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Abstract 

We implement a hybrid Molecular Dynamics /Monte Carlo simulation to study the microscopic 
dynamics and the macroscopic rheology of vitrimers with a fast bond exchange rate. We show 
that the linear viscoelastic properties and mean square displacement of the vitrimers collapse 
onto master curves by applying the same shift factors that follow the William-Landel-Ferry 
equation at low temperatures and Arrhenius-like behavior at high temperatures. The linkage 
between the microscopic dynamics and the linear rheology of vitrimers is established using the 
generalized Stokes-Einstein relationship, which efficiently extends the timescale of simulations 
and predicts the viscoelasticity. The values of the shift factors are related to the characteristic 
decay time of the intermediate scattering function which is accessible in scattering experiments. 
The same results hold in the case of an all-atom model of an ionic liquid. Our methodology 
provides a microscopic basis for the time-superposition principle and predicts the macroscopic 
rheology of thermo-rheologically simple vitrimers.   
 
Keywords: Covalent adaptable networks, Thermoset, Vitrimer, Time-temperature-
superposition, Microscopic dynamics, Viscoelasticity 
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I. Introduction 

Vitrimers are polymeric networks involving dynamic crosslinks which undergo reversible swap 

reactions at constant crosslink density, causing a change in their topology without loss of 

network integrity.1 On heating, exchange reactions, which are thermally activated, become 

faster, allowing the network to rearrange its topology, relax stresses, and behave very much 

like a viscoelastic thermoplastic. On cooling, reactions slow down, and topological 

rearrangements become frozen, causing the vitrimer to behave like a thermoset. The thermoset-

thermoplastic transition has been characterized by a topology freezing temperature, Tv, which 

is larger than the glass transition temperature Tg.1, 2 These unique features make vitrimers 

interesting candidates for the design of amorphous and semicrystalline materials that combine 

dimensional stability at high temperatures, solvent resistance, ability to be reshaped and 

processed.3-8 Following the pioneering work of Leibler and coworkers, who first synthesized 

vitrimers based on transesterification reactions,1, 2 tremendous efforts have been made to design 

and implement various exchange reactions on a great variety of polymer backbones and 

architectures. Important developments of vitrimer chemistry, materials, and applications are 

discussed in recent reviews.9-13 

A great challenge in applications is to develop vitrimers that relax mechanical stresses 

and exhibit small viscosity at relatively low temperatures. Small amplitude oscillatory shear 

measurements, stress relaxation, and creep are widespread methods for analyzing the 

macroscopic rheology of vitrimers. The stress relaxation times and the viscosity show an 

Arrhenius behavior reflecting thermal activation. Molecular dynamics simulations in 

conjunction with Mode-Coupling Theory have been used to explain this strong temperature 

dependence.14 Besides temperature, relaxation in vitrimers has been shown to depend on many 

parameters: the presence and the nature of a catalyst,2, 15 the bond exchange kinetics,16-18 the 

structure19-23 and the dynamics of the network,24, 25 and the characteristics of the molecular 
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linkers used in linker-mediated vitrimers.26, 27 Sciortino and coworkers introduced models to 

account for the dependence of the viscosity on the bond exchange time scale and showed that 

topological defects accelerate relaxation.28, 29 Time-temperature superposition has been used to 

empirically extend the frequency window of observation in so-called thermo-rheologically 

simple vitrimers,25, 30, 31 but it fails for vitrimers with many relaxation processes involving 

several temperatures dependences.24, 26 Clearly a predictive understanding of the molecular 

mechanisms that control the macroscopic rheology of vitrimers is highly desirable. In this 

context, it appears crucial to go a step forward beyond macroscopic rheology by relating the 

microscopic molecular dynamics of vitrimers to their linear viscoelastic properties. 

In this paper, we address this question by capitalizing on the coarse-grained molecular 

dynamics/Monte Carlo simulation we developed earlier.32 We address the situation where the 

bond exchange is faster than the network dynamics. We compare the behavior of a permanently 

bonded thermoset and a vitrimer with bond exchanges, computing the storage and loss moduli, 

'( )G ω  and ''( )G ω , the mean square displacements 2 ( )r t∆  of the exchangeable monomeric 

units, the self-part of the van Hove function ( , )sG r t , and the intermediate scattering function 

( , )sF tk . The microscopic dynamics of the exchangeable bonds are analogous to the cage 

dynamics of colloids. We demonstrate that time superposition indistinctly applies to '( )G ω , 

''( )G ω , and 2 ( )r t∆  with the same shift factors that are simply related to the microscopic 

decay time of ( , )sF tk , which represents the microstructural relaxation time. Applying the 

generalized Stokes-Einstein relationship, we consistently recover the viscoelastic properties 

obtained by mechanically deforming the networks at small deformation from the microscopic 

dynamics. This demonstrates that the local motion of exchangeable groups at different 

temperatures controls the long-time relaxation of vitrimers. We discuss the relevance and the 
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validity of our results in relation to existing experiments. Preliminary results obtained for ionic 

liquids suggest that our results are general and may apply to other classes of soft materials. 

II. Simulation details 

A. Model description and method: A bead-spring model is first implemented to construct a 

three-dimensional network consisting of 1944 polymer chains with 5 monomeric units, called 

5-mers, mixed with 972 tetra-functional crosslinkers (see Figure 1). This network mimics the 

microstructure of epoxy thermosets and vitrimers developed experimentally.1  The non-bonded 

monomers interact through a shifted Lennard-Jones (LJ) potential. Bonded monomers interact 

through the finitely extensible nonlinear elastic (FENE) bond model.33  The dimensionless 

distance ( r ), energy (U ), and time ( t ) are determined by normalizing the distance ( r ), 

potential energy (U ) which is the summation of the bonded and nonbonded interactions, and 

time ( t ) by the diameter of the monomers LJσ , the well-depth of the LJ potential LJε , and 

2
LJ LJmσ ε  (m is the mass of the bead), respectively, in the simulations. The mixture of 

crosslinkers and 5-mers chains is initially relaxed in an NPT ensemble (at constant number of 

particles, pressure, and temperature) until the number density ρ  of the system reaches 0.844.34 

After this initial relaxation, the simulated annealing polymerization technique is used to 

efficiently connect the reacting beads of crosslinkers and 5-mers.35, 36 The newly created bonds 

are then reduced in a stepwise fashion to an average FENE bond length of 0.96 LJσ  by applying 

a harmonic potential in a series of NVT ensembles. This final polymer network does not contain 

any loops or unreacted beads, and it is used as a reference to simulate the properties of a classic 

thermoset. During all simulations, a Nosé-Hoover thermostat and barostat are used to control 

temperature and pressure, respectively, with a time step 0.005dt = .  
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As the main feature of the vitrimer system is to have a constant number of exchangeable 

bonds at all temperatures, we use a discrete Monte Carlo (MC) step where at every 100 

molecular dynamics (MD) step, the total energy cost of the bond exchange is determined as: 

 ( ) ( ) ( ) ( ), , , ,Exchange New New Old OldU U i l U j k U i j U k l∆ = + − −     , (1) 

where ExchangeU∆   is the change in the total energy of the system after the proposed move, and 

(i,j) and (k,l) are assumed to be two pairs of reactive beads connected by exchangeable bonds 

(see Fig. 1A) to different crosslinkers. This energy change involves recalculating the bonded 

(FENE) bond and non-bonded potentials (LJ). If 0ExchangeU∆ ≤ , the proposed move is accepted 

right away, otherwise, the move is accepted with a probability based on the Metropolis 

acceptance criterion.32, 37, 38The detailed balance in the bond exchange reaction is respected by 

determining the MC move criteria based on the ( ){ }min 1,exp Exchange BU k T−∆   with Bk  being 

the Boltzmann constant. According to the detailed balance principle, the flow of configurations 

between two states, K, is the same, i.e.,  ( ) ( )K i j K j i→ = → . This equality can be further 

expanded and rewritten as ( ) ( ) ( ) ( )n i Acc i j n j Acc j i× → = × → , where ( )n i  is the 

probability of the state i and ( )Acc i j→  represents the acceptance probability for the move 

i j→ . In the algorithm, we assume that the transition matrix for the Markov chain is 

symmetric; thus, the detailed balance equation reduces to the latter form (note that 

( ) ( )~ exp i Bn i U k T−  ). Considering the acceptance probability in our simulations, 

( ){ }min 1,exp Exchange BU k T−∆  , leads us to ( )
( )

exp Exchange

B

UAcc i j
Acc j i k T

 ∆→
= −  →  



 which indeed 

satisfies the detailed balance.32, 37, 38   
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Figure 1. (A) Bond exchange reaction between the reactive units of the 5-mer chain (blue color) and 
tetra-functional crosslinkers (red color). (B) Mesoscopic view of the network at small scale before and 
after the bond swap. (C) Macroscopic view of the vitrimer network.   
 
B. Dynamic moduli calculation. Small amplitude oscillatory shear (SAOS) simulations are 

performed using non-equilibrium molecular dynamics (NEMD)39 by implementing the 

SLLOD equations of motion.40, 41 The strain applied has the sinusoidal form of 

( ) ( )0 sint tγ γ ω=  , where 0γ  is the strain amplitude and ω  is the dimensionless frequency of 

the oscillatory shear deformation, 2
LJ LJmω ω σ ε= . The value of the strain amplitude 0γ  is 

set to 3% to ensure a linear viscoelastic regime.32 The stress response of the system is computed 

by averaging the stress data obtained in 40-150 cycles of oscillations depending on the applied 

frequency, and fitting the average to ( ) ( )0 sint t δσ σ ω= +  , where 3
0 0 LJ LJσ σ σ ε=  is the non-

dimensional stress amplitude and δ  is the phase angle. For that, we implement a fitting 

procedure based on the Trust Region Reflective (TRF) algorithm, where initial guesses are 

provided together with bounds. The maximum number of iterations for converging the fit is set 

to 1000. In practice, all the data are well-fitted to the sinusoidal stress response below this limit. 

The stress response is also checked using Fourier transform to ensure that there are no higher 

order harmonics. Results have been averaged over three independent replicas. Using these 

parameters, the dimensionless elastic ( )G ω′   and viscous ( )G ω′′   moduli of the networks are 

determined using: 
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( ) 0

0

cosG σ δω
γ

′ =




  (2) 

( ) 0

0

sinG σ δω
γ

′′ =




 . (3) 

III. Results and discussion:  

III.A Transition temperatures: The networks are quenched from / 2.0B LJT k T ε= =  to 

0.15T =  in a stepwise fashion. The number density of polymer beads as a function of 

temperature is plotted in Figure 2A. Both the thermoset and the vitrimer network exhibit a glass 

transition at 0.48 0.01gT = ± , determined from the intercept between the low and high 

temperature behaviors (see Figure 2A). We determine the variations with temperature of the 

coefficient of thermal expansion, 1

P

V
V T

α
 ∂

=  ∂ 




  , from the density variations. As seen in Figure 

2B, α  reaches a maximum at a temperature slightly larger than the glass transition temperature 

gT . At temperatures above the glass temperature, the thermal expansion coefficient of the 

thermoset, decreases and reaches a plateau. Due to bond exchange reactions, more free volume 

is available at the cross-linking points in the vitrimer network than in the thermoset, which 

leads to an increase in the specific volume. Consequently, the thermal expansion coefficient α  

of the vitrimer, first decreases, goes through a minimum and then increases. We associate the 

topology freezing temperature to the temperature where the initial decay of α  and the 

subsequent increase intercept: 0.65vT = . Above this temperature, the rate of bond exchange 

becomes comparable with the timescale of the simulations, and therefore the topology of the 

network changes more frequently; at the same time, the network integrity is preserved.  
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Figure 2. (A) Reduced number density ρ  ( 3N Vρ σ= , where V is the volume of the 
simulation box) and (B) thermal expansion coefficient α̃ as a function of reduced temperature. 
Error bars are smaller than the symbol size. 

 

III. B Linear viscoelasticity. We compute the elastic and viscous moduli of the networks 

versus frequency using small amplitude oscillatory shear simulations. Figure 3 shows the 

variations of the non-dimensional storage and loss moduli, 3' ' /LJ LJG G σ ε=  and 

3'' '' /LJ LJG G σ ε=  where LJσ  is the diameter of a monomer and LJε  is the energy well depth 

of the LJ potential, at different temperatures, for the thermoset and vitrimer networks. At low 

temperatures, the storage moduli of the thermoset and the vitrimer both go to a plateau value 

associated with glassy behavior. At high temperatures and in the low frequency regime, the 

storage modulus of the thermoset exhibits a plateau revealing rubbery behavior; by contrast the 

storage modulus of the vitrimer decreases suggesting the approach of terminal relaxation. 

While the storage moduli show a clear difference between the rheology of vitrimer and 
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thermoset, the loss moduli have similar variations. At low temperatures, the loss moduli 

increase with frequency, go through maxima and then decrease; at intermediate and high 

temperatures they decrease with decreasing frequency.   

 

Figure 3. (A) and (B): storage moduli, ( )G ω′   , (C) and (D): loss moduli ( )G ω′′   of the model 

thermoset and vitrimer as a function of reduced frequency 2
LJ LJmω ω σ ε=  at different temperatures. 

 
To rationalize the dependence of the viscoelastic moduli on temperature, we use time-

temperature superposition (TTS). Van Gurp-Palmen plots of the phase angle δ  

(tan ''/ ')G Gδ =    versus the complex modulus *G , as shown in Figures 4A-B for the thermoset 

and vitrimer, respectively, provide a good collapse of the data computed above the glass 

transition onto a unique master curve, supporting the validity of TTS for both the thermoset 

and the vitrimer.  

A B

DC

𝜔1.6

𝜔0.8
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Figure. 4. van Gurp-Palmen plots of phase angle δ  versus the magnitude of the complex *G modulus 
for the (A) thermoset and (B) vitrimer networks. Above the glass transition, the sets of data computed 
at different temperatures collapse on a master curve. 

We set a reference temperature 0 0.6T = , and starting from the high-frequency domain, we shift 

the storage and loss moduli data computed at different temperatures with respect to their value 

at the reference temperature in order to obtain continuous curves in log-log scale 

representation. The moduli are multiplied by a factor 0 0Tb T Tρ ρ=  

   where ρ  and 0ρ  are the 

number densities at T and 0T , respectively, which can be computed from the volumetric 

properties. 'Tb G  and ''Tb G  are shifted along the frequency axis by the same shift factors Ta  

which will be analyzed below. Figure 5 shows the variations of '( )Tb G ω  and ''( )Tb G ω  for the 

thermoset and the vitrimer networks as a function of the rescaled frequency Ta ω .  

A

B
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The viscoelastic properties of the thermoset and vitrimer networks at high frequencies 

are similar. The high frequency/low temperature range corresponds to the glass regime where 

'G  reaches a high plateau value and ''G  decreases with the frequency after reaching a 

maximum. Below the glass regime, there is an intermediate frequency range where the moduli 

decrease as power laws. The exponent is close to 0.5 for the thermoset, which is reminiscent 

of Rouse relaxation, and larger than 0.5 for the vitrimer. However, the strands connecting the 

crosslinks may be too short to exhibit Rouse relaxation and it is more likely that the observed 

variations are fortuitous and simply reflect the transition between the high frequency and low 

frequency domains. Additional simulations using networks with longer strands would clarify 

this issue. 

For the thermoset, which is irreversibly crosslinked, the intermediate frequency range 

is followed at lower frequencies by a rubbery plateau that extends down to the lowest accessible 

frequencies. For the vitrimer network, it is interrupted by the approach of terminal relaxation 

caused by exchange reactions. At the lowest accessible frequencies, the storage and loss moduli 

vary like 1.6( )G ω ω′ ∝ and 0.8( )G ω ω′′ ∝ , respectively. These variations are different from those 

expected for terminal relaxation where 2( )G ω ω′ ∝ and 1( )G ω ω′′ ∝ . Clear terminal relaxation 

is not observed which indicates that there exists a broad distribution of relaxation times in the 

vitrimer. Simulations at much lower frequencies would enable to fully capture the terminal 

relaxation regime.  

The difference between the behavior of vitrimer and thermoset at low frequencies can 

be attributed to the bond exchange rate which is equal to the reciprocal of the bond lifetime. 

The bond lifetime bτ  can be determined from the decay of the bond autocorrelation function 

as described in our previous works (see also Figures S1 and S2 in Supporting Information).32, 

42 At frequencies larger than 1
bτ
−
 , the vitrimer behaves similarly to the thermoset given that 
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the exchange time is longer than the deformation timescale, while at lower frequencies, bond 

exchange control the viscoelastic properties of the vitrimer. 

  

Figure 5. Master curves of rescaled storage ( 'Tb G ) and loss ( ''Tb G ) moduli, as a function of the 
reduced frequency Ta ω  in the model thermoset (A and C) and vitrimer (B and D). The generalized 

Stokes-Einstein predictions are shown with continuous lines. The reference temperature is 0    0.6T = . 
The blue arrow in B indicates the frequency corresponding to the average bond lifetime determined 
from the decay of the bond autocorrelation at the reference temperature (see Figures S1 and S2 in 
Supporting Information). 
 

III. C Local displacements. We compute the mean square displacement (MSD), 2r∆  , of the 

reactive beads that participate in the bond exchange reaction (i.e., i, j, k, and l beads in Figure 

1A) at different temperatures for both the thermoset and the vitrimer, as a function of time, as 

seen in Figure 6. We scale the MSD values with respect to the square of the particle diameter, 

2
LJσ . The thermoset network shows limited motion at all temperatures due to permanent 

crosslinking. At low temperatures, the MSDs of the vitrimer and thermoset are similar, while 

A B

C D

slope = 0.5

C

𝜔1.6

𝜔0.8

𝜔0.5𝜔0.5

𝜔0.5

𝜏𝑏 
−1
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at high temperatures the vitrimer network shows a nearly diffusive behavior. Given that the raw 

MSD curves seem to be superimposable by translation along the time scale (in log 

representation), we aim to construct master curves of the MSD for these two networks. By 

shifting the MSD data by factors Ta′  along the horizontal axis in log scale representation with 

respect to the reference curve computed for 0 0.6T = , we construct the master curves which are 

shown in Figures 6C and 6D. At very short times, both the thermoset and vitrimer networks 

are frozen in a glassy state and their MSDs exhibit a constant plateau that corresponds to the 

thermal vibration of the monomers with an amplitude of the order of 0.1 LJσ . As time increases, 

the mobility is enhanced in both networks due to thermal motion and it becomes subdiffusive 

with 2 0.5r t∆   ; this regime corresponds to the intermediate frequency range in the 

viscoelastic spectra depicted in Figure 5. In the permanently crosslinked thermoset, the MSD 

values reach a constant plateau at long times showing that the displacements of monomers are 

spatially restricted. By contrast, when the vitrimer readjusts its topology upon heating, causing 

higher mobility of the reactive monomers, it shows a nearly diffusive behavior with 2r t∆ 


 . 

In analogy with the caged dynamics of dense colloids,43 each monomer can be viewed as 

embedded in a cage formed by the other units connected with the crosslinkers. The cage size 

is given by the maximum exploration of the monomers at long times, which is about two to 

three times their diameter. In thermosets, the cage lifetime is infinite, and the network segments 

only show cage-rattling motion. In vitrimers, bond exchange occurs as the temperature rises so 

that cages open and reactive monomers can escape and travel over long distances.  
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Figure 6. Mean squared displacement (MSD) ( )2r t∆ 

  of the reactive monomeric units that can 
participate in exchange reactions in thermoset (A) and vitrimer (B). Master curves of the MSD of (C) 
thermoset and (D) vitrimer. The reference temperature is 0    0.6T = . 
 
III.D Microscopic dynamics. To go further, we have calculated the self-part of the van Hove 

function, ( , )SG r t . The results computed for low and high temperatures, at short and long 

times, are plotted in Figure 7. In order to account for large differences in the displacements at 

low and high temperatures, we have rescaled the r  axis with the square root of the MSD at 

time t , i.e. ( )2r t∆ 

 . For comparison we also plot the Gaussian function 

( )
3/2

2

2, . 2

2 3exp
( ) 2 ( )s Gauss

rG r
r t r tπ

   
   = −
   ∆ ∆   

. Figure 7 shows that the local dynamics are 

spatially heterogeneous at short and long times for both thermoset and vitrimer,44, 45 but there 

are significant differences when the temperature is varied. At low temperature, below and 

A B

DC
slope = 1

slope = 0.5slope = 0.5
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around gT , the van Hove functions strongly deviate from the Gaussian function with an 

exponential tail which gives evidence for dynamical heterogeneities44 in both the thermoset 

and the vitrimer. At high temperatures, above gT , the variations of ( , )SG r t  confirm that 

monomers can move over large distances at long times in the vitrimer network but that they 

are confined in the thermoset. ( , )SG r t  becomes closer to the Gaussian form indicating that the 

motion is less affected by dynamical heterogeneities and becomes more homogeneous. It is 

interesting to note that some deviation persists although the MSD data show a nearly diffusive 

behavior at long time. Actually, diffusive behavior does not guarantee that the self-part of the 

van Hove functions are purely Gaussian, MSD data being average quantities over several 

modes of motion involving dynamical heterogeneities.46-48 
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Figure 7. Self-part of the van Hove function for both the (A and C) thermoset and (B and D) vitrimer 
networks at short and long times at low and high temperatures as a function of rescaled distance by 
the square root of the MSD at time t. 

III.E Microstructural relaxation. In order to characterize the cage dynamics of the 

monomers, we compute the incoherent intermediate scattering function (ISF) which describes 

the self- (or tagged particle) dynamics in Fourier space via the spatial wave vector (k)-

dependent correlation function:49 ( ) ( )( )
1

1( , ) exp 0
N

s j j
j

F t i t
N =

 = ⋅ − ∑k k r r     where N is the 

total number of crosslinking monomers in the networks. The ISFs are computed at different 

temperatures at a wave vector amplitude 1.6=k , which corresponds to the first peak at 4r =  

of the radial distribution function of the crosslink center monomers. The dashed lines are the 

best fits of the ISFs to a stretched exponential function of the form of 

𝑡 = 50000

𝑡 = 1000

A B

DC

𝑡 = 1000

𝑡 = 50000



 

18 
 

( , ) exp
1

sF t F t
F

β

τ
∞

∞

 −  = −   −   

k  


, where F∞  is the value of the ISFs as t →∞ , τ is the 

microstructural relaxation time, and β  is the stretching exponent. The characteristic time is 

then determined from 
0

1( , )c sF t dt ττ
β β

∞  
= = Γ 

 
∫ k

   , where Γ  is the Gamma function. For each 

temperature, the ISF is well represented by this stretched exponential function giving access to 

a characteristic time Cτ  which represents the microscopic time needed by a reacting monomer 

to escape from its cage. Figures 8C-D show that the ISFs of the thermoset and the vitrimer at 

different temperatures perfectly collapse onto master curves when they are plotted as a function 

of the reduced time / Ct τ  . At low temperatures ( gT T<  ), the master curves exhibit a plateau at 

short times, reflecting the in-cage motion of the monomers. At high temperatures, the ISFs of 

the thermoset reach a constant plateau at long times, whereas the ISFs of the vitrimer tend to 

zero since exchange reactions occur allowing cage rearrangements with a characteristic time 

Cτ  and long-distance motions.  
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Figure 8. Intermediate scattering functions (ISF) of the reactive monomeric units that can participate 
in exchange reactions in thermoset (A) and vitrimer (C). Master curves of the ISF of (C) thermoset and 
(D) vitrimer as a function of the reduced time / Ct τ  . The color-coding is the same as the one used in 
Figure 6. 
 

IV. Discussion. TTS indistinctly applies to the macroscopic viscoelastic properties, the mean 

square displacements of the reacting monomers and the intermediate scattering functions. The 

shift factors Ta  and Ta′  used to collapse the viscoelastic moduli and the MSD data computed 

at different temperatures are plotted together in Figure 9A as a function of 1/ T . At each 

temperature, we find that Ta  and Ta′  are comparable, showing that macroscopic rheology is 

intimately connected to the microscopic dynamics. The horizontal shift factors for the 

thermoset follow the Williams-Landel-Ferry’s (WLF) equation for glassy polymers over the 

whole range of temperatures:50 1 0

2 0

( )log( )
( )T

C T Ta
C T T
− −

=
+ −

  

  
 , where 0T is the reference temperature, 

A B

DC
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1 2.26C =  and 2 0.34C =  are two fitting parameters ( 1C  is a constant and 2C  is a dimensionless 

temperature). At low temperatures, the horizontal shift factors of the vitrimer follow the same 

WLF variation as the thermoset. At high temperatures, they can be well fitted to the Arrhenius 

equation: ln T
Aa C
T

= +



  with A= 0.84.  The topology freezing temperature vT  was defined by 

Leibler and coworkers as the value where the bond exchange dynamics between the network 

is slow enough to freeze the topology rearrangements in the network.1 In agreement with our 

previously published work,32, 42 we define vT  as the temperature at which the horizontal shift 

factors Ta  change from WLF to Arrhenius behavior: 0.65vT =  (Figure 9A). This type of 

behavior has been observed experimentally for a variety of vitrimers.24, 25, 27, 30, 31 We note that 

at the same temperature, the coefficient of thermal expansion shows a local minimum (Figure 

2B). This value of vT  is 1.5 times the glass transition temperature of the network ( 0.48gT =

This value also matches with our prior observations based on the temperature dependence of 

the probability of the bond exchange42 and bond lifetime (see Fig. S2 in Supporting 

Information). 

The temperature dependence of the microscopic relaxation time Cτ , which is plotted in 

Figure 9B, also shows WLF behavior for the thermoset and a combination of WLF and 

Arrhenius-like behaviors for the vitrimer. In view of the similarity of behavior exhibited by Ta , 

Ta′ , and Cτ , the shift factors must be related to the microscopic relaxation times through a 

relation of the form: 0( ) / ( )T T C Ca a T Tτ τ′= = . This is demonstrated in Figure 9C where the shift 

factors follow a linear relationship as a function of the reduced relaxation time 

0( ) / ( )r C CT Tτ τ τ=  over four decades. 
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Figure 9. (A) Values of the horizontal shift factors used in collapsing the moduli and mean squared 
displacements for the thermoset and vitrimer. (B) Decay time ( cτ ) of the ISFs as a function of 1/ T . 

(C) Shift factors Ta  (rheology) and Ta′  (MSD) as a function of the reduced relaxation time, 

( ) ( )0r c cT Tτ τ τ=    for thermoset, vitrimer, and ionic liquid systems. The continuous line represents a 
linear fitting to the data.   
 

The successful application of identical shift factors to the viscoelastic moduli and the MSD 

suggests there is a quantitative relation between the microscopic dynamics and rheology of the 

network. This connection can be made using the generalized Stokes-Einstein equation (GSE), 

which relates the Laplace transform of the macroscopic modulus, ( )G s , to the unilateral 

Laplace transform of the mean square displacements of Brownian tracers of radius R embedded 

in a viscoelastic matrix, 2 ( )r s∆ : 
2

( )
( )

Bk TG s
Rs r sπ

=
∆




.52, 53  Here we consider that the tracers 

are the reactive units ( 0.5 LJR σ= ). A direct numerical transform of the time-domain data to 

the frequency domain is generally unreliable and different methods to convert real time data to 

frequency data have been proposed.52, 54 Here we implement the so-called Fourier 

microrheology method developed by Mason.55 This method is approximate and subject to 

approximations that are detailed in Supporting Information SI1). As seen in Figures 4A-D, 

the agreement between the direct simulation moduli data and the prediction of the GSE 

relationship is satisfactory for the elastic and viscous moduli in both the thermoset and vitrimer 

networks, especially at intermediate and low frequencies. There is a slight discrepancy between 

A B C
1
𝑇𝑣

1
𝑇𝑔

1
𝑇𝑔

1
𝑇𝑣
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the data obtained from mechanical deformation and the GSE prediction at high frequencies, 

which we attribute to the breakdown of the GSE in the glassy state.56 It is interesting to note 

that these microrheology data are obtained directly from the mobility of the reactive units, 

which are of monomeric size, without using any added large bead probing an effective medium. 

Failure of the GSE to yield macroscopic moduli has been reported in polymer solutions and 

melts when the probe size is too small.57, 58 The success of the GSE equation here may be due 

to the fact that, although covalent bonds can exchange, there are no large scale topological 

defects in the networks so that the local environment of the monomers is representative of the 

bulk material. We do not claim however that the GSE must be working over the whole range 

of frequency and temperature for any network especially those exhibiting large scale defects. 

Fundamentally, treating the surrounding medium as a continuum is a useful idea for our 

systems, since the application of GSE can give us a picture of the viscoelastic properties of the 

material from data in the quiescent state, without performing time-consuming mechanical tests.   

Figure 9C shows that it is possible to derive the TTS shift factors of the viscoelastic 

moduli and local displacements from the characteristic decay time of the intermediate 

scattering function. In order to evaluate the generality of this result, we have revisited 

atomistically-detailed MD simulations for an imidazolium-based ionic liquid.59 This ionic 

liquid consists of  the 1-(cyclohexylmethyl)-3-methylimidazolium cation ([CyhmC1im]+  ) and 

the bistriflimide anion ( [NTf2]− ). The detailed chemical structure and a description of the 

simulation procedure are given in Supporting Information (Figure S3 and SI2). We have 

previously reported that the simulated volumetric and linear viscoelastic properties  of this 

ionic liquid are a good agreement with experiments.59 In Figure 9C, we observe that the shift 

factors obtained from the master MSD curves both for the cation ([CyhmC1im]+) and anion 

([NTf2]−) at different temperatures are collapsed on the same line T T ra a τ′= =  when they are 
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plotted against the rescaled ISF decay time. Thus, for simple thermo-rheological fluids, the 

correlation relating the shift factors to the microscopic relaxation times appears to be generic.   

V. Conclusions 

The simulations reported here qualitatively reproduce the experimental behavior found in thermo-

rheologically simple vitrimers.25, 30, 31 The main result is that TTS indistinctly applies to the macroscopic 

viscoelastic properties, the MSD of the reacting monomers, and the ISF. Therefore, the characteristic 

times associated with segmental relaxation, the Rouse relaxation of the network strands and the terminal 

relaxation all have the same temperature dependence. These results point to the key role of the local 

monomer-monomer friction in determining the macroscopic and microscopic dynamical properties. In 

this current vitrimer model, the rate of the exchange reaction is fast, the network is free of defect and 

there is no energy barrier. Thus we anticipate that the activation energy is small, which can be checked 

by converting A  in SI units using 2.3 /a LJ BE RA kε=    where R is the perfect gas constant.  A 

tentative estimate of aE  can be made for polyethylene by taking the approximate value of 

0.686LJε =  kJ/mol for CH2 groups:51 1.3aE ≅  kJ/mol. This activation energy is much less 

than in experimental systems where values in the range of 30-100 kJ/mol are found.1-4, 25 

Although this estimate must be considered for scaling purposes and not for direct comparison, 

it shows that the inclusion of defects in the networks and energy barriers for bond exchange 

are needed. We refer to the dynamics at work in this class of vitrimer as diffusion-limited. In future 

extensions of our simulations, we will investigate the case of slow reactions resulting in chemically-

limited exchange process. This is achieved by adding temperature-dependent activation energy that 

slows down the bond exchange. Our expectation is that the exchange time and the network dynamics 

will have distinct temperature dependences leading to a failure of TTS as already reported in 

experiments.24 Finally, the validity of TTS in diffusion-driven vitrimers opens new possibilities to 

efficiently extend the limited timescale of simulations and accurately predict the linear and nonlinear 

rheology of vitrimers. On the experimental level, the linear relationship between the relaxation times 

obtained from rheology and ISF decorrelation times, which is accessible from scattering experiments, 
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offers a route to determining the relaxation time of polymeric systems and calls for more studies on 

other types of soft matter.  

 

Supporting Information:   

 Autocorrelation function of exchangeable bonds ( )C t  as a function of simulation time 

at different temperatures (Fig. S1) 

 Average lifetime bτ  of bonds as a function of temperature (Fig. S2) 

 Chemical structure of the ionic liquid 1-(cyclohexylmethyl)-3-methylimidazolium 

[CyhmC1im]+ (cation) and bistriflimide [NTf2]− (anion) (Fig. S3) 

 Determination of viscoelastic moduli from mean-square displacements (SI1). 

 Description of ionic liquid simulation (SI2). 
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Figure S1: Autocorrelation function of exchangeable bonds, ( )C t , as a function of simulation 

time at different temperatures.  The autocorrelation function is defined by 2

( ) (0)
( ) ,

(0)
H t H

C t
H

=




where ( )H t represents a binary function such as ( ) 1H t = if two pairs of crosslinking beads are 
connected, and ( ) 0H t = otherwise. At low temperature ( gT T≤  ), the bond exchange reaction is 

slow, and therefore the ( )C t  function does not decay significantly and shows a value close to 

unity. As the temperature increases, ( )C t  shows a stretched exponential decay with ( )C t  
dropping faster at higher temperatures. Fits to stretched exponential functions are shown using 
dashed lines. 
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Figure S2: Average lifetime bτ  of bonds as a function of temperature.  The dashed line shows the 

Arrhenius fit to the data, ln b
A C
T

τ
′

= +



 .  The values of bτ  are determined from the decay timescale 

of ( )C t in Figure S2. The activation energy of the Arrhenius-like relaxation can be easily obtained 
from A′ .  
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[CyhmC1im]+ 

 
[NTf2]− 

(A) (B) 

Figure S3: Chemical structure of the ionic liquid 1-(cyclohexylmethyl)-3-methylimidazolium 
[CyhmC1im]+ (cation) and bistriflimide [NTf2]− (anion). 
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SI1: Determination of viscoelastic moduli from mean-square displacements 

 

The generalized Stokes-Einstein equation (GSE) relates the Laplace transform of the 
macroscopic modulus, ( )G s , to the unilateral Laplace transform of the mean square displacements 
of Brownian tracers of radius R embedded in a viscoelastic matrix:1, 2 

2 ( )r s∆ : 
2

( )
( )

Bk TG s
Rs r sπ

=
∆




       (1) 

A direct numerical transform of the time-domain data to the frequency domain is generally 
unreliable and different methods to convert real time data to frequency data have been proposed.2,3  
In this work we use the so-called Fourier microrheology method developed by Mason.4 He 
demonstrated that a similar GSE exists in the Fourier domain:  

*
2

( )
( )

Bk TG
Ri r t

ω
π ω

=
ℑ ∆

        (2) 

where ( )( )2r tℑ ∆  is the Fourier transform of ( )2r t∆ . Expression (2) can also be obtained from 

(1) by using the analytical continuation s iω= . 

To compute the complex modulus *( )G ω , the mean squared displacement 2 ( )r t∆  is 

expanded at each sampled time 0 1/t ω=  by a power law function: 

( ) ( )2 2( ) (1/ )r t r t α ωω ω∆ ≈ ∆        (3) 

where ( )α ω  is the logarithmic slope of the MSD at 0t : 

( )2

1/

d ln ( )
( )

d
t

r t

t
ω

α ω
=

∆
=         (4) 

The Fourier transform of the power law (3) leads to the relation: 

( )2 2 ( )( ) (1/ ) 1i r t r i α ωω ω α ω − ℑ ∆ = ∆ Γ +         (5) 

It is assumed here that the values of 2 ( )r t∆ at times very different from 1/ω  do not contribute 
significantly to the Fourier transform. Γ is the gamma function. Substituting and rearranging, we 
obtain: 
 

[ ]
[ ]
[ ]

*
2

*

*

( )
(1/ ) 1 ( )

'( ) ( ) cos ( )

''( ) ( ) sin ( )

Bk TG
R r

G G

G G

ω
π ω α ω

ω ω πα ω

ω ω πα ω

=
∆ Γ +

=

=

      (6) 
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SI2: Ionic liquid simulation 

 
For intermolecular and intramolecular interactions, the general AMBER force field was 

utilized in this work.5, 6  While a cut-off distance of 12 Å was used for the Lennard-Jones potential, 
the long-ranged interactions were accounted for by calculating tail correction approximation and 
particle-particle particle-mesh algorithm.7  The RESP method was employed to calculate atomic 
partial charges 8.  Polarizability in ions was induced by scaling the partial charges by a factor of 
0.74 that showed only 2% difference from experimental values in ambient conditions.9, 10  In order 
to optimize an isolated ion structure, Gaussian 09 software was used to perform the calculation on 
B3LYP/6-311++g(d,p) level.11  The temperature and pressure were held constant by utilizing the 
Nosé–Hoover thermostat and barostat, respectively.12, 13  The periodic boundary condition was 
applied in all three directions.  The size of the system was 49680 atoms that bringing it to a total 
number of 1080 ion pairs within the simulation box.  All the calculations of the system properties 
were performed based on five replicas to increase the statistical accuracy of obtained results.  All 
of the simulations were performed in LAMMPS package.14 

The mean squared displacement was calculated using coordinates of the center of mass of 
the anions and cations over 10 ns in NVT ensemble simulation.  The temperatures ranging from 
240 K (glassy state) to 640 K (liquid state) were analyzed to access the full evolution of the 
dynamics in the system.  The relaxation times obtained from TTS and ISF calculations for ILs 
were obtained by following the same procedure that is described in the main text of the manuscript 
for the model thermoset and vitrimer.  The reader is referred to our previous work for a complete 
description of calculations and results of the ionic liquid system.9 
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