonlinear stage.

4 Recently, using newer numerical methods, Ref. [111] provided a detailed generalization of the 2D pancakes of [51].
5 We have distinguished counter-indices a, b, c, · · · , here counting vector components, from coordinate indices i, j, k, · · · . We shall

later see that this is convenient when a coordinate basis does not exist; here, the vector components are also coordinate indices in
the Eulerian basis.

6 Starting with Paper II in the series, we employ the metric form coefficients gij = Gabηa
iη

b
j, using Gram’s matrix Gab instead of δab

for orthonormal co-frames. It has the advantage that the initial deformation can be set to be undeformed and therefore provides a
closer correspondence to Newtonian solutions. The initial metric is then not encoded in initial deformations but in Gram’s matrix
(for details, see [136,137]; for the Euclidean restriction (integrable limit) of Gram’s matrix, see Appendix A [136]), and for the
integrable limit of the gravito-magnetic part, see Sect. III.A.2 [55].Note also that Equations (6a) imply Gab η̈a

[iη
b
j] = 0 .

https://github.com/idgaspar/Beyond_relativistic_Lagrangian_perturbation_theory
https://github.com/idgaspar/Beyond_relativistic_Lagrangian_perturbation_theory
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7 This rewriting of the backreaction terms in the form of a minimally coupled effective scalar field can be profitably used to establish
quintessence models without dark energy, or inflationary models without fundamental scalar field [142], or models mimicking
dark matter [143].

8 The coefficients in front of the third terms in Equations (18a) and (18b) differ since the first equation features a term ∝ σ̇ij that can
be replaced through σ̇ij = −Eij, see Equation (111) in [55], which changes the coefficient 5πG$H + Λ to 4πG$H + Λ.

9 Henceforth, we use units where c = G = 1.
10 To avoid confusion, we use P̂a

i to refer to the deformation field with respect a generic reference model and reserve Pa
i for the

deformation with respect to the FLRW background.
11 In this section, we highlight some of the salient results of a detailed investigation [189].
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173. Hellaby, C.; Krasiński, A. Physical and geometrical interpretation of the ε ≤ 0 Szekeres models. Phys. Rev. D 2008, 77, 023529.

[CrossRef]
174. Ishak, M.; Richardson, J.; Garred, D.; Whittington, D.; Nwankwo, A.; Sussman, R.A. Dark energy or apparent acceleration due to

a relativistic cosmological model more complex than the Friedmann-Lemaître-Robertson Walker model? Phys. Rev. D 2011, 84,
089902. [CrossRef]

175. Koksbang, S.M.; Hannestad, S. Methods for studying the accuracy of light propagation in N-body simulations. Phys. Rev. D 2015,
91, 043508. [CrossRef]

176. Koksbang, S.M.; Hannestad, S. Studying the precision of ray tracing techniques with Szekeres models. Phys. Rev. D 2015, 92,
023532. [CrossRef]

177. Koksbang, S.M. Light propagation in Swiss-cheese models of random close-packed Szekeres structures: Effects of anisotropy and
comparisons with perturbative results. Phys. Rev. D 2017, 95, 063532. [CrossRef]

178. Sussman, R.A.; Bolejko, K. A Novel approach to the dynamics of Szekeres dust models. Class. Quant. Grav. 2012, 29, 065018.
[CrossRef]

179. Sussman, R.A.; Delgado Gaspar, I. Multiple nonspherical structures from the extrema of Szekeres scalars. Phys. Rev. D 2015, 92,
083533. [CrossRef]

180. Sussman, R.A.; Delgado Gaspar, I.; Hidalgo, J.C. Coarse-grained description of cosmic structure from Szekeres models. J. Cosmol.
Astropart. Phys. 2016, 03, 012. [CrossRef]

181. Vrba, D.; Svítek, O. Modelling inhomogeneity in Szekeres spacetime. Gen. Rel. Grav. 2014, 46, 1808. [CrossRef]
182. Walters, A.; Hellaby, C. Constructing realistic Szekeres models from initial and final data. Phys. Rev. D 2012, 1212, 001. [CrossRef]
183. Goode, S.W.; Wainwright, J. Singularities and evolution of the Szekeres cosmological models. Phys. Rev. D 1982, 26, 3315.

[CrossRef]
184. Meures, N.; Bruni, M. Exact nonlinear inhomogeneities in ΛCDM cosmology. Phys. Rev. D 2011, 83, 123519. [CrossRef]
185. Meures, N.; Bruni, M. Redshift and distances in a ΛCDM cosmology with non-linear inhomogeneities. Mon. Not. R. Astron. Soc.

2012, 419, 3. [CrossRef]
186. Bolejko, K. Relativistic numerical cosmology with Silent Universes. Class. Quant. Grav. 2017, 35, 024003. [CrossRef]
187. Bruni, M.; Matarrese, S.; Pantano, O. Dynamics of silent universes. Astrophys. J. 1995, 445, 958. [CrossRef]
188. van Elst, H.; Ellis, G.F.R. The Covariant approach to LRS perfect fluid space-time geometries. Class. Quant. Grav. 1996, 13, 1099.

[CrossRef]
189. Delgado Gaspar, I.; Buchert, T.; Ostrowski, J.J. Beyond relativistic Lagrangian perturbation theory. I. An exact-solution controlled

model for structure formation. Phys. Rev. D 2022, submitted.
190. Wiegand, A.; Buchert, T. Multiscale cosmology and structure-emerging Dark Energy: A plausibility analysis. Phys. Rev. D 2010,

82, 023523. [CrossRef]

http://dx.doi.org/10.1103/PhysRevD.82.103510
http://dx.doi.org/10.1016/j.physletb.2011.02.007
http://dx.doi.org/10.1103/PhysRevD.87.023524
http://dx.doi.org/10.1007/s10714-019-2647-6
http://dx.doi.org/10.1103/PhysRevD.97.104029
http://dx.doi.org/10.1088/0264-9381/13/9/017
http://dx.doi.org/10.1103/PhysRevD.66.084011
http://dx.doi.org/10.1103/PhysRevD.77.023529
http://dx.doi.org/10.1103/PhysRevD.84.089902
http://dx.doi.org/10.1103/PhysRevD.91.043508
http://dx.doi.org/10.1103/PhysRevD.92.023532
http://dx.doi.org/10.1103/PhysRevD.95.063532
http://dx.doi.org/10.1088/0264-9381/29/6/065018
http://dx.doi.org/10.1103/PhysRevD.92.083533
http://dx.doi.org/10.1088/1475-7516/2016/03/012
http://dx.doi.org/10.1007/s10714-014-1808-x
http://dx.doi.org/10.1088/1475-7516/2012/12/001
http://dx.doi.org/10.1103/PhysRevD.26.3315
http://dx.doi.org/10.1103/PhysRevD.83.123519
http://dx.doi.org/10.1111/j.1365-2966.2011.19850.x
http://dx.doi.org/10.1088/1361-6382/aa9d32
http://dx.doi.org/10.1086/175755
http://dx.doi.org/10.1088/0264-9381/13/5/023
http://dx.doi.org/10.1103/PhysRevD.82.023523

	Introduction
	A Brief History of Lagrangian Perturbation Theory for Newtonian Flows
	Relativistic Generalization of Lagrangian Perturbation Theory
	Lagrange–Newton System
	Lagrange–Einstein System

	Summary of Results on Relativistic Lagrangian Perturbations

	Non-Perturbative Generalization of Relativistic Lagrangian Perturbation Theory
	Szekeres Solutions in the Goode and Wainwright Parameterization
	Szekeres Models and Lagrangian Perturbation Theory
	Class II Models as the Exact Limit of RZA
	Class I Models and Lagrangian Perturbation Theory
	Rescaled Class I Solution

	Generalized RZA: an exact-solution controlled model of structure formation

	Summary, Discussion and Outlook
	References

