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Abstract

Sobol’ sensitivity index estimators for stochastic models are functions of nested
Monte Carlo estimators, which are estimators built from two nested Monte Carlo
loops. The outer loop explores the input space and, for each of the explorations,
the inner loop repeats model runs to estimate conditional expectations. Although
the optimal allocation between explorations and repetitions of one’s computational
budget is well-known for nested Monte Carlo estimators, it is less clear how to deal
with functions of nested Monte Carlo estimators, especially when those functions
have unbounded Hessian matrices, as it is the case for Sobol’ index estimators.
To address this problem, a regularization method is introduced to bound the mean
squared error of functions of nested Monte Carlo estimators. Based on a heuristic,
an allocation strategy that seeks to minimize a bias-variance trade-off is proposed.
The method is applied to Sobol’ index estimators for stochastic models. A practi-
cal algorithm that adapts to the level of intrinsic randomness in the models is given
and illustrated on numerical experiments.

Keywords: nested Monte Carlo, Sobol’ index, allocation, global sensitivity analy-
sis, stochastic model

1 Introduction

(Global) sensitivity analyses of stochastic models may be challenging. Indeed, stochas-
tic models include two sources of uncertainty: the parameters’ uncertainty and the
intrinsic randomness of the stochastic model. The latter can be seen as a hidden ad-
ditional random input, which may challenge the definition of meaningful sensitivity
indices and their efficient estimation.

Many methods have been introduced to deal with stochastic models. A first ap-
proach proposed by Hart et al. (2017) considers random Sobol’-Hoeffding decompo-
sitions of stochastic model outputs and defines sensitivity indices of such models as
expectations of the resulting random Sobol’ indices. A second approach, widely used
in applications (Courcoul et al., 2011), focuses on deterministic quantities of interest
(Qols) such as conditional expectations or conditional variances. By conditioning with



respect to the uncertain parameters, the aim is to smooth the intrinsic randomness out
and hence to deal with deterministic functions of the uncertain parameters only, so that
sensitivity analysis (SA) methods for deterministic models can be applied. A third ap-
proach includes recently developed methods (Fort et al., 2021; Gamboa et al., 2021;
da Veiga, 2021) that see stochastic models as deterministic functions with values in
probability distribution spaces. Various sensitivity indices are defined on such spaces
in order to measure the contributions of the uncertain parameters. A fourth approach
rests on meta-models (Castellan et al., 2020; Etoré et al., 2020; Jimenez et al., 2017;
Fort et al., 2013; Zhu and Sudret, 2021; Janon et al., 2014; Panin, 2021). As a remark,
let us note that that estimation of expectations of functions of conditional moments
can be performed with specific methods, such as semi-parametric (da Veiga and Gam-
boa, 2013; da Veiga et al., 2017) or multilevel Monte Carlo (Mycek and De Lozzo,
2019) methods. Estimation in high-dimensional deterministic models is considered
in de Castro and Janon (2015).

In the first three approaches described above, estimation relies on two nested Monte
Carlo loops. Indeed, not only should the model be evaluated at many points in the in-
put space (it is said that the input space is explored), but also the model should be run
several times (it is said that the model is “repeated”) at each of those explorations to
estimate conditional expectations. In the first approach, these repetitions are performed
when approximating the expectations of the random Sobol’ indices. In the second and
third approaches, model outputs are repeated when estimating the Qols and the proba-
bility distributions, respectively. The larger the number of explorations and the number
of repetitions, the better the sensitivity index estimates. However, in practice, models
may be complex and computationally expensive. Therefore, getting a large number of
runs may be impossible, and, therefore, finding a compromise between explorations
and repetitions under the constraint of a computational cost or precision of estimates
is important. For instance, Mazo (2021) proposed a choice of the number of explo-
rations and the number of repetitions based on the minimization of some bound of the
so-called mean ranking error of the estimators. This error measures the gap between
the ranks of the theoretical indices and those of the estimators. However, a small mean
ranking error does not necessarily imply that estimations are close to their theoretical
values.

A nested Monte Carlo estimator is an estimator built from two nested Monte Carlo
loops for estimating an expectation of a function of a conditional expectation. The
compromise between the sizes of the outer and inner loops, coinciding, respectively,
with the number of explorations and repetitions in SA, is a bias-variance trade-off. This
question is sometimes refered to as the question of optimal allocation. Typically, the
mean-squared error (MSE) is approximated and minimized to find the “best” asymp-
totic trade-off (Rainforth et al., 2018; Giles and Haji-Ali, 2019; Giorgi et al., 2020;
Hong and Juneja, 2009). More precisely, if 7' denotes the number of model runs avail-
able to the practitioner, and n = 7'~ and m = T", 5 € [0, 1), denote the sizes of the
outer and inner loops, respectively, then it is desired to know which value of n would
lead to the optimal convergence rate of the MSE.

Sobol’ index estimators are functions of nested Monte Carlo estimators. It is, there-
fore, natural to ask whether the MSE of functions of nested Monte Carlo estimators can
be bounded, too. The answer will depend on the regularity of the function in question.
For instance, if the function is twice continuously differentiable with a bounded Hes-
sian matrix, then standard Taylor expansion techniques can be used. However, if the
Hessian is unbounded, as it is the case of Sobol’ index estimators, then the question is
more challenging and remains open, to the best of our knowledge.



We note that the question of optimal allocation of available computational resources
is shared more globally by research fields interested in stochastic simulators (Chen and
Zhou, 2014, 2017, Binois et al., 2018, 2019).

In this paper, we introduce a regularized version of the nested Monte Carlo Sobol’
index estimator and bound its MSE. Based on a heuristic, the bound is simplified and
a minimization is carried out to balance the numbers of explorations and repetitions.
A practical algorithm that adapts to the model intrinsic randomness is proposed and
illustrated on numerical experiments.

This paper is organized as follows. Sobol’ indices for stochastic models and their
estimation based on nested Monte Carlo methods are presented in Section 2. The
regularization method, as well as the challenges of bounding the MSE of functions of
nested Monte Carlo estimators, are introduced in Section 3. Section 4 is an application
to Sobol’ index estimators. Practical algorithms are presented and illustrated in Section
5. A conclusion closes the paper.

2 Sensitivity analysis of stochastic models

A stochastic model with inputs X = (X1,...,X,) € RP and output Y € R is mod-
eled as a function f of X and some collection of random variables, denoted by Z,
independent of X such that

Y = (X, 7). (1)

The stochasticity of the model originates from Z since the output of the model evalu-
ated at an input X = x is a random variable f(z, Z). The distribution of Z is generally
unknown.

In the context of SA, a way to deal with stochastic models consists in carrying out
SA for deterministic models given by deterministic Qols. This allows to switch from a
stochastic model to some deterministic models for which many SA methods are studied
in the literature.

We consider Qols of the form

QX) =E[p(X,2) | X], 2)

where ¢(X, Z) is a function of X and Z. For instance, if ¢ = f then Q(X) is the
conditional expectation of the model and if (X, Z) = (f(X, Z) — E[f(X, Z) | X])*
then (Q(X) is the conditional variance, two common choices in practice.

If w is a subset of {1,...,p}, denote by X,, the group of inputs {X;,¢ € u} and
X the group of inputs {X;, 7 & u}. The Sobol’ and total indices of the input vector
X, with respect to the function @ are defined as

Var (E[Q(X) | Xu])

S = T Var (X)) v
. Var(E[Q(X) | Xiul) 1 _
T,=1 Var (Q(X)) b S @

The Sobol” index S, (and hence T’,) can be expressed in terms of a function g
linking the components of some parameter vector. Let X be an independent copy of
X, independent of Z. Denote by X, the subvector of X whose components are
those of X not indexed by u. (For instance, if p = 4 and v = {1,4} then X, =



E(Q(X)) and 05 =

(X2, X3)) If 6 = (01,6,,05) with 6, = E(Q(X)?), 6, =
= ]E(Q(qu, Xu)Q(f(Nuv Xu)) then

E(E[Q(X) | X)) = E(QX)Q(X~u X))

The construction of an estimator of .S, boils down to the construction of estimators
of the three quantities 01, 62 and 3. To do this, nested Monte Carlo sampling is widely-
used. Let {X®;i =1,...,n}and {X®:i = 1,...,n} be independent Monte Carlo
samples from the law of X. For each i, denote by ng ) the subvector of X (9 whose
components are those of X(?) indexed by u. Likewise, denote by X(N% the subvector
of X(®) whose components are those of X @ not indexed by u, and denote by )NC(NZL the
subvector of X (*) whose components are those of X (%) not indexed by u. An estimator
of S, is given by

. a-m
uw=9(0) = =——= (5)
0-7—
where R N _
91 71, Z?:l C?m(>((l))2
b = 3L, Qux0) 6)
b5 = L0, Qm(XD)Qm (X0, X))
and
~ 1 & . .
Qu(XD) = 3 (X0, 200)
Lt
1 m
N (X @) (1) = x (1) (1) 7(ik)y.
Qm(XNu’Xu ) m Z@(XNu’Xu 7Z )’
k=1
here the objects {Z(%), Z(k) | = 1,... 'm;i = 1,--- ,n}, are independent and

identically distributed random variables, independent of {X® X@:i = 1,... n},
representing the randomness of the user’s model. If m is fixed and n — oo, then

& B E Var(p(X, Z)|X)
Vn (5 Su {1 E Var(¢(X, Z)|X) + m Var E(¢(X, Z)IX)D

converges to a centered normal distribution with some variance o2, depending on m.
If, moreover, m — oo such that v/n/m — 0 then /n(S, — S,,) goes to a centered
normal distribution with variance lim,,,_, o U?n. For more details, see Mazo (2021). A
theoretically-guided choice for m and n that penalizes bad rankings of the sensitivity
index estimates S1, ..., S, was given in Mazo (2021).

3 Nested Monte Carlo estimation

We say that an estimator 0 is a nested Monte-Carlo estimator if

0= % > o (; > (g, c“’“)) -y (; > enl€, <“”“>>> . (D
i=1 k=1 k=1



where ¢1,¢1,...,¢p, p are measurable functions and the sets of random vectors
{€® ¢@R) k=1,...,m},i=1,...,n, are independent and identically distributed.
The estimator (7) is called a nested Monte Carlo estimator because it is built from
two nested Monte Carlo loops: an outer loop is used to simulate the random vectors
€W ..., €0 and, for each £, an inner loop is used to simulate (%) k =1,...,m
The random vectors {¢(**)} and {¢ i)} are assumed to be independent. With this defi-
nition, each of the three estimators 91, 92, 93 in (6) is a nested Monte Carlo estimator:
the outer loop simulates the “explorations” X9, X(9) j = 1,..., n, and the inner loop
simulates the “repetitions” (X (%), Z(0:k)), @(X(sz Xq(f), Z(’ k)), k=1,...,m

If, for each i = 1,...,n and conditionally on £(¥), the random variables ¢ (%) are
independent and identically distributed, and if

0:=E (61 (E[or(6.cM) 1€7]) -6, (B [pleV <) [€0])) . ®

then we have
~ 1
E(6—0|* = ﬁTrace (Zm) + 1om 1% 9)

where >, is the variance-covariance matrix of

( Z<p g(l) ¢ k)) ( pr 7((1716)))_

The MSE in Equation (9) is a sum of two terms: a variance term which involves
the ratio 1/n and a bias term that is function of m only.

Assumption 1. b,, — 0 and 3,,, = X asm — 400

Assumption 1 is fulfilled by Nested Monte Carlo estimators provided that the func-
tions ¢1, ..., ¢, in (7) have good properties such as boundedness, Lipschitz continuity
or boundedness of derivatives (Giorgi et al., 2017, 2020). In the context of global sensi-
t1V1ty analyms for stochastic model, Mazo (2021) showed that Assumption 1 is satisfied
by 61, 02, 63 (see Equation (6)) associated with Sobol’ index estimators.

If Assumption 1 is satisfied, it holds that lim,, ;400 E ||9 6]/ = 0 and thereby
gconverges in quadratic mean to 6. If, moreover, the rate at which b,, goes to zero is
known, then optimal rates for n = 7'~ and m = T", 5 € [0, 1), can be calculated in
terms of the total number of runs 7". For instance, in the case p = 1 and ¢; is a smooth
function with uniformly bounded third derivative, Hong and Juneja (2009) showed that
by, = O(1/m) and thus E ”(’9\7 0]> = O(1/n + 1/m?), leading to O(T?/3) reached
forn = O(T?/3) and m = O(T"/?). If ¢, is simply Lipschitz continuous, Rainforth
et al. (2018) rather found that E ||5— 0]|> = O(1/n+1/m), leading to a MSE of order
O(T'/?), ensured by the choice of n = O(T*/?) and m = O(T"/?).

3.1 Functions of nested Monte Carlo estimators

Letg: D — Rbe a continuous, non-constant function and let 9 be as in (6). Note
that the estimator g(#) converges in probability to g(6) but it does not necessarily hold
that its MSE E (g(6) — g(6))? converges to 0. In fact, the MSE may even be infinite,
depending on the properties of g and the law of 9. Since the law of @ is unknown, it is
important to find verifiable conditions on g under which the MSE is kept under control



for all possible laws of 9. For instance, if g is Lipschitz continuous, then there exists
an constant L such that

E (40) ~ 9(0)) < L’E[7— 0]

This bound could be minimized as in Hong and Juneja (2009), see above. If g is
assumed to be a twice continuously differentiable such that its Hessian matrix denoted
A& g is uniformly bounded, then, up to existence of some moments of 5, the combina-
tion of a Taylor-Lagrange expansion and convexity inequalities would yield

E (40) ~ 90) " < 4B (Vo) (- pm) ) +2(gl1em) — 9(6))°
+ L (Bl = on*) . (10)

nius norm. From this upper bound, we could derive another bound by noticing that

with L' > 0 such that sup,cp ||[V?g(z)||p < L' and || - ||r denotes the Frobe-

E (||§ - um|\4) = O(1/n?). This follows from the Marcinkiewicz—Zygmund in-

equality (Marcinkiewicz and Zygmund, 1937), provided that suitable moments exist.
It would then hold that:

E (90) ~9(0)) " <4E (Vo)™ (0= pn) ) +2(00m) — 9(0))* + 00 /0.
ey

Equation (11) highlights three terms in the right-hand side: the first term stands for a
variance term, the second term represents a squared bias term and the third term is a
negligible approximation error.

However, in practice, in many interesting applications, the function g does not have
good enough properties such as above. For instance, uniform boundedness of deriva-
tives of g is a very strong condition in general. In order to weaken such a condition,
consider the following one:

E < sup || Vg ()\5—&- (1- /\)um) |%> =0(1) asn,m—o0. (12

A€(0,1]

Under the condition (12), the decomposition (11) holds but asymptotically when
both n and m go to infinity. However, whether or not this condition is true depends on
the law of 5 and hence hard to check in practice. For instance, in the case of Sobol’
index estimators defined in Section 2, this comes down to require that ]E[(¢91 - 62) ]
with o > 0 exists, whereas the probability distribution of 91 — 92 is unknown.

In the next section, we propose a condition, weaker than the one in Equation (12),
that does not put constraints on the distribution of 0.

3.2 A regularization method to address functions with unbounded
Hessian matrix

The idea is to introduce a "slight perturbation" g5 (with b € (0, 1)) of the function g
that approaches the true g as h — 0 and such that (12) is satisfied with g, in place
of g. Introducing g; can be thought as a way to "transport" the original estimator



f to regions of D where control of moments of gh(a) is possible without additional
conditions on the law of . The goal is to “get away” from certain regions of the
parameter space where the Hessian of g may explode. For this, consider a family of
functions {g;, : D — R,h € (0,1)} such that for all h, g is twice continuously
differentiable and for all z € D, limy, ¢ gn(z) = g(z). Moreover, assume g, satisfies
the following assumption:

Assumption 2. There exists a constant C independent of h such that, for all h € (0,1):

lim sup E < sup [|V2gn (A + (1 — A)/M)II%) <C.

n,Mm—»00 A€[0,1]

Remark 1. Let us note that for some interesting classes of functions gp and estimators
) Assumption 2 can be checked without any knowledge of the law of 0 but the exis-
tence of a sufficiently large number of finite moments. Indeed, in view of the linearity
property of the expectation, this happens, for instance, if ||gp (6 )HF is bounded by a
polynomial in 0 and 0 is an empirical average of data with finite moments. That the
Hessian be bounded in the Frobenius norm is precisely what we would like to achieve
by regularization. In other words, the latter property may not hold for the function g
while it holds for the function gy,.

The advantage of having such a family of functions is that E(g;b(g) — gn(0))?,
the “perturbed MSE”, could be bounded with an approximate upper bound in the
form of Equation (11) with ¢ = g;. A direct implication of this is that for h fixed,

2

limy, 00 E (gh(é\) — gh(0)) = 0. Further, if the regularized estimator gy, (5) is
used for estimation of ¢g(6) instead of g(é\), the corresponding mean squared error is
bounded in Proposition 1.

Proposition 1. Under Assumptions 1 and 2, for every h € (0,1):

~

E (u(® — 0(0))" <40+ o) Vaah) + Buh?), (13

where limsup,, ,,, oo Pn,m(h) = 0 and V, ,,,(h) := E(Vgp ()" (@— pm))? and
Bm(h) = gh (/ffm) - g(a)

Remark that By, (h) = (g (ttm) — gn(0)) + (9n(0) — g()) accounts for two types
of bias. The first term in the sum stands for the bias of the estimator ; it vanishes as
soon as u,,, — 6. The second term is a regularization error that stems from the use of
g, instead of g. This term does not vanish asymptotically in general. However, it goes
to zero as h — 0, yielding Corollary 1.

N 2
Corollary 1. We have limy,_,o lim,, 1,00 E (gh (0) — g(@)) =0.

Note that the limits in Corollary 1 cannot be interchanged. Additional conditions
on the gap E(g(#) — gn(6))? would be needed to get the convergence of the MSE of

9(0).



4 Application to Sobol’ index estimators

Let § = (61, 0,05) be as in (6). Recall that 6, = E(Q(X)?), 6, = E(Q(X)), 03 =
E(]E [Q(X) ‘ X?L]Q) = E(Q(X)Q(XNMX?L))’ so that u,, = (.umluum%.umi‘)) =

(91 +bm1, 9%\+me, €\3+bm3) and bm = (bmla anQ, bmg) = (]E Var [QD(X, Z) | X] /m, 07 0)
Recall that S,, = g(f), where the function

g (v1,22,23) = (x3 — 23) /(21 — 23) (14)

is a twice-continuously differentiable function over its definition domain. But unfor-
tunately, g is unbounded. The form of such a function makes the study of the MSE
of S, difficult unless strong conditions are imposed on the output distribution of the
stochastic model. This could explain why, in spite of our efforts, it is difficult to find
in the literature material on the convergence in quadratic mean of such estimators. The
approach introduced in Section 3 allows to bypass the unboundedness issue. We shall
apply the results of Section 3 to bound the MSE of the regularized version of the Sobol’
index estimator and propose an allocation method.

Throughout this section, it is assumed that E (Q(X)'®) < +oc. We consider the
family of function g5 () := g(z+ hu) withu = (1,0, 0). In order to provide an upper
bound for E(gj, (@\) — g(0))? as in Proposition 1, it is necessary to fulfill Assumption 1
and 2. Assumption 1 is obviously satisfied.

Theorem 1. With @‘\, gn and g as above, Assumption 2 holds. There is a constant C
independent of h such that, for every h € (0, 1),

E (91(0) —9(9))2 <c (1 N (E(Var [w(;(, 7)| X]))2 . h2> |

n

asn,m — oo.

~

Corollary 2. With 0, gn and g as above, we have limy, o lim,, 1,00 E(gn(0)—g(0))? =
0.

As n, m — 400, it occurs that the smaller & is, the smaller the MSE gets. There-
fore, in practice, parameter i should be taken in order to approximate the true g(6).

To balance the trade-off between the number of repetitions and explorations, we
proceed with a heuristic. For h small enough, one could assume that k2 is negligible
with respect to the quantity BVT := 1/n + (E (Var [¢(X, Z) | X]) /m)?. This is,
therefore, the quantity we shall be interested in for optimizing the numbers of repeti-
tions and explorations. Let ' = mn be the number of available samples to compute the
Sobol’ index estimator. From nested Monte Carlo theory (see beginning of Section 3),
we already know that m and n must be of order 7"/3 and T2/ respectively so as to
obtain optimal convergence rate.

However, an asymptotic order is not a specific value. We expect that the greater the
variance of intrinsic randomness, the larger the value of optimal m should be. Thus,
in this section, the goal consists in proposing a value of m that adapts to the intrinsic
randomness of the stochastic model.

Under the constraint nm = T, the optimal convergence rate of the BVT is obtained
when 1, is of order 72/ and m,, is of order T/3. Let m,; = £T*/3 where s > 0.
Then, ngpr = k~1T2/3_ Thus:

BVT = xT~2/3 + (E Var [QDO(Z’ Z) | X])2T72/3.
K




2/3 4 (E Var[so(ig»z)lx])2 T7-2/3

Coefficient k can be chosen such that k1"~ is the smallest

over £ > 0. The minimum of such a quantity is reached at ko, = (2 (E Var [p(X, Z) | X])?) 13

Therefore:

mopt(T) = (2 (EVar[p(X, Z) | X])?) /> 73, (15)

Therefore, the number of repetitions suggested above ensures first that the BVT con-
verges at optimal rate and second adapts to the model’s intrinsic randomness because
that mp (1) depends on E Var [p(X, Z) | X]|, which quantifies the part of the total
variance Var (¢(X, Z)) that is not attributed to the inputs X; and so, that measures the
influence of the intrinsic noise of the stochastic model (X, Z). Finally, it also appears
that m,;(T") depends on both T" and the function ¢. The dependence with respect to
T guarantees that m,,; (') grows as T gets large. Besides, the dependence with re-
spect to o means that even if m,,:(T") remains proportional to T/3, it also varies with
respect to the chosen Qol of the stochastic model f.

S Analgorithm of estimation of Sobol’ indices for stochas-
tic models

5.1 Algorithms

This section is devoted to the practical implementation of the bias-variance trade-off
strategy when performing SA for some Qol of a stochastic model. Recall that f is
a stochastic model as in (1) and we are interested in carrying out SA of a Qol under
the form (2), that is, Q(X) = E[¢ (X, Z) | X] in order to measure the impact of [
groups of inputs u; C {1,...,p}, i = 1,...,I. In other words, we are interested in
estimating S,,,, ..., S,,. We shall use at most 7' x (I + 1) evaluations of (X, Z).
Under the constraint nm = 7', the number of repetitions m,,,; found in (15) depends
on p := EVar[p(X, Z) | X]. However, in practice, p is often unknown. So, before
sensitivity index estimation, p needs to be estimated. Notice that p can be rewritten
p=E(p(X,Z) — ¢(X, Z))?, which suggests the following estimation procedure.
Consider rq ii.d. samples of X, denoted by X(!) ... X() and generate two
outputs at each sample X(V: (o(X(1), Zz(11) (XD Zz(L2)) ...
((p(X(TO)7 Zro1)) (X (7o), Z(T072)))' Thus:

1 0 ( . . . . 2
5 X 7G:1) _ (X0 70:2) )
p= ;:1 o( ) = #( )

is a consistent and unbiased estimator of p. It appears that the estimation of p requires
2r( evaluations of the model p(X, Z). However, the maximal number of evaluations
isT x (I +1). So, for index estimation procedure, at most 7' x (I + 1) — 2ry model
evaluations are allowed.

Therefore, our strategy consists in leveraging the model outputs used to estimate
p and then plugging and completing those outputs in order to compute sensitivity in-
dex estimates. This strategy relies on two algorithms: Algorithm 1 and Algorithm 2.
Algorithm 1 enables to generate complementary outputs in addition to outputs already
available after estimation of p. This allows to satisfy the constraint of the maximal
number of model evaluations 7" x (I + 1). This part helps to optimize the whole esti-
mation procedure by using the model outputs already generated. Regarding Algorithm



2, it effectively estimates indices in three steps based on pick-freeze procedure. First,
it estimates p and thereby compute My and ngp = T/Mepe. Then, in the second
step, by relying on Algorithm 1, complementary outputs required for estimations are
generated. In the final step, sensitivity index estimates are computed with respect to
inputs or groups of inputs specified by the user.

Algorithm 1 Completing model evaluations
Inputs: n,m, ¢, 1, (XD, ... X))
Data: (<p (X(l), Z(l,l)) @ (X(l)’ Z(172))) e (90 (X(ro)7 Z(To’l)) L (X(ro)7 Z(ro,2)))
if n > ry then
if m > 2 then
fori=1,--- ,rgdo
fork=3,--- ,mdo
Compute ¢ (X@, Z(:R)
end for
end for
fori=ro+1,--- ,ndo
fork=1,--- ,mdo
Compute ¢ (X, Z(1:+))
end for
end for
end if
if m = 1 then
fori=ro+1,---,n—r9g—[ro/(l+1)] do
Compute ¢ (X@, D)
end for
end if
end if
if n < ro then
ifm>2+2[1/(I+1)*(=1+179/n)] then
fori=1,--- ,ndo
fork=3,--- ., m—2[1/(I4+1)* (=14 ro/n)| do
Compute ¢ (X@, Z(:)
end for
end for
end if
ifm <2+2[1/(I+1)*(—1+17r9/n)] then
Exit: Budget already consumed
end if
end if

10



Algorithm 2 Estimation of Sobol’ indices
Inputs: h’ 7'0,T’ Y, W = {ul, N ’ul}7 (X(l)’ . 7:)((T)) , (X(l)’ . ,x(T))

1: fori=1,--- ,rgdo

2 fork =1,2do

3 Compute ¢ (X@, Z(:R)

4 end for

5: end for )

-, 1 5o i i i i

6: Compute P S0 (o (X®, 26D — o (X®), Z62))

7: Compute M, according to Equation (15)

8: ﬁopt — LT/moth

9: Run Algorithm 1 with m = M, n = Ty to complete samples
© (X(l),Z(l*l)) PN, (X(To), Z(T072)).

10: forj=1,---,ldo

11:  fori=1,--- 7y do

12: fork=1,--- Mgy do

13: Compute ¢ ((5(%] , ngj)), Z(ivk))
14: end for

15:  end for

16: end for

17: Compute sensitivity index estimates or their regularized estimates

Algorithm 2 requires: h, rg, T, ¢, w and input samples. The transformation ¢ of the
stochastic model is supplied as well as w the set of inputs or groups of inputs whose
indices are estimated. In practice, ry, T and h must be chosen. We recommend to take
ro small with respect to 7" so as not to waste too much of the budget in the first stage
of Algorithm 2. Indeed, the estimator p is unbiased and consistent and often provides
good estimates even for small ry. Regarding 7', it follows 7" should be taken as large as
possible depending on the computational cost of a run of both ¢ and the original model
f. Furthermore, to ensure that the MSE has a precision ¢ € (0,1) with h? < ¢, T
must be roughly chosen larger than £~3/2 since the MSE is O (7'~2/%). This provides
approximations for practical choice of 7.

6 Illustrations

This section presents the performance of the estimators of first-order and total indices
computed by Algorithm 2 in the case of two toy stochastic models for which analytical
values of indices are known: a linear model f(X1,X5,7) = 1+ X5 +2Xs + 02
with o > 0 and a stochastic version of the Ishigami function f'(X;, X5, X3,7) =
sin X; + asin? X, + bX4(sin X1)Z? with a,b > 0 (Ishigami and Homma (1990)).
For each value of T' = nm, the estimators of Algorithm 2 are compared with two other
arbitrary choices, namely, (n,m) = (T/5,5) and (n,m) = (T/2,T1/2).

These two choices above represent two different situations. The choice (n,m) =
(T'/5,5) presents a case where the number of repetitions is constant and independent
of T'. This illustrates the situation where the bias does not get reduced so that it disturbs
estimations no matter how large T is. Regarding (n,m) = (T"/2,T"/?), it shows that
the case where the variance is not sufficiently reduced.

For illustrations, the product 7' = mn is chosen in the set 7' € {103, 10%,--- ,107}.
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For each choice of the couple (n,m), N = 100 replications of estimations are car-
ried out. The tuning parameter rq is set to 10. Thus, 2ry = 20 model evaluations
are used to get the estimates p, Mopt, Mopt in the first part of Algorithm 2, and then
T —2rg € {10% — 20,10 — 20, -+, 10" — 20} model evaluations are used to get the
sensitivity index estimators with n = ﬁopt and m = ﬁ%pt. For both toy stochastic
models, the Qol considered is the conditional expectation so that o = f or ¢ = f” de-
pending on the model. For each value of 7', the boxplots of sensitivity index estimates
are plotted for each of the three choices.

Linear model

Let f(X1,X2,Z) = 14+ X1 4+ 2X5 4+ 0Z where 0 > 0 and X7, X, and Z are i.i.d.
under the standard normal distribution. Such model includes two uncertain parameters
X1 and X, with respective first-order Sobol” indices S; = 1/5 and Sy = 4/5. Two
values of o are considered: 0 = 1 and o = 5.

Figure 1 shows that the estimations obtained with Algorithm 2 are more efficient
as T gets large because both bias and variance are efficiently reduced. Boxplots high-
light that the strategies m = 5 and m = T''/? suffer respectively from bias and vari-
ance. Notice that in the case of the linear model under study, E(Var(f(X;, Xs, Z) |
(X1, X2))) = 202; so the bias depends on o. This explains why in the case o = 5 (see
Figure 2), even for large value of 7', estimations resulting of the choice m = 5 do not
converge to their true targets.

12
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Figure 1: Boxplots of sensitivity index estimates of X; and X» with respect to the
linear model and for different values of T'. The standard deviation is 0 = 1 and regu-
larization parameter h = 10~2. Three strategies of choice of m are compared: m = 5
(in red), m = Mgy given by the trade-off strategy of Algorithm 2 (in green) and
m = T2 (in blue). The red dashed lines showed the true sensitivity index values, in
particular, in this setting S7 = 0.2 and S, = 0.8
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Figure 2: Boxplots of sensitivity index estimates of X; and X with respect to the
linear model and for different values of 7". The standard deviation and regularization
parameter are ¢ = 5 and h = 1072, Three strategies of choice of m are compared:
m = 5 (in red), m = My given by the trade-off strategy of Algorithm 2 (in green)
and m = T/2 (in blue). The red dashed lines showed the true sensitivity index values,
in particular, in this setting S; = 0.2 and S, = 0.8

A stochastic Ishigami function

Let f/ (X1, X2, X3,7Z) = sin X1 +asin? Xo+bX3(sin X1)Z? such that with a, b > 0,
X1, Xo, X3 and Z are independent with X7, X5, X3 distributed under U ([—, 7]) and
Z ~ N (0,1). The model f’is a modified version of benchmark function known as the
Ishigami function in SA. For this model, first-order Sobol’ indices of inputs X7, X5,
and X3 for the Qol E(f'(X1, X2, X35,7Z) | X, Xo, X3) are respectively given by

) a2
S = B Gl AN I S ZET S2 = ="z and S3 = 0. Parameters a and b are
LI LN o il Ty g

chosen with respect to Sobol’ and Levitan (1999): a = 7, b = 0.05 and Marrel et al.
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(2009): @ = 7,b = 0.1.
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Figure 3: Boxplots of sensitivity index estimates of X;, X5 and X3 with respect to
the stochastic version of Ishigami function (with b = 0.05) for different values of 7.
Three strategies of choice of m are compared: m = 5 (in red), m = m,,; given by the
trade-off strategy of Algorithm 2 (in green) and m = T'*/? (in blue). The red dashed
lines showed the true sensitivity index values.
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Figure 4: Boxplots of sensitivity index estimates of X3, X, and X3 with respect to
the stochastic version of Ishigami function (with b = 0.1) for different values of 7'
Three strategies of choice of m are compared: m = 5 (in red), m = m,,; given by the
trade-off strategy of Algorithm 2 (in green) and m = T'*/? (in blue). The red dashed
lines showed the true sensitivity index values.
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Figures 3 and 4 also reveal that estimations obtained by using Algorithm 2 are
more efficient for large 7. Besides, remark that the term bX3 sin X; that multiplies
the intrinsic noise term Z? includes b so that |bX3 sin X;| < br?. Then, b allows to
control the variance of the intrinsic noise term of the model. In both cases, the strategy
implemented in Algorithm 2 has better results.

Overall, it appears that the strategy of Algorithm 2 provides better estimations and
estimators it generates converge faster. In the particular case of m = 5, it is noticeable
that errors do not decrease when 7" gets larger but rather they are quite constant. This
is explained by the fact that the bias is constant since m is constant. This illustrates the
importance of varying the number of repetition when the total computational budget
grows. Regarding the case m = T"'/2, it turns out that estimators do not converge
with optimal rate compared to the case m = myy; due the variance part of the mean-
squared error. Indeed, with m = T/2, the variance converges to 0 at rate 7"/2 while
the squared-bias converges at rate T'. Then, the global convergence rate of the MSEs
is T/ that is slower than the rate 72/ of estimators built by Algorithm 2. These two
cases clearly illustrate the bias-variance trade-off problem in Sobol” index estimation
for stochastic models and they allow to show that the strategy proposed in this paper
performs well.

7 Conclusion

To balance the tradeoff between repetitions and explorations in the estimation of Sobol’
indices for stochastic models, a regularized estimator was devised and its mean-squared
error bounded, approximated and minimized. A connection to functions of nested
Monte Carlo estimators was made, for which generic results were obtained, especially
useful when the Hessian matrix is unbounded. To estimate Sobol’ indices in practice,
an algorithm that adpats to the intrinsic randomness of the stochastic model was de-
signed and illustrated on simulations, where the importance of a good balance between
explorations and repetitions was observed. In the theoretical results, the regularization
parameter, though arbitrary, has to be fixed. In the future, it would be of primary inter-
est to let it vanish as the number of explorations and repetitions go to infinity, allowing
one to get a genuine convergence rate for the mean-squared error of the regularized
estimator. A further step would be to get a minimax low bound. Also, it would be
interesting to compare the results with multilevel Monte Carlo methods (Mycek and
De Lozzo (2019); Giles and Haji-Ali (2019)). Furthermore, it could be interesting to
couple the iterative estimation approach of Gilquin et al. (2021) to the algorithms im-
plemented in this study in order to build an adaptive version which could perform es-
timation with respect to a given precision. Another estimation approach worth consid-
ering is that based on Chatterjee’s empirical correlation coefficient (Chatterjee, 2021;
Gamboa et al., 2022).
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A Proof of Proposition 1
Using convexity inequality, for all A € (0,1) and m > 1, it holds:
R 2 ~ 2

E (gn (9) —9(0)) < 2E (9n(8) = g1 (1)) +2 (g0 (11m) — 9 (6))°.

Applying a Taylor-Lagrange expansion to g, at points 6 and L, yields:
~ 2
E (gh(e) - gh(ﬂ'm))
T (5 1 /- T - - ?

p— _ p— J— 2 — j—
=5 (Von (o) (= sen) + 5 (7 )" 20 (384 (1= i) (7 )

< 2E (Vgh (um)T (5— um>>2 + %E ((5— um>T Vg ()\a—F (1- /\),um) (5— Mm))z ,

for some A € (0, 1). Thus:

£ () o) () V0 (70 ) ()

3 S 245 2
E (Vgh (tm) " (5— um)) ' E (Vgh (tm) " (5— um))

2
Let

~ T, . - o 2
]E((Q ,um) Vgh()\Q—i-(l )\),um>2(0 um)>, o

Pam(h) = Ail[lol?u E (Vgh (1im) " (57 um>>

then

-~

E (gh(o) - gh(ﬂwn)>2 S (2 + %pnﬂn(h))‘/n,m(h) S 2(1 +pn,m(h))‘/n,m(h)

Now, let us show that p,, ,,, (h) — 0 as n, m — oco. Using Cauchy-Schwarz inequality
yields that:

3"

h E (||V2g, (A0 A E(||§—um||8)
nm(B) < su 2 1— m ) 1%
- \/Ae[og” (19200 (49+ =) 1)~ Pt s}

18



As n, m — oo, the first term of the product above is bounded by a constant independent
of h, uniformly in A, by Assumption 2. The second term is given by:

E (”9 - MmHs)

3 17
E (Vg (sam + hu) " (5— um))
]E(H‘?—ans) E(Vg(,um)T (é—um))Q
= X
E (Vg (.UM)T (5_ N’rn))Q E (Vg (tm + hU)T (5_ Mm))2
E (Hé\— Nm”s) . E (Vg (pm) " (5— um>)2 as)
E (Vg () " (é‘f um))Q he(0,) (Vg (tm + hu) " (57 um))Q'
Lemma A.1.
E (10~ mn®) L .

E (Vg (/Lm)T (é\_ ﬂm))Q

as n,m — +0oo

The first factor in the right-hand side in (18) does not depend on h and is of or-
der o(1) as stated in Lemma A.1. Moreover, since Vg is continuous in parameter h,
we have that the second factor in the right-hand side of (18) is O(1) as n,m — .
Therefore, py, mm(h) = o(1), and hence

-~

E (0(0) ~ 9(0))” < 41+ D) (Vaa(h) + Bou(h)?)
where B, (h) = gn (1) — g(0) and lim,, 11— 4 00 Pn,m (h) = 0.

Proof of Lemma A.1

First, let us bound the numerator of the ratio in Equation (19); we have
~ 3 ~
E (10— mll*) <273 E (105 — s 1)
j=1

where @ and i,,,; denote the jth component of 6 and Lm,, respectively. By Marcinkiewicz
and Zygmund (1937) and Jensen inequalities, we have for every j that

~ B8 1 8
E (18 - ni 1) < 255 (02— ] ).

where here By is a universal constant.

The case j :AZ is the simplest. Notice that p,,2 does not depend on m, then the
expansion of E(|Q,,(X™)) — f1,,2|%) through Newton formula yields terms of the form
uanE(éfgk), kE=0,...,8 Using Lemma C.1 in Section C provides that those terms
are polynomial in m ™!,
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Let us deal with the case j = 1. Expanding the power 8 through Newton’s formula
and bounding its terms yields

E (‘@m(X“))2 - Mml‘g) < (S V1) (i) (E (@m(x(1>)16) + 1) . Q0)

Denoting (X1, Z(LF)) = V(LK) we have

16
~ 16 1 &
E XM ‘ _ 2 (1,k)
(\Qm< ) =e(| >y
k=1
1 - 1k 1k
— —5 Z E (Y( ).yl 16))
kl ,,,, k}16:1
The expectation in the right-hand side is symmetric in k1, ..., k16, and hence, from

Lemma C.1, the sum is a polynomial in m of degree 16. Therefore, the right-hand side
in (20) is bounded uniformly in m.
Let us deal with the case 7 = 3. Proceeding as in (20), we have

~ ~ o~ 8
E (\Qm(x(”)@mmgz’xg)) ~ fims )

< v (3) (B (|@nex @k x)[ ) +1)
< G v 1) (B (3@nx®y® + JanRE X)) 41)),

and this is also bounded uniformly in m. (Again by Lemma C.1.)
We now deal with the root of the denominator of the ratio in Equation (19). We
have

2

E (Vg (ﬂm)T (5_ ﬂm))

3
Z Vg(:u’m)jl v.g(:um)jz]E(é\_ /’[’m)jl (9 - :U’m)jz

J1,j2=1

3
1
~ D Vo) Vo(um);, (Eéfi;ﬁfﬁ?—umﬁumh)- 1)

J1,J2=1

The infimum of the sum in (21) is reached for some m and greater than zero. Therefore,
the numerator in Equation (19) is less than 1/n* times a constant not depending on m
or n and the denominator is equal to 1/n? times a quantity greater than zero. Therefore,
the supremum over m of the ratio in Equation (19) is of order O(n~2). The proof is
complete.

B Proof of Theorem 1

The following lemma will be needed:
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Lemma B.1. Forall o > 0andall h € (0,1),

1 1 _
lim E | = < Var(QX))*. (22
oo (h+§1 _@) (h+ Var (Q(X))) ar (Q(X)) 22)

Note that the function g is infinitely differentiable over its domain D and then its
gradient is given by:

05— 02 20505 —6,) 1 )T

Vg (01,02,03) = (_ (01 —03)% (6, —063)% "6, — 063

Furthermore, the hessian matrix of g yields:

2(03—632) 20> (61 —205+62) -1
2 0 ((691_05)3 03) (0 (091;(995)3 03) O
0:.05.0:) = 202(01—203+65 2(03—01)(01+365 20,
V79(01,62,65) @.-03)° @, 03)° @-03)?
—1 20, 0
(01—062)2 (01 —62)2

For any (01, 0, 03) € D, the matrix V2g(6y, 6, 03) is under the form V2g(6y, 0, 03) =
B(61,02,03)/(01 — 03)3 where B(61,0s,03) is the matrix:

2(05 — 63) 205(01 — 203+ 603)  —(01 —03)
B(0,05,03) = 205(61 — 203 + 9%) 2(05 — 01)(01 + 39%) 205(601 — 9%)
(6, — 62) 20, (6, — 02) 0

Notice that B(61, 02, 05) includes only multivariate polynomials of variables 61, 65 and
03.
Let us check Assumption 2. Let A € [0,1] and h € (0,1). We have

B (A§+ (1= N + hu)

Vg ()\§+(1—)\)um+hu): .
(h M0+ (1= At — ()\92 +(1- A)umg) )
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Thus:
E (sup V3¢ (A§+ (1= X) g, + hu) ||31~“)
A

1B (A8 + (1= N + ) ||

=E | sup o 12
(h M0+ (1= At — (/\92 +(1- )\)umg) )

1

IN

E | sup
A

N N 2 24
(h + /\91 + (1 - /\)Mml — (/\92 + (1 — )\)/.ng) >

X \/]E (sup | B (/\§+ (1= Npm + hu) ||%)
)

1

Bl (42 (60 = 83) + (1= ) (amn - “gnl))%

x \/]E <s1§p [z; (A§+ (1= A + hu) II%)

E | sup A + sup =X
Y (ns (B-a)) ) )

X \/]E <sg1\p | B (/\§+ (L= A)pn + hu) ||§~“>

1 1
(o (a-m))") v

X \/]E <sup | B (/\5+ (1= Npm + hu) ||§?)
)

1 1
+ sup
(h 4 (51 _ gg))M he(0,1) (B + tm1 — fiz,1) %

(by convexity inequality)

IA

(by convexity inequality)

E

x \/ sup E(sup||B<)\§+(1—)\)um+hu) |8F>.
A

he(0,1)

One should remark that supj¢ .1 (h+um117ufn1)24 < (Var(E[w(iZ)‘X]))u < +o0.

Moreover, the matrix B is composed with polynomials of three variables. Since E (Q(X) 16) <
+o00 then by using Lemma C.1 and by continuity of polynomial functions, it yields that
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SUPpe(o,1) E (Sup)\e[o 1B (AG +(1- )\)um + hu) 1% ) is bounded. Finally, by re-

lying on Lemma B.1, E(h + 0, — 02) is a bounded by (Var(]E[Lp(X A EES
n, m — +o00. Therefore, Assumption 2 is satisfied.

Proof of Lemma B.1
Let h € (0,1) be fixed. The function 8, : © — 1/(h + x)“ is continuously differ-

entiable such that its first derivative is uniformly bounded on Ry by 1/h®*? then it is
Lipschitz. Therefore:

B (300 38— 0~ ) < g (B - 01+ )’

IN

h2a+2

2 0. 2
< Tt (Var(91) + Var(@g) T (E(@g) _ 93) ) 7

using convexity inequality. Based on Marcinkiewicz-Zygmund inequality (see Theo-
rem D.1) and Lemma C.1, it follows that

lim ((Var(al) + Var(62) + (E(@%) — 9%)2> =0.

n,m—oo

Straightforwardly:

1 1
lim — = .
noe " ((h+ 61— eg>a) (h+ 0 -3 = Var(QX))"

C Alemma

Lemma C.1. Let XV ... X™) pe n iid copies of X and ZWV ... Z(mm) pe
n x m iid. copies of Z such that (X1, ... XM and (ZzWD, ... Z(mm)) are
independent. Then, for all ¢ € N: m™9E (3L, (XM, Z(l’k)))q is polynomial in

m~1 of degree q — 1 with constant E (E [p(X, Z) | X])?.

It holds that:
1 m 4q 1 m m
E (m 3 e(x®, Z(Lk))) = —E RS Z X, kD)) L (XD Z(1ka))
k=1 k=1 =1

Z ZE( (XD, Zz(k)y @(X(U,Z(qu)))

k1 1 kq=1

Denote by A : {1,...,m}? — N the map which with each k := (ki,...,kq)

associates the number of distinct indices among k1, ..., k4. If 1 <[ < g then denote by
pr: A7H(1) — {1,..., ¢} the map which with each k € A~1(I) associates (1, ..., 7;),
where r; = |{j : k; = kj,}| foreveryi = 1,...,l and kj,,...,k;, are the distinct
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indices found among k1, ..., k4. Obviously, r{ + --- 4+ r; = q. We have

m

i Z E (w(X(1)7z(1,k1)) (X, Z(qu)))

= > > fR ). @

1=1 \ (1) €41y cq i+ fri=q \KEA=1(1):p0 (K)=(r1,e.e7)

Now, since
E (@(X(l), Z(l,kl)) e QP(X(U, Z(qu)))

=k (<P(x<1>, ZWk )y (XD, Z(Lkm)n)

) (HE{ 1| 7k yre X(l)})

is symmetric in r1, . .., 7y, it holds that

> 3 f (k)

(riyer) €41, g} iri 4o Hr=q \keXTL(1):p1(k)=(r1,--,71)

=c(l,(r1,...,m (HE[ (XD, Z(kje))rs |X(1)}>

where

R

mim—1)---(m—-101+1). (24)

Notice that the expression in the right-hand side of (24) is invariant by permutation of
r1,...,7;. Therefore, the sum (23) is a polynomial in m of degree g with constant zero
and hence E (L 37" | (X1, Zz(1: k)) is a polynomial in X of degree ¢ — 1 with
constant lim,, ;oo E ( S (XM, ZORNT = B (E[p(X, Z) | X])%

D The Marcinkiewicz-Zygmund inequality

Theorem D.1 (Marcinkiewicz and Zygmund (1937)). Let U1, - -- ,U, bei.i.d. random
variables such that E(Uy) = 0 and E|U;|? < 400, where 1 < g < +00. There exist
Aq and By depending only on q such that:

q q

n 2 n q n 2
AR (zw) <E ( ) <BE (wa)
=1 =1 =1

Furthermore, there exists Cy independent from n such that:

< ZU) C% (25)
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